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ABSTRACT: For an effective AdS theory, we present a simple prescription to compute the
renormalization of its dual boundary field theory. In particular, we define anomalous di-
mension holographically as the dependence of the wave-function renormalization factor on
the radial cutoff in the Poincare patch of AdS. With this definition, the anomalous dimen-
sions of both single- and double- trace operators are calculated. Three different dualities
are considered with the field theory being CFT, CFT with a double-trace deformation and
spontaneously broken CFT. For the second dual pair, we compute scaling corrections at the
UV and IR fixed points of the RG flow triggered by the double-trace deformation. For the
last case, we discuss whether our prescription is sensitive to the AdS interior or equivalently,
the IR physics of the dual field theory.
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1. Introduction

AdS/CFT correspondence [1, 2, 3] has inspired many phenomenological models, e.g., Randall-
Sundrum models [4, 5] and their descendants, AdS/QCD models [6, 7] and most recently,
“bottom-up” AdS/condensed matter models (e.g., [8], for lectures, see [9, 10]). The phe-
nomenological models always assume the existence of a general duality between a local bulk
effective theory and a (non-supersymmetric and sometimes even non-conformal) field theory
away from the infinite N and 't Hooft coupling g?N limit. Recently, it is proposed by [11]
that such a duality does exist for any CFT with a few low dimension operators separated by
a hierarchy from the dimensions of other operators and a small parameter such as 1/N in the
large N gauge theory.

Given the existence of such a duality, it is natural to ask how the CFT gets renormalized
by bulk interactions, especially what are the scaling corrections of the operators. In this paper,



we will develop a systematic way to compute the anomalous dimensions of both single- and
double-trace operators at O(1/N?). To have a well-defined computation in the AdS space,
an IR radius cutoff zg = € is introduced as the regulator. This way resembles the Wilsonian
renormalization with zyp = € playing the role of the UV cutoff A in the field theory [12]. The
boundary action at zy = € consists of two parts

Se _ Siocal + Sélon—local’ (11)

where S°¢! consists of all possible (high-dimensional) counter-terms as conformal symmetry
is explicitly broken by the radial regulator while SP°"~local gives the correlation function of
the dual field theory. Notice that these two parts of the action are not independent. The
holographic renormalization group (RG) of Slocal at the classical level has been discussed
within the RS1 setup [13, 14], recently in more general setup with an emphasis on their
relation to the the multi-trace flows in the dual field theory in [15, 16, 17]. In this paper,
however, we will focus on the renormalization of the correlation function which resides in
gnon—local "Farly investigations on that could be found in [18, 19].

In the simple prescription for the two-point renormalization we proposed, the anomalous
dimension measures how wave-function renormalization scales with the radial cutoff e. They
contain important information on the whether the operators are radiatively protected and
where the effective description breaks down. Notice that anomalous dimensions of double-
trace operators have been calculated before by other methods, e.g., through partial wave
decomposition of the four-point function of the single-trace operators [11, 20, 21, 22, 23, 24,
25] or through perturbations of dilatation operator in the global AdS [26]. We formulate
our calculation in an RG way which allows us to compute in AdS with different boundary
conditions. We also take the opportunity to investigate whether the prescription is sensitive
to the AdS interior boundary conditions. We find that while it is unclear for the single-trace
renormalization, the double-trace renormalization is insusceptible to the IR physics.

The paper is organized as follows. In Sec. 2, we briefly review the correlator function
calculations in AdS/CFT and outline the prescription to calculate the anomalous dimensions
of CFT operators at O(1/N?). We check it through several toy AdS models with the standard
quantization in Sec. 3. In Sec. 4, we proceed to show that our prescription also works for CF'T
with a double-trace deformation, which corresponds to AdS with mixed boundary conditions.
We discuss whether the results are dependent of the AdS interior boundary conditions in Sec.
5. Finally we conclude and point out some open questions in Sec. 6.

2. Floating radius as the regulator

2.1 Correlator from AdS/CFT

Let us first recall some basic facts about AdS/CFT correspondence. Throughout the paper,
we will use the metric of the Euclidean AdS,1; Poincare patch

d
2 _ dag + 3o daf

ds
2
20

; (2.1)



where the radial coordinate zgy is restricted to zg > ¢ > 0 and the AdS radius is set to be
1. For a free scalar field ¢ with bulk mass m, the solution to the wave function near the
boundary zp — 0 has the form

¢(20,%) = 22+[A(x) + O(25)] + 22~ [do(x) + O(7)], (2.2)

d d?
where Ay = B tv, v= 7 m2. (2.3)

From now on, bold-faced characters like x denote the d-vectors like Z. The Breitenlohner-
Freedman (BF) bound [27] m? > —d?/4 has to be satisfied for the theory to be stable. For
general masses above the BF bound, the scalar theory could be quantized with the Dirichlet
boundary condition fixing the boundary value ¢ of the scalar field ¢. The ansatz that relates
the boundary CFT to AdS space is that

<€$P/¢OO>CFT = Z(¢0). (2.4)

The left side of the equation is the generating function of CF'T with ¢o(x) acting as the source
of the dual single-trace scalar operator O while the right side is the supergravity partition
function on the boundary Z.(¢o) = exp(—Ic(¢))|p—ap,- With this ansatz, the operator cor-
relator is related to the non-local 1PI boundary action in terms of the source fields ¢y by a
simple rescaling [28]
(0(x)0(0)) = Lim "2 (60(x)60(0)) o tocar- (2.5)
In the range —d?/4 < m? < —d?/4 + 1 or equivalently, 0 < v < 1, Dirichlet or Neuman
boundary conditions corresponding respectively to fixing ¢g or A are both possible as both
solutions to the wave equations are normalizable. Thus we have two different quantizations,
the standard quantization as described above and the alternative quantization where A(x)
serves as the source of the boundary operator O with dimension A_. These two quantizations
are related by a Legendre transformation in the large N limit [29]. In fact, in this mass range,
one could impose a general class of boundary condition

A(x) = fo(x) =0. (2.6)

In the dual CFT, this corresponds to a double-trace perturbation f O? where f is related to f
up to a constant. In the UV, f, f — 0, the CFT is quantized in the alternative way in which
O has dimension A_. The double-trace deformation is then relevant as 2A_ < d and triggers
an RG flow which ends in the IR with CFT in the standard quantization and O’s dimension
approaching A, . !

