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Abstract

In [6] for ¢ > 0 we defined truncated variation, T'V,;, of Brownian
motion with drift, Wy = B+ put,t > 0, where (By) is a standard Brownian
motion. In this article we define two related quantities - upward truncated
variation

n

UTV,;[a,b] = sup sup Z max {Ws, — W, — ¢, 0}

n a<t;<s1<..<tn<sp<bji—

and, analogously, downward truncated variation

n

DTV, [a,b] = sup sup Zmax {Wy, — W, —¢,0}.

n a<t1<s1<..<tn<sn<bj;_—|

We prove that exponential moments of the above quantities are finite (in
opposite to the regular variation, corresponding to ¢ = 0, which is infinite
almost surely). We present estimates of the expected value of UTV, up
to universal constants.

As an application we give some estimates of the maximal possible
gain from trading a financial asset in the presence of flat commission
(proportional to the value of the transaction) when the dynamics of the
prices of the asset follows a geometric Browniam motion process. In the
presented estimates upward truncated variation appears naturally.

1 Introduction

Let (By,t > 0) be a standard Brownian motion, and W = B;+put be a Brownian
motion with drift pu.


http://arxiv.org/abs/0912.4533v3

In [6] truncated variation at the level ¢ > 0 of Brownian motion with drift
i on the interval [a, b] was defined as

n—1
TV [a,b] := sup sup Z max { ’Wti+1 — Wy,

n a<t;<-<tp,<b i=1

—C,O}.

(Technical remark: for a > b we set TV [a,b] = 0.)

There were also proved estimates of ET'V{ [0,7] up to universal constants.
Using similar techniques as in [6] we will prove existence of finite exponential
moments of TV [0, 7], Eexp (aTV#c [0, T]) , for any «, T > 0.

Further we will consider two related quantities

e upward truncated variation, defined as

n

UTV,; [a,b] := sup sup Z max {Ws, — Wy, — ¢,0}
N a<t1<s1<<tn<sn<b

e and, analogously, downward truncated variation, defined as

n

DTV [a,b] := sup sup Zmax {Wy, — Ws, —¢,0}.

n a<t;<s1<<tp<sp<b i=1

It is easy to see that all three above defined quantities have the following
properties, which we state only for the truncated variation

e shift invariance property in distributions:

L(TVS[a,b]) = L(TVy [a+ A, b+ Al)

e superadditivity property: for any numbers a < a1 < az < --- < ap, <b

n—1
TV [a,b] > TV [ai, aip] .-
i=1

It is also easy to see that the following relations hold

TVS[0,T] > UTVE[0.T], (1)
TVE[0,T) > DTV, T), (2)
TVE[0,T] < UTVE[0,T]+ DTV [0,T],

UTVS[0,T] = DTVE,[0,T]. (3)

By (B) all estimates proved for upward truncated variation have analogs for
downward truncated variation.

Analogously as in [6] we will prove some estimates of EUT'V/¢[0,7] (and
thus for EDTV,7 [0, T]) up to universal constants. Unfortunatelly, the presented
estimates involve expected values of some other related variables.



Remark 1.1. In order to shorten the proofs we did not put much stress on
obtaining the best possible constants in the presented estimates.

Remark 1.2. K. Oleszkiewicz pointed out that it would be also interesting to
have estimates for higher moments of the defined quantities. However, the au-
thor presumes that there are other methods than these used in this paper needed
to obtain such estimates.

Remark 1.3. A. N. Chuprunov pointed to the author that it would be also
interesting to have estimates of quadratic truncated variation, which one may
define as

n—1
QTV} [a,b] := sup sup Z max { Wiy — Wi,

n a<ty<-<t,<b iy

2—02,0}.

Remark 1.4. Similar concept of truncation (or shirinking) of random variables
on Hilbert spaces investigated Z. Jurek in series of his papers beginning with [2],
[3], which now evolved in the theory of selfdecomposable distriutions (see e.g.

).

2 Existence of exponential moments of truncated
variation

Let us start with the existence of finite exponential moments of T'V/¢ [0, 7. To
prove this let us define

Tc—inf{tzO: sup WSZWt—I—c},
0<s<t
further let T5"P be the last instant when the maximum of W; on [0,7,] is at-
tained, and let 7% < TSUP be such that Wrine = infgc<qsme Wi,
Let us fix @ > 0 and let § > 0 be such a small number that

1—Eexp (a sup Wt—l—ac) P(T. <) >0.
0<t<T

By definition of 7, and T:*f we have Weine > —c and Wysww — Wine — ¢ <
Woswe. Now, by Lemma 1, Lemma 2 in [6] and independence of Wy —Wr,,t > T,



and T, (strong Markov property of Brownian motion) for any M > 0 we have

Eexp (aTVS[0,T) A M) < Eexp (aWgsw» + ac+ oTVy [Te, T] A M)
< Eexp (aWrswe + ac) Eexp [aTVlf [Te, T) A M;T, < 6]
+ Eexp (aWrsw + ac) Eexp [oTV, [T, TI A M; T, > 6]
< Eexp (aWrsw + ac) Eexp [aTVMC [Te,T + T AM; T, < 6]
+ Eexp (aWTCsup + ac) Eexp [aTVi [T, T+T.—0)ANM;T. > 5}

< Eexp (a sup Wy + ac) Eexp (aTVS[0,T]AM) P (T. < 0)
0<t<T

+ Eexp (a sup W, +ac> E exp (aTVi [0,T — §] /\M) P(T.>59).
0<t<T

From the above we have
Eexp (aTV; [0, T] A M)

E exp (asupyc,<p Wi + ac) P (T, > 0)
~ 1—-Eexp (asupgcicr Wi + ac) P (T, < 0)

Eexp (aTV{[0,T — 6] AM).

Similarly

Eexp (aTVS[0,T — 6] A M)
E exp (asupy< i Wi + ac) P (T, > 6)
~ 1—Eexp (asupgc,<p Wi + ac) P (T < 6)

Eexp (aTVS[0,T —25] A M).

Iterating and putting together the above inequalities we finally obtain

T/§
Eexp (a supg<;<r Wi + ac) P(T. > 9) IT7e1
)

E TV, T|ANM) <
eXP(CY #[ ] )— <1—EeXp(asupogtSTWt+aC)P(TC<5

Letting M — oo we get Eexp (aTV#c [0,T]) < +o0.
By (@) and (&) we obtain the finiteness of exponential moments of UTV; [0, T
and DTV [0,T] as well.

3 Estimates of expected value of upward and
downward truncated variation

3.1 Preparatory lemmas

In order to obtain estimates of EUTV [0, 7] (and analogously EDT'V, [0, T7)
we will use similar techniques as in [6]. Due to typographical reasons let us
introduce notation max {z,0} =: ().

