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LIMITS OF BAUMSLAG-SOLITAR GROUPS AND DIMENSION ESTIMATES
IN THE SPACE OF MARKED GROUPS

LUC GUYOT AND YVES STALDER

ABSTRACT. We prove that the limits of Baumslag-Solitar groups studied in are non-
linear hopfian C*-simple groups with infinitely many twisted conjugacy classes. We exhibit
infinite presentations for these groups, classify them up to group isomorphism, describe their
automorphisms and discuss the word and conjugacy problems. Finally, we prove that the set of
these groups has non-zero Hausforff dimension in the space of marked groups on two generators.

INTRODUCTION

Baumslag-Solitar groups are ubiquitous in group theory and topology [BS62, [Gil79]
[FMO8| [JST9] and offer a remarkable test bed for group-theoretic properties. Considering
their limits, we obtain in the present paper a Cantor set of pairwise non-isomorphic two-generated
groups with a number of combinatorial and geometrical non-closed properties. By a closed property,
we mean a property that defines a closed subset of the space of marked groups. We also give the
first estimates of non-vanishing Hausdorff dimension in the space of marked groups.

Let m € Z\ {0}. For every sequence (&) of integers in Z such that |¢,| tends to infinity and &,
tends to some m-adic integer £, define

BS(m, &) = lim BS(m,¢&,)
n—oo
where BS(p,q) = (a,b | abPa™! = b?) denotes the Baumslag-Solitar group with p, ¢ in Z \ {0};
the limit is taken with respect to the topology of the space of marked groups [Sta06b, Th. 6]. As
a consequence of its definition, BS(m, ) enjoys the following closed properties: it is torsion-free,
centerless, non-Kazhdanl}, contains a non-abelian free group generated by b and bab~! if |m| > 1,
and satisfies the relatior] “lab™a~1, b] = 17. We present here results of a different nature, relying
on the existence of an HNN decomposition.

The limits BS(m, ) are first studied for their own right in [GS08], where it is shown that
BS(m, ) acts transitively on a tree and maps homomorphically onto the special limit BS(1,0) =
Z 1 7Z. These two results are extensively used in this article.

Results. We first prove that BS(m, &) is a non-degenerate HNN extension of a free abelian group
of infinite countable rank. More precisely, consider the free abelian groups

E = Zey® Zer®Zes D ---
Emge = Zmeo® Z(er —r1(§)eo) ® Z(ea —r2(§)eo) - -
FEi, = Zeit®Zes®---

where (r;(€)) is an integer sequence defined in Section LIl Let BS(m,£) be the HNN extension
of basis E' with conjugated subgroups E,, ¢, E1 and stable letter a, where conjugacy from E,, ¢ to
E is defined by a(meg)a™t = e; and a(e; — 7;(€)eg)a™t = eiq1.
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IThe property (T) of Kahzdan is open by Th. 6.7].

2This is actually the shortest relation with respect to a and b by Pr. 2].
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Theorem A (Cor. and Th. B)). Let (a,b) be the canonical generating pair of BS(m,¢).
Then the map defined by f(a) = a and f(b) = eo induces an isomorphism from BS(m,§) to

E\g(m,ﬁ). Moreover, the group BS(m, &) admits the following infinite presentation:
(a,b|[b,b]=1,i>1)

with by = ab™a~! and b; :_abi,lb’”*l(g)a’1 for every i > 2.
In particular, we have BS(m,0) = <a,b } [abma=t b =1,i> 1>. In addition, the latter pre-
sentation is minimal.

It follows from [GS08, Th. 4.1] that no group BS(m, £) can be finitely presented. Note also that
BS(m, &) enjoys any property shared by all non-degnerate HNN extensions, for instance it is prim-
itive [GGO8] and has uniform exponential growth [HB00]. Using the latter HNN decomposition,
we show the following:

Theorem B. Assume that |m| > 1. Then we have:
e BS(m,¢) is hopfian but not co-hopfian (Th. [5.8). If m is prime and ¢ is algebraic over Q,
then BS(m, &) is not residually finite (Pr. [13).
BS(m, €) is C*-simple and inner-amenable (Pr. [{.1] and Pr. [{-0)).
BS(m, &) has infinitely many twisted conjugacy classes (Pr. [54).
BS(m, &) is not equationally noetherian and hence not linear (Pr. [5.10).
The automorphism group of BS(m, &) is a split extension of BS(m, &) by an infinite dihe-
dral group (Pr. [L12).

From our study of homomorphisms carried out in SectionBl we deduce the following classification
result.

Theorem C (Th. and Pr. 26). Let m,m’ € Z\ {0} and let & € Zp,, &' € Zpy. Then
BS(m, &) is abstractly isomorphic to BS(m',&') if and only if there is e € {£1} and d € N such
that m = em/, d = ged(m, &) = ged(m’, &) and the m-adic numbers £/d, €€'/d project onto the
same element of Zy, q via the canonical map Ly, — L) q-

Thus two given limits are isomorphic if and only if they are isomorphic as marked groups [GS08|
Th. 2.1], i.e. if and only if they represent the same point in the space of marked groups on two
generators.

The first-named author has shown that the box-counting dimension of G5, the space of marked
groups on two generators, is infinite [Guy07]. Estimating the Hausdorff dimension of Z3, the set
of marked groups BS(m, ¢) such that ¢ is invertible in Z,, (Th. [6.H), we deduce the following:

Theorem D (Cor. [66). The Hausdorff dimension of G satisfies dimpy(Ga) > log(2)/6. In

particular, this dimension does not vanish.

Our last result pertains to the algorithmic complexity of the word and conjugacy problem (Prop.
[[3) and their degrees of undecidability. For every problem that can be suitably represented by
a language and every m-adic number there is a well-defined degree of undecidability, called the
Turing degree (Sec. [0).

Theorem E (Cor. [[1). Assume that & is invertible in Z,. Then the following Turing degrees
coincide:

e the Turing degree of the word problem for BS(m,€);

e the Turing degree of the conjugacy problem for BS(m,§);

o the Turing degree of &.
In particular, the word problem is solvable for BS(m, &) if and only if € is a computable number.

The resolution degree rr(n) of the word problem for a finitely generated group I' [Gri85l Def. 1]
is a quantitative measure of the undecidability of the word problem based on Kolgomorov’s ideas.
It is, intuitively, the minimal amount of information necessary to decide if w = 1 in G for every
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word w with |w| < n, where |w| is the length of w with respect to a chosen generating set. Let
w be an infinite sequence of symbols from some finite alphabet. We denote by w(™ be the word
made of the first n symbols of w. For a word w, we denote by K R(w) the Kolmogorov complexity
resolution of w which is, intuitively, the minimal amount of information necessary to obtain, for
every natural number ¢ < |w|, the i-th symbol of the word w. Two functions f and g are said to
be equivalent if there is some C' > 0 such that f(n) < g(Cn)+ C and g(n) < f(Cn) + C for every
n.

Theorem F (Pr. and Th. B1). Let T = BS(m,&) and let w = (r;(€)). Then rr(n) is
equivalent to K R(w™).

For comparison, the resolution degree of the Grigorchuk group I' = G|, is equivalent to
K R(w gD [G1i85, Th. 3]. Thus, for a typical w in the measure-theoretic sense, rr(n) is linear
for the corresponding BS(m, ¢) and logarithmic for G, [ZL70].

1. BACKGROUNDS

1.1. The space of marked groups. The commonly used definition of the space of marked
groupsﬁ is due to Grigorchuk who proved by a topological argument that his intermediate growth
groups cannot be finitely presented [Gri84]. The space of marked groups has then been used to
prove both existence and abundance of groups with exotic properties [Ste96] [Cha00] and has turned
to be a remarkably suited framework for the study of Sela’s limit groups [CGO5|. Isolated points
were investigated in [CGP07] and an isolated group is used by de Cornulier to answer a question of
Gromov concerning the existence of sofic groups which do not arise as limits of amenable groups.
[Cor09b]. Very little is known on its topological type [Cor(9a]. The box-counting dimension of the
space of marked groups on k generators is infinite if k& > 2 [Guy07]. We show that its Haudorff
dimension is non-zero in Section

The free group on k generators will be denoted by Fy, or F(S) with S = (s1,...,sk), if we
want to precise the names of canonical generating elements. A marked group on k generators is
a pair (G,S) where G is a group and S = (s1,...,s;) € G¥ is an ordered generating set of G.
An isomorphism of marked groups is an isomorphism which respects the markings. A marked
group (G, S) is endowed with a canonical epimorphism ¢ : Fg — G, which induces an isomorphism
of marked groups between Fg/ker ¢ and G. Hence a class of marked groups for the relation of
marked isomomorphism is represented by a unique quotient of Fg. In particular if a group is given
by a presentation, this defines a marking on it. The non-trivial elements of R := ker ¢ are called
relations of (G, S). Given w € Fj, we will often write “w = 1 in G” to say that the image of w in
G is trivial.

Let w = 27! -+ -2 be a reduced word in Fg (with z; € S and ¢; € {£1}). The integer n is
called the length of w and denoted |w|. If (G,S) is a marked group on k generators and g € G,
the length of g is

lglg := min{n:g=s;---s, with s; € SLUS™'}
= min{|w|: w € Fg, ¢(w) =g} .
Let Gi be the class of marked groups on k generators up to marked isomorphism. Let us recall
that the topology on Gj, comes from the following ultrametric distance: for (G1,S1) # (G2, 52) € Gi
we set d((Gl, S1), (Ga, Sg)) := e~ where ) is the length of a shortest element of F;, which vanishes

in one group and not in the other one. One may also keep in mind the following characterization
of convergent sequences [Sta06al, Pr. 1].

Lemma 1.1. Let (G,,) be a sequence of marked groups in Gi,. The sequence (Gy,) converges if and
only if for any w € Fy, we have either w =1 in G,, for n large enough, or w # 1 in G,, for n large
enough.

3A very similar topology was first considered in [Gro81] Final Remarks|. The general idea of topologizing sets
of groups goes back to Mahlers and Chabauty [Mah46| [Cha50]. The interested reader should consult [Har08| for a
thorough account.
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The free group Fo = F(a,b), the Baumslag-Solitar groups BS(p,q) and their limits BS(m, ¢)
are marked by their canonical generating pair (a, b).

1.2. The ring of m-adic integers. Let m € Z\ {0}. Recall that the ring of m-adic integers Z.A
is the projective limit in the category of topological rings of the system

= 2 = 2" — = TmPT — T)mZ

where the arrows are the canonical surjective homomorphisms. This shows that Z,, is compact.
This topology is compatible with the ultrametric distance given, for £ # 7, by

€ =l = ]~ me{ketEnem L)

and Z embeds isomorphically and densely in Z,,. To avoid ambiguity, we call elements of Z rational

integers. We only need the following easy facts about m-adic integers. Detailed proofs can be found
in the second-named author’s Ph.D. thesis [Sta05, Appendix C].

o There is a topological ring isomorphism from Z,, to @, = Z,, where p ranges in the set of

plm
the prime divisors of m.
e Any non-zero ideal can be uniquely written under the form dZ,, where d is a positive
rational integer whose prime divisors divide m. Moreover we have Z N dZ,, = dZ. For any
n € Z and any & € Zy,, we can define the greatest common divisor ged(n,§) of n and ¢ as
the a unique positive rational integer d such that n and £ generate dZ,,.
e An m-adic integer ¢ is invertible if and only if it does not belong to any of the ideals pZ,,
where p is a prime divisor of m in Z; equivalently ged(m, &) = 1.
Note finally that non-zero rational integers are never zero divisors in Z,,. Hence, we can consider
the ring Z~!Z,, whose elements are fractions of the form ¢ with a € Zy, and b € Z\ {0} and whose
laws are the classical ones for fractions.

1.3. HNN extensions and tree actions. In this section we fix our notations for HNN extensions
and collect several facts concerning their standard tree actions. Let G be a group, let H, K be
subgroups of G and let 7 : H — K be an isomorphism. The HNN extension of base G whose
stable letter ¢ conjugates H to K via 7, is the group

HNN(G,H,K,7) = (G,t | tht ' = 7(h) for every h € H)..

Let ' = HNN(G, H, K, 7). We say that T' is an ascending HNN extension if either G = H or
G = K. We say that T is a degenerate HNN extension if G = H = K, i.e. ' = G x Z where (t)
identifies with Z. Note that a given group (e.g. Z1Z) may have two different HNN decompositions,
one being degenerate whereas the other is not.

The Normal Form Theorem. A sequence gg, t*, g1, ..., t*, gn, with n > 0, is said to be a reduced
sequence if there is no consecutive subsequence ¢, g;, t ' with g; € H or t™ !, g;, t with ¢g; € K.
Britton’s lemma [LST7, page 181] asserts that the word got! - - -t g,, has a non-trivial image ~ in
T if gg, t', ..., t°, g, is reduced and n > 1. Such a word is called a reduced form for . Although
~v may have different reduced forms, the sequence ¢, ..., t* is uniquely determined by v and we
call its length n = |y|; the t-length of 4. Fixing a set Ty of representatives of right cosets of H in G
and a set Tk of representatives of right cosets of K in G such that 1 € Ty N Tk, the Normal Form
Theorem [LS77, Th. IV.2.1] asserts that there is a unique sequence go, t!, ..., t, g, representing
~v € I" with the following properties:

e go is an arbitrary element of G,

o If¢; =1, then g; € Ty,

o Ife; = -1, then g; € Tk,

e there is no consecutive subsequence t¢, 1, t~¢.

