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Abstract

In this article actions for N'=4 SYM and A'=8 supergravity are formulated in terms
of a chiral superfield, which contains only the physical degrees of freedom of either
theory. In these new actions, which originate from the lightcone superspace, the super-
gravity cubic vertex is the square of the gauge theory one (omitting the color structures).
Amplitude calculations using the corresponding Feynman supergraph rules are tedious,
but can be simplified by choosing a preferred superframe. Recursive calculations of
all MHV amplitudes in A’'=4 SYM and the four-point N'=8 supergravity amplitude
are shown to agree with the known results and connections to the BCFW recursion
relations are pointed out. Finally, the new path integrals are discussed in the context
of the double-copy property relating N'=4 SYM theory to N'=8 supergravity.
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1 Introduction

Remarkable progress has been made for maximally supersymmetric field theories during
the last few years [1, 2]. Many new findings about N'=4 super Yang-Mills (SYM) theory
trace back to the application of twistor methods and the exploration of the dual confor-
mal symmetry combined with unitarity [3, 4, 5, 6]. For N'=8 supergravity a natural and
equally geometrical approach along the lines of Grassmannian approach to N'=4 SYM is
still missing.

Most of the recent findings mentioned above have been performed without making use
of the path integral formulation of the theories and rather relied on the unitarity and
the symmetries of the S-matrix. In terms of Feynman-graph calculations the manifestly
Lorentz covariant spacetime formulations are algebraically involved. One of the difficulties
of the Lagrangian approach is the lack of a formulation, which is manifestly invariant
under all supersymmetries and which simultaneously exhibits manifest Lorentz invariance.
However, paying the price of non-manifest Lorentz-symmetry, one can make eight /sixteen
supersymmetries of N'=4 SYM/N =8 supergravity manifest in the lightcone formalism [7,
8,9, 10, 11].

In this article the lightcone formalism will be employed: starting from the unitary and
manifestly supersymmetric, but not Lorentz covariant lightcone path integrals for N'=4
SYM and N'=8 supergravity, a change of variable and a Fourier transformation will be
performed! clarifying and developing the program initiated in [13, 14]. The resulting actions
are thereby formulated in terms of just one chiral scalar superfield, which corresponds to the
CPT-selfconjugate supermultiplet of physical states. The actions contain Lorentz-covariant
cubic interactions corresponding to the seeds of a recursion relation for both theories. In
addition, there are quartic contact terms in N'=4 SYM and, probably, all higher-point
contact terms in A'=8 supergravity.

More explicitely, the off-shell three-vertices take the form of the three-point MHV and
MHYV interactions, whose supersymmetric forms were proposed in [16, 17, 18]. Given their
formulation in terms of usual spinor-helicity brackets, the external legs have to be on-shell.
However, for employing the vertices in a path integral, one needs the internal fields — and
thus those attached to the vertices — to be off-shell. We will address this issue using an
lightcone off-shell extension of the spinor helicity formalism.

Performing amplitude calculations based on those path integrals, one still faces the
algebraic difficulties of a non-manifest Lorentz-symmetric formulation. However, this ap-
parent disadvantage will be used here to deduce a complex deformation of all external
super-momenta, which greatly simplifies the calculation. The implications are similar to
the situation after performing the Britto-Cachazo-Feng-Witten (BCFW)-shift [20, 21], a
supersymmetric version of which was proposed in [16, 17, 18]: once the deformation is

For N'=4 SYM a similar procedure has been performed by Belitsky, Derkachov, Korchemsky and Man-
ashov (BDKM) in [12]. The results are algebraically equivalent, which will be shown in the appendix
explicitly.



applied, many Feynman supergraphs do not contribute to the calculation, because their
super-momentum conservation can not be satisfied in the deformed scenario?. This will be
shown explicitly in the example of the four-point function in N'=4 SYM (proving a quali-
tative earlier result in [14]). In particular, one finds that the 4-point contact term does not
contribute to the amplitude when a specific choice of a superframe is made.

Generalizations to more legs and the application to N'=8 supergravity turn out to be
straightforward. In this sense the path integrals for maximally supersymmetric theories in
its new form are suggestive of the existence of on-shell recursion relations.

The article is organized as follows: section 2 introduces the lightcone formalism, treats
the off-shell extension of the spinor-helicity formalism and presents the new forms of the
path integrals for N'=4 SYM and N'=8 supergravity. In section 3 a few subtleties related to
the choice of lightcone coordinates, spacetime signatures and complexification of external
momenta are discussed. Section 4 is dedicatted to the calculation of several amplitudes
in either theories. The choice of a preferred superframe in order to make the calculation
feasible is elucidated and compared to the BCFW deformation. Finally, in the last section
“gravity as a double copy of gauge theory” is discussed in the context of the new the path
integrals for N=4 SYM and N'=8 supergravity.

2 From the lightcone superspace formalism to new path in-

tegrals

In order to transform the known forms of lightcone path integrals into a novel form, one has
to employ a procedure, which has been proposed in [13, 14]. In this section the conventions
for the lightcone formalism are given and the procedure is reviewed briefly. While the
previous result for N'=4 SYM theory will be stated, for N'=8 supergravity, one example
of a conversion will be performed explicitely before stating the new form of the N'=8
supergravity action.

2.1 Conventions

Ligth-cone corrdinates and corresponding derivatives are defined as

vy = (vota3)/V2 and zy = (21 +ix2)/V2, T, = (11 —iz)/V?2
o 1 o 1 0

8:|: = @ - ﬁ(axo - a:(:‘;)a 8J_ = ﬁ = \/5(81‘1 +Za§02)7 8J_ = a (21)

With the flat metric being off-diagonal in lightcone coordinates, the scalar product of two
4-vectors p and ¢ reads

P q=piq— +p-q+ —p1qL —PirqL and thus p* =2(pip_ —pipL). (2.2)

In [19] another convenient approach connecting the lightcone formalism to spinor helicity has been
discussed.



A general non-lightlike vector can be decomposed into spinors as
Poc = >\a/_\d + gag_d ) (23)

where Ao \g is the on-shell part and £,&g is the off-shell correction. A convenient choice for
the holomorphic and anti-holomorphic parts of those spinors is

24 [ —p, 5 —LL
Ao = 7——1— - , Aa = 21/4\/]9_1_ f* (2.4)

§a ! <\/ﬁ> Sa—Vm(\/p). (2.5)

IRVl T2l \ o

For negative py its square root is defined as \/p1 = sgn(p4+) |p+|1/ 2. Accordingly, \ picks

up a minus sign when p is reversed while A remains unchanged:

Aa(=p) = Aa(p); Aa(=p) = —Aa(p). (2.6)

Employing the above definitions one finds

Aaxa=ﬂ<pﬁ _“), 5a£a=ﬁ<£? 8) (2.7)

—pL P+

and thus
€aa + Aada = V2 < Pm ) : (2.8)
—pL P+
For an on-shell vector (p? = 0), the spinors ¢ and ¢ will vanish, thus leading to the usual
on-shell decomposition into two spinors A and \. 3

2.2  Spinor helicity formalism and the lightcone off-shell extension

Although angular and square spinor brackets are usually defined for massless objects, it is
possible to extend the definition to include massive particles as well. This traces back to
the fact that for the spinors A\, \, ¢ and £ defined in eq. (2.4) above the off-shell information
is chosen to reside in the 11 (or p_) component of the matrix eq. (2.8) completely. Thus,
as long as one uses only p1, p; and p, for defining spinorial brackets, the resulting objects
will have a precise meaning for off-shell vectors. In particular, we will use

N R VR i
(Pq) = €7 Xag ﬁ\/m\/ﬁ,[pq]_ AaAg V2{pq} T (2.9)

where round and curly brackets are defined as

(pq) = p+q1 — 41, {pa} =p+ad1 —q4P1. (2.10)

3This convention is the same as Dixon’s choice in [22].



