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Abstract

In a previous paper we used T-duality to construct a new type of 1/4-BPS
solution describing a pair of NS5-branes intersecting in 1 + 3 dimensions and
localised in all other directions except for a single transverse circle. This led
to an explicit solution to a sourced Monge–Ampere equation, of which there
are few known examples. In this paper we refine this formalism and apply
it to two important generalisations: the resolved and deformed conifolds. In
doing so we construct two new solutions describing, respectively, a pair of
NS5-branes separated in a transverse direction and a pair of NS5-branes with
smooth ‘diamond’ profile. We show how the parameter of the resolved conifold
(size of the S2) maps to a transverse separation of the NS5-branes, while the
modulus of the deformed conifold (size of the S3) maps to the deformation
parameter of the diamond web.ar
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1 Introduction

Solitonic brane solutions of type II supergravity have played an important role in
various areas of string theory. A prominent example is understanding strongly cou-
pled field theories via the application of gauge–gravity duality. Another is to use
intersecting brane configurations to UV complete effective field theories, so that one
can study novel field-theoretic phenomena at the cut-off scale. To that end, it is of
interest to study the dynamics of D-brane probes in non-trivial brane backgrounds.
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Indeed, the original motivation for this work came from the study of how the gravita-
tional effects of a single NS5-brane influence the dynamics of a D4-brane probe [1, 2].
This gravitational background is well-known and is given by the CHS solution [3].
This resulted in innovative mechanisms for realising, say, metastable supersymmetry
breaking in the 1 + 3 dimensional effective field theory. However, more interesting
phenomena may arise when the gravitational interactions of multiple NS5-branes in-
tersecting non-trivially are included. Unfortunately, there are few known examples
of intersecting localised brane solutions that preserve at most 1/4-BPS supersymme-
try1. Our main goal then becomes to construct such examples.

This paper is a continuation of [4] in which a new example of a 1/4-BPS solution
of type II supergravity was constructed. This solution corresponds to a pair of
intersecting NS5-branes with common worldvolume R1,3, localised in all directions
except for a single mutually transverse S1. Such membrane webs are hard to come by
as they essentially amount to solving a nonlinear PDE of Monge–Ampere type with
source terms. In [4] we used T-duality and a Legendre transformation to determine
such a solution. That is, when dualised along a certain U(1) isometry intersecting
NS5-branes turn into the singular conifold, a non-compact Calabi–Yau manifold [5].
As the metric for the conifold is known, one is able to construct the NS5-brane
metric, H3-field and dilaton explicitly via the Buscher rules [6]. However, there are
subtleties in doing this. For example, there are a number of different U(1) isometries
along which one may dualise, and care must be taken in choosing the correct one.
Furthermore, after applying the Buscher rules, how does one prove the resulting
configuration correctly describes a pair of intersecting NS5-branes? This is answered
by an S-duality of the work of [7], in which the form that metrics for intersecting NS5-
branes must take is determined. The background is completely fixed up to a single
function K, which obeys a Monge–Ampere equation with source terms determined
by the brane web. The burden undertaken in [4] is to show that after a Legendre
transformation, the background is of the appropriate form, and a function K is
constructed that satisfies the Monge–Ampere equation with the correct singularity
structure for a pair of intersecting NS5-branes.

In this paper we continue this line of work by applying the techniques developed
in [4] to Calabi–Yau geometries in which the conifold singularity is resolved. One
way to do this is via a small resolution: the conifold singularity is blown-up by a
P1 while preserving the Calabi–Yau condition, giving rise to the resolved conifold
whose Ricci-flat metric is described in [8, 9]. Another approach is to perform a
complex structure deformation resulting in the deformed conifold whose metric is
written down in [8, 10]. We apply the formalism developed in [4], further refined

1See [4] for references and a brief review.
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here, to construct the dual NS5-brane solutions. The resolved conifold T-dualises
into NS5-branes separated along a mutually orthogonal direction. General arguments
suggest that the separation of the branes, denoted ∆y, corresponds to the volume
of the P1 on the resolved conifold side and we determine the precise map here. The
deformed conifold dualises into a pair of intersecting NS5-branes with a non-trivial
profile, known as the diamond web [11]. Although some of these results have been
understood in the literature based on other arguments (e.g. [5]), the results we
present here are the first explicit construction of the relevant metrics of the NS5-
branes, which together with the results of [7], constitute a proof of these T-duality
relations at the level of type II supergravity.