We will need the following analogon of Lemma 2 from [6]:



Lemma 3.1. We have the following identity
UTV;[0,T] = sup (Ws =Wy —c), +UTV [T, T]. (4)

0<t<s<T, AT
Proof. Let 0 < t1 < 81 < ta < S3... < t,, < 8 < T be numbers from the interval
[0,77].
We will prove that
(We, = Wi, — ), < sup (Ws =Wy —¢), +UTV/ [T, T].  (5)

0<t<s<T.NT

i=1

Let ng be the greatest number such that s,, < T and let us assume that no <n
and tp41 < Te.
Let us consider several cases.

e Wi, 1 = Wr,. In this case

(W,

Sng41

- W,

ng+1

and

3

n 0
Z (WS'L - Wti - C)+ S (W& - Wti - C>+ + (Wsn0+1 - WT - C)+
1

=1 i3

+ Z (WSZ - Wti - C)+' (6)
1=no+2

o Wi,oon <Wrg, and W, < Wypsw. In this case t,,11 < To"P (since for
T3P <t < T, Wy > Wr,) so

(WS"0+1 - th0+1 - C)+ < (WTsup - th0+1 - C)+
and

n no

(Wsi — Wti — C)Jr S (VVS7L th — C)+ + (WTstlp — th0+1 C)+
=1 i=1
n

+ Y (W =Wy =), (7)

1=no+2
o Wi, oy <Wr, and Wy, ., > Wpswe = Wr, + c. In this case
(WS"0+1 o Wt"o+1 - C)—i— - WS"0+1 - tho+1 —-cC
=Wpswe =Wy, o —c+ W, o — Wyew
— WTcsup — thoJrl — C + WSnO+1 — WTc —C

= (WTCSUP — th0+1 - C)+ + (Wsn0+1 - Wr, — C)+



Thus for t,,+1 < Te inequality (@), (@) or (8) holds and we may assume,
adding in the case t,,4+1 < T, new terms in the partition and renaming the old
ones, that

0
T,

t <s1< ... <tn0 < Snyg <7,

<
< gl < Snpg1 < . < <8y < T.

In order to prove (@) without loss of generality we may assume that for
any 1 < i < ng, (Ws, = Wi, —c), > 0 (otherwise we may omit the summand
(Ws, = Wi, —¢),). From definition of T we have that for any 1 <i <ng — 1,
Ws, = Wiy, <c, s0

(Wsi - Wti - C)+ + (W5i+1 - Wt

i1 _C)+
= WS'L - Wti —c+ W8i+1 - Wti+1 -cC
=W,

s — Wi, —c+ (We, =Wy, —¢) < We,, — Wy, —c.

Iterating the above inequality, we obtain

no
Z(Wsi—Wti—c)+§Wsn0—th—cg sup  (Ws—=Wi—c),.
i=1 0<t<s<TcAT

This, together with the obvious inequality

> (We =Wi, —c), < UTVS [T, T]

1=ng+1

proves ([@). Taking supremum over all partitions 0 < t; < s1 < t2 < 89 < ... <
ty, < sp < T we finally get

UTVi[0,T1<  sup  (Ws =Wy —c), +UTV] [T, T).

0<t<s<T.AT

Since the opposite inequality is obvious, we finally get (). O

Let us now define some auxiliary variables. Let TC(O) = 0 and let Tc(i),i =
1,2, ... be defined recursively as

T) = inf {t >TO D sup W > W, + C} :

7D <<t



(notice that T = T.). We define a new variable

oo
urv;(T) = Z o TYT sup (Ws =Wy —c)., .
=1 T8V <t<s<TON (TS 4T)

We have the following
Lemma 3.2. The variables UTV,S [0,T] and UTV (T') are related by the fol-

lowing relations

UTVZ[0,T) < eUTV (T) (9)

1—e!

UTVE[0,T) = UTVE (T) (10)

where the first relation holds almost surely and the second holds in the sense of
stochastic domination i.e. for everyy >0, P (UTVS[0,T] > y) > P (1_571 Urvg (T) > y) .

Proof. By the previous lemma, we have

UTVE0,T] = sup  (Wo—Wi—c), +UTVS [Tc(l), T}
0<t<s<TVAT
= sup (W =Wy —¢c), + sup (Ws =W —c),
0<t<s<TVAT T <t<s<T P AT
+UTV, 72,7
= .= Z sup (Ws =W —c), . (11)

, (i-1) ()
i>1G—) <p T8V <t<s<TEV AT

From (1)) we almost immediately get (@)

UTVE0,T] = > s (We-Wi-o),
i1 D < T8O D <t<s<TOAT
= (i-1)
(-1
< E =T /T sup (Ws =Wy —c),
i=1 TC“*”§t<ng§”A(T§“”+T)

= CUTVS(T).

In order to prove the second relation let 79 > 1 be the greatest indice such that
T8 ~Y < T and let us consider the term

A= sup v (Ws =Wy —c), .
7L <t<s<T IO (107D 47

If ig = 1 then A
dent from B
tion as B.

= SUDqoy e pp (Wg = Wy — ¢, O)Jr , otherwise A is indepen-

= SUPG_y (A (Ws = Wi —¢,0), but has the same distribu-



By () we have

UTVE[0,T] = > sup (Wy =Wy —¢)
T D <t s<T AT

L (12)
i>1.T¢ V<t
io—1

= sup (Ws — W, — c)+
i=1 TSV <t<s<TY
+ sup (Ws =Wi—¢), .
70D <pes<T
In both cases (ip = 1 and ig > 1) 2UT'V}; [0, T stochastically dominates the
sum
io »
S, = Z e TSYT sup (Ws =Wy —c), .
i=1 Tc“*“gt<ng§“A(T§i*“+T)

(Ei‘):_ll SUD 1-1) gD (Ws — Wi — ¢), dominates the first igp — 1 terms in

the above sum and B, which appears in the sum (I2)) dominates A.) Similarly,

define i, recursively as the greatest integer such that Tc(i’“_l) < Tc(ik’l) +T and

ix =1 _ plin-1)

c c

D D] i oW,
i=ig—1+1 T8V <t<s<TOA (T8 47)

Sk is independent from S, ..., Sx—1, moreover it has the same distribution as S;
and

(i)
UTVE(T) =Y e T /T,
k=1

By definition of i, T.") > T~ 4+ T, thus we have T\ > (k —1)T. Now,
since 2UT'V¢ [0,T] = Sk, k = 1,2,..., we have that

2 o0
T UTVi[0.T] = > et auTve (0, T
— €

k=1
2 ko)

= S e TV [0,T)
k=1
> 7T(ik’1)/T ¢

= > ek Sk =UTV(T).
k=1

which proves (0. O

Next, let us state a refinement of Lemma 3 from [6]:

Lemma 3.3. For any p and ¢ >0

1 7
P(T.< ZET.) < -.



