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SEPARATING INVARIANTS FOR THE KLEIN FOUR GROUP
AND CYCLIC GROUPS

MARTIN KOHLS AND MUFIT SEZER

ABSTRACT. We consider indecomposable representations of the Klein four
group over a field of characteristic 2 and of a cyclic group of order pm with
p, m coprime over a field of characteristic p. For each representation we ex-
plicitly describe a separating set in the corresponding ring of invariants. Our
construction is recursive and the separating sets we obtain consist of almost
entirely orbit sums and products.

1. INTRODUCTION

Let V be a finite dimensional representation of a group G over an algebraically
closed field F'. In the sequel we will also call V' a G-module. There is an induced ac-
tion on the symmetric algebra F[V] := S(V*) given by o(f) = foo™! for 0 € G and
f € F[V]. Welet F[V]¢ denote the subalgebra of invariant polynomials in F[V]. A
subset A C F[V]¢ is said to be separating for V' if for any pair of vectors u,w € V/,
we have: If f(u) = f(w) for all f € A, then f(u) = f(w) for all f € F[V]¥. Goals
in invariant theory include finding generators and studying properties of invariant
rings. In the study of separating invariants the goal is rather to find and describe
a subalgebra of the ring of invariants which separates the group orbits. Although
separating invariants have been object of study since the early times of invariant
theory, they have regained particular attention following the influential textbook
of Derksen and Kemper [5]. The invariant ring is often too complicated and it
is difficult to describe explicit generators and relations. Meanwhile, there have
been several papers within the last decade that demonstrate that one can construct
separating subalgebras with nice properties that make them more accessible. For
instance Noether’s (relative) bound holds for separating invariants independently
of the characteristic of the field |5, Corollary 3.9.14]. For more results on separating
algebras we direct the reader to [6 [7, [8] [9] [T0L 1T, T3] [14].

If the order of the group is divisible by the characteristic of the field, then the
degrees of the generators increase unboundedly as the dimension of the representa-
tion increases. Therefore computing the invariant ring in this case is particularly
difficult. Even in the simplest situation of a cyclic group of prime order acting
through Jordan blocks, explicit generating sets are known only for a handful of
cases. This rather short list of cases consists of indecomposable representations
up to dimension nine and decomposable ones whose indecomposable summands
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have dimension at most four. See [I7] for a classical work and [I8] for the most
recent advances in this matter which also gives a good taste of the difficulty of the
problem. On the other hand separating invariants for these representations have
a surprisingly simple theory. In [I5] [I6] it is observed that a separating set for a
indecomposable representation of a cyclic p-group over a field of characteristic p can
be obtained by adding some explicitly defined invariant polynomials to a separating
set for a certain quotient representation. The main ingredient of the proofs of these
results is the efficient use of the surjection of a representation to a quotient repre-
sentation to establish a link between the respective separating sets that generating
sets do not have. In this paper we build on this technique to construct separating
invariants for the indecomposable representations of the Klein four group over a
field of characteristic 2 and of a cyclic group of order pm with p, m coprime over
a field of characteristic p. Despite being the immediate follow ups of the cyclic
p-groups, their invariant rings have not been computed yet. Therefore these groups
(and representations) appear to be the natural cases to consider. As in the case
for cyclic p-groups, we describe a finite separating set recursively. We remark that
in [5l Theorem 3.9.13], see also [12, Corollary 19], a way is given for calculating
separating invariants explicitly for any finite group. This is done by presenting
a large polynomial whose coefficients form a separating set. On the other hand,
the separating sets we compute consist of invariant polynomials that are almost
exclusively orbit sums and products. These are “basic” invariants which are easier
to obtain. Additionally, our approach respects the inductive structure of the con-
sidered modules. Also, the size of the set we give for the cyclic group of order pm
depends only on the dimension of the representation while the size in |5 Theorem
3.9.13] depends on the group order as well. Hence, for large p and m our separating
set is much smaller for this group.
The strategy of our construction is based on the following theorem.

Theorem 1. Let V and W be G-modules, ¢ : V — W a G-equivariant surjection,
and ¢* : F[W] < F[V] the corresponding inclusion. Let S C F[W]% be a separating
set for W and let T C F[V]C be a set of invariant polynomials such that if vy, vy € V
are in different G-orbits and if ¢(v1) = ¢(v2), then there is a polynomial f € T
such that f(v1) # f(ve). Then ¢*(S)UT is a separating set for V.