This sequence is the normal sequence of v with respect to Ty and Tk and we call the word
got€t - - -t g, the normal form of ~.

4Note that Z—m = Zm and that Zn, is the zero ring if |m| = 1.
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Action on the standard Bass-Serre tree and its boundary. The standard Bass-Serre tree of T' is the
oriented tree T with vertex set V(T') = I'/G, with set of oriented edges E(T) = I'/H subject to
the incidence relations o(yH) = vG and t(yH) = vt~ 'G.

Given a tree T, we define the boundary 0T as the set of cofinal rays. The set 9T has a natural
topology defined as follows. We call a shadow the boundary of any connected component of T
deprived of one of its edges. The family of shadows generates a topology on 0T which is Hausdorff
and totally discontinuous. If T is a countable non-linear tree, e.g. the standard Bass-Serre tree of
a non-degenerate HNN extension, then 9T is a perfect Baire space [HP09, Pr. 11 and 24.i3']. Note
that every automorphism of 7" induces an homeomorphism of 0T

As T' acts without inversion on its Bass-Serre tree T, every element v € T', viewed as a tree
automorphism, is either elliptic, i.e. v fixes some vertex of T', or hyperbolic, i.e. v fixes no vertex
of T but exactly two ends of 9T [Ser77]. The action of " on 9T has no fixed end if T" is non-
ascending, exactly one fixed end if I" is non-degenerate and ascending, and exactly two fixed ends
if T is degenerate [HPQ9, Pr. 24].

2. HNN DECOMPOSITION OF THE LIMITS

We fix m € Z\ {0}, £ € Z,,, and (&,) a sequence of rational integers such that |£,| — oo and
&, — €1in Z,,. A natural HNN decomposition arises from the transitive action of BS(m,¢) on a
tree constructed in [GSO08|. We recall this construction.

We denote by H,, (respectively H]*) the subgroup of BS(m,&,) generated by b (respectively
b™) and by T, the Bass-Serre tree of BS(m,&,). We set

Y = (n];[NV(Tn))/N = (nI;[NBS(m,é“n)/Hn>/~
ym = <n];[NE+(Tn)>/~ = <n1;[NBS(m,£n)/H7T)/~

where ~ is defined by (z,,) ~ (yn) <= Ing ¥n = no : x, = y, in both cases. We now define an
oriented graph X = X,, ¢ by

V(X) = {x €Y :3weF;such that (z,) ~ (wHy)}
Ei(X) = {yeY™:3weF,;suchthat (y,) ~ (wH)}
o(wH) = (wH,) = (o(wH?)
t(wHDM) = (wa'H,) = (t(wHD))

The graph X,, ¢ is a tree and that the obvious action of Fy on X,, ¢ factorizes through the
canonical projection Fo — BS(m, &) [GS08| Sec.3]. Let vg = (H,,) and ey = (H™). We denote by
B (respectively B,,) the stabilizer of vg (respectively eq) in BS(m,§). We set Be = aB,a™t. As
the action of BS(m, ¢) is clearly transitive on vertices and geometrical edges, the group BS(m, €)
has a HNN decomposition:

Proposition 2.1. The group BS(m, &) is the HNN extension of base group B, stable letter a and
conjugated subgroups By, and B¢ = aBpa™?.

We define the inner automorphism 7, : v = aya~! of BS(m, £) and we denote by HNN(B, B,,,, B¢, T)
the previous HNN decomposition where 7 is the isomorphism from B,, to B¢ induced by 7,.

Proof. This follows from results in [Ser77]. See in particular Section 1.5 and Remark 1 after
Theorem 7 in Section I.4. O

The following lemma is an immediate consequence of the definition of the action:

Lemma 2.2. Let w € Fy and let y be its image in BS(m,&). Then v € B (respectively v € B,y,)
if and only if w = b* (respectively b ) in BS(m, &,) for all n large enough.
5



As a result, B is abelian. Let Z[X] be the ring of polynomials in the variable X with inte-
ger coefficients. A thorough study of the sequence (\,) of Lemma enables us to embed B
isomorphically into the additive group of Z[X]:

Proposition 2.3.

o Let w € Fy with image v € B. Then there is a unique polynomial Py(X) € Z[X] such that
w = b &™) in BS(m, &,) for all n large enough.
e The map q : v+ Py(X) defines an injective homomorphism from B into Z[X].

The construction of the homomorphism ¢ relies on a sequence of polynomials built up from
m and £ in a non obvious way. Its definition is the subject of the next section. The proof of
Proposition [2.3] is therefore postponed to Section (see Proposition 2.9)).

2.1. The functions r; and s;. In this section we define functions r; and s; on Z which describe
how the b exponents of a given word w € Fy behave when we reduce it in BS(m,n) for n ranging in
a given class modulo m". In [Sta06b] [GS08], these functions were decisive to describe converging
sequences of Baumslag-Solitar groups. It turns out that they extend continously to Z,, and that
¢, and hence BS(m, ¢), is uniquely determined by m and the sequence (r;(£)).

Definition 2.4. We define the functions ro, r1, ..., So, S1,-.. on Z depending on a parameter
m € Z\ {0} by the inductive formulas:

(1) ro(n) =0, so(n) = 1;

(2) ns;—1(n) = ms;(n) + ri(n) with r;(n) € {0, ..., |m| — 1} for every i > 1.

Proposition 2.5. Let n,n’ € Z such that gcd(n,m) = ged(n’,m) = d. Let h € N\ {0} and
m=m/d.
(1) Assume that n = n' (mod m"dZ). Then the two following hold:
(i) ri(n) =ri(n') fori=1,..., h;
(ii) s;(n) = s;(n') (mod M"~Z) fori=1, ..., h.
(2) If ri(n) =ri(n') fori=1,...,h then n =n' (mod m"dZ).

Proof of Proposition[23. Proof of (1). We show by induction on i that
ri(n) = ri(n'), si(n) = si(n') (modm"~Z) and s;(n) -n = s;(n’) - n’ (mod " ~*dZ)

for i = 0,1,..., h. The case ¢ = 0 is obvious. Assume that r;_1(n) = r;_1(n’), s;i—1(n) =
si—1(n’) (mod m"~"*1Z) and s;_1(n) - n = s,_1(n’) - n’ (mod m"~**+1dZ) for some 1 < i < h. By
construction
si—1(n) - n=s;(n) -m+r;(n)
and
si—1(n’)-n’ = s;(n') - m+r;(n').
We deduce from the induction hypothesis that r;(n) = ri(n') (mod mZ) and hence r;(n) = r;(n').
As a result
(siz1(n)-n—s;_1(n') -n')

si(n) —s;(n') = — ,

from which we deduce that

(3) s5:(n) = s;(n’) (mod m"~7)

still by using the induction hypothesis. Look at the right member of the relation
si(n) -n—s;(n')-n' = (si(n) —s;(n)) -n+si(n) (n—n').

The first term is a multiple of /" d because of equation (@) and the fact that d divides n.
The second one is a multiple of Mm"~d because of hypothesis (1). Therefore, we get s;(n) -n =
s;(n') - n’ (mod " ~*dZ) as desired.
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Proof of (2). By construction, we have:

si—1(n) -n=s;(n) -m+ri(n)
and
si—1(n) -n' =s;(n’)-m+r;(n)
for all 4 € {1,...,h}. By hypothesis (2), we get s;(n) — s;(n') = (si—1(n) - n — s;_1(n) - n')/m,
which we write into the following form:
. J— . / . o . 7 o J— N
(4) sl(n) —si(n') _ (Sl—l(n) 81—1(n )) n + Sl—l(n)(n TL)

m m
where i = n/d and #’ = n’/d. We show by induction on k that 7 = 7/ (mod m*Z) for k = 1,..., h.
The case k = 1 follows directly from equation (@) for ¢ = 1 (recall that so(n) =1 = so(n’)). For the
inductive step, we assume that 2 < k < h et 7 = 7/ (mod mk_ll), which implies that the second
term in the right member of equation (@) is a multiple of 7252 (it is an integer in particular). We
then proceed in k steps using equation {@]) and the fact that m and # are coprime:

- for i =k we get sp_1(n) = sk—1(n) (mod mZ);
- fori=k—1 (if k > 3), we get sp_2(n) = sp_2(n’) (mod M?2Z);
- so on so forth with i =k — 2,...,2, we get the sequence of congruences

sp_3(n) = sp_3(n’) (mod M3Z),...,s1(n) = s1(n') (mod m*17Z);
- for i = 1, we get 7 = A/ (mod M*Z).

Finally, we obtain n = n’ (modm*dZ) and the proof is then complete. 0

Proposition 2.6. (1) The functions r; and s; admit unique continuous extensions
v L = {0,...,m| =1}, 8;:Zm = Zm
such that
(1e) ro(§) =0, so(§) = 1;

(2¢) €si—1(&) = ms;i (&) + 1 (&) with r;(§) € {0,...,|m| — 1} for everyi > 1.
Let £, € Zy, such that ged(&,m) = ged(&',m) = d and let h € N\ {0}. Setting

m = m/d, the two following are equivalent:
(1) ¢ = ¢ (modm"dZ,,) holds;
(2) ri(&) =ri(&) fori=1,...,h.
(i) Let &, & € Zy,. The two following are equivalent:
(1) There is some d € N such that ged(&,m) = ged(&',m) = d and 7(&/d) = n(£'/d)
where 1 Ly, — Ly yq 15 the canonical Ting homomophism,
(2) 7i(€) = (&) for every i.
(iii) The map & — (ri(€))i>1 defines a homeomorphism from ZX, onto (Z/mZ)* x (Z/mZ)N
endowed with its product topology. (Here we identify Z/mZ with the set {0,...,|m| — 1}
and (Z/mZ)* with the set of integers k € {0,...,|m| — 1} coprime with m.)

Proof. (i) Proposition 2.5 shows that the functions r;, s; are uniformly continuous with respect to
the m-adic topology on Z and that r; is moreover constant on m-adic balls of radius |m|~%. The
existence and uniqueness of the extensions to Z,, follow. The inductive formulas of Definition [2.4]
extend continuously on Z,,, which gives (1¢) and (2¢). Let us now pick n,n’ € Z such that n = ¢
and n' = ¢ (modm"Z,,). Then, one has n = n’ (mod m"d)Z if and only if ¢ = &' (mod Mm"dZ,,).
As 7; is constant on m-adic balls of radius |m|~% we have r;(n) = r;(£) and r;(n’) = r;i(¢') for
i=1,...,h. The equivalence between (1) and (2) now follows readily from Proposition

(17) As ged(m, &) = ged(m, r1(€)) for every & € Zy, by (2¢), the result immediatly follows from

(13i) Let £ € Z),. By (2¢), we have r1(§) € (Z/mZ)*. For any £, & € Z), we have d =
ged(€,m) = ged(¢’,m) = 1. We deduce from (2) that the map R : £ — (r;(£))i>1 defines a
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continuous embedding from Z* into P := (Z/mZ)* x (Z/mZ)N. As ZX and P are compact, it
is suffices to show that R has a dense image. Let Ej be the set of integers k € {0,...,|m|" — 1}
coprime with m. Consider the map Ry, : & — (r;(§))1<i<n. This is an injective map from Ej,
into Py, := (Z/mZ)* x (Z/mZ)"~1 by the equivalence of (1) and (2). As Ej and Pj, have both
cardinality o(m)|m|"~!, where ¢ denotes the Euler function, the map Ry, is a bijection. Hence R
maps the set of integers coprime with |m/| onto a dense subset of P. O

The following proposition shows that the restriction of s; to a suitable congruence classe is a
polynomial in n with coefficients in Q.

Proposition 2.7. Let £ € Z,,,. We define recursively Pp(X) = Pp, ¢(X) by
Py(X)=m and Ppo(X) = XP,_1(X) —rp(§) for h > 1.

Then, we have:

(i) Pu(X)=mX" —r (&)Xt — . — 1 (8) € Z[X].

(ii) sp(n) = 2 Py(L) for all h >0 and all n € Z such that n = & (mod m""dZy,).
Proof. (i) The proof is an obvious induction on h.
(ii) First, observe that r;(n) = r;(£) for all i < h and all n € Z such that n = ¢ (mod m"dZ,,)
by Proposition An easy induction on h using the definitions of s;(n) and P;(X) gives the
conclusion. |

2.2. Stabilizers. This section is devoted to the study of the stabilizers B, B,, and Bg.
Let by = b, by = ab™a™ !, b; = abi_lba”’l(@a_l for ¢+ > 2. The following lemma shows that b;
defines an element of B for every i.

Lemma 2.8. Leti > 1. We have b; = b5 FPi-1(3) i BS(m,&,) for all n large enough.

Proof. We show by induction on ¢ that:
(5) for every i > 1 we have b; = b$*=1(2) in BS(m, &,) for all n large enough.