!As an aside, there are several interesting phenomenological proposals based on CFT with double-trace
deformations [30, 31, 32], some of which require a better understanding of the “quantum effects” (O(1/N?)
effect) in this class of scenario.



2.2 Prescription

In this section we outline a simple prescription for computing anomalous dimensions of
CFT operators arising from bulk interactions in AdSy.; at O(1/N?). For simplicity, fol-
lowing [11, 26], we will consider CFT with only scalar operators. Our examples contain one
scalar operator O(x) lying at the bottom of the spectrum, with dimension A. This operator
is referred to as “single-trace operator” in analogy to large N gauge theories with adoint
representations. Other single-trace operators have much larger dimensions and are decoupled
from the low-energy theory. We also assume, according to the conjecture stated at the begin-
ning of the introduction, there exists a small expansion parameter such as 1/N in the CFT.
At the zeroth order in 1/N, the primary operators appearing in the O x O operator product
expansion (OPE) are the “double-trace operators”

And &

Oni(x) = O(8,09) (B, D,y -+ D) O(x), (2.7)

where parameters n and [ denote the twist and the spin of the operator. At the zeroth order
in 1/N, the double-trace operator dimension is A, ; = 2A + 2n + L.

Once the bulk interactions are turned on, the CFT two-point function would be renor-
malized. The leading order correction to the bare two-point correlator can be obtained from
the non-zero leading order expansion of the boundary 1-PI action

24=8) (4 (x) o (0) e pux (D)) 121 (2.8)

non—local

where integration over the AdS space is involved. As we will see from examples, generally
this integration is divergent and a cutoff in the radial direction as zy = € is necessary for
regulating the integration.

On the CFT side, we introduce the wavefunction renormalization factor Z which relates
renormalized operator Op to the bare one O:

Ogr(x) = ZO(x). (2.9)
The renormalized correlation function
(Or(x)OR(0)) = Z*(O(x)0(0)) (2.10)

is required to be finite after taking away the cutoff, e.g, ¢ — 0. Thus the divergent cutoff
dependences has to be absorbed in the renormalization factor. The anomalous dimension is

then defined as
Olog Z

Oe

It is easy to understand this definition from the CFT point of view. At an interacting

. (2.11)

Y= —¢€

fixed point, assuming small anomalous dimension, one could Taylor-expand the two-point

function as 1

(0(x)0(0)) = FECE @(

1 — 2ylog(|x|A)), (2.12)



where A is the UV cutoff of the CFT. The log A part is to be absorbed into the wavefunction
renormalization factor and thus v = dlog Z/0log A. By the UV/IR duality, the UV cutoff
of the CFT is dual to the IR radial cutoff in AdS. For renormalization of the CFT from an
interaction in AdS, A would be replaced by 1/€ and then we arrive at Eq. 2.11.

3. Examples

We now demonstrate how our prescription works by several simple examples with v =
Vd?/4+m? > 1, in which case only the standard quantization is allowed. In the first
two examples, we consider bulk mass perturbations. These two examples are trivial in the
sense that they could be solved exactly but as we will see, the computations involved serve
as the main ingredients for more complicated examples in Sec. 3.2.

3.1 Example 1: mass perturbations

3.1.1 Example 1.1

We add a tiny mass perturbation §V; = 1/2 m?¢? to the bulk field ¢. The modified dimension
could be solved exactly

d A\? L, gm? 202

Aexact = = + — | +m?24+dm? =200+ — + O((6m?)*), (3.1)
2 2 2v

where Ay = d/2 + v is the dimension of the operator without the mass perturbation.

Alternatively, one could compute the leading order correction to the boundary correlator

dzod?
<¢0(X)¢0(0) / z?l+1z;6m2¢(zo’z)2>71’b}o)7{—local : (32)
0

Among the corrections, the analytic terms give rise to contact terms in position space while
the correlator corrections are encoded in the leading non-analytic term. High order terms
are unimportant in the limit where the cutoff is removed. Thus the goal is to extract the
leading non-analytic term. To achieve that, it is more convenient to work with the mixed
momentum-position representation where the field is

o(z0.k) = / d'z (20, 7).

For the Dirichlet boundary condition ¢(e, k) = ¢o(k), the unique solution that is regular for
2Z0 — 00 18

920, k) = K(z0,k)¢o(k),
with the boundary to bulk propagator

Kok = (2) m (3.3)



where k = |k| and K, (kzp) is the modified Bessel function of the second kind.
In this representation, Eq. 3.2 turns into

dzod
(é0(x)60(0) / Z?m“a 2020, 2)) e

4 5m 2/(120/ d?k < kz0)>2€_ik.x
K, (ke)

dz dk YT1—-v)
_ . 21/ d 2 0 i L7V ikx
- 20m / / ( ) ri+n"

Z;HA £m|‘m+'” (34

where in the last two lines we expand the Bessel functions for small arguments kz, ke < 1,

=+ e 4loge

perform the integral and keep only the leading logarithmic divergent non-analytic term.
Notice that with the bulk-boundary correlator we chose, the two-point function at the
classical level is normalized as [33]

(OI0(0) ) = S x2S (35)
To keep two-point correlator finite at order ém?, we must have
77— 1= —6752 log € + finite terms. (3.6)
By using Eq. 2.11, we got )
= —ealgfz - 52% (3.7)

which agrees with the leading order expansion of the exact result for small ém?.