Proof. The proof follows exactly as in [6], since one can show that for any real
1
(ET.)? 1 (€2 — 1 = 2pc)”
ET2 2 edue — 6e21cpc + e2he + 212¢2 — 2

>

and, by the Paley-Zygmund inequality we obtain

2 2
p(r>ter)s(1-1) EBL 4
3 3 9

and

3.2 Estimates for long and short time intervals

Now we are ready to prove estimates of expected value of UT'V [0,T] for long
and short time intervals (T > %ETC and T < %ETC respectively). We have

Theorem 3.4. For any T > %ETC we have

0.3

T
E s W,—W;—¢), < EUTV®[0,T
ET, 0§t<s§pTc/\T( =0y w 0.7

T
< 27 E su Ws—Wi—¢), .
- ET, O§t<s§pTc/\T ( o)

Proof. By Lemma 3.1 and independence of Wy, — Wy ,t > T, and T, (strong
Markov property of Brownian motion) we calculate

EUTVS[0,T] = E  sup  (Wy—W;—c), + BUTV; [T.AT,T)]
0<t<s<T.AT

1
< E sup (Wg =Wy — c)Jr +E [UTV; T.,T];T. < —ETC}
0<t<s<T. AT 3

1
+E {UTV; [T..T); 3BT < T, < T]

1
< E sup (Ws — Wy — c)Jr +E [UTV#c [T, T+T.];T. < —ETC]
0<t<s<T AT 3
1 1
+E {UTV; [Tc, T+T,— gETC} ; §ETC <T.< T}
1
< E sup (Wg =Wy — c)Jr + EUTV: [0,T] P (Tc < gETC>

0<t<s<T.AT

+EUTV; {O,T — %ETC} P (TC > %ETC> .



Now, by the above inequality and Lemma 3.3

1

Esupg<;cs<rar (Ws = Wi —¢) “ET ]
3 C

P(T. > LET,)

EUTVS[0,T] < £ +EUTV, [O,T —

9 1
< ZE sup (Ws =W —c), + EUTV [O, T— —ETC] )
2 0<t<s<T.AT 3

Similarly

. 1 9 . 2
EUTV [O,T - gETC] <oB sup  (Wi- W) +BUTV; [O,T - gETc} :

0<t<s<T AT

Iterating and putting together the above inequalities we obtain the estimate
from above

IN

) T 19
EUTV;[0,T] { —‘ E sup (Ws =Wy —c),

S
sET. | 2 o<t<s<moAT

< — M/ — M/ —
( 3 + 1) 2E sup ( s t C)

0<t<s<T AT

67 9
—-E su Wy —-W,—c
- EI.2 ogtgsngcAT( =0y

T
27 E su We—Wi—c¢), .
ET, OgtgsngcAT ( =)y

IN

The estimate from below is obtained from Lemma 3.2 (see also the comment
after the calculation):

1— -1
EUTVS[0,T] > ° _EUTVE(T) > 0.3EUTVS (T)
= 0.3 Z Ee 170/T sup (Ws =Wy —c),
i=1 Tc“’”§t<ng§“A(T§“”+T)
= 03 Ee ™ V/TE sup (Wy =W, —¢),
i=1 Téi*1>§t<s§T§“/\(TC“*UJFT)
i )i
— 03 (Ee ‘ ) E sip (W,-W,—0),
i=1 0<t<s<TAT
1
- 03— E su W, — W, — ¢
1— Ee-T/T 0St<sSpTc/\T( e =)y
1
> 0.3 E sup (Wi=Wi—c),

1-B(1-70/T) osi<sstaT

T
= 0.3 E sup W,-—Wi—¢)

ET.  o<i<s<T.AT +

10



In the above calculations we used consecutively: independence of TC(FI) and

W, — WT(i—l), s> Tc(i_l), equality of distributions of every term

sup (Ws =Wy —¢),
TC“*”§t<s§T§“A(T£i’“+T)

for i = 1,2, ..., definition of Tc(i_l), which implies the equality
EeiTc(ifl)/T _ (EeiTc(l)/T)ifl
and finally we used the inequality e* > 1 + x. O

The estimates in Theorem 3.4 involve expected value of the variable

sup (Wg — Wy — c)+
0<t<s<T AT

distribution of which, as far as author knows, is not known, but it may be
simulated numerically. We also have

Corollary 3.5. For any T > %ETC we have

T
E sup (Ws =Wy —¢), < EUTV;I0,T]
ET. o<t<s<iET.

3

27

T
E su Wy — Wy —c)13
ET. ogtgspch ( el

IN

Proof. The estimate from above is a straighforward consequence of Theorem
3.4 and the estimate from below is obtained immediately by the superadditivity

property

[3T/ET.|

. Jfi—1 i
EUTVE0,T] > Y EUTV [TETC,gETc}
=1

Mo
|3T/ET.] EUTV [0, gETC]

Y

T
> 3 E  sup (Ws =Wy —c¢), .
ET. 0<t<s<iET. *

O

Remark 3.6. Using results of of Hadjiliadis and Vecer [1] we are able to calcu-
late exactly the estimate from above appearing in ({I3). Using the notation from
[, for z > 0 we have

P( sup (WS—Wt—c)+ 22) = P< sup (W, — W) 2z+c>
0<t<s<T. 0<t<s<T.

= P(T(c,z+¢)=Ta(z+¢))

11



and by Theorem 2.1 from [1l], for y > ¢ we have

e2ne — 2uc—1 21
P( sup (WS—Wt)zy):—_Zexp(—m(y—c)>.

e2uc + e—2uc

0<t<s<T,

Hence

E sup (Ws - Wt - C)+ = / P ( sup (Ws - Wt) Z y) dy
0<t<s<T. c 0<t<s<T.

B 62MC _ 2MC -1 e’} 2M J

- e2ue + e—2uc _ 9 . exp _62'“6 1 (y - C) Yy
e2he —2uc—1 e —1

e fe e 2 oy

Estimates of EUTV;[0,T] for short time intervals (" < 1ET,) are the
subject of the next theorem.

Theorem 3.7. For any T < %ETc we have

E supp (Ws—Wi—¢c), < EUTV;[0,T]
0<t<s<T

< 5E sup (Ws—-W;—c) .
0<t<s<T

Proof. Applying Lemma 3.1 and independence of Wy — Wr,,t > T,, and T, we
again calculate

EUTVS[0,T] < E  sup (W, — W, —¢), + EUTVS [T. AT, T]
0<t<s<T.AT

E sup (Wy—W,—c), +E[UTVS[T.,T);T. < T)
0<t<s<T

IN

1
< E sup (W,—W,-— c)Jr + EUTV#C [0,T] P (TC < —ETC>
0<t<s<T 3

IA
&=
wn
=

T
=

!
S
!
e}

7
+EUTVE[0,T] ~.
0<t<s<T )+ nl ]9

Thus we got

9
EUTV;[0,T]<;E sup (Ws—-W;—c),.
2 0<i<s<T

The estimate from above is self-evident

EUTV;[0,T]>E sup (Wg—Wi—c), .