Since by = ab™a~! = b in BS(m,&,) and s0(&,) = 1 for all n, (B) holds if i = 1. Assume (5)) holds
for some 7 > 1. By the induction hypothesis we have bi; = abb~ " (&g~ = ghénsi-1(En)=7i(8) g =1
for all n large enough. Recall that &, tends to & in Z,, and hence r;(§,,) = r; (&) for all n large enough
by PropositionZ6l By Definition 4] we obtain b; 1 = b$%(&») in BS(m, &,) for all n large enough.
Since &,5i(&n) = 5—"3(%) for all n large enough by Proposition[2.7], the proof is then complete. [

m

We can generalize the previous lemma by assigning to every v € B a polynomial with integer
coefficients.

Proposition 2.9.

(1) Let w € Fy with image v € B. Then there is a unique polynomial Py(X) € Z[X] indepen-
dent of w such that w = b™&/™) in BS(m,&,) for all n large enough.

(it) The map q : v — Py(X) defines an injective homomorphism from B into Z[X]. The abelian
group B = q(B) is freely generated by {1, X Po(X), XP1(X), XPy(X), ...}. Hence B is
freely generated by the set {bg, b1, ba, bs, ...}.

(7i1) Let w € Fo with image v € B. Then ~y belongs to By, if and only if

P.Y(X) = ko + klmX + kzXPl(X) + -+ ktXPtfl(X)
with ko + ki1 (&) + kara(§) + -+ + kre(§) = 0(modmZ). Moreover the abelian group
B, = q(Bp,) is freely generated by Po(X) = m, Pi(X) = XPy(X) — r(§), P2(X) =
XPi(X)—12(8), .... Hence By, is freely generated by {by", blba”(g), b2bar2(£)7 .t

(iv) The abelian group B¢ = q(Be) is freely generated by {XPy(X), XPi(X), XP(X), ...}
The abelian group By is freely generated by {b1, ba, b3,...}.
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(v) For any v € By, we have q(aya™') = XP,(X). Moreover the map a — (0,1),b —
(1,0) induces a surjective homomorphism Gm.¢ : BS(m, &) — Z1Z = Z[XT'] x Z whose
restriction to B coincides with q.

(vi) Let d = ged(m, &), m = m/d and let ® : Z —> Zs be the canonical map. The maps
X v+ Py(&/m) and x = mox define homomorphisms from B to Z,, and Zy, respectively.
Their kernels satisfy: kerx C (>0 a"'Ba' C kery. Moreover, if Ni>o a"'Ba’ is non-
trivial, then it contains some € By, \ Be. N

(vii) Let € be the image of B¢ by the map v : P(X) — X2 P(X). Then € is a subgroup of B
and B/€ is an infinite cyclic group generated by the image of 1.

Proof of Proposition[2Z.9. (i) The uniqueness of P, (X) follows from the fact that a non-zero poly-
nomial with coefficients in Q has only finitely many zeros in Q. Using the fact that BS(m,&,)
converges to BS(m,§), we also deduce that P,(X) is independent of w. To show the existence of
P, (X) we write w = ba®1b* - - - a®» b with e; = £1 for j =1,..., h. By Lemma [22] w reduces
to a power of b in BS(m,¢&,) for all n large enough. Consequently we have o,(w) = 0 and hence
h = 2t for some t € N. By [GS08, Lemma 2.6 with d = 1] there exist ko,...,k: € Z depending
only on w and ¢ such that w = b*(™ in BS(m,&,) for all n such that &, = ¢ (mod m'Z,,) with
|€n| large enough and

(6) a(n) = ko + ki1&n + kas1(6n)6n + - + kisi—1(En)éns

the latter equation being Formula (*) in the proof of [GS08, Lemma 2.6]. Since &, tends to ¢ in
Zy, and |&,] tends to infinity as n goes to infinity, the equality (@) holds for all n large enough.
Using Proposition 7], we can write a(n) = P’y(%) with

(7) Py(X) = ko + k1 X Po(X) + ka X Py (X) + -+ + ke X Po_1(X).

(#4) The map g : v — Py (X) trivially induces a homomorphism from B to Z[X] such that ¢(b) =
1. Let w € Fy with image v € B. If P,(X) is the zero polynomial then w is trivial in BS(m, &) for
all n large enough and hence it is trivial in BS(m, ¢). Thus q is injective. It is immediate from (7))
that ¢(B) is a subgroup of the free abelian group with basis {1, X Po(X), X P1(X), ... }. It follows
from Lemma 28 that q(b;) = X P,_1(X) for all ¢ > 1, so that ¢(B) coincides with the latter group.

(iii) Let w € Fy with image v € B. By (i) we can write w = b (&/™) in BS(m, ¢,,) for all n
large enough. Since &,8;-1(&,) = 7:(§) (mod mZ) for every ¢ > 1 and for all n large enough, we
deduce from () that P, (&./m) = ko + kir1(§) + kara(§) + - - - + kere(§) (mod mZ) for all n large
enough. By Lemma 2.2] we have: v € B,, if and only if a(n) = 0 (mod mZ). This proves the first
claim. We easily deduce that {m, X Py(X) — r1(§), X P1(X) — r2(§), ...} freely generates B,,.
Since ¢(bg*) = m and q(biba”(g)) = XP,_1(X) — r;(&) the set {b7", blbarl(g), b2b8T2(E), ...} freely
generates By,.

(iv) Since B¢ = aBp,a™t, we deduce from (iii) and the definition of b; that {b1, b2, ...} generates
Be. As the elements ¢(b;) = XP;,_1(X) (i > 1) freely generate B¢, we deduce that {b1, bo, ...}
freely generates Be¢.

(v) Let w € Fy with image v € B,,. We can write w = b/ (& /™) in BS(m,¢,) for all n large
enough with P, (&,/m) = 0 (modmZ). Thus aya™! = b&/m™P(E/m) in BS(m,¢,) for all n large
enough. Hence g(aya™') = X P,(X) by definition of g.

The map ¢y, ¢ is well-defined homomorphism by [GS08, Th. 3.12]. Using the first part of (v),
we easily deduce by induction that ¢(b;) = gm,¢(b;) for every i > 0, which completes the proof.

(vi) The map v — Py (£/m) is a well-defined homomorphism from B to Z~'Z,,. By Proposition
we have s;(§) € Zy, for every i. By Proposition 27, we have %Pl(%) = si(&n) € Z for every
n large enough and hence %PZ(%) = s;(§) € Z, by Proposition[2Z:6l Now it follows from (i¢) that
P, (¢/m) belongs to Z,, for every v € B.

Let v € ker x and let i > 0. For all n large enough m’ divides P, (,/m). We deduce from (4)
and Lemma 2.2 that a’ya~" € B. Thus v € Ni>o a"'Ba’.

9



Let n = 7w(¢/d). By (v) we have x(aya™') = LX(y) € Zy, for every v € BNa~'Ba. Consider
now v € B such that a’ya=* € B for every i. As ged(i,n) = 1, m’ divides x(v) for every i.
Therefore we have v € ker x.

Assume that B’ = (\,5,a ‘Ba’ is non-trivial. Clearly B’ C By, and any v € B’ such that
P, (X) has minimal degree does not belong to B¢ by (v).

(vii) It follows from the definition of P;(X) that multiplication by ' maps XPy(X) to
—m 4+ XPy(X) and XP;(X) to r;(§) — XPi—1(X) + XPi(X) for every ¢ > 1. Therefore € is a
subgroup of B. A straightforward induction on i shows that the image of X P;(X) in B/ lies
inside the cyclic subgroup generated by the image of 1. As B, does not contain any constant
polynomial, neither does €. Therefore B /¢ is infinite. g

Now, we can give a simple description of the HNN structure of BS(m, ). Let B\g(m, €) be the
HNN extension of basis £/ with conjugated subgroups E,, ¢ and E; stable letter a, where E, E,,, E¢
are free abelian groups of countable rank, namely

E = Zey®Zei ®Zes®d---
Em7g = ZmeoD Z(el -7 (f)eo) &) Z(eg — 7‘2(6)60) cee
E1 = Z61®Z62®---

and conjugacy from E,, ¢ to E; is defined by a(meg)a™" = e; and a(e; — r;(§)ep)a™?

denote by ¢ the isomorphism from F,, ¢ to E; induced by 4.

= €i41- We

Corollary 2.10. The map defined by f(a) = a and f(b) = eo induces an isomorphism from
BS(m,§&) to BS(m, ). The inverse map is determined by f~'(a) = a and f~1(e;) = b; for every
1> 0.

Proof. Tt is a straightforward corollary of Propositions 2.1l and O

We have then three different notations for the same group, namely
e BS(m,&) = HNN(B, B,,, B¢, 7) where B is generated by b = by, b1, b, ...,
. /EE’(m,f) = HNN(E, Ep, ¢, Ev, ¢) where E is generated by ey, e1, e, ...,
o BS(m, &) = HNN(B,B,,, B¢, 0) where B is generated by 1, X Py(X), XP(X), ... and
0 is defined in the obvious way.

Our favoured HNN extension is /Eg(m, £) as it considerably eases off notations when different
parameters m and ¢ are considered (Sec. 5 and Sec. []). Nevertheless BS(m, ¢) is usefull when we
still need to see this group as limit in the space of marked groups (Sec. Bl and the HNN extension
BGS(m, ) involving polynomials is advantageous to study relations in the group (Sec. [l).

3. AN INFINITE PRESENTATION BUILT UP FROM §

In this section, we use of the HNN decomposition of BS(m, &) to give an infinite group presen-
tation which depends explicitely on m and the sequence (r;(£)). A group presentation (X | R) is
said to be minimal if the kernel of the natural homomorphism <X } R > — <X } R> is non-trivial
for all R ¢ R.

Theorem 3.1. The group BS(m, &) admits the following infinite presentation:
(a,b|[b,b]=1,i>1)
with by = ab™a~! and b; :ibi,lb’“'*l(g)a’l for every i > 2.
In particular, we have BS(m,0) = <a,b ’ [b,a’b™a" =1, > 1>. The latter presentation is

moreover minimal.

In the case & # 0, we previously showed [GS08, Th. 4.1] that BS(m,&) cannot be finitely
presented. The following consequence is therefore immediate.

Corollary 3.2. No group BS(m,§) is finitely presented.
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Proof of Theorem[Z1l We divide the proof into two parts:
(1) We show that BS(m,&) = (a,b | [b,b;] =1, i > 1) using Propositions 2.1l and 2.9
(2) We show that this presentation is minimal in the case £ = 0 using basic facts on graph groups.
Proof of (1). By Proposition we can define an isomorphism ¢ : B,, — B by ¢(b]") =

b1, (b(bibgd”(g)) = b;y1 for ¢ > 1. Using the HNN decomposition of Proposition 2.1} we deduce
that BS(m,¢) admits the presentation (a, B | aya™' = ¢(v), v € Bmm). Since a and b generate
BS(m,¢) and B is a free abelian group (Proposition 23], we deduce that

(8) BS(m, &) = {a,b | [bi,bj] =1,0<i < j)

(Note that the relations abT'a~! = ¢(b7") and abiby " a=1 = ¢(b;b; " ®)) are satisfied by definition
of b;.) We show by induction on i > 0 the following claim: any relation [b;,b;] = 1 with 0 <14 < j is
a consequence of relations [bg, by] = 1 with 1 < k < j. The case i = 0 is trivial. Assume now that
i > 1. Using definitions, we can write [b;,b;] = af[bi_1by ", bj_lbarj’l(g)]a_l. By induction
hypothesis the relation [b;—1,b;_1] = 1 is a consequence of relations [bg, bx] = 1 with 1 <k < j—1.
Hence [b;,b;] = 1 is a consequence of relations [bg, by] = 1 with 1 < k < j. The induction is then
complete. Thus all relations [b;,b;] =1 with 1 < ¢ < j can be deleted in presentation (8]).

Proof of (2). It remains to show that BS(m,&) = (a,b | [bo,b;] =1,i > 1) is a minimal presen-
tation when ¢ = 7(¢) = 0. In this case we have r;(§) = 0, and hence b; = a’b™a"¢, for
all ¢ > 1. We fix some & > 1 and we show that [bg,bx] = 1 does not hold in the group
Gr:=(a,b | [bo,bi] =1,k #i>1).

To prove this we consider the group B = (90, 91, - - ’ [9i,95] = 1, i — j| # k) and its subgroups
Em = (g0, 91, 92, -..) and Eg = (g1, g2, ... ). We will use basic facts on graph groups, i.e. groups
defined by a presentation whose relators are commutators of some pairs of the generators. (Such
presentations are often encoded by a graph, whose vertices correspond to the generators and whose
edges tell which ones commute; this explains the terminology.) Let G = <X | R> be a graph group.
Any element of G can be written as a word cjcs . .. c; where each syllable ¢; belongs to some cyclic
group generated by some element of X. We consider three types of moves that we can perform on
such words.

