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A NORMAL FORM OF THE NON-LINEAR SCHRODINGER
EQUATION

M. PROCESI*, AND C. PROCEST**.

ABSTRACT. In this note we discuss normal forms of the completely resonant non—
linear Schrédinger equation on a torus, with particular applications to quasi periodic
solutions.

1. INTRODUCTION

The aim of this paper is to study an approximate normal form for the completely
resonant cubic non-linear Schrodinger equation

(1) v — Av = klv|?v,

NLS for short, on an n—dimensional torus (n > 1) whose coordinates we denote by ¢ (that
is with periodic boundary conditions), with the purpose of applying KAM Theory as for
instance in [8], [9],[10]. We shall perform a very detailed study in all dimensions with the
most precise results in dimensions 2 and 3.

The NLS in dimension 1 has a long history, it is completely integrable and several ex-
plicit solutions are known. Moreover it has a convergent normal form, see [13]. In higher
dimension we loose the complete integrability and all the techniques associated to it, but
we can start from the well known fact that the NLS () is an infinite dimensional Hamil-
tonian system (see Formula (§])) whose linear part consists of infinitely many independent
oscillators with rational frequencies and hence completely resonant (all the bounded so-
lutions are periodic). The presence of the non-linear term couples the oscillators and
modulates the frequencies so that one expects small quasi—periodic (and almost-periodic)
solutions to exist for appropriate choices of the initial data. To prove the existence of such
quasi—periodic solutions for Hamiltonian PDE’s there are two main approaches in the lit-
erature: one by KAM theory and the other by using Lyapunov-Schmidt decomposition
and then Nash—Moser implicit function theorems (the so—called Craig—Wayne-Bourgain
method). It is important to notice however that for both approaches it is necessary to
start from a suitably non degenerate normal form and the existence of such normal form
is not apparent for equation ().

The object of this paper is to construct an appropriate normal form and show that it
satisfies the hypothesis of a KAM algorithm, we will also briefly discuss how our normal
form relates to the other main method of producing quasi—periodic solutions.

Before describing our results let us give an extremely sketchy overview of the existing
literature on quasi—periodic solutions for the NLS.
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1.1. Background. In the literature on the NLS in higher dimensions, most of the results
are restricted to simplified models such as

(2) ivy — Av + Myv = f(p, |v|2)v

where M, is a “Fourier multiplier” i.e. a linear operator, depending on a finite number— say
m~— of free parameters o, which commutes with the Laplacian. The role of the “Fourier
multiplier” is to ensure that the equation (2]), linearized at v = 0 has quasi-periodic
solutions with m frequencies which excite m Fourier modes (say v1, ..., v, with v; € Z™)
and leave the others at rest. The modes v; on which the linear motion takes place are
called the tangential sites, and one constructs quasi—periodic solutions of equation 2] which
are approximately confined to these Fourier modes.

The first proofs of existence of periodic and quasi-periodic solutions for equation (2]
were given by Bourgain, see [6] and [7]. Then Eliasson and Kuksin, in [§], proved both
existence and linear stability of quasi—periodic solutions for equations like ([2)), by using
KAM theory. In this setting the main difficulty is to prove measure estimates on the
set of initial data for which quasi—periodic solutions occur. More precisely one needs to
impose the second Melnikov condition, this was done by a subtle analysis of the “Toeplitz
Lipschitz” properties of the NLS Hamiltonian.

In the case of dimension n = 2 Geng, You and Xu proved the existence of quasi-periodic
solutions for equation () by a combination of non-integrable normal form, momentum
conservation (in the spirit of [9]) and the ideas of Kuksin and Eliasson.

The existence of wave packets of periodic solutions for equation () (as well as for the
beam equation) in any dimension is proved in [I1I] and [12]. In those papers the authors
were able to deal also with Dirichlet boundary conditions for which the normal form is
much more complicated.

1.2. Description of the methods and results. While trying to understand the con-
nections between the result of [I0] and [I1]-[12], the first author started to understand
that one could even attack the much more complicated case of quasi—periodic solutions
in case n > 2. In particular it became clear that, the challenging problem of completely
understanding the NLS Hamiltonian after one step of Birkhoff normal form, had subtle
combinatorial and geometric aspects which needed a very careful and non—trivial analysis
which is fully performed in this paper.

Resonant Birkhoff normal form is a well-known approach to resonant or degenerate
dynamical systems and works very well in the case of the one-dimensional NLS, see [5].
Roughly speaking, consider a Hamiltonian

H=H®@p,q)+HY(p,q), H?(p,q)=>_ M(pi +a})
k

where H® is a polynomial of degree 4 and the \; are all rational.
A step of “resonant Birkhoff normal form” is a sympletic change of variables which
reduces the Hamiltonian H to

Hy =H®(p,q) + H (p,q) + H®

where H®) is an analytic function of degree at least 6 while Hﬁ‘éﬁ is of degree 4 and

Poisson commutes with H(?). Then one wishes to treat H® (p, q) + ) (p, q) as the new
unperturbed Hamiltonian and H(® as a small perturbation. This can work provided that
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H(p,q) + o) (p,q) is simple enough (possibly completely integrable) and has quasi-
periodic motions for large classes of initial data (which now play the role of the parameters
o). An ideal situation is when the A\ are non-resonant up to order 4 so that the normal
form is integrable, for example, in

N m
HO + HY =3 Md +ad) + > 0} + ),
k=1 k=1

the quartic term produces an integrable twist on the first m frequencies. Then one chooses
these as tangential sites and passes to action-angle variables p? + ¢ = & + yx for k =
1,...m. It is easily seen that the anisochronous twist implies that the linear frequencies
now depend on the initial datum & and hence for almost all £ the motions are quasi-
periodic.

Our setting is quite far from being ideal and one has to start by dividing, in a very
careful way, the oscillators into two suitable subsets, the tangential and the normal sites.
This we shall do by imposing the condition that the tangential sites are generic (cf.
Definition B:2land §9.Tlfor a precise statement), with the strategy of analyzing the equation
near the solutions in which the normal sites are at rest and the tangential sites move quasi—
periodically on an m-torus.

This is done by doubling the action variables in the tangential sites, so each action
variable is written as &; + y; where the &; are treated as parameters (which are used to
parametrize the quasi—periodic or almost—periodic solutions obtained by the perturbative
method), the y; instead remain part of the actual symplectic dynamical variables. The
introduction of these parameters allows to treat the orbits which produce diffusive phe-
nomena as singularities of the perturbative algorithm (the problem of small denominators).
This technique was introduced by Pdschel to prove the existence of lower dimensional tori
in finite-dimensional systems and was extended to infinitely-many degrees of freedom in
various papers, see [14], [3].

In our case the normal form Hamiltonian H () + Hﬁiﬁ is non—integrable and rather
complicated. The structure of this normal form was first discussed by Bourgain in [6]
and then revisited in [I1] and[I2] for the more complicated case of Dirichlet boundary
conditions.

The key point in [I1] is that, for most of the choices of tangential sites, the leading
order of the normal form Hamiltonian is quadratic and block diagonal.

This is not explicit in [IT], so let us reformulate the result using, as we shall do in this
paper, complex symplectic variables wy = (2k, Zx) for the normal sites and action angle
variables (£ + y, z) for the tangential sites.

3) H® 4 B, = (2(€),9) + 1 (v, Ay) — 5w (€,2)J0’ + O(u?)

where A is an invertible twist matrix, J is the standard symplectic matrix and M (&, x) is
a complex matrix such that the quadratic form Q = —%wM (&, ) Jw! is real, semi-definite
and block diagonal with blocks of uniformly bounded dimension. The entries of M depend
analytically on the parameters ¢ and on the angle variables x and the Hamilton equations
for the normal form decouple to (we represent w as a row vector):

y=0, z=w(), w=iwM( xo+w()t).

In the present paper we largely improve this result by showing that, for generic choices of
the tangential sites, non only the quadratic form is block diagonal but that the dimension
of the blocks is bounded by n + 1; in particular the fact that the dimension of the block
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does not depend on the number of tangential sites enables us to consider infinitely many
tangential sites, this is crucial if one wants to construct almost—periodic solutions.

1. By relating the normal form to appropriate combinatorial graphs we describe com-
pletely and efficiently the structure of the quadratic form; of particular relevance is the
fact that the infinite-dimensional quadratic form is described by a finite number of com-
binatorially defined graphs.

2. The next substantial result, Theorem [I] consists in proving that the normal form
Hamiltonian (@) is reducible to constant coefficients:

(@(©)9) — UM (€)u,

where the quadratic form is still real but we loose information on the signature of the
single blocks. In general wether one may reduce a quadratic Hamiltonian to constant
coefficients is a difficult question even for finite dimensional systems. We are moreover in
an infinite-dimensional context so that there is also a convergence issue to be treated. Due
to our wise choice of the tangential sites however the change of variables which reduces
the normal form to constant coefficients is completely explicit and one can check easily
all the convergence issues. See [I6] for similar results in the context of finite dimensional
systems.

3. The final step is to diagonalize the Hamiltonian (by a linear change of variables
U(§)) and obtain:

(4) (w(&),y) + Z Qk(&)|2k)? + Q(&,w) +  Perturbation,
|k|>C

where w(€), Q(€) are real and Q(&, w) is a finite dimensional quadratic form (i.e. it involves
only a finite number of normal sites wy, = wup,up. The matrix U(€) and the functions
w(), Q(§) are linearly homogeneous analytic functions of £ for all £ outside a real algebraic
hypersurface. See Theorem [2] for notations and details.

4. We show that in dimension n = 2 the non-elliptic terms in () vanish for appropri-
ate choices of the parameters £;. As a consequence the non-integrable normal form used
in the paper [10] can be reduced to a standard one, Corollary[Il This allows us to identify
which of the solutions found in [I0] are linearly stable (resp. unstable).

5. In dimension > 2 we then study the question of how to apply an abstract KAM
algorithm to our Hamiltonian. We follow [14] and [3]. A main point is to prove a “non-
degeneracy condition”, as stated in [I4]. We obtain a complete result in dimension 3 and
produce a finite (but rather heavy) algorithm to check the property in any dimension. Let
us denote by Q. all the eigenvalues of the matrix M’ (as we have said it is possible that
a finite number is complex valued). We study the set of values £, where at least one of
Melnikov resonances

() (W(€),v) =0, (w(&),r) + (&) =0, (w(§),v)+ (&) + (&) =0
occur. In the first equality we assume v # 0 while in the third equality we assume
that (o,v,h, k) # (—,0,h,h) because these give trivial resonances. Since equation ()
has the total momentum as a preserved quantity we only need to consider those choices
of 0 = 4+,—, v € Z™ and of normal sites h, k which are compatible with momentum
conservation (see Proposition [6.2] item v)).

In Theorem [3] we prove in dimensions 2,3 that the set of £ which satisfies a non-
trivial Melnikov resonance is of measure zero for all choices of (o, v, h, k) compatible with
momentum conservation.
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These Conditions are necessary in order to follow the KAM algorithm as in [I4], and
sufficient at least at a formal level, since the expression in (B]) appear as denominators
in the homological equation. Even if at the moment we are unable to prove the second
Melnikov condition in dimension > 3 we still show that a slightly weaker statement on
separation of eigenvalues, proved in Proposition is sufficient to perform the KAM
algorithm in our case. Thus although in dimensions < 3 our results are more precise, we
still have an answer to the original question in all dimensions. Finally we briefly discuss
how our Theorems lead to the convergence of an abstract KAM scheme for £ in some
Cantor-like set defined iteratively. To conclude a KAM theorem one should prove that
this set is non—empty and of positive measure; we do not discuss here this last question
(which can be handled by following [8]). The explicit construction of a KAM iteration
scheme and the measure estimates will appear in a forthcoming paper.

If one is willing to give up linear stability results one can probably use the CWB
method. Then it is only necessary to check the first two Melnikov conditions and this we
do in complete generality (Theorem Bl item 1.).

In our setting, the singularities (i.e. the values for which one of the Melnikov de-
nominators is zero) appear at the loci where the eigenvalues of some matrices depending
parametrically (and polynomially) from the &; coalesce or become 0. These loci are alge-
braic hypersurfaces, and then the full KAM algorithm producing the space of parameters
for quasi—periodic solutions converges outside countably many small neighborhoods of
these hypersurfaces.

The problem arises in the study of the second Melnikov equation where we have to
understand when it is that two eigenvalues become equal or opposite. This is essentially
equivalent to using the classical Theory of Sylvester. The condition for a polynomial to
have distinct roots is the non—vanishing of the discriminant while the condition for two
polynomials to have a root in common is the vanishing of the resultant. In our case
these resultants and discriminants are polynomials in the parameters &; so, in order to
make sure that the singularities are only in measure 0 sets (in our case even an algebraic
hypersurface), it is necessary to show that these polynomials are formally non—zero. This
is a purely algebraic problem involving, in each dimension n, only finitely many explicit
polynomials (cf. §I0) and so it can be checked by a finite algorithm.

The problem is that, even in dimension 3, the total number of these polynomials is
quite high (in the order of the hundreds or thousands) so that the algorithm becomes
quickly non practical.

In order to avoid this we have experimented with a conjecture which is stronger than
the mere non—vanishing of the desired polynomials. We expect our polynomials to be
irreducible and separated in a sense explained in §12]

This we prove in dimension 3 (in dimension 2 it is almost immediate), by a mixture of
theoretical arguments and a few direct algorithmic verifications. Then this strong result
immediately leads to the analyticity of the Q. (£) in the parameters ¢ and the verification
of the second Melnikov condition.

In order to prove irreducibility and separation for all dimensions it would be necessary
to eliminate the direct verification of some special cases and thus strengthen the theoretical
approach. For the moment this remains conjectural.

Another interesting point is that our reduction algorithm of item 2. cannot exclude
that a finite number of blocks in M may have complex eigenvalues () for positive &.
In general, again following Sylvester Theory, one can state the condition that the QreR
as a system of a finite number of explicit polynomial inequalities in the parameters, this
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determines an open possibly non—-empty region and one has to show that it intersects the
positive sector. In dimension n = 2 this can be done trivially, but already the case of
dimension 3 seems very challenging from a computational point of view.

2. NOTATIONS

2.1. Symplectic formalism. Consider a Nonlinear Schrédinger equation on the torus
T™ (NLS for brevity):

(6) iug — Au = klu*u + 05G (u, @)

where u := u(t, ), ¢ € T™ and G(a, b) is a real analytic function whose Taylor series starts
from degree 6; notice that we restrict to the case where there is no explicit dependence
on the spatial variable ¢. It is well known that equation [6] the NLS, is a Hamiltonian
equation and has the momentum [, %(p)Vu(p) as integral of motion (notice that if
f(u, @) = G(|u|?)u, then also the L? norm [}, [u(p)|? is preserved).

We shall see that the essential part of the equation is the cubic term. As for the
constant k it can be rescaled to 1. In our paper se set it equal to 1 since the other case
is quite similar.

Passing to the Fourier representation

(7) u(t, o) = Z uk(t)ei(k"/’)

kezn

Eq. [@ can be written as an infinite dimensional Hamiltonian dynamical system @ = {H, u}
with Hamiltonian

(8) H := Z |/€|2ukﬂk + Z Upgy Uky Uks U, + G(u, 1)
kezm ki€Zn:ky+ks=ka+ky
on the scale of complex Hilbert spaces

9) 7P = fu = {urhrezn | S PR = [Jul|?, < oo},
kezn

a>0, p>n/2.

with respect to the complex symplectic form ¢, du A diy.

These choices are rather standard in the literature:

Remark 2.2. The condition imposed on u by (@) means that:

e We restrict our study to functions which extend to analytic functions in the domain
of the complex torus C"/27Z" where (z1,...,2,) € C", Im(z;) < a.

e The functions on the boundary are in the Sobolev space HP.

e The condition p > n/2 implies that the function space under consideration embeds

in L°°. In particular the following uniform bound holds for each u € #£(a:P);
ulla pe—!*!

(10) ug| < C(S,G)W7

(k) := max(1, |k|).

In fact this implies that £(®P) has a Hilbert algebra structure.
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2.3. Analytic Hamiltonians. We consider real Hamiltonians on the space £(%?) which
can be formally expanded in Taylor series

F= ZF(z‘) (u, ) = Z Z Flap) H T
i i (a,p)en® kezn
la+Bl1=1
where F() is a multilinear form of i variables (u, @) € £{*P) x (@P),
We require that the series is totally convergent in some ball of positive radius, so that
by definition the function is analytic. Usually this will be verified, using Formula (I0), by
determining a positive r so that if |ullq,, <7

—a(ar+Bk)|k|

(a.B) ¢ i
2 2 |H<k><ak+6k><p—n/2> lulla,p < oo
k

1 (a,B)EN®®
|a+Bl1=1

Clearly the NLS Hamiltonian belongs to this class and is convergent on any ball B,..

We will also be interested in Hamiltonian vector fields Xz = {94, F }rezn, where F is
an analytic Hamiltonian in the ball B,. With this notation the Hamilton equations are
ur = 1Xp. We will require that the vector field maps B, — anp and we will use the norm

| XFlr = sup || XF|
u€EB,

a,p/T-

notice that if |Xp|, < 1/2 then the Hamiltonian flow is well defined up to t = 1 and
depends analytically on the initial data so that the symplectic change of variables is well
defined and analytic say from B, ; — B,. Notice that this condition is NOT verified by

H® but just by H®.

2.4. Elliptic—action angle variables. As explained in the introduction we will be in-
terested in non symmetric domains D C B, where some of the variables uj, (the tangential
sites) are bounded away from zero and hence can be passed in action angle variables while
all the other variables are much smaller.
We first partition
7" =5uS5° S:=(vi,...,um)

where: the set S are called tangential sites and S° the normal sites. We then introduce the
elliptic action angle coordinates (£+y, x)x (2, 2) € R™xT™ x£(*P) where T™ := R™ /27Z™
and we denote by (%) the subspace of £(2P) x /(&P) generated by the indices in S¢ and
w = (z, Z) (considered as row vectors) are the corresponding coordinates. As explained in
the introduction the £ are positive parameters while the (y, ) are the conjugate dynamical
variables. The symplectic form is

dy Ndzx + diz N dZ.

We consider the domain
Ay x D(s,1) :=

1
(11) {¢: <& <rixfzyw: T, yl<r®, |wlopy <7}
CR™ x T™ x C™ x ((@P),

Here 0 < o < 2,0 < r < 1,0 < s are parameters. T7" denotes the open subset of the
complex torus T := C™/2nZ™ where z € C™, |[Im(z)| < s (cf. Remark 2.2)).



8 M. PROCEST*, AND C. PROCEST**.

Remark 2.5. It is possible and useful to treat also the case m = oco. In this case we use
in Formula (IIl) an exponentially decaying norm |y|,,, and for A, a condition of the form
%ro‘ < {ie“‘”” < re.