In the above definition, the components p_ and ¢g_ do not occur. For on-shell vectors
the spinor brackets defined in eq. (2.9) coincide with the usual definition. For a general
non-lightlike vector they project onto its on-shell part (cf. eq. (2.3)). Correspondingly, the
usual identification of the scalar product and the spinor brackets via 2p - ¢ = (pq)[pq| is
only valid as long as all participating vectors are on-shell, as can be shown by comparison
with eq. (2.2). Momentum conservation in terms of round and curly brackets reads

> (ki)=0 and Z{m}:o. (2.11)

7

2.3 Kinematical and dynamical supersymmetry on the lightcone

N=4 SYM theory (N'=8 supergravity) exhibits 16 (32) supersymmetries

i and dad (2.12)
where o, = 1,2 and A =1,...,4 (A=1,...,8). The anticommutator of two supersym-
metries yields (cf. eq. (2.8))

{75, qaB} = BAala- (2.13)

In the lightcone superfield actions for N=4 SYM and N =8 supergravity, egs. (2.16) and (2.31)
below, which will be serving as starting point for our considerations, only half of the su-
persymmetries of either theory are manifest. Supersymmetries with generators q_‘; and gz
will be referred to as kinematical supersymmetries as their anticommutators close onto the
lightcone momentum p, :

{%4, @B} = 5%1722- (2.14)

Invariance of the actions egs. (2.16) and (2.31) under kinematical supersymmetry becomes
obvious, once one identifies the generators (j‘; and go4 with the 8 (16) Grassmann coordi-
nates 0 and @4 of the lightcone superspace.

The remaining generators, LjiA and ¢y 4 constitute the dynamical supersymmetry. The
name originates from the fact that their commutator is the lightcone Hamiltonian for the
massless on-shell particles

_ pip
{af' a8} = 0% ; = = 0'bpiy. (2.15)
J’_

By splitting the supersymmetries in kinematical and dynamical ones and noticing that only
the kinematical part is manifest, Lorentz covariance is broken.
2.4 Lightcone vs. covariant actions for ’'=4 SYM theory

The starting point for the derivation of the novel path integral in N’'=4 SYM theory is the
well-known lightcone Lagrangian of Brink, Nilsson and Lindgren [7]:

SN=1 [0, 0) = 52 + §% + 54 (2.16)



where

S?2483 = / d*z d*0 d*o [qﬂ = - = fab0< PrPPHPC + al <1>aq>ba<1>0>}
—+
Sy = —5g febe e / dh 10 440 | - (9%0, ) (870, B) + s VBeDIBe| |
0y 0 2

Here small capital letters a, b, ... denote color indices of the Yang-Mills gauge group SU(N)
with structure constants f*°. The above lightcone Lagrangian depends on chiral and an-
tichiral superfields ®(z,6,6) and ®(z, 6, 6) and their lightcone derivatives. Upon integrating
the action over 6, 0, one recovers the component action for N'=4 SYM theory in the AT =0
gauge, as shown in [7]. Due to the CPT-invariance of the N'=4 supermultiplet the antichiral
superfield ®(x,04,04) is related to the chiral one via

_ _ 1 _
O(x,04,0,) = —EalzeABCDDADBDcDmD(x,OA,HA), (2.17)

which suggests to remove one of them by virtue of the above equation. However, a par-
ticularly symmetric way of doing so is to introduce a new superfield ¢, which is related to
the chiral as well as to the antichiral superfield by Fourier transformations, which in turn
are chosen in concordance with eq. (2.17). Two different forms of those transformation are
available, both of which will be stated here, as either of them is used in the discussion of
the preferred superframe in section 4.1.

Belitsky, Derkachov, Korchemsky and Manashov use the following transformation (just
stating it for the field @, cf. eqns (2.21) and (4.1) in [12])

] 19.00 AP i iparmas?
q)($7 07 0) =e€2 + (2 )4d me'’ A ¢BDKM(p77T) (218)
T
where p; and w4, A = 1,...,4 are the momentum associated with the particular super-

field and the Grassmann coordinates of the chiral superspace respectively. Applying the
transformation eq. (2.18) to S3 and Sy leads to the BDKM form of the vertices

—9%a(2n abc{ N (p1p2)[p1p2] }5(4 o | 6@ 919
g(2m)* £ 3 {p1 p2} breprepic)? Z Zp (2.19)
and the four-point contact term

eab ecd(pl — p2)+(P3 — pa)+ ead pebc _ reac pedb [[plvp2]] [[p37p4]]
{(ff o ) * )

(p1 + p2)+(P3 + pa)+ p1+p2+)?  (P3+pas)?
eac redb (p1 — p3)+(ps — p2)+ eab recd _ read ebc> < [[p2’p4]] [[p17p3]] >

" <f / (p1+p3)+ (P2 + pa)+ A I (p2+pa+)? " (P1+P3+)?
ead pebe (pl - p4)+(p2 - p3)+ eac redb _ peab ecd> < [[pl’p‘l]] [[[p2’p3]] >

" <f / (p1 + pa)+ (P2 + p3)+ A = (P14+P4+)? " (P2+P3+)?

) <Z m) 50 (Z pi> , (2.20)



which will prove very useful below. Here

4
[p1 p2] = H (71,Ap2+ — T2 ap1+) and satisfies Z [ki] = 0. (2.21)
A=1 i

)

Fu and one of the authors employ the following definitions [14]:

— ) d4 ip-x Ld_pa —1
R e Tl = T (222

15 4 } — —1
8(0,0.0) = 00 [ AL gty sio i) () oo 22)

The Lie-algebra valued off-shell superfield ¢(p,n) = ¢*(p,n)t* is implicitely understood to

be multiplied by the appropriate color-matrix t® of the Yang-Mills gauge group SU(N).
It depends on the momentum of the superparticle and can be expanded into the physical
degrees of freedom of the A'=4 SYM theory with respect to the Grassmann variables 7:

1 1 - 1 _
6 = Ap) + 04" (0) + 5ynanpd™” (p) + 5 PP nansncvp (o) + e P nansnenp Ap).
(2.24)
Here A(p) and A(p) are the positive and negative helicity gluon, ¢ and ¢p the positive
¢AB

and negative helicity gluino and a scalar field. Supersymmetry generators ¢ and ¢ can

be represented® in terms of A and 7 as

_ - 0
Ao = AaNA, and qé = )\da—, (2.25)
nA
where the versions applicable to a products of n chiral superfields are given by
Qaa = Z XiaMiA » Qa = Z Aid% . (2-26)
i=1 i=1 ¢

Employing the transformations egs. (2.22) and (2.23), cubic and quartic vertices have
been derived from the Brink-Lindgren-Nilsson [7] form of the N'=4 SYM lightcone action
in [14]. The resulting lightcone action in chiral superspace can be written as

sV = % / d®zp(2)p*p(—2)
we [T (2 )8 (0 Am) 0L, pi)dt (B T¥ i)
+ o | E{dgzwi)}[ WmEme) o n2Eed
+ i (2.27)

Here C = M, where ¢; = sgn(p;4) and d®z; = d*pd*n/(27)*. In the above formula
the second term corresponds to a MHV-vertex, while the first is the MHV-part.

