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We consider a common-components model for multivariate frac-
tional cointegration, in which the s > 1 components have different
memory parameters. The cointegrating rank may exceed 1. We de-
compose the true cointegrating vectors into orthogonal fractional
cointegrating subspaces such that vectors from distinct subspaces
yield cointegrating errors with distinct memory parameters. We esti-
mate each cointegrating subspace separately, using appropriate sets
of eigenvectors of an averaged periodogram matrix of tapered, differ-
enced observations, based on the first m Fourier frequencies, with m
fixed. The angle between the true and estimated cointegrating sub-
spaces is 0p(1). We use the cointegrating residuals corresponding to
an estimated cointegrating vector to obtain a consistent and asymp-
totically normal estimate of the memory parameter for the given
cointegrating subspace, using a univariate Gaussian semiparametric
estimator with a bandwidth that tends to co more slowly than n.
We use these estimates to test for fractional cointegration and to
consistently identify the cointegrating subspaces.

1. Introduction. Fractional cointegration has been the subject of much
recent attention; see, for example, the work of Robinson [16], Robinson and
Marinucci [19], Robinson and Marinucci [18], Chen and Hurvich [3]. All
of these papers assume either that the observed series is bivariate or that
the cointegrating rank is 1. Arguably the most interesting case, from an
econometric point of view, is the situation where the series is multivariate
and has cointegrating rank which may exceed 1. This situation was cov-
ered by Robinson and Yajima [20], who considered methods for determining
the cointegrating rank, and also by Chen and Hurvich [4], who focused on
estimation of the space of cointegrating vectors.
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Chen and Hurvich [4] studied the properties of eigenvectors of an av-
eraged periodogram matrix of differenced, tapered observations, averaging
over the first m Fourier frequencies, where m is held fixed as the sample
size grows. They showed that the eigenvectors corresponding to the r small-
est eigenvalues (where r is the cointegrating rank) lie close to the space of
true cointegrating vectors with high probability. They also presented an em-
pirical analysis of fractional cointegration in US interest rates for bonds of
seven different maturities. They found evidence that the cointegrating rank
was greater than one and, furthermore, that the memory parameter of the
cointegrating errors may take on a variety of values that differ substantially
if cointegrating vectors corresponding to substantially different eigenvalues
are used. This last finding, while of apparent interest from an econometric
point of view, could not be explained directly from the theoretical results
presented in [4] since they did not attempt in their theory to separate the
space of cointegrating vectors into subspaces yielding different memory pa-
rameters.

The goals of the present paper are to exhibit a model that allows us to
highlight these subspaces, to show that the subspaces and their correspond-
ing memory parameters can be estimated individually and to show how to
use the residual-based Gaussian semiparametric estimates of the memory pa-
rameters to consistently identify the cointegrating subspaces and to test for
fractional cointegration. By contrast, Chen and Hurvich [4] did not consider
either testing for cointegration or estimation of the degree of cointegration.

We first present, in Section 2, a semiparametric common-components
model in which the components have different memory parameters, while
the entries of the observed multivariate series have just one common mem-
ory parameter. Next, we show that the space of cointegrating vectors can
be decomposed into a direct sum of orthogonal cointegrating subspaces such
that vectors from distinct subspaces yield cointegrating errors with distinct
memory parameters.

In Section 5, we show that each of these cointegrating subspaces can be
separately estimated using sets of eigenvectors of the averaged periodogram
matrix. Since m is held fixed, we are able to obtain a rate of convergence
for the estimated cointegrating vectors that depends only on the difference
between the memory parameters in the given and adjacent subspaces and
is not hampered by the rate of increase of m, as in other related work (cf.
[19], in the bivariate case).

To each true cointegrating subspace, there corresponds an estimated coin-
tegrating subspace spanned by an orthonormal set of eigenvectors of the
averaged periodogram matrix, where membership in the set is determined
by a partitioning of the sorted observed eigenvalues into contiguous groups
of sizes that match the dimensions of the corresponding true cointegrating
subspaces. In Section 4, we show that the eigenvalues for the kth estimated
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cointegrating subspace are Op(nQdk), where n is the sample size and dj, is the
memory parameter of the cointegrating error for the kth true cointegrating
subspace. This result and its refinements play a key role in our subsequent
theory.

We will show in Theorem 1 that any vector in the kth estimated cointe-
grating subspace is, with high probability, close to the kth true cointegrating
subspace, in the sense that the norm of the sine of the angle between these
two subspaces converges in probability to zero. The norm of the sine of this
angle is Op(n~“F), where ay, is the shortest distance between the memory
parameters corresponding to the given and adjacent subspaces. This implies
that the sine of the angle between any vector in the kth estimated cointe-
grating subspace and the kth true cointegrating subspace is O,(n=%). (We
provide more details on the notion of the sine of the angle between subspaces,
and also the sine of the angle between a vector and a subspace, in Section 5.)
This convergence rate, which improves as «ay, increases, is at least as fast as
the rates obtained for existing semiparametric estimators of cointegrating
vectors in the bivariate case (see, e.g., [19] and the discussion in [3]), but
not as fast as the parametric rate obtained by Hualde and Robinson [7] of
Op(n_l/ 2) in the bivariate asymptotically stationary case if the difference
(a1) between the memory parameters of the observed series and the coin-
tegrating error is less than 1/2. Furthermore, we show in Lemma 15 that
the normalized eigenvectors of the averaged periodogram matrix converge
in distribution to random vectors that lie in the corresponding cointegrating
subspace.

We then show in Section 6 that the cointegrating residuals corresponding
to an estimated cointegrating vector can be used to obtain a consistent and
asymptotically normal estimate of the memory parameter for the given coin-
tegrating subspace, using a univariate Gaussian semiparametric estimator
with a bandwidth that tends to oo more slowly than n. We also describe a
procedure for consistently identifying the cointegrating subspaces, that is,
for determining the number of subspaces and their dimensions. In Section 7,
we provide a test for fractional cointegration which is appropriate for our
model.

2. A fractional common components model. Suppose that the original
data are a ¢ x 1 time series such that the (p — 1)th differences {y;} are
weakly stationary with a common memory parameter dp € (—p +1/2,1/2),
where p> 1 is a fixed integer. The use of (p — 1)th differences converts any
additive polynomial trend of order p— 1 in the original series into an additive
constant. The value of this constant is irrelevant for our purposes since the
estimators considered here are functions of the discrete Fourier transform
at nonzero Fourier frequencies. We can, therefore, take the mean of {y;}
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to be zero, without loss of generality, and our estimators are invariant to
polynomial trends of order p — 1 in the original series.

In order to guarantee that the cointegrating relationships in the stochastic
component of the levels are preserved in the differences, we apply a taper to
the differences, that is, we multiply the differences by a sequence of constants
prior to Fourier transformation. This prevents detrimental leakage effects
due to potential overdifferencing and allows us to obtain uniform results
over a wide range of memory parameters. A convenient family of tapers for
use on the differences, and which we will use here, was given in Hurvich and
Chen [8]. The exact form of the taper is given below.

The fractional common-components model for the (¢ x 1) series {y;} with
cointegrating rank r (1 <r < ¢) and s cointegrating subspaces (1 <s<r) is
given by

(1) ye = Agul” + Al 4 Agul?)

where Ay (0 <k <s) are ¢ x a; full-rank matrices with ag = ¢ — r and
a1+ ---+as =r such that all columns of Ay, ..., A; are linearly independent,
and {uik)}, k=0,...,s, are (a x 1) processes with memory parameters
{di}i_g with —p+1/2 <ds <--- <dy < 1/2. Equation (1) can be written
as

(2) Yt = AZt,

where z; = vec(ugo), . ,ugs)) and A =[Ap ... A;]. We will make additional
assumptions on {z;} in Section 3. These assumptions guarantee that {z;} is
not cointegrated. The methodology presented in this paper does not require
either r or s to be known.

REMARK 1. Our assumption that all entries of {y;} have memory pa-
rameter d implies that all rows of Ay are nonzero. The model (1), without
the assumption that all entries of {y;} have a common memory parameter,
could also be entertained (though we do not pursue this here) and would
then include the model considered by Robinson and Yajima [20].

Next, we exhibit the cointegrating subspaces. For any matrix A, let M(A)
denote the column space of A and let M~ (A) denote the orthogonal com-
plement of A. Note that for k=1,...,s,

MY(Ag, ..., Ap) C M (Ag, ..., Ap_y).
Let By = M(Ay) and By, k=1,...,s, be the subspace such that
M (Ag,..., Ap_y) = M (Ag, ..., Ap) & By
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and By L M*(Ay,...,A}). Hence, a nonzero vector 8 € By, k€ {1,...,s},
satisfies f'Ay =0, £=0,...,k—1, and f’'A; #0. Also, B; L By, for j #k,
(J,k) €{0,...,s} and

(3) RI=By @B & & By

It can be seen from (1) and the preceding discussion that any nonzero vector
B € By, with k€ {1,...,s} produces a cointegrating error series {3'y,} with
memory parameter dg. Thus, Bq,...,Bs are the cointegrating subspaces.
The space By, on the other hand, is the space spanned by any basis of non-
cointegrating vectors in RY. Equation (3) shows that R? may be written
as a direct sum of the space of non-cointegrating vectors and the space of
cointegrating vectors, and that the latter space may be further decomposed
into a direct sum of cointegrating subspaces.