Some comments on the choice of this domain are in order. The main point is the
inequality in the & which is required to determine a domain where the KAM algorithm
can be performed outside the singularities to be determined. The inequality on the y and
on the w are just auxiliary and only used to keep the computations inside the domains of
convergence. The use of the complex domain T} is motivated by the need to insure that
the solutions that we shall find have some analytic behavior.

Given a Banach space E, a function F(&,y,z,w) : Ay X D(s,7) — E is said to be
analytic in x, y, w if its Taylor-Fourier series in these variables is totally convergent in the
domain A, x D(s,r). We use as norm the sup-norm

[Fllsr = sup |F[z.
AaXD(s,r)

As for the variables £ we will require less regularity, namely we use weighted Lipschitz
norms

IFIR, = [ Flse+ A sup Fm) = FOI,
¢£neAn , (yw)eD(sr) 1M —E]

In this new set of variables we are also interested in Hamiltonian vector fields
Xp ={0,F,—0,F,Jd,F}
which map D(s,r) — T™ x C™ x £(@P), For such vector fields we will use the norm

| XFlsr:= sup (|0,F] + 7720, F| + r7|dw F|
AaxD(s,r)

a.p)

and the corresponding weighted C' norm. The Hamilton equations are then
T=0,F, §=-0.F, iw=Jd,F.

Of particular interest are the “real quadratic Hamiltonians” in the normal frequencies; we
will represent them by matrices with the notation

Qw) = —%wMJwt, J = (? _OI>

so that the Hamiltonian vector field is Xq = M. The matrices M which may appear are
in the Lie algebra of the group of real symplectic transformations, see Remark [41.12] and
Proposition [4£14

3. MAIN RESULTS

3.1. The Theorems. We are now ready to state our Theorems.

We shall find a finite list (say Pi(y), ..., Pn(y), where N depends only on n) of non—zero
polynomials with integer coefficients depending on 2n vector variables y = (y1,-. -, Y2n)
with y; € C™. We call the P; the resonances, see §9.11 .

Definition 3.2. We say that a list of tangential sites S = {v1,...,v,,} € Z™ is generic
if for any subset A of S such that |A| = 2n, the evaluation of the resonance polynomials
at A is non—zero.
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If m is finite this condition is equivalent to requiring that S (considered as a point in
Z"™) does not belong to the algebraic hyper—surface where at least one of the resonance
polynomials is zero.

We find also a finite list M of matrices of dimensions 2 < k& < n + 1 with entries
polynomials in the elements +/(; for a list (;, i = 1,...,2n of auxiliary variables. We shall
denote by M(&) the list of matrices obtained by substituting to the variables ¢; any 2n
elements of the list &1, ...,&, in all possible ways.

Given any m € N, 0 < a < 2 and appropriately small s, r, the following holds (cf. [6.2):

Theorem 1. For all generic choices S = {v1,...,vm} € Z™ of the tangential sites, there
exists an analytic symplectic change of variables

D (y,z) X (2,2) = (u, 1)

from Ay X D(8,7) = B,as2 with the following properties.
i) the Hamiltonian ) in the new variables is analytic and has the form

Ho®=(w(6),9) + 5 A©)) — 5uM (€)' + P(Ey,z,0),

where

i) wi(&) = |vi]? —2& + 4% & and the matriz A(§) has 1 on the diagonal and 2 off
diagonal and hence it is invertible.

ii1) The matriz M'(€) is a block—diagonal matriz with the following properties: all except
a finite number of the blocks are self adjoint; all the blocks are sum of a scalar matriz plus
a term chosen from the finite list M().

i) The perturbation P is of the form P(£,y,xz,w) = PG (€, z,y, w) + PO (€, 2, y, w),
where— setting X = r®/ max;(|v;|?)— we have the bounds:

PP 2y, )l < Créte/? PO @y, w)|2, < Crmex(Eetiio,

s,r — s, =
moreover P(3)(§, x,y,w) is at least cubic in w.

Completely explicit statements will appear in §6l

Outline of the proof. The symplectic change of variables ® is the composition of
three steps: first we perform one step of Birkhoff normal form passing to the Hamiltonian
(1), then we pass to the elliptic action angle variables and obtain the Hamiltonian (23]).
We study the block form of the quadratic part of this Hamiltonian, see (34]), and produce
a list of constraints on the tangential sites so that (34) is as simple as possible, this is
the core of the proof. Then we perform a simple but non-perturbative symplectic change
of variables, see ([@4]), so that the quadratic Hamiltonian (B4)) is reduced to constant
coeflicients. O

When we apply the theory of normal forms for quadratic Hamiltonians to M’ we obtain.

Theorem 2. There exists a real algebraic hypersurface A such that the following holds.
There exists a linear change of variables in the (z,z) depending analytically on & for all
&€ Aa \ A, such that in the new variables the Hamiltonian is

1 ~ 1
(12) Hen = @(©)0) + 5, A) + > Qlal® — qwRJu!
keS\H

+P(3)(§7$7y7w) + P(G)(f,x,y,w),

where:
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i) H is a finite subset of S¢ and R is a matriz with only a finite number of non zero
entries. ~
it) Let us call Qp with k € H the eigenvalueﬂ of R, we have

Q= [k =S AP ol + €)Yk e s

The A,(f) are integers with Yy, |A,(f)| < 2n and the correction \i(§) is chosen in a finite
list, say

(13) Ak(é) € {)\(1)(5)77)\(1()(5)}, K = K(nvm)v

of different analytic functions of €.

it) The functions @D (&) are homogeneous of degree one in §. This implies that for
€€ Ay \ A~ where . is the spherical neighborhood of A of radius € = /4~ the AV (€)
satisfy the bounds

(1) POEI<or, ot <PUEQENIEQI <o, [V < C
iii) For & € Ay \ 2. item v) of Theorem [1 holds.

Remark 3.3. Notice that we may further restrict the set H by requiring that all the
block matrices in R are either non—diagonalizable or have all complex eigenvalues. Indeed
all the other blocks may be put in the elliptic normal form by a symplectic change of
variables. In dimensions 2,3 we show that also R is diagonalizable for generic values of £
over the complex numbers. This gives an hyperbolic normal form where for each complex
eigenvalue Qy one has a two-by-two diagonal block with Re(Q)I+ Im(Qy)J, where I is
the identity and J the symplectic matrix.

Corollary 1. Forn = 2 and for appropriate choices of the tangential sites S there exists
a cone-like domain D, with meas(D N A,) ~ 1%, such that for all & € D the set H in
Theorem [@ is empty. On A, \ D the set H is non—empty and and such that R is in
hyperbolic normal form (see Remark[3.3).

Theorem 3. 1. The set of parameter values & for which the first two Melnikov resonances
in (B) occur has zero measure.

2. For n = 2,3 the set of parameter values & such that the three Melnikov resonances ()
occur is a zero measure set (and for each condition it is algebraic).

Remark 3.4. To prove this theorem it will be essential that the NLS equation (I preserves
the total momentum, this implies that the (o,v, h,k) in (@) must satisfy a momentum
conservation relation, see Proposition

The proof is based on a careful analysis of the characteristic polynomials of the matrices
in M (cf. theorem [ iv)) and is carried out in sections [[1] and

Remark 3.5. In dimension > 3 we shall prove a weak form of the second Melnikov res-
onance condition (cf. Proposition 621). In this form the eigenvalues may have multi-
plicities but outside of a set of measure zero these multiplicities are finite and uniformly
bounded. Moreover the eigenspace for any given eigenvalue is isotropic, it pairs under
Poisson bracket only with the eigenspace for the opposite eigenvalue. This is enough to
perform a KAM algorithm by solving an appropriate homological equation, see §6.13]

1naturally the matrix may not be diagonalizable
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The case m = oo. There are infinitely many infinite sets S which satisfy the
non-resonance conditions (§9.1]). For these choices of tangential sites most of the previous
statements hold verbatim. Some of the quantitative estimates need a more careful analysis.

3.6. Quasi—periodic solutions for the NLS equation (). As we have stated in the
introduction there are two main methods for finding quasi—periodic solutions for non-—
linear PDE’s near to an elliptic fixed point. Let us briefly review how our results on
normal form relate to these methods. The technical issues involved in applying these
methods for the completely resonant NLS will be analyzed in a separate paper.

1. The Craig-Wayne-Bourgain method

The CWB method is based on a Liapunov—Schmidt decomposition combined with
a generalized Newton method to overcome the small divisor problems. We follow the
approach in [4] which provides both an extension of these results and a clear exposition
using the Nash—Moser approach.

We look for a solution of () of the form v(t, ) = u(wt,¢) where u : T™ x T" — C
lives in a Sobolev space of functions with a Hilbert algebra structure.

Our theorems [l Pl imply that the bifurcation equation for (1) admits a solution of the
form ug(z, ) + O(£3/?) where

wo= 3 VEel ),
=1

Consider the bifurcation equation linearized at ug and written in the Fourier basis both
in the space variables ¢ and in the angles x, this equation is represented by an infinite
matrix say L. From theorems [I 2 L is block diagonal and the blocks are very simply
associated to the blocks of M’. Moreover the eigenvalues of L are w(€) - v = () with
v eZ™ keS¢ By Theorem [3item 1. the eigenvalues are not identically zero.

Notice finally that since the matrix is block diagonal (with blocks of dimension < n+1)
its invertibility implies invertibility in any norm with the same bounds, and one may
impose that

1L ull, < Cllullsr
where ||v||s is a Sobolev norm in the space and angle variables. From this point we expect
to be able to follow the same scheme as in [4], with only small technical variations.

2. KAM theory: let us first restrict to the case n = 2,3 where, by Theorem [3] item
2, the second Melnikov conditions hold. The case n = 2 is essentially already covered by
[10]. Our analysis produces several improvements in their results, in particular for the
parameter values £ € D we show that the quasi—periodic solutions obtained in [I0] are
linearly stable while for £ € A, \ D the solutions are unstable.

In the literature (see for instance [3]) abstract KAM schemes are based on three main
assumptions:

1. A smallness condition on the perturbation P, in our case this is Theorem ] item
).

2. A regularity condition, namely w(€) must be a diffeomorphism and Q(€) — |k|? must
be a bounded Lipschitz function (we have analyticity and the bounds (4], by Theorem

2).
3. A non-degeneracy condition, that is the three Melnikov conditions [l which in our
case are proved in Theorem [3] see also the discussion in §6.13

As we already mentioned a full discussion of the KAM algorithm will appear elsewhere.
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The abstract KAM schemes produce an analytic change of variables, depending on &,
® = e®F) : D(s/4,7/4) — D(s,r) such that

a o0 o0 o0 o0 1 o0 oo o0
o H = (=€), y™)+ Y Q@I [? = S () Rocw™ + P,
keSe\H
where w™ and 2°° are parameters to be determined and R, has the same structure and
is simultaneously diagonalizable with R’. Finally

P*= 3 PRE™)y™) ().
1,J: 2i47>2
In the new variables one immediately shows the existence of the quasi—periodic solution
y* =0, w*=0, 2% =7z +w>t

® will be defined for £ in some complicated Cantor—like set. This part of the algorithms
can be performed in our case by following almost verbatim the KAM Theorem 5.1 of [3].

The final issue is to analyze this set, show that it is non—empty and give lower bounds
on its measure. To give a flavor of the type of computations required consider the Cantor
set C, which appears at the first step of the algorithm, defined by

(w(©).0)] > % ((E),v) + ()] > %
(15) (@(E).0) + ulE) + o (O)] > %

for all non—trivial resonances which are compatible with momentum conservation, more-
over A = 1 if the corresponding function on the left hand side is zero at £ =0 and A =0
otherwise.

Corollary 2 (Of Theorems 2l B). For n = 2,3 and for appropriate choices of 7o and v,
the set C has positive measure in Ay \ U

For a sketch of the proof see §6.15

This shows that the first step of the KAM algorithm produces a set of positive measure
where the desired symplectic change of variables is well defined. As shown by [§], in order
to give similar estimates at all steps of the KAM iteration one needs to use the Toplitz—
Lipschitz property of the NLS Hamiltonian. We do not discuss this last property in the
present paper. Notice however that in Theorem [Il and Bl even though the Hessian matrix
., 0z, (PB) + P©®) is not a Téplitz matrix it still satisfies Toplitz-Lipschitz properties
(as is discussed in detail in [I0] for the case n = 2). We expect to obtain the measure
estimates by following [8] and [10].

The case n > 3 is discussed more in detail in subsection [6.18

Part 1. The study of the dynamics

4. PREPARATION
4.1. Conservation laws. Recall the laws of Poisson brackets:
(16) {iug, @n} = 0n i, {ur,unt={ag an}=0;
hence

(17) {uhﬂk, Uj} = iéjﬁkuh, {’U,h’l_l,k, ﬁj} = —i5h7jﬂk
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in particular

(18) {Jur)®, un} = idnkun, {|ul’, @n} = —idn ks
Definition 4.2. We set

(19) M = Z klux|?,  momentum.
kezn

A Hamiltonian defined in #(%?) which Poisson-commutes with M = Zkezn k|ug)? sat-
isfies the constraint of conservation of momentum:

If F(f) £0, one has Z(ak — Br)k = 0;

A Hamiltonian defined in 7(*?) is even if it is sum of monomials of even degree: Namely
if F*# £ 0 then o + 3 is even.

4.3. Normal form. The quadratic part H?) =", |k|?|ug|? of Blis an infinite string of
harmonic oscillators with all rational frequencies so that the system is completely resonant
(all the bounded solutions are periodic).

Using the conventions of Lie Theory we shall always denote by ad(F') the operator of
Poisson bracket X — {F, X}.

For small u (ie. ||u|lap < € < 1) we perform a standard step of “resonant” Birkhoff
normal form removing all the terms of order four of H which do not Poisson-commute
with the quadratic part, see also Remark [£.71

In fact, by ([7), wk, Gk, s, ik, is an eigenvector with respect to {H?), —} with eigen-
value i(|k1|? — |k2|? + |k3|? — |k4]?). Thus we perform the symplectic change of variables
H s eF)(H), generated by the flow of

. Uy Uy Uy Uy
(20) Fi=—i > .
e TP = TaP Tkl = TRaP?
[k112 = k2|2 +k3|2 —|kg|2#0

For e sufficiently small, this is a well known analytic change of variables (cf. [7],[6],[2])
(@p) 5 B, — By, C 0(@P) (where B, denotes as usual the open ball of radius €) which
brings (8) to the form:

(21) Hy = Z |k|2ukﬁk + Z Uy Uy Uk Uk, + P(G)(u)

kezZm k1+kz=katky
[k1|2+|kg|2=|ka|2+|kg]?

where P(6) (u) is analytic of degree at least 6 in u and on the ball B, it is bounded by C'
with C' a suitable constant. Since we will take e small, P(®)(u) is small with respect to
the terms of degree 2,4 which are bounded by Cje2, Coe* respectively (cf. §4.8)). Notice
that F' commutes with M so that H still satisfies momentum conservation, moreover F’
is even and hence Hy is still even.

Denote by PI = {(kl,kg,kg, k4) | kl + kg = kz + k4, |k1|2 + |k3|2 = |k2|2 + |k4|2}
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Trivial computations show that the condition /
kiths=ka ke, |kaf® + [ksl® = [af® + |kal? )
. . k4
is equivalent to /
(22) (k1 — ko, ks — ko) =0

k1 + k3 = kg + ky,

In this set the integer vectors ki, ko, k3, k4 form the vertices of a rectangle. We want to
put in evidence the terms where the rectangle degenerates to a segment. Thus define P
to be the subset of P’ where the rectangles are non degenerate. We obtain:

(23) Hy = Y [kPurin + Y fuel* +2 Y fun, Plus P+ Y wny ey iy T,
k

kezZm klsékg (kl,kg,k}g,]&;)ep

+PO) ()

4.4. Choice of the tangential sites. Let us now partition
Zzn=5SUS¢ S:=(vi,...,0m),
where: The set S are called tangential sites and S¢ the normal sites.

Constraint 1. S is a finite set (say |S| = m) such that, given any three distinct elements
v1,v2,v3 € S, one has that (v; — ve,v3 — v2) # 0.

Remark 4.5. We shall discuss later the extension to S infinite.

In the following we will consider various other constraints on S in order to obtain the
simplest possible expression for the Hamiltonian H, with respect to this choice.

Our aim is to study the NLS near the tori associated to the oscillators v; keeping the
other oscillators constant in time at uyp = 0. The terms of order four in the normal form
introduce what is called a twist. That is an anisochronous term such that the frequency
depends on the initial datum |u,,|? = & and ug = 0 for k € S°.

Let us now set

up =z for k € S¢, Uy, 1= \/§i+yieimi fori=1,...m;

this is a well known symplectic change of variables which puts the tangential sites in action
angle variables (y;2) = (Y1, -, Ym;®1,-..,Zm) close to the action & = &1, ..., &y, which
we now consider as parameters for the system. The symplectic form is now dy A dx +
iZkeSC dzi N\ dZg.

It is convenient to think of the 2y, Z;, as a vector w and denote, for a function of w by

oF

—— the gradient vector (which we think of as a column). Further denote by J the infinite

1 _01‘ where the first block is over the basis z; and the second

over Z. Poisson bracket with respect to this form is
oF 0G 0G OF oF 0G
24 FGy=2"22 2 %7 4y g
(24) {ray Oy O0x Oy 8$+Z(8w’ 8w)
By constraint [T the Hamiltonian 2] can be written as

(25) H=Ho+ PP (z,y:&,2) + PO (2,y;¢,2), with

skew symmetric matrix
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m

Ho =Y (Juil*&+u) + & +v:)%) +4) (& + )& +5)

i=1 i<j

Y Gl D PP Y & n)(E ) 5,

ikese kese i#jih,keSe
+2 ) \/(éi + ) (& + e Tz 42 Y \/(§i +yi) (& +yy)e T 2,2
i<j;h,keSe i<jih,keSe
Definition 4.6. Here >." denotes that (h, k,v;,v;) € P:
{(hykyviyvi) [ R4 v = k4w, |B)? + |vi]? = |k]? + |v; ]2}
and ", that (h,v;, k,v;) € P:
{(h,viskyv) | R4k = v; +vj, |B)? + k| = |vil® + |v;|°}

The term P®) collects all terms in which at least 3 indices k are in S¢ and it is of
degree at least three (and at most four) in z, Z. Recall that we have assumed (constraint
[[) that no non degenerate rectangles contain 3 elements of S.

Remark 4.7. Notice that, once we have fixed the tangential sites, we have some freedom in
the choice of the Birkhoff normal form transformation F in (20). Indeed one may choose
first the tangential sites and then choose F' as follows:

Fo——j Z Uy Uk Uz Uky
(k12 = k2?4 [ks|? — |kaf?

ki: [{k1,k2,k3,kg}NSC|<2
kg —kg+kg—kg=0 |ky|2—|ko|2+|kg|2 —|ky|250
This normal form transformation (taken from [I0]) does not change the results in any way
(it only changes in a trivial manner the definitions of P(®®) and P(®)) and may simplify
the study of the Toplitz—Lipschitz properties.