4Those definitions are in concordance with the ones chosen in [18].



The contact term Sy is given in equations (2.20) and (2.21) of reference [14]. It depends
on v, a related form of the fermionic brackets [] (see eq. (2.29) below for an definition
of 1);;). Since we will be using the equivalent form of the counterterm derived in BDKM
eq. (2.20), we refrain from stating the lengthy expression here. In Appendix A we show
the algebraic equivalence of the vertices in the new form of the action eq. (2.27) with their
BDKM counterparts eq. (2.19).

In order to be able to lateron connect the two approaches introduced above, the rela-
tion between the expressions and variables will be spelled out in the following lines. The

superspace variable 7 is related to n via
T = 1\/Pix (2.28)

and the fields ¢ppry and ¢ satisfy ¢pprm = (;—f) ¢. The fermionic brackets eq. (2.21)
turn out to be closely connected to the antisymmetric objects

4
Yij = [T 0n.aXjs = njads), (2.29)
A=1
which have been defined in [14] and will show up as additional terms in the calculation of

amplitudes in section 4 below. Explicitely,

4
[i5] = H(Wi,APjJr—Wj,ApH)

b

Ll
,_.

= H (Th AV Pi+Pj+ — 1, A\/p]—i-pz-i-)

4
= (pi+pj+)? H 1i,A/Pjt — 1j,AV/DPit)
A=1

= (p2+pj+)2 (Vij)3 5 (2.30)

where ,/p1 has to be identified with the \; component in order to preserve invariance under

supersymmetry transformations. (see section 3 for an explanation).

2.5 Lightcone vs. covariant actions for N'=8 supergravity

The lightcone action for N'=8 supergravity in real superspace derived® in [10, 11] reads

SV [@,9) = / de d*0d* @854@ 438 <8i2<i>aq>aq> + a%q»a@a@) 4 o<ﬁ2>] ,
J’_

+ 2 +

(2.31)

®An earlier though more complicated version of the action was found in [9].



where the chiral superfield ®(x, 0, ) and its antichiral counterpart ®(z,6,0) (6,0 = 1...8))
are understood to include one power of the gravitational coupling constant x. They are
again related due to the CPT invariance of the N'=8 supergravity supermultiplet:

_ 1 _
d(z,0,0) = —g8;46ABCDEFGHDADBDCDDDEDFDgDHCP(a;, 0,0). (2.32)

After integration over # and 6 one should recover the supersymmetric extension of the
Einstein-Hilbert Lagrangian in lightcone gauge g—_ = g_; = 0. In parallel to the situation
in N'=4 SYM theory the action can be expressed in terms of one superfield ¢(p,n), na :
A=1...8via

= 1g. d*p ip-zn 4 =64 —1
O(x,0,0) = e2993+/ e (—) P,
( ) nit " TRE ©(p,m)

15 4 , _ 1
ba0.0) = 300 [ R aym-in () ee. @23

Depending on eight Grassmannian variables 7, the superfield ¢(p,n) can be expanded into

physical degrees of freedom

o) = h(p)+nav*(p) + nasB*? (p) + napex*PC (p) + nacpd*PP (p)
+7* P apc(p) + TP Bas(p) + i a(p) + ih(p) (2.34)
where NA,...A, = %T,Al - NA, and nAl...An = 6A1...AnB1...Bn—8nBl B, - In complete

analogy to the N'=4 case and the coventions in [26] one can represent supersymmetry

generators as

0

—_— 2.35
Ona; ( )

n n
Ao = AaTla, Ty = Aa%, Qaa =Y  Xiamia, and Qi = > s
i=1 i=1
The terms from the lightcone action eq. (2.31) translate again into a kinetic term and
two three-point interactions (MHV and MHV). In addition, there will be possibly an
infinite number of contact terms which originate from terms of O(x?). As an example, the
calculation for the three-point MHV-vertex will be sketched here, where the MHV vertex
and the kinematic term can be derived using the same methods.

Starting with

S3 = 35 [ Ped®0d58 — 59050
2 b
_l’_
= [ eary [T %0 (0) () (o) (oo ) (22220 )
2 Pl TN (14)? )\ (024)? ) \ (p34)? (p1+)?
. 1 P g _
e Xipi w001 —pas—pay) M m%s(em — in2)8%(0+/P3y — ing) (2.36)

where d'?z; = d*pd®n/(27)*, integration over d*z will produce the momentum conserving
d-function, whose application renders the last line into

i0(@pr4—im 1) g = . = ,
5> pie Orre=im ) 50 /ooy — in2)0%(0/pat — i) (2.37)

)



Performing the integration over d® as a next step and pulling out some factors of p,, the

last line reads now

54(2 Pi)(P1+)° (24034 )8 (0 — im1 / /p15)8° (0 — iz / \/p25)8° (0 — ims/ /Dss).  (2.38)

)

Focussing on the f-integration

[ 0550 — im F) — i) 8O — i), (2:39)

one can show that the three -functions finally yield the expected supermomentum conser-

vation

8
MAT2A 12AM3A M3AM A 1 .
= = (ij) nianja  (2.40)
Ao VPP P2eyDsy /P3Py (V2)5(12)8 g %: B

by employing relations eq. (2.9) and noting that for a three-point interaction (12) = (23) =
(31) (cf. eq. (2.11)). The product of sums in the above equation, however, is nothing as the
supermomentum conserving -function §1°(3°. A';). Thus the resulting expression reads

1K 3 i - §
8 = S8 [T 2a0(:)18 (X P03 (3 N (s P <p“f’jg)8?g§“) (241)

i=1 7

In the path integral the vertex will be contracted with three totally symmetric scalar su-
perfields. Therefore the last term should be symmetrized. Since (p14p21 — P14P3L) =
(32) — p3+p31 + p24p2s and symmetrization will remove all terms of the form p;1p; 1, one

is left with

- 2 23)? 1
(Prep2r —pryps)”  (23)° (2.42)

(vV2)8(12)8 (V2)5(12)8 32 (12)6

After restoring the original spinor-helicity brackets in the denominator employing eq. (2.9),

one finally finds

3tk 3 (54 - Dj (516 2)\2 5
s = Tl et = (2.43)

Repeating the same procedure for the kinetic term and the MHV-vertex, one finds for the
symmetric lightcone action for N'=8 supergravity

SN=8 = %/d”w(z)p%(—Z)
3ik [ S, p)d O (5, M) 64 (X pi)® (57" [ig]mis)
w5 EWW(“)}[ (BEene T (2B
+ O(K?). (2.44)



2.5.1 Off-shell unbroken supersymmetry of the quadratic part of the action

Starting from N'=8 supergravity action eq. (2.44), one can rewrite the quadratic part as

2
_ 1
S = 9 /H{dlzzi p(2:)}6* (p1 + p2)6° (m + m2) P7 (2.45)
i=1

where supermomentum conservation appears after employing A\(p1) = A(p2) = A(—p1) (see
eq. (2.6) above). In this form it is easy to show that the quadratic part of the action has
32 unbroken supersymmetries despite the superfield ¢(z;) is off-shell.

Explicitely, Qaa = ALma + A2m2a = AL(m + m2) and thus QaaS2 = 0 by virtue
of supermomentum conservation. Acting with the other supersymmetry generator @3 =
(Xlai + P%) on §%(m + n2) leads to AL + A2, which vanishes by use of eq. (2.6).