3. Assumptions. Here, we specify a linear model for the series z; =
vec(ugo), o ,ugs)). As stated in the previous section, we assume that {ugk)},
k=0,...,s, are (ar x 1) processes with memory parameters {dj};_, with
—p+1/2<ds<---<dy<1/2. Define Ng ={1,...,a0} and Nj = {(ap +
ctag_1)+1,...,(ap+--+ag)} for k=1,...,s. Our results in this paper
assume s > 0, unless explicitly stated otherwise.

Let 9, be a sequence of ¢ x ¢ matrices such that

1T,
Wy = > /_W e*OW (w) dw,
where for each w € [—m, 7|, ¥(w) is a complex-valued matrix such that
¥ (—w) = ¥(w) and where v is an identity matrix.

Define the ¢ x 1 vector process {z:} as

o0
(4) 2= VkEi—k;
k=—o00
where {e; = (e¢.1,...,61,4)'} ~ 11d(0,27X), X is a symmetric positive definite
matrix with entries 0,4, a,b € {1,...,q}, and E||g;||* < 0o, where || || denotes

the Euclidean norm. The spectral density matrix of {z} is
flw)=¥(w)ET*(w), we [—m, 7,

where the superscript * denotes conjugate transposition. We further assume
that for w € [—m, 7], the (a,b)th entry of ¥(w) is given by

(5) Up(w) = (1 — e—iw)—dabTab(w)eiqbab(w),

where dy, = dj for a € Ny, dgp < min(dg,dy,) for a € Ni, b € Ny, b # a,
k,h=0,...,s,and for all a,b€ {1,...,q}, 74() are positive even real-valued
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functions and ¢4;(+) are odd real-valued functions, all continuously differ-
entiable in an interval containing zero. It follows from (5) that the first
derivatives of W, (w) satisfy

(6) ob(@) = O(| W gq (@) Wy () 20| 7).

In keeping with (5), we assume that we can write the spectral density matrix
of {z} as

(7) f(w) = X (W) (@)X (w),

where Y (w) = diag{(1 —e~ ™)~ ... (1—e™®)~d (1—e™@)=ds .  (1—
e~™)=ds} that is, the ath diagonal entry is (1 —e™™)~% for all a € Ny,
k=0,...,s, and

(8) fi(w) = T™(w) 20 (w)

is positive definite, Hermitian, continuous at zero frequency and, therefore,

real-valued at zero frequency with \Iflb(w) = Top(w)e’®ab (@) Thus, {2} is not
fractionally cointegrated (see [18]).

4. The averaged periodogram matrix and its eigenvalues. For any vector
sequence of observations {&;}};, define the tapered discrete Fourier trans-
form by

1 1 i
Je(wj) = ——=—=—==3" W™,

V2r S R 2 i3

where w; = 2mj/n is the jth Fourier frequency and {h;} is the complex-
valued taper of Hurvich and Chen [§],

hy=05(1—e?m/my t=1,... n.

Note that p =1 yields the no-tapering case. Next, define the tapered cross-
periodogram matrix of two vector sequences {{;}7-, and {(;}j—; by

Tec(wj) = Je(wj) J¢ (wy).-

We will work with the (real part of the) averaged periodogram matrix of a
sample of n observations {y;}};,

Iy, = Z Re{ly,(w;)},
j=1

where m is a fixed positive integer, m > ¢+ 3. (This condition is motivated
in the proof of Lemma 8.)
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Define I, (&, ) = 271 Re{lgc(wj)}. We first focus on the asymptotic
distribution of I, (2, 2¢). Define the function (for z € R)

A, (x) = (2p - 2)_1/222;:: <p; 1) (—1)FA(x + 27k),

p—1
where
1 e*—1
Alr)=—
(@) ==

Now, define

l— .

vj(z) = §[Ap(—:17 +27j) + Ap(x + 27j)],
1

vi(z) = S[Ep(—o+27) — Ayl + 27j)].

Define the Hermitian positive definite ¢ X ¢ matrix-valued measure Gg on
R by

9) Go(dx) = II(z)fT (0)IT* () dz:
for x > 0 and Go(—dz) = Go(dz), where
II(z) = diag(e~"d0/2|g| =0 e7do/2|p=do omimds/2|p=ds

e—ind5/2‘x’—ds).

Let U,, and V,, be ¢ x m matrices given by
(10) U,=d,'Re(J.1,...,Jom) and V,=d,'Im(J.1,...,Jom).

LEMMA 1. Let d, be a (q x q) diagonal matriz with ith diagonal entry
n, i€ Ny, k=0,...,5 and Q, = d,;  I,,(z,2)d; ' = (U,, V,)(U,,V,).
If m > q, then

Q, 2 uu +VvVv/,
where U =(Uy,...,Up) and V. =(Vi,..., V), U;, Vi, are q x 1 vectors and

vec(U, V) is a 2mgq-variate normal random variable with zero mean and
covariance matriz 2 determined by

EUUL) = [ vj(@)un@)Golda),

E(VV) = [ 1@n(@)Go(ds),

E(UV) = [ vj()n(@)Golda),

Furthermore, UU’ + VV' is positive definite and has distinct eigenvalues
with probability 1.
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PrROOF. The proof is identical to the proof of Lemma 1, Corollary 1 and
20f [4]. O

We next derive upper and lower bounds for the eigenvalues of I, (y:, y¢).
We will use the notation A;(-) for the jth eigenvalue of a given Hermitian
matrix, A;(-) > Xj11(-). Also, we let A\j = X\j(I;(ys, y¢)). We have the follow-
ing lemma:

LEMMA 2. \; = O,(n?®*) for j € Ny, k=0,...,s.

In the case k > 1, the upper bound in Lemma 2 strengthens Lemma 4

of [4].

LEMMA 3. Let j; =max{j:j € Ni} and let Qslk) be the leading ji; X j7
principal submatriz of Qp for k=0,...,s. Then

RN > eph (QU) 773(»?,

where ¢, >0 and 77( ) is a random variable that has no mass at 0.

k
Ik

5. Estimation of the cointegrating subspaces. Let X(-) =[x1(-) ... xq(*)]
be an orthogonal matrix such that x;(-) is the eigenvector corresponding
to the jth largest eigenvalue A;(-) of a given symmetric ¢ x ¢ matrix and
let Xj(-) be a matrix with columns x;(-), j € Ny, for k=0,...,s. Also,
let x; = x;j(Im(ye, yt)), X =X (L (ye, yr)) and Xy = Xy (L (g2, yr)). For k=
0,1,...,s, let By be a ¢ X ap matrix with orthonormal columns such that
M(By) =B and let B=[Bj ... Bg]. Since B'B =1, it follows that for
any ¢ X ¢ matrix P, B'PB is similar to P, that is, A\;(P) = \;(B’PB) and
x;(P) =B'y;(B'PB).

Define

® =Bl (y,y:)B

and partition @ into (s + 1)? blocks such that the (k,f) block ®;, has
dimension (ay x ag) for k,¢=0,...,s. Define ®p = diag[®(, ..., Pss] and
AP =% — P, so that

®=>p +AD.
We have
In(ys,y:) = B®B' = B®pB’ + BA®B' =: H+AH,

so we can think of I,,(y:,y¢) as a perturbed version of H. Using results of
Barlow and Slapnicar [2] on perturbation theory for eigenvalues and eigen-
vectors of nonrandom Hermitian matrices, we will show in Lemma 4 that
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the kth estimated cointegrating subspace M (Xy,) is close to M (X (H)) in
the sense that the norm of the sine of the angle between the two subspaces
converges to 0 in probability.

Let O(-,-) denote the matrix of canonical angles between two subspaces
of the same dimension (see, e.g., [22], page 43). The notion of the sine of
the angle between two subspaces of the same dimension is given in [5].
For simplicity, suppose that S and T are both real ¢ x a matrices (¢ > a)
with orthonormal columns. Then the orthogonal projector into M(T) is
given by TT’ and the projector into the orthogonal complement M= (T)
of M(T) is given by I — TT’, where I is a ¢ x ¢ identity matrix. The
sine of the angle between M(S) and M(T) is an a X a matrix defined
in [5] and denoted by sin ©®(M(S), M(T)). It follows from [5], page 10 that
|sin @(M(S), M(T))||lr = ||[(I — TT')SS'||p, where ||-||p is the Frobenius
norm. It follows from [22], Corollary 5.4, page 43 that

(11) Isin©(M(S), M(T))llr = [(T+)'S|f.
where T+ is a matrix with orthonormal columns spanning M= (T), so that
|(T+)’S||F is the square root of the sum of the squared lengths of the residu-
als from the orthogonal projections of the columns of S on the space M(T).
For any nonzero vector x € M(S), the sine of the angle between = and
the subspace M(T) is a real number defined as
_J@-TT)e|
]
see [24], page 274. It then follows from (11) that

in@(z, M(T))| < [(TH)'S]| .
xén/g&is)\sm (z, M(T))[ < (T)'S]|p

sin@(z, M(T))

Y

In Lemma 5, we show that under the additional assumption that the pro-
cess is Gaussian, M(X;(H)) is equal to By with probability approaching
one, for k=0,...,s. Lemmas 4 and 5, taken together, imply our Theorem 1,
stating that if the process is Gaussian, then the kth estimated cointegrat-
ing subspace M(X},) is close to the corresponding true cointegrating sub-
space By, in the sense that || sin ©{M(Xy), Bi}|r = Op(n~), where oy, is
the shortest distance between the memory parameters corresponding to the
given and adjacent subspaces, that is,

do — di, k=0,
A = min{(dk_l—dk),(dk—dk+1)}, k}:l,...,s—l,
dy_1 —ds, k=s.