Conservation laws. Momentum: The conservation of M in the new variables implies
that the monomials appearing in H are of the form

(26) Zagﬁycei(m,l/)7 Zviyi + Z (ak — ﬁk)k; =0
i kese
where v = (v1,...,Um), v; € Z and «, § are multi-indices in N.

Parity: In the new variables a Hamiltonian is even if ), v; is even when the total degree
in w is even and odd otherwise.

Constraint 2. We may further choose the v; so that >, vv; # 0 when ), [v;| < 10, v #
0.

This will imply that P(®) at z = 0 does not contain any term of degree 6 or 8 in the
elements u,, and non constant in z.

4.8. Analytic functions and weight decomposition. We want to assign weights to
all the variables, which keep track of their original definition.
Thus we give weight 2 to the variables y, weight 2 > a > 0 to £ and weight 1 to the w.
We work in the domain
Ay X D(s,71) =

1
{5: ETQS|€|STQ}X{Iay7w: {EGTT, |y|§T27 |w|¢11P§T}
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CR™ x T™ x C™ x (@P),

Here 0 < o < 2,0 < r < 1,0 < s are parameters. T7 has been defined in §2.4
We denote by £(2P) the subspace of /(2P) x (aP) generated by the indices in S¢ and
w = (z,z) = (27, 27) are the corresponding coordinates.

Remark 4.9. We shall write 27,0 = & when we do not want to specify if we are using 2y
or Z.

Remark 4.10. If r® < e the domain A, X D(s,r) is contained in B, so that the Hamiltonian
is well defined and analytic.

Under this change of variables the total degree of a monomial is preserved, provided we
give to y degree (or weight) 2. In the estimates we also give to ¢ weight «. This implies
(by Formula () that [£%y*w | ¢ < ¢ where the degree d equals the weight ac+2i + j
of the monomial (notice that a can be a half-integer).

Given a Banach space FE we consider analytic functions F' : D(s,r) — E. By definition
F is analytic if its Taylor-Fourier series in x;y,w is totally convergent. We choose by
definition, as norm |F|s ., of an analytic function on D(s,r) :

(27) |Florp:=sup |[F(&zy,w)le.
AaXD(s,r)

4.11. Weight decomposition of formal polynomials. We call V°° the space of formal
infinite polynomials in y, w with coefficients in L?(T™, C) and F> the subspace formed
by the functions which satisfy Here we use the weight only in these variables and keep
the ¢ as parameters.

We call V(59) the subspace of functions of degree i in y and j in w (hence of weight
2i + j). We call V the subspace of functions of weight a and V=% (resp. V<%) the
subspace of functions of weight > a (resp. < a):

Ve =@V, Vo= @i,j:zwrj:avi’j , Ve = @b>avb-
We use the spaces of weight < 2:
e VO(z):= L*(T™,C),
o V10(z) the space of elements Y., f;(z,&)y;, thought of as m dimensional column
vectors with entries in L?(T™,C) (and depending on parameters §),
o VO1(z) the space of linear forms >, ;. (fi(z, &)z + ei(x,£)z;), thought of as oo-
dimensional column vectors with entries in L?(T™,C) (and parameters &) and

finally
e V92 the space of quadratic forms

1 _ _ _
5 (D 46060225+ 860.6.-5% + 462,640 525 + 46.-).6.-) 57
i,jES®

It will be convenient to represent the elements Q(w) € V%2 as associated to (symplectic)
matrices, where

(28) Qum(w) = —%(w,MJw)

and M has entries M(k,a),(h,‘r) = Tq(k,0),(h,—)"
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Remark 4.12. By definition M J is symmetric, if moreover Qs (w) is real we have that
MY is self-adjoint, where

-1 0
=I5

Remark 4.13. Notice that we have defined V°° as complex functions. However our Hamil-
tonian is real, and clearly V*° contains a subspace of real functions. Indeed all our ar-
guments and symplectic changes of variables will be real and hence preserve the real
subspace.

The dense subspace V.%:2 of V%2 formed by analytic functions is closed under Poisson
bracket and we think of it as a smooth form of the Lie algebra of the infinite symplectic
group. The space V2:! is then the standard symplectic space, under Poisson bracket, over
which V%% acts. In particular we have

Proposition 4.14. If f,g € Vo' and A, B are two elements of the Lie algebra of the
symplectic group of Vo

(29) {f?g} :thjgv {QA(w)vf} :ZAfa {QA(w)aQB(w)} :ZQ[A,B]
In particular the evolution of w, defined by @ 4 is
(30) w = iwA

We now require conservation of momentum and parity.
In order to stress this

Definition 4.15. We denote the subspaces of VO, V(1.0 y(0.1) 1(0.2) which satisfy
conservation of momentum and parity by F?, F(1.0) FO.1 F©2) The direct sum of
these spaces we denote by F=2. In general we denote by F(7) the subspace of V(%9
which satisfies (26) and parity.

Remark 4.16. i) F(O1 has as basis the elements

(v, 4) = 2Tz (v, =) — e 12 ViTig
(31) Z viv; +k=0, Z v; = odd.
j i

ii) In the same way F(%2?) has as basis the products of elements of F'. That is we
have a surjective linear map b: F%! @ F%1 — F0:2,

Under this map b[(v,0) x (1, 7)] = b[(v/,¢") x (i, 7")] if and only if on(v) = o'w(V'),
Tr(p) = 7'n(p') and ov + T = o’V + 7'/, The image of these product form a basis of
F%2. Explicitly (cf. B3] the elements

el X vaTiZ0 T Z vjvj + ok +71h =0.
J
4.17. Quadratic normal forms. In the space F'<? we will be particularly interested in
the subspace of “normal forms” i.e. the Hamiltonians of the form

N = (w,y) — %wQ(m)Jwt,

for some choice of the frequency w € R™ and of the matrix Q(x), both possibly depending
on the parameters &.

The core of the KAM algorithm is to study the action of the operator ad(N) on F<2,
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Definition 4.18. Given R € F<2 the equation ad(N)F = R for F € F=2 is called the
homological equation.

Lemma 4.19. The operator ad(N) := z +— {N,x} acting on F<? can be represented as
the block matriz:

w - Oy 0 0 0
0 w - Oy 0 0
(32) 0 0 w-0+iQ 0 ’
Here, by abuse of notations, w-0, = >_,"; wia—, is the operator on the entries of the
L

vector or matrix, i.e. the scalar operator times the corresponding identity matrix. We
have used the basis E16] for F'%! and the matrix representation for F%2.

Lemma 4.20. If for F%2 we use as basis the products of the elements of the basis in F*,
then by the Leibniz rule then ad(N) on F%? is induced, under the map b: FO! @ FO1 —
F9%2 (cf. Remark[{.16]) by the matriz

(33) CLd(N)|F0,1 ®I+I®(Ld(N)|F0,1.
Proof of [{-19, [4-20. We just apply the rules of Poisson brackets discussed in Proposition
414 O

4.21. Final form for the Hamiltonian. By definition an analytic function on D(s,r)
can be Taylor expanded in y, w to obtain an element of V*°; given F' € V> we will denote
by F(:9) the projection of F on V(47) same for all the other subspaces.

For r small enough, H : D(s,r) — R is analytic, so it is an element of V. We
obtain a formal polynomial whose monomials are of the form m(z)¢%y'w’ where a can
have half-integer coordinates (this corresponds to a term in u of degree 2(i 4+ a) + j).

We drop in formula (25]) the constant part (depending only on the parameters &) and
separate H = N + P where N = HOSQ € VZis a “normal form” and P = Hy?+ P®) 4 P©)
is small with respect to N.

We obtain, with the notation of Formula (28]

(34) N = ((€),9) + Y Ularl* + Qui(w) := D + Qui(w),
k

where D = (w(€), ) + 3, Q(€)|24]? and
(35) wi(€) ==uil> =26 +4) &, (& =k +4) &
7 7

By (+,-) we denote the real scalar product. Finally the quadratic form is

(36) Qu(w) =4 Z VEEe T 27 4

1<i#j<m
h,keSe

2 Z V& J’eii(miﬂj)zhzk +2 Z Vi jei(miﬂj)fhik.

1<i<j<m 1<i<j<m
h,keS¢c h,keSCc

Remark 4.22. The separation of the Hamiltonian in two parts is justified by the following
two facts.
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e Qp(w) commutes with the variables x.
e D has a natural diagonal form. It can be useful to identify the term Y, Q5 (&)|2x|?
with its symplectic representation Q = diag({Q }rese, —{Q% frese)

Remark 4.23. We have grouped in the perturbation P all the terms of H0>2, this is just a
convention since such terms are explicit. In particular Hy contains a quadratic part in y
of the form (y, Ay)/2 where A is defined in Theorem [

Lemma 4.24. Fizing A\ = r®/ max(|v;|?) the perturbation P satisfies the following bounds:
”HFOP”)\ < Or5a HHFLUPH)\ < OT2+4Q, ||HF0 1PH)‘ < C’r1+5°‘/2

s, 1 —
||HF0 2PH)‘ < Cr?t2e , ||HV>2P||>‘ < Cr3tel/2,

Proof. All the bounds are purely dimensional, notice only that we have used constrain
to impose that the first non—zero contribution to F° is from a polynomial of degree 10
and not 6. O

To further simplify the Hamiltonian we assume:

Constraint 3. Given any four different elements hq, ho, h3, hy in S one has
e hy =+ ho # hy & hy.
e (hi+ho—hs—ha,hy —hy) #0.

As for the the matrix M (z) we have

Lemma 4.25. Given h,k € S¢ there exist at most one couple v; # v; € S such that one
and only one of the next two properties holds:
(1) h—k=v; v, [B]2 = K] = ;]2 = Jos]2.
In this case one has My, o) (k,0) = M(k o)y (hyo) = 40\/_6“7(5“_%) and M), (h,—0) =
0.
(2) i<j,h+k=uv+v; ,|h®+|k]*=|vi]* + Jv]*
In this case one has My, o) (ko) = —M(kﬁg) (hy—a) = 40\/@—6 o(zitz;) gnd Mm,6y,(k,0) =
0.

(3) If there exists no couple v; # v; € S satisfying either (1) or (2) then M, +) (x,+) = 0
(this includes naturally the case h = k).

Proof. With the notations of Formula (36]) constraint 1.6l now means that Y " denotes the
constraint given in Item (1) and Y.*", the constraint given in Item (2).
By Formula [I6 we have

{4\/§i§j6i(mi_mj)zh2k, Zk} = 4i\/§i§j6i($i_wj)zh.

The terms 2,/&; je_i(“*‘wﬂ')zhzk repeat twice and

{\/—e @ites) o) o Zp=— \/—fefl(m i)
{VE&&e Tz, 5, 21} = in/€€ie )z,

Item (3) is trivial by the definitions. The fact that the two different conditions cannot
hold contemporarily with the same v;, v, is again trivial. We only need to prove that (1)
and (2) cannot hold for two different pairs. Suppose now that item (1) holds for some h, k
and for two different pairs {v;, v;}, {v, vs} then v; —v; = v; — vy, contrary to hypothesis
Bl The same if item (2) holds for some h,k and for two different pairs {v;,v;}, {vi, vm }.

while
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Suppose now that for some h,k item (1) holds with {v;,v;} and item (2) holds with
{v1,vm }, then by substituting we contradict the second item of Bl O

5. GRAPH REPRESENTATION

It will be convenient to associate to ad(N) or equivalently to the matrix M (associated
to (B6]) through Formula (29])) two graphs Ag,T's encoding the information of its non—zero
off diagonal entries. In fact in ad(N) the part associated to D is diagonal.

The two graphs arise from the following complementary points of view.

5.1. Geometric graph I's. The geometric point of view is to consider the action of
ad(N) on the space V(D In fact by a simple inspection from Lemma 25 we have

Proposition 5.2. The operator ad(N) preserves the subspace Vf(o’l) of VOL of finite
linear combinations of the elements zy,Zy, k € S¢ with coefficients in the algebra A of
finite Fourier series in the variables x.

We shall refer to zy, 2z, k € S¢ as the geometric basis (of ngo’l) as a free module over
the algebra A).

For the geometric graph we shall initially forget the difference between zp,Zz; and
remember only the vector k.

Definition 5.3. The graph I's has vertices Z™ and edges corresponding to non zero
entries of M.

In order to keep track of complex conjugation it is convenient to decorate the edges of
the graph with two colors, black and red according to the rules that we presently explain,
and a marking or label.

1. If item (1) in 425 holds we connect h, k with a black edge oriented from k to h and
labeled by v; — v;;

2. If item (2) in holds we connect h,k with a red non-oriented edge labeled by
v + vi;

3. If item (3) holds we do not connect h and k.

These rules are purely geometric and can in fact be applied to all vectors in R™ or even
C™ and not just integral vectors. They define thus a colored geometric graph with vertices
points in space and edges given by the previous rules. To be specific:

Definition 5.4. Given two vectors vy, vy we set S = Sk, to be the sphere having as
one of its diameters vy, vg. It has the equation

(37) (x —vp,x—wvp) =0, or (z,v, +uvp) = (vn,vx) + ()2
We also define the hyperplane
Hp i = {z| (z, v — vi) = (vg, v — vp)}.
Remark 5.5. The hyperplanes Hj, ;, and Hy ), are parallel and
Hy = v —vp + Hg p.

Observe that by definition v, € Hp,  but if v, € H; ;,1 # h we must have (vp, v; —v;) =
(vi,v; — v;). By Constraint 1. this is not satisfied, if ¢ # h.
In other words, if ¢ # h then v; ¢ Hp .
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FIGURE 1. The plane Hj, 1, and the sphere Sp, . The points
a1, b1, v, vy form the vertices of a rectangle. Same for the points
a2, Vp, b2, vk

We construct now the colored graph I's with vertices in R™. Consider two points
a,b € R™ (sometimes even in C").

If there exists a pair h,k, h # k so that a € Hp g, b = a + vy — vy € Hy, we join
the two points by a black edge oriented form a to b and marked vg — v,. See the points
{a1,b1} in Figure[ll In other words:

2 _ 142 — 2 2
(38) fas} {|b1| laf? = for[? — Jon|

b—a=wv, — vy

or equivalently (a,vy, — vg) = (vp, vp — Vk).

If there exists a pair h,k, h # k so that a € Sp, b = —a + vi, + vy € Sk,p = Shi We
join the two points by a red edge marked by vp, + vg. See the points {as, b2} in Figure[ll
(we represent red edges by a double line).

{|a|2 + [Bf2 = fon? + forf?

39 b
(39) {a, b} otb= v+

In other words (a — v, a — vg) = (b — vp, b — vg) = 0.
The points a, vy, b, v form the vertices of a rectangle. In other words,

Lemma 5.6. a,b are opposite points in the sphere Sy having as one of its diameters
Vh, Vg -

Remark 5.7. For each pair h, k there are finitely many points in Z", in the sphere Sp, 1 .
Therefore there are only finitely many red edges with integral vertices.

Definition 5.8. We construct the graph I's with vertices all the points of R™ and edges
the black and red edges described.

2When the coefficients in a basis are in an algebra and not a field it is customary to use the word
module and not vector space.



22 M. PROCEST*, AND C. PROCEST**.

We want to understand the connected components of the graph I'g.
By Constraint [l if ¢ # h, i # k then v; ¢ Sp k. We immediately have.

Lemma 5.9. The vectors v1,...,vn are a component of the graph T's. In this component
every two vertices are joined by a red and by a black edge.

Proof. If v; is joined to another vector u by a black edge of type Hj}, j, we must have by
constraint [l that h =4 and u = vy. Similarly for a red edge of type S, using constraint

@ we have i = h or i = k. O
Definition 5.10. The component vy, ..., v, is called the special component of the graph
Ts.

5.11. The combinatorial graph Ag. Consider the space F(®1) with its basis over C
given by Remark

This basis is really indexed by Z™ x Z/(2), that is an integral vector plus a sign, we
shall refer to it as the frequency basis.

From Lemma [£28 the linear operator ad(NN) has the property that it transforms every
element of this basis into a finite linear combination of the same basis.

Definition 5.12. The graph Ag has vertices Z™ x Z/(2) and edges corresponding to non
zero entries of ad(N).

5.13. Abstract colored marked graphs. It will be useful to also use completely ab-
stract graphs defined as follows

Definition 5.14. A abstract colored marked graph or M—graph for short, is

e A connected graph I' (without repeated edges).
e A color red or black on each edge, displayed

a black b c red d

e A marking (¢,75), 1 <i < m,1 < j < m,i # j on each oriented edge with the
convention that the opposite orientation corresponds to the exchanged marking
(4, 1)-

A geometric realization of the graph I' is a graph isomorphism with a connected com-
ponent of I'g such that each black edge of T" marked (i, j) corresponds to a black edge of
A marked v; — v;. In the same way to each red edge of I marked (4, j) corresponds to a
red edge of A marked v; 4 v;.

5.15. Summary of results. In term of the frequency basis, denote by e; the basis of Z™
and consider the map

(40) LA VAR Vi, ooy Um) ::Zl/ivi.
i=1
If kK = —m(u), the vector etz lies in F(OY . The vectors 2z, € V(O’l), €Tz map

under ad(N) to a linear combination in which respectively:
i) If h, k are connected with a black edge oriented from k to h and labeled by v; —v;:
e h=—-n(p+e —ej)=k+v;—v;
e In the geometric basis, 2z has coefficient 4\/&_jei(“’zi) in M(z).
e In the frequency basis, e!(#+¢=¢)-% 2, has coefficient 4i\/&&; in ad(N)(el#2) z,).
ii) If h,k are connected with a red non-oriented edge labeled by v; + v;
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o h=m(p+e +e)=—k+uv+v;
e In the geometric basis, zj, has coefficient 4,/¢; jei(mi”f) in M(zg).
e In the frequency basis, e!(#+¢ %)%z, has coefficient 4i/&;€; in ad(N)(e!(#) z).

Remark 5.16. Under our convention on the indexing of the basis, (i, +) corresponds to
el (®) 2 while (—p — e; — ej,—) corresponds to gilnteitei). 2z, In the frequency graph
Ag therefore, the elements p, i + e; — e; are joined by an edge in case i). In case ii) if
v=—u—e; —ej, that is if u+ v + e; + e; = 0, we have that (u, +), (v, —) are connected
by an edge marked e; + e;.

We will show that, provided we choose the vectors v; generically, we shall have sev-
eral essential properties for these graphs which we will need in order to and prove the
reducibility Theorem [I and study the Homological equation.

