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Abstract
This work deals with the presence of defect structures in generalized sine-Gordon models. The
models are described by periodic potentials, with substructure having one, two, three or more
distinct topological sectors, with multiplicity one, two, three or more, respectively. The investiga-
tion takes advantage of the deformation procedure introduced in previous work, which is used to

introduce the new models, and to study all the defect structures they may comprise.
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I. INTRODUCTION

In this work we study defect structures in relativistic models described by a single real
scalar field, which are of current interest in high energy physics [1,12] and in condensed matter
13, 14]. We focus on static solutions in (1, 1) space-time dimensions, with the motivation to
present families of models, and the defect structures they may comprise. The models are
described by a single real scalar field, engendering discrete symmetry, so we search for defect
structures of global nature, known as kinks and lumps.

In high energy physics, kinks and lumps are of interest in several different contexts [1, 2],
including supergravity, branes with a single extra dimension and cosmology of branes [3-§].
In condensed matter, they may contribute to pattern formation [3], and to the description
of interfaces among distinct configurations in magnetic systems [4]. They may also appear
in other applications, for instance, in the study of nonlinear excitations in Bose-Einstein
condensates [9], and in the construction of magnetic apparatus at the nanometric scale [10].

We use the deformation procedure introduced in Ref. [11], and we deform the starting
model, which is the ¢* model engendering spontaneous symmetry breaking, to get to new
families of sine-Gordon models. We focus on sine-Gordon models because they are of interest
in a diversity of contexts; see, e.g., Refs. |12, [13]. The procedure is implemented via the
deformation function and the parameters it comprises, which leads us to the double and
triple sine-Gordon models with analytical solutions, etc. Since the potential of the starting
model, the ¢* model, can be described by a superpotential which is known explicitly, explicit
expressions for the superpotential for deformed models can also be derived, and this leads
to important informations on the corresponding BPS states [14], as well as on the energy
and stability of the solutions [15] of the families of models.

Most of the families of periodic potentials which will be introduced in this work engender
periodic substructure, and can be identified by M = 1,2, ..., an integer which describes the
multiplicity of the substructure of each potential. In this sense, we will describe a diversity
of multi-sine-Gordon models, and the defect structures they may comprise. In particular,
the double, triple and other multi-frequency sine-Gordon models are of interest to issues
concerning integrability [16], and they can also be used to generate braneworld scenarios
with a single extra dimension [6-8], with substructures that could appear in the form of

multi-brane scenarios. The scalar field used to describe the periodic models could also



interact with another scalar field, to give rise to defect inside defect [17], and to allow for
the presence of brane with internal structure [18]. In this sense, the present work provides a
variety of multi-sine-Gordon models, and study the presence of topological structure at the
classical level, offering results which are of current interest to high energy physics, and to
other areas of nonlinear science.

We organize the work as follows: In the next Sect. [[Il we describe the main steps of the
deformation procedure. In Sect. [IIl we single out the deformation function which will be
used throughout the work, and there we study specific sine-Gordon models. In Sect. [V] we
introduce the superpotentials corresponding to the multi sine-Gordon models studied in the
previous Sect. [TI, and we calculate the energies corresponding to several specific solutions

the models comprise. Finally, in Sect. [V] we present comments and conclusions.

II. THE PROCEDURE

We start the investigation with a quick review of the deformation procedure [11]. We
consider two real scalar fields y = x(z,t) and ¢ = ¢(x,t) and the corresponding models,

described by the Lagrange densities,
1 "
£=50,x0"x = U(x), (1a)

La= 50,000~V (9). (1)

Here, U(x) and V(¢) are given potentials, which specify each one of the two models. We
introduce a function f = f(¢), named deformation function, from which we link the model

(Tal) with the deformed model (1L by relating the two potentials U(x) and V(¢) in the very

specific form

Ulx = f(6))
(dfjdg @)

where U(x — f(¢)) means that in the potential U(x), we change x by f(¢). In this case, if

Vig) =

the starting model has finite energy static solution y(z) which obeys the equation of motion

d*>x  dU
= (3)
dx dx

then the deformed model may also have finite energy static solution given by



which obeys
¢ dV (5)
de?  do’
We note that if the deformation function f(¢) has critical points, the deformation procedure
works smoothly if and only if the potential U(f(¢)) has zeros of multiplicity at least two at
those critical points. The critical points of f(¢) are the branching points of f~!(), which
is consequently a multivalued function.
The deformation procedure has been used by several authors in a diversity of scenarios,

and it appears to work correctly in many distinct situations [19, 20].