0<t<s<T

12



Remark 3.8. In order to calculate the quantity Esupy<;<s<r (Ws — Wi — ),
for T < %ETC7 which appears in Corollary 3.5 and in Theorem 3.7, one may
use results of [3]. Let

oo .
0y, sin 0, 02T T
Gf(y):28'uy L+ n—(l—exp<_n___ ,
P nz::l 07 + 12y? + py 29?2
where 0, are positive solutions of the eigenvalue condition tan6,, = —%,
0,0<y< —%;
2
L = %(1_6#71/2 792—%7
. 2 2
L i (1 — exp (% - %)) Y > =

and n is the unique positive solution of tanhn = —%. In the notation used in

[] for z > 0 we have

P( sup (Ws—Wt—c)+Zz>

P( sup (Wy —Wy) 22—|—c>
0<t<s<T

0<t<s<T
= P(D(T;—p,1)>2z+¢c)=GCGp(z+c)

and thus

E sup (Ws—Wt—c)+:/ GD(Z—I—c)dz:/ Gp (z)dz.
0<t<s<T 0 c

Howewver, the above formula is very numerically unstable and it seems not to be
a straightforward task to obtain using it good numerical or analytical estimates
of expected value of the variable supg<;< < (Ws — Wi —c), .

4 Example of application

As it was mentioned earlier, upward truncated variation appears naturally in the
expression for the least upper bound for the rate of return from any trading
of a financial asset, dynamics of which follows geometric Brownian motion, in
the presence of flat commission. Similar result was proved in [6] for truncated
variation, however, truncated variation is not the least upper bound.

Indeed, similarly as in [6], let us assume that the dynamics of the prices P;
of some financial asset (e.g. stock) is the following P; = exp (ut + oB;). We
are interested in the maximal possible profit coming from trading this single
instrument during time interval [0,7]. We buy the instrument at the moments
0<t; <..<t, <T and sell it at the moments s; < ... < s, < T, such that
th < 81 <ty < 89 < ... <ty < Sp, in order to obtain the maximal possible
profit. Furthermore we assume that for every transaction we have to pay a flat
commission and <y is the ratio of the transaction value paid for the commission.

13



The maximal possible rate of return from our strategy reads as (cf. [6])

P,1—v P, 1-—
sup sup
N 0<t;<s1<...<tn<sn<T Pt 1+~" Pt 1+7

Let M, be the set of all partitions

7={0<t1 <81 <. <tp <8, <T}.

To see that exp (UUTVC/U [0, T]) —1withc=1n 1‘” is the least upper bound

for maximal possible rate of return let us substltute

L (P, 11— exp (us; +0Bs;) _.
sup su —— » =supsu e
pMpiU{PtiH”Y} n pH{eXp (uti + o By,)

c
=supsupexp | o {( sz—i—BsZ) ( ti+ B )——}
n My, ( Z i o
(oS5 () 1)

My o o o

= exp (oUTV://Z[ ,T]) .

This gives the claimed bound.
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Abstract

In [Lochowski [2008] we defined truncated variation of Brownian motion with
drift, W, = B, + ut,t > 0, where (B;) is a standard Brownian motion.
Truncated variation differs from regular variation by neglecting jumps smaller
than some fixed ¢ > 0. We prove that truncated variation is a random variable
with finite moment-generating function for any complex argument.

We also define two closely related quantities - upward truncated variation
and downward truncated variation.

The defined quantities may have some interpretation in financial math-
ematics. Exponential moment of upward truncated variation may be inter-
preted as the maximal possible return from trading a financial asset in the
presence of flat commission when the dynamics of the prices of the asset
follows a geometric Brownian motion process.

We calculate the Laplace transform with respect to time parameter of
the moment-generating functions of the upward and downward truncated
variations.

As an application of the obtained formula we give an exact formula for
expected value of upward and downward truncated variations. We give also
exact (up to universal constants) estimates of the expected values of the
mentioned quantities.
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1. Introduction

Let (W;,t > 0) be a Brownian motion with drift, W, = B; + ut, where
(B, t > 0) is a standard Brownian motion.

The well known result of Paul Lévy (cf. ILévy [1940]) states that for any
0 < a < band any p < 2 the p-variation of the process W; on the interval
[a, b] is almost surely infinite:

n—

1
sup sup Z }VVtiH - W,

n a<lt;<ta<..<tp<b i1

P_ 4o

and if a <ty <top <...<tp r < bisa descending sequence of partitions
of the interval [a, b] such that limy_,. maxj<j<p,—1(tit16 — tix) = 0, then

nk—l

lim Z }Wti+1,k — Wti,k

k—o0
=1

—b—aas. (1)

The further results of this type state that if ny — 0o and maxy<;<p, —1(tit16—
tix) = o(1/In(ng)) then equality (1)) also holds (Dudley [1973]), but if it is
not true, then () may not be true as well (de la Vega [1974]).

In 1972 S. J. Taylor proved (Taylor [1972]) that the function ¢ (z) =
2?/Inmax {In(1/z), e} is a function with the smallest order around 0 and
such that

n—1
sup sup Z ¢ (‘Wti+1 - Wti

n O/St1<t2<<tn§b i=1

) < +00 a.s.

In the paper [Lochowski [2008] we started to investigate another type of
variation of Brownian paths, which neglects small jumps (smaller than some
¢ > 0) and defined truncated variation of Wy at the level ¢ > 0 on the interval
[a,b] as

n—1
TV |a,b] := sup sup Z O (|Wiyy — Wi,

n  a<lt;<ta<..<tn<b i—1

),
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where ¢.(z) = max {x — ¢,0} . We will prove that the truncated variation is
not only finite almost surely, but has finite moment-generating function for
any complex number.

Remark 1. A. N. Chuprunov pointed to the author that it would be also

interesting to have estimates of quadratic truncated variation, which one may
define as

n—1

QTV: [CL, b] ‘= sup sup Z P2 <‘Wti+1 - Wy

n a<t<--<tn<b

2)‘

Remark 2. Similar concept of truncation (or shrinking) of random vari-
ables on Hilbert spaces investigated Z. Jurek in series of his papers begin-
ning with | Jurek [1973], | Jurek [1985], which now evolved into the theory of s-
selfdecomposable distributions (see e.g. ksanov, Jurek and Schreiber [2004]).