The generic assumption will be expressed by the fact that the coordinates of the vectors
v; do not satisfy some polynomial equation (a product of several equations which will be
constructed in the course of the proof). That is, we think of (v1,...,v,;) € R™ and will
impose that this point does not lie in a certain algebraic hypersurface whose equation
will be at least implicitly given (in term of certain graphs). The precise statements are
contained in §9.11

We now discuss the properties deduced from the generic assumption.

The first relates the two graphs Ag,I's. In fact, take a frequency u, and let A be the
associated component in Ag. Set k = —7(n) and A be the associated component in I's.
We shall see

Theorem 4. The map —7 establishes a graph isomorphism between A and A, compatible
with the markings.

Hence the space spanned by all transforms of e**zy applying the operator ad(M) has
a basis extracted from the frequency basis in correspondence, under 7, with the vertices of

A.

Same statement for its conjugate generated by e Hzy.

Remark 5.17. We shall often refer to such a subspace as a block, for ad(N). For generic S
the symplectic form restricted to this block is identically 0 and if we add a block with its
conjugate we have a non degenerate symplectic space decomposed as sum of two ad(N)—
stable Lagrangian subspaces.

This is thus a block for ad(M) for the graph Ag, and all other blocks in the set of
elements v| —7(v) € A are obtained from this block by multiplying with all the elements
v such that 7(v) = 0.

The entire space F(©1) therefore decomposes into free submodules under the algebra C
of finite Fourier series in e |r(v) = 0 corresponding to all the geometric blocks in I'g.
For each such block A a basis of the corresponding space over C' is obtained as follows.
We choose a specific element r € A, a root and then a specific p with 7(u) = —r. From
1, and applying ad(N), we construct the basis for the submodule in correspondence with
the vertices of A.

Let us summarize the most important properties that we shall prove in §7 and §8
Theorem 5. 1) All connected components of the graph T's have as vertices points

which are affinely independent hence at most n + 1 vertices.
11) There are finitely many components containing red edges.
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111) The connected components of T's consisting only of black edges are divided into a
finite number of families.
Each family is indexed by an abstract marked graph with k < n edges, and it
depends on the elements of a n — k dimensional sub-lattice.

Given a connected component A with k + 1 vertices (k < n) of I's we fix a vertex
x(A) € A which we call the root. Then:

Corollary 5.18. For every other vertex x, (with a =1,...,k) one has two functions on
A:
(41) ola) ==+1, Lia) =Y _ Ale;, AY) € Z;

L(a)| <n, Y AP =1-0(a),

such that o(a) is 1 if the path from x(A) to x, has an even number of red edges, —1
otherwise. We have from Formulas ([[)) and (T2)

(42) g =0(a)x(A) + 7(L(a)) = o(a)z(A) + Z AWy,

[2al? = o(@)a(A)* + 30 AL uil.
The matriz M is block diagonal with two blocks (denoted by A,=+) in correspondence

with each connected components A of I's.
The matriz M restricted to A,+ is denoted by M4 1 and given by

Map = Mg(a),0(a)),(2(b),0(6)) = 0

if (a,b) is not an edge (in particular it is zero on the diagonal).

Map = M(a(a).o(a)).(a(b).0 (b)) = 40(0)/Ei&;e! 7O 7ol b@)-2

if (a,b) = e is an edge marked (i, j).
Ma,— = =My 4+ is minus the conjugate of Ma 4.

Proof. We fix a root  on A and a sign o(z) = +. We associate to each vertex in A a
corresponding vertex in 4, by Theorem [ This associates to each z, a sign o(a). We
use the relations (B8]) and ([B9) to compute the Al(-a) by choosing a path from x to each
vertex x,. Since 7 is a graph isomorphism, compatible with the two markings, it defines
L(a) uniquely. Notice that if say o(b) = + then o(b)L(b) — o(a)L(a) = e; — e; if the edge
is black and o(b)L(b) — o(a)L(a) = e; + e; otherwise. To prove the second statement we
implement the matrix rules of Lemma O

6. PROOF OF THEOREMS [I], 2] AND [3]

6.1. Theorem [l We will prove Theorem [l by exploiting the block structure discussed
in Corollary I8 For all k € S¢ set z(k) := z(A) to be the root of the component A of
I's to which it belongs. Set L(k) = 0 if k = 2:(A) is the root (this includes the connected
components made of one point). Otherwise k = z3 for some index b = b(k). We then
set L(k) := L(b) and o(k) = op(cf. BI8). Theorem [ is contained in the following, more
precise, propositions:

Proposition 6.2. i) The equations

(43) o= Bs =y = S LR, 2=
keSe
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define a symplectic change of variables D(s,r/2) — D(s,r), which preserves the spaces
Vi,

We denote by X = diag({elX*)-2}, cge, {e71LF)-21, o.) the change of variables on w
and ' = diag({€% — (w, L(k)) rese, —{% — (w, L(k)) rese)-

it) The Hamiltonian H in the new variables is

N+ (¢, Ay') + P® 4 PO

where N in the new variables is
(44) N = (W(),y) +Qu(w'), M' = + XMX ™,

and the terms P®), P©) satisfy the bounds of Theorem [, v).

Proof. i) Since

sup  |w']ap < €9 |wla, < er/2 <v
D(s,r/2)

for s small enough the transformation is well defined from D(s,7/2) to D(s,r). It is
symplectic because:
dy Adx +idz Adz = dy' Ada' = L(k)d(|z[*) A da'+
k
idz' Adz' = L(k).da' (2, Adzy — 7, Adzy,) = dy' Ada' +idz' A dZ.
k

Finally it preserves the spaces F*J since it is linear in the variables w.

it) We substitute the new variables in the Hamiltonian and use the relation JX =
X~1J, i.e. the fact that X is symplectic. The bounds follow from Lemma E24] notice
that we have put all the terms in Hy 2 which are not quadratic in y in the perturbation

P(®) where they contribute to the terms of weight > 3 with a term of order 74+®/2 which
is negligible with respect to P(3). O

From an algebraic point of view, we have performed a diagonal change of coordinates
using the matrix X on the free module Vf(o’l). Recall that this is the space of finite linear
combinations of the element zy,ZzZr, k € S¢ with coefficients in the algebra A of finite
Fourier series in the variables x.

It is clear that the block structure is still preserved, the main fact is now that the
matrix has constant coefficients.

Proposition 6.3. i) M’ has constant coefficients and is block diagonal with the same
block structure as M. On a block (A,+) with root x(A),

(45) M) = (Ja(A)? +4> &) +2Ca,
J

where C4 has the following entries in the vertices a,b.

0 if Myap=0, a#bd
(46) Cala,b) = { 40(b)\/&&  if (a,b) = e is an edge marked (i, ).

o(a)(&,L(@) i a=b.

it) Ca s self-adjoint if A does not contain red edges. If A contains red edges there is

a diagonal matriz X with entries £1 such that ©Cy s self adjoint.

iii) The matriz Cx depends only from the abstract M—graph corresponding to A and
hence is chosen from a finite list.
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Proof. i) By definition M’ = Q'+X M X ~! 5o let us analyze separately these two operators.
Since X is diagonal the matrix X M X! is 0 on the diagonal.

The off diagonal entry associated to the indices a, b of two vertices in the given block
is 0 unless they are joined by an edge marked (i, 7). Then

(47) (XMX Yoy =

b)4\/é—i—jea(a)iL(a).me—U(b)iL(b).mei(a(b)L(b)—U(a)L(a)).m :40,(1))\/51—5]
On the diagonal of M’ we have the contribution of €. Applying Formulas ([@2) and

(B3), since by @I} we have ), AP =1- o(a), we get:
(48) Q= o(a)(|k(a)* + 425;‘ = (W, L(a))) =

[2(A)F +o(a) 3 AP il +o(a )(42@-—@,/:@)»:
(A +0(a) 3 A il + 0 (a) 42@ Z|v1|—2sz+42w“

[

|z(A)> + o(a) 42@ S 2&4.42@ ADY =

i

|2(A)|* + o (a)[2(¢ +4Z€a—4Z€a (1 —o(a))] =

|2(A)* + o(a)2(¢, L(a)) + 42@-

We then define 2C4 to have off-diagonal entries given by ([@7) and on the diagonal
20(a)(§, L(a)).

it) Is immediate.

ii1) In the matrix C4 the off-diagonal entries depend only on which pairs a,b are
connected by a marked edge, which depends only on the abstract M—graph. In the same
way the diagonal entries depend on L(a) which depends only on the path from the root to
a (again this depends only on the abstract marked graph). Finally there are only a finite

number of abstract marked graphs with £ < n 4 1 vertices.
O

Remark 6.4. Notice that in the new variables the term Hj is independent of .

6.5. Combinatorial blocks. We have described the matrix M’ in the basis z;. In par-
ticular, for a given geometric block A we have chosen the block in V(%1 generated by the
element z,(4) = z;(A). We have to understand in this formalism the elements in F (01—
that is momentum conservation and parity in the new variables— and then compute the
matrices of the operator ad(N) on each combinatorial block of the graph Ag (cf. Definition

FI2).

Lemma 6.6. Momentum conservation [26) and parity in the new variables give the con-
strain:

(49) wzzH ﬁkeFlj—)Zyz’Uz—i-Z )k — Br)z(k) =0,
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Zyi + Z(ak + Br) = even.
i k

In particular eFv-2 21 ¢ FOl if and only if (k) = —m(v) and 3", v; is odd.

Proof. The momentum conservation in the variables w’ can be derived directly from (26])
by substitution:

piva H(z;g)a(zz/q)ﬁ — (ive=3 (an—Br) L(k)-x) H(Zk)a(gk)ﬁ
. k

then, if L(k) =Y, A(k)Pe; (cf. Corollary FI8), momentum conservation reads
(50) > vivi =30 (o = Br)AR) Do + > (an — Br)k.
i ik k

Recalling that, by Corollary B I8 with k = z,, k—m(L(k)) = o(k)z(k) one obtains formula
@J). The parity condition is that Y, (v; — >, (ar — Be)A(k)D) + 32, (ar + B) is even.
In Corollary [E.I8 we have seen that >, A(k)®) = 0,2 and the parity follows. O

We have described the matrix M’ on geometric blocks. From this description we can
deduce a description of the operator ad(N) on the combinatorial blocks, in particular
on F(®U A combinatorial block (A,+) over a given geometric block A is generated
by an arbitrary lift e*z,4) of the root z(A) in FOY (ie. by choosing a v such that
z(A) = —m(v)). By Lemma[6.6] the operator (w(§),y’) contributes to ad(N) 4 the scalar
matrix —2i(&,v)I.

Definition 6.7. Given a combinatorial block A generated by the lift e“””zm( 4) we define
Cy=Ca— (& v)I. For the blocks A, — we apply sign change.

Proposition 6.8. let A be a geometric block with root ©(A). On the combinatorial block
(A, +) generated by an element ei”'wzx(A) the operator ad(N) has matriz:

(51) —iad(N)4 = (|33(A)|2 3wl + 40w+ D) Zgj)f 1204

Remark 6.9. Notice that, for any given block A, the two combinatorial blocks A4, + and
A, — form two Lagrangian subspaces of a non degenerate symplectic space and the full
space F(®1 is the direct sum of these subspaces.

6.10. Theorem[2l The core of Theorem[Plis to put the normal form N in a canonical form
through a linear change of variables in the w’ which depends smoothly on the parameters
£.

Let X be a diagonal matrix with p entries equal to 1 and ¢ = n — p entries equal to
—1. If p > 0, > 0 the matrix ¥ defines an indefinite scalar product preserved by a
non—compact form of the orthogonal group usually denoted O(p,q). If C is an n X n
matrix such that 3C' is symmetric then it can be brought into a suitable canonical Jordan
form by conjugation with elements of O(p,q). Is furthermore C is semisimple then this
normal form consists in decomposing the space R™ into orthogonal subspaces stable under
C and irreducible under C. These have either dimension 1 and correspond to the real
eigenvalues or dimension 2 and correspond to the pairs of complex conjugate eigenvalues
(one can also see that we have at most min(p, q) of such 2 dimensional subspaces. In
the case of our blocks containing red edges we have chosen a basis where the symplectic
products are of the form 4 associated to such a sign matrix ¥. For such a symplectic
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block sum of A, + and A, — a matrix of the form ‘(g 3‘ with U € O(p, q) is symplectic
and brings 0 _OC in a diagonal normal form (of course some diagonal blocks are 2 x 2

and are matrices associated to complex numbers.

We need to study matrices which depend algebraically on parameters, we have the
following proposition:

Proposition 6.11. If C(£) depends algebraically on parameters & € R™, one can define
globally and algebraically its eigenvalues provided we cut some real semialgebraic hyper-
surface (in an arbitrary way) so that the complement is simply—connected.

If C(&) is semisimple on an open set, one can define globally and algebraically the
change of coordinates which brings C(§) in the given diagonal form provided we cut some
real semialgebraic hypersurface (in an arbitrary way) so that the complement is simply—
connected.

This is a fairly standard fact and we leave out the proof.

Proof of Theorem[d i) By formula ({H), on the symplectic block (A,+) the quadratic
Hamiltonian N is given by the matrix

62) Ma = (24P +43°&) e

I 0
0 -1 0 —Ca

)

|+

where z(A) is the root of A while C'4 depends only on the combinatorial block A of which
A is a realization. and let A1 (§),...,\x(£) be its eigenvalues. We denote by Q; = Q;(€)
the corresponding eigenvalues of M7 thus

(53) Q&) = (A + 4D ¢+ Xi(6).

Suppose that M 4 is semisimple, by Proposition M 4 can be conjugated by a real
invertible matrix U in Ds ;. Moreover for ¢ outside a semialgebraic set the matrix U(§)
is algebraic in the £&. We proceed as described above for all the M 4 which are self-
adjoint, i.e. for all A that do not contain red edges. We apply w’ — wi™ = U’ so that

Qm, (W) = Qp, (wi™) where
Dy 0 . ~
Dy= ( 0 —DA) , Da = diag(Qi(a))

D, is the diagonal matrix of the (real) eigenvalues of M 4. Now the total transformation
U is block diagonal. Since |k(a)|* < |z(a)|* 4+ C for some uniform C' (depending only on
the size max,,es |v;|?) we have that

|wﬁn|a,p < Clwyap-
Item i) follows by setting R’ to be the matrix of ZkﬁheH(wE“, M,’LkaZ“).

ii) The €, are the eigenvalues of the matrices M4 of Formula (52) as A varies of
the connected components of I'g. Since by Proposition iv) C4 depends only on the
abstract M-graph, there is only a finite number of such matrices. Moreover the entries of
these matrices are homogeneous of degree one in §&. We apply Proposition B.11t we cut
away a semialgebraic set 2 such that the complement is simply connected. In A, \ 2 we
obtain a list of eigenvalues A (£) and a list of matrices (with determinant equal to one)
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Ui (&) which diagonalize the C'4 which are semisimple (this set contains at least all the C'g
which do not contain red edges). These are all algebraic functions.

Let 2. be a neighborhood of 2 of radius € then in A, = A, \ 2 the A9 are analytic
functions in z, the bounds ([I4) follow by Cauchy estimates by setting e = r*/4.

iv) Follows directly from Lemma .27 since the linear change of variables (z,y,z) —
(2',y',2/™) does not modify the bounds. Indeed the only point is to prove that the
Lipschitz bounds are unchanged, this follows by the estimates of item #4) and the fact
that in A, also the eigenspaces are analytic in the parameters &. (Il

Remark 6.12. Suppose that C'4 for some A is semisimple for all £ € A,. If the eigenvalues
of Cy are real then one can proceed as above. In the case of hyperbolic blocks (with
eigenvalues a £ ib) we obtain the Hamiltonian:

=2 2
_ S =N z9 +22 - _1 D 0 t __(a —b
a(za21 + Z2Z1) — b 5 = 2w(0 D Jw', D= b4 )

we have proved Remark

In general however C4 may not be semisimple and thus have Jordan blocks of size > 1.
A normal form classification of this quadratic Hamiltonian is feasible, see [I], but intricate
and not particularly useful.

6.13. The homological equation. The homological equation consists in the analysis of
the range and kernel of the operator ad(N) on F<2. Using the block diagonal form (32)
this analysis can be split into 4 different equations. The crucial ones are the last two which
for historical (and confusing) reasons are called the first and second Melnikov equations.

In order to study the Homological equation it is not really necessary to perform the
reduction of Proposition [6.2] since we have seen that the change of variables leaves it
essentially unchanged. In the same way it is not necessary to diagonalize the Hamiltonian,
since this just conjugates the operator ad(N). The main point in the homological equation
is to study the Kernel of ad(NN) on the real subspace of F<2, and to show that the kernel
coincides with the subspace F":

Fint .= {F e FY FOLW) = ¢+ (\(€),9) + Quw(e)(w)}

where c is a constant, A € R™ and W is a block-diagonal matrix with the same blocks as
M’ and (block by block) simultaneously diagonalizable with M’.

Lemma 6.14. For any given & the condition ker(ad(N)) = F™ is equivalent to the fact
that the non-trivial Melnikov resonances (Bl) do not occur.

Proof. By Lemma ad(N) restricted to F®? and F1° is the operator w(¢) - 9, which
has eigenvalues (w(§),v).

By Lemma {19 ad(N) restricted to F%! has eigenvalues i((w(€),v) + Qk(a)) and hence
is invertible if they are non—zero.

For F%? we use Lemma for each combinatorial block consider a basis of eigenvec-
tors ai* for ad(N) on A, + denote by b the dual basis in A, —. A basis for F%2 formed by
eigenvectors of ad(N) is obtained by making all the possible products of two eigenvectors
in the basis. The corresponding eigenvalue is the sum of the two eigenvalues.

Thus ad(N) restricted to F%?2 is invertible on an eigenvector (say for example a;“bf)
if the corresponding Melnikov resonance does not occur. Moreover the trivial Melnikov
resonances a7‘b* span F" @ C N F%2. O
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Proof of Theorem [3 item i). Given a block A with root z(A), let (A, +) be a correspond-
ing combinatorial block. By the previous Lemma we need to show that ad(N) 4 is invert-
ible. The operator —iad(N) 4 computed at £ = 0 is the scalar matrix (w(0),v) + |2(A)|?,
if this number is non zero then ad(N) 4 is invertible for all £ small. If ad(N)4(§ =0)=0
then we study —iad(N) using (EI). By definition C4 has off-diagonal entries 2,/¢;,
thus 1ad(N)4 modulo 2 is diagonal. Moreover, since >, v; is odd while >, A(k)® is
even (see the proof of the parity property), we have that %ad(N )4 modulo 2 is formally
invertible hence also ad(N)4 is invertible for values of & outside some proper algebraic
hypersurface. O

6.15. Dimension 2 and 3. In order to prove Theorem Blitem 4) we need stronger condi-
tions, which we shall verify in dimension n = 2, 3. In all the statements of this paragraph
we assume that n = 2, 3.