Proof. Pick two vectors v1,ve € V in different G-orbits. If ¢(v1) and ¢(ve) are in
different G-orbits, then there exits a polynomial f € S that separates these vectors,
so ¢*(f) separates vy, v2. So we may assume that ¢(v1) and ¢(vs) are in the same
G-orbit. Furthermore, by replacing v, with a suitable vector in its orbit we may
take ¢(v1) = ¢(v2). Hence, by construction, T' contains an invariant that separates
v, and vo as desired. O

Before we finish this section we recall the definitions of a transfer and a norm.
For a subgroup H C G and f € F[V]¥, the relative transfer Tr%(f) is defined to be

>oec/m o(f). We also denote Trg}(f) = Tr%(f), where ¢ is the identity element
of G. Also for f € F[V], the norm Ny (f) is defined to be the product [] . o(f).

2. THE KLEIN FOUR GROUP

For the Klein four group G = {t, 01, 02,03} over an algebraically closed field F of
characteristic 2, the complete list of indecomposable G-modules is given in Benson
[2) Theorem 4.3.3]. For each module in the list, we will explicitly construct a finite



KLEIN FOUR GROUP AND CYCLIC GROUPS 3

separating set. The modules in this list come in five “types”. We use the same
enumeration as in [2]. The first type (i) is just the regular representation F'G of G,
and a separating set or even the invariant ring can be computed with MaaMma [3].
In the following, we will thus concentrate on the remaining four types, where each
type consists of an infinite series of indecomposable representations. Let I,, denote
the identity matrix of F™*™ and J) denote an upper triangular Jordan block of
size n with eigenvalue A € F. Let H; = {¢,0;} for i = 1,2, 3 be the three subgroups
of order 2.

2.1. Type (ii). Let G act on V,, = F*" by the representation oy — < In In )

0 I,
I, Jy .
and o3 — ( 0 I ) We write F[Va,] = Flx1,...,2Z2,]. We then have
01, = Xj+ Ty for 1<i<n,
03T; = Xi+ ANTpti+ Tppipr for 1<i<n-—1,
03Ty, = Tp + ATop,
Tni € F[Vo,)¢ for 1<i<n.

We start by computing several transfers and norms modulo some subspaces of
F[Va,]. Define R := F[zo,...,x,]. Note that S := Flx1,...,Zn-1,Tnt1,---,Tan]
is a G-subalgebra of F[Va,], and the congruence in Lemma 2la) also holds modulo
SNR=Flxa,...,Zn—1,Tnt1,--.,T2p]. This will be needed for type (v), so we
mark this result with a star.
Lemma 2. We have

(a*) TrG(xlxixj) = 21(Tnt+iTntj+1 + Tntit1Tng;) mod R for2 <i,j<mn-—1.

(b) Tr%(z12p_12,) = z123, mod R.

Proof. (a*) We only have to care for terms containing 1, so

TrG(xlxixj) = 2% + 21(T + Togi) (T + Toyj)
+$1($i + AInJﬂ' + xn+i+1)($j + )\xn+j + xn+j+1)
F21(zi + A+ Dansi + Tntir1) (@ + A+ D)Tnsgy + Tngjsr)

= T1%p+iTntjtl T T1Tntit1Tntj mod R.

(b) Follows from above with i =n — 1, j = n and setting z2,4+1 := 0. O

Lemma 3. For n > 3 we have

(a) Tr%(@123) = MA + Dziad 5, mod (R + 2pi3F [Van)).
(b) For A € {0,1}, we have the invariant

.22 2
Ni, (21%n42 + T2%ni1) = 2705, 19 + T1%n42(T5 1o + Tng12ng3) mod R.
Proof. (a) We only care for terms containing z; and not x,3, so

TrG(xlxg) = zas + 21 (o + Tpyo)® + 21(T2 + Arpya)?
+$1($2 =+ (/\ =+ 1)In+2>3
AMA+ Dzizl . mod (R + i3 F[Vay)).

(b) Just note that 12,492+ T2xy,41 is Hy-invariant, so the norm is G-invariant. [
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Let (a1,...,0n,Gni1, ..., a2,) € F2". We have a G-equivariant surjection Va,, —
Van—2o given by
@ (a1, Uy Ang1y .-y Gon) = (A2, .. Ay Gpyo, ..., G2p) € Fn—2,
Therefore F[Vap_o] = Flxa, -+ ,Zn,Tnt2, - Tan] is a G-subalgebra of F[Va,] =
F[:I:lu oy Ty 41y 7x2n]'

Proposition 4. Letn > 3 and S C F[Vzn_z]G be a separating set for Vo, _o. Then
@*(S) together with the set T consisting of

TS (2123) for X#0,1

Tn+1, NG(l'l)a f)\ = { NH2 (xlxn+2 n x2xn+1) for )\ e {07 1}

TrG(xlxile) for2<i<mn-—1,

is a separating set for Vo,.