Figure 1: Witten diagrams for the models with mass perturbations. The blobs represent insertions
of mass perturbation. Left: example 1.1; right: example 1.2.

3.1.2 Example 1.2

In the second example, we consider a slightly more complicated mass structure in a scalar
theory of two scalars ¢, y with the bulk potential density

1 1
V=—= ¢ — *m X 5m2¢X7 om* < m% # mgv (3.8)



One could diagonalize the mass matrice and expand the exact solution in terms of small
mixing ém?. For instance, for ¢,
(6m?)?2 1

= ——s—. 3.9
n m? —m32 21, (39)

Again one could also calculate the leading correction to the boundary two-point function from
two mass insertions in the bulk (the right plot in Fig. 1)

dZ() dwo / ddk

<¢0(1‘)¢0(0))(1):(5m2)2/ T 0 | (2 )de_ik'X’C(Zoak)G(memk)’C(wo,k)a (3.10)
ZO 'LU() U

where for the Dirichlet boundary condition, the bulk-to-bulk propagator G(zp, wo; k) reads [34]

I, (ke)
K, (ke)

G (s, w0 k) = 7wl ((Iy(kwo)Ky(kZo) — Ky (ko) K (k)

) 0(z0 —wo) + 20 < w())
(3.11)
with 7, (z) the modified Bessel function of the first kind.
Plugging it into Eq. 3.10, one finds that only one term in the bulk-to-bulk propagator
contributes

(60(2)d0(0)) V) = =2 2(5m?)? / ‘Z’%Km(kzo) /dwu? f;((k;v:)) L, (kwo), (3.12)

where the factor 2 takes into account of the fact that wg > zo contributes exactly the same
as zg > wp. Expanding the Bessel functions in terms of small arguments and keeping track
of only the leading non-local term, we arrive at the same answer in Eq. 3.9.

As a consistency check, if one field is much heavier than the other one, e.g., m% < m%, X
could be integrated out. Then example 1.2 would turn into example 1.1 with the matching
condition
(6m?)

0V = —=—
¢ Zm%

P2 (3.13)

The final results of the two examples agree in this limit.

It is easy to see that Eq. 3.9 has a pole at A; = Ay and close to this value there is a
resonance-like enhancement of |y|. Fixing Ag, when A; increases from a small value compared
to Ao, the anomalous dimension grows. Once it passes the critical value A, the growth would
be cut off in the “full theory” by “integrating in” the heavy primary . This is a toy version
of the resonance behavior for double-trace renormalization from exchange interactions which
we will discuss in Sec. 3.2.3.

3.2 Example 2: contact interaction

In this section, we will consider both single- and double-trace renormalizations from bulk
contact interactions, e.g., a u¢*/4! interaction. As one will see, the main parts of both
computations have already been performed in our first toy example with a bulk mass shift.
We will also consider double-trace renormalization from exchange of an additional heavy
scalar field.



3.2.1 Single-trace renormalization

After turning on a p¢*/4! interaction in the bulk, the single-
trace boundary-boundary correlator is renormalized by a one-
loop diagram in AdS (Fig. 2)

dzpd?
(0(x)600) | T G002

u _d/dzo/ dk < kki(]))>2€_z‘k~x/ (;ljf)?dG(zo,zo;p),

(3.14)

Figure 2: Witten diagram

for the leading correction where G(zp, z0;p) is the bulk-to-bulk propagator with two coin-
to the single-trace two-point cident external points.

function from the ¢* contact The computation looks almost identical to Eq. 3.4 after re-
interaction (denoted by the placing the mass shift 6m? by u/2 [ d?p G(zo, 20; p). For ¢* in-
blob). teraction, however, this momentum integration is divergent. As
the ultra-violet divergences are local and insensitive to the space-time curvature, the power
countings of divergence should be the same in both the flat and warped space. This can be

confirmed explicitly by inspecting the asymptotic form of the AdS bulk-to-bulk propagator:

1
Flatspace : dm? ~ /ddeQ ~ A%
p

1
AdSspace :  om? ~ /ddpG(zo,zo;p) N/ddpf,,(pzo)Kl,(pzo) ~ /ddpp ~ AT

One plausible simple regulator is a position-dependent momentum cutoff peutor = /20
with « a dimensionless parameter. This regulator originates from the well-known fact that the
effective cutoff scales as the inverse of the radial position zy. In this scheme, the anomalous
dimension of single-trace operator is

_om?
T 2v
where 0m? = pl(a) and
d
o 1 d d
I = F 777,1—’_*71_ 71+ ; 2
() 4(47r)d/2uf(d/2+1)(2 3(2 5 5 v via©)
dT(3 +v)I'(1 - 1 d d
. G+ -v) oF3(= 4+ v, =+ ;140,14 = + 1,14 20;02)).

Vad+20) LA +20)° 22 7 72 2

(3.15)

The momentum-dependent cutoff is not the unique choice of regularizing the momentum
integration. Other schemes such as the Pauli-Villas regularization could lead to different
answers. This is not surprising as the single-trace operator is not radiatively protected in
an effective theory such as ¢* theory. The scheme-dependences of its anomalous dimensions
reflects its sensitivity to the UV completion of the effective theory.