We go further into the problem using the standard model
1
U0 = 51—, (6)

This is the x* model, with spontaneous symmetry breaking. Here we are using natural
units, and we have rescaled the field, and the space and time coordinates to make them
dimensionless. This model has as topological defects the BPS states x+(z) = 4 tanh(z—x),
and we choose the center of the solutions at the origin xy = 0, for simplicity. The energy
density is given by e(z) = sech?(z), which gives the energy E = 4/3. We also note that the
potential has minima at y. = £1 and obeys: V(x+) = 0, V'(x+) = 0, and V" (x+) = 4,
where V' (y) = dV/dy, etc. Next, if we choose the deformation function in the form f(¢) =
cos(¢), we get to the potential

V(9) = 5 sin’(6). @

In this case the deformation function depends only on ¢, and the corresponding deformed
model describes the sine-Gordon model, with no extra parameter involved in the procedure.

This model has solutions described by
or(x) = £ arccos[+ tanh(z)] + 2k, (8)

where k = 0, +1, £2, ... identifies the particular topological sector of the sine-Gordon model,
which has an infinity of sectors. We then see that we go from the ¢* model, which contains
a single topological sector, to the sine-Gordon model, which contains an infinity of topo-
logical sectors, by the use of the deformation f(¢) = cos(¢), which is a periodic function,
which needs the presence of the integer k to identify the particular periodic sector, which
is naturally used to identify the particular topological sector of the deformed model, as we

have just shown.



III. NEW FAMILIES OF MODELS

Here we follow the methodology of Ref. [19], searching for new functions f = f(¢), from
which we can build families of periodic models. We take the starting model described by the
potential (@) and the kink-like solution y;(z) = 4 tanh(z), and we choose the deformation

function

f(9) = cos(aarccos(g(¢)) — M). (9)

This function depends on the choice of g(¢), on a, which is real constant, and on M, which
can be integer or semi-integer: for M integer, the deformed potential can be written in the
form

1 (1-4g*(¢))

Vin(0) = 22 (D) sin” (a arccos(g(¢))), (10)

where ¢'(¢) = dg/d¢. If we choose M semi-integer, we get

a = LMCos2 a arccos
Veld) = 5o gy e s ot (a arecos(g(9)). (11)

As we show below, using integer values for the parameter a lead the number of vacua of the
new model to be fixed at will.

The choice (@) is a generalization of the deformation function used in [19]. There, the
deformation function was taken as g(¢) = ¢, and this allowed to generate families of poly-
nomial potentials. In the present work, below we will take g(¢) as a periodic function of
the scalar field, and this will generate new families of models, with periodic potentials, as
generalized sine-Gordon potentials. All the potentials are new periodic potentials, and we
solve them finding the defect structures they may comprise directly, using the deformation
procedure. In this sense, the present work contribute to offer new models, to study the defect
structures they may comprise, and to strengthen the power of the deformation procedure
introduced in [11].

In general, the above models identify families of potentials which present static solutions

o) =g (cos (LY ), (12

a

given by

where g~! represents the inverse of g(¢). Also, #(x) = arccos(tanh(z)), with 6 € [0,7].
However, to investigate specific models, let us start with (I0) and g(¢) = ¢. Here the



potentials are, for a odd,

| @y 22
Vi =5 11 (1-5m) - (13)
J

J=1

and for a even,

[\Dli—‘

a/2 2 2
¢
o 11 ( Za) (14)
j=1 J
where Z¢ = cos((j — 1)7/a).
If we start with ([I]) and g(¢) = ¢, the potentials are, for a odd,

1 (a—1)/2 2 2
V@) =5 0'0-0") I (1-2a) - (15)
2 : Z¢
j=1 J
and, for a even,
1 a/2 ¢2 2
Vin(6) = mﬂv¢>gﬁ—zg, (16)
where Z§ = cos((2j — 1)7/2a).
Here we see that the choice g(¢) = ¢ leads us to polynomial potentials, as already

investigated in Ref. [19]. In the present work, however, we want to study periodic potentials,
of the sine-Gordon type. For this reason, we consider g(¢) as a periodic function of the scalar

field. If we take g(¢) = cos ¢, from (I0) and (III), we have the potentials

Vi, = 55 sint(a) a7)
and

Vi, = 55 co(ag) (15)
which are sine-Gordon potentials with multiplicity M = 1, with the parameter a now

controlling the amplitude and periodicity of the potential. In order to obtain new sine-
Gordon potentials with higher multiplicity, in the next subsections we take the function

g(¢) = a cos ¢, where a will be chosen appropriately.