Proof. Let v1 = (a1,...,Gn,Gni1,-.-,02,) and va = (b1,...,bn,bpt1,...,b2,) be
two vectors in Vs, in different G-orbits with ¢(v1) = ¢(v2), so a; = b; except for
i =1,n+ 1. To apply Theorem [Il we assume for a contradiction that all elements
of T take the same values on v; and ve. Since x,1 € T, we have an41 = bpy1,

hence we have vo = (b1,a2,...,an,ni1,-..,02,). Because of Lemma [ (b) we
can assume as, = 0. Since TrG(xlxixiH) = 21 (TptiTntite + x%ﬂ-ﬂ) mod R for
2 < i< n-—2, we succesively get ag,,_1 = aap—2=... = apt3 =0. In case A #0,1

we can also assume a,4+2 = 0 by Lemma Bl(a). In case A € {0,1} and ap42 # 0,
Ny, (212 p 42+ 222, 11) taking the same value on vy, v9 implies a; = by +ap 42, hence
v1 = o3vy for A = 0 and v; = g9y for A = 1 respectively. So now assume a, 42 = 0.
Then Ng(x1)(v1) = Ng(z1)(v2) implies a1 +b1 € {an+t1, Aant1, (A+1)an41}, hence
v1 = o;v9 for some ¢ € {1,2,3}. O

We give the induction start for n =2 and X\ # 0,1 - the case A € {0,1} is left to
the reader (or to MAGMA ).

Lemma 5. A separating set for A # 0,1 and n = 2 is given by the invariants

f1i=x1z —l—#xz—i—x(a@ + ————x4)
L VO NN D R S VO W D

Ng(z1), Ng(x2), w3, x4

Note that since G is not a reflection group, we need at least 5 separating invari-
ants by [8, Theorem 1.1].

Proof. The invariants x3, x4 allow us to consider two points v1 = (a1, as,as,as)
and vo = (b1,b2,as,a4) in different orbits. If Ng(z2)(vi) = Ng(xz2)(ve), then
as + ba € {0, a4, Aag, (A + 1)ag}, so after replacing vy by an element in its orbit we
can assume as = be. If a4 # 0, then f; separates v1,vs, so assume aq4 = 0. Then
Ng(z1)(v1) = Ng(z1)(v2) implies a3 + b1 € {0, as, Aaz, (A + 1)as}, so v1, v are in
the same orbit. [l

2.2. Type (iii). Let G act on Va,, = F?" by the representation o ( Ig io )

I, I,
0o I,
just o1 and o3 are interchanged.

and o3 — ( ) . This leads to the same invariants as in type (ii) with A = 0,
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2.3. Type (iv). Take A = 1 in type (ii). If e1,...,e2, € F?" denotes the standard
basis vectors, we can consider the submodule Va,—1 := {€1,...,€n,€n12,...,€2n).
Its representation is given by

which correpsonds to type (iv). Since the restriction map F|[Va,]% — F[Van_1]9,
f = flv,,_, maps separating sets to separating sets by [5, Theorem 2.3.16], we are
done by our treatment of type (ii).

2.4. Type (v). Again we look at the case A = 1 of type (ii). Then (e,) is a
G-submodule, and we look at the factor module Va,_1 := Va,/{e,) with basis
€i:=e;+ {en), i €{1,...,2n} \ {n}. Its representation is given by

I, I,—1]0,— I, _ O0p—1 | In—
01»—>< 01| 1I|n ! > and 0’2'—>( 01| ll|n ! >

We have a G-algebra inclusion F[Va,—1] = Flx1,...,Zn-1,Tnt1,---,Tan] C F[Van].
The action on the variables is given by

Ty +Tpe; forl<i<n-—1
Ul(xi)—{ +

T; forn+1<i<2n,
and
N ritrapip for1<i<n-—1
02(%)_{ T forn+1<i<2n.
Let (a1,...,an-1,Qnt1,-..,02,) € Fn=1l >V, . We have a G-equivariant sur-
jection Vo,—1 — Vo, _3 given by
G (a1, Un 1, Gng1s- - G2n) = (A2, ... U1, Gpyo, .. ., Qo) € F2773,
Therefore F[Vay,—3] = Flxa, -, Tp_1,Tnt2, - Tap] is a G-subalgebra of F[Va,_1] =
F[./L'l, ty Tp—1,Tn41, 7:'[;211]' A1S07 let R = F[:E27 oty Tp—1,Tn41, ':E277,]' We

will make computations modulo R, considered as a subvectorspace of F[Va,_1],
and we can re-use the equation of Lemma 2Ja*).