3.2.2 Double-trace renormalization

Analogous to single-trace operator, we assume ¢2(z) sources double-trace operators [35] and
by a rescaling, the correction of the bare operator correlation is related to the correction to
the boundary 1PI action from the bulk interaction as

(0,1(%) 0 1(0)) V) = Tim €22 (43 (x)33(0) - - ) ;DL (3.16)

non—local>
e—0

where the dots denote bulk interaction insertions. The expression should be understood as

that for each O, ;, one extracts from (#3(z)@3(0) -+ )L, the term with the corresponding
scaling e2(An1=9) Thus for the ¢* interaction, one needs to compute
dzod?z
2 2 0 H A\1PT
(@80968(0) [ R E 60D (317
g !

Apparently the computations of double-trace dimension corrections look quite different
from previous ones. However, we would apply a procedure analogous to the conformal block
decomposition of CFT correlators [26], which would reduce the computation to that in exam-
ple 1.1. Consider the two-point function between two bulk points (¢?(z0,x)®?(wp,0)). It can
be easily computed from Wick contractions as a product of two single-particle propagators

<¢2(zo,x)¢2(wo,0)> = 2G/(z0, wo; X, 0)2,

where G(z0,wo;%,0) = [ d?k/(2m)%e~**G (2, wo; k) is the bulk propagator in the position
space. Instead of using this directly to compute 3.17, we would decompose it as a sum of
weighted “two-particle propagator” Gy, o(zo, wo; %, 0)

Gn,0(20, wo; X, 0)

<¢2(20,X)¢2(w0,0)> = Z N2 ) (3.18)

n

where N, is the normalization factor depending on the twist n. Gy, (20, wo; %, 0) assumes the
same form of the single-particle propagator except replacing v with v, = A, o — d/2. This
could be understood as the conformal symmetry determines all the propagators, whether it
is single- or multi- particle’s, up to a normalization. As ¢? only creates and annihilates states
without spin, this decomposition is independent of spin. Details of the calculation for the
normalization factors N2 could be found in the Appendix. Below we just quote the numbers
ford=2and d=4

d=2 N;?=

‘Hﬁ\'—‘

(n+1)(A+n—1)22A+n—23)

— -2 _
d=4 N, w2 (2A+2n—1)(2A +2n - 3)

(3.19)

Similarly for the bulk-to-boundary propagator, it should follow the same decomposition

(G005 (0, 2)) = Y Pl (3.20)

n



with

— ddk —ik-x ddk —ik-x 20 d KVn (]{IZ())
’Cyn (ZD,X, 0) = / (27‘()d6 ]CVn (Zo,k) = / (27T)d6 (?) m

After the decomposition, for each individual double-trace operator, the calculation of the
double-trace operator anomalous dimension proceeds similarly as that of example 1.1 with
the identification dm? = p/4 after taking into account of the symmetry factor. For even
dimensions d = 2,4, we find

_ _r 1
d=2 7= o T
D(A+n—-1)2A+n—
Q=4 ~n) = p (n+1)(A+n—-1)(2A+n 3)’ (3.21)

1672 (2A42n — 1)(2A 4 2n — 3)
which agree with [11, 26].

Figure 3: Witten diagrams for corrections to double-trace two-point correlator from ¢* (left plot)
and ¢?x (right plot). The blobs denote insertions of the bulk interaction. The solid lines represent
the “two-particle propagator” defined in the text.

Traditionally, one needs to extract from the four-point functions of single-trace oper-
ators (O(z1)O(x2)O(x3)O(z4)) the leading logarithmic singularity of the cross ratios and
then project it onto the partial wave associated with one particular double-trace operator
to obtain its anomalous dimension [20, 21, 22, 23, 24, 25]. Our method, to an extent, is to
reverse the two steps of extraction of the leading logarithmic divergence and partial wave de-
composition. Another method [26] performs the calculation in the global coordinates, where
~(n) is identified as correction to the eigenvalue of the dilatation operator arising from bulk
perturbations.

One interesting property of v(n) is that [11, 26], for large n, y(n) ~ n?=3. More generally,
for a bulk contact interaction O/AP, the anomalous dimension of the double-trace operator
with large n always grows as y(n) ~ nP. This could be understood in analogy to the amplitude
of the scattering mediated by high-dimensional operators in the ordinary effective field theory
with the following identifications

y(n) < A,
n < F.

,10,



As is well known, the scattering amplitude generated by an operator O/AP grows as A ~ EP.
For example, Euler-Langrange operator F*/m? leads to photon-photon scattering with am-
plitude A ~ E*. As energy grows, the amplitude grows. When E ~ m,, the effective theory
description breaks down and new degrees of freedom must be “integrated in” to unitarize the
theory. Similarly, for the CFT with heavy enough two- particle states n > 1, new degrees of
freedom must be included on the AdS side to keep the duality valid at the perturbative level.

3.2.3 Integrating out heavy state

Before ending the section of examples, we will comment on the double-trace renormalization
from exchange of a heavy scalar in AdS. To be concrete, the bulk interaction is

A / dadzoy/—g $X(x),

where x(x) is a massive scalar in AdSzy1. For d < 6 this interaction is renormalizable. In
the limit m, > my, one can integrate out x to obtain an effective theory with ¢* contact
term. Below we will compute the contributions to the anomalous dimensions of ¢ double-trace
operators from ¢?y interaction directly. For simplicity, we would focus on scalar exchange in
the s-channel, which only contributes to the spinless anomalous dimension y(n).