1. Remove a syllable ¢; = 1.
2. Replace consecutive syllables ¢; and c¢;11 in the same cyclic subgroup by the single syllable
(cicit1)-
3. For consecutive syllables ¢; € (z) and ¢;41 € (2/) with z,2’ € X, [x,2'] € R, exchange ¢;
and ¢;41.
If g € G is represented by a word w = c¢;...¢ which cannot be changed to a shorter word
using any sequence of the above moves, then w is said to be a normal form for g. We will use the
following results:

Theorem 3.3. [Bau&1]

(Normal Form Theorem) A normal form in a graph group represents the trivial element if and only
if it is the trivial word.
(Abelian Subgroups) Any abelian subgroup of a graph group is a free abelian group.

We define the partial map 1 : Eg — By, by ¥(g1) = g4 and ¥(g;) = gi—1 for every i > 2. By us-
ing the Normal Form Theorem, we can readily show that Eg ={g1, 92, - .. | [9i:95] = 1,]i — j| # k).
We clearly have [1(g;),9¥(g;)] =1 in B,, for any i,j > 1 such that |i — j| # k. Hence ¢ induces a
surjective homomorphism from f}g onto f?m.

Let g € Eg. Replacing every g; by ¥(g;) in any non-trivial normal form for g in B clearly

leads to a non-trivial normal form for ¥ (g) in B. Hence 1) is injective, which proves that 1 is an

isomorphism. Let ¢ be its inverse homomorphism. We set Gy = <§, a | aga~! = 5(9),9 € §m>

We trivially check that the map a — a, b — g¢ induces a surjective homomorphism from G} onto
11



G, that maps [bg, bg] to [go, gk]. Since the graph group B embeds isomorphically into the HNN
extension Gy, we have [go, gx] # 1 and hence [bg, by] # 1. O

4. C*-SIMPLICITY

We first recall some definitions. Let I' = BS(m, ¢) and let o : BS(m, &) — Z be the surjective
homomorphism defined by o(a) = 1 and o(b) = 0. Let Z1Z = Z[X*!] xx Z where the action
of Z on the additive group of Z[X*!] is the multiplication by X. This group is generated by
{(1,0),(0,1)} and the map a — (0, 1), b — (1,0) induces a surjective homomorphism g, ¢ from I’
onto Z1Z [GS08| Th. 3.12]. By (v) and (vi) of Proposition[2.9] the restriction of g, ¢ to B (which
identifies with a subgroup of Z[X]) is the identity and the map v +— P,({/m) is a well-defined
homomorphism from B to the additive group of Z,,.

Given a group T, recall that its reduced C*-algebra C}(T") is the closure for the operator norm
of the group algebra C[I'] acting by the left-regular representation on the Hilbert space ¢?(T'). For
an introduction to group C*-algebras, see for example [Dav96, Ch.VII]. A group is C*-simple if it
is infinite and if its reduced C*-algebra is a simple topological algebra.

Non-abelian free groups are C*-simple. The first proof of this fact, due to Powers [Pow75],
relies on a combinatorial property of free groups shared by many other groups, called for this
reason Powers groups. Thus Powers groups are C*-simple. The Baumslag-Solitar group BS(m,n)
is C*-simple if and only if |m| # |n| [Iva07, Th. 4.9]. In this case, it is actually a strongly Powers
group [HPQ9, Pr. 5]. A group G is said to be strongly Powers if any of its subnormal subgroups
is a Powers group.

Theorem 4.1. Let |m| > 1, £ € Z,,,. Then BS(m, &) is a strongly Powers group.

Amenable groups are not C*-simple [Har07, Pr. 3]. This is the reason why we have to exclude
the groups BS(m, ) whith |m| = 1. Actually, there is only one such marked group [GS08, Th.
2.1] and it is isomorphic to the solvable group ZZ [Sta06al, Th. 2].

We consider the action of I' = BS(m, ) on its Bass-Serre tree T = X, ¢ and use the criterion
of de la Harpe and Préaux [HP09, Pr. 16] on tree action to show Theorem fIl The latter criterion
needs the action of I" to be faithful in a strong sense: it has to be slender. Two other conditions are
required, but both follow immediatly from [HP09, Pr. 24], as I" is a non-ascending HNN extension.
Let us define a slender action. A tree automorphism v of T is slender if its fixed point set (9T")Y
has empty interior in 9T with respect to the shadow topology (Sec. [[3]). The action of T on T is
slender if for every v € T'\ {1} the automorphism of T" induced by ~, also denoted by =, is slender.
A slender action is faithful, it is even strongly faithful in the sense of [HP09, Sec. 1].

Since hyperbolic elements are obviously slender, we focus now on the fixed point set of elliptic
elements. We still need more definitions to describe the fixed point set 77 for any v € B.

Let I,u € ZU {£o0}. We denote by {I < o < u} the subgraph of T whose vertices yB satisfy
I < o(vy) <u. We denote by T[l,u] the connected component of 1B in {l < o < u}.

Lemma 4.2. Let l,u € Z U {£oo}. Assume either that l > —oco and |m| > 1, or that u < 4o0.
Then, the set 9{l < o <u} C 0T has empty interior in OT with respect to the shadow topology.

Proof. Assume that | > —oo and |m| > 1. Since any vertex vB of T has |m| neighbours 4’ B such
that o(y") = o(y) — 1, any shadow contains (the class of) a geodesic ray (y1B,72B,...,YB,...)
such that o(vy,) tends to —oco. Such a ray does not lie in 9{l < ¢ < w}. The proof of the
second case is analogous (any vertex vB of T has countably many neighbours 7'B such that
o(v)=0o() +1). O

Let v be the natural valuation on Z[X], i.e. the one defined by v(X?) = i for every i. Let v
be the “valuation” defined on B by u(y) = sup{i > 1: P,({/m) € dm'Z,,} where sup® = 0. Let
~v € B. Observe that

e v € B, if and only if u(y) > 1,
o v € B if and only if v(P,) > 1.
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Proposition 4.3. Let v € B. We have TV = T[—u(7), v(Py)].

Corollary 4.4. Let T' = BS(m,¢).

e The action of I' on T is slender.
o The centralizer of b in T coincides with B if |m| > 1.
o The centralizer of a* in T coincides with {(a) for every k # 0.

Proof of Corollary[{-4] Let us show that the action of I" is slender. Remind that any hyperbolic
element of I is slender. Since any elliptic element is conjugated to some v € B by a homeomorphism
of 9T, it suffices to prove that every v € B\ {1} is slender. Since v(P,) < oo for every v € B\ {1},
the result follows from Proposition and Lemma

Assume that |m| > 1 and let v be an element of the centralizer of b in I'. By Proposition 3]
we have T = 1B. Since v commutes with b, we have then v-1B = 1B, i.e. v € B.

Let k € Z\ {0} and let v be an element of the centralizer of a* in T'. Let a4 (resp. a_) be the
class of rays which are cofinal with (a”B),>0 (resp. (a™B)n<o). Then v preserves the fixed point
set {a_,ay} of a*. Since o(ya™) = o(y) + n for every n € Z, v cannot exchange a4 and a_ and
hence fixes them both. Consequently, there is some n € Z such that v- B = a™B, i.e. there is
g € B such that v = a™g. We deduce that g centralizes a* and hence g fixes ay and a_. As g is
elliptic, Proposition [£.3] gives v(P;) = +00, hence g = 1. Thus v = a”. O

Proposition is a straightforward consequence of the following lemma.

Lemma 4.5. lLet g € T and let cpacy -~ a ey, with e; € {£1}, ¢; € B be a reduced form of g.
Let 0;(g) = 23:1 €;. Let v € B. The following are equivalent:
(i) gB €T,
(ii) g~'vg € B,
(i13) —p(y) < 0i(g) < v(Py) for every 1 <i <k.

If the previous conditions hold then we have: g~ '~vg = a9 ~a(9),

Proof. (i) < (i) is trivial. We show the equivalence (ii) < (i) and the last statement of the
lemma by induction on k. If k = 0, both are trivial. Assume that k > 0 and write w = cpag’.
(ii) = (iii): we have ¢ 'v'¢’ € B with v/ = a=“'ya'. By Britton’s lemma, we have: ¢/~ '7/¢ €
B and, either v € B,, and € = —1, or v € B¢ and €1 = 1. We deduce that v’ € B, u(y') =
w(y) + e, v(Py) =v(Py) —€1, 7 € Band —pu(y) < e < v(P,). The result then follows from the
induction hypothesis.
(i13) = (ii): As —p(y) < e1 < v(Py), we have either ¢, = —1 and hence v € B,,, or ¢ = 1 and
hence v € Be. We deduce that 4" € B. The result follows from the induction hypothesis.
Last statement: by induction hypothesis, we have

g g = a0y qo) = gma—o(d)ygartold) = g=o(9) (),
O

Proof of Theorem[[.1}. Since I' = BS(m,¢) is a non-ascending HNN extension, the action of I is
strongly hyperbolic on 7" and minimal on 9T [HPQ9, Pr. 22]. The action of I on T is slender by
Corollary 44l By [HPQ9, Pr. 16], T is a strongly Powers group. O

Inner amenability. A countable group G is said inner amenable if it admits a mean (i.e. a non-zero,
finite and finitely additive measure) on the set of all the subsets of G\ {1} which is invariant under
inner automorphisms. We say that G has the icc property if the conjugacy class of any of its
non-trivial element is infinite. These two notions are motivated by the study of the von Neumann
algebra W*(G) of G (see [Eff75, [BH86]). Amenable groups or groups that do not have icc are
clearly inner amenable. The second-named author has proved that the Baumslag-Solitar group
BS(m,n) has icc, is inner amenable but not amenable whenever |m| > |n| > 1 [Sta06b, Ex.2.4 and
3.2]. Note that for every |m| > 1, the group BS(m, &) also has icc since every Powers group does
[Har85, Pr. 1]
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Proposition 4.6. Let |m| > 1, £ € Z,,,. The group BS(m, ) is inner amenable and non-amenable.
The proof relies on:

Theorem 4.7. [Sta06h, Pr. A.0.2] Let T = HNN(A, H, K, ¢) with H £ A or K # A. Let Z(A)

be the center of A. If for every n > 1 there exist some non-trivial elements hén), hg e
Z(A)NHNK such that hl(-") = qS(th)l) fori=1,...,n, then T is inner amenable.

n+1

Proof of Proposition[{-6 Let n > 1 and set hgn) = a'b™" a % for i = 0,...,n. The hypotheses
of Theorem ATlii are trivially satisfied by these elements, which proves that BS(m,¢) is inner
amenable. Using Britton’s Lemma, we can readily show that the subgroup generated by a and
bab~! is a non-abelian free subgroup of BS(m,¢). Hence BS(m, &) is not amenable by a classical
result of von Neumann. g

Actually, we can prove a stronger statement than the existence of the elements hl(n) as in

Theorem 7l Indeed, it follows easily from Lemmal5 that (), ,.,, v:B7;  is a free abelian group

of infinite countable rank for every n and every 71, ..., 7, € BS(m,¢). By [Kro90, Lem. 1.1],
this yields the following vanishing cohomological property: for every free Z[BS(m,¢)]-module F,
we have H'(BS(m,&), F) = 0 for all i.

5. HOMOMORPHISMS

This section is devoted to the study of group homomorphisms from a given limit group to
another one. We classify the limits of Baumslag-Solitar groups BS(m,&) up to abstract group
isomorphism (Theorem [EI0), we compute the automorphism group of every limit (Proposition
BEI12) and we prove that every limit is hopfian (Theorem (.8)). Finally, we show that every limit
has infinite twisted conjugacy classes (Proposition [5.4])

As the map a — a, b — b induces an isomorphism from BS(m,n) to BS(—m,—n), it also
induces an isomorphism from BS(m, &) to BS(—m, —¢) for any & € Z,,. For these reason, we will
assume that m > 0.

The following lemma can be readily deduced from the definition of BS(m, ¢).

Lemma 5.1. Let d = ged(m, &) and let n = 7(§/d) where 7 : Ly, — Ly, is the canonical map.
The map a — a, b — b? induces an injective homomorphism from BS(1n,n) into BS(m,¢).

From now on, we will consider Eg(m, €) rather than BS(m, &) because it will ease off notations.
We fix m,m’ € N\ {0} and & € Z,, & € Zy and we set I = BS(m, &) and I = BS(m/, ¢’).

The following proposition shows that every surjective homomorphism from I" onto I is conju-
gated to a simple one by an element of T".

Proposition 5.2. Let p: T' — T’ be a surjective homomorphism. Then m' divides m, o(p(a)) =
+1 and p(eg) is conjugated to teg. Moreover o(p(a)) =1 if m’ > 1.

Before proving Proposition [5.2] we quote the following observation for further reference.

Remark 5.3. For any Q € Z|X ™1, there exists g € Aut(Z[ X1 xZ) such that 1o (1,0) = (1,0)
and Yo (0,1) = (Q,1). This automorphism satisfies 1g(P,0) = (P,0) for all P € Z|X*1].

Indeed, this can be readily checked with the well-known presentation
ZIXFN N Z =717 = {a,b | [a'ba ", b] =1 for all i > 1) ,
where a corresponds to (0,1) and b corresponds to (1,0).