Lemma 6. Let vi,ve € Va,—1 be two vectors in different orbits that agree every-
where except the first coordinate. Say, vi = (a1,...,Gn-1,0n41,--.,027), V2 =
(b1,a2...,Qn-1,0n11,--.,02,). Assume further that one of the following holds.
(a) anta #0 and a; =0 forn+3 <i<2n
(b) a; =as, #0 forn+2<i<2n-1.
Then the invariant

_ 2.2 2
= Nu,(r12Zn42 + ToTpy1) = 2725 o + T12n42(T5, o + Tny1Tny3) mod R

separates v1 and vs.

Proof. Assume the first case. Then f(v1) = f(v2) implies (a1 + b1)%a?, 5 = (a1 +
bl)a;o’lﬁ, hence a; = by +ay42. Since a; = 0 for ¢ > n+3 this implies that v1 = oov9
which is a contradiction because v; and vy are in different orbits.

Next assume the second case. Then f(vi) = f(vz) implies (a1 + b1)%a2 , =
(a1 + b1)a2  o(ant1 + any2), hence ay = by + apy1 + anqo. Since a; = agy, for
n+ 2 <14 < 2n — 1, this implies that v; = o3vy yielding a contradiction. (I
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Lemma 7. For 2 <i<n — 1, we have the following elements in F[Va, 1]:
TrG(xle’) = 21 &n1iTntit1(Tnti + Tngit1) mod R.
Proof.
TS (2123)

3 !Elfﬂf’ + a1 (2 + !En+z')3 + a1 (2 + !En+i+1)3
+a1 (2 + Tngi + !En+i+1)3

= 21%n+iCntit1 (@Tnyi + Tpgipr1) mod R.

d

Proposition 8. Let n >3 and S C F[Va,_3]¢ be a separating set for Vo, _3. Then
¢*(S) together with the set T consisting of

Ty, No(x1), Np,(21%ni2 +222041), Tr%(z1002,1),

TrG(xlxile) for2<i<n-—2, TrG(xlx;?’) for2<i<mn-—1,
is a separating set for Vo,_1.

PTOOf. Let v = (al, ey Qp—1,An+41, - - - ,CL2n> and Vo = (bl, [P ,bnfl,bnle, RPN ,an)
be two vectors in Va,_1 in different G-orbits with ¢(v1) = ¢(v2), so a; = b; except
fori = 1,n+1. To apply Theorem[I] we assume for a contradiction that all elements
of T take the same values on v; and ve. Since x,1 € T, we have an41 = bpy1,
hence we have vo = (b1, a2,...,0n-1,0n41,---,02,)-

We first assume a,y; # 0 for 2 < ¢ < n. Lemma [7] implies ani12 = aniz =

. = a9, # 0, a contradiction to Lemma [ (b). Thus there must be a 2 < i < n
with a,+; = 0, so let i be maximal with this property. Consider the invariants
fi = T8 (@z2501) = 21 (Tng jTngjiz + 2%, i01) mod Rof T for 2 <j <n—2
(see Lemma [2l(a*)).

If i <n —2, then any,+1 # 0, and f; separates vy, vs.

If i = n—1, then agy, # 0, and f;(v1) = fj(v2) for j = n—-3,n—4,...,
implies ap4+; =0 for 3<j <n—1. As Tr(z122%n—1) = 21 (Tn+2T2n + Tnt3Ton—1
mod R takes the same value on vy, vs, we also have a, 12 = 0. Now Ng(z1)(v1)
Ng(z1)(ve) implies a; = by + a1, thus v1 = o1vs.

If i = n, i.e. azy, =0, then since f;(vi) = fj(v2) for j=n—-2,n—3,...,2, we
get anyj; = 0 for 3 < j < 2n. In case a,q2 # 0, we are done by Lemma [0 (a). If
ant2 = 0, then Ng(z1)(v1) = Ng(x1)(v2) implies as before a3 = by + an 41 and
V1 = 0102. O

~ N

Remark 9. A separating set for V3 is formed by Ng(z1), 3, 4.

3. CYCLIC GROUPS

Let G = Z -y, be the cyclic group of order p"m, where p is a prime number and
r,m are non-negative integers with (m,p) = 1. Let H and M be the subgroups
of G of order p” and m, respectively. Let V,, be an indecomposable G-module of
dimension n.