LEMMA 4. The sine of the angle between M(Xy) and M(X,(H)) sat-
1sfies

[[sin O{M(Xy(H)), M(X) }H 7 = Op(n=F).
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The following Gaussianity assumption is sufficient for obtaining a rate
at which P(M(Xy(H)) # Bj) converges to zero. More specifically, the as-
sumption allows us to bound the inverse second moment of eigenvalues of
Q... We believe that such bounds, and therefore Lemma 5, hold without the
Gaussianity assumption, but we will not pursue this here.

ASSUMPTION 1. The process {e:} in (4) is Gaussian.

LEMMA 5. Under Assumption 1, P(M(X(H)) # B) = O(n=2%), k=
0,...,s.

The following theorem is a corollary of Lemmas 4 and 5:

THEOREM 1. Under Assumption 1,
|| sin O{ M (X), B} = Op(n™ %), k=0,...,s.

6. Estimation of the memory parameters using cointegrating residuals.
Let b= x4, where a € {1,...,q}. Recall that x, is the eigenvector of L,,(y, y¢)
corresponding to the ath largest eigenvalue of the matrix. Then there exists
a uniquely defined value k € {0,...,s} such that a € Nj. Note that k is fixed
but unknown. We then use this vector b to construct the residual process
{v¢}, where

(12) v :=by, = b’Aou(O) + b'Alugl) + -+ b'Akugk) + -4 b'AsutS).

The periodogram of {v;} is I, (wj) = b' AL, (wj)A’b. We consider the Gaus-
sian semiparametric estimator or GSE (see [10, 17]) for d,, [see (5)] based
on {v},

(13)  dgq = arg min R(d) = arg mln <log G(d) — 2d< Z log w- ))

where © = [A1, As], —p+0.5 <Ay <Ay <0.5, w; =2mj/n, j=j+(p—1)/2
and

1 2, 1 2 AL (w;)A'b

é(d):_z —_Z o2

My, W~
Jj=1 7 “;

Here, we use slightly shifted Fourier frequencies w5 to parallel corresponding
shifts inherent in our tapering scheme and thereby reduce finite-sample bias,
as was also done in [§].

The two theorems below establish the consistency and the limiting distri-
bution of the d,,, under some additional conditions on the transfer function
\I/:;b(w) = Tap(w)e'? @) see (5). Following [9], we define a smoothness class
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for transfer functions as follows. For p > 1 and 1 < p <2, let £L*(u, p) be the
set of continuously differentiable functions v on [—, 7] such that for all x,y
with [z € (0,], |y| € (0, 7],

maxo<.<x |u(2)] u(@) —uly)| _ — ly—2|
. _— b) . — )U/ . )
ming<.<r [u(z)] ming<.< [u(z)| ~ " min(|z],[y|)
|/ (z) — ' (y)] ly — x|~V
ming<. < [u(z)| =" [min(|z|, ly[)]*”

It follows from the discussion in [9] that if W] (w) is the transfer function
of a stationary and invertible autoregressive moving average process, or of
the short-memory component of a stationary and invertible fractional Gaus-
sian noise with a suitable choice of the moving average representation, then
WUl (w) € L*(u, p) for some p, with p = 2.

We now state an assumption on W',

ASSUMPTION 2. For all a,b € {1,...,q}, \I/:;b € L*(u,p) for some p>1
and some p € (1,2].

Note that this assumption is global in that it pertains to the behavior
of W' at all frequencies. By contrast, our estimation of the d,, is based
on frequencies in a shrinking neighborhood around zero. It seems plausible,
then, that a local version of Assumption 2 would suffice for our purposes,
although we do not pursue this here.

The following standard assumption is needed to establish the consistency
of dyy:

ASSuUMPTION 3A. Asn— oo,
1

m
— +—= 0.
my, n

THEOREM 2. Under Assumptions 1, 2 and 3A, fora € {1,...,q}, dpa 2
daq -

The next assumption is used for establishing the asymptotic normality of
1/2, 5
mn/ (daa - daa)'

ASSUMPTION 3B. Suppose that a € Ny.
(i) If ke{l,...,s}, then dy—1 —di, > 1/2.
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(i) If k€{0,...,s — 1}, then as n — oo,

i . mi+2(dk_dk+1) 10g2 my, o
mp, n2(dk—di+1) ’

Note that part (i) is vacuous if k=0 and part (ii) is vacuous if k = s.
Assumption 3B may be compared with the assumptions in Theorems 2 and
4 of Velasco [23] which the author required for residual-based estimators of
the memory parameters of a bivariate fractionally cointegrated system. The
problem here is that a linear combination of series with slightly different
memory parameters will typically have an irregular short-memory compo-
nent in its spectral density.

To present the asymptotic variance of daa, we define

o _ PP —3)I"(p)
PeoTd(2p—1)

THEOREM 3. Under Assumptions 1, 2 and 3B, for a € {1,...,q},

MY (dg — dag) 2 N(0, B, /4).

Note that in Theorem 3, the limiting distribution of mi/ 2 (CZM — dgq) has
mean zero. This asymptotic unbiasedness is ensured by Assumption 3B,
which places strong restrictions on the separation between the memory pa-
rameters and also places a potentially stringent upper bound on the band-
width m,,. A much weaker and, indeed, more standard assumption involving
only m,, is the following:

AssumMPTION 3C. Asn— oo,

1 mit?log?m
_+nfg"_>0'
My, n=r

If we account for the asymptotic bias, which can be determined from
Lemma 20, and use Assumption 3C, we obtain the following result:

COROLLARY 1. Suppose a € Ny, where k € {0,...,s}. Under Assump-
tions 1, 2 and 3C, we have

Y (dg — daq — pin) 2 N (0,8, /4),

djo—dyo— dy—d dy—djs_ . :
where iy, = Op(my" " +wm, ), the Op(my" 1) term is vacuous if

k=0 and the Op(wfr]fn_dk“) term is vacuous if k=s.
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Here, we present some results on the vector of GSE-estimated memory
parameters, d = (di1,...,dgq)’, which is an estimate of d = (di1,...,dg)".
Let wy = X'y, be the ¢ x 1 residual vector so that the entries of d are based

on those of wy. Note that by Lemma 15, X N )o(, where X is a continuous
function of U and V in Lemma 1. We will need the following assumption
for our results:

AssuMPTION 3D. (i) For all k€ {0,...,s}, ag, > 1/2.
(ii) As n— oo,

1 m,t%log?m,

my, n% ’

where & = min{ming ag, p}.
COROLLARY 2. Under Assumptions 1, 2 and 3D,
A P
7@ﬁu—dy2nv@,fwm¢n4oﬂoﬂommmnA)

where

Q=EX'Af1(0)A'X).

REMARK 2. Simulation results not shown here reveal that the small-
sample bias is reduced and the variance is stabilized if the GSE estimators
omit the first m + p — 1 frequencies. This does not affect the validity of
Corollary 2. Note that if no frequencies are omitted, then the first m+p—1
frequencies are used twice: once for estimating the cointegrating vector and
once for estimating the memory parameter. If the frequencies are omitted,
the finite-sample approximation to the variance in [8] is quite accurate.

Corollary 2 yields the following result on the asymptotic distribution of
mi/ 2 (daa — dpp — (dgq — dpp)), under conditions that ensure asymptotic un-

biasedness:

COROLLARY 3.  Under the assumptions of Corollary 2, fora,b € {1,...,q},
a#b,
Py

3 5

Next, we modify Corollary 3 to include a bias term, thereby allowing for
weaker assumptions.
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COROLLARY 4. Ifa € Ni, b€ Ny, for k,h€{0,...,s}, then under the
assumptions of Corollary 1,

A . o 02
3/ (daa = dyp — (daa = dop) = fin) = N<0’ o> <1 0 %bb>)7

where

~ dy,—dj— dp—dp— di,—d dp—d
,un:Op(mnk k 1+mnh h 1_|_wrr1;n k+1+wnﬂ}fn h+1)_

Given data from model (1), assumed to possess fractional cointegration,
the number s > 0 of cointegrating subspaces and their dimensions aq, ..., as,
as well as the dimension ag of the non-cointegrating space, will be unknown
in general. Here, we assume Gaussianity. Let §* > 0 be the minimum sep-
aration between the memory parameters, 6* = min(dg — dy,...,ds—1 — ds),
and assume first that 0* > 1/2. We can compare the GSE estimators djj and

A~

djy1,441 for j=1,...,q using a bandwidth m,, satisfying Assumption 3D,
part (i), with £ = min{d*,p}. Fix an € € (0,1/2) and a C > 0. Then, for
each j € {1,...,q — 1}, we declare that dj; — dji1,;4+1 # 0 if and only if
ch» — czj+1,j+1 >Cmp /24 This leads to a procedure for consistently iden-
tifying s, ag,...,as, which can be justified by Corollary 3. A more compli-
cated identification procedure, justified by Corollary 4, may be constructed
if §* <1/2. This requires further tuning parameters which depend on ¢*,
owing to the presence of the nonstandard term fi,, which increases as the
separation of the relevant memory parameters decreases. Unfortunately, such
procedures are of limited practical value as 6* will be unknown in practice.
Nevertheless, we note that lower bounds on 0* (assuming s = 1) arise implic-
itly or explicitly in other works on semiparametric fractional cointegration.
(See [20], Assumption D and [23], Theorems 2 and 4.)