Theorem 6. The characteristic polynomials of all the block matrices M’y are irreducible.
Proof. See §I1] where we do a case analysis. O

Given a combinatorial block A, + set x.4,4(,&) to be the characteristic polynomial of
the operator ad(N) restricted to the given block

Corollary 6.16. i) For all combinatorial blocks x A +(t,§) is irreducible.

it) For all £ outside a zero-measure set, the eigenvalues Qi relative to the same block are
all distinct. Moreover the matriz R defined in Theorem[2 i) is formed of 2 x 2 hyperbolic
blocks as in Remark[612

iii) If two different combinatorial blocks A, +, A', + associated to two geometric graphs
A, A" have a common eigenvalue of ad(N) (as function of ) then x4 +(t,€) = xa,+(t,§).
In particular the roots are on the same sphere: |x(A)|? = |z(A")|%.

Proof. The characteristic polynomial of all the blocks are obtained by translating the
variable ¢ from the polynomials of the previous Theorem so are irreducible. Since the
characteristic polynomial of all the blocks is irreducible then the eigenvalues of each block
are all distinct as algebraic functions. If we remove an arbitrary open set of parameters £
which contains the zero-set of the discriminant we have for each block all distinct eigen-
values (which implies that the blocks are all diagonalizable and that the eigenvalues and
eigenvectors depend smoothly on the parameters).

This follows from the fact that an irreducible polynomial is also the minimal polyno-
mial satisfied by any algebraic function giving one of its roots, over the field of rational
functions. Thus two irreducible polynomials have a root in common if and only if they
are equal. This implies in particular that |z(A)|? = |x(A")]2. O

In order to prove Theorem [3 item 4i), it is enough to verify the conditions of Lemma
This follows from:

Abf

K3

Theorem 7 (Separation). A basis for ker(ad(N)) on F%? is given by the elements a
(for two eigenvectors in conjugate blocks A, +; A, —).

The Theorem follows from a technical Lemma. Take a combinatorial block A, + and
denote by x.,+(t,€) the characteristic polynomial of the corresponding matrix C4 or
—C 4.

Lemma 6.17. The block A and its sign can be uniquely reconstructed by the polynomial
XA+ (t€).
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Proof. See 412 d

In practice in order to prove this Lemma we shall inspect colored marked graphs with

a root so that, when we embed A; in A using Theorem [0 we have a complete list of
representatives under the group of translations and sign change.

Proof of Theorem[7 This follows immediately from Corollary and Lemma 6171 O

Proof of Corollary[d The only difficulty comes from the study of the second Melnikov
condition i.e. the third inequality in ([H]). The main point is that the functions

(W(),v) + (&) + o (&) = (W(€),v) + L+ AD(&) + oAV (¢),

are algebraic and non trivial. Moreover L is an integer while the A(?)(¢) are defined in (T3]
so that A9 (€) 4+ A0)(€) is a finite list of analytic functions, which respect the bounds (I4)
in the domain A, \ 2. Then for a given v, we impose the second Melnikov condition for
all the infinite choices of h, k compatible with momentum conservation by removing from
A, a finite number of “strips” of measure of order v(A + r®)/(1 + |v|™*!) (the number
of “strips” is given by the number of different functions A (&) 4+ oAU)(¢)) . Finally we
notice that if A = 1 then in order to have (w(€),v) + Qi (€) + 0Qx(€) < 1 we must have
lv] > r—. O

6.18. Dimension n > 3. In dimension n > 3 we have not been able to prove the validity
of the second Melnikov condition, although we suspect that it is true, according to our
Conjecture 1 in §I0 and a conjectural separation Lemma. In this subsection we want to
sketch how one can still apply a KAM scheme by discussing the homological equation
in this more general setting. The reader should compare this discussion with the one
presented in §8.6l and again with the KAM scheme developed in [3].

The first step consists in performing the canonical Fitting decomposition of the operator
ad(N), namely we decompose the space so that each block corresponds to one (and only
one) of the generalized eigenvalues, as usual in our definitions we say that two eigenvalues
coincide if they do so identically as functions of £&. We define the change of variables of
the Fitting decomposition on each abstract combinatorial block and then notice that the
same change of variables decomposes all the translations. Thus this change of variables is
analytic for all £ outside some real semialgebraic hypersurface.

Proposition 6.19. In the Fitting decomposition of F%' under ad(N) each eigenvalue
appears with a uniformly bounded multiplicity < k.

Proof. The eigenvalues of i ad(N) are p = £((w(€),v) + Qk), hence two eigenvalues may
coincide only if they coincide at £ = 0. Supposing that this is true we study the remaining
linearly homogeneous terms. The linear terms in an eigenvalue are a translation of the
finite list A(¥)(¢), and

(W(€) —w(0), v £ /) = XO £\
may hold only if v & v is uniformly bounded. O

Notice that with each eigenvalue p there is also the eigenvalue —p with the same
multiplicity. Let us denote by F, 3’1 the generalized eigenspace relative to p. It is easy to
see that, from the first Melnikov condition, we have
Lemma 6.20.

0,1
{FpL,Fpy =0 <= p+p #0

1 . ) .
MOTEOVET FB’l and FE# are in duality under Poisson bracket.
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Proof. We start from the canonical decomposition into pairs of conjugate combinatorial
blocks. Two different pairs are orthogonal (under Poisson bracket) each block is isotropic
and in duality with the conjugate block. If we decompose a given block (identified by
the frequency v) in generalized eigenspaces under ad(N) we have, a list of non zero

eigenvalues ul(f) and in the conjugate space the eigenvalues —ul(f). The duality pairing of

Poisson bracket puts in duality the eigenspace relative to ,ul(,i) and in the conjugate space

the one relative to the eigenvalue —u,(,z). It follows that the total generalized eigenspace
relative to a given eigenvalue (which is necessarily non—zero) appearing in the sum of two
conjugate blocks is isotropic and in duality with the generalized eigenspace relative to the

opposite eigenvalue in the same sum of two conjugate blocks. (]

We decompose F2 according to the pairs (i, /) and denote by Fﬁji, = FB’l -FS,’l (the
product of functions). By Leibniz rule ad(N) on this space has generalized eigenvalue
w+ . As il §3.6] for the first step we consider the Cantor set C:

- j A+rY)
54 (i) @ ey >
(54) @ + 120 2 T
for all u,(f) &)+ ;Ll(j{) (&) # 0 where A = 1 if the integer u,(f) (0) + ;Ll(j{) (0) #20and A =0
otherwise. The fact that this Cantor set has positive measure follows by the same reasoning
as in Corollary

Proposition 6.21. For all £ € C the operator ad(N) is invertible on each FO(’?) ) such
Ko ™51y

that u,(,i) + ;LI(,J;) #£0. For all x € FO(’?) ) one has:
Ho ™1

|V—|— V/|KQTD+1
A+re
with C' some universal constant and A defined as in (B4).

|ad(N)71I|D(s,r) <C |I|D(s,7‘)7

Proof. The operator ad(N) on FE;,#“}) has generalized eigenvalue u,(f) + ;Ll(j{) so that if

ad(N) is semi-simple the result is obvious with x = 1. In general we notice that F’ 0(’?) @
[R2ZRY

. . . . . . . . 0.2
is a finite dimensional space with dimension < k2. The entries of ad(N) on F';;, , are
[RRYIN

all bounded by C|v + v/|. Then, if A = 1 the result follows by Cramer’s rule. If A =0
ad(N) is homogeneous of degree one in &, hence the entries of ad(N)r~* are bounded by
Clv 4 V'] (recall that £ < r®), again we apply Cramer’s rule. O

Let [R] be the projection of R on the spaces ngu
Corollary 6.22. The operator ad([R]) on F(%V) is block diagonal relative to the Fitting
decomposition of ad(N).
Proof. The result follows by the duality of F'' and Fg; by Poisson bracket. O
The purpose of a KAM algorithm will now be to construct a change of variables & =
e®F) . D(s/4,r/4) — D(s,r) such that e?F) o H = N> + P>, where
oo oo, 00 1 oo 00 00 (,,,00 00\ (,,,00\]
N = (@%, %)~ Su'ME¥) e, PY= Y PR W) )
i.g: 2i+j>2
and M is represented on F%! as a block—diagonal matrix on the blocks FB’l defined by
the Fitting decomposition of ad(N).



A NORMAL FORM OF THE NON-LINEAR SCHRODINGER EQUATION 33

From a purely formal point of view at each step of the KAM algorithm, we have the
Hamiltonian

Hy = N+ Ry + Py,

where ad(Ny) is block diagonal with respect to the Fitting decomposition of ad(N), Rk
belongs to <% and P, € F>2. Naturally one should prove appropriate estimates to show
that the sequence Ry tends to zero super-exponentially while Py is bounded. To define
Hj.+1 we solve the homological equation

(55) ad(Nk)Fk = Rk — [Rk],

where [] is defined with respect to the Fitting decomposition of ad(N). We define Ny 41 :=
Ni + [Rk] which remains block diagonal with respect to the initial Fitting decomposition,
although it is possible that a given eigenspace may split into different eigenspaces. The
main point is that, due to the fact that the Ry are very small, the Fitting decomposition
of N may only be a refinement of the decomposition of ad(N). Indeed two different
eigenspaces of ad(N) are different for all the ad(Ny), since the correction to the eigenvalue
is small. Then formula (55) defines Fj, € F<? uniquely for £ on an appropriate Cantor
set Cy, where,

|ad(Nk)71:E|D(s,r) < T7Q|V + I/|T|$|D(s,r)7
for all z € F:jif)y#({).
By definition Hy.y; := exp(ad(Fy))Hy, we define Ri1 := M p<a exp(ad(Fy))Hy — Nky1
and Py consequently.

6.23. The issue of linear stability. As we have seen in the previous paragraph, in
dimension 2 and 3 the three Melnikov conditions enable us to solve the Homological
equation and hence put up a KAM iteration (as discussed in §3.6). For the linear stability
of the normal form we must verify weather the eigenvalues Q may be all real. Indeed it is
not true that for all small parameters the eigenvalues are real (as one can see even in the
case of a single red edge where the condition is that the discriminant (&; +&;)? — 16£,&2 >
0). Nevertheless the condition on the parameters for the roots to be real is given by a
system of inequalities (still given by Sylvester’s theory).

The question is to verify that this open region intersects our domain A,. Let us
recall briefly the Theory, (cf. [15] for a modern exposition). Given a monic polynomial
f(t) =TT, (t — z;) its coefficients are up to sign the elementary symmetric functions
op, in the z;. Consider the Newton functions i, := E?Zl xf There are simple recursive
formulas expressing the 1, as polynomials in the o, k& < h with integer coefficients.
Consider next the Bezoutiante matriz, that is the symmetric n X n matrix B with entries
it j—o. Its determinant is the discriminant and equals £ [, 2 j(:vi —x;). If the polynomial
has real coefficients then b is a real symmetric matrix and its signature is the number of
real roots of f(t).

In particular B is positive definite if and only if all the roots are real and distinct. The
condition on a symmetric matrix to be positive definite is given by the positivity of the
determinants of all the principal minors. In our setting thus, for every block containing
red edges we deduce a finite number of inequalities in the parameters ;. The region where
all these inequalities are satisfied is thus the region where all the eigenvalues are real and
distinct. This region is a cone and the issue is to show that it is non—empty. This requires
again a very complicated case analysis which we do not perform. We refer to §I3] for a
partial discussion.
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In dimension n = 2 however we may follow the approach by [I0] to further simplify the
allowable blocks A and hence the matrix M’ of Theorem [I1

Constraint 4 ([10]). We choose the tangential sites S so that there are no geometric
blocks in Theorem [B with more than one edge.

The meaning of this constraint is as follows: a vector k € Z"™ is the root of a geometric
block with k edges if k satisfies a system of k linear and quadratic equations (see Formula
([T@), notice that the equations depend only on the abstract marked graph). The constrain
above can be verified by requiring that all the 2 x 2 systems which identify blocks with
two edges do not have any integer solution. Naturally such a strong constrain may hold
only in dimension n = 2.

Proof of Corollary[dl We impose Constrain[dl For all S such that Constrain @ holds, the
matrices C'4 are 2 X 2 and quite simple (the possible tI — C4 are written in Formula
(II2)). Then all the eigenvalues can be computed explicitly. By inspection one sees that
all the Qk are real in the domain:

D:={¢eR™ Vij=1,...,m,i#j, &+ —14&¢>0}.

Clearly D is a cone and the intersection with A, is non empty. O

Part 2. The algebraic combinatorial Theorems
7. A GRAPH PROBLEM

7.1. A universal graph. We need to develop some combinatorics which is useful to
study the graph Ag introduced in §5.11]

Let us thus choose m variables ey, ..., e,. Denote by
m m
A= {Z aiei}, SQ[A] = { Z ai,jeiej}, i, Q4 5 € Z
i=1 i,j=1

the lattices generated by these variables e; and that generated by the products e;e;. Set
n:A—7Z, ne;) =1 the augmentation.
We define a structure of colored marked graph on

AxZ/(2):=ATUA"; Z/(2)==1
as follows.
We take two elements (a,0),a =), mie;, (b,7),b="7".n;e;:

i) We join (a, o), (b, 7) with an oriented black edge, marked (4, ) if
(56) o=T,b=a+e —e;, < a=b+e;—e,.

ii) We join (a, o), (b, 7) with an unoriented red edge, marked (3, j) if
(57) o=-T,b+a+ej+e=0.
Remark 7.2. In case i) we have n(a) = n(b) in case i) we have n(a) + n(b) = —2.
We will draw a black edge with its orientation either as horizontal or as vertical edge as

a (4,4) b (4,9)

a Cc

(58) b=a+e; —e¢j d
(4,5)

c+d+ej+e =0 b
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Recall that

Definition 7.3. i) A path p of length £(p) = k, from a vertex a to a vertex b in a graph
is a sequence of vertices p = {a = ag, a1, ...,a; = b} such that a;_1,a; form an edge for
alli=1,... k.

The vertex a is called the source and b the target of the path.

il) A circuit is a path from a vertex a to itself.

ili) A graph without circuits is called a tree.

It is sometimes useful to project the graph on the factor A and just follow the paths
here.
Let o(p) be 1 if p has an even number of red edges and —1 if odd. We see that

Lemma 7.4. n(a) =n(b) if o(p) =1, n(a) + n(b) = =2 if o(p) = —1.
Given an integer « set A, := {a € A|n(a) = a}.

Proposition 7.5. i) Each AT or A is a connected component of the graph in which
we only use black edges.
i) For each pair of integers o, 8 with o+ 3 = —2 we have that the set AT U AE s a
connected component of the graph.

Proof. By the previous identity each connected component of the graph is inside one of

these sets. It is clearly enough to prove i) which we easily see by induction.
O

The natural choice coming from conservation of mass is to take At UA~,.

There are symmetries in the graph. First the symmetric group S,, of the m! permu-
tations of the elements e; preserves the graph. Next the sign change map and, given any
element ¢ € A, the translation map:

(59) (a,0) — (a,—0), Tc:(byo)— (b+0c,0).
If we want to restrict to A_; x Z/(2) we need to have n(c) = 0.

If A is any subgraph we set A to be the transform of A under sign change.

In particular we may shift and possibly change sign to the graph so that any element
(a,0) is sent to (0,4+).

The element (0,+) is called the root.

Definition 7.6. A complete marked graph, on a set V'.C A x Z/(2) is the full sub—graph
generated by the vertices in V.

We shall see that these are the combinatorial objects appearing in our context. By the
previous remarks given such a V and an element (a,0) € V we can apply translations
and sign change so that the root (0,+) is in the transformed graph. Thus we start by
studying the connected graphs containing the root.

It is very convenient to understand this picture as follows.

Remark 7.7. A connected graph containing (0, +) is completely determined by its projec-
tion in A. This lies in the set

(60) A :={a € A|n(a) = {0,-2}}.
Given a vector a € A we have either 7(a) = 0 and then we assign to it the sign +

otherwise —. We shall then consider A as a universal graph.
In particular the graphs that will appear are given by
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Definition 7.8. A non degenerate graph, is a complete graph in A containing 0 and other
linearly independent vectors.

Remark 7.9. If we choose k linearly independent elements in A in general the complete
graph generated by 0 and these elements is not connected. The possible connected ones
are easily seen to be a finite number.

We shall need in fact to consider equivalent two non degenerate graphs if we can

translate one into the other. Inside A the translations by elements ¢ with n(c) = 0
preserve the sign, the translations by elements ¢ with n(c) = —2 exchange the sign. They
are used to change the root.

7.10. Geometric realization. Given a list S of m vectors v; € C", we define a linear
map

s =m:A—=C", 7(e;):=v;.
We consider C™ with the standard scalar product (NOT the Hilbert product). Set (u)? :=
(u,u), u € C™. Extend the map 7 to a linear map of the polynomials S?(A) of degree 2
in the e; setting (cf. {0)):

7T(€i) =V, w(eiej) = (’Ui, ’Uj),
We have m(AB) = (n(A),n(B)),VA, B € A. We next define the linear map:

L® A — S%(A), e; — €2

Remark 7.11. Notice that we have L) (a) = a2 if and only if a equals 0 or one of the
variables e;.

Definition 7.12. Given an edge (a,0), (b, 7) set h := —x(b), k := —m(a). We say that
the edge is compatible with S or 7 if

(h)? — (k)2 = (v;)? — (;)? ifo=7, b—a=¢; —e¢,
(61 {(h)2 + (k)2 =(v))*+ (v;)? fo=-7,b+ta+ej+e;=0

Proposition 7.13. The sub—graph of AXZ/(2) in which we keep only the edges compatible
with S, coincides with the graph Ag defined in 3.

Proof. If the edge is black b = a + e; — e; we have h = k 4 v; — v; for a red edge instead
we have h + k = v; +v;. O

Remark 7.14. As = Ag is closed under sign change.
It is convenient to express in a unique form the previous identities as
(62) o(k)? —7(h)? = 7[LP (1D — 0a)]
= o(k)* +x[L®(a)] = 7[(h)* + 7 [LP 0)]).
Theorem 8. If (a,0),(b,T) are in the same connected component of Ag we have
(63) on[a? + L@ (a)] = 7 [b? + L (b)].

Corollary 7.15. A component of Ag is a complete subgraph (cf. [T.0]) of the universal
graph.

Proof. Fix an element (a,0) of which we want to find the component. Consider the set
of all elements (b, 7) such that ([G3]) holds. They determine a complete subgraph and the
component passing through (a, o) of this graph is the required one. O
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The construction we just made is such that:

Proposition 7.16. The map (a,0) — —x(a) maps to the graph Ts and it is compatible
with the structure of the two graphs.

One of the first constraints we shall impose on the v; will make this map a graph
isomorphism on each component, although infinitely many components map to the same
geometric component. Given the geometric component A associated to an element r =
—7(p) and a component A in Ag mapping to A, all the other components mapping to A
are obtained as translates of A under the subgroup of Z™ kernel of 7 and their conjugates.