Proof of Proposition[5.2 We set a = p(a), B = p(ep) and v = aBa~!. First we show that 3 is an
elliptic element of I'V. Assume by contradiction that 3 is hyperbolic. Then v™ is hyperbolic with
axis a(D), where D is the axis of 3. Since e; = a(meg)a™! commutes with eg in T', 3 commutes
with 7. As a result, 7™ has the same axis as §, namely D. Thus D is invariant under «. There
are two cases: either « is hyperbolic (case 1) or « is elliptic (case 2).
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Case 1: the bi-infinite ray D is then the axis of a. As « and 8 generate I, the two ends of D
are fixed ends of I". This impossible since a non-degenerate HNN extension has at most one fixed
end on the boundary of its Bass-Serre tree.

Case 2: the automorphism o’ = af is hyperbolic, since IV cannot be generated by two elliptic
elements. Indeed, the set of elliptic elements is contained in the kernel of o : IV — Z. So, the
argument used in case 1 applies to o’ and 3.

Therefore, up to conjugacy, we can assume that § € E. Now we use the surjective homomor-
phism gy, ¢ : IV — Z 1 Z (see Proposition Z9lv). Since o(8) = 0 and {o(a),0(8)} generates Z,
we have o(a) = € with € = +1. We can write ¢(3) = (P,0), ¢(a) = (Q,€') with P,Q € Z[X*!]. If
¢’ = 1, the automorphism v¢_¢, defined as in Remark 5.3 maps (P, 0) to (P,0) and (Q,1) to (0, 1);
if ¢ = 1, the automorphism ¥ x¢g maps (P,0) to (P,0) and (Q, —1) to (0, —1). In both cases, the
image {(P,0), (0,€)} of {g(a), q(B)} by the latter automorphism generates Z1Z, i.e. the subgroup
PZ[X*'] X Z coincides with Z{Z. This implies that P is invertible in Z[X *!], which gives P = eX*
for some € = 41,i € Z. As P = ¢(B) lies in Z[X], we have i € N, whence ¢(8) = g(a’(eeg)a™?).
Since ¢ is injective on E by Proposition 2.9, we deduce that 8 = a’(eeg)a*. Thus, up to conjugacy,
we can assume that 8 = eeg.

Assume now that m’ > 1. Let @ = c1ac2a®® - -¢ae41 = zacy1 (with ¢, = £1 and
¢; € E) be a reduced form in I". As v™ = a(meeg)a™! commutes with 3 = eeg, we deduce from
Corollary FE4] that a(meg)a™! € E. It follows that ¢ = 1 and m’ divides m by Britton’s lemma.
As a®®) (meg)a=?(®) € E by Lemma 5 it follows from Britton’s lemma that o(a) > 0. Since
o(a) € {£1}, we deduce that o(a) = 1. O

Let G be a group and let ¢ be an automorphism of G. Two elements v, v/ € G are said to
be ¢-twisted conjugate if there is ¢ € G such that 7/ = gyé(g~'). We say that G has infinitely
many twisted conjugacy classes if G has infinitely many ¢-twisted conjugacy classes for every
automorphism ¢. The study of this property is mainly motivated by topological fixed point theory
and by the problem of finding a twisted analogue of the classical Burnside-Froebenius theorem (see
[FH94] for a introduction to these topics). Baumslag-Solitar groups BS(m, n) with (m,n) # +(1,1)
[FGO6, [FGO8] and the wreath product Z:Z [GW06, Cor. 4.3] have infinitely many twisted conjugacy
classes (the reader may consult [Rom| for an up-to-date list of known examples).

Corollary 5.4. The group I' has infinitely many twisted conjugacy classes.

Proof. If m =1, one has I' = Z 1 Z. As mentioned above, it has infinitely many twisted conjugacy
classes.

Suppose now that m > 1 and let ¢ be an automorphism of I'. It follows from Proposition
that 0 0 ¢ = 0. Thus o is constant on each ¢-twisted conjugacy class. As o takes infinitely many
values, I' has infinitely many ¢-twisted conjugacy classes. O

For every i > 1, we set w; = a‘(meg)a™(—r1(€)eo)a "t (=r2(€)eg)a ™ (—ri—1(€)eg)a™t. Then
e; = w; holds in I' for every 7 > 1. Recall that

_ lei,ej] =1 for all 4,5 > 0,
9) I'= <a,eo,e1, ... | a(meg)a=t = ey, ale; — ri(€)eg)a=t = ej4q for all i > 1
(10) = <a,eo ‘ [eg, w;] =1 for all i > 1>

by Corollary and Theorem 3.1
Let J be the map defined by J(a) = a and J(eg) = —eqg. It follows from presentation (@) that
J induces an automorphism of I' such that J(e;) = —e; for every i.

Lemma 5.5. Letty,..., t, €{0,...,m — 1} and let

1 1

”H( <o (—=tpe)a .

w(m, ty,... t,) = a" M (meg)a ™ (—tieg)a ™ (—taeg)a

Then the following are equivalent:
(¢) The image of w(m,ty,..

,tn) in T belongs to E,
(#3) The image of w(m,ty,...,t

Jtn)eow(—m, —t1,...,—tn)(—eo) in T is trivial,
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(1i1) t; = ri(&) for every 1 <i <n.

Proof. (i) = (ii): As J(w(m,t1,...,t,)) = w(—m,—t1,...,—t,) and J maps any element of E to
its inverse, we deduce that w(m,t1,...,t,)eow(—m, —t1,...,—t,)(—eg) = 1in T.
(#1) = (i4i): Assume that w = w(m,t1,...,ty)eow(—m, —t1,..., —t,)(—ep) has a trivial image

in I". We prove the following claim by induction: for every 1 < i < n, we have w = v;eqJ (v;)(—ep)
with v; = a" ™17 (e; — tieq)a™ (—tiy1e0)a™t -+ - (—tpeg)a™t and t; = r;(€) for every 1 < j <i. For
i = 1, the claim follows from the relation a(meg)a™! = ey in T'. Assume that the claim holds for
some ¢ > 1. We have then w = v;eqJ(v;)(—eg) = 1 in T'. By Britton’s lemma, the sequence (a, e; —
tieo, a~1) is not reduced and hence e;—t;eq € Ep, ¢. Thereforet; = r;(£) and a(e;—tiep)a™" = e;41.
We deduce that w = v;y1e0J (vir1) With viy1 = " H(ej11 — tiz1e0)a™(—tisaeo) - (—tneo)a™t,
which completes the induction.

(#9) = (i): it follows from the fact that w(m,r1(§),...,7:(§)) = w; and w; = ¢; in T for
i>1. O

Lemma 5.6. Assume that m = m' > 1. Let 6 be a map such that 0 o 0(a) =1 and 0(eg) = eo.
If 0 induces an homomorphism from T to T" then r;(§) = (&) for every i > 1. In this case, the
restriction of 0 to E is the identity and we have |0(y)|a = |V|al0(a)|a for every v € T'. In particular
0 is injective.

Proof. We can write 0(a) = zae with e € E and z € I such that o(z) = 0. Assume that 6
induces an homomorphism from I' to IV. We show by induction that 6(e;) = w; for every i > 1.
First, observe that 6(e;) commutes with 6(eg) = e for every ¢ > 1. Hence 0(e;) € E for every
i > 1 by Corollary 4l In particular, f(e;) = 6(wy) = za(meg)a™z71 € E. As o(z) = 0,
we deduce from Lemma that 6(e;) = wy. Assume now that 6(e;) = w; for some ¢ > 1.
As eir1 = ale; — mi(§)eg)a™t in T, we have 0(ej1) = za(w; — ri(€)eg)a 27! € E. We obtain
f(eit1) = wiy1 by Lemma 5] wich completes the induction. As w; = 6(e;) € E for every i > 1,
we deduce from Lemma B35 that ;(£) = r;(¢') for every i > 1.

Assume that the latter conditions holds and let 8(a) = c1a*c2a® - - - cja“ ¢41 (with e; = £1 and
c¢j € E for every j) be a reduced form in I"”. Since 6(a)(meo)f(a)~! = e; and 0(a) " e10(a) = meo,
we have e = ¢, = 1 by Britton’s lemma. It readily follows that |0(y)|e = |7]alf(a)|s for every
vyel. ([

Hopf property and residual finiteness. An important reason for considering Baumslag-Solitar groups
was, at the origin, that they gave the first examples of non-hopfian one-relator groups [BS62]. Let
us recall that a group G is hopfian if every surjective endomorphism from G is an isomorphism. It
is known that the Hopf property is neither open |[ABLT05, [Sta06a] nor closed [CGPO7, Pr. 5.10]
in the space of marked groups.

A group G is said to be residually finite if for every non-trivial element g of G there is a
finite quotient F' of G such that the image of g in F' is non-trivial. For m = 1, the only limit is
BS(1,0) = Z{Z. This group is residually finite, hence hopfian by a well-known theorem of Malcev;
see e.g. [LST7, Theorem IV.4.10].

Definition 5.7. A group G is co-hopfian if every injective homomorphism from G to itself is an
isomorphism.

Theorem 5.8. The group I' is hopfian but not co-hopfian.
We denote by J the automorphism of T" defined by J(a) = a and J(eg) = —ep.

Proof. We can assume that m > 1. Let p be a surjective endomorphism of I'. By Proposition
B2 there is e € {0,1} and an innner automorphism 7 of T’ such that p’ = J¢ o 7 o p satisfies
oop'(a) =1 and p'(eg) = ep with. By Lemma [5.6] p’ is injective and hence so is p. Therefore p is
an isomorphism.
Let k € N\ {1} be coprime with m and let § be the map defined by 0(a) = a, 0(eg) = keo.
Considering the group presentation (@), we deduce that 6 induces an endomorphism of I". We can
16



readily check that 6(e) = ke for every e € E and that |0(y)|a = |7y|a for every v € T'. It follows
that 6 is injective. We also deduce that ()N E = 0(E) = kE # E. Hence 0 is not surjective. [

We say that £ € Z,,, = EBp\mZp is algebraic if the p-component &, € Z, of £ is algebraic over
Q for every prime p dividing m. It only means that £ is a root in Z,, of some polynomial with
coefficients in Z. Let d = ged(m,§) and n = 7(§/d) where 7 : Z,, — Zy, is the canonical map.
It readily follows from the definition of Proposition [Z9lvi that & (resp. ) is algebraic if and only
if kerx # 1 (resp. kerx # 1). If £ is invertible in Z,,, i.e. ged(m,&) = 1, then the two kernels
coincide with (), a *Ea’.

Proposition 5.9. If n is algebraic then T is not residually finite.

Proof. By Lemma 5.1 BS(r,7) embeds isomorphically into BS(m, £). As a subgroup of a residu-
ally finite group is residually finite, we can assume that ged(m, £) = 1. By PropositionZ0lvi, we can
pick e € (;5pa "Ea’\ E1. Weset v = [e,aepa™ '] = (—e)a(—eg)a  eaepa™t. By Britton’s Lemma,
~ is not trivial in I'. We show that v has trivial image in any finite quotient of I', which proves that
T is not residually finite. Let F be a finite quotient of I" with cardinal n. There is ¢’ € E, such that
e =a"""e/a" ! in T. Since a” =1 in F, we have v = [a~""1e’a" ! aepa™!] = ale’,eqla™! =1
in F'. The proof is then complete. g

Classification of limits up to group isomorphism.

Theorem 5.10. The group T is isomorphic to T if and only if m = m/ and r;(§) = r;(&') for
every i > 1.

Proof. Assume that I' is isomorphic to IV. If m’ = 1, then I is isomorphic to Z ! Z and so is
I". This forces m = 1 for I' would contain a non-abelian free subgroup otherwise. It follows that
ri(&) = ri(§') = 0 for every i > 1. Therefore we can assume that m’ > 1. By Proposition 5.2
m’ divides m and there is an isomorphism 6 : ' — T such that o 0 §(a) = 1 and 0(eg) = ep.
Considering 61, we also deduce that m divides m’ and hence m = m’. By Lemma [5.6, we have
ri(§) = ri(¢) for every i > 1.

The converse follows immediatly from the group presentation (@I). O

Automorphism group. Let e € E and let ¢, be the map I' defined by ¢.(a) = ae and ¢(eg) = ep.
We deduce from the group presentation (I0) that ¢. induces an automorphism of T' with inverse
map ¢_.. Moreover, we have J o ¢ o J = ¢_.. The following lemma is then immediate.

Lemma 5.11. The automorphisms ¢, and J generate a group isomorphic to an infinite dihedral
group, namely the semi-direct product Zeo x Z /27 where the action of Z/2Z on E is multiplication
by —1.

Hence we can consider the semi-direct product I" x (Zeg % Z/27Z) where the action of Zey x Z /27
on I is the obvious one. We denote by Inn(T") the group of inner automorphisms of I' and by
Out(T") = Aut(T")/Inn(T") the group of outer automorphisms.

Proposition 5.12. Assume that m > 1.
e Out(T") is isomorphic to Zey x Z/27.
o Aul(T") is isomorphic to T' x (Zeg x Z/2Z).