A. New sine family of models

Let us now consider the function g(¢) = Z,‘j cos ¢, where a is integer and Z,‘j is one of
the zeros of the potentials (EII{I), and (I4]), except ¢ = 0, and ¢ = 1. In this case, we have
Zk = cos ( ) with £ =1,2,..2 — 1, for a even, and k =1, 2, ..%1, for a odd.



The polynomial form of V¢

sin?

[19]. Thus, performing the deformation g(¢) = Z¢ cos ¢ in Egs. (I3) and (1), we have:

with its zeros (and multiplicities), for g(¢) = ¢, are known

e for a > 1 odd:

1 (a+1)/2 Za2 2 a1
ak _ s 2 k 2 _ —
Vi) = —== sin®(0)  [] (1 — a3 €08 qﬁ) c k=12,

J=1j#k+1

e for a > 2 even:

a ~ 2
a,k L - ZI?Q 2 a
Val(e) =< sin?(2¢) ] (1-gcos®e) . k= 1,25 =1, (20)

8 a2
J=1,5#k+1 Z

where Z = cos ( ) The sine potential V.3 (gb) can be written in terms of the Chebyshev

s

polynomials of second kind:

. 2
1 (1 — 722 cos? qb)

ak o 2 ~7a
Vin () = 20270 Sl o U;_4 (Zk cos gb) (21a)
U,(0) = sm(('a + 1) arccos ) (21D)
sin(arccos 6)
The explicit forms of V;fn (¢), for a = 3,4, and 5 are given by
3,1 2 .9 L o :
Van (¢) = g sin (¢) | 1- 1 cos”(¢)
= %58 (sin( - — sm (3¢ ) (22)
a1 Lo 1
VE(g) = Ssin2(29) (1 - 2 cos
8 2
9 1
= 128 (sm(2¢ ~ 35 sin(4¢ ) (23)



5,1 _ 8sin2(¢) B (1 + \/5)2 cos? 2 . (1 + \/3)2 cos> 2
V) = v (1 T <<z>>> (1 — <¢>)

_ (483 — 209\/5) <sin(¢) B : 7 (5 + \/5) sin(3¢) + (7 + 3\/5) sin(5¢)) ’

5120 (75 — 37/5) 2 (75 — 37V/5)

—~

(24)

5,2 _ 8sin2(gz5) . (1 - \/5)2 cos? 2 . (1 — \/3)2 cos? 2
Vin (¢) = 25 (1—v5)° (1 — 15 (cb)) (1 ) (cb))
(483 +209v5) [ (8 — 7(5+V5)

T B0 0) = 2 205 + 93v5)

(3-V5)
2 (205 + 93V/5)

sin(3¢) +

o)
(25)

which illustrate the new family of models.

We note that we have a diversity of sine-Gordon models, which includes variations of
the sine-Gordon model, and the double sine-Gordon, triple sine-Gordon, and so on. We
illustrate these models depicting in Fig. 1 the potentials V2:' and V' and in Fig. 2, the

s sin
: 7,1 8,1
potentials V'~ and V..
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FIG. 1: Plots of V! (¢), in left panel, and y ol (¢), in right panel. These potentials have multiplicity

S S

M =2 and so they belong to the double sine-Gordon family of models.

1. Static solutions

An important advantage of the use of the deformation procedure is that it gives the defect

structures explicitly. From ([2) and g(¢) = Z¢ cos ¢, in the case above, we have the static

8
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FIG. 2: Plots of V.""! (¢), in left panel, and 7448 (¢), in right panel. These potentials have multiplicity

sin sin

M = 3, and so they belong to the triple sine-Gordon family of models.

solutions of the V2 (¢) given by

S

¢amkn(x) = =+ arccos (% cos (@ + E)) +nm, (26)

& a a

where 6(z) = arccos(tanh(z)), n = 0,41, £2, .., and m is integer in the range: m =k, ...,a—

kE—1.