NA1

2.5.2 Off-shell broken dynamical supersymmetry of cubic vertices

While non of the supersymmetries is broken for the kinetic term, this is not true for the
three-vertices. While acting with Q a4, = Z?=1 )\flm 4 on the cubic MHV part

. 3 S ;) 516 i)\i ;
7 = [ et T (240)

yields zero, this is not true for the barred set of SUSY generators because

3

3 3
Z )\aﬂ]zB Z 5\ 8??,4 (Z Aaﬂ’h’B) = Z j\d)\a (5AB . (2.47)

Unfortunately momentum conservation does not read 25’:1 Aaidai = 0 because the off-shell
contributions have to be taken into account. In particular, 5(4)(22- p;) implies

3 3 3
ZZ:; 5\@ zz: gaz 5 ; giglz Z \/7])14_ (2.48)

Thus this part of the action is not invariant under the dynamical supersymmetries Q)j .
A similar situation is encountered for the three-point MHV vertex of the action, where
. . L —=A
now the roles of the supersymmetry operators are exchanged. Acting with 5@, onto

=3 5(4)(22%)(58 ([12] n3 + [23] m + [31] 772)
I | 12 b( 2 ? .
/ L Lt =0(=)) ([12] [23] [31])2 (2.49)

produces an expression which vanishes due to Schouten identity without employing mo-

mentum conservation:
[€1][23] + [€2][31] + [€3][12] = 0. (2.50)

10



On the other hand, the action of Q 4, onto eq. (2.49) yields

3 3

Z Aa(pi)ni = )\?2(?{)]1) ([12] 3 + [23] m1 + [31] 1p2) + Z Aaa (pi) )‘d(P3)772[2—3])\d(p2)773 '
i=1

i=1
(2.51)
While the first term vanishes on the support of 6% ([12] 3 + [23] m1 + [31] 772), the second

term is proportional to S0 £.€a(pi) = S35, \/gi (cf. eq. (2.48)). Thus dynamical
it

supersymmetry with operators Q41 is broken.
In both cases above the terms deviating from dynamical supersymmetry take the same
form at each vertex:

3. .2 3. .2
o3 Z p; 3 Z b;
1= 1=

Which role do those supersymmetry breaking terms play in the evaluation of Feynman
diagrams? As an example, consider a fourpoint diagram with two three-point vertices and

> -

All external legs being assumed to be on-shell the only fields whose off-shell part we have

one internal propagator

to consider are those attached to the internal propagator. Explicitely, the most divergent
terms are of the form

piT (3(pi,mi)d(ps. ;) 6" (pi + pj) ~ v} Ehal (2.54)

which correspond to
O.T (6(2)(y)) ~ 8 (x —y) (2.55)

in coordinate space. The Lorentz covariant propagator shrinks to a point and the corre-
sponding term exhibits the structure of a contact term. In other words, the terms breaking
dynamical supersymmetry are at the same level as the (unknown) contact term interactions.
If one however deforms the momenta in a way as to set the internal propagator on-shell,
full supersymmetry is restored.

3 From the lightcone to covariant amplitudes

On the way from the lightcone path integrals egs. (2.16) and (2.31) to the covariant expres-
sions given in egs. (2.27) and (2.44) and during the amplitude calculations below, several
issues related to complexification, choice of signature and the identification of py with dif-
ferent components of A and X arise. This section discusses those problems and explains our
approach.
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Three-point vertices As explained in numerous places, any three vertex configuration
of three real on-shell momenta in Minkowski signature vanishes trivially. As long as one
stays at the tree level, there are two possible resolutions: in a setup with complexified
momenta one can either choose all A or all A to be zero, which allows either a nonzero
MHYV or MHV amplitude respectively. Another possibility is to perform the calculation in
Kleinian signature (— — ++), where one can find a nontrivial kinematical configuration.
Once loop amplitudes shall be calculated one will be concerned with unitary cuts, which do
not have a clear meaning in Kleinian signature [15]. However, here we will be employed with
tree amplitudes only and take an operational approach by interpreting the spinor brackets
- once they have been obtained in a complexified geometry - in Minkowski space.

Chiral superspace Although showing up as a shortcoming of the formulation used, com-
plex momenta are a natural feature of chiral superspace. In the simplest case of N' = 1
supersymmetry the chiral basis is obtained by performing a complex shift from the real coor-
dinate 2* to the complex y* = x* +ifo*f. Correspondingly the chiral superfield ®(z, 6, 0),
Dg® = 0 does not depend on 6 after the shift: ® = ®(y,6). Since the coordinate y* is
complex, its Fourier transformation p* is naturally complex as well. Those considerations
work in exactly the same way for the lightcone scalar superfield in the chiral basis.

Which of the A\ )\ shall be identified with ,/p;? Considering eq. (2.4), VP s
identified with two distinct spinor-comonents, Ao and /_\2, simultaneously. However, once
the complexification or Kleinian signature has been agreed on, Ao and 5\2 can be treated
as independent variables and are not linked by eq. (2.4) any more. In other words: in a
complexified setup a transformation is allowed to change Ao without affecting /_\2 and vice
versa. In particular, the vanishing of one of them does not require the vanishing of the
other one. With this prescription one additional comment is in place: in order to make the
lightcone momentum component

P+ = Pay = X2(p)As(p) (3.1)

vanish, it is now sufficient to have just one of the independent spinors vanishing. The
analysis in the sections below uses this fact extensively.

Nevertheless, even with the above statement it is not clear, which of As and /_\2 shall
be identified with \/pT in different expressions. Fortunately, supersymmetry provides a
sufficient argument: each term in the lightcone action must be invariant under the kine-
matical supersymmetry operators Q2 and Q, defined in eqs. (2.26) and (2.35). The first

In order for the complete expression to be invariant under supersymmetry, one has to

questionable term is

identify pi with )\’é. The resulting expression yields then ), Ayn; = Q2. On the contrary,
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in the fermionic brackets eq. (2.30)

4

4
[i5] = pirpi+)? T navir — njavpir) = wispie) [ Wi)s (3.3)
A=1

A=1

the /py in the product has to be identified with 5\2, which makes the expression invariant
under Qy: Q5(¢ij)5 = 0. The other possible choice, (1/;;)2 would lead to Qs (1;;)2 # 0. With
the above choice, one can nicely connect the lightcone formulation of BDKM to the Lorentz
covariant formulation in [4]: in the momentum superspace the lightcone supersymmetry
generator m = \/p_ 1 in eq. (2.28) is promoted to g2 = Aa(p)n. Correspondingly, ¢; becomes
Xs(p) 35 13, 14] (cf. egs. (2.25) and (2.35)).

4 Amplitudes in N=4 SYM

4.1 N=4 SYM 4-point amplitude in a preferred superframe

Using the N'=4 lightcone action found above, a first test of the formalism is the calculation
of the fourpoint function. The following diagrams will contribute, where a circled vertex
corresponds to MHV, and an uncircled one to MHV.