We denote by C the subgroup of E generated by e; — meg and the elements e; —e; 1 +7;_1€g
with ¢ > 1. Proposition .12 will follow from:

Lemma 5.13. Assume that m > 1 and let e € E.

o The image of ¢ o J in Out(T') is non-trivial.

o The image of ¢e is trivial in Out(T") if and only if e € C.

o For every automorphism ¢ of T, there is e € E, € € {0,1} such that ¢ = ¢. o J¢ holds in
Out(T).
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Proof. As T is centerless (see e.g. Corollary 4] and torsion-free, Inn(T") is torsion-free. The first
assertion follows from the fact that ¢, o J has order 2.

Let e € FE and assume that there is z € I" such that ¢. = 7,. As z centralizes ey, we deduce
from Corollary 4] that 2 € E. We deduce from the equality ¢.(a) = zaz~! that a(e + 2)a™! = 2.
By Britton’s lemma, we have e + z € E,, ¢ and hence z € E;. Identifying E with B, we deduce
from Proposition Z0lv, that X (P.(X) + P.(X)) = P.(X). Therefore P.(X) = —X£2P,(X) =
t(—P,(X)) € € where ¢ and € are defined in Proposition 29 vii. Since € = ¢(C) and ¢ in injective,
we have e € C. Conversely, if e € C, we can readily check that ¢. = 7, where z € F; is given by
the formula P, (X) = — 25 Pe(X).

Consider now an arbitrary automorphism ¢ and let us show that ¢ = ¢, o J¢ holds in Out(T")
for some e € E and some € € {0,1}. By Proposition [5.2] we can assume that ¢(eg) = teg and
¢(a) = zae’ with z € T such that o(z) = 0 and e’ € E. Composing possibly by J, we can assume
that ¢(eg) = eg hence that ¢ and ¢! both satisfy the conditions of Lemma 5.6l We deduce from
Lemma 5.6 that 1 = |a|, = |¢(a)|a|¢""(a)|q. Therefore |z|, = 0, i.e. 2 € E and hence ¢ = ¢,
holds in Out(T). O

Proof of Proposition [5.12. By Lemmalb.13] Out(T) is generated by the images of J, ¢. withe € E.
By Proposition2.9lvii, the quotient E/C is infinite cyclic and generated by the image of eg. Hence,
by Lemma .13 the natural map Aut(I') — Out(T") induces an isomorphism from the subgroup
generated by J and ¢., onto Out(I"). It follows then from Lemmal[B.TTlthat Out(I") is isomorphic to
Zeg X Z/2Z. As a result, the exact sequence 1 — Inn(T') — Aut(T") — Out(T") — 1 splits. Since T’
is centerless it naturally identifies with Inn(T"). Thus Aut(T") is isomorphic to I'x (Zeg x Z/2Z). O

An immediate consequence of Proposition is that every automorphism of I' is induced by
an automorphism of F(a, ep). Group presentations with such property are called almost quasi-free
presentations [LSTT, Ch. I1.2].

Recall that the map a — (0,1), eg — (1,0) induces a surjective homomorphism ¢, ¢ from I’

onto Z1 7 = E\g(l, 0). Another consequence of Proposition .12 is:

Corollary 5.14. If|m| > 1, then the kernel of ¢y ¢ is a characteristic free subgroup of T’ of infinite
rank.

Proof. The normal subgroup N = ker g, ¢ is a free group by [GS08, Th. 3.11]. As N ¢ E,, ¢ and
NE,, ¢ has infinite index in I, N is not finitely generated by [KS71, Th. 9].

To conclude, thanks to Proposition [5.12] it suffices to show that N is invariant under the
automorphisms J and ¢.,. It is invariant under J since the diagram

J

r
dm,¢ iQm,g

BS(1,0) —= BS(1,0)

r

commutes. A similar argument works for the automorphism ¢, . O

Equationally noetherian groups. In this section, we determine which groups BS(m, &) are equa-
tionally noetherian. Equationally noetherian groups play an important role in algebraic geometry
over groups [BMR99|, the state-of-the-art approach to equations over groups. An equationally
neotherian group enjoys the following strong form of the Hopf property: any sequence of surjec-
tive endomorphisms is stationnary (see [MRO0, Th. D1.2] or [OHO07, Cor. 2.8]). Let us recall
the definition. Given w = w(z1,...,z,) € G * F(z1,...,2,) and a n-tuple (¢1,...9,) € G,
we denote by w(gi,...,gn) the element of G obtained by replacing x; by g;. For any subset
W C G«F(xy,...,x,), we consider the roots

Root(W) = {(g1,---,9n) € G" : w(g1,...,9n) =1 for allw € W} .
18



Definition 5.15. A group G is equationally noetherian if, for all n > 1 and for all W C G x
F(x1,...,2n), there exists a finite subset Wy C W such that Root(W) = Root(Wy).

Linear groups over a commutative, noetherian, unitary ring (e.g. a field), are equationally
noetherian [Bry77, [Gub86] while any wreath product of a non-abelian group by an infinite one is
not equationally noetherian [BMRIT].

Proposition 5.16. Let m € Z\ {0} and £ € Z,,. The group BS(m, &) is equationally noetherian
if and only if |m| = 1.

We need the following result on Baumslag-Solitar groups.

Proposition 5.17. [BMR99, Pr. 5] Let m,n € Z\ {0}.
(1) If either |m| =1 or [n| = 1 or |m| = |n|, then the group BS(m,n) is linear over Q and
hence equationally noetherian;
(2) else, the group BS(m,n) is not equationally noetherian.

As we need some excerpts of the proof of Proposition 517 we provide it in full. Let R be a
commutative ring with unity. We will use the following elementary fact without further mention.
If a group G has a finite index subgroup which is linear over R, then so is G [Weh73| Lem. 2.3].

Proof of Proposition[5.17(1). Suppose first that |m| =1 or |n| = 1. It is well known, and easy to
show, that the map a +— (z — Zx), b — (x = x + 1) yields an injective group homomorphism
from BS(m,n) into the affine group over Q. The group BS(m,n) is then linear over Q. As
BS(m,n) is soluble in this case, we observe that it is linear over Z if and only if it is polycyclidi,
ie |n|=|m|=1.

If m = n, it is easy to check that the normal subgroup ((a,b™)) is isomorphic to F,,| x Z and
hence linear over Z. Clearly, it has index |m| in BS(m, m). Thus BS(m,n) is linear over Z.

Suppose finally n = —m. Let BS2(m,n) = ({(a?, b)) C BS(m,n). The subgroups Ba(m,m) and
Bs(m, —m) are clearly isomorphic and have index two in BS(m,m) and BS(m,—m) respectively.
We have shown that BS(m,m) is linear over Z. We deduce that Ba(m,m) is linear over Z and
hence so is BS(m, —m). O

It follows from the above proof that BS(m,n) is linear over Z if and only if |m| = |n|.

Proof of Proposition [5.17(2). As the groups BS(m,n) and BS(n,m) are isomorphic, we may as-
sume that |m| < |n|. Then, there exists ¥ > 0 and a prime number p such that p” divides n but
not m. Let us consider the set

W = {w; = [z7"yz", 2] : i € N\ {0}} C F(z,y,2)

and the triples (z = a,yr = b"k,zk = b)ﬁ If n divides an integer (3, then we have a~'b%a = b
and the factorization of 8’ contains (strictly) less factors p than the one of 8. Consequently, for
all k, there exists N(k) € N and a(k) € Z such that

a " NEpn® o NF) — pak) and n does not divide alk) .

Remark 5.18. (1) As a= %" a* = b™" | we have N(k) > k;
(2) Set u = p(m) to be the mazimal exponent arising in the factorization of m. Then we
obtain N(k) < (u+ 2)k. Indeed, we have a k" ak = b™" and the exponent of p in the
factorization of m* is at most (u + 1)k.

The triple (z = a,yx = b" , 2, = b) is a root of w; if and only if i < N(k). Indeed:
e if i < N(k), then a="b""a’ is a power of b, so that [a="b" a’,b] = 1;
5By theorems of Mal’cev and Auslander [Seg83 Ch. 2 and Ch. 3], a soluble group is linear over Z if and only if
it is polycyclic.

61t is possible to use only one variable: replace W by W’ = {[a"‘ya,b] : i € N\ {0}} € BS(m,n) *F(y).
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e if i > N(k), then [a="b"" a,b] = a~ (= NW)pak) gi=Nk) . p . q=(=NE)p=a(k) gi=N(k) . p=1,
This is reduced in BS(m,n), since |m| > 1 and n does not divide a(k).

If we now consider a finite subset Wy = {w;,,...,w;,} C W, then, choosing k large enough, we
have N (k) > i1,...,4s. Consequently, the triple (z, Y, zx) is in Root(W;)\ Root(W'). This proves
that BS(m,n) is not equationally noetherian. O

Proof of Proposition[5.16. If |m| = 1, one has BS(m, ) = Z1 Z which is equationnally noetherian
(e.g. it is linear over the field Q(X)).

Let us now assume that |m| > 1. Consider a sequence (§,) of rational integers such that
|6n] — o0 and &, — £ in Z,, for n — co. We may assume that |m| < |§,| for all n. Set
W = {w; := [x~'ya’, 2] :i € N\ {0}} and (z = a,y = b<", z, = b), as in the proof of Proposition
BEI7(2). We have proved the existence of natural numbers N, (k) such that (zx,yk, zk) is a root of
w; in BS(m, &,) if and only if i < N, (k). Moreover, Remark 518 gives the estimates

k< N () < (u(m) + 2)k

for all n. Therefore, if we take a finite subset Wy = {w;,,...,w;,} C W, then, choosing k large
enough, we have N, (k) > k > i1,...,i, for all n. Therefore, for all j, we have w;, (xr, yx, 21) = 1
in all groups BS(m,¢&,), and, passing to the limit, we see that (zx,yx, zx) is a root of Wy, in the
group BS(m, §).

On the other hand, by considering w; with ¢ > (u(m) + 2)k, we see that w(zk, yx, 2x) # 1 in
all BS(m,&,). Hence, in BS(m,¢), the triple (x4, yx, 21) is not a root of W. This proves that
BS(m,€) is not equationally noetherian. O

6. DIMENSIONS

In this section we give the first non-trivial Hausdorff dimension estimates of a subspace of the
space of marked groups on two generators. Let us recall that the map BS,, : Z,, — Ga; & —
BS(m,§) is injective on ZX [GS08, Th. 1]. In order to estimate Hausdorff dimensions of the
subspaces

ZX = BS,,(Z)) = {BS(m,¢&) : € is invertible in Z,,} ,

we will prove that the maps between Z% and Z., satisfy Holder conditions and then apply classical
results about Hausdorff dimension. In this section, we always assume that m is a rational integer
satisfying |m| > 2.

6.1. Distances between limits. The first step towards Hausdorff dimension estimates is to esti-
mate the distance between groups BS(m, £) and BS(m,&’) in terms in the m-adic distance between
& and &'\

Theorem 6.1. Let h € N\ {0} and £,& € Zy, satisfying d := ged(m, &) = ged(m, &’). Setting

m =m/d, we have:

(1) If BS(m,&) and BS(m, &) have the same relations up to length 2(|m| + 1)h + 2|m| + 6,
then ¢ = ¢ (mod m"dZ,,);

(2) If¢ = ¢ (modm"dZ,,), then BS(m, &) and BS(m,&') have the same relations up to length
2h.

Proof of Theorem[61l Thanks to Corollary 210 we may work in B\g(m, ¢) and E\g(m, &') instead
of BS(m, &) and BS(m,¢’). Recall that, given the free abelian groups of countable rank

E = Zey®Zei ®Zex®---

M = Zmey®Z(er —r1(E)eo) ® Z(ea —r2(E)eg) d--- < E
M = Zmeo®Z(er —r1(£)eo) ® Z(ea — ra(€)eg) ®--- < E
B = Zei®Zes®--- < FE,
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We have

/B\S/'(m,{) = (a,E | ap(z)a™" = Vz € Ey)
BS(m,¢) = (a,E | ap/(x)a™ =z Vo € Fy) ,

where the isomorphism ¢ : 1 — M is defined by 1(e1) = meg and ¥(e;41) = e; —r;(§)eg for i > 0,
and the isomorphism ¢’ : By — M’ is defined similarly. Recall also that the element b € BS(m, €)
corresponds to ey € Eg(m, €). By Proposition2.6] the condition ¢ = ¢’ (mod 1/ dZ,,) is equivalent
to (&) =r;i(¢') for i = 1,..., h. We will consider the latter condition.

(1) Let w = w(m,r1(§),...,rn(§))eow(—m, —r1(&),...,—rn(€))(—eo) be defined as in Lemma
As [w| < 2(|m| 4+ 1)h + 2|m| + 6 and w = 1 in BS(m,§), we also have w = 1 in BS(m, ).
We deduce from Lemma 55 that r;(§) = r;(¢') for i =1,..., h.

(2) Let w be a (freely reduced) word on the alphabet {a*' b*!} satisfying |w| < 2h. By
substituting occurences of b® by «eg, we obtain a sequence s = (xg,a!,x1,...,a*, xx), with
k >0, of length at most 2h, where ¢; = £1 and z; is an element of the subgroup Zey < E for all
i. What we have to show is that the product of the sequence s vanishes in EE’(m, £) if and only if
it vanishes in /Eg(m, &h.