Lemma 10. There exists a basis €1, €z, . ..,e, of Vi, such that 0= 1(e;) = e; + e;11
for1 <i<n-—1and o~ (e,) = e, for a generator o of H, and a(e;) = Xe; for
1 <i <n for a m-th root of unity A € F and o a generator of M.
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Proof. 1t is well known that n < p” and there is basis such that a generator p of
G acts by a Jordan matrix J, = pl, + N with g a mth root of unity [I} p. 24].
Then p?" is a generator of M acting by (L, + N)pT = pP" I,,, and p™ is a generator
of H acting by (ul,, + N)™ = I, + mp™ 'N + ('3)p™ 2N? + .... This matrix
has Jordan normal form J;, and the representation matrix of p? is invariant under
base change, which proves the lemma. ([

Since we want our representation to be faithful, we will assume that A is a
primitive mth root of unity from now. We also restrict to the case r = 1. Let
Z1,T2,. .., T, be the corresponding basis elements in V,*. We have o(z;) = x;+x;—1
for 2 < i < n, o(x1) = 1 and a(z;) = X\l for 1 < i < n. Since a acts by
multiplication by a primitive mth root of unity, there exists a non-negative integer
k such that ;vnxf;fxf € F[V,]M for 1 <i < n —2. We may assume that k is the

smallest such integer. Let I; denote the ideal in F[V,] generated by x1, 2, ..., x;.
Set fi = xpalak for 1 <i<n-—2.

Lemma 11. Let a be a positive integer. Then Zoglgp—l [*=-1 modpifp—1
divides a and Zoglgpfl [* =0 mod p, otherwise.

Proof. See [4l, 9.4] for a proof for this statement. O
Now set R := Flx1,%2,...,Tn_1]-
Lemma 12. Let 1 <i<n—2. We have
Tr%(fz) = —xnfork_l mod (Ii_l + R).

Proof. We only care for terms containing x,, but not x1,...,z;_1, thus we have
l _
O'Z(fi) = (:En + l:Enfl + <2>In2 + - )(fEiJrl + liZ?l + - )p 1(ZE1' + l:Ei71 + - )k

3

=ay (i1 + lgci)p_lgc]»C mod (Ii_l + R).

Thus it suffices to show that Zo<l<p_1(l“i+1 + lxi)p71 = —xffl. Let a and b be
. b
i

(i1 +lx;)P~Lis (pzl)lb and so the coefficient of x;-’+1xf in Eo<l<p—1 (w401 +12;)P 1

non-negative integers such that @ +b = p — 1. Then the coefficient of z¢, 27 in

is EOSZSpfl (pgl)lb. Hence the result follows from the previous lemma. O

Let (c1,ca,...cy) be avector in V,,. There is a G-equivariant surjection ¢ : V,, —
V-1 given by (¢1,c¢2,...¢n) = (c1,¢2,...cn—1). Hence F[V,,_1] = Flz1, -+ ,Zpn-1]
is a G-subalgebra of F[V,]. Let [ be the smallest non-negative integer such that
Ny (2n)(Nu(2n-1))" € F[V,]¢. Note that since (p,m) = 1 such an integer exists.

Proposition 13. Let S C F[V,,_1] be a separating set for V,,_1. Then ¢*(9S)
together with the set T consisting of

Ny (xn)(Ng(zn-1)), Na(zn), T (f;) for1<i<n-—2,
is a separating set for V.
Proof. Let v1 = (c1,¢2,...,¢,) and vo = (d1,da,...,dy,) be two vectors in V,, in
different G-orbits with ¢(v1) = ¢(v2), so ¢; = d; for 1 < i < n — 1. To apply
Theorem [l we assume for a contradiction that all elements of T take the same

values on v; and vo. Assume that there exists an integer ¢ < n — 2 such that ¢; # 0.
Assume further that 7 is the smallest such integer. Then Tr$; (f;) separates v; and v,
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by the previous lemma. Therefore we have ¢c; = ¢y = -+ = ¢,—2 = 0. We consider
two cases. First assume that ¢,—1 = 0. Then Ng(z,)(v1) = Ng(xn)(v2), ie.
™ = dP™ implies that ¢, = A\*d,, for some integer a and hence v; and vy are in the
same orbit. If ¢, # 0, then we see that Ng(z,)(Ng(z,—1))' separates v; and vy
as follows. We have (Ng(2,-1)) (v1) = (Ng(2n_1))!(v2) # 0. Therefore it suffices
to show N (z,)(v1) # Np(x,)(v2). But otherwise ¢ — ¢, 2"t = d2 — d, 2"},
which implies ¢, = d,, + lc,—1 for some 0 <1 < p—1, so v; and vy are in the same
orbit. O
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