Many open questions remain. The conifold geometries admit multiple U(1) isome-
tries along which one could possibly dualise, and it would be interesting to apply
the techniques developed both here and in [4] to determine what they correspond to.
Moreover, the solutions constructed here and in [4] are not asymptotically flat. It
would be fascinating to determine the asymptotically flat brane solutions which have
the 1/4-BPS NS5-brane solutions presented here as their near horizon limits. These
would also imply the existence of a new asymptotically flat Calabi–Yau geometry
that contains the conifold as its near horizon limit. Another burning question is to
construct a background corresponding to intersecting stacks of multiple NS5-branes.
The usual arguments suggest such a background would be T-dual to an orbifold of
the conifold [5, 12], though the Ricci-flat metrics of the resolutions of the orbifold,
to the best of our knowledge, are not yet known.

Moving beyond supergravity, a natural direction to pursue is to understand the
underlying worldsheet description and the quantum corrections of these examples.
This would allow, for example, one to study the completely localised brane solution
analogous to the phenomenon discussed for a single stack of NS5-branes in [13]. As
there is a non-trivial dilaton profile, it would also be interesting to lift this configura-
tion to M-theory in which it would describe a non-trivial M5-brane profile. Finally,
one could study the dynamics of D-brane probes in this background, going beyond
the work of say [1].

2 NS5-brane webs and their geometric duals

In this section we review the work of [4] in which we showed how to map the singular
conifold to a pair of intersecting NS5-branes, and set up a general framework for
understanding the T-duality relation, at the level of supergravity, between NS5-
brane webs and their conifold-like, pure metric duals. We also describe a slight
modification of the near-brane analysis given in [7] that is necessary to characterise
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the brane locus in situations where the induced metric on the brane worldvolume is
non-trivial.

2.1 The geometry of 1/4-BPS NS5-brane webs

We are interested in a class of ten-dimensional type II supergravity backgrounds con-
taining NS5-branes. The NS5-branes overlap in 1+3 dimensions; we use coordinates
xµ = (t,x) to parameterise the intersection. In order to visualise the remaining six
directions it is useful to first consider the case of two orthogonally intersecting stacks
of branes. The six directions are split into three pairs: one pair, (x4, x5), is tangential
to the first stack and transverse to the second; another pair, (x8, x9), is transverse
to the first and tangential to the second; and the final pair, (x6, x7), is orthogonal to
both stacks. We use a complex coordinate system for the relatively transverse direc-
tions, za = (z1, z2), with z1 = x4 + ix5 and z2 = x8 + ix9, while the overall transverse
directions are denoted by y = (yi). The class of configurations we consider includes
more general profiles—or “webs”—of branes situated on two-dimensional slices of
the four-dimensional space spanned by (z1, z2).

The supergravity background generated by an NS5-brane web was determined in
[4] by U-dualising results of [7]. It consists of a non-trivial metric, dilaton, and Neveu–
Schwarz three-form flux, all determined in terms of a single function K = K(y, za, za):

ds2 = −dt2 + dx2
3 + 2Kabdzadzb + e−3Ady2

2 ,

eϕ−ϕ0 = e−3A/2 ,

H3 = −i
(
∂ae
−3Adza − ∂ae−3Adza

)
∧ d2y − iε ji ∂jKabdyidzadzb , (2.1)

with

Kab = ∂a∂bK ,

1

4
e−3A = ∂1∂1K∂2∂2K − ∂1∂2K∂2∂1K ≡ det(∂∂K) . (2.2)

Here H3 = dB2 is the field strength of the NS-NS two-form, and eφ0 = gs is the
asymptotic string coupling. This parameterisation follows from a systematic analysis
of the BPS constraints applied to a general supergravity ansatz consistent with the
bosonic symmetries of the system [7]. In particular, no information concerning the
profile of the brane web in the four-dimensional space spanned by za has been used
thus far.

In order to obtain an equation for K alone, one must study the supergravity
equations of motion. It is at this point that precise knowledge of the brane profile
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is required; the branes provide source terms for the metric, dilaton, and NS-NS flux.
The singularity structure of K(y, za, za) is determined by these source terms and en-
codes the location and number of branes in the system. A highly non-trivial result of
[7] is that consistency of the sourced equation of motion for K with supersymmetry
imposes constraints on the type of brane profiles that are possible. It was demon-
strated that these consistency conditions imply holomorphicity of the brane profile:
the source locus must be describable as the solution set of a holomorphic equation
in za: λ(z1, z2) = λ0.