7. Testing for fractional cointegration. In model (1), used throughout
the paper thus far, we have assumed that s > 1 so that cointegration exists.
Here, we expand model (1) to include the case of no cointegration (s =0, or
equivalently, » =0), that is,

(14) = Aol

where Ay is ¢ x ¢ with linearly independent columns and all entries of u§°)

have memory parameter dy.

In practice, it is of interest to test for the presence of fractional cointegra-
tion. Such a test was proposed by Marinucci and Robinson ([13], pages 236—
237), following on from an idea originally suggested in a different context by
Hausman [6], using a comparison of two estimates of dy, one based on a mul-
tivariate Gaussian semiparametric estimator (see [11]) using {y;}}—; with an
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imposed restriction that all entries have the same memory parameter, and
the other estimator based on a univariate Gaussian semiparametric estima-
tor of dy using (say) the first entry {y; +} of {y:}. It seems possible to use this
idea, together with differencing and tapering, to yield a test for fractional
integration in the current context, although we do not pursue this here. We
focus instead on residual-based methods in which estimated memory pa-
rameters based on the various cointegrating residual series are compared.
In a bivariate context, Velasco [23] has considered properties of semipara-
metric memory parameter estimates based on cointegrating residuals under
certain assumptions on the rate of convergence of the semiparametric esti-
mator of the cointegrating parameters. However, the author did not present
a test for cointegration since his assumptions ruled out the no-cointegration
case. X

For our GSE estimators d based on cointegrating residuals, we have the
following extensions of Corollary 2 and Corollary 3 to the no-cointegration
case (14):

THEOREM 4. Under Assumptions 1, 2 and 3C, if there is no cointegra-
tion, then

R iiJ
mi/z(d —d) £> N(07 Zp(diag Q)_l oo Qo (diag Q)_l).

COROLLARY 5. Under Assumptions 1, 2 and 3C, if there is no cointe-
gration, then for a,be {1,...,q},

. . ) 02
mi/z(daa —dbb) A) (0,?1)(1— ﬁ))

Corollaries 4 and 5 justify a conservative hypothesis test for the null hy-

pothesis of no cointegration based on the test statistic T}, = ma? (di1 — dgq)
whereby, for a nominal level « test, the null hypothesis is rejected in favor
of the cointegration alternative hypothesis if and only if T}, > (®,/2)"/?2, /2-
Here, a bandwidth m,, satisfying Assumption 3C should be used. The test
is conservative since (®,/2) is an upper bound for the asymptotic variance
of T,,.

8. Proofs.
8.1. Proofs for Section 4.

Proor OoF LEMMA 2. Note that

& =B'Al,(z,%)A'B,
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where B’A is an upper triangular block matrix. We first partition @ into
(s+1) x (s+ 1) blocks such that the (k,¢) block has dimension (ax X ay).

Let z(k) (ugk),...,ugs)) and A®) =[A, ... A, k=0,1,...,s. We have
& =BLADL P JNAOB,  for k<t k(=0,1,....s,
@[k - (b;gé

Fix a value of k € {0,...,s}. Note that by Lemma 1, all the elements in the
kth block, ®;4, are O,(n?¥*). Now,

o< Y Ajgzs:tr{éw}:op(n%k).

JEN, JEN,U-+-UN, v=k

(15)

See, for example, Theorem 14 of Magnus and Neudecker ([12], page 211).
We have \; = O,(n%¥%) for j € N,. O

Proor orF LEMMA 3. Following from Lemma 1, ng) converges in dis-
tribution to a matrix that is positive definite with probability one. Since
an eigenvalue of a matrix is a continuous function of the entries of the ma-

trix, we conclude that A;- (Qn ), the smallest eigenvalue of Q%k), converges
in distribution to a randonl variable that has no mass at zero. To prove

n~ 2k )\ jr = kA (Qn ), we construct another, similar, matrix for I, (y¢, y¢).
Let Cs = M(Asﬁ and Cg, k=0,...,s— 1, be the subspaces such that

ME(Apgt, . Ay) = ME(Ay, .., AL) DG

and Cp, L M (Ayg,...,A,). For k€ {0,...,s}, let Cy be a g x aj, matrix with
orthonormal columns such that M(Cy) =Cj and C=[Cy ... C;]. By this
construction, P = C’A is a lower triangular block matrix and P, (2, 2 )P’ =

C'In(yi,y,)C := W s similar to I,,(y,7;). Let P*) W) and &ﬁl’“), k=
0,1,...,s, be the leading j;; x j;; principal submatrices of P, W and d,,, re-
spectively. Also, let 2§k) = (ugo), .. (k)) k=0,1,...,s. Note that Wk =
P(k),Im(it(k),it(k))P(k)’. By Corollary 2.2.1 of Anderson and Das Gupta [1],
(k) ~(k
e (W) 2 X {1 (2, 55 I PO PW) = 0 {1 (37, 2}

and

~k
N (3,20} = 2 (P QA ) = A (@) (QIP)A;: ()
=n% ) (QUF).
Applying the Sturmian separation theorem ([15] page 64), we have
Njp = X (W) 2 X (W) > eody (T (3, 27} = cn™ Q).
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8.2. Proofs for Section 5.

PROOF OF LEMMA 4.  Since X;-(H) = [Xo(H) ... X1 (H) X1 (H) ...
X, (H)], we have

s

[ sin ©{ M (X.(H)), M(Xp)}Hr < I(Xp (H) Xillp < > (Xe(H)) Xl r
=00k

_ —|dr—de|\ _ -«
—Op(rgggn * ‘)—Op(n 5,

by Lemma 7. [

PrROOF OF LEMMA 5. For k=1,...,s— 1, we have

PM(X,(H)) = By)

({MXk é?lb’g }{MXk nep B= })

0>k+1
Hence,
PM(X,(H)) # By,)
:P({MXk K@lsﬁéo} {MXk ZSEIBHAOD
(MXk n P Bﬁéo) +P<MXk n P B@#O)

ekt >k+1
= O(n~2dk-1+2dk | =242y
by Lemma 10. Similarly,
P(M(Xo(H)) # By) = O, (n~2do+2d1)
and
P(M(X,(H)) #By) = Op(n~201+20),

We have thus completed the proof. [

We will need the following lemma for the proof of Lemma 7. First we
write U and V defined in Lemma 1 as

Uu=[U;...U), Vv=[V,.. V)],

where U, and V|, are a; X m matrices.
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LEMMA 6. Let K =diag(B{Ay,...,BLA;). Then
d;'®d;' 2 K(UU + VV)K/,
where d,, is defined as in Lemma 1. Furthermore,
d;'®pd;! 2 KUU +VV) K,

where (UU'+VV')p = diag(UgU[+ Vo Vy,..., U U, +V,V)) and K(UU' +
VV')\pK' is positive definite and has distinctive eigenvalues with probabil-
ity 1.

PrOOF. We write ® = KI,,(z,2)K + R, where R is a symmetric ma-
trix with its (k,£)th entry given by
Ry = BjAL Ly (ul?) YA B,  BLARD L (5D Oy AlB,
+ B%A(k—i_l)‘[m(zt(k—i_l),Zt(z—i_l))A(Z—i_l),Bg

for k<¢,0=0,1,...,(s—1), Rgs = B;A(k“)lm(zgkﬂ),zgs))Ang for k <s
and Rgs =0. Thus,

dled; ' =d 'K, (%, 2)K'd ' +d,'Rd; .
By Lemma 1,
d 'K, (2, 2)K'd; " -2 K(UU + VV)K'
and the (k, £)th entry of d;'Rd,,! is
n~ W TUR, ) = O, (nder17d 4 pderi=diy — o (1) for k < /.

We have proved the first limiting distribution of the lemma. It follows that
the kth diagonal block of ® has the limiting distribution

’I’L_2d’c Dy A} I(]gk(UkU§€ + Vkvg) ?ck

and @y, is positive definite, having distinctive eigenvalues with probability 1
by Okamoto [14]. O

LEMMA 7. || X5 (H)X|F = O, (n~1=%l) for all £,k €{0,1,...,s} with
(#k.