2. Mazima and minima

The maxima and minima of the potentials appear when we take the derivative of these
potentials with respect to the field ¢(z) to be zero. If the potential is non negative, then the
minima are also zeros of it. These informations help us a lot, and in the case of the above

potentials, V", we can write, for a odd, the minima

b =nr, n=0,+1,42 .., (27)
and
- 1
¢9 = £arccos(£Z; ) + 2mm, j,kzl,..,%,j%k‘, m=0,%1,+£2, ... (28)
where Z;;, = Z;/Z,‘j The maxima are
- (2n+ D)
(;51:#, n=0,%1,£2, ..., (29)



and ¢», which obeys
Ly S 2
1-27Z2; cos?(¢y)

j=1,j#k

The maxima (29) have the height, h = 1/2a2Z¢2, and the height of the others maxima

=0. (30)

comes from Eq. (B0), which can be solved numerically. In the table below we show some
examples, for several values of a and k. We recall that the maxima are periodic, so in the

table we show some positive ones, closer to zero, which represent families of maxima.

a 3 4 5 5 6 6 7 7 7
k 1 1 1 2 1 2 1 2 3
max1|1.571]0.928]0.699(1.571|0.567|0.936{0.479{0.723|1.571
hi 10.223]0.078/0.044]0.210{0.029(0.074|0.021|0.044]0.206
maxs| - [2.214|1.571| - |1.264|2.205|1.065{1.571| -
ha - 10.078]0.031| - 0.019/0.074]0.013{0.026| -
maxs| - - (2443 - |1.878| - |1.571|2.419| -
hs - - 10.044, - ]0.019| - 0.012|0.044| -
maxry| - - - - 12,575 - |2.077| - -
hy - - - - 10.029] - |0.013| - -
mars| - - - - - - 12.663| - -
hs - - - - - - 10.021| - -

B. New cosine family of models

Here, we consider the function g(¢) = Z¢ cos ¢, where a is integer and Z¢ is one of the

zeros of the potentials (I5]), and (I6), except ¢ = 0 and ¢ = 1. In the case of the cosine

family, we have Z,? = cos (%ﬂ'), with k =1,..2, for a even, and k = 1,2, .."T_l, for a odd.

The polynomial form of V¢ with its zeros (and multiplicities), for g(¢) = ¢, are known

Cos?

[19]. Thus, we apply the deformation g(¢) = Z¢ cos ¢ in Eqs. (IF) and (I6) to get:

e for a > 1 odd:

a—1

. 2
1 - 2 Za2 —1
Vccésk(ﬁs) -3 sin2(2¢) (1 - ZZQ cos’ Cb) H (1 - quz cos® gb) , k=1,.., a ,

i=Lj#k j

10



e for a even:

1 5 3 Za2 2
Var(e) = sin’(¢) (1 — 2% cos® ¢> H 1— #cosng , k=1,.

B 27a2 0
2022} =Lk ;

a
) 2 )
(32)

where Z = cos ( %7‘(‘) The cosine potentials V.%*(¢) are given by Chebyshev polynomials,

of the first kind:

. 1 (1 — 702 cos® gb)
VEok(9) = —
cos (¢) 2@2Zg2 SiIl2 ¢

T2 (Zg cos ¢> , (33a)
T.(0) = cos(a arccos ) (33b)

The explicit form of V,%*(¢), for a = 4 and 5 with k = 1 are given by

oy L0 ([ @V, NCEC NS
chos (¢) - (2+\/§) <1 4 (¢)) <1 (2_\/5) (¢)>

8

(235 — 108v/2) . (744 — 524V/2) (72 — 68v2)
1096 (686 - 451,2) (686 — 451/2)

(24 4+ 12v2)

- (686 — 451/2) cos(B6) +

0s(2¢) +

(10 +7v2)
(686 — 451v/2)

cos(8q5)]

VEl6) = sin(20) (1 - @mgz(@) <1 - %w&(@)

(97 -21V5) . (46 — 22V/5) ) (152 — 56v/5)
~ 409 T 04— 12v8) YT (i 1vB)

(21 — 33V/5) (42 + 14V/5) 5 (25 + 11v/5)
i (194 — 424/5) (194 — 424/5) cos(89) + (194 — 424/5)

cos(4¢)

cos(6¢) — COS(10¢)]

(35)

which illustrate this new family of models. Here we note that, we have a diversity of
sine-Gordon models, which includes variations of the sine-Gordon model, and the double
sine-Gordon, triple sine-Gordon, and so on.