The same result also follows from a supersymmetry analysis of probe branes in
flat space, but it is important that the result of [7] was derived without using any
assumptions or input from the probe brane picture. In the context of D-brane webs,
for example, this demonstrates the equivalence between open string and closed string
descriptions of the web.

In Appendix A we revisit the supergravity derivation of holomorphic profiles from
consistency of the sourced equation of motion for K and improve upon the analysis
of [7], where an unnecessary assumption concerning the near-brane behaviour of the
warp factor, e−3A, was made2. For the case of lower-dimensional brane webs, we
reproduce the results of [7] and demonstrate the validity of the initial assumption
which, in addition to holomorphic profiles, implies that the induced metric on the
worldvolume of the brane web is flat. For the NS5-brane webs of interest in this
paper however, we show that the initial assumption concerning the warp factor is
incorrect in general, and relaxing it allows for the possibility of a non-trivial induced
metric on the brane worldvolume while the profile remains holomorphic. Due to
the technical character of these arguments, they are relegated to the appendix while
here, and in the next section, we will present the results of the analysis that will be
used in the rest of the paper.

The equation determining K can be derived from the supergravity equation of
motion for the NS-NS flux. It is a nonlinear PDE of Monge–Ampere type, with
source term:

∆yK + 8det(∂∂K) = −Q0

2π
δ(2)(y − y0) log |λ(za)− λ0|2 , (2.3)

where ∆y is the (flat-space) Laplacian on R2. Here we are considering a single NS5-
brane web of charge Q0, located at position y = y0 and described by holomorphic
profile λ(za) = λ0. A web with NS charge one, corresponding to a single NS5-brane,
has Q0 = (2π`s)

2. Multiple webs at different positions in y are mutually BPS and
the equation of motion for the general case is obtained by superposing the sources.

2We are indebted to O. Lunin for helpful correspondence on this point.
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Equation (2.3), together with (2.1) and (2.2) describes the 1/4-BPS supergravity
background produced by this web. We note that (2.1)-(2.3) is invariant under y-
fibred Kähler transformations of the form

K → K + 2Re(f(y, za)) , (2.4)

where f is a holomorphic function of z and harmonic in y: ∆yf = 0.
In order to perform the T-duality described in the next section, it will be necessary

to have an explicit expression for the NS-NS two-form potential, B2. In [4] we found

B2 =
i

2
ε ji
(
Kreg
ja dz

a −Kreg
ja dz

a
)
dyi , with (2.5)

Kreg ≡ K + k , (2.6)

where the function k(y, za, za) satisfies3

∆yk =
Q0

2π
δ(2)(y − y0) log |λ− λ0|2 , ∂a∂bk = 0 . (2.7)

In (2.5) we are using the shorthand fi ≡ ∂yif to denote yi-derivatives. The correction
term k in (2.6) is necessary in order that dB2 = H3 in the plane y = y0, but away
from the sources.

Since NS5-branes are magnetic sources for the NS-NS potential, dH3 6= 0 on the
brane locus (y, λ) = (y0, λ0), and B2 cannot be defined there. This is manifested in
the fact that k is only defined away from the brane locus: the two conditions (2.7)
are inconsistent with each other at (y, λ) = (y0, λ0). Since k is not defined there,
neither is Kreg. H3 can only be trivialised on the complement of the brane locus, and
(2.5) gives such a trivialisation. Finally we note that B2 is shifted by an exact term
under the transformations (2.4).

2.2 The pure metric T-dual

In [4] we T-dualised the brane web geometry (2.1)-(2.3) by taking one of the trans-
verse directions to be a circle, smearing the configuration to create a U(1) isom-
etry, and applying Buscher’s T-duality rules for supergravity [6, 14]. Specifically,
let x7 have asymptotic periodicity x7 ∼ x7 + 2πR7, and denote the remaining
transverse direction x6 = y. Smear the source terms in (2.3), (2.7) by replacing

3In [4] we took k to be of the form k(y, za, za) = f̃(y) log |λ− λ0|2, where f̃ satisfies ∆yf̃ =
Q0

2π δ
(2)(y − y0), but there are more general solutions to (2.7).
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δ(2)(y) → 1
2πR7