Proor.  Since || Xj(H)X; | r = X} (2p)B'BXi(®)|r = | X;(p)X(®)]|F,
we prove this lemma by showing that
X7 (@)X (@) 7 = Op(nIH%l),
Let A =diag{)\;,j=1,...,q} and A®) ={)\; j € N;}. We define A(®p)
and A®)(®p) similarly for ®p. We will use the bound for the error in
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two subspaces within the nonzero space from Theorem 4.1 of Barlow and
Slapnicar [2] (which can be shown to apply in our context with probability
one), that is,

AT (@)X (20)AX()A2

X5 (®Pp) Xy (P
IXe(®0) X (@)l < relgap (A0 (®p), AK) 7

where

A >\z D) — )\, (I’D
relgap(A”(@p),AV) = _min Al/(z(;’ );1(/2(@)) |
i i D)4

It is sufficient to show that

(16) |ATY2(®p)X* (@) ABX(B)A 2| = 0,(1)
and
(17) ! _ O (n-—l),

relgap (A0 (®p), AK)

By Lemmas 2, 3 and 6, relgap(A)(®p), AR)) = O, (nld—dl) and n~Ide—dl
x relgap(A)(®p),A)) > ¢, ., where ¢ is a random variable that has no
mass at 0. We thus have (17). We next prove (16). Note that by Lemmas 1
and 6,

d,®'d, LK (UU +VV) 'K
Hence, d, X(®)A"1/2 = 0,(1) since d,,®'d,, = d,, X (®)A~/2A1/2X/(®)d,,
— 0,(1). Similarly, A="2(®p)X*(®p)d,, = O,(1). We have
|A=Y2(®p)X* (®p)ADX(B)A 12|,

— |A"V2(®p)X*(®p)d,d, ' Add; 1, X(P)A ||,

< ATV @)X (@p)da| [y AR ]| dn X (B)AT|

= Op(1)7
by Lemma 6. Hence, || X} (®p)Xy(®)||r = Op(n—\dk—dzl), 0

We need the following two lemmas for the proof of Lemma 9:

LEMMA 8.  Under Assumption 1, there exists a finite constant C' not
depending on n such that for all sufficiently large n,

EN(Q, N <C.
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PROOF. Note that
Qn = (Un, V,))(Un, V,.)',
where U,, and V,, are defined in Eq. (10). Let
T(Wa) =A(Q; 1),

where W,= vec(U,, V,,). By Assumption 1, W,, ~ N(0,E,,), where B, =
cov(Wy,) and B, — &, the covariance matrix of vec(U,V) in Lemma 1. It
was shown in [4] that = is positive definite. Thus, for all sufficiently large
n, B, is invertible and \1(E,) — A1 (E) > 0.
For all sufficiently large n,
Ez, [T(Wo)] = (21) ™8, |72 | T(2)e 'S/ .
R2mq
Since /2,12’ > 2’z /M (E,), we have
e—x’Eglx/2 < e—:c’:c/2)\1(En)

Since A\ (Z,) = M (E) > 0 and since |E,|~Y2 = |E]71/2 > 0, there exist
constants C'y > 0 and C > 0 such that for all sufficiently large n,

Be, [TWI < [ | Tla)e @2 da=C,

=n R2ma

a finite constant which does not depend on n. The above integral is the
second moment of the largest eigenvalue of an inverse Wishart matrix and
is hence bounded by a finite constant [21], in view of our assumption that
m>q+3. O

LEMMA 9. Define Eyy to be an event, Eyp = { g, (®rr) > A1(Pge)}, 0<
k<t <s. Then under Assumption 1,
P(Efy) = O(n~2%+2d0),
Proor. For >k, (=1,...,s, we have, by Chebyshev’s inequality and
the Cauchy—Schwarz inequality,
P(Egy) = P{a, (i) < A1 (Pre) }

_ P{n—2dk+2dg _ n=2de\ (D) - 1}
’I’L_dk/\ak(q’kk) -

< n—2dk+2qul/2 [}\% (n—ng @g[)]El/2 [}\% (n2dk @I;kl)] )

Since E[M\2(n=2d® )] < E[trace?(n~24® )] < C by Assumption 1 and Lem-
ma 1, the lemma follows if

ED(n? @) < C
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for all sufficiently large n. Let J = B;A(k)dgg), dslk) = diag(n,...,n%, ... ndus
., ndus) . We write
oo =T (2 ) (@)

We will use the inequality of Exercise 19 on page 238 of Magnus and
Neudecker [12]. That is,

@ < (33) 7 AP L (7, A4 a1 (3377
It follows that
trace ®,,) <\ {dP 1 (zt(k)

n

- Al{d k m (Zlgk)

n

)d®Y trace{(JJ) 713 (3T~}
)d®)Y trace{(JJ')71}.

Since there exists a finite constant C' such that E[/\%{dgk I (z§k), zgk))dgk)}] <
C for all sufficiently large n by Lemma 8, we complete the proof by showing
that

(k)
2t
(k)
2t

trace{(JJ') '} = O(n=2%).
We write
33 = n*" Bl AL A} By, + BLAF QD aED AR, 1,

Since both matrices on the right-hand side are symmetric and positive def-
inite, A, JJ' > \g, [n2%*Bj A, A} By], and we have

M{II) Y <n 20\ {[BLALALBL] 7} = O(n2%), 0
LEMMA 10. Under Assumption 1,

@ B, £ 0} =02 +21)

(18) P{MXk(H) n
(<hy

forhi <k, k=1,...,s and

(19) P{MXk(H) N @ B, # 0} — O(n~2M+2dny )

>ho
forho >k, k=0,...,5s—1.

PROOF. Since H=B®,B’, we have X,(H) =BX;(®p). Since ®p is a
block diagonal matrix,
)‘((I)D)G{A( )|k 0 jzl)"'7ak}
and for A\;(®p) such that \;(®p) = (<I>kk)

Xi(q)D) = (0, . ,O,Xj(‘ﬁkk),o, .. .O),,
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that is, the first j;_; entries are all zero. Define Ejy to be an event, Ej, =
{Xay, (@rn) > Ai(Pge)}, 0<h <l <s. We first prove (18).

P{MXk(H) NEp B # 0} = P(Xy(®p) #[0 Y]),

¢<h,

where the 0 in [0 Y] has dimension j; x a; and Y has full rank. We have
for hy <k, k=1,...,s,

Pxu@0) 210 YD) =P( U Fi) < X Pl =0 3 w2

L:0<hy £:0<hy L:0<hy
— O(n—2dh1 +2d, )’

by Lemma 9. Similarly, for (19),
P{MXk(H) N @e>ny, Be # 0} = P(Xy(®p) #[Z 0]'),

where the 0 in [Z 0]’ has dimension (¢ — j},) X ax, and Z has full rank. We
have for ho >k, k=0,...,s —1,

P(Xy(®p)#[Z O]’):P( U E&) < Z P(E;@:o( Z n—2dk+2dl>

{:0>ho £:0>ho £:0>ho

— O(’I’L_2dk+2dh2). 0O

8.3. Proofs for Sections 6 and 7. In this section, we will use the following
decomposition and notation for the proofs. We write

(20) b’AIZZ(wj)A’b — b’Af(wj)A/b = b/AR(Wj)A/b + b’AS(wj)A/b,
where

R(wj) = Lz (w;) — W (w;)Lee (w;) ™ (w5)

and

S(wj) = W (w;)Lee(w;) " (w5) — £(w5).

We will also use the following notation:
I &2 o
Lo, (d) = - lej VAR (wj)A'D,
]:
L
(21) M, (d) = o le;db'AS(wj)A’b,
‘]:
1

]:mn(d) = m

> Wi Af(w;)A'D.
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8.3.1. Proof of Theorem 2. Here and in the following subsections, sup-
pose that a € N, where k € {0,...,s}. Write d,q = di. Note that d,, = dj.
For 1/4>6 >0, let Ns={d:|d—di| <d}. Then for S(d) = R(d) — R(dy),

we have
P(|dy — dy| > 6) = P(dy € N3°n ©)

= 1 < 1 < i < .
P (N}Sgé@ R(d) < inf R(d)) <P (Nigrf]@ S(d) <0)

Define ©1 ={d: A <d <Ay}, where A =A; when d <1/2+ A; and dj >
A > dj, — 1/2 otherwise. Note that d — d > —1/2 for all d € ©;. When
drp > 1/2 + Ay, define ©9 = {d: Ay < d < A} and otherwise take O3 to be
empty. Hence,

P(|dy — dy,| > 0) < P(Néigamf@1 S(d)<0) + P(i&f S(d) <0) =o(1),

by Lemmas 11 and 12 below. [

LEMMA 11.  Under the assumptions of Theorem 2, P(infyene, S(d) <
0) =o(1).