Let us define two quantities closely related to truncated variation - upward
truncated variation of Wy on the interval [a, b]

n

UTV: [CL, b] = SU.p SU_p Z ¢c (Wsl - th)

n a<t; <s1<tp<sp<..<tn<sn<b' |

and, analogously, downward truncated variation

n

DTV [a,b] := sup sup D e (Wi, = W)

n a<t;<s1<t2<s2<...<tp<sn<b i1
The defined quantities are related in the following way

max {UTV [a,b], DTV [a,b] } TV [a,b]

<
< UTVS[a,b] + DTV [a,b].  (2)

It is easy to see that the three above defined quantities have the following
properties, which we state only for the truncated variation

1. Shift invariance property in distributions: for any stopping time A
relative to the natural filtration of (W3, ¢ > 0)

L(TV;[a,b]) = L(TV[a+ A b+ A]).



2. Superadditivity property: for any numbers a < a; < as < --- < a, <b

n—1
TV [a,b] > ) TV [ai, aia].

i=1

Upward truncated variation has also some interpretation in financial math-
ematics. We will prove that exp UTV [a,b] — 1 is the least upper bound for
the maximum possible rate of return from any trading a single asset on time
interval [a,b] in the presence of flat commission (proportional to the value
of the transaction) when asset’s prices follow the geometric motion process
exp (W) .

Due to this fact and (2]) we will be interested in calculating the moment-
generating function of the variables UT'V/’ [a,b] and DTV [a,b].

Since the distribution of DTV [a,b] is the same as the distribution of
UTV<, [a,b], we will deal with the moment-generating function of upward
truncated variation only.

More precisely, we will find the Laplace transform with respect to time pa-
rameter 1" of the ... moment-generating function of the variable UT'V} [0, T} .
Let us explain that here we use term ”Laplace transform” in a broad sense.
For a measurable (with respect to the Lebesgue measure dt) complex func-
tion f, defined on a positive half-line, by the Laplace transform of f we will
mean the value of the integral fooo e’' f(t)dt for any complex v, for which
this integral exists. Similarly, by the moment-generating function of a com-
plex random variable X we will mean the expected value E exp(AX) for any
complex A, for which this value is well defined.

As an application of the obtained formula we will give an exact formula
for expected value of upward and downward truncated variations. We give
also exact (up to universal constants) estimates of the expected values of the
mentioned quantities.

The obtained formula may be also used in order to obtain exact formulas
for higher moments.

Let us comment on the organization of the paper. In the next section
we introduce some notation and prove the existence of moment-generating
functions of truncated variation, upward truncated variation and downward
truncated variation for any complex argument. In the third section we cal-
culate formula for the Laplace transform with respect to time parameter
of the moment-generating function of upward truncated variation. In the
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fourth section we give examples of applications of the derived formula. In
the last section we give possible interpretation of upward truncated variation
in financial mathematics.

2. Existence of moment-generating functions for any complex ar-
gument

Let us start with some definitions and notation. The drawdown and
drawup processes of W; are defined respectively as

DD, = sup W, — W,

0<t<s
DUS = Ws — inf VVt
0<t<s
The times of drawdown of ¢ units and drawup of ¢ units are defined respec-
tively as

Tp(c) = inf{s>0|DDs=c},
Ty (¢) = inf{s>0|DUs = c}.

Further let 7)) (c) be the last instant when the maximum of W; on the
interval [0, Tp(c)] is attained and let T3 (c) < T}, (c) be such that W) =
infogng;“p(c) Ws.

Let us fix a > 0. We will prove the existence of moment-generating func-
tion of truncated variation, upward truncated variation and downward trun-
cated variation for argument a. Since the truncated variation and two other
variables are non-negative, this will prove the existence of moment-generating
function of those variables for any complex argument.

Proof. Let 6 > 0 be such a small number that

1 —Eexp (a sup Wt—i-ozc) P (Tp(c) < d)>0.

0<t<T

By definition of Tp(c) and TH(c) we have Wity > —c and hence,
Wersue () — Weinto) — ¢ < Woysie,y. Let us fix M > 0. By Lemma 1 and
Lemma 2 in lLochowski [2008], by independence of W, =W, ), t > Tp(c), and



Tp(c) (strong Markov property of Brownian motion) and by shift invariance
property of truncated variation for stopping time Th(c) we have

Eexp (aTV? [0,T] A M) < Eexp @WT;@(C) +ac+aTVe [Tp(c), T] A M)
< Eexp (aWT;“P(c) + ac) Eexp [TV [Tp(c), T) A M;Tp(c) < 0]
+ Eexp (aWTEup(C) + ac) Eexp [aTVE [Tp(c), T) A M; Tp(c) > 0]

< Eexp (aWTEup(C) + ac) Eexp [aTVE [Tn(c), T + Tn(e)] A M; T (c) < 4]

+Eexp (aWT;up(c) + ac) Eexp [aTVE [To(c), T + Tn(c) — 6] A M; Tp(c) > 0]

< Eexp (a sup W +ac) Eexp (aTVS[0,T) A M) P (Tp(c) < 0)

0<t<T

+ Eexp <a sup W, +ac) Eexp (oTVi[0,T =6 AM)P (Tp(c) > 9).

0<t<T
From the above we have
Eexp (aTV;[0,T] A M)

E exp (v supg<icr Wi + ac) P (Tn(c) > 6)
~ 1—Eexp (asupggcr Wy + ac) P (Ip(c) < 9)

Eexp (oTVS[0,T -6 AM).

Similarly

Eexp (aTV;[0,T — 6] A M)
E exp (avsupg<icr Wi + ac) P (Tn(c) > 6)
~ 1—Eexp (asupggcr Wy + ac) P (Ip(c) < 9)

Eexp (oTV[0,T —25] A M) .

Iterating and putting together the above inequalities we finally obtain

[T/6]
Eexp (as Wi+ ac) P (T, >4
Eexp (aTVE[0, T] A M) < %D (@ supocyer We + a0) P (Th(e) 2 9) .
1 — Eexp (asupge,cp Wi + ac) P (Tp(c) < 0)
Letting M — oo we get E exp (aTV; [0, T]) < +00.
By (2)) we obtain the finiteness of moment-generating functions of UT'V¢ [0, T
and DTV [0, T] as well. O



3. Calculation of the Laplace transform of the moment-generating
function

Due to typographical reasons let us introduce notation max{x,0} =:
(@)+-

The main difference between truncated variation and upward as well as
downward truncated variation is such that for the latter quantities we have
the following analog of Lemma 2 from [Lochowski [2008], where instead of
inequality we have equality.

Lemma 3. We have the following identities

UTV;[0,T] = sup (Ws =Wy =), + UTV; [Tp(c) AT, T].  (3)

0<t<s<Tp(c)\T
and

DTV [0,T] = 0§t<sS§1¥[);(c)/\T (Wi =Wy —c), + DTV [Ty(c) NT,T].  (4)
Proof. We will only prove the first formula (3]), since the proof of the second
one is identical.