We reduce the sequence s in the HNN-extension EE’(m, £), that is we perform, as long as possible,
substitutions of:

e a subsequence (a,z,a"!), with x € M, by the element ¢~ (z) € Ey;
e a subsequence (a1, z,a), with x € Ey, by the element 1 (x) € M.

We then obtain a sequence t = (yo,a’",y1,...,a%,y;), with [ > 0, which is reduced in E}‘é(m,g),
and whose product in the latter group is equal to the product of s. The number of substitutions
from s to ¢ is trivially at most h. Therefore, it is easy to see that ¢ and the intermadiate sequences
contain only a*! letters and elements of the subgroup Zeg @ - - - ® Zey,.

Now, we use the hypothesis r;(§) = r;(£') for ¢ = 1,..., h. Therefore, the relation

M N (Zeg & -+ ® Zep) = M' N (Zeg ® - - & Zep,)

holds and 1 and v’ are equal in restriction to Zey @ - -+ @ Zepy1. It is thus possible to reduce
the sequence s in §§(m,§’) by performing the same substitutions as in Eg(m,f). Hence, the
sequences s and t have the same product in E\g(m, &"). Moreover, the sequence ¢ is also reduced
in E\g(m, &) — if not, an argument similar to the above one would show that ¢ is not reduced in
BS(m,¢).

Finally, by structure theorems on HNN-extensions, the product of ¢ vanishes in Eg(m, &) (resp.

/Eg(m, &) if and only if I = 0 and yo = 0 in E. This concludes the proof of part (2).
O

We now turn to the case d = 1, that is, to the case of invertible m-adic integers. Recall that
the metric on Gy is given by d(Ny, No) = e (Nu:N2) if Ny £ Ny, where v(Ny, No) = inf{|w| : w €
N1 AN}

Corollary 6.2. Let h € N\ {0} and &, &' € Zy;, such that | —¢'|m = |m|=". Setting x = BS(m, &)
and &’ = BS(m, &), we have

e 2(mIFD A =2Iml =6 g 21) < =21

Proof. 1f d(z,2') < e~ 2(Um+D)(+1)=2m|=6 then BS(m, &) and BS(m,&') have the same relations
up to length 2(|m| + 1)(h + 1) 4 2|m| 4+ 6. Theorem B.I(1) gives then [¢ — &|,, < |m|~(PH+1),

On the other hand, the relation |¢ — ¢'|,,, = |m|~" implies ¢ = ¢’ (mod m"Z,,). Theorem G.11(2)
gives then d(z,2') < e~ 2h=1. O
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6.2. Hausdorff dimension estimates. We set f to be the inverse of the (bijective) map BS,, :
7Y — ZX. We now show that f and f~! = BS,, both satisfy a Holder condition.

Proposition 6.3. For all x,2' € Z, we have

[f (@) = f(@)|m < Cd(a, )
where o = (2(|m| + 1)) "tlog|m| and C is some positive constant.
Proof. Set ¢ = f(x) and ¢ = f(a'), so that *x = BS(m,&) and 2’ = BS(m,¢'), and write

|€ — €|, = |m|" with h € N. Let us treat the case h € N\ {0} first. Using Corollary 6.2 (at the
second line), we get:

@) = @) = 1§ =€l = e o8 0
2(|m|+1)

d(z, ") > e~ 2ImI+Dh—4lm|=8 _ o o=2(mI+1Dh — ¢ (67h10g|m\) log [m]

with C; > 0. Consequently, we have d(z,2') > Ci|f(x) — f(z')|% ', whence |f(z) — f(z/)|m <
Cad(x,2")* for some Cy > 0.
Finally, in case h = 0, that is £ #Z £’ (modm), there is a word

a®b™a a7 - a®b e a0 with 0 <t < jm| — 1,
which is trivial in one of the marked groups & = BS(m, &), 2’ = BS(m,£’) but not in the other

one. This gives a constant D > 0 such that d(xz,2’) > D, hence a constant C3 > 0 such that
[f (@) = f(@)lm = 1 < Cad(x, 2")". 0
Proposition 6.4. For all £,&' € Z*

m’

d(f1E), FHE) < €= ¢18,

we have

where 3 = 2(log |m|)~!.
Proof. Let us write | — ¢'|,, = |m|~" with h € N. By corollary [6.2} we have d(f~1(¢), f~1(¢')) <
e~2h=1 (note that for h = 0 this is trivially true, since diam(Gs) = e~!). Hence, we get

d(f7H€) FTHE) < e = (e orlmIyoslmDTE — e )7
which concludes the proof. 0
Theorem 6.5. The Hausdorff dimension of Z) satisfies:

log |m)|
2(Jm[+ 1)

log |m)|
9

< dlmH(ZX) <

m

(for all m such that |m| > 2).

Proof. Tt is well-known, and easy to show, that dimg(Z)) = 1 with respect to the metric chosen
in Section L2l Set a = (2(|m|+ 1)) !log|m| and B = 2(log|m|)~*, as in Propositions .3l and 6.4l
Classical theory of Haussdorf dimension (see e.g. [Fal03, Pr. 2.3] or [Rog70, Th. 29]) and these
propositions give 1 < a~!dimgy(Z)) and dimy(Z) < 871, hence the result. |

Corollary 6.6. The Hausdorff dimension of Ga satisfies dimp (Ga) > log(2)/6. In particular, this
dimension does not vanish.

We have estimated the Hausdorff dimension of the subspaces Z,<, which are homeomorphic to
the Cantor set (provided that |m| > 2). But many interesting subspaces of Gy, or G,,, appeared in

the litterature, e.g:

e the Cantor set of Grigorchuk groups [Gri84]; many such groups have intermediate growth;
e the closure H,, C G, of non-elementary hyperbolic groups considered by Champetier
[Cha00];
e the minimal Cantor subset of G3 constructed by Nekrashevych [Nek07].
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The first-named author has proved that the box-counting dimension (and hence the Hausdorff
dimension) of the set of Grigorchuk groups vanishes [Guy07]. It also holds for the set of Nekra-
shevych groups as these groups share similar contracting properties with the latter. In the case of
hyperbolic groups, we do not know whether the Hausdorfl dimension vanishes or not.

7. COMPLEXITY OF THE WORD AND CONJUGACY PROBLEMS

In this section, we study isomorphism invariants of groups originating from language theory,

namely the space complexity and the Turing degree of the word and conjugacy problems. Our
results are inspired by the works for Grigorchuk [Gri84] and Garzon and Zalcstein [GZ91] on the
word problem of Grigorchuk groups. First, we show that the space complexity of the word problem
for BS(m, &) is tightly related to the space complexity of the rational integer sequence (r;(£))
(Proposition [T3)). Second, we show that the conjugacy problem for BS(m,¢) is Turing reducible
to the word problem for BS(m, &) (Corollary [Z.7)). For the sake of simplicity, our emphasis is on
the space complexity of the word problem. Analogs of Proposition [Z.3]lfor time complexity and the
conjugacy problem could be proved if one is prepared to more technicalities.
Space complexity. Let A be a set. We denote by A* the set all strings (or words) on A. Let s € A*.
We denote by |s| 4 the string length of s, that is the number of symbols of A in s. We may simply
write |s| when the underlying set is clearly given by the context. A set L is a language if it is a
subset of A* for some finite set A called alphabet.

Let G be a group and let X be a finite generating set of G. We denote by WP(G, X) the
set of strings s € (X UX )" such that s = 1 in G, i.e. s reduces to the trivial element of G.
The decision problem of membership in WP(G, X) is called the word problem with respect to X.
The Turing time and space complexity of the language W P(G, X)) are group-theoretic properties
independant of X [MOS85|; so X will be omitted.

Nota Bene 7.1. A Turing machine M is an off-line Turing machine if it has a read-only input tape
with endmarkers and finitely many semi-infinite storage tapes. All Turing machines considered in
this section are off-line Turing machines that halts on every input. We adress the reader to [HU79)
for the complete definitions of terms used in this section.

Let M be an off-line Turing machine and let f : Ry — N be a function. If for every input word
of length n, the machine M scans at most f(n) cells on any storage tape, then M is said to be
an f(n) space-bounded Turing machine. We denote by DSPACE(f) (resp. NSPACE(f)) the class
of languages which are accepted by a deterministic (resp. non-deterministic) f(n) space-bounded
Turing machine. A language L is recursive if it is accepted by a Turing machine. A function
g :NF — Nlis a recursive function if it can be computed by a Turing machine (the k arguments
i1,...,4 of g are initially placed on the input tape separated by 1’s, as 09110%21---10%, the [
arguments are placed similarly in some output tape). A function g : N — N’ is said to belong to
DSPACE(f) (resp. NSPACE(f)) if there exists a deterministic (resp. non-deterministic) Turing
machine taking as input the binary expansion of j and computing ¢(j) in space bounded above
by f(n) where n is the number of binary digits of j. A language L (resp. a function g) is said to
separate the inclusion of two space complexity classes

DSPACE(f) c NSPACE(f)

if L (resp. g) belongs to NSPACE(f) but not to DSPACE(f). Proofs below use of the Tape
Compression Theorem [HU79, Th. 12.1] without mentioning it: the equality of language classes

DSPACE(f) = DSPACE(cf)

holds for any ¢ > 0, with an analogue statement in the non-deterministic case.

Time complexity is analogously defined by counting the number of state transitions of a Turing
machine with a read-and-write input tape. Every input word of length n requires at least n state
transitions to be entirely read, hence DTIME(n) is the smallest time complexity class. For every
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function f, we have DTIME(f) C DSPACE(f). We collect few facts on the word problem of
finitely generated groups.

e The language W P(G) is regular if and only if G is a finite group [Ani7l]. If G is infinite
then W P(G) does not belong to DSPACE(log log) [HS65].

e The language W P(G) is context-free if and only if G is virtually free [MS83], [Dung5].

e The language W P(G) belongs to DSPACE(log) if G is a linear group over a field of char-
acteristic zero [LZT7]. There exists a finitely presented non-linear group G such that
WP(G) € DSPACE(log) [Waa81].

e There is no known example of a “simple” group presentation for which the word problem
does not belong to DSPACE(log).

e If G contains a copy of Z then W P(G) does not belong to DSPACE(g) for any g such that
g(n)/log(n) tends to 0 [AGM92| Th. 2]. In particular, log is a sharp bound for the space
complexity of the word problem of any infinite finitely generated linear group.

e The word problem of a word hyperbolic group G is solvable in real time [Hol00]. In
particular WP(G) € DTIME(n).

Let p,q € Z\ {0} and let WP(p,q) (vesp. in WP(m,&)) be the set of strings s € {a*!,bF!}*
such that s = 1 in BS(p,q) (resp. BS(m,¢&)). Given BS(m,¢&), we define the function r on N by
r(0) = |m| and r(n) := r,(e,€) where €, is the sign of m. This definition is motivated by the
fact that WP(m, &) = WP(|m|, en€) since BS(m, &) and BS(—m, —¢£) are isomorphic as marked
groups. The following proposition can be proved by using arguments similar to those of Lemma

4
Proposition 7.2. WP(p,q) € DSPACE(n) N DTIME(n?).

As BS(p,q) is not virtually free, we observe that the language W P(p, q) is not a context-free
language. The complement of W P(p, q) is not a context-free language either, except if |p| = |q]
[HRR—I—OSJE. Solvable Baumslag-Solitar groups (i.e., groups BS(p,q) with |p| = 1 or |¢| = 1)
have a tidy real-time word problem [HR03| Th. 2.1]. We still ignore wether W P(p, ¢) belongs to
DSPACE(log) in the case BS(p, q) is not linear. (Recall that BS(p, ¢) is linear if and only if either
Ip| = |g] or |[p| =1 or |q| = 1 by Proposition B.I7l) The reader interested in goedesic languages of
Baumslag-Solitar groups should consult [EId05] [DI].

Provided r belongs to DSPACE(n), Proposition holds for WP(m,§) and it corresponds to
the lowest complexity bound we obtain. Our next result relate the space complexity of WP (m, &)
to the space complexity of r. Let us stress on the fact that functions r are “numerous” because of
Proposition 2043 for any m € Z\ {0}, d € N\ {0} and for any ¢ : N — {0,...,|m|— 1} there is
some & € Z, such that g(n) = r,(e,€) for all n > 2. Hence the following proposition can be seen
as a result of density in the space hierarchy.

Proposition 7.3. Let f be a non-decreasing function such that f(n) > n and DSPACE(f) #
NSPACE(f). Let BS(m,&) be such that v separates the inclusion DSPACE(f) C NSPACE(f).
Then WP(m, &) separates the inclusion

DSPACE(f(n/6|ml|)) C NSPACE(f(n)).
This result is an immediate consequence of the following two lemmas.

Lemma 7.4. Assumer € DSPACE(f(n)) for some non-decreasing function f. Then WP(m,§) €
DSPACE(n + f(n)). Likewise for NSPACE.

Lemma 7.5. Assume WP(m,&) € DSPACE(f(n/6m])) for some non-decreasing function f such
that f(n) > n. Then r € DSPACE(f(n)). Likewise for NSPACE.