ProOOF. Let
U(d) =2(d — dy) — log{2(d — di) + 1}

and
G(d G(d 2d—dy)+1 M/ G\ 20d—dn)
B BB
n =1 n

1 mMn B
+2(d_dk){m— > logj — (logmy, — 1)},

where G = b/ A,fT(0)A/b, as in (31), and
1 _
G(d) = gm_ ng(d di)

J

Then S(d) =U(d) — T'(d). We have
P(N(I;c%fél S(d) < 0) < P(N?r}wfel U(d) < sglp ]T(d)])

Following the same arguments as those on page 1635 of Robinson [17], it is
sufficient to show that

sup
O1

G(d)
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Note that by Lemma 20, we have

(22) G(d) = CGw24=m) > C(1 — gf)wd—d),
where e = Op(n~*). By Lemma 21, for d € O,
~ 1 &2 a(d—dy)
G(d)—G(d)| = Ly, (d) + My, (d) + F,, (d) — G— ST
g 10~ G = L@+ Mo (@ + F () = G- 3
= 0 (w2 ey ),

where L, , My, and F,,, are defined in (21). We have thus completed the
proof. [

LEMMA 12.  Under the assumptions of Theorem 2, P(infg, S(d) <0)=
o(1).

PRrOOF. Following from the proof on pages 1638-1639 of Robinson [17],
we write

S(d) =log{D(d)/D(dy)},

where
N 1 Mn, j 2(d_dk)-—2d 1 Mn ~
D(d):m—n2<e—y> J "% Iy(wj) and V:m—nzlogj.
7j=1 7j=1
Note that €” ~ m,,/e. Denote
7N 2(A—dy) i\ 2(A—dy)
(1) N(£1> , 1<j<e
ev My,

(24)

2(A1—dy) e \ 2(A1—dy)
<i> ~ (—‘7> , eV < j<my.
ev My,

By choosing A < dj, — % + 4_15 so that m ! i (aj —1) > 1 for all sufficiently
large m,,, we have

. 1 o
P(lélfS(d) go) SP(m—n;(a]— 1) L () go)
:P<; $ 0y — 1)) <0>
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Now, by (20),

1 & Ty (wj) 1 <& Ty (w;) Iy (w;) )
- )2 ) = 1 7/ _ J
My < (g )<gw:2dk > My, Z:(a] )<gwr2dk ' Af(w;)A'd

7=1 J j=1 J J
R Y AR(w;)A’b
2 _ L)y 7
(25) o 2(% ) VAT () A
7=1 J
R b AS(w;)A’b
* m—n;(% N )b’Af(wj)A’b'

We will show that all three terms in (25) are op(1). For the first term, we
begin by showing that

(26)  Ipy(w;) = b'AR(wj)A'b + b'AS(w;)A'b + V' Af (wj) A'b = Op(w; *™).
Let Ry(w;) denote the (h,€)th block of R(w;). By Lemmas 16 and 18,

Op(n2dk_dh_d‘wj_dh_dej_p/z), ht <k,
b AnRpe(w;) Alb = { Op(wy ™ =%j0/2), h,l>k,
(27) Op(ndk_dhwj_dh_dzj_p/z), h < k‘,@ > k7

= Op(w; M52,

Also, by Lemmas 16 and 19,

b,AS(wj)A/b
k—1 s
:Op<z wj_dh_dlnde—dh_dl_i_ Z wj_dh_dl-i- Z wj—dh—dzndk—dh>
hi=0 b=k h<k >k

— Op(w‘]—2dk (j2dk—2dk,1 + 1 _‘_jdk_dkfl))

By (54) in the proof of Lemma 20, V' Af(w;)A’b= Op(wj_2dk). Thus, the

bound in (26) follows. Together with Lemma 20, we have

L))
7. = Op(

gwj

and
gw:2dk O.)~._2dk (jdk_dkfl + wglk—dk+1 + wf))
! = J J i’ dp—d,

1_m_0p< = )_Op(jk k-1,
] -~

J
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Thus, the first term of (25) is

—2dy,
— —1)(1— J vwlWj) 1 1y e
mp, j;l(a] )( b’Af(w;)A’b) Qw?2dk Op <mn j;(a] + )
J
1 My 1/2
di—dj—
j=1
=op(1)

since 307" 043 = O(mi(dk—A) +mlogm), by Equation 3.24 of Robinson [17].

Applying (27) and (26), the second term of (25) is

ze Mn, /2
%(%Z(aﬁl)j"’/z) ( <Za> +m;”/2>=op<1),

by the same argument as for (28). The third term of (25) is bounded by

[e”] / ' mn / /
1 YAS(w)Ab| |1 B AS(w;)A’b
- E ) — - E ) —
i 2 1(0‘] )b’Af(wi)A’b + ‘mn j:[eum(% ) VAT(w;) A’

Following from (24) and the lower bound of &’ Af(w;)A’b in Lemma 20, the
first term of the above equation is
[e"]
1
O, (w%;‘fk—A)— Zw%b’AS(wﬁA’b) = Op(WHH=2) M., (A))
My, = J

= op (=M= M)) = 0, (1),

by (ii) of Lemma 21, because 0 > A — dj, > —1/2. We will complete the proof
by showing that
1 & ( j )Ml—dk) b'AS(w;)A’b

(29) TS VAt )an - W
j=[e’]+1 J

mnp

Note that e” ~m,,/e. Following the similar computation for (55),

S\ 2(A1—d 2
j ( 1 k:) Sh@(wj)
24,
"= [e“ +1 Wi
mn
_ —4d+2dp+2d 2(2dy, —2A1—1 AN —2dy,—2d
—O(n k+2dn emn( k 1—1) Z j4B1—2dy e)
j=oémp,

:O( 4dk th 2de )

mn
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Hence,

H j >2(A1_dk)sh£(wj)
o o 24,
"= [e“ +1 Wi

By Lemma 16, we have

1 mMn - 2(A1—dk)s W
b/Ah<m— > () A
" J

" j=levl+1

O, (made—dn=de=1/2y ht <k,
= { O (w2di—dn—deyp 1/2), hot >k,

Oy (wit=de 1/ 2H0=dny 0>k,
=o0,(1).

Equation (29) follows from the triangle inequality. [J

8.3.2. Proof of Theorem 3. By Theorem 2, dy satisfies

OR(dy)  OR(dy) N O%R(d)
od — od dd?

where |d — dy,| < |di — dj|. Let

(30) 0= (di — di),

Mn _ 1 mn _
Zn=2m, ' ? Y vi(Le(wj) = %),  vj=logj—— logj

j=1 Mn 55
and
3= SV AL (02, (0)AL,
where
(31) G = AT (0) AL =0 AL (0)SW] (0)A}D

and \Il};(w) is a ¢ X a; submatrix of ¥f(w) = [\I’g(w) LWl
show in Lemmas 13 and 14 that

2
(32) 8612(2 )2y
and
(33) 2288 5 o).

od

P

27

I(w)] in (8). We
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From Lemmas 0 and 8 of Hurvich and Chen [8], the (u,v)th entry of Z,
satisfies

D
Znaw = N(0,40,02,).

Using a similar computation for the variance above and Eq. (53) in the proof
of Lemma 19, we obtain

E(Zn,ulvl Zn,ugvz) — 4q)p0u1v20u2v1-
Using the Cramer-Wold device, we have vecZ, B vecZ ~N(0,40,X ® X).
By Lemma 15, b B lo), thus,
VAP (0)Z%] (0)A}D
(34) 3, 3 2At OZBLOAD
VARE, (0)XW¥,(0)ALD

Let o = (p1,...,94) = \I’Z(O)Aﬂ;. Then 3|b is a normal random variable
with mean zero and variance

'Bop'Zp

var(3|b) = 40, L4 =49,

(¢'Zp)?

Thus, 3 is independent of b and 3 ~N (0, 49,,). Together with (30) and (32)—
(34), we have proved the theorem. O

LEMMA 13. Let d be such that |d — di| < |dx — di|. Then under the
assumptions of Theorem 2,

2R(d) »
92 — 4.
PROOF. Define
~ 1 In
a(d) = — Z(log w;)“w?dlw(wj)
and
~ 1 Un ~“\a s 1 o “Na -
Fa(d) = m_ Z(log]) wgdlvv(wj)v Ea(d) = Z(log]) J2dlvv(wj)'
Then
O*R(d) _ HGa(d)G(d) = G(d)}  H{Fh(d)Fy(d) — FE(d)}
o2 G2 a g}
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We first show that
(36) Fo(d) = Fodg) 4+ 0p(1),  a=1,2,3,

by showing that E,(d) = E,(dy) + 0p(n%¥) for a =0,1,2. Let M = {d :
log®my, x |d — di| < e}, where £ > 0 is fixed to be such that 2¢ < log?m,,
with a proper n. Following the same line of proof as on page 1642 of Robin-
son [17], for n >0,

P(1Buld)~ Butal > (%) )

(37)
§P<G(dk) > 2 (log )" )—I—P(log mn|d— di| > €).

The first probability is bounded by

P(\@(dk) gl> —(logmn) ) —i—P(Q > —(logmn) “).

Both probabilities in the above equation tend to 0 for € sufficiently small
since |G(dx) — G| = 0p(1) and G < C, by Lemma 20. To show that the second
probability in (37) tends to 0, we only have to verify that

o [ G0
©1NN;s G(d)
From (22) and (23) in the proof of Lemma 11,
G(d) —G(d)‘ G(d) —G(d)’ .
sup |—————| <sup|——————| = 0p(m,,°).
onny G | el G ()
We have established (36). Combining this with (35), we have
O°R(d) _ A{Fy(dp) Fo(dy) — FP(dy)}

o,(log™%m,,).