After implementing the conformal partial wave decomposition as in Eq. 3.18, 3.20, the
s-channel computations are reduced to that in Example 1.2 (compare the right plots in Fig.
1 and Fig. 3). After replacing v by v, = 2A 4+ 2n — d/2, v by v, and dm? by X in Eq. 3.9,
we got 2

A2 1
y(n) = @Wa (3.22)
d=2 ~(n) = )\—2 L
om (2A 1 20+ Ay — 2)(2A + 20— A (2A + 20— 1)
) V(R):Ai (n+1)(A+n—1)(2A +n —3) .
572 (3A + 20+ Ay — 4)(2A + 20— A)(2A + 20— 1)(2A + 20— 3)
(3.23)

It is easy to see that all expressions have a pole at A,, = 2A +2n = A, and thus a
resonance enhancement of 7(n) around the pole. At this pole, one needs to go to high order
in perturbation theory where the resonance of «(n) would be smoothed out and has a finite
width, due to the fact that y has a finite lifetime in AdS. Passing this pole, the growth is
cut off by integrating in x and ~(n) will start to decrease.

4. CFT with a double-trace deformation

As we mentioned briefly in Sec 2, for a tachyon field in the bulk with mass in the range
—d?/4 < m? < —d?/4 + 1, one could impose a general boundary condition corresponding to

20ur result looks different in formula from that in [26] but agrees with result derived using method in [36].
The two results could be proven to be the same numerically [37].

— 11 —



the presence of a double-trace deformation of the boundary CFT L = Lopr + 502. Such
an operator can lead to an RG flow between two different CFT’s related to each other by
a Legendre transformation in the large N limit. In this section we will demonstrate how
our prescription works in this case. Particularly, we will construct an interpolating function
which produces the correct operator scaling dimensions at the UV and IR fixed points.

As pointed out first in [38], the double-trace deformation corresponds to a mixed Neu-
mann / Dirichlet boundary condition at the boundary zy = €

f¢(67 k) + Eazo¢(20, k)|20=6 = ¢0(k) (4'1)

The parameter f is related to the double-trace coupling f as [39]

f: A — f62z/ <27Td/2r1£2A_7;)) ' (42)

The bulk-to-boundary propagator in this case turns out to be
d
P(kzg) = ZO/QK,/(k‘Zo),

K(k,z) = Ylkz0)
T Fp(ke) + €02 6(20,K) [zgc

For a free theory, the two-point correlator parametrized by f, in the momentum space is

(4.3)

MmO _  —dd / Y (ke)
<(9(k)(’)(k)>f = —€ % (k+k)fw(ke)—|—68w(ke)
= —c Uk +K) ! - (44)
€ e (zﬂd/z 11:((1A__V))) + ezu(g)gy FF((—VIS) (2v)

Starting at the UV with f = 0, the CFTyy is in the alternative quantization as one can

see from Eq. 4.4. Flowing down to the IR, f grows as double-trace perturbation is relevant.

As f — oo in the deep IR, we recover the Dirichlet boundary condition and the two-point

correlator is that in the standard quantization up to some overall constant normalizations.
For the mass perturbation dm?2¢?/2, the correction to the boundary correlator is

MO _ siae g2 | 40 ¢ (kz) ’
OUIOK) ) = ~5'(-+1)om? [ (f¢<ke>+€a¢<ke>)
iyt [ (2T Ry

e 20 _fezz,n-d/22u F(;ZZ)F)(V) k—v — 2711I‘(1 _ u)(ke)”

. (4.5)

Following the same procedure in Sec. 3, at the two ends of the RG flow, we got

) 2
UV f=0 quy=——or,
2v
5 2
IR f— o ’yIRzﬂ.
2v

- 12 —



Notice that the anomalous dimension in the UV and IR have opposite signs as one would
expect from expansion of the exact result AL =d/2 +v.

Computations of other examples proceed similarly. Before writing down the results, we
would like to make a few comments on the bulk-to-bulk propagator involved in the compu-
tations. As the conformal invariance is explicitly broken by the RG flow, the bulk-to-bulk
propagator cannot be SO(d,2) invariant. One could check that the SO(d,2) invariant prop-
agator G(z0,w:x,0;t) = tGa, + (1 —t)Ga_ with ¢ € [0,1] could not satisfy the mixed
boundary condition for arbitrary t except for t = 0 and ¢t = 1, corresponding to the two fixed
points. However, one could construct an SO(d,2) noninvariant propagator parametrized by
f in the mixed representation [40], which reproduces Ga_(Ga. ) when f = 0(f — o). Then
for the contact interactions, the anomalous dimensions of both single- and double-trace op-
erators at the IR fixed point are the same as computed in the previous section. At the UV
fixed point, yyy is identical to vg with the replacement of AL by A_, or equivalently, v by
—v.

Notice that for the single-trace renormalization from bulk interaction such as ¢*, Yuv +
~ir is finite as the UV divergences of loop momentum integration cancel each other. Thus
Yuv + YR is scheme independent. This is similar to computations of the vacuum energy at
one loop[40, 41]. While the one-loop self energy diverges, its change between the two fixed
points corresponding to a change in the central charge of dual field theory, is finite. At the
classical level, Ayy + Ag = d. However, at O(1/N?), Ayy + Arr deviate from d in general.

One caveat we did not explore here is that at O(1/N?), the geometry would deviate from
AdS, as in the one-loop diagram where the SO(d,2)-noninvariant propagator closes upon
itself would give rise to an effective potential varying over spacetime. The inclusion of the

loop-induced back-reaction is important but lies beyond this paper. 3

5. Spontaneous broken CFT - Wilsonian scheme or not?

So far we have assumed one particular IR boundary condition, the finiteness of the wave
function solution at z — oo, when constructing the propagators and computing the anomalous
dimensions. One might worry that whether the anomalous dimensions obtained this way is
not what one would get from a Wilson scheme but rather some IR~ dependent renormalization
scheme [18, 19]. To test whether our prescription is sensitive to the IR physics, we would
explore a different setup with an IR brane.