G Y
® @ G @ ® ® @ @y

In order to see the formalism at work, a calculation of diagram 1 has been performed in
[14] where further details can be found. Starting from the expression

/d4Pd4 6 (p1 + pa + P)3® (N + My + Anp) 8% (=P + p2 + p3)d* (np[23] + 12[3P] + 13[P2])
" P2(41)[23](1LP)(P4)[P2][3P]

(4.2)
the integrations over P and np yielded
i i PEPX3Y, _pa (¢PEP N2
54 (Zi:lpi) 54 <Z?:1 2772') g4 <Z?:1 Aoy — n2(§7°¢ )1[23373(5 3 )1) w
(23)(41)({(12) — A13)((34) — Ag2) '
The known Parke-Taylor result
6 (Ciy pi) 8 (S X ) 61 (S, M) »

(23)(41)(12)(34)

is accompanied by additional terms proportional to the off-shell portion of the internal
momentum P. Having a look to the numerator first, the additional term in the \{m-part
of the supermomentum conservation can be rewritten as

C(E7EN) — 3 (7€M N
[23]

N3 N2
. 772)\2 - 773)\2

— _(SPéTP)H [23] (7/)23)2

[23]

—(€PER)y (4.5
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where 1);; was defined in eq. (2.29). In the denominator the terms A;; are

)‘é(fpgp)ﬂj‘é

85 = g

(4.6)
Those terms are expected to cancel for the on-shell amplitude after calculating all contribut-
ing diagrams including the contact terms: although Lorentz invariance is not manifest in the
lightcone formalism, the on-shell amplitudes derived from the path integral corresponding
to the action eq. (2.27) should certainly be Lorentz invariant. Since proving these cancella-
tions is algebraically involved, it is easier to pursue another direction, as will be elaborated
on below.

Noticing the unwanted terms to be proportional to the off-shell part of the internal
momentum, this result begs for a BCFW-shift in order to set the internal propagator on-
shell, thus removing all unwanted terms at once. However, in order for BCFW to be valid,
amplitudes should vanish for large values of the shifting parameter z. In addition, the final
expression must not depend on the shifting parameter. This has been demonstrated for the
maximally supersymmetric theories based on considering color-ordered subamplitudes (see
[23] for example). As these subamplitudes receive contributions from contact terms, which
are known to not vanish at large z, cancellations between nonvanishing-z-parts of different
diagrams have to take place. In the approach described below, each contributing diagram
(up to the one delivering the solution) will vanish separately.

One property to recall from the BCFW formalism is the following: a particular complex
shift sets the internal propagator of one of the contributing diagrams on-shell and also makes
a selection about which of the vertices is MHV and which one is MHV. This is done such
that after the complex deformation in any other than the selected diagram the momentum-
and supermomentum conserving J-functions can not be satisfied simultaneously. Getting
back to the result eq. (4.3), the approach is different in the sense that here no specific
complex deformation of the external momenta shall be performed, but it will be shown
that in the lightcone formalism the choice of a particular superframe is sufficient to exclude
all other diagrams including contact terms and thus leads to the correct result.

The procedure is reminiscent of the educated choice of reference momenta for a pure-
gluon four-point amplitude in [22]. Therein for each of the external gluon lines a reference
momentum was chosen in a way to leave only one diagram and no contact term contributing
to the color-ordered amplitude A(1,2,3,4). With another choice of reference momenta for
the external legs one can show the vanishing of any gluon-amplitude of the form (++---++)
and (— + -+ + 4). This result can be derived easily by supersymmetric methods and is
related to the secret supersymmetry of the pure-gluon QCD amplitudes. Since there is
some freedom in choosing a superspace frame, it is an obvious idea to use a the freedom in
the supervariables to simplify the calculation of the lightcone four-point amplitude.

Let us repeat the logic: starting from the non-manifestly Lorentz-invariant lightcone
formulation, the result of one Feynman graph calculation is found to yield the expected
result and additional terms which will add up with contributions from other graphs to a

14



Lorentz invariant result in an algebraically involved way. We will show below that one can
make the additional terms disappear by choosing a particular superframe. With this choice,
no other diagrams including the contact term contribute to the calculation.

4.1.1 Choice of a Lorentz frame

Before getting to the superpart of the frame, consider the Lorentz-part of a superframe. We
would like to find a large Lorentz transformation which can make the Lorentz non-covariant
terms terms in (4.6)

A (E9)1iA) and  M3(6€)143 (4.7)

disappear by setting components of certain spinors to zero. The off-shell component 5511
cannot be altered by a Lorentz transformation as it is proportional to the total momentum
squared, which is a Lorentz scalar. _

In Minkovskian signature, the matrices A? and Ag representing a Lorentz tranformation
on the right- and left-handed spinors should be complex conjugates. In order to remove
the terms A3 and Ay one should in each of them set either A or a A to zero. Considering
a rotation A € SL(2,C) for the unbarred \’s, it is not possible to set two of them to zero
simultaneously, so one has to employ a second rotation A € SL(2,C) for the .

Unfortunately it is still not possible to let both terms disappear without making com-
pletely unrelated choices for A and A. As explained above in section 3, once A # (A)*, one
is dealing with a complexified geometry SO(4, C) and the doubled number of generators of
the complexified symmetry group. This is the setup we will be using below. One convenient
choice in order to make A} and 5\3 vanish is the following:

AP = o and AS = 1_ 0 (4.8)
@ —Z1 1 @ —Z9 1

Al _
:)\—?7 22:

where

>/|| >
oo N

Z1 (49)

A short calculation reveals that overall momentum is still conserved, all external momenta
remain on-shell and the Lorentz-invariant momentum of the internal propagator stays un-
touched. In addition, the spinor metric €45 and € j are left invariant. Every particle spinor
with the component 2 or 2 is affected by this transformation, but only Ad and 5\3 vanish
after the transformation. This is in contrast to the complex BCFW deformation, which
affects only two particular particles. With the transformation (4.8) the A;;-terms have
disappeared. Still, one is left with the fermionic terms in (4.5).

4.1.2 Choice of the fermionic part of a superframe

As discussed in chapter 2 of [16], the set of Grassmann parameters 7 defining a superam-
plitude is not unique, but exhibits some freedom. In particular, this freedom can be used
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to set two Grassmann parameters to zero for any SU(R)-index A
nia =mnja=0 VA, (4.10)

which can be employed to show the vanishing of the all-plus and all-but-one-plus amplitudes
in any supersymmetric theory. Here we will use this freedom to get rid of the unwanted
term in the supermomentum conserving J-function in eq. (4.3) by choosing

nea =ma =0 VA, (4.11)

which can be achieved by shifting with a supersymmetry parameter

" _ 3

1 2

Here again the supersymmetric transformation affects all n’s, but only 2 of the n’s vanish
after the transformation. The overall superframe choice reads

M=0, X=0, =0, n3=0][ (4.13)

Having exhausted all freedom to choose a frame, one can now take a look back to
the diagrams in the picture above. In order to calculate the color-ordered subamplitude
A(1,2,3,4), one does not have to consider diagrams 5 and 6, as those will not contribute
to this particular cyclical ordering of legs. This leaves one with diagrams 2,3,4 and the
contact term. Below we will show diagram by diagram that those do not contribute in this
particular choice of superframe.

Diagram 2 This diagram vanishes by a consideration of the supermomentum conserving
d-function at the MHV-vertex.

BNy + Nz + Xnp) =8\ Fnp) =0, (4.14)

because with only one Grassmann-variable one can not create an eight-dimensional Grass-

mannian d-function.