= = +o0,(1) as n — o0o.
Od? Fg (dy) ’
By Lemma 21,
1 2= o o (W
—Qm—Zlog j ‘—Zlog _zdi)—g)‘

<log" mu|Lm, (di) + Mo, (di) + Fon,, (di) — G|
= Op(m,, " log®my,).

By the same reasoning as that used in (4.10) of Robinson [17], we obtain

2 Mn 2
a;:l(g —4{ Zlog <mizlog3> }(1+op(1))+op(1)£>4. O
n =1
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LEMMA 14. Under the assumptions of Theorem 3,

1/200(dy) lb’Ak\IJL*(())Z,L\IJL(O)A;b =0p(1),

" Tad g
where
B Mn ~ 1 & ~
Zn:2mn1/2ZVj(I€€(wj)—E) and l/j:logj—m—Zlogj.

J=1 nj=1
Proor. Note that
OR(d) 2 % Vj Ly, (wj)
od  mn = w2G(d)

Since G(dy,) — G = op(1), by (23), and 377" v; = 0, we have

m1/2aR(dk —om —1/22 ( v wJ —1>(1—|—0p(1))

od

and
1

m;/LRa(j’“) - ab’Ak\IJL*(o)zn\I'L(O)Mb

_ Un Ivv(w') Qi Vj
= 2m 1/2{2 v <gw‘22k - 1) -2 ; “5ir b'AkSkk(wj)A?fb}
j=1 5 =15
(38)

+ 2m;1/2{z %(w;,dk b AgSpi(w;)Alb) — b’Ak\IzL*(O)zn\pL(O)A;b}
j=1
+ Op(1)7
where Sp¢(w;) is the (h,£)th block of S(w;) defined in (20). Let

MPO(q) ngdb’AhShg(w])Azb
ni=1

The first term of (38) is then

My U -~ a
2m, 2y {Ivv(wj) — Guw- M S W ALShe(w)) AL
j=1 9w; fors

- 2m}/2 log m,,
- g

Lo, (di) + Fm,, (di) — G+ Z MO (dy.)

U#k

= op(1),
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by (20), (21), Lemma 22 and Assumption 3B. Since
Spi(w;) = |1 — 9| 25w (w)) [T (w;) — Z]W] (w;)
=W B (O[T (w5) - BTL(0) + Oplw; ),

the second term in (38) is

Mn 1/2
0 —-1/2 WP =0 mﬁ+/ logm 1
p| My Zijj =Up =op(1),
Jj=1

npP

by Lemma 16 and Assumption 3B. We have shown that both terms on the
right-hand side of (38) are o,(1) and, hence, have completed the proof. O

LEMMA 15. Under Assumption 1, the matriz X = X{I,(y,y+)} satis-
fies

X 8 X = BX{K(UU' + VV')pK'},

where X{K(UU' 4+ VV') K’} is the matriz of normalized eigenvectors of
K(UU' + VV')pK' in Lemma 6 and U,V are defined as in Lemma 1.

Thus, X is a continuous function with respect to vec(U, V).
Proor. It suffices to show that

(39) 1Xk(H) = X[ 7 = Op(n=)

and that the eigenvectors of H satisfy

(40) xi(H) 5 §i(vee(U, V), j=1.....q,

where éj are continuous functions of vec(U, V).
We first show (39). Note that since both H and I,,, are symmetric, we can
assume that xjx;(H) > 0. We have

X (H) — Xy ||F < ag max |x; (H) — x;||* < C maxsin® 0(x;, x; (H))
JEN JEN}
< O] sin O{M (X, (H)), M(Xp) H| 7,

by the definition of the sin © bound. Equation (39) follows from Lemma 4.
Next, we derive (40). Since x;(H) = B'x;(®p), it is sufficient to show
that

D . )
X;j(®p) —Sj(vec(U,V)), j=1,...,q,
where ¢; are continuous functions of vec(U, V). Let &p=d;'®pd;!. Then

bp=X'(®p)A(®p)X(®p).
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First, note that the eigenvalues of &) are distinct, with probability 1, by
Okamoto [14]. Since both ®p and ®p are block diagonal matrices, we have

®p=d;'X'(®p)A(®p)X(®p)d;! =X'(®p)d;'A(®p)d; ' X(®p).
This implies that
X'(®p)=X'(®p) and A(®p)=d;'A(®p)d;".
We now let K be defined as in Lemma 6 and rewrite U,, and V,, in (10) as
Un=[Upng - Upls  Vu=[Vig - Vil

where U, ;, and V,,; are a; X m matrices. Since K is a block diagonal
matrix, we have

®p =K' diag(U,0U, o + U, oUl g, ..., Uy UL+ U, UL K.
It follows that
I~ o D
Xj(®p) = x;(®p) :=j(vec(Up, Vy,)) — ¢j(vec(U, V)),

where ¢;(-) is a continuous function because the eigenvalues of ®p are dis-
tinct with probability 1 and

Xi(H) = B'x;(®p) 2 B'j(vec(U, V)) = &j(vec(U, V)). O

REMARK 3. Let 5’(02 [Xg ... X]. Since X{K(UU'+VV') K'} is a
block diagonal matrix, X; = B'X,{K(UU’ + VV') ;K'} € Bj.
8.3.3. Proof of Theorem 4. In case of no cointegration, we have
C1 =M (AA) > |0'A|* = (VAA'D) > N\, (AA) > Cy
and
C1 =M (AANN (F1(0)) > G =V AFT(0)A'b > N\, (AA )N, (FT(0)) = C1,

where C1, Cy, C; and Cy are positive constants. Furthermore, by Assump-
tion 2,

VAL (w))A'b — w0 G = 0, (w; *FP),

for 1 < j < m,,. Following along the lines of the proofs of Theorems 2 and 3,
we have m,l/2(a7/m —daa) 2 N(0,®,/4) for a=1,...,q. The theorem follows.

O
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9. Technical lemmas. We will need the following two lemmas:

LEMMA 16. If b= x4, where a € Ng, then, under Assumption 1,
b Aj = Op(n~t%)
forh<k, k=1,...,s and
VAL =0,(1),
for k=0,...,s.

LEMMA 17. If b= x4, where a € Ni, then, under Assumption 1,
[V Agl = C(1 —ex),

where C' >0 and e, = Op(n™%), k=0,...,s.

PROOF OF LEMMA 16. Since X(H) is an orthogonal matrix and MX(H) =
R?, we have

(41) b= iXZ(H)Ce,
=0

where
o= X{(H)b = Oy (14~
by Lemma 7. Furthermore, for ¢ > h,
E[[| X} (H) A ] = E[[| X7 (H) Al 1 rx, H)ce,- 8]
+ E[[| X7 (H) Apl 1 (vx, (H)ne,< 1 B,0)]
<0+ E[||X;(H) AL rx, (0@, <, 5,70}
= E[trace'/? (A}, X (H) X} (H)An) 1 vix, (H)ne, <, 5,40}

(42) 1/2 1/2
< Eftrace'/? (A}, Aj,) trace/? (X (H) X} (H)) 1 vix,(H)ne, < 5,0}

1/2
= a,"|| A

P{MXZ(H) NP B; # 0}

i<h

= O(n~tde),
by Lemma 10. For ¢ < h,
(43) E[|X,(H)AL[]=O0(1).
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We have, for h <k,

VA, => X,(H)A,
(=0

= D aXuH) AL+ Y X (H)A,

¢:0<h C>h
— Op< Z pdetdi | Z n~dntde—detdy | Z n_dh+d£_dk+dl>
0:4<h L:h<t<k l:0>k

= Op(n~ k),

For h = k, the above equation is of O, (1) since ¢ = O,(1) and E[|| X (H)A||] =
o). O

Proor or LEMMA 17. Note that

1V AR[]? = || XL H) AL+ > GX(H)A,
(44) e:o,z;ezz
> XA - || Y ¢@Xi(H)A,
0=0,0#k

Using (41), we have

S S S
L=bl* = > IXe( el =D lleel = llexl® + D2 leell?
£=0 £=0

0=0,0k

and

S

(45) Y. ledl® = 0p(n72),

0=0,04k
by Lemma 4. Thus,
(46) lex]|* =1 = Op(n=2).
By (45), (42) and (43),

s

> dX(H)A,
=004k

s s 1/2
S( o e Y IIXZ(H)AM!Z)

0=0,6+k 0=0,0+£k

(47)
= Op(n™).

Furthermore, if MXy(H) = By, then there exists an ay X a, orthogonal
matrix D such that

X, (H) = B;D
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since both X (H) and By, are matrices with orthonormal columns. We have
lex||* = trace{c, DB} A (B} Ax) (A} By) ' ABD'cy}
< [[(BjAL) |, DB AL
—12
= [|(BRAg) Il X, (F) A ||
It follows that
Ik X5 (D) Ag|1* > || (B AL) M 72 [lex® = C(1 = 6),
where 0, = O, (n~2%), by (46). By (44), (47) and the above equation, ||b'Ag|| >
C(1—6,— ék) where & = O, (n™ ). We have thus completed the proof. [
LEMMA 18. Let Ry (wj) be the (a,b)th entry of R(w;),
E|Rup(wj)| < CJ1 — 71| (duartdin) j=0/2,
a,b=1,...,q and 1 <j<[n/2]

under Assumption 2.