7.17. The colored marked graphs. One can also start in an abstract way returning to
and expanding Definition .14l
Definition 7.18. A colored marked graph or M—graph for short, is

e A graph T' (without repeated edges).
e A color red or black on each edge, displayed

black red
a C

b d

e A marking (¢,75), 1 <i < m,1 < j < m,i # j on each oriented edge with the
convention that the opposite orientation corresponds to the exchanged marking
(4, 1)
The red edges are assumed to be unoriented, so for them we do not distinguish between
the markings (i,7), (4,%).

Example 7.19.
c e

YA
2,1
2,5
d (I1)

2,1

/o

c
2,3
2,3 d

a

a
3,4 5,4 b

Given a path p from a to b and another ¢ from b to ¢ we have the obvious:
e Opposite path p° := {b = a,ar—1,...,a; = a} from b to a.
e concatenation g o p, a path from a to c.

Observe that a circuit p = {a = ag, a1, ...,ar = a} induces by rotation a circuit from
a; to itself for every 7 and also an opposite circuit p°.
Given a path p we define
e A sign o(p) = £, where
i) o(p) = + if the path has an even number of red edges, we also say that p is
even,
ii) o(p) = — if the path has an odd number of red edges, we also say that p is
odd.
e A linear combination L(p) = Y, aie;, a; € Z as follows:
i) If p is an oriented edge e, i.e. £(p) =1 marked (i, j) we set

(64) L(p) := ej —e; if e is black
ne ej+e; if eisred
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i) If k> 11let p’ :={ap,a1,...,ak-1} and e = (ax_1,ar). We set

(65) L(p) = L(e) + o(e)L(p').

The following Lemma follows from an easy induction.
Lemma 7.20.
(66) o(p’) =o(p), L(p°) = —a(p)L(p).
(67) o(qgop) =o(q)o(p), L(gop)=L(g)+0o(q)L(p).
Example 7.21.

1,2 3,2 1,3 4,2 3,4
p = a ° b; q:= b d o c
1,2 3,2 1,3 4,2 3,4
gqop= a ° ° ° ° I
o(p) =0(q) =—, L(p)=es+er; L(qg) =2es+e1— ez L(gop) =2e4 —e3 —e€2.

7.22. Compatibility. We need to restrict to smaller and smaller classes of M—graphs
for our analysis thus we start setting

Definition 7.23. A connected M-graph A is compatible, if, given any two vertices a,b
and two paths p1, p2 from a to b we have:

(68) o(p1) = o(p2), L(p1) = L(p2).

Observe that the two conditions in (G8) are equivalent to saying that, given a circuit p
we have
o(p) =+, L(p) =0, Vp a circuit.
For instance the graph (I) of example is not compatible.

Assumption 1. All the graphs we consider are compatible

We apply this assumption as follows. Choose a vertex r of a compatible connected
graph A which we call the root. Given any vertex a and a path p from r to a we set

or(a) := o(p), L.(a) := L(p).

Let us take as root another vertex s, and let ¢ be a path from s to r. We clearly have
from Lemma [7.20

(69) os(a) = or(a)or(s), Ls(a) = Ly(a) — or(a)or(s)Lr(s)
Assumption 2. We restrict to those graphs for which the linear forms L,(a) are all

different.

Observe that this assumption does not depend on the choice of the root. We have

(70) n(Ly(a) = {g et

Theorem 9. In a compatible graph A satisfying the previous assumption, the mapping X :
a v+ —L.(a) embeds A as a subgraph of the universal graph A = {a € A|n(a) = {0, -2}}
(cf. ).

Proof. By Assumption 2] we have an embedding at the level of vertices. We need to show
that this is compatible with the edges. Take an edge e = (a,b) in A, we know that we have
L.(b) = L,(e)+0(e)Ly(a) hence if e is red marked (4, j) we have 0 = e;+e;— L, (a) — L, (D).
If e is black marked (4, j) we have 0 = e¢;—e;+L,(a)—L,(b) or —L,(b) = e;—e;—Ly(a). O
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This embedding maps 7 to (0, +). We could have defined more general embeddings but
they can be obtained from this by translations and sign changes. From now on, unless it
is necessary, we shall drop the symbol 7 in o,(a), L.(a).

Remark 7.24. Assume that, for a given root r of a graph A we have k vertices marked
+ and h marked —. If we change the root to a root s, and s is marked + we still have
k vertices marked + and h marked —, if s is marked — we have h — 1 vertices marked +
and k + 1 marked —.

The embedding changes by the translation by L,(s) from (69)) and (G9)

The main reason of this paragraph is the following:

Remark 7.25. Let A be a component of the geometric graph, then to A is associated in
a natural way an abstract colored marked graph. If we choose a root and perform the
embedding given by Theorem [0 we see that we have lifted the geometric graph to the
graph Ag inverting the map .

We shall prove that, under the generic assumption, this lift is an isomorphism to a
connected component of Ag over A. By abuse of notations we shall denote often by A
also this component. All other components over A are obtained from this by translations
with elements in Ker(w).

7.26. Realizing the graphs.

Definition 7.27. A realization of an M—graph is obtained by composition of the embed-
ding, a translation and a realization as in the previous section a — —7(o(a)r — L,.(a)) =
—o(a)m(r) + w(L,(a)).

A realization is called integral if all the vectors v; have integer coordinates and all the
x4 lie in the lattice 7(Z™) = L, generated by the v;.

Remark 7.28. We have defined a realization by the choice of a root and a translation.
Taking a different root we may obtain the same realization by changing appropriately the
translation.

We suppose that our graphs are rooted and drop the subscript r.
Definition 7.29. Given a graph A we then set for a vertex a
(71) V(r):=0,N(r):=0, V(a) := n(L(a)),
L®(a) := L®(L(a)), N(a) := n(LP(a)).

Then a realization of the graph, given the vectors v; consists in assigning to each vertex
a a vector z, € C*® so that, setting « := —n(r), the following constraints are verified:

(72) 2o =ola)e +V(a), (v.)’ = o(a)(@)? + N(a).

Observe that, if the v; are integral, the realization is integral if and only if z € L,,.

The meaning of a realization is really a reformulation of the Properties used in Lemma
4. 29

In fact suppose that we have a path p from r to a and an edge e from a to b. We have
by definition (G5

L) = e; —e; + L(a), if e is black marked e; —e;
ej+e — L(a), if eisred marked e; +e;
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vj —v; +V(a), if e is black marked e; — ¢;
vj+v; —V(a), 1if eisred marked e; + e;

(73) V(b) = n(L(b)) = {

(74) xq = o(a)x +V(a),z, = o(b)z + V(b),
thus

=0z +v;—v;+V(a) =c(a)z+v; —v; +V(a) =v; —v; + x4
if e is black marked e; — e;

zp=0b)x +v;+v; —V(a) = —c(a)z+v; +v; —V(a) =v; +v; — x4
if e is red marked e; + e;. For the scalar products
(75) (2a)? = o(a)(z)* + N(a), (1)* = o (b)(2)* + N(b),
O e
thus finally we have

Theorem 10. The constraints ([[2)) are equivalent to the recursive identities, (which cor-
respond to simple steps in the graph I's):
rp =05 = Vi +Za,  (v5)7 = (v1)? = () = (a)?,
if e is black marked e; — e;
(77)
Ty =05+ vi = Za,  (v5)% 4 (v1)? = (2a)? + (20)?,
if e is red marked e; + e;
In particular the definition of realization does not depend on the choice of the root r.
It is convenient to reformulate the equations (72)) as:
(78) o(a)(@)® + N(a) = (o(a)z + V(a),o(a)z + V(a))
= (2)* +20(a)(z,V(a)) + (V(a)).
Let L(a) = ), anen so that V(a) = >, apvp.
We have: (V(a))?> = N(a) =Y, (ai — an)(vn)* +2 3", - anak(vn, vg). Thus denote by

(79) C(a) := Z (a;) (vp)? + Z apar(vn, vi) = %((V(@))z — N(a)).
h h<k

Formula (78) becomes, using (9]

Theorem 11.
CCla) = (z,V(a)) if o(a) =+

(80) C( ) {—((E, V(a)) + (.%')2 ’Lf a(a) J—

We need one further definition

Definition 7.30. A graph A is allowed if for generic choices of integral vectors v; it admits
an integral realization.
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The word generic is used as in algebraic geometry. It means that the property holds
outside the zeros of some polynomial equation in the coordinates of the v;.

One of our main tasks is to study such graphs.
7.31. Relations. Let us introduce a

Definition 7.32. e A graph A with k + 1 vertices is said to be of dimension k.
e The lattice Z™ generated by the elements L(a) as a runs over the vertices for a

given choice of a root r is independent of the root. We call its dimension the rank,
rkA, of the graph A.
e If the rank of A is strictly less than the dimension of A we say that A is degenerate.

Proof of item 2. If we change the root from r to another a we have by Formulas (Z.20)
that.

Ly(a) = Ly(a) — o(s)o(a)L,(s).
This shows that Z7* C Z;* and of course also the converse is true by exchanging the two

roles.
O

If A is degenerate then there are non trivial relations ) nqo(a)L(a) = 0, n, € Z
among the elements L(a).

It is also useful to choose a maximal tree 7" in A. There is a triangular change of
coordinates from the L(a) to the markings of T'. Hence the relation can be also expressed
as a relation between these markings.

If we are given a realization 7 : e; — v; of the graph we must have, for every relation
Y unao(a)L(a) =0, n, € Z that Y, neo(a)V (a) = 0 and, using Formula (70)

(s1) 0= Y
a, |o(a)=—
Applying Formula (80) we deduce that we must have
(82) Y naCla) = —(z, ) nao(a)V(a)) - [ na)(z)®
a a a, |o(a)=—

hence
(83) > naCla) = —(2,)_nqo(a)V(a)) = 0.
Let us thus set

(84) G(a) := Z (a;) er + Z apapeper = %(L(OL)2 — L@ (a)).

h h<k
We have C(a) = 7(G(a)). Remark that also >, neo(a)L® (a) = 0.

We have ) 1
2 2_ 2 2)
;naG(a) =3 ;naL(a) 5 ;naL (a)
ZnaL(2)(a) =2 Z naL®(a).
a a,0(a)=—
and

0= ZnaC(a) = W(ZnaG(a)) = %W(ZTLGL(CL)2 - Z naL® (a)).

alo(a)=—
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Definition 7.33. If 3 naL(a)? =32, | ()= L®)(a) # 0 then the equation (82) is a non
trivial constraint, and we say that the graph has an avoidable resonance.

Remark 7.34. If we have an avoidable resonance then for a generic choice of the S := {v;}
the graph is not realized by 7g.

We arrive now at the main Theorem of the section:

Theorem 12. Given a compatible graph of rank k then either it has k 4+ 1 vertices or it
produces an avoidable resonance.

Proof. Let g+ 1 be the number of vertices. By compatibility the rank of the graph equals
the rank of a maximal tree which has ¢ edges, hence ¢ > k.

Assume by contradiction that ¢ > k. Choose a root, we can choose k + 1 vertices
(ag,a1,...,ax) so that we have a non trivial relation ) nqo(a)L(a;) = 0 and the elements
L(a;), i=1,...,k are linearly independent.

We claim that > n.L(a)? — > o(a)y=— no L (a) # 0 and thus we have produced an
avoidable resonance. Suppose by contradiction that -, nqL(a)® = 3, () na L3 (a) =
0. Assume first that all these vertices are marked +, we have then Y. n,L(a)* = 0.
Similarly, if they are all marked — we have — )" nqL(a) = Y nqo(a)L(a) = 0 and also
>, naL®(a) = 0 so again 3", n,L(a)? = 0.

We can consider thus the elements z; := L(a;),7 = 1,...,k as new variables and then
we write the relation as

k k k
0=L(ag+1) + Zpixi, = (Zpixi)Q + Zplzzrf =0.
i=1 i=1

=1

Now Zle piz? does not contain any mixed terms xpxy, h # k therefore this equation

can be verified if and only if the sum Ele pix; is reduced to a single term p;x;, and then
we have p; = —1 and L(ag) = L(a;), contrary to the second assumption.

Finally assume we have in the relation m vertices marked + and n marked — . We
think of the elements L(a;) as linear functions in some variables y;. Set y=e+ g’ , where
e:=(1,1,...,1). Assume

Zaiuz‘(g) - Zbﬂ’j(g) =0

ui(e) =0, vj(e) =2 = ij:().

Now assume
n

i aiuf - Z b; [v]@) - 1)]2] =0
i=1

Jj=1

For any linear form L,
L(y) = L(y) + L(e), LP(y) = L(e) +2L(y) + LP(y),

in particular
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The relation becomes

o_zm W) = > bil-2— 20, () + v () — vy

j=1

(2 — 2v;(y :—221) v;(y

The left hand side is homogeneous of degree 2 and the right of degree 1. This implies
Z?Zl bjv;(y') = 0 and we are back in the previous case.

i

O

8. MAIN GEOMETRIC THEOREM

8.1. Determinantal varieties. In this section we think of a marking +v; 4+ v; or more
generally of an expression > .| a;v; as a map from V™ to V. Here V is a vector space
where the v; belong. Thus a list of k& markings is thought of as a map p : VO™ — YOk,
Such a map is given by a k x m matrix.

When dim (V') = n we shall be interested in particular in n—tuples of markings. In this
case we have

Lemma 8.2. An n-tuples of markings m; := Zj ai;v; 1s formally linearly independent
— that is the n x m matriz of the a;; has rank n— if and only if the associated map
p VEM 5 VO s surjective.

We may identify VO™ with n x n matrices and we have the determinantal variety
D,, of V®" defined by the vanishing of the determinant and formed by all the n—tuples
of vectors wvy,...,v, which are linearly dependent. The variety D, defines a similar
irreducible variety D, := p~!(D,,) in V™ which depends on the map p. We need to see
when different lists of markings give rise to different determinantal varieties in Vo™,

Lemma 8.3. Given p: V¥™ — VO g vector a € VO™ is such that a+v € D,, Yv € D,
if and only if p(a) = 0.

Proof. Clearly if p(a) = 0 then a satisfies the condition. Conversely if p(a) # 0, we think
of p(a) as a non zero matrix B and it is easily seen that there is a matrix X € D,, such
that B+ X ¢ D,,. O

Let pi,p2 : VO™ — VO™ be two surjective maps given by two n x m matrices A =
(aij), B = (bij); aijbij€C.

Theorem 13. p; ' (D,,)) = py (D) if and only if the two matrices A, B have the same
kernel.

Proof. First observe that the two matrices A, B have the same kernel if and only if p1, p2
have the same kernel.

By Lemmal&3] if p; ' (D,,) = p; '(D,,) then the two matrices A, B have the same kernel.
Conversely if the two matrices A, B have the same kernel we can write B = CA with C
invertible. Clearly CD,, = D,, and the claim follows. [l

We shall also need the following well known fact:
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Lemma 8.4. Consider the determinantal variety D given by d(X) =0 of n X n complex
matrices of determinant zero. The real points of D are are Zariski dense in D

Proof. Consider in D the set of matrices of rank exactly n — 1. This set is dense in D and
obtained from a fixed matrix (for instance the diagonal matrix I,,_; with all 1 except one
0) by multiplying AI,_1B with A, B invertible matrices. If a polynomial f vanishes on
the real points of D then F(A, B) := f(AI,—1B) vanishes for all A, B invertible matrices
and real. This set is the set of points in R2"* where a polynomial (the product of the two
determinants) is non zero. But a polynomial which vanishes in all the points of R™ where
another polynomial is non zero is necessarily the zero polynomial. So f vanishes also on
complex points. This is the meaning of Zariski dense. (|

8.5. Special graphs. Let V := C" so V™ = C™". Take a connected M-graph with
n + 2 vertices, assume that for generic v; this graph is realizable. By Theorem [12] this
implies that the rank of this graph is n 4+ 1. Choose in this graph a root, then the variety
R4 of realizations is given by the solutions of equations (80, which we think as equations
in both the variables of the vector = (corresponding to the root) and also of the parameters
V;.

The variety R4 maps to the space C™" of m—tuples of vectors v;, call 8 : Ry — C™"
the projection map. For a given choice of the v; the fiber of this map 6 is the set of
realizations.

Proposition 8.6. Under the previous hypotheses there is an irreducible hypersurface W
of C™™ such that the map 0 is invertible on C™™ \ W with inverse a polynomial map.

Assume for a moment the validity of Proposition

Theorem 14. Consider a graph A which contains at least n + 1 edges such that the
markings are linearly independent, and assume A is allowable.
Then for generic v;’s it has a unique realization in the special component.

Proof. Consider the system on n + 1 linear and quadratic equations in the variables z, v;
defining the variety R4. We are assuming that we have a solution x = F(v) which is
a polynomial in v1,...,vy. A degree consideration shows that F' is homogeneous and
linear in these variables. In fact we have since the right hand side of the equations B0l are
quadratic, we have F'(Av) = AF(v).

Now the equations are invariant under the action of orthogonal matrices, i.e. if A
is orthogonal F'(Avy, ..., Avy) = AF(vy,...,vn). Since the space V' of the v; (which we
may take as complex) is irreducible under the orthogonal group, a linear map V. — V
commuting with the orthogonal group is a scalar so it follows that any linear map V™ —
V' commuting with the orthogonal group is of the form F(vy,...,vm) = Y nr Caq for
some constants c,.

Now x =" | cqv, is the point of the realization corresponding to the root and so it
satisfies either (z,v; — v;) = (v;, v; — v;) for some 4, j so z = v; or the quadratic equation
(x —vi, & — v;) = 0 from which z = v; or v;.

Once we know that one point in the realization is in the special component we have
proved (see[5.9) that the whole tree is special and realized in this component. O

3this means that a polynomial vanishing on the real points of D vanishes also on the complex points.
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8.7. Proof of Proposition 8.6l black edges. Let us first study the case of all black
edges. The next is standard and follows immediately from the unique factorization prop-
erty of polynomial algebras:

Theorem Let W be a subvariety of CV of codimension > 2, let F be a rational function
on CN which is holomorphic on CN \ W, then F is a polynomial.

We have a list of n 4+ 1-linear equations (x,a;) = b; with the markings a; = Zj aijv;
formally linearly independent. The hypotheses made imply that any n of these equations
are generically linearly independent. Call C' the matrix with rows the vectors a;.

Therefore on the open set where n of these are linearly independent the solution to the
system is unique and given by Cramer’s rule.

In order to complete our statement it is enough to show that the subvariety W where
any n of these equations are linearly dependent has codimension > 2. The condition to
be in W is that all the determinants of all the maximal minors should vanish.

Each one of these determinants is an irreducible polynomial so it defines an irreducible
hypersurface. It is thus enough to see that these hypersurfaces are not all equal. This
follows from Theorem [I3] indeed by hypothesis the matrix B = (a;;) has rank n + 1. All
the matrices obtained by B dropping one row define the various determinantal varieties,
the fact that these varieties are not equal depends on the fact that the matrices cannot
have all the same kernel (otherwise the rank of B is < n).