Diagrams 3 and 4 vanish by consideration of the usual bosonic momentum conservation
at the MHV-vertex. The condition

S(AGAS 4+ A3A5 + AFAD) = 6(AFAL) (4.15)

could be satisfied by choosing 5\]; = 0, which leads to 5\% = 0 after considering the 12
component of usual momentum conservation at the 12P-vertex. However, this would mean
in turn that [12] = 0 and thus no momentum is transported along the internal propagator.
The same is true for the other choice, \¥ = 0, this leads to (12) = 0 (and, in addition
[i2] = 0) by considering now the 21 component of momentum conservation.
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Contact terms: here the story is a little more intricate. There are six different terms
1;; in the expression of the contact terms eq. (2.20). One needs to show that either all of
those 1’s disappear or the prefactors should vanish (or a combination of both). With the
given kinematical choice, )\% =0, 5\3 = 0, one can immediately deduce p}r = pﬁ_ = 0, which
lets the two last lines disappear. This can be seen by considering p}r = p%r = 0 in the first
term of the prefactor in the second and third line: the seemingly complicated expressions
yield 1 or —1 respectively, which makes the whole prefactor vanishing because of the Jacobi
identity

fabefecd + fbcefead + fcaefebd =0. (416)

Now one is left with the first line, where the term

(' = p*)+ (P* —p")y
(p* +p?)+ (P +p)+

(4.17)

blows up. However, one is saved by considering the second factor with the terms 1o and
134. While the first one is already zero by our chosen frame, the latter one will read

4

4
Y = [] mar —madd = JT (—mak) - (4.18)
A=1 A=1

Considering now the supermomentum conservation, one finds
Y (A\gm + Aot + A3ns + Agma) = 6" (A3ma). (4.19)

While this expression alone could be satisfied, one can rewrite any Grassmanian § by its

argument and vice versa. The expression
5 (11 A3)5* (Agma), (4.20)

does not represent a possible contribution, as again with only four Grassmann variables 74
an eight-dimensional Grassmannian J-function shall be saturated. Thus the expected result
is from the first diagram is really the only contribution.

Note however, that we have used here that we already knew the result to be Lorentz
invariant. Otherwise the algebra would have been more involved.

4.2 N=4 SYM n-point MHV amplitudes in a preferred superframe

While for the four-point amplitude the choice of a superframe and the corresponding sim-
plifications have been described in detail, this subsection is devoted to the generalization
of this scenario to higher-point MHV amplitudes. We will show how all MHV-amplitudes
can be generated recursively by adding a MHV-vertex to an (n — 1)-point MHV amplitude
yielding a n-point MHV amplitude.

In order to reuse the same arguments as in the previous subsection, we will choose the
(n — 1)-point MHV amplitude to be labelled by (1, P, 4, ...,n) while the three-point MHV
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vertex has labels (2,3, P). Accordingly, the (n — 1)-point MHV amplitude comes with the
d-function of the form 6*(py + py + ... + P)63 (M + N, + ... + APnp) and the three-point
MHYV vertex (2,3, P) contributes a d-function of the form §*(pg+p3 — P)§*(np[23] +n2[3P]+
n3[P2]).

In the same way as was done in [14], one can now join the two fermionic J-functions
from both vertices. Again, there will be additional terms:

5 (Z A;m) 5 (Z N — ?72(€P€PA3)1[2—3]773(§P5PA2)1) 7 (4.21)
1=1 1=1

while the bosonic momentum conservation will read 6(3"" | p;). So the numerator of the

n-point generalization of eq. (4.3) remains unchanged up to altered summation limits. As
in the four-point-case, the n-integration delivers a factor of [23]*. The remaining factor to
evaluate now reads:

1 [23]4
(45)(56)...(n — 1,n)(n1) P2(41)[23](1P)(P4)[P2][3P]

(4.22)

Replacing the propagator by (23)[23] and employing momentum conservation, for example

(12)[23] + (14)[43] +- - + (In)[n3] = (12)[23] — (1P)[P3] — (1£)[¢3]
= (12)[23] — (1P)[P3] — A36161 7]
=0 (4.23)

yields the expression

1
(23)(45) -+ - (n 1)({(12) — A13)((34) — Ag2) -

Thus the additional angular brackets in the denominator and in the fermionic J-functions

(4.24)

are spectators - they do not influence the Lorentz non-covariant parts.

Noting this, it is clear that the same arguments as for the four-point function can be
applied. With exactly the same choice of a superframe the Lorentz non-covariant terms can
be made disappear thus producing the correct expression for the n-point superamplitude

5 (o i) 0 (i o) 6 (5 M)
(1223 (34 (85) -+ (n 1) |

(4.25)

This in turn means that the superframe choice has sufficiently ruled out all other possible
contributions to the five-point amplitude. However, this is difficult to show explicitely.
Generalizations to more legs are straightforward. Starting from the four-point function
one can obtain all MHV superamplitudes in N'=4 SYM recursively. In the light of the
similarities to the BCFW formalism discussed above this is not surprising, but here one
can reach the same goal with the choice of a superframe. An important point to note is
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the following: a necessary condition for the valid choice of a superframe (or a two-line
BCFW-shift) is the existence of just one internal propagator.

Whether the method works for the NMHV sector remains to be shown. If we were to
speculate, a modest guess would be that the method works in any situation with just one
internal propagator, thus mimicking the BCFW-situation.

5 Amplitudes in N'=8

5.1 N =8 supergravity 4-point amplitude in a preferred superframe

Noting the three-point interactions in N'=8 supergravity being the squares of the corre-
sponding expressions in N'=4 SYM, the expression to calculate for the first supergraph in
(4.1) reads (cf. eq. (4.2))

64 (p1 + pa+ P)8" (N + Mg + Xnp)6* (=P + py + p3)8° (np[23] + 12[3P] + 13[P2))
P2 (41)? [23]2 (1P)? (P4)? [P2)2[3P)?

(5.1)
which has to be integrated over d*Pd®n. Again, bosonic momentum conservation is obvious
and the fermionic momentum conservation will work the same way as in the N'=4 SYM
case. From the fermionic integration however, one will now have a factor of [23]%. In order
to obtain exactly the square of eq. (4.3) the propagator would have to be squared as well.
This not being the case the integration over eq. (5.1) will produce

1 2
(12)(23)(34)(41) )

where the factor ¢ = so3 compensates for the missing squaring of the propagator. In the

34]*
- %# (5.2)

M(1,2,3,4) = tA%(1,2,3,4) = t(

above calculation producing M (1,2, 3,4) we have been using the same choice of a superframe
eq. (4.13) as in the previous section, which lets the additional terms disappear.

Obviously, the above expression is not totally symmetric under all permutations of the
legs 1,2,3 and 4. In order to account for the complete amplitude,

4
W (i) = / [[{d im0} 2m) ' (S p)a o (S XNm)M(L,2,3,4)  (5.3)
i=1 )

one has to symmetrize M(1,2,3,4) to obtain the totally symmetric amplitude M (1,2,3,4).
One way to do this is to recognize that there is a second diagram with propagator s (diagram
number 3 in figure in (4.1), which contributes to the amplitude A(1,2,3,4). So the object
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4
which needs to be symmetrized over all available distinct orderings is %;%% Thus

1[34]4 t+s s+u  t+u
3 <12>4 522 s2u2 u2t?

(5.4)

Of course one could have also calculated all three different color-orderings and then averaged

over those in order to obtain the same result.