We illustrate some potentials in Fig. 3, where we plot V2! and V>! and in Fig. 4, where

COs COs
6,1 7,1
we plot V2' and V (/.

11
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FIG. 3: Plots of Vies (¢), in left panel, and Verd (¢), in right panel. These potentials have multiplicity

M = 2, so they belong to the double sine-Gordon family of models.
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FIG. 4: Plots of V3! (¢), in left panel, and Vool (¢), in right panel. These potentials have multiplicity

M = 3, so they belong to the triple sine-Gordon family of models.

1. Static solutions

We use ([[2) and g(¢) = Z¢cos¢ to get the static solutions of the V.%*(¢) family of

COos

models. Here we have

ak B 1 o Ox) (2m—-1)n -
Gpin () = £ arccos (Z“ ( + )) +nm, (36)

i a 2a

where 0(x) = arccos(tanh(x)), n = 0, £1,£2, .., and m is integer such that m =k, ...,a — k.

12



2. Mazima and minima

Again, like in the case of the sine family, the above potentials are non negative. Therefore,

the minima are calculated taking V.4 = 0, and from the derivative of the potential, excluding

the minima, we obtain the maxima. For a odd, the minima are

b = % n=0,41,42, ... (37)
and
) 1
s = £ arccos(£7Z; ) + 2m | j,kzl,...,a2 Ak, m=0+1+2 .., (38)

where Z;), = Z7/ Z%. And, the maxima came from the equation

4 008(2@ <1 — 7 0082(@) + 702 sin2(2<j~>) +

(a—1)/2 Zk27]

2707 _ r7a2 277 ] —
25in?(2) (1 292 cos (¢)) j:;#kl—Zﬁj vl (39)

where 7, ; = Z,‘j /Z, which can be solved numerically, as we did before, for the previous

family of models.

C. Kink Multiplicity

The potential of the sine-Gordon model has an infinity of topological sectors, and supports
essencially the same kind of kink. Thus, if M denotes the kink multiplicity, as already
informed, then for the sine-Gordon model the kink multiplicity is M = 1. In the double sine-
Gordon model we have two distinct topological sectors, so the kink multiplicity is M = 2,
for the double sine-Gordon model. For the triple sine-Gordon model model we have three
distinct topological sectors, so the kink multiplicity is M = 3, and so on. For the periodic
models introduced above, we have been able to write the kink multiplicity in terms of the
parameter a, and in the table below, we summarize the kink multiplicity corresponding to

each member of the sine and cosine family of potentials for a integer.

Family a odd a even

vr o=t k| Mi=2—k

sin 2 2

Va,k MZ:a—i-l_k z:a+2_k

cos 2 2

We note that the kink multiplicity depends directly on a, so it increases when a also

increases.

13



IV. SUPERPOTENTIALS AND ENERGIES

It is sometimes possible to derive explicit expressions for superpotentials. If W is a

function of the scalar field, it is the superpotential if the potential is written in the form
1 12

where the prime stands for the derivative with respect to the field. Now, from the deforma-
tion procedure we can write that if W = W () is the superpotential of the starting model,

then the superpotential W(¢) of the deformed model has to obey
dw 1 dw

— X — f(9)). 41
i = g a0 @) (a1)
In the case of the ¢* model which we are using to implement the deformation procedure,
we have
dW
=1 — 2 42
ix X (42)

and this can be used to get to the superpotentials of the deformed models.
The expressions of the superpotentials are of great use, since they can be used to get
the energies of the corresponding defect structures, since we know that the energy of a

topological defect x(x) with the potential described by the superpotential W () is given by
E = [W(x(+00)) = W(x(—00))|. (43)

where x(00) = limit,_,.,x(x), for x(z) being the static kinklike solution.
Alternatively, the superpotential can be directly obtained from the integration of Eq. (40),

ol
W(p) = + / ae \/2V(E) (44)

but the integral does not in general lead to an explicit formula for W. However, this is not
the case here, and the explicit form of the superpotentials corresponding to the sine family,

for a = 3,4,5, and 6 are given by

WEL(6) = 2 cos(0) — = cos(36) (15)
WAL(6) = - cos(20) — - cos(1) (16)