8.8. Proof of Proposition [8.6], red edges. When we also have red edges we see that
the equations(80) are clearly equivalent to a system on n linear equations associated
to formally linearly independent markings, plus a quadratic equation chosen arbitrarily
among the ones appearing in ([80). We then put as constraint the non vanishing of the
determinant of the linear system we have found. Thus a realization is obtained by solving
this system and, by hypothesis, such solution satisfies also the quadratic equation.

Let P be the space of functions Y ;" | ¢;v;, ¢; € R and (P, P) their scalar products. As-
sume we have a list of n equations Z;n:l a;j(z,v;) = (x,t;) = b; with the t; = 27:1 a;ijv;
linearly independent in the space P and b; = Y_,, , aj, 1 (va, vk) € (P, P).

Solve these equations by Cramer’s rule considering the v; as parameters. Write z; =
fi/d, where d(v) := det(A(v)) is the determinant of the matrix A(v) with rows t;, f;(v)
is also a determinant of another matrix B(v) both depending polynomially on the wv;.
We have thus expressed the coordinates x; as rational functions of the coordinates of the
v;. The denominator is an irreducible polynomial vanishing exactly on the determinantal
variety of the v; for which the matrix of rows ¢;, j =1,...,n is degenerate.

Lemma 8.9. Assume there are two elements a € P,b € (P, P) such that (z)*+(z,a)+b=
0 holds identically (in the parameters v;); then x is a polynomial in the v;.

Proof. Substitute z; = f;/d in the quadratic equation and get
diQ(ZfiQ) +d7! Zfiai +b=0, = fo +deiai +d*h =0.

Since d = d(v) = det(A(v)) is irreducible this implies that d divides >, f?.

For those v; € R™ for which d(A(v)) = 0, since the f; are real we have f;(v) = 0, Vi,
so f; vanishes on all real solutions of d(A(v)) = 0. These solutions are Zariski dense, by
Lemma [84 so f;(v) vanishes on all the v; solutions of d(A(v)) = 0 and d(v) divides f;(v),

hence z is a polynomial.
d
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9. PROOF OF THEOREMS [4] AND

9.1. The resonance inequalities. We are now ready to explain which restrictions we
impose on the vectors v; in order to say that the vectors have been chosen in a generic
way.

) We impose Constraint [II

2) We require that any n of the v; are linearly independent.

) We want that any linear combination of the v; arising from an odd circuit of length
< n is non—zero.

4) We list all degenerate graphs with & + 1, k¥ < n + 1 vertices, we list all the avoid-
able resonance equations and impose that the vectors v; do not satisfy any of these
equations, this is a set of quadratic inequalities.

5) Finally for each graph with n + 1 formally linearly independent markings, we impose
the following relations. From equations we select n linear equations and impose
that the corresponding determinant is non—zero. This allows us to apply Theorem [Gl

We are now ready to prove Theorems [l and The first four constraints control the
components with at most n linearly independent edges.

The fifth constraint handles graphs with n + 2 vertices.

Let us consider a connected component A of the graph I'y. If we choose an element
re Aandap € Z™ with r = —7m(u) we see that

Lemma 9.2. The connected component B of the graph As containing p maps surjectively
to A.

Proof. Clearly any edge in A can be lifted to an edge in B. O

Theorem (] follows from the more precise

Proposition 9.3. If A is different from the special component, then B has rank < n and
is mon degenerate and —m maps B isomorphically to A.

Proof. Assume first that B has rank < n, we have that B has to be non—degenerate since
we have imposed that the v; do not satisfy the resonance equations. In particular B has
at most n + 1 vertices. Then the constraints that we have required imply first that — is
bijective on the vertices, in fact if we had to vertices in B which map to the same vertex
k in A we consider a path connecting them we have that either 2k = ", a;v; if the path
is odd and then we can exclude this by imposing that the quadratic equation satisfied
by k is not satisfied by the v;, or we get >, a;v; = 0 and again we may exclude this, in
fact since B varies on graphs with at most n + 1 vertices all these are a finite number of
inequalities. The isomorphism at the level of edges follows from Corollary [[.15

So it only remains to show that for generic v; we cannot have B of rank > n + 1. This
follows from Theorem [T4] O

Proof of Theorem[d. i) Let A be a connected component of the graph I'g, let B be a
corresponding component in Ag so that A = —7(B). By proposition B has at most
n + 1 vertices.

it) Two points are connected by a red edge if they belong to a sphere S;; with diameter
v, v; and there are finitely many integral points on such a sphere.

i11) Each component of I'g is a realization of an abstract marked graph, which encodes
the equations that the root z, should satisfy. In the case of black edges the equations
are all linear and the general solution is given by adding the solutions of the associated
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homogeneous system. Finally, there are only a finite number of abstract marked graphs
with at most n + 1 vertices.
O

Remark 9.4. In this general discussion we have restricted the possible types of components
that we can have in the geometric graph I'x. In fact it may very well be that some of the
possible components which are allowed do not appear.

This depends upon the fact that our conditions are algebraic and we only claim that
a certain system of equations has a solution. But, for contributing a component to the
graph 'y, this solution must lie in the lattice spanned by the v;. This we have not tried
to discuss. In fact in dimension 2, in the paper [10], Geng, You and Xu use arithmetic
conditions to exclude all graphs with 3 vertices.

9.5. m = oo. It is easy to see that we can also construct infinite sequences of integral
vectors v; satisfying all constraints. For this recall the known, fact. Let f(z1,...,xp)
be a polynomial with integer coefficients. Assume that all coefficients of the polynomial
are < (' in absolute value, and all exponents are < D, with C, D two positive integers.
Consider the sequence £ :=a; := CP" < i=1,2,.... Then

Lemma 9.6. For every choice of p distinct elements a;,, ..., a;, in this list we have

f(al-l, SN ,CLl'p) 7§ 0.
Proof. Consider the monomials appearing in f.
p . aj
x’flx}f . ..x};? y O2j=1hi DY

Since all indices h; < D we have that different monomials of f give rise to a different
exponent »_F_, h;D%.

Now the polynomial gives a linear combination of integers a; with |a;| < C' (the coef-
ficients) times distinct elements C%. By the uniqueness of the expression of a number in
a given basis we deduce the claim. ([

We now apply this to our setting, we take C,D bigger than the coefficients of all
constraints in dimension n, similar bigger than the exponents in these constraints.

If we now partition in any desired way the list £ into disjoint sublists each made of n
elements they form an allowable infinite list.

10. THE MATRICES

In this and the following sections we discuss the combinatorial and algebraic features of
the matrices appearing in the blocks of ad(N) in order to complete the proof of Theorems
[6, [d and Lemma

10.1. Combinatorial matrices. We now discuss the matrices C 4 introduced in Defini-
tion[G7l The vertices of A index a basis of this block. Given a vertex (a, o) ifa = ", mje;
we set

a(§) = Z m;&;.

Lemma 10.2. The entries of the matriz C4, over the indexing set of the vertices of A,
are:

e In the diagonal at the vertex (a,o) equals —oa(§).
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o At the position (a,0), (b, 7) we put 0 unless they are connected by an oriented edge
e = ((a,0), (b, 7)) marked with (i,7). In this case we place

(85) C(e) = 27—\/€i€j-

Proof. Let (v,+) € A correspond to the root z(A) = —x(v). Take another element
a = (u,0) € Asuch that —n(p) = 24 € A and o(a) = 0. From Formula [71] and [(2] and
Proposition @3] we have u = ov — L(a) hence —ca(§) = —o(&, 1) = —(&,v) + o(&, L(a))
which is the diagonal entry of C'4 by Formula ({8 and Definition O

We need to see the behavior under the symmetric group, translation and sign change.
Under the symmetric group we just permute the variables &;.

Theorem 15.
(86) CTC(.A) =c()I+Ca, Cz=-Cyu.
Proof. If we translate A, to 7.(A) the edge e = ((a,0), (b, 7)) becomes 7.(e) = ((a +
oc,0),(b+Te, 7)) so
C(re(e)) = Cle), ala+oc)(§) = o(a)(§) +c(§).
Similarly for sign change. O

We denote by
XA(t) = det(t — Ca)
the characteristic polynomial of C 4.

Remark 10.3. Notice that, if e is red, in position (b, a) we have 0(a)21/§:&; = —0(b)21/&:&;.
If we change the root s the matrix is changed as C% = L(s)(§) + o(a)C".

In particular C 4 is symmetric if and only if there are no red edges.

These are the matrices appearing in our Hamiltonian, but we can immediately change
them as follows. Choose a maximal tree in the graph and a root, then every vertex is
connected by a unique minimal path. Given a vertex a and the minimal path p = (r =

ap,ai,...,ar = a from the root r to a and we set k = £(a). We next set
k—1

(87) D(r):=1, D(a):= H C(a;, ait1)
i=0

This defines a diagonal matrix D.

Proposition 10.4. Set Cy:=DC4D1:

i) If (a,b) is an edge in the tree we have

~ o(b) if £(b) = l(a) + 1
(59) Catart) = 4 710 11O 2 1)
C(a,b)* =4&&; if £(b) = ¥(a) — 1
i) If e = (a,b) is not an edge in the tree (but it is an edge in the graph), we have
that C4(a,b) is a constant times a monomial in the variables 5?[1.

Proof. (i) This is from the definition.

(ii) This comes from the circuit that shows that modulo 2 the two elements L(a) = L(b)
which takes away the squares. ([

Corollary 10.5. For every allowable A the characteristic polynomial of C 4 has as coef-
ficients polynomials in the variables &;.
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By the previous Theorem the square roots disappear.

Conjecture 1 For every allowable A the characteristic polynomial x 4(¢t) of C4 is
irreducible as polynomial with coefficients in C[¢1, ..., &n]-

It is clear that the irreducibility property is invariant under all the symmetries, the
symmetric group, translation and sign change, so the statement needs to be checked only
for finitely many A. In the next section we discuss dimension 3. We take as A always a
graph containing 0 and we assume that 0 has sign +, (cf. Definition [(]).

10.6. The method. We have seen in Theorem [l that the graphs we need to consider are
complete subgraphs A of the graph Ag, constructed as follows. Take a linearly independent
list of k vectors v; where k is the rank. Consider the complete graph A generated by
0,v1,...,Vk.

We need to study those A which are connected. In Theorem [l we have seen that
the connected components of Ag are obtained from such a graph by translation and sign
change.

The goal of the rest of the paper is to prove the two Conjectures which allow us to
deduce the separation of eigenvalues and thus the second Melnikov equation. We have at
our disposal several theoretical tools which at the moment are not sufficient to treat all
cases. This is why the possible obvious inductions are not available at the moment and we
need to perform a rather tedious detailed case analysis. In principle this can be checked
by a finite algorithm in all dimensions but we have not tried to write the necessary code.

The main ingredient of a possible induction is:

Theorem 16. Take an allowed graph A and compute its characteristic polynomial x 4(t).
When we set a variable & = 0 we obtain the product of the polynomials x 4,(t) where the
A; are the connected components of the graph obtained from A by deleting all the edges in
which i appears as index, with the induced markings (with & =0).

Proof. This is immediate from the form of the matrices. O

10.7. Some tests. Let us make several remarks on Conjecture 1, which we are going to
prove in dimension 3 by a case analysis.

First we analyze trees, and for each marked tree we complete it according to Theorem
We use systematically Theorem [I6l and also we may sometimes use the following simple

Remark 10.8 (Minimality). If setting two or more of the variables & equal we have an
irreducible polynomial then the one we started with is irreducible.

Lemma 10.9 (Parity test). i) If we compute t at an odd number g, the determinant

xalg) # 0.
ii) If a linear form t + 3", a;&, a; € Z divides x 4(t) we must have )", a; is even.

Proof. 1) We compute modulo 2 and set all § = 1, recalling that Ly (§)|¢,=1 = 0,2. We
get xa(t) =t™.

ii) A linear form ¢+, a;&;, a; € Z divides x a(t) if and only if we have x a(— >, ;&) =
0, then set £ = 1 and use the first part. O

We shall use the parity test as follows.
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Theorem 17. Suppose we have a graph A, in which we find a vertex a and an index, say
1, so that

we have:

e 1 appears in all and only the edges having a as vertex.

e When we remove a (and the edges meeting a) we have a connected graph A with
at least 2 vertices.

o When we remove the edges associated to any index, the factors described in The-
orem [I8 are irreducible.

Then the polynomial associated to A is irreducible.

Proof. We take a as root, setting & = 0 we have by Theorem [[6] and the hypotheses, that
xa(t) =t P(t) with P = x.4(t) irreducible of degree > 1. Thus, if the polynomial x4 (¢)
factors, then it must factor into a linear ¢ — ¢(£) times an irreducible polynomial of degree
> 1.

Moreover modulo £ = 0 we have that 0 and £ coincide, thus £ is a multiple of &;.

Take another index ¢ # 1,k if a is an end and the only edge from a is marked (1, h)
otherwise just different from 1 and set & = 0. Now the polynomial x 4(¢) specializes to
the product []; x4, () where the A; are the connected component of the graph obtained
from A by removing all edges in which i appears as marking. By hypothesis {a} is not
one of the A;.

If no factor is linear we are done. Otherwise there is an isolated vertex d # a so that {d}
is one of the connected components A;. The linear factor associated is ¢t — o (d)Lq(§)|¢;=o0-
Clearly we have that the coefficient of & in L4(€) is 1 (since the marking 1 appears only
once). This implies that £ = ¢ + & and this is not possible by the parity test. O

This Theorem can be used as the basis of a possible, induction. Let us analyze this.

Take a graph A of dimension and rank n. Thus it has n 4+ 1 vertices. Assume that, by
some inductive procedure, we know that, if we remove the edges associated to any index,
the factors described in Theorem [I6] are irreducible. If there is an index ¢ such that, when
we remove the edges containing ¢ the graph remains connected, we are done. Similarly if
we can find an index satisfying the conditions of Theorem [I7

11. DIMENSION 3

11.1. Bases and encoding graphs. We first classify the graphs by rank and up to the
symmetry induced by permuting the variables e; (that is the action of the symmetric
group Sy,).

Thus in order to classify these graphs, the first step is to understand the possible lists
v; which produce a connected complete graph.

A choice of a maximal tree in each such graph determines, through its edges, a linearly
independent list extracted from the vectors E := {e; £ e;}. Thus we may start by first
classify up to symmetry such lists of rank k. In dimension n will appear lists of rank
k <n.
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Since we are trying to classify the graphs up to equivalence we have some freedom in
choosing the root. In a tree with n vertices we can always choose a vertex r as root so
that every other vertex is at distance at most [n/2], thus each possible v}, is obtained by
adding up at most [n/2] elements in the list e; +e;.

This gives a finite algorithm which is still computationally very heavy even in dimension
3.

Let us start by explaining how to classify the lists of independent edges for dimension
3.

Observe first that E := {e; £ e;} decomposes under the symmetric group into 2 orbits,
the black and red edges.

In a list it is first convenient to count the two numbers e, f of black and red edges,
and we may have for a list with 3 elements 4 possibilities (3,0), (2,1), (1,2),(0,3). It is
convenient to display the list by its encoding graph. This is the subgraph of the full graph
with vertices the numbers 1, ..., m formed by the edges (i, ) which appear as markings
in the graph A. We can also color and orient these edges.

When we take 3 linearly independent markings, their encoding graph up to permutation
of the variables can have the following different combinatorial structure

Type 0 . 2 4 6 9 (15 2)7 (35 4)7 (55 6)
1 3 5

Type 1 : 1 5 ;o (1,2),(2,3), (4,5)
3—2 4

Type 2 . 1 ) (1;2)7(253)7(154)
3—2—14

Type 3: 1 2 3 4 ) (172)5 (273)5 (374)

In all these cases we may have any choice of red edges.

We now discuss two special cases.
Type A: We may have at the same time an edge, which we may assume to
be (1, 2) black and red, plus another edge, in general disjoint (3,4) but after specialization
it can be assumed to be (2,3) black or red.
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4 3

FIGURE 2. The dotted line may be either red or black.

Finally we may have an odd circuit (notice that an even circuit gives linearly dependent
markings)
(89)
Type B : 3 3 (1,2),(

AN

2,3),(3,1)

2

Type BII cannot occur since, if we have tow adjacent red edges with a common index
in the label, this configuration has to be completed with a black edge.

In case BI the encoding graph is completely described by the choice of orientation for
the black edges (and again we have some symmetries to consider).

It is clear that specializing some wvariables one can pass from more general types to
others. When we pass to analyzing the possible allowable graphs, the 3 markings come
from a maximal tree and the actual graph may need to be completed with further edges.

11.2. Irreducibility tests.

There are standard algorithms that check if a polynomial with integer coefficients is
irreducible. In our analysis we try to avoid them as much as possible in order to give
a possible general approach, nevertheless for a few cases we could not find a theoretical
explanation so we just verified the irreducibility with these algorithms.

If A has s vertices the characteristic polynomial is of degree s. For the markings, we
restrict to the case of rank s — 1 (by Theorem [[2]). Let us start by considering:

s = 2. In this case A is a single edge that we may assume marked by (1,2) or
equivalently (2,1). The corresponding matrix is, in the black and red case:

t —2V& & t V68

—2V6&% t+ &6 -6 —2¢/&1& t+ &+ &
with determinants
(90) 2+ t(& — &) — 466, P+ (& + &) + 446

it is easily seen that these polynomials in ¢, &1, €2 are irreducible. s = 3.