5.2 Contact terms in N'=8 supergravity

The calculation of amplitudes in N'=8 supergravity for higher multiplicities using the Feyn-
man rules originating from the new action eq. (2.44) will be left for future work. At tree
level, these amplitudes were studied in [24, 25, 26] using information about their sym-
metries, different forms of KLT-like relations and recursion relations. One of the reasons
besides the algebraic complexity which prevents the use of a path integral approach is the
fact that contact terms in A'=8 supergravity are not known explicitely.

In section 4 above it has been shown that the choice of a preferred superframe is capable
of removing contact term contributions in N'=4 SYM theory for MHV amplitudes. The
same is true in a broader situation for the momentum deformation in the BCFW scenario,
in which the answer for all tree amplitudes in N =4 SYM and N =8 supergravity can be
obtained recursively without reference to anything but the three-point interactions.

Naturally, contact terms can not be neglected in the calculation of Feynamn diagrams.
On the other hand, their contributions can be made disappear in any step of a recursive
calculation. This in turn means, that no information on contact terms in the actions
for N=4 SYM and N =8 supergravity is required, only the three-point vertices in the
actions egs. (2.27) and (2.44) are relevant given that the proper procedure of calculation is
established.

So contact term information is not required in order to obtain an answer for all tree
amplitudes in A'=8 supergravity and N'=4 SYM. If one, however, wants to proceed to
loops, one can for example employ unitarity techniques, which will be discussed in the next
section in the context of the double-copy property.

6 N=8 supergravity as a double copy of N=4 SYM

The actions in egs. (2.27) and (2.44) for N=4 SYM and N'=8 supergravity derived in
the last section do not posess any gauge symmetries any more, thus the path integral is
just the exponent of those actions accompanied by a source term. Considering the form
of the three-point vertices in the actions, one is immediately reminded of the double-copy
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property relating N'=4 SYM theory and N'=8 supergravity. Before commenting on possible
connections, we want to state the basic setup for the underlying color-kinematic duality.
Although having originated in a setup with gauge theory and gravity amplitudes initially
[27], the techniques have been shown to be applicable and valid for relating two copies of
N=4 SYM theory to N'=8 supergravity [28, 29, 30].

An arbitrary superamplitude in A’'=4 SYM theory is obtained by summing over all
contributing topologies allowed by the corresponding Feynman rules. After absorbing any
higher vertex into three-vertices with the help of additional fields, one can express the
superamplitude as

d4 (1 1 n;Cc;
L loo pra-mn 7€
.A P = E / | | s 6.1
(=i @2m)* s 11, ;D (6.1)

where the summation over j runs over all contributing cubic diagrams and [] o pij is a
product of all propagators of a particular diagram j. Furthermore, c; is the color factor of
the entire diagram obtained by calculating the particular combination of structure constants
for a diagram j and n; is called the numerator factor collecting the dependencies on the
external momenta p. Finally, s; is the symmetry factor associated with the particular
diagram j.

The numerator factor n; for a particular cubic diagram j can be determined as follows:
allowing for complex momenta, one can always find a kinematical configuration®, in which
all internal propagators are on-shell. This configuration is referred to as the maximal
unitary cut and provides the first contribution to the numerator factor n;:

n; = (max. cut) + Z P? . (next-to-max. cut) 4 --- . (6.2)
Pepaj

Since in the maximal cut scenario all propagators are on-shell, one misses terms propor-
tional to P2. Those can be obtained by releasing cut conditions, which means leaving
certain propagators off-shell. If just one propagator remains off-shell, this is referred to as
next-to-maximal cut and so on. In the maximal cut situation only three point interactions
are involved and thus the evaluation of the numerator factor in eq. (6.1) boils down to mul-
tiplying three vertices with deformed momenta satisfying the maximal cut conditions. For
the next-to-maximal cuts the situation is not that straightforward: here higher-multiplicity
subamplitudes can occur, for which all contributing diagrams have to be considered. Equa-
tion (6.2) is not an unambiguous definition of the numerator factor n;. As there is some
residual gauge freedom in the n;, one can assign the contributions from non-maximal cuts
to different n’s.

One of the statements of [29, 30] is that one can find a set of numerator factors n; in
N'=4 SYM theory such that amplitudes in AN'=8 supergravity can be expressed by eq. (6.1)

SPerforming the calculation in dimensions D > 4 might be required.
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with the color factor ¢; for each diagram being replaced by a second numerator factor 7;:

L -

dip;d®n 1 nin;

N L+1 loop __ 14 7'
—i)F Moo = / [] - . 6.3

Here the additional factor of i« compared to eq. (6.1) is conventional and the second set 7;
can be chosen to be equal n;.

However, this double-copy property does not hold for any set of numerator factors n; in
N'=4 SYM theory. In order for eq. (6.3) to yield the correct N'=8 supergravity amplitude,
the n;’s have to satisfy relations similar to the Jacobi identities for the color-factors. This
means that any set of three numerators n; whose corresponding diagrams differ only by
the form of a particular four-point subdiagram have to satisfy the same relation as the
associated color-factors do [27]. Working with a set n; satisfying the Jacobi identities is
a sufficient condition for eq. (6.3) to be valid. It demands the non-maximal contributions
to be distributed onto different n;’s in a particular way. An example of different choices
for the set of n’s can be found comparing the two papers [1] and [28]. In the first version,
the calculated numerator factors in A'=8 supergravity have not been the square of the
corresponding numerators in N'=4 SYM off-shell for all diagrams. This was due to the
fact that the non-maximal cut contributions had not been distributed onto the numerator
factors of N'=4 SYM in the way found in [28] later.

How is the double-copy property related to the new actions? While the kinetic terms of
both theories coincide (up to doubling the number of Grassmann variables), the three-point
interactions in egs. (2.27) and (2.44), mimic the behaviour of the two general expressions
egs. (6.1) and (6.3) with additional Grassmann 7-integration.

I, 3, I, P2,
fabc(;s(zi )\im) fabc64(%€ijk[iﬂnk) 516 (Z@ )\im) 58(%8ijk[ij}nk)
(12)(23)(31) [12][23][31] ((12)(23)(31))? ([12]723][31])>

Comparing the third row in the above table, it is clear that in order to obtain the three-
point interactions of N'=8 supergravity one has to remove the color part of the A'=4 SYM
vertex and square the remainder. In addition, the §-functions ensuring supermomentum
conservation have to be promoted to accomodate twice the number of Grassmann variables.
Crossterms do not occur as those would have the wrong dimension of supermomentum con-
serving J-functions. As any of the vertices is contracted with the appropriate lightcone
superfields, the vertices in either theory should be completely symmetric. While in N'=4
SYM theory this is obtained by multiplying two different completely antisymmetric ob-

jects, fo¢ and ) <j1k> Ty OF [ij”jlk”ki}, and tying their indices pairwise to the Lie-algebra

ia : 1 1 :
valued superfield ¢, the expressions (OBICHE and TGRED? 20e totally symmetric by
construction.
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Looking back to eq. (6.2) and comparing the situations for the two maximally super-
symmetric theories, one immediately finds that the maximal cut contribution to n; for N'=8
supergravity can be obtained from the maximal cut in N'=4 SYM theory by stripping off
the color factor ¢; and squaring n;, since all internal propagators are on-shell.

For the non-maximal cut contributions, however, this is not necessarily true: individual
graphs in /=8 supergravity are not the square of the corresponding N'=4 graph in general.
Being proportional to P? (or higher powers of internal momenta), the non-maximal cut
contributions have the same form as the contact terms. A set of N=4 SYM numerators
satisfying the the same Jacobi identities as their associated color factors is not unique,
but still exhibits some remaining freedom. It is this generalized gauge freedom, which can
be used to reshuffle the contact contributions between different n;’s while maintaining the
double-copy property.