51, (75—37V5) 16+ V5) o (7 +3v5) o
Wsin(¢)——80(1_ﬁ) cos(¢) 1801 — v (3¢)+—800(1—\/3) (5g)  (47)

14



52, 1 7 (5+V5) 1 (3-VH)
W ()= 160 (55%—19\/5) lcos(gb) 6—(205+93\/5) cos(3¢) + 10 —(205+93\/§) cos(H9)
(48)
W (p) = 634 + % cos(2¢) + %cos(élgb) — % cos(6¢) (49)
WER(6) = o — o1 €0s(26) + 5 cos(49) — 5 cos(60) (50)

For the cosine family, the explicit form of the superpotentials for a = 4, are given by

Weos () = 61_4 (\/5 - 1) [16 arccsc (%)

— cos(6) \/ 5+2v2 — (2@ + 3) cos(26) x (5f _ (4 + 3\/5) cos(2¢)>] (51)

16 arccsc (M>
2—-V2

+ cos(¢) \/5 —2V2 + (2\@ — 3) cos(2¢) X (5\/§ + (4 — 3\@) cos(2¢)) ](52)

W) = o (VE+1)

The above expressions allow us to get the energy corresponding to each distinct topolog-
ical sector. To illustrate this issue, let us calculate some energies. We start with the sine

family of models. The potential V' has multiplicity M = 1, so it has only one kind of

s

kink, with energy E = 1.222. The potential V3! has multiplicity M = 1, and the kink has

sin

energy E = 0.375. The potential V.>'' which is plotted in Fig. 1 has multiplicity M = 2, so

S

it has two distinct kinks, which we name large and small kinks, the large one representing
the kink in the sector where the maxima of the potential has higher height; here the kink
energies are given by E; = 0.211 and E, = 0.123. The potential VoL g plotted in Fig. 1,

s

and it also has multiplicity M = 2; here the corresponding energies are E; = 0.139 and
E, =0.076. Another potential is Vsz;ll, which is plotted in Fig. 3. It has multiplicity M = 3,
and the corresponding kink energies are F; = 0.099, F,, = 0.053, and E, = 0.050, for the
large, medium, and small kink, respectively.

Let us now deal with the cossine family of models. The potential V%! has multiplicity

M = 1. The kink energy is £ = 1.285. The potential V2! also has multiplicity M = 1, and

COs

the kink energy is £ = 0.610. The potential V%! is shown in Fig. 3, and it has multiplicity

M = 2. Here the two kink energy are F; = 0.206 and E = 0.147, for large and small kink,
respectively. The potential V2! is plotted in Fig. 3, and it also has multiplicity M = 2. The

CcOos

15



kink energies are £; = 0.129 and E, = 0.090. Another potential is V%!, which is depicted

in Fig. 4. It has multiplicity M = 3, and the corresponding kink energies are F; = 0.088,
E,, =0.061, and F; = 0.059, for large, medium, and small kink, respectively.

V. FINAL COMMENTS

In this work we studied a diversity of models described by periodic potentials. The
investigation makes use of the deformation procedure, which allows to get to new families of
periodic potentials, and to explore all the topological sectors and the corresponding defect
structures they may comprise. The periodic potentials present a multiplicity of distinct
topological sectors, which we used to define the multi-sine-Gordon models.

It is worth emphasizing that we have obtained the superpotentials explicitly, which is
important to investigate the kink energies. Also, the kink solutions for all the models are
known explicitly. In this sense, we believe it is of current interest to investigate how the
study of Ref. [13] works for the above families of models, and how the results of Ref. [16]
can be used to the new models introduced in this paper.

The present work opens new lines of investigations. An interesting issue concerns the
problem of using the above multi-sine-Gordon models to introduce new braneworld scenarios,
in which the brane can engender multistructure. This investigation can be done under the
lines of [, &, [18]. These and other related issues are under consideration, and we hope to

report on them in the near future.
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