Lemma 11.3. Unless we are in the special component we cannot have in the graph adja-

1,2 1,2 1,2 2,1
b c or a b

cent a

C.
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PTOOf. We use the fact that (HLQ U Hgyl) n 8172 = {Ul,’UQ}. [l

s =3. Foragraph A with 3 vertices y 4(t) has degree 3, we only have two possibilities,

up to coloring the edges.
c
C qQ — b

We may have, once we specialize the variables, only the case (1,2),(2,3) on the tree
with various colors and orientations. Some of these choices do not give a complete graph.
We complete it (this determines uniquely the oriented edges to be added) we have the
circuit which must be even by the rank assumption and up to symmetry

(91) c : c
NN
“ 1,2 b @ 12 b

All these cases fall under the requirements of Theorem [I7] and thus give irreducible
polynomials.

a——»

s = 4 The possible colored trees with 4 vertices are

e Star types

a b=——=d a b——d
e Linear types
[e]:a b c d:a b c d
[9]:a b c d[h]:a=—0b c d
[i]:a b c d |i]:e b c d

For each of these trees we must analyze the markings which can be classified according to
their encoding graphs. We easily see that, for the encoding graphs of types 0,1,2,3 there
is always an index of a marking which appears only once and in an end edge. Thus all
these cases fall under Theorem [I7]

Type A cannot occur in the star type and in cases e, h,i,j by Lemma 1.3

The analysis is still quite long. We can simplify it a bit if we weaken our requirements
and try to prove only that the polynomials are irreducible over Z. This is in any case
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sufficient for the applications we have in mind. We can set all variables & = % In
fact when we do this for types a through d we always have a linear by an irreducible

cubic polynomial. This is not a useful information but for the other cases we have some
reductions. For the graphs of type e the matrix becomes

t -y O 0
-y t -y 0
0 -y t —y
0 0 -y t

with determinant
A —3t2y2+y4 _ (t2 —ty—yQ) (t2+ty—y2)

For colored case we set & = y and we have as possible matrices

t -2y 0 0
a

_ -2y t =2y 0

a7 1" oy ot 2y

0 0 -2y t+2y
with determinant

260y —4t?y? —16ty° — 16y* = (t+2y) (1° —4ty® —8y°)

t -2y 0 0

-2y 2y 0
0 -2y t+4+2y —2y

0 0 2y t

b—C7:d+7

@ a
with determinant the irreducible polynomial
th 4 263y + 4t?y? — 8ty® — 1697
t 2y 0 0
-2y t+2y 2y 0

0 2y t+2y -2y
0 0 2y t

a

b- Ci—d+ )

with determinant the irreducible polynomial

tr 23y + 422 +8ty> + 16 y*

t -2y 0 0

- —2y t 2y 0
+ — —

“ b ¢ d=> 0 -2y t+2y 2y

0 0 2y i+ 2y
with determinant the polynomial

th 4ty —8ty’ =t (t+2y) (> +2ty—4y?)
t 2y 0 0

- -2y t+2y 2y 0
— Jr —
“ b ¢ d= 0 2y t 2y
0 0 —2y t+4+2y

with determinant the irreducible polynomial
th 43y +16t2 9% + 24t y° + 16 y*
this shows that,
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Lemma 11.4. o If for a given marking of the tree of type e the polynomial factors
it must be into two irreducible quadratic polynomials.
o If for a given marking of the tree of type f the polynomial factors it must be into
a linear and an irreducible cubic polynomials.
e Types g,7,h are always irreducible.
e For type i we have no useful information.

Recall the classification of §IT.1l So we are left with Linear types of type A in case f,g.
Type BI for trees of linear and star type.

Linear types Type A. In the linear graphs 3 must be in the middle so if the polynomial
factors it must be into 2 irreducible quadratics. We have already seen that we only need to
treat cases f,g and for these the previous factorization is incompatible with the restrictions
given by Lemma IT.4

We still need to treat Type B I which can appear only in the two cases f,i. Some
orientations give rise to a graph in the special component so we may ignore them. We are
left with (up to exchanging 1,2)

3,1 2,3 1,2 3,1 3,2 1,2
a b+ C+ d- 7 a b+ C+ d~ )

1,3 2,3 1,2 1,3 3,2 1,2
et 2 2 e Mg B 22

Now, f1, f4 do not arise in the applications, since they are not complete (although
they also give rise to irreducible polynomials). We are left with f2, f4:

t —2V&i&s 0 0
2618 t—& + &3 —2y/&283 0

= 0 V68 t—6-&+25 2V6E
0 0 -2V684 t+ 283

t —-2V/6& 0 0

—2V6& t—&+& —2\/&&3 0
= 0 —2V&E&  t—2+ 6+ & 2V6G
0 0 -2V68 t+ 283

Markings

0,61 —&3,81 + & —263,283; 0,83 — &1,283 — &1 — &2, 283,
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In this table we show the possible linear factors setting one of the variables to 0.

f2 f3
G =0: 0,2¢3 0,2¢3
=0 —G+26,28G O 26,26
§3=0: 0, =& 0,6

So a possible linear factor could be t —&; +2&3, t+2€3 in the first case, t42&3,t+& —2&3
in the second. The odd cases can be excluded by parity so we may have t + 23 in both
cases. At t = —2&3 the two determinants are

—8&1&2 (§1—E&3) &3, —24&6 & (61— &3) &s-
Finally Type ¢, observe that

3,1 1,2 2,3 1,3 1,2 2,3
a———5p c———d, a N

C

a

3,1 1,2 3,2
b—— d,

do not arise since they are not complete. It remains up to symmetry

1,3 1,2 3,2
a bt =——c" d=
t —24/€1&5 0 0
268 t—8G+& 2v&&6 0
0 —2V6&  t+26+86 & 2v/€283
0 0 2v/€283 b+ 281 + 28 — 283
This case has passed a standard factorization algorithm which shows that it is irreducible.
Star types
Type B I For only one orientation the tree is complete. Take b as root
ot markings &3 — &2
3,2
3,1
a”=5—>b d+ S+ &1 & —&
t+&+86 —2v&& 0 0
2V&1 & t —2v68  —2v&i&s
0 —2v68 t—&+& 0
0 —2v&1€3 0 t+8&—&

passes standard tests of irreducibility.
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In fact in this case even the determinant is irreducible (over Q):

4 (@8 +E8LG+686-88 6688683,

Circuits

We first start from the Formulas ([@T) of a basic circuit

c D] c
LN 2\
¢y b ’ (=7 0

and add a linearly independent edge in all possible ways and then close it as necessary. If
this edge has two indices disjoint from 1,2, 3 we are under the hypotheses of Theorem [I7}
Otherwise, up to symmetry we may have several cases, but we can always assume that 1
appears in the marking of the edge. It can be (1,4), black or red, in this case, we complete
if necessary the graph but then we may apply Theorem [[7l The other possibility is that
it does not involve an index different from 1, 2,3 but then it must have a color different
from the one appearing in the graph in order to be linearly independent.

1,2 )
Type C We may assume we add the edfge —— , according to Lemma [I1.3] the only
possible position is at c.

1,2 .
or —— , according to Lemma [IT.3]

Type D We may assume we add the edge

the only possible positions are
: :
21 1/2
3,1 d \2:3 3,1 d \23
1,2 b ’ a 1,2 b

) a

the first 2 should be completed to the same

:
2,1T

3,1 d 2,3

a?b

2

So our final computation is with these 3 cases. The matrices are:
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t
—2v/&61&2
—2v&1&3

0

—2v&1&
t+& —&

—2v&283

0

—2v&1&3
—2/&283
t+& — &3

—2v/&182

M. PROCEST*, AND C. PROCEST**.

0
0
2v/&162

t+28 + & — &3

passes a standard test of irreducibility. The determinant is &; times an irreducible cubic.

Take a as root.

C

2
3,1

d

Jr
+\
2 b™

c
1
d

N

9 a 1: a 1:
t 24/&1&9 —2v&1&3 0
=266 t+&+H & —2/68 0
—2v61&3  2v&& t+ 6 — &3 —2v&1&
0 0 —2V6& 428 - &G+ &6
t AVESED =218 —2v/&&3
—2V61& t+& +8&  —2v&EB  —2V6E
=268 2v&LE&E t+ 6 &G —2v6 6
=268 26183 —2y6&  t+ &G -6

In the first the characteristic polynomial is irreducible while the determinant is 4£; times
an irreducible cubic. In the second they are both irreducible.
We finally have circuits with 4 edges but not 3. In this case the circuit has 4 markings

linearly dependent of rank 3, which satisfy a very special linear relation. One easily sees
that they must have as encoding graph a standard circuit with an even number of red
edges and suitably oriented black edges:

1 2

1

4——-3 4

3
2 1—2

1

N —= W
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One easily sees that they fall under theorem [I7 E.g.:

3,2 3,

2
d<=——32= d<=——32=
4,1l 3,4 3,4l Tﬁl,l
1,2 1,2
a——) a——p)

The other cases are similar or not complete.

12. SEPARATION

12.1. Translations. We want to prove here the separation Lemma [6.17] in dimension 3.
We have constructed the polynomials which appear in the formulas for ad(N) as follows.
We take a set A = {(aog,00), (a1,01),...,(ak,0%)} CTZ™ x Z/(2) so that the vectors a;

are independent in the sense of affine geometry (they span an affine space of dimension

We only consider those such that the complete graph generated by them is connected
and we call k the rank of A. Let us call these sets allowable.

To such a set we have associated (Definition [0.2]) a & + 1 x k + 1 matrix C4 and its
characteristic polynomial x 4, a polynomial of degree k + 1 in ¢ and the variables &; which
is monic in t. We Conjecture that

Conjecture 2 If A # B have at least 2 elements then xa # x 5.

For one element (a,+) and (—a, —) give t — L, (&).

We start from a standard edge [(0,+), (e1 — e2,+)]; [(0,+), (—e1 — e2, —)].
Under translations and sign change we have 4 possibilities:
[(a;+), (a+er—e2, +)]; [(b,4), (=b—e1—e2,—)].

[(Cv_)v(c+el _627_)]; [(dv_)v(_d_el _627+)]'
The matrices are

—a(§) AVESES —b(§) —2v/&162
WEG —al6)-b+E | |2VEE bE) -6 —&
c(§) —2v&1& d(§) 2v&1&2
WEE )b -6 | |-2VEE €)L& +E

Lemma 12.2. These blocks can be reconstructed from the characteristic polynomial.

Proof. First, passing modulo 2 we identify from the trace 7 the two variables £1,&. We
can deduce the elements a, b, ¢, d in the 4 cases from 7.

—7’:2(0—52)4-51 +& =20+& + & =2c+ & —& =2d— & — &

So let us write 7 = —2a + & — & and the possible 4 matrices with trace 7 are
o 2EG et —2/EG
, or
2v&1& —a—&+& 2V6&  —a—&
a+&—& —2V&i& a+& 2V&1 &

—2v&61&  a+2& —26 —2v&1&2 a+26 + &
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we compute the 4 determinants
ala+& — &) — 4618, (a—E&)(a+ &) + 461&e,

(a+& —&)(a+26 —28) — 468, (a+&)(a+26 + &) +46&.
We leave to the reader to verify that, when they are equal, the edge is the same/]
O

Proof In dimension 2,3. We have already proved in Lemma [12.2] that this statement is
true for blocks with two elements. In dimension 3 we know that all polynomials xo with
C of rank < 4 are irreducible.

Consider thus the m linear mappings \; : Z™ — Z™~! each dropping the i*" coordinate
or in more intuitive terms, setting e; = 0.

We extend this map to \; : Z™ x Z/(2) — Z™~! x Z/(2) and notice that, if we remove
from the graph Z™ x Z/(2) all edges in which e; appears, this is a map of graphs. Moreover
take A allowable of rank k£ and remove all the edges in which e; appears, we obtain in
general several connected components A, ..., A% of the restricted graph. It is easily seen
that every connected component B of the induced graph maps injectively under A; to
Z™ ' x 7/(2), since the index i does not appear in the markings of the edges of B.
Theorem [T@ tells us that

S
(92) XA(t7§)fi:O = H XA;. (tag)'
j=1
This is again the basis of an induction. We can in fact by induction reconstruct the entire
graph once we forget the i*" coordinate, except for the isolated vertices for which we have
no information on the sign. By convention we describe their known coordinates as if the
sign were +.

In particular by setting all variables equal to 0 except two of them we see that if
XA = xB the two graphs must have the same colored encoding graphs. In fact we recover
not only the edges but also the coordinates of the vertices relative to the two indices of
the edge and their sign.

Now in dimension 3 we treat first the case of a block with 3 vertices. Thus we know
the encoding graph. This has either two or three edges. Let us treat the case of 3 edges
(the other case is simpler). In this case the graph is as in ([@1]), we need to compute the
coordinates. In this case set for instance e; = 0 we see

)

N X

a b a b

In the first case we know the sign of a and hence the second and third coordinate of all the
vertices. This is enough to reconstruct all edges since b, ¢ have different third coordinate.

In the second case, assume for instance c¢ has sign +. We see immediately to which of
b, ¢ the point a is connected by the black edge (1, 3) since we must have one and only one
Qs = Co Or ag = —by = co + 1.

Next the most degenerate cases with 4 vertices.

This, up to symmetry is when the encoding graph is of type A, B (cf. [T)).

4of course the matrix depends on ordering the vertices of the edge, in particular one vertex appears
as root
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In Type A when we put e3 = 0 we must see the graph

1,2 1,2
b c

a

d

together with the first two coordinates and the sign of all the vertices.
Set a = (a1, az2,),c = (c1,c2,y) so that

(93) b=(-1-ai,—1—az,—x), d=(c1+1,¢c2—1,y).
When we set es = 0 we have two possible cases:
1) u ===y z w
or
2) u—> 4 z w

Possibly we may have z = w. Let us treat the first case.
We need to determine which vertices match coordinates and are thus joined by this edge.
If say a = (a1, ag, x) is joined with ¢ = (¢1, co, y) then we must have that a+c¢ = (—1,0,—1)
SO
ap+c=—-lax+co=0,z+y=-1.

Similarly for the other 3 possible ways in which the edge may appear. We need to show
that only one possible choice is available, so we may assume that the choice a, c is available
and then prove that the others are not possible. Let us first exclude the possibility b, c.
By @3) b2+ c2 = —1 — az+ ¢ by assumption. If a, ¢ is available we have also ag + ¢c2 = 0,
if also b, ¢ is available then 0 = by + co = —1 — ag + co. This implies ¢ = 1/2 which is not
possible.

Now the possibility b,d or a,d. We have that d = (¢1 +1,¢2 — 1,y) so for a,d again we
should have as + do = 0 that is as + co — 1 = 0 incompatible. For b, d we would have

bi+di=—-1,bo+dy=0,—ax+y=—1.

We havey = —1,x = 0and b1 +d; = a;+c¢; = —1. Next by +dy = —1—a3+c1+1 which
implies a1 = 0,¢c1 = =1 —a; +¢; = 1 hence ¢y = —1,a; = 0 then by +ds = as+¢c2 =0

implies —1 — ag + co — 1 = 0 that is as = —1, ¢ = 1. Finally we must have
(0,-1,0) === (~1,0,0)
1,3 1,3
(-1,1,-1) —2— (0,0, 1)

This is possible only if we ignore the signs. With signs this is incompatible (the odd
circuits do not lift from A to A and hence we have excluded them with the resonance
hypothesis 3) 0.1)).

Now the second case.

When we put es = 0 we must see the graph

1,2 1,2
b c

a

When we set ex = 0 we have a graph

1,3
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We need to determine which vertices are joined by this edge. If say a = (a1, as2,2) is
joined with ¢ = (c1, ¢2,y), we have still two possibilities for the orientation. In have have
either a —c¢=(—1,0,1), a— ¢ = (1,0,-1) so
1) ag—c1=-l,aa=co,x—y=1 or ii) c¢1—a1=—-1l,aa=co,y—ax=1.

Either u or v correspond to a, that is either u; = a1 or v; = a; moreover we need to
have that b, d correspond to z,w in some order. Similarly for the other 3 possible ways in
which the edge may appear. We need to show that only one possible choice is available,
so we may assume that the choice a,c is available and then prove that the others are
not possible. Let us first exclude the possibility b,c. This implies, b = co = a9 since
b=(-1-a1,—1—az,—x) we have ag = —1/2 impossible.

We have di = ¢1 + 1,da = ¢co — 1,ds = y. Assume we have the edge b, d marked (1, 3).

]) bl—dlzl,bgzdg,—z—y:—l or j]) dl—blzl,d2:b27y+I:—1.
Assume case i,7. Then bs =ds =co — 180 —1 —as = az — 1 implies as = 0. We get

a=(-2,0,1), b=(1,-1,-1), ¢ = (—1,0,0), d = (0, —1,0).

(0,-1,0) —21— (~1,0,0)
3,1 1,3
(1,-1,-1) === (~2,0,1)

This is possible only if we ignore the signs. The other cases are symmetric due to the
symmetry in the red edge (1,2).

A priori there is a possible further degeneracy, this occurs when the two edges

1,2 1,2
a=——=» c d
coincide in the projection. This means that
a+b=—e —ey, a—b==%(ea —e;) = a=d=—e;,b=c=—ey or conversely.

Then the original points can be
a= (_17 0, I)a b= (07 -1, _I); c= (07 -1, y)a d= (_17 0, y)
But we cannot have two of them joined by (1, 3) so this case does not occur.

In Type BI (B9), when we put e3 = 0 we must see the graph

1,2

a

b c d .

We have then a = (a1,a2,2),b = (=1 — a1, —1 — a2, —z) and we know the sign of both.
When we set es = 0 we have a graph

1,3
U ———=" z w

When we set e; =0

2,3
p q t s

We need to determine which vertices are joined by these edges. What we know are the

first two coordinates and sign of a, b, the last two coordinates and sign of the vertices p, g
the first and last of u,v.
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If the signs of u,v and p,q are different then we see immediately that the graph is
uniquely reconstructed. Let us give some detail, for instance assume that u,v have the
same sign of a and p, ¢ the sign of b. Then necessarily either © = a or v = a and which
one is the case we see by the first coordinate. Similarly for p, q.

If u, v, p, ¢ have the same sign then the two edges (u,v) and (p, ¢) form a segment. This
a priori can occur in 4 ways, but two of them are not complete. The only possibilities are

1,3 23 23 13
u UV=Dp q p q=1u

(%

Which one occurs is determined inspecting the coordinates (the two end points have
different third coordinate).

Next we need to identify in this segment the point a or b depending from the sign, and
this is clear again by the coordinates.

Next cases C1, D1, D2 are distinguished by their encoding graphs. In case C1 we set
es = 0 and see the two edges (1,2). How to complete the graph is clear by inspecting the
second coordinate since we know all the signs.

Cases D1, D2 are treated in a very similar way.

The less degenerate cases are easier since we have more coordinates available that
change and follow the same line of reasoning. ]

13. REAL ROOTS

In this section we want to touch on the issue of when the eigenvalues of the combinatorial
matrices are all real. We know that, for black edges and positive £ the quadratic form
is positive definite so the corresponding matrix has real eigenvalues. When we have red
edges we do not have always real eigenvalues and we need to isolate the regions in the
parameters where this occurs.

First of all in dimension 2 we have seen that for a 2 block corresponding to a red edge
marked (i, j) we have the inequality (& + &;)? > 16¢;¢; determining the region where the
eigenvalues are real.

If one follows the choice of [10] no further blocks appear and these inequalities suffice
and determine a non empty open sector in the parameters &.

Otherwise we have to analyze the 3 dimensional blocks.

Similarly in dimension 3. The polynomial inequalities that one obtains are explicit but
rather formidable, so we can discuss just the qualitative aspects. One can remark that
when we set one variable equal to 0 we are in position to apply Theorem When we
have linear or quadratic terms we deduce that either all roots are real for all positive
values of the remaining parameters if the quadratic terms come from black edges, or in
case of red edges we have the simple explicit inequality (&; +&;)? > 16£;£;. Moreover if all
the roots are different as it happens in most cases we have that in an open neighborhood
of this set the roots are still real and distinct. So we have to make sure that all these
neighborhoods have a non—empty intersection.
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