Let 0 <ty < 81 <ty < 89... <ty <S5, <T be numbers from the interval
[0,77].
We will prove that

n

YWy =Wy =) < sup (W= W, =) +UTVy [Tp(c) AT, T],

i=1 0<t<s<Tp(c)A\T
(5)

Let ng be the greatest number such that s,, < Tp(c) and let us assume that
ng < n and t,,+1 < Tp(c).
Let us consider several cases.

® Wi, 1 = Wry(o)- In this case
(Wsno+l - thOJrl - C)+ S (WSnOJrl - WTD(C) - C)+ .
and
n no



o Wi oo < Wrp and W, < Wry(osw. In this case t,,11 < 75" (c)

(since for T*(c) <t < Tp(c), Wy > Wiy (o)) s0

(W5n0+1 - VthOH — C)+ S (WT;IP(C) — th0+1 - C)+
and
n 70
> (W= Wi =)y €37 (Wey = Wi = ).+ (W = Wiy —¢)
=1 i=1
+ > Wy =Wy, —0),. (7)

i=ng+2

° tho 1 < Wiy and Wy > WT;}up(c) = Wrp () + c. In this case

ng+1
(W8n0+1 - th0+1 - C)+ = W8n0+1 - th0+1 —C
= WT;“P(C) — thoﬂ —Cc+ WSnOH — WT;‘JP(C)
= WT;“p(c) - th0+1 —Cc+ Wsno+1 - WTD(C) —C
= <WTEUP(C) - VthOH - C>+ + (W8n0+1 - WTD(C) - C)+
and

n

SO W= Wi =), <30 (Way = Wi, =)+ (Wagn = Wiy — )
i=1

1=1 +

n

+ (W8n0+1 - WTD(C) - C)+ + Z (Wsl — Wti — C)+ .
i=ng+2
(8)

Thus for t,,,+1 < Tp(c) inequality (@), () or (8) holds and we may assume,
adding in the case t,,+1 < Tp(c) new terms in the partition and renaming
the old ones, that

0 < 11 <81 < ooo <tpy < Sny <Tple),
Tp(c) < tpgr1 < Spgp1 < oo < tp < 8, < T.

In order to prove (@) without loss of generality we may assume that
for any 1 < i < ng, (Ws, =W, —¢), > 0 (otherwise we may omit the
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summand (W, — Wy, —¢), ). From definition of Th(c) we have that for any
1<i<ng—1,W,, =W, <c, so

(WS@' - VVtz - C)+ + (W5i+1 - Wti+1 - C)
= Wsi - Wti —Cc+ W3i+1 - Wti+1
= Weppy =Wy, —c+ (W, = W,

[terating the above inequality, we obtain

_l’_
— C
) < W, — W — .

i+1

no

Z(Wsi—mi—c)JrSWsno—th—cg sup (W =Wy —c),.

i—1 0<t<s<Tp(c)\T

This, together with the obvious inequality

> (W, =Wy, —c), < UTVg[Tp(c) AT, T)

i=ng+1

proves (). Taking supremum over all partitions 0 < t; < §1 < ty < 83 <
e < tp < 8, < T we finally get

Urvgo,71< sup  (Wo=Wy—¢) +UTV;[Tp(c) AT, T].

0<t<s<Tp(c)AT
Since the opposite inequality is obvious, we finally get (3). O
Now we are ready to state
Lemma 4. Let A be an arbitrary complex number and let
L\, T) := Eexp(AUTV,[0,T]),

T >0, be a family of moment-generating functions of variables UTV; [0,77].
This family satisfies the following integral equation

0<s<Tp(c)

T 00
L\T) = / / AL, T —t)P (TD (c) €dt, sup DUsedy>
0 c
T

+/ L\T —-t)P (TD (c) edt, sup DU < c)
0

0<s<Tp(c)

—i—/ AP <TD (¢) > T, sup DU € dy)

0<s<T

+P (TD (¢)>T, sup DU, < c) . (9)

0<s<T



Proof. By Lemma 3 we have that for any 7" > 0
UTV;[0,T)= sup (DUs—c), +UTV{[Tp(c) AT, T).

0<s<Tp(c)\T

From dependence of Wy, t € [0,Tp (c) AT] and Wy—Wrp,(oar:t € [Tp (¢) NT,T7,
only through T (c) , and by equality of distribution of UTVS [Tp (¢) AT, T)
and UTV [0, T —Tp (c) AT] we have

Eexp (AUTV [0, T7])

= Eexp ()\ sup  (DUs —c¢), + \UTV;[Tp (c) AT, T])

0<s<Tp(c)\T

:/OOOEeXp()\ sup (DUs—c)+)Eexp()\UTV;[O,T—t/\T])P(TD(C)Edt)

0<s<tAT

T 00
= / / V9K exp (AUTVS[0,T —t]) P <TD (¢c)edt, sup DU;se€ dy)
0 c

0<s<Tp(c)

T
+/ Eexp (AUTV;[0,T —t]) P (TD (¢c)edt, sup DU, < c)
0

0<s<Tp(c)

—i—/ AP (TD (¢)>T, sup DU € dy)

0<s<T

+P (TD (¢) > T, sup DU, < c) .

0<s<T

In the third line of the calculations above we have used iterated expecta-
tion, strong Markov property and the shift invariance of upward truncated
variation for stopping time Tp(c).

O

Hadjiliadis and Zhang in their recent paper (Hadjiliadis and Zhang [2009])
calculated for a,b > 0 the densities

p(t;a,b)dt =P (Tp (a) € dt, Ty (b) > t)

and
q(t;a,b)dt =P (Ty (a) € dt, Tp (b) > t).

Using these densities we are able to write equation (@) in more elegant form.
Indeed, we have

10



Lemma 5. The family L(\,T) satisfies the following integral equation

T o] .
L()\,T):/ L\T —t) {p(t;c,c)—l—/ eMy—C)%;’y)dy} dt
0 c

g * -0 94ty 0) }
. _ . Ay—)
/0 P (Tp(c)>T —1t) {q (t;¢c,c) +/C e 3 dy ¢ dt
+P(Tp(c)>T). (10)
Proof. We have

P (TD (¢c)edt, sup DUs¢€ dy)

0<s<Tp(c)
=P(Ip(c) cdt,Ty (y+dy) >t) =P (Ip(c) € dt, Ty (y) > 1)

_Opey)

11
2 dydt (11)

and

P (TD (c) edt, sup DUg< c) = P(Tp(c)edt,Ty(c)>t)

0<s<Tp(c)

= plt;c,c)dt. (12)

In order to express P (Tp (¢) > T, supy< < DU, € dy) with p(t; a,b) and
q(t; a,b) let us notice that for y > 0

P (TD (¢) >T, sup DU; > y)