In the new path integral approach, supersymmetry breaking terms appear, which have
been shown to exhibit the same form as contact term (see subsection 2.5.2 above). These
terms have to disappear in the final result to yield a supersymmetric answer, which means
that supersymmetry-breaking terms and contact terms have to cancel after considering all
contributing diagrams. Although being similar in structure to the P?-proportional next-to-
maximal cut contributions, they can not be shuffled around here: they are unambigously
assigned to certain diagrams in N'=4 SYM theory by the Feynman rules derived from the
action eq. (2.27). It would be nice to work out, whether this particular distribution of
contact-type terms is related to the Jacobi identities for the numerators in any way.

7 Discussion

In this article, actions for N=4 SYM and N'=8 supergravity have been formulated in
lightcone superspace in a way favourable for on-shell amplitudes and recursion relations.
The vertices are of the known form of the MHV and MHV three-point interactions in either
theory. In order to be part of a path integral formulation, they should also hold as off-shell
expressions. Therefore the notion of helicity brackets had to be extended to off-shell vectors
promoting the vertices to projections onto the on-shell parts of the contributing legs.

The calculation of amplitudes in the new framework is closely related to recursion
relations. Choosing a preferred superframe in N'=4 SYM one can simplify the calculation
of MHV diagrams considerably. Although one is reminded of BCFW recursion relations,
the procedure employed here is different in the sense that a superframe is chosen in contrast
to the complex deformation in the BCFW case. However — as in the BCF'W scenario — this
particular superframe choice excludes certain diagrams from the calculation. And, quite
similarly, our vertices are on-shell projections of the off-shell vertices. So our formalism
assumes that one can bring all internal propagators on-shell. In addition, one has to note
that the choice of a preferred superframe has only been successful in the case of just one
internal propagator. If two internal propagators are present, the choice is not sufficient.
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This reminds once again on the scenario in the BCFW recursion relation and on more
general recursions.

The actions found are suggestive for the double-copy relation of N'=4 SYM and N'=8
supergravity, as the supergravity three-vertices are the square of the A/'=4 three-vertices
after stripping of the color information. While for maximal cuts in purely cubic diagrams
the double-copy property is obvious, non-maximal cuts have to be organized in a way that
the numerator factors for N'=4 SYM satisfy the appropriate Jacobi identities for the double-
copy property to hold. Noting that non-maximal cuts are algebraically on the same footing
as contact term contributions and supersymmetry-violating terms in the lightcone three-
vertices, it would be interesting to find out how the requirement of unbroken supersymmetry
in the final amplitude is possibly related to the Jacobi identities for the numerators.
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A Relating different versions of the N'=4 SYM lightcone
path integral

A.1 Three-point MHV vertex

Leaving the prefactor of —2ig(27)* ¢ aside for a moment, one starts with the first part
of eq. (2.19) accompanied with the appropriate §-functions

3 3 3 3
{1235 <Z m) s (Zm) = {12} (Z m/lﬂ) s (Zm) : (A1)

Pulling out a factor of y/(p14p2+ps+) from the argument of the supermomentum conserving
delta function leads to

3
{12} (p14-pasp3y )2 0W ( m 2 LB ) 5@ (Z pi> ) (A.2)
i=1

+
VP2+DP3+  /P3+P1+  \/P1+DP2+

Employing definition eq. (2.9), any of the factors 1/,/piyp;+ can be replaced by the ratio
[i7]/v/2{ij}, which leads to:

{12} 23] [31] [12] 3
W(p1+p2+p3+)25(4) (771 (23 + 12 317 + 773{12}) 5@ <;p2> (A.3)

24



By momentum conservation eq. (2.11) one sees {12} = {23} = {31}, which allows pulling
out the denominators from the argument of the delta function:

{12}

W(pl+p2+p 51)76™ (m[23] + mo[31] + ns[12]) <Z pz) - (AY)

Cancelling one factor of {12}, using again {12}3 = {12}{23}{31}, replacing the curly
brackets by the angular ones with the help of eq. (2.9) and restoring the prefactor finally
leads to

V3(2m)* fobe (P14D2+D3+) 5@ (m1[23] + 12[31] + n3[12]) 6@ <Z§:1 pi)
g ™ )

' 122331 (A.5)

Taking into account the different definition of fields in BDKM and Fu/Kallosh one has to
divide by
<—_Z> <—_Z> <—_Z> R (A.6)
D1+ P2+ D3+ /)  DP1+DP2+P3+

60 (23] + ma(31] + mo[12)) 00 (S, i)
1223]31] |

which finally leads to

gv2(2m)t fote (A7)

where the different prefactor in comparison with eq. (2.27) originates in the different nor-
malization of the structure constants f*¢ and a symmetry factor which is not included in
the vertex eq. (2.19).

A.2 Three-point MHV vertex

Starting now from

3
—2igamyt e DML g (Zm) (Zm>, (A8)

(P14+P24+P3+)?

one can first transform the fermionic bracket by means of eq. (2.30) which leads to

1 3
H (m,av/Ps — m2,47/P11)00 <Z niv/Pit pz+> s (sz) ;
e i=1

—2ig(2m) f“bc

@‘/—\

25



where again the argument of the supermomentum-conserving delta funtion was transformed
employing eq. (2.28). Considering now the fermionic part exclusively one finds

-

(m1,4y/Dat — M2,41/P13)0" (Z Nin/Dit pz+>

b
I
—

I
-

4
(m,4v/P2+ — M2,4v/P1+) H (Z Ui,AM)
A=1 \i=1

b
I
—_

I
::]%

(=m1,4m2,4(P1+ + Pot) + 13,471, A7/ P31/ P2+ — 13,412, A\/P3++/P1+)

A=1
4
= 1 nameaybsrv/psr + ns.am av/Pas /Dot — 13,4m2,4y/P31/P1)
A=1
1,A7T12,A 2,A7)3, A 13,A7M1,A
= (p14P2+p31)’ P + === > A.10
(P1P2pae)” Py H <\/p1+p2+ VP2+P3+  \/P3+DP1+ ( )

Now one can play the same game as for the MHV-vertex by replacing

1 (i)
VPibir  V2(ij) (A1)

which after pulling out factors of (12) = (23) = (31) yields

(P14+P2+p3+)* P34
M,AM2,A(12) + 12, 4n3,4(23) + n3,a4m,4(31)) , (A.12)
(vV2)1(12)* H
where the product can be rewritten as
4
H (11,712,4(12) + 02,413, 4(23) + 03,4714 (31)) H Z ni,an; Alig) = 6 kaz
A=1 A=114j=1 +1
(A.13)
Putting now everything together will yield
2ig(2m) fabc(12) (Pr14p21p31)? p3+ 5®) (Z /\2772) 5@ <§3: pi> (A.14)
p3+ (\/5) ( i=1
which is the same as
5(8) Z /\2771 5( ) Z?:l Di
g\/§(2ﬂ')4fabc (p1+p2+p3+) < > ( ) ) (A15)

i (12)(23)(31)
Taking again the different definitions of the lightcone superfield in [14] and [12] into account,
one is left with

6B (S22 Aimi ) 6 (322 ps
gV2(2m)t fabe ( (12 ><2)3><31>< : )

which agrees up to a numerical prefactor (see the last remark in the previous subsection)
with eq. (2.27).

(A.16)
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