PRrROOF. Let J,,(w;) be the jth element of J,(w;), the discrete Fourier
transform of z;. By (4),

q
(48) Z(L OJ] Z Jzab
b=1
where
1
Jz%(wj) = —1th ! ( Z Yi,abEt— kb)e wit,
\/27‘(2’}7}) ‘2t1 k=00
Hence,
q a _
Rap(wj) = T, (wj)T Z au(w3) Je, (w; qu )T ey (W)
(49) . B -
= Z (\I/au(wj)\l/bv(wi)(Aau,jAbv,j - Bu,ijJ))a
u,v=1
where
Iy (wj)
50 Aau»:‘luij d B,.=J ).
( ) 5] \I/au(wj) an 5] Eu (wj)
From Lemmas 9 and 10 of Hurvich et al. [9],
T W (w) 2 2 ¢
E| Aguy — Buy |2 < c(/ 1| 1Dy (s — )| dw)
(51) ! ! W (w5) P

< Cjte.
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By the Cauchy—Schwarz inequality,
E|Aau,jzbv,j - Bu,ij,j|2 = E|(Aau,j - Bu,j)(zbv,j - Fv,j)
+ Bu,j (va,j - Ev,j) + Fv,j (Aau,j - Bu,j)|2
< 3(E|Aqu,j — Buj|'E|Apu; — By ")/
(52)
+ (B[ By |"E|Apj — By )
+ (E| By |*E[Aqu j — Bu|*)"?
<O )P+ ()P =P

We have, from (49) and Assumption 2,

q
E[Rab| < Y Wau(w;) Wy (w;) (Bl Agu,j Apo,j — Bu,jBujl*)'/?

u,v=1

q .
SO Y L e et g () 7o (w5)j

u,v=1

<Cl1— e~ t5 |_(daa+dbb)j_p/27

where the constant C' does not depend on n. [

LEMMA 19.  Let Sqp(w) be the (a,b)th entry of S(w;). Then for 1 < j k <
[n/2],

Cl(1 = e i) (1 — emir)|~(eattdin) | — k| <p,

E|Sap(wj)Sap(wi)| < {

C/n, otherwise,

under Assumptions 1 and 2.

PRrROOF. Note that El..(w;) =3 and Sg(w;) = EZ’Uzl \I/au(w3)@bv(wj)
X (L:‘s,uv(wj) — qu)- NOW,

ElSap(@i)Sap@i)l = D Wauy (W) Vaus (Or) ooy (w5) Yoy (w7)

u1,u2,v1,02=1

X E[(Zeeuyv (Wj) = Ouyoy ) (Lee uzvn (WE) — Tuguy)]-

Note that E(J., (w;)Je, (wk)) =0, 1 <4,k <n/2, and E(J;, (wj)Je, (wg)) =0
if | — k| >p and
2p—2

3) B ()T = 2200 (, P72 V1
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2p—2
Cp:(z)—l);

E[(Zee uyvr (W5) = Ouyoy ) (Lee,ugvs (Wk) — Tz )]

where

see [9]. Hence,

= E[Lec uyvn (W) Tee,uzvs (Wh)] = Tuzen Ousos
= cum(J;,, (w;), Je,, (Wk), Te,, (W5), Iz, (W)
+E(Jey, (W5) e, (W) E(J:,, (@5) Te, (i)
=CLyjj-ki<p}
because (53) and the cumulant is 0 under Assumption 1. We have, by (5),
E[Sab(w;)Sab(wr)|

q
<C Y (1 (@)W aus (W)W, (@W3) W0 (i) ) (1= k <p}

u1,u2,v1,v2=1

<C|1— e—iw3|—(daa+dbb)|1 — e Wi |_(daa+dbb)1{‘j_k|<p}‘ 0

LEMMA 20.  Under Assumptions 1 and 2,
O Af(w;)A'D — b Apfip(w;) Al = Op(wy 2% (jak—di-1 4 k=it
and
b A Sk (w5) Ak — Gwi > = O, (w; 27
for 1 <j <m,. Furthermore, there exists a constant C' such that
b Af(w)A'b > Cw; ™ (1 —gy)
for 1 <j <my, and two constants, C1 and Cs, such that
C1>G>Cy(1 —¢y),

where e, = Op(n™).

PrROOF. Since, by Lemma 16,

Op(w; 2T j2=dn=dey - p <k <k,

(54) b/ Apfue(w))Alb = Op(w; %), ht >k,

Oplwy e ji=dn) R <k >k,
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we have

W AF(w)) A = b Ay (w) AR+ 3 S0 Apfie(w;) Ab
h=0 £=0
04k

—2dy;, -dy,—dy, —2d —dp—d
= ' Apfin (W) AL+ Op(w; 20k e —di—1 Fw; T

= b/Akfkk(wj)Azb + Op((,uj_zd’C (jdk—dkfl + w;lk_dl%kl)).

Since (7) and Assumption 2 imply that f;(w) = f/LL,C(O)w_M’c + O (w24 tr)
as w — 0, we have, by Lemma 16,

VAL (w)) A = b/ ALE] (0)Afbw, > + Oy (|0 Ay 2w %)
= Gw; % 4 Oy (w; 2H77),

We have shown the first two equations of the lemma. For the third equation,
we have, by (54),

k

VAf(w;)A'b= bl( > Ahfhe(wj)A2> b+ Op(wj_d’“_d’““).
h,0=0

By Assumption 2 and Lemmas 16 and 17,

k k
b’( 3 Ahfhg(wj)A2>b: b’( 3 wj_dh_d‘AhffTM(O)A})b

h,0=0 h,0=0

k
+0, (wj‘dh*d”p 3 b’AhAgb>
h,¢=0

k
> w2 Amin {E1(0)} D7 VALALDAY + Oy (W)
h,t=0

> Cw; 2™ (1 —ep) + Op(wh).

For the last inequality,
G = ' Aty (0) Afbw; % > % A (B[, (0)) [/ A = Cuwj (1~ ey),
by Lemma 17. The upper bound for G is due to the fact that
G <Amas (£, (0) 1AL 1]l = Amasc (£, (0)) | Ak O

LEMMA 21.  Let Ly, (d), My, (d) and Fp,, (d) be defined as in (21).
Then if d — dj, > —%, there exists an € >0 such that

(i) Lo, (d) = Op(w2d_2dkm_e)a

M, n
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(i) Mo, (d) = op(wit—2¥m, ©),
(iii) Finn (d) — Guid =20k = o (w2d—2 k<),

under Assumptions 1 and 2.

ProOF. We will only prove (ii); (i) and (iii) can be shown in a similar
fashion using Lemmas 16, 18 and 20. Let Sp¢(d) be the (h,¢)th block matrix
of S(d). By Lemma 19,

1 I 2
E|— 2dg ,
Hmn;w] hé(wj)

1 & a, 2dedy—d
— 2d—dp—dy, 2d—dp—d,
=0 m2§ E wj wy

" j=1k=j

1 gnid 4d—2d, —2d
_ - —4Qy
_O(WZZ% ' )

noj—1k=j
_ JO(n¥nt2di=4dp 2 100m,,), 4d — 2dy, — 2dy < —1,
n O(wf,ff;wh_wem;l), 4d — 2dy, — 2dy > —1.
Hence, we have
1 <& d
2
— Y wSpe(w;
(55) dp+dg—2d,,) —11.,1/2
Op(nrTa=2¢m "t log“my), 2d —dp —dy < —1/2,
O, (w2d—dn=deyy 172y 2d — dp — dp > —1/2.
Let

1
MPO(d) = b Ay, <m—n Z;wgdshg(wj)> Apb.
‘7:

By Lemma 19 and (55), we have, for h,¢ <k,
i (d)
(56) {0p<w%$;2dkm;1—2d+2dk log'?my),  2d—dp—dy < —1/2,

op(w%il_wkmﬁl/%e), 2d —dp —dy > —1/2,
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where £ > 0. By the same lemma and (55), we have, for h,¢ > k,
(57) M%L,f)(d) _ Op(wgff_dh_demglﬂ) :Op( 2d— 2dkw2dk dp— dgm—l/2)

and for h <k, { >k,

M (d)
(58) 0p(W2d=2dkpy A=2d42d oo /2y Y 2d — dj, — dp < —1/2,
* Loplwt 2oy P4y ag > —1/2,
Hence,

= 3 MED) = oy (w2,

h=04=0
since 2dy, — dp —dy >0 in (57) and —1 — 2d + 2d}, < 0 in (56) and (58). O

LEMMA 22.  Under the assumptions of Theorem 2, if d — dj, > —%, then
Lo () = op (W2 1129)

and

2d—2dy, . —1/2 _
[P i

—1/2— .
op(w2d=2dkm,, / 9, otherwise,

Furthermore, under the assumptions of Theorem 2,
di—d —d
Finn(di) =G = Op(my" 7' +w mn "),

where the Op(mg’“_dk’l) term is vacuous if k =0 and the O (wfrfn W) term
is vacuous if k=s.

PrOOF. This lemma is a corollary of Lemma 21. [
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