:/TP(TU(y) € dt,Tp (c) > T)
:/TP(TU(y) cdt, Tp(c) > t)P (Tp(c) >T —t)

T
=/ 4 (6. P (Tp (¢) > T — 1) dt (13)
0
The equality

P (TU (y) € dt, Th (C) > T)
P (Ty(y) € dt. Tp () > )P (Tp () > T — 1)

11



holds since the event {1y (y) € dt} also means that the process W; reaches
a new maximum at the moment t. Now for y > 0 we calculate

P (TD (¢) >1T, sup DU, € dy)

0<s<T

:P<TD(C)>T, sup DUszy)—P(TD(c)>T, sup DU82y+dy)

0<s<T 0<s<T
T
=/ {q(t;y,¢) —q(t;y+dy,c)} P (Tp(c) >T —t)dt
0

__ /OT %;’C)P (Tp (c) > T —t)dtdy. (14)

Using similar reasoning, by (I3]) we also have

P<TD(C)>T, sup DU8<C) =PTp(c)>T,Ty(c)>T)

0<s<T

:P(TD(C)>T)—/0Tq(t;c,c)P(TD(c)>T—t)dt. (15)

Thus, from (@), (1), (I2)), (I4) and (I5) we obtain the integral equation (0]

satisfied by the family of moment-generating functions of upward truncated
variation:

T o] .

LNT) = / / eA(y‘C)L()\,T—t)Wdydt
0 c Yy

T

—l—/ LT —t)p(t;c,c)dt
0

o0 T .
_ / A=) / %P(TD (¢) > T —t) dtdy
c 0

+ P (Tp(c) >T)—/Tq(t;c,c)P(TD(c) >T —t)dt

T e8] .
= / L(\T —1t) {p(t; ¢,c) +/ e*(y‘@%;’y)dy} dt
0 c

— /OTP (Tp (¢) >T —t) {q (t;c,c) + /:O e“y‘c)wdy} dt

dy
+ P(Tp(c)>T).
O

12



In order to shorten notation let introduce new functions of parameters ¢
and A

p(At) = p(tie.c)+ / ooyt ,
0 oy

a(\1) :=q<t;c,c)+/ Mty tec)
0 dy

and for such pairs of complex numbers (), v) that the integral [~ e"'L (A, t) dt
exists, let us define

M(\v) = / "' L (A 1) dt,

:/ e"'P (Tp (c) > t) dt.
0
By ([I0) we have
M\ v) = / "L\ T)dr = L ,T—t)p (A t)dtdr
0 0
/ / (To(¢) > 7 — #) g (\, ) dtdr + T (1)
= / ep()\,t)/ ’TOL (N T —t)drdt
0 ¢

_ / T et () / T 0P (T () > 7 — 1) drdt + T (v)
= M(\v) /Oooe”tp()\,t)dt—T(y) /Oooe”tq()\,t)dt+T(u).

Thus we obtained a formula for the Laplace transform with respect to 1" of
the moment-generating function of UT'V; [0, 77 :

1— [ evq (X t)dt

M(A’WZT(V)l—f evtp (N 1) dt

(16)

Using results of [Hadjiliadis and Zhang [2009] and Taylor [1975] we are
able to compute M (A, ) more directly. We have

13



Theorem 6. For v with negative real part and any complex X the following
formula holds

1 et psinh (cU, (v)) — U, (v) cosh (cU, (v))

M(\v)=——— , (17
() v 2 /\U+(”) + sinh (2¢U,, (v)) —2(}\:25) sinh? (cU,, (v)) 17
where U, (v) = /p? — 2v.
Proof. Integrating by parts, we obtain
TWw) = / P (Tp (¢) > 1) dt
0
eut . 00 €Vt d
- SPM >0l [ SR>
_ 1, lpam a8
vov
Similarly, we have
= owOp(ticy+
p(\t) = P(t;c,c)+/ e gyy C)dy
0

= —A/ Mp (te,y + ) dy,
0

hence

/ e'p(\t)dt = —>\/ / eNp (t; e,y + c) dydt
0 o Jo
= —)\/ eky/ e”"P (Tp (c) € dt, Ty (y +¢) > t)dy
0 0

= -\ /0 VE P L iry, (g1 (0 Y- (19)

Using notation from |[Hadjiliadis and Zhang [2009], page 11, we have

EeuTD(C) Tfu’l(—u,c)y> EeuTD(c)

Ity (yrosto) = (1= Ly ¥ (—v;¢)e
thus

oo
e)xyEel/TD (¢)

S~

L (y+e)>Tp ()} Y

/ e [1 — LO_W (—v,c)exp (T_,1 (—v,a) y)} dy) EevTp(©)
0

< LJW (_V? C) 1) EeuTD(C)

T—u,l (—I/, C) + )\ )\

14



and finally from (I9) we obtain

00 L—W (—I/ C)
PPt dt = (1= A= | B, 20
[T emona= (1o D 0
Similarly
t
1) = atieo+ [T EEEEDy
0 8y
0
hence

/ etqg(\t)dt = —A/ / Mg (ty + ¢, c) dydt
0

= / MEe vt (To (y+¢)<Tn ()} Y-
0

Again, by results of Hadjiliadis and Zhang [2009] and using symmetry of
standard Brownian motion, we have

Ec U iy eayetpieny = Ly (—vic) el CH,

and finally we get
/0 g\ dt = =) /0 MBS g (o)< (e} Y

= —>\/ e’\yLEW (—v,¢) eT-n1l=vy gy,
0

— LO_W (—v,¢) . (21)
Finally from (I6)), (I8), (20) and (2I)) we obtain
—-w
1— )\M
M\ v) = <_l + lEeVTD(C)) T;‘f,l(—%CH)\
’ Ly " (—v,0) ST (¢
v v 1_<1_)\m>Ee TD()
Ly " (=v0) vTp(c)
1 (12 Ssh) (1 Be ™)
- = T—pi1(=v,0)+A ‘ (22)

LW (=vy0) vTh (¢
Y 1—- (1 - )\Tf;i),l(—V,c)'i‘)\) Ee To(e)

15



It is possible to express the obtained formula for M (A, v) with the ele-
mentary functions. We have (cf. |Hadjiliadis and Zhang [2009] and [Taylox
[1975]):

w_, oo Uu®) [ (U @) coth(cUy(v) —p)  Uu(v)
L™ (=re) —2v { sinh (cU, (v)) sinh® (cU, () } ’
EeuTD () _ UM (V) e e

~ U, cosh(cU, (v)) — psinh (cU, (v))

and
Ty (=v,¢) = p = Uy (v) coth (U, (v))
where
U,(v) =+ p? —2v.
Substituting the above formulas in (22)) we obtain (IT]). O

4. Examples of applications

The direct application of the derived formula may be calculation of the
moment-generating function L (A, T") (with the use of the inverse Laplace
transform formula). However, we will start with simpler formulae.