It is uncorrectly claimed in the proof of [HRR+05| Th. 13] that |p| = |q| if and only if BS(p,q) is virtually
abelian. The condition |p| = |q| is less restrictive for it means that BS(p,q) contains a copy of the direct product
F|,| X Z as a finite index subgroup, or equally that BS(p,q) is linear over Z.
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Let us summarize the idea of the proof of Lemmal[Z4l Applying to a given word w € {a®!, b*11*
the natural algorithm originating from Britton’s lemma, we obtain a reduced sequence for w. This
reduction is carried out within at most |w|, steps and at each step we consider a word whose
length is at most |m| times the length of the previous one. As we encode the exponents of a and
b by means of their binary expansions, this streching factor becomes an additive constant which
explains the linear part of the space complexity bound. The other part of the bound comes from
the fact that we need to compute r(n) to reduce words w such that |w|, = n.

As for the proof of Lemma [T5l we notice that a Turing machine which can solve the word
problem for BS(m,¢), can decide which of the words defined in Lemma are trivial. Hence it
can be used to compute r;(§) for every i.

We will work with our favoured HNN extension B\g(m, ¢) instead of BS(m,&). In order to make
a careful enough counting of the numbers of scanned cells, we will use following notations. We
fix A := {a*!, +eg, £e1,...}. Let m € Z\ {0} and ¢ € Z,,. Given w € A*, we can rewrite w in
(a) * E under the form

(11) w® = ac1a®cy - a® ey

with ¢; = (Bojeo)(Brje1) -+ (Br,jer; ), ay, Bij € Z for all I, j. We denote by ¢; the sign of a;. We
suppose that the following holds: there is some j such that

(*) €j = —€j+1 = —1 and Cj € Emé Or € = —€j41 = 1 and Cj € E.

We denote by ¢ = ¢(w) the smallest j such that (¥) holds. Let w’ be the word we get from w(®) by
replacing a®¢cpa®+t by a® ¢ ¢ (cg)a®+1 ¢ in w and reducing this new word as in[[1l We write
w' = ao‘/lc’lao‘/2 ea®w ¢y, Notice that a given exponent « of a in w either remains unchanged in
w’, vanishes or is replaced by some o’ such that |o/| = |a| — 1. The subwords ¢; remain unchanged

in w’ or vanish, except one which is replaced by some subword ¢ with |¢/| < (2 + |m|)n where

. ) (s () ) ; . .
n = |w|. As long as (®) holds for w® = g cgl)ao‘2 gt h® cgf()i) with ¢ > 0, we can define

w ) = (w®Y,
By Britton’s Lemma, for any w € A*, there is some i = i(w) > 0 such that w(Y = 1 is a reduced
form for w. We call the previous algorithm the Britton’s algorithm.

Lemma[74) By hypothesis, there is an f(n) space-bounded Turing machine M, computing r(n).
We denote by R; its input tape and by Ry (2 < k < p) its storage tapes. We design an off-line
Turing machine M that halts on every input w € {a*!,+e¢}*: if a non-trivial reduced form for
w has been found, it halts without accepting, else w is reduced to 1 and M halts in an accepting
state. Tape I is the read-only input tape where w is displayed without accounting for any space.
At the beginning, M writes the string s(°) on Tape 0 that encodes w(®):

s .= CE1ON|C1EQQRCa . . . ERTRTHS.

The strings @; € {0,1}* are the binary expansions of |«;|; each string ¢; € {0,1,+}* is the
concatenation of the binary expansions of the numbers |5;;| separated by sign symbols. If oy = 0
(respectively ¢, = 0) then i@y (respectively ¢,) is replaced by the empty string.

We now describe how M works on its storage tapes Ry, (1 < k < p), Ty, Ty and D. First, the
machine read the input: while the head of tape I scans the first j symbols of w, M stores the
number j using a counter situated in tape R; and then M computes and stores r;(€,,£) in some of
the tapes Ry, by simulating M,. Meanwhile, the head of tape T writes s(?), following an obvious
linearly space-bounded algorithm. Once the input is read, M goes ahead by running Britton’s
algorithm. During the i-th step of this algorithm, with ¢ even, the head of Ty writes the string
s encoding w® over s(—2) if condition ) holds for w1V The latter word is encoded by a
string s("~1 stored in Tape T;. In the next step, the head of Tape T} writes the string s(+1
encoding w1 over s¢—1) if condition () holds for w1, Tape D is a draft tape used to carry
out two kind of arithmetical computations on binary expansions: the tests for condition (%) and
the computations of ¢(. The content of Tape D is erased after each step. The machine M halts
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in a state of acceptation if s() is the trivial string. It halts without accepting in case condition ()
does not hold for w®.

Space bound. The machine M scans at most f(n) cells on the storage tapes Ry while computing
r1(em&), ..., rn(enf). It also scans at most Con cells while storing each number j and all numbers
ri(emé) for j <n, where Cp > 0 is independent of n.

Since |50+ < [s0)] 4+ logy(|m|) and |59 < 2n + 2, we deduce that M scans at most Cyn cells
on the storage tapes Ty and T, where C7 > 0 is independent of n. In order to decide if cg-i) belongs
to Ep,¢ or Eq, M uses the formula of Proposition Z0l4ii: according to the signs of agi) and aﬁl,
M carries out the division of 7, := Béz) + ﬂ%)rl (em&) + ﬂé?rz (emé) +---+ ﬂl(jj)jrkj (em&)) by |m] or
divides ¢ := ﬁ;? + Bé?rl (emé&) + Bé?rg(emﬁ +-- 4 ﬁ,ii)jrkj (em&) by |m| if moreover ﬁ(()? =0. As
logy (1 + |y]) < [sUHD], for 4 = i, Ye, this requires to scan at most Can cells on Tape D, where
Cy > 0 is independent of n. In order to compute ¢(¥), no more than |s(“+1)| cells need to be scanned
on Tape D. Hence the number of cells scanned by M on Tape D is linearly bounded. All in all, we
get WP(m,&) € DSPACE(n + f(n)). O

The first part of the proof of Lemma is based on the following facts.

Lemma 7.6. Let m,n € Z\ {0} with |m| > 1 and let & € Z,,. Let vy, = [abFa=1,b] for k € Z.
Then we have: vy = 1 in BS(m, €) if and only if k = 0 (mod mZ).

Proof. Let |n| > 1. We deduce from Britton’s lemma the following claim: for every k € Z, we have
v = 1 in BS(m,n) if and only if £ = 0 (modmZ). As BS(m,¢,) tends to BS(m, ) as n goes
to infinity, vy, is trivial in BS(m, &) if and only if it is trivial in BS(m,§,) for all n large enough,
which completes the proof.

O

For h > 1,t1,...,t, €4{0,...,|m| — 1}, we set
v(lml,tr, ... tn) == w(|m|,t1, ... tp)bw(—|m|, —t1, ..., —tx)b""

where w(|m|,t1,...,ts) is defined as in Lemma [5.5

Lemma [7.3 By hypothesis, there is a deterministic f(n/6|m|) space-bounded Turing machine M
that solves the word problem for BS(m,&). We design a Turing machine M’ computing 7(n) as
follows. The storage tapes of M’ consists of the tapes of M and two other tapes W, and O (output
tape). The tape W identifies with the input tape of M and M’ simulates M on every tape of M.

Computation of |m|. By Lemma [T.6] we have |m| = min{k > 1: vy = 11in BS(m,&)} The
machine M’ first writes vy on tape W for k = 1 and runs M. While v}, is not accepted by M, the
machine M’ writes vp41 over vy, adds one to a counter storing k in tape O and clears the storage
tapes of M. If vy, is accepted, which means k = |m/, then M’ clears tape W.

Computation of r,(€,€). Using two counters that store i < n and ¢t € {0,...,|m| — 1} in tape
O, the machine M’ lists recursively the words w;(t) = v(|m], r1(em&), - - ., ri—1(€mé),t) on tape W.
Once a word w;(t) is written on tape W, the machine M’ runs M. If w;(t) is not accepted by M,
then M’ writes w;(t + 1) over w;(t), clears the storage tapes of M and runs M again. If the word
written on W is accepted by M, which means t; = r;(e,,€) by Lemma [5.5, then M’ stores 7;(£) in
tape O, increment 4 and restarts with w;1(0) or halts if i = n.

Space bound. Obviously, the number of cells scanned by M’ to compute |m| is bounded by
some constant C'(m) independent of n. The number of cells scanned by M’ while writing words
v(lml,t1,...,t,) on tape W is bounded by |v(|m],t1,...,t,)| < 6n|m|, the number of cells used to
store 71(£), ..., (€) is bounded by nlog,(Jm| + 1) and the number of cells scanned by M’ while
simulating M over its storage tapes is bounded by f(n). Hence WP (m, ) € DSPACE(f). O
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Turing degree. Let E, F' be languages. The language FE is said to be Turing reducible to F if there
is Turing machine M with oracle F' whose accepted language is E. The language F is said Turing
equivalent to F if E is Turing reducible to F' and F is Turing reducible to E. The Turing degree of
E (also called the degree of unsolvability of F) is the class all languages that are Turing equivalent
to E. Let f: E — F be a function. We define the Turing degree of f as the Turing degree of the
graph of f. We denote by CP(m, &) the set of pairs (w,w’) € {a*!,b¥1}* x {a*!,bF1}* such that
w is conjugated to w’ in BS(m,&). We call the Turing degrees of W P(m, &), CP(m, ¢) the Turing
degrees of the word problem and the conjugacy problem for BS(m, ¢). These Turing degrees does
not depend on the choice of a generating set for BS(m, €).

Corollary 7.7. The following Turing degrees coincide:

e the Turing degree of the word problem for BS(m,€);
e the Turing degree of the conjugacy problem for BS(m,§);
o the Turing degree of r.

In particular, the word problem is solvable for BS(m,¢), i.e WP(m, &) is a recursive language, if
and only if r is a recursive function.

In contrast, Britton has proved that the conjugacy problem for any HNN extension with base
a finitely generated abelian group is solvable, i.e. both Turing degrees are 0 [Bri79]. It is also
worth noting this optimal result of Miller: for every pair of recursively enumerable Turing degrees
a, b where a is Turing reducible to b, there is a finitely presented group whose word problem has
Turing degree a and whose conjugacy problem has Turing degree b [Mil71].

Observe that one can define recursive m-adic numbers in the very same way one defines recursive
(equivalently computable) real numbers (see [WeiO0] for a definition of computable real numbers).
The Turing degree of an m-adic number is then defined by means of its Hensel expansion. If
¢ € 7%, Corollary [T then says that the word problem is solvable in BS(m,¢) if and only if &
is a recursive number and that the Turing degree of the word problem coincides with the Turing
degree of &.

Proof. The last claim directly follows from Lemmas [7.4] and From the proofs of these lemmas,
we can easily deduce that the Turing degree of WP (m, ) coincides with the Turing degree of r.
To complete the proof we design quite informally a Turing machine with oracle r that solves
the conjugacy problem in BS(m,¢). We fix the set of reprensatives Ty, ¢ = {0, eq,. .., (m — 1)eo}
of the cosets of E; in E and the set of representatives T1 = {0, eg, 2€q, . .. } of the cosets of E,, ¢
in E. If r can be computed by means of a Turing machine, Britton’s algorithm (see the proof of
Lemma [74) yields a reduced form in /EE’(m,g) of any w € {a*!, +eg}*. The process of working
from the right with the relations a(meg)a™! = e; and a(e; — r;(€)eg)a™! = e;41 yields a normal
form for w with respect to the sets of representatives T}, ¢ and 77. Thus we can design a Turing
machine with oracle r that computes normal forms o, % of cyclically reduced conjugates of v and
w for any v, w € {a*!, *eg}*. If |8], # |W]a, we deduce from Collin’s lemma [LS77, Th. 2.5] that
v is not a conjugate of w in Eg(m, ). The machine can be designed in such a way that it halts in
this case in a non-accepting state. Hence we can assume that |0], = |@|,. Comparing the normal
form v to the normal form of each cyclic permutation of w, the machine can decide wether or not
there exist, e € E and some cyclic permutation (w)* of @ such that ¥ = e(w)*(—e). By Collin’s
lemma, it is enough to decide wether v is a conjugate of w, provided either |3|, or ||, is not zero.
Hence we can assume that v, w have their images in £. We deduce from Lemma that v is a
conjugate of w in BS(m, &) if and only if there is some n € Z such that v = a™wa™™ in BS(m,&).
Identifying F with B in Proposition 2914, we can consider n(v, w) = deg P,(X) — deg P, (X). By
means of a Turing machine with oracle r, we can compare the Laurent polynomials P,(X) and
X p (X)) and hence decide wether or not v is a conjugate of w.
O
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Remark 7.8. We can construct a family of public-key cryptosystems based on the word problems
of limits of Baumslag-Solitar groups by adaptating the construction in [GZ91] based on Grigorchuk
groups. The attack conceived in [GHM™04] does not threaten these new cryptosystems since such
an attack would require in our case at least [m|™ numbers of computations when the length of the
public-key is IV, if we follow the cryptanalysis of the authors. However, another attack conceived
in [GHM™04], namely the reaction attack against the Magyarik-Wagner protocol, can be proved
to be successful.
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