When the AdS space is truncated at finite radius z = L, it is dual to sponteneous
broken CF'T, of which the two-point function doesn’t need to follow the simple power scaling
behavior in the IR. More specifically, at small momentum or large separation x, there could
be poles appearing in the two point functions corresponding to discrete tower of KK modes.
In general, one would expect Eq. 2.12 to be modified and correspondingly our prescription
to be modified in order to subtract CFT anomalous dimensions that are independent of the

3Appendix A of Ref. [31] offers one calculation in a scalar field theory without interactions on how the
geometry deviation feeds into the operator scaling dimensions.
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IR condition. However, we find that for bulk mass perturbations, the dimension corrections
are indeed insensitive to the IR physics following our prescription.

Specifically, we impose a Dirichlet boundary condition at z = L. Then one could
parametrize the boundary-to-bulk propagator as

20\ 42 K, (kz0) + al,(kzp)
Ko k) = (7) 7, be) + ol (he] (5.1)

with lim,,,./C(20, k) = 1. Parameter a is fixed by the IR boundary conditions whose specific

value is irrelevant here. For example 1.1, with this modified propagator, Eq. 3.4 becomes

26m?  T(A) 1 )
+1/2 T(A — d)2) <1 2Ry y)r(—y)> 74,

(0(x)0(0))M) =log e (5.2)

which now contains an IR dependent factor. But at the classical level, the normalization of
the two point function also changes

2v I'(A 1 _
(O(x)0(0)) = s F(Agé/z) (1 +2ar(1+y)r(_y)> x| 728, (5.3)

The modification of the normalization exactly cancels the a dependent part in Eq. 5.2. Thus

the single-trace anomalous dimension v remains unchanged for different interior boundary
conditions.

For example 1.2, the final answer is also independent of the IR boundary conditions.
Compared to example 1.1, besides the bulk-to-boundary propagator, the bulk-to-bulk propa-
gator also varies with the IR conditions. For the Dirichlet boundary condition at z = L, the
bulk-to-bulk propagator is

G(z0,wo; p) = zg/ng/Q
<(_Ku(p€)lu(pw0)+lu(p€)K v(pwo))(— Ky (pL) 1y (p20) + 1, (PL) Ky (p20))
—Ky(pL)1,(pe) + 1,(pL) K, (pe)

Plugging it into Eq. 3.10, one finds that indeed all the IR dependences cancel out, leaving
the final answer unchanged.

Subtleties arise for anomalous dimensions from contact interactions. For the single-trace
renormalization, the divergence counting is determined purely by short-distance physics and
thus is independent of the CFT vacuum. However, the finite part of the loop momentum
integration does depend on the explicit form of the bulk-to-bulk propagator. Whether there
is a renormalization scheme in which the IR properties factor out of the computation is beyond
our knowledge and we will not pursue it here further.

However, after the partial-wave decomposition in Eq. 3.18, the double-trace renormaliza-
tion is reduced to renormalization induced by a mass perturbation. Thus it is insensitive to
the AdS interior!

— 14 —
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6. Conclusion and open questions

In this article, we present a simple holographic definition of anomalous dimensions arising
from bulk interactions in the dual AdS effective field theory. We checked it in toy examples
with mass perturbations and contact/exchange interactions. Three classes of dualities are
considered, with the field theory being CFT, RG flows between two fixed points and sponta-
neously broken CF'T. For the last class, we identify cases where our definition is independent
of the IR boundary conditions, as one expects a true Wilsonian renormalization scheme would
achieve.

There are still many questions and directions that might worth exploring.

e In the phenomenological 5D models, it is implicitly assumed that the compact internal
dimensions (e.g., S° in AdS; x S°) are not important. However, in the Maldacena
conjecture, the radius of S° is of order the AdS radius. In that case, instead of having a
5D effective theory description, we would have to deal with a full 10D theory*. Recently
a particular class of string models [42] has been constructed where the internal dimension
size could be parametrically smaller than the AdS curvature. It is still unclear whether
pure AdS effective theories as the low-energy descriptions are generic or not and whether
they would always have UV completions. For phenomenological implications of (non-
decoupled) internal dimensions, see [43].

e The single-trace operators’ dimension could be radiatively unstable in an effective AdS
theory. This is true not only for the toy model with ¢* interaction but also for more
realistic models (e.g., 5D RS flavor models) with bulk fermions and Yukawa/gauge
interactions. One might worry about the naturalness and predictability of these phe-
nomenological models.

e It would be interesting to compute renormalization of boundary field theory in the
gauge/gravity system. In our computations, we neglected the scalar potential’s back-
reaction to the geometry and assumed that such a non-supersymmetric AdS effective
theory has no instability. Careful treatments of these issues could be important.

e As discussed in the introduction, there is a rising interest in the relation between the
holographic flows of the boundary local couplings and the multi-trace flows in the
CFT [15, 16, 17]. Their duality is confirmed at the classical level and it might be
interesting to know how to compute the corrections to flows on both sides at the quan-
tum level (or at O(1/N?)). As far as we know, Ref [14] is the only attempt to compute
the holographic flows beyond the classical level. In that prescription [14], integrating
out the sliver of geometry between two radial positions does lead to a holographic RG
equation resembling Polchinski’s exact RG equation [44].