4.1. Ezact formula for the expected value of UTV;[0,T].
Using formula

c : 1
EUTVM 0,7] = ;LI%X (LNT)-1)
we obtain

mniwu%m—ﬂu%m)

. ]‘ > vt _ > vt
_£1—>I%X</o e’ L (A t)dt /0 e L(O,t)dt)

& 1
:/eMm_@@o—mﬁ
i )

A—0

= /0 e”"EUTV, [0, 1] dt. (23)

16



On the other hand, from ([22) we have

lim % (M (v, \) — M (v,0))

LiW( v,c) JTr(e
lim 1<1_Am>(1—Ee p(c))
= 1im — —_ L1

A—=0 A vVo1_ (1 _ ATfil(EuVé)cj-)\) FEevTo(c) 14
LEW (_Vv C)

" VT 1 (—v,c) (1 — BeVTo@)’

(24)

which, by (23) and after substituting in (24) the formulas for Ly" (—v,¢c),
Ee’™0(©) and T, (—v, c) yields

0 e 2_9
/ BUTVE (0, f)dt = —— Y 2 (25)
0 212 sinh (c\/;ﬁ — 21/)

Inverting the formula (25) we are able to obtain exact formula for the
expected value of EUTV [O T ]. Let £;'(g) denote inverse of the Laplace
transform of the functlon g(s fo St (t)dt, i.e. the function f (). We
have

L7 (s7%) =t (26)
and, by the last formula on page 641 of [Borodin, Salminen [2002]

V2s V2 & ) ..
Es_l — 2k + 1 02 —t 6_(2k+1) c /(Qt)‘
<sinh (cV2s) /T2 kz:% (( ) )

Hence, by properties of Laplace transform

= /25 + pi?
"\ sinh (c\/2$ + u2)

\/5 2 = 2 202
= eI ((2k + 1)% ¢® — t) e BRFD /G0 (27)
/52 kZ:O ( )

Finally, by (28], (27) and Borel convolution theorem for the Laplace trans-
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form, we obtain
EUTV;[0,T]

_ err/2s + p?
|\ 252sinh (c\/2s + /ﬂ)

ere [T e o 2 2 —(2k+1)2e2/(21)
= o (T —1) W Z((2k+1) c—t)e dt
0 k=0
e ST 2k + 1) —t
B \6/27r Z/ (T —1) ( +t5)/2c e HH R/ 20) gy (28)
k=0 "0

4.2. Estimation of the expected value of UTV¢[0,T].

In [Lochowski [2008] we obtained a formula for function F (u, ¢, T'), such
that
BTV [0.7] ~ F (lul e.T) (20)

where relation ”~" means that the ratio ETV[0,T] /F (|u|,c,T) is sepa-
rated from 0 and infinity by universal constants, which do not depend on
JU e A

On the other hand, we see that the exact formula 28) for EUTV [0, T]
may be stated in the form

EUTV; 0.T] = G (u] . T), (30)

where

1 < [T 2%k +1)° 2 —t
Gl ) =—=Y" [ (- I C St nrereng,
k=00

does not depend on the sign of y1. Using (2)), (B0) and the fact that DTV [0, T']
has the same distribution as UT'V®, [0, 7] we see that

ETVE0,T] ~ EUTVS[0,T]+EDTVE0,T]
= EUTVZ[0,7]+EUTV®, [0, 7]
~ G (|uf e T). (31)

Comparing (29) and (3I]) we see that
G (lul,e,T) ~ e M (|, c,T)
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and finally we get estimates up to universal constants for EUT'V; 0,77 :

T/c+ |u|T if VT > x(c, p);
—erelule 8 VT +|u|T—c VT € (c—|u|T,x(c,p));

—(c— 2 .
73/2 exp( ((C_I‘x;\lf;))z/(ﬂ)) if VT <c—|u|T,

where X(c,u):\/%ﬁm_l:c\/le%Mc—i-...Zc.

4.8. Laplace transform of the second moment of UTV,; [0, T]

Similarly as (28) we may obtain a formula for the Laplace transform of
the second moment of UTV/[0,T7] :

> vt ¢ 2 - 8—2
/0 e E(UTVM [O’t]) dt = {8)\2M(V’)\)}A=O

2Ly (—v,0) (1 = Ee™©) + LgW (—v, ¢) EerT(©) )
V(T (—vs¢) (1 — EerTol)))? '

After substituting in formula (32) the formulas for Ly" (—v, c) , Ee?"p()
and T, ; (—v,c¢), it simplifies to
/O ¢"'E (UTVE[0,1])° dt

B e*U, (v) [U2 (v) + v (1 = cosh (2¢U, (v)))]
23 [U,, (v) cosh (cU,, (v)) — psinh (cU, (v))]sinh? (cU, (v))

Remark 7. Using formulas from |Borodin, Salminen [2004] (page 642) it is

possible to invert the above formula and obtain expression for E (UTVMc [0, t])
in terms of parabolic cylinder functions.

5. Interpretation of upward truncated variation in financial math-
ematics

As it was mentioned earlier, upward truncated variation appears naturally
in the expression for the least upper bound for the rate of return from any
trading of a financial asset, dynamics of which follows geometric Brownian
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motion, in the presence of flat commission. Similar result was proved in
Lochowski [2008] for truncated variation, however, truncated variation is not
the least upper bound.

Indeed, similarly as in lLochowski |2008], let us assume that the dynamics
of the prices P, of some financial asset (e.g. stock) is the following P, =
exp (ut + oB;). We are interested in the maximal possible profit coming
from trading this single instrument during time interval [0,7]. We buy the
instrument at the moments 0 < t; < ... <t, < T and sell it at the moments
S1 < ... < 8, < T, such that t; < 51 < ty < 59 < ... < t, < Sy, in
order to obtain the maximal possible profit. Furthermore we assume that for
every transaction we have to pay a flat commission and 7 is the ratio of the
transaction value paid for the commission.

The maximal possible rate of return from our strategy reads as (cf.
Lochowski [2008])

Py, 1— =7 Psn 1—n
su su —
n 0tr<orcmitncsn<t Pa 117 Py 147
Let M, be the set of all partitions

T={0<t1<s1<.<t,<s,<T}.

To see that exp (aUTVC/U [0, T]) —1 withe=1In H” is the least upper bound
for maximal possible rate of return let us substltute

{Psll } {eXp MSZ+O-B81) c}
SU.p SU.p H a— = SU.p SU.p €

P14+~ exp (ut; + oBy,)

= sup sEp exp (UZ {( i + le) (gti T Bti) B §}>
= exp (Ustllp SUPZ {( i + Bsi) o (gti T Bt’i) B §}>

= exp (aUTVC/U 0, T]) .

This gives the claimed bound.
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