4We thank Matt Strassler for emphasizing this point.
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e Last but not the least, it is desirable to work out systematically corrections for non-
RG quantities such as the coefficients of the double-trace operator in the OPE of the
single-trace operators. Then one is equipped with the complete set of the dynamical
CFT data to construct four-point functions at O(1/N?).

Acknowledgments

We are grateful to Matt Reece for intensive discussions at all stages of the project and
comments on the manuscript. We thank Liam Fitzpatrick for explaining his works and many
useful communications. We also thank Richard Brower, Igor Klebanov and Matt Strassler
for useful discussions. J. F is supported by the DOE grant DE-FG02-91ER40671.

References

[1] J. M. Maldacena, The Large N limit of superconformal field theories and supergravity,
Adv. Theor. Math. Phys. 2 (1998) 231-252, [hep-th/9711200].

[2] S. Gubser, I. R. Klebanov, and A. M. Polyakov, Gauge theory correlators from noncritical string
theory, Phys.Lett. B428 (1998) 105-114, [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv.Theor.Math.Phys. 2 (1998) 253-291,
[hep-th/9802150].

[4] L. Randall and R. Sundrum, A Large mass hierarchy from a small extra dimension,
Phys. Rev. Lett. 83 (1999) 3370-3373, [hep-ph/9905221].

[5] L. Randall and R. Sundrum, An Alternative to compactification, Phys.Rev.Lett. 83 (1999)
4690-4693, [hep-th/9906064].

[6] J. Erlich, E. Katz, D. T. Son, and M. A. Stephanov, QCD and a holographic model of hadrons,
Phys.Rev.Lett. 95 (2005) 261602, [hep-ph/0501128].

[7] L. Da Rold and A. Pomarol, Chiral symmetry breaking from five dimensional spaces, Nucl. Phys.
B721 (2005) 79-97, [hep-ph/0501218].

[8] S. A. Hartnoll, C. P. Herzog, and G. T. Horowitz, Building a Holographic Superconductor, Phys.
Rev. Lett. 101 (2008) 031601, [arXiv:0803.3295].

[9] C. P. Herzog, Lectures on Holographic Superfluidity and Superconductivity, J.Phys.A A42
(2009) 343001, [arXiv:0904.1975].

[10] J. McGreevy, Holographic duality with a view toward many-body physics, Adv.High Energy Phys.
2010 (2010) 723105, [arXiv:0909.0518].

[11] I. Heemskerk, J. Penedones, J. Polchinski, and J. Sully, Holography from Conformal Field
Theory, JHEP 0910 (2009) 079, [arXiv:0907.0151].

[12] L. Susskind and E. Witten, The holographic bound in anti-de Sitter space, hep-th/9805114.

[13] A. Lewandowski, M. J. May, and R. Sundrum, Running with the radius in RS1, Phys.Rev. D67
(2003) 024036, [hep-th/0209050].

,16,


http://xxx.lanl.gov/abs/hep-th/9711200
http://xxx.lanl.gov/abs/hep-th/9802109
http://xxx.lanl.gov/abs/hep-th/9802150
http://xxx.lanl.gov/abs/hep-ph/9905221
http://xxx.lanl.gov/abs/hep-th/9906064
http://xxx.lanl.gov/abs/hep-ph/0501128
http://xxx.lanl.gov/abs/hep-ph/0501218
http://xxx.lanl.gov/abs/0803.3295
http://xxx.lanl.gov/abs/0904.1975
http://xxx.lanl.gov/abs/0909.0518
http://xxx.lanl.gov/abs/0907.0151
http://xxx.lanl.gov/abs/hep-th/9805114
http://xxx.lanl.gov/abs/hep-th/0209050

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

A. Lewandowski, The Wilsonian renormalization group in Randall-Sundrum 1, Phys.Rev. D71
(2005) 024006, [hep-th/0409192].

L. Vecchi, Multitrace deformations, Gamow states, and Stability of AdS/CFT,
arXiv:1005.4921.

I. Heemskerk and J. Polchinski, Holographic and Wilsonian Renormalization Groups,
arXiv:1010.1264.

T. Faulkner, H. Liu, and M. Rangamani, Integrating out geometry: Holographic Wilsonian RG
and the membrane paradigm, arXiv:1010.4036.

J. de Boer, E. P. Verlinde, and H. L. Verlinde, On the holographic renormalization group, JHEP
0008 (2000) 003, [hep-th/9912012].

J. de Boer, The Holographic renormalization group, Fortsch.Phys. 49 (2001) 339-358,
[hep-th/0101026].

H. Liu, Scattering in anti-de Sitter space and operator product expansion, Phys.Rev. D60 (1999)
106005, [hep-th/9811152].

E. D’Hoker and D. Z. Freedman, General scalar exchange in AdS(d+1), Nucl. Phys. B550
(1999) 261288, [hep-th/9811257].

E. D’Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis, and L. Rastelli, Graviton exchange and
complete four point functions in the AdS / CFT correspondence, Nucl. Phys. B562 (1999)
353-394, [hep—th/9903196].

E. D’Hoker, S. D. Mathur, A. Matusis, and L. Rastelli, The Operator product expansion of N=4
SYM and the 4 point functions of supergravity, Nucl. Phys. B589 (2000) 38-74,
[hep-th/9911222).

L. Cornalba, M. S. Costa, J. Penedones, and R. Schiappa, Eikonal Approximation in AdS/CFT:
Conformal Partial Waves and Finite N Four-Point Functions, Nucl. Phys. B767 (2007)
327-351, [hep-th/0611123).

L. Cornalba, M. S. Costa, and J. Penedones, Eikonal approzimation in AdS/CFT: Resumming
the gravitational loop expansion, JHEP 0709 (2007) 037, [arXiv:0707.0120].

A. Fitzpatrick, E. Katz, D. Poland, and D. Simmons-Duffin, Effective Conformal Theory and
the Flat-Space Limit of AdS, arXiv:1007.2412.

P. Breitenlohner and D. Z. Freedman, Positive Energy in anti-De Sitter Backgrounds and
Gauged Extended Supergravity, Phys.Lett. B115 (1982) 197.

M. Perez-Victoria, Randall-Sundrum models and the regularized AdS / CET correspondence,
JHEP 0105 (2001) 064, [hep-th/0105048].

I. R. Klebanov and E. Witten, AdS / CFT correspondence and symmetry breaking, Nucl.Phys.
B556 (1999) 89-114, [hep-th/9905104].

M. J. Strassler, Non-supersymmetric theories with light scalar fields and large hierarchies,
hep-th/0309122.

D. B. Kaplan, J.-W. Lee, D. T. Son, and M. A. Stephanov, Conformality Lost, Phys. Rev. D80
(2009) 125005, [arXiv:0905.4752].

,17,


http://xxx.lanl.gov/abs/hep-th/0409192
http://xxx.lanl.gov/abs/1005.4921
http://xxx.lanl.gov/abs/1010.1264
http://xxx.lanl.gov/abs/1010.4036
http://xxx.lanl.gov/abs/hep-th/9912012
http://xxx.lanl.gov/abs/hep-th/0101026
http://xxx.lanl.gov/abs/hep-th/9811152
http://xxx.lanl.gov/abs/hep-th/9811257
http://xxx.lanl.gov/abs/hep-th/9903196
http://xxx.lanl.gov/abs/hep-th/9911222
http://xxx.lanl.gov/abs/hep-th/0611123
http://xxx.lanl.gov/abs/0707.0120
http://xxx.lanl.gov/abs/1007.2412
http://xxx.lanl.gov/abs/hep-th/0105048
http://xxx.lanl.gov/abs/hep-th/9905104
http://xxx.lanl.gov/abs/hep-th/0309122
http://xxx.lanl.gov/abs/0905.4752

[32] R. Sundrum, SUSY Splits, But Then Returns, JHEP 1101 (2011) 062, [arXiv:0909.5430].

[33] D. Z. Freedman, S. D. Mathur, A. Matusis, and L. Rastelli, Correlation functions in the CFT(d)
/ AdS(d+1) correspondence, Nucl. Phys. B546 (1999) 96-118, [hep-th/9804058].

[34] W. Mueck and K. Viswanathan, Conformal field theory correlators from classical scalar field
theory on AdS(d+1), Phys.Rev. D58 (1998) 041901, [hep-th/9804035].

[35] G. Chalmers and K. Schalm, Holographic normal ordering and multiparticle states in the AdS /
CF'T correspondence, Phys.Rev. D61 (2000) 046001, [hep-th/9901144].

[36] A. Fitzpatrick and D. Shih, Anomalous Dimensions of Non-Chiral Operators from AdS/CFT,
arXiv:1104.5013. * Temporary entry *.

[37] A. Fitzpatrick. private communication.

[38] E. Witten, Multitrace operators, boundary conditions, and AdS / CFT correspondence,
hep-th/0112258.

[39] T. Hartman and L. Rastelli, Double-trace deformations, mized boundary conditions and
functional determinants in AdS/CFT, JHEP 0801 (2008) 019, [hep-th/0602106].

[40] S. S. Gubser and I. Mitra, Double trace operators and one loop vacuum energy in AdS / CFT,
Phys.Rev. D67 (2003) 064018, [hep-th/0210093].

[41] S. S. Gubser and I. R. Klebanov, A Universal result on central charges in the presence of double
trace deformations, Nucl. Phys. B656 (2003) 23-36, [hep-th/0212138].

[42] J. Polchinski and E. Silverstein, Dual Purpose Landscaping Tools: Small Extra Dimensions in
AdS/CFT, arXiv:0908.0756.

[43] M. Reece and L.-T. Wang, Randall-Sundrum and Strings, JHEP 1007 (2010) 040,
[arXiV: 1003. 5669}.

[44] J. Polchinski, Renormalization and Effective Lagrangians, Nucl. Phys. B231 (1984) 269-295.

A. Normalization of the double-trace operators in Eq. 3.18

It is most convenient to work out the normalizations of double-trace operators in Eq. 3.18 in
the position space. There we have the single-particle Green function G(zg, wo;x, 0)

G (20, wo;%,0) = caUA(E),

_ r'(A)
- 2md2T(A —d/2+ 1)

Us(e) = €57 F(A, &,

CA
Al g,g). (A.1)

In the last line, £ = e~ 20(20:w0%.0) where (2, wp; X, 0) is the geodesic distance between the
two points (zp,x) and (wp,0). One property of the functions Ua () that will be relevant
shortly is that they satisfy the orthogonality condition

7{ d§ (1-¢)°

%WUdfa@)Uﬁ(f) = 5&57 (A.2)
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where the contour is centered at £ = 0.
The two-point function (¢?(z, x)¢?(wo, 0)) could either be obtained from the Wick con-
tractions

(6°(20,%)¢* (w0, 0)) = 2G A (20, wo; X, 0)?, (A.3)
or from the sum of all the two-particle propagators with appropriate normalizations

(8 (20, x)6 (w0, 0)) = 3~ <G, (20, w03 %, 0). (A1)

n

Applying the orthogonal relation, we obtain

Ly el

N2 ca, o271 £1+d/2

n

Ua(€)*Ug—na, (&) (A.5)

Ind=2and d =4, Ua(§) turn out to be elementary functions and the integration is simplified
greatly. The final results are presented in Eq. 3.19.
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