δ(y). We may assume that K is independent of x7, and then the

configuration (2.1) possesses a U(1) isometry corresponding to translations in x7.
A careful application of Buscher’s rules yields a dual supergravity background

that is pure metric, with

ds̃2 = −dt2 + dx2
3 + ds̃2

6 , where

ds̃2
6 = e−3Ady2 + 2Kabdzadzb + e3A

[
dx̃7 − i

2

(
Kreg
ya dz

a −Kreg
ya dz

a
)]2

. (2.8)

The dual circle is parameterised by x̃7 and has asymptotic radius R̃7 = `2
s/R7. The

warp factor is determined in terms of the potential as before, e−3A = 4det(∂∂K), and
the equation of motion for K is

∂2
yK + 8det(∂∂K) = −Q̃0

2π
δ(y − y0) log |λ(za)− λ0|2 . (2.9)

Here Q̃0 = Q0/(2πR7) is the charge density of the smeared brane web in the original
geometry. In the dual geometry, (2.8), it plays the role of a topological charge. Note

that for a charge one brane web, Q̃0 = 2π`2
s/R7 = 2πR̃7. Kreg is defined in terms of

K via

Kreg = K + k , with

∂2
yk =

Q̃0

2π
δ(y − y0) log |λ− λ0|2 , ∂a∂bk = 0 . (2.10)

Let us discuss some global aspects of the geometry described by (2.8). Consider
the transformations (2.4), where we restrict f to be x7-independent in order to
preserve the isometry. Then under

K → K + 2yRe(f1(za)) + 2Re(f0(za)) , (2.11)

we have i
2
(δKyadza − δKyadza) = −d(Imf1). The metric (2.8) remains invariant

provided we simultaneously shift x̃7 according to

x̃7 → x̃7′ = x̃7 − Imf1 . (2.12)

Gluing together coordinate patches with such transitions on the overlaps can lead to
non-trivial circle fibrations.

Indeed, we know that non-trivial circle fibrations must be present. The brane
web we started with has a conserved charge, Q0, that can be computed via

∫
H3
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over any three-cycle, Σ3, enclosing the web. In the smeared case the charge is Q̃0

and the three-cycle has the form Σ3 = S1 × Σ2, where S1 is the x7 circle and Σ2

is any two-cycle enclosing the smeared web. Under T-duality, the conserved NS
charge maps to a topological charge. In the simplest example of a single straight
NS5-brane the T-dual geometry is ds̃2

6 = C × TN , where TN is a single-centered
Taub-NUT space. The circle fibre corresponds to the Hopf fibre and the topological
charge is measured by the Hopf invariant. This picture can be extended to smooth
charge n webs, where one expects the geometry to look locally like a C fibration over
n-centered Taub-NUT, or equivalently an An−1 singularity when n > 1.

Strictly speaking, the circle fibre in Taub-NUT is only non-trivial when we remove
the NUT point where the fibre shrinks to zero. A related fact is that the B-field
produced by NS5-branes is only defined on the complement of the brane locus, so the
T-duality map is only defined on the complement. T-duality maps the complement
of the brane locus to the complement of the C fibres over the NUT points. The
original brane web geometry, (2.1), is singular at the locations of sources. As long as
the NS5-branes are not coincident, however, the T-dual geometry can be completed
to a regular geometry by adding in the image of the brane locus. This is well known
in the simplest case of Taub-NUT, where the neighbourhood of the NUT point is
completely smooth and diffeomorphic to IR4. We will see that it follows in the general
case of a smooth charge one web from our near-brane analysis of K described below.

Finally, let us comment on the supersymmetry of (2.8). It follows from the work
of [7] that the brane web geometry (2.1) is 1/4-BPS. T-duality does not preserve
supersymmetry in general, but a sufficient condition for the preservation of super-
symmetry is that the Killing spinors of the original solution be independent of the
coordinate parameterising the T-duality direction [15, 16, 17]. Since we have ex-
plicitly smeared the original geometry along the T-duality direction, one certainly
expects the Killing spinors to satisfy this criteria. Nonetheless in [4] we explicitly ver-
ified that (2.8), with (2.9), is indeed 1/4-BPS. This implies that the six-dimensional
space with metric ds̃2

6 must be Calabi–Yau. In the next section we will show how to
map (2.8) to a Ricci-flat Kähler metric.

2.3 Legendre transformations away from the source locus

Let us begin by analyzing the function Kreg more closely, which we recall is well
defined away from the source locus4 at (y, λ) = (y0, λ0). We have ∂a∂bKreg = ∂a∂bK,

4“Source locus” may refer to the actual brane locus on the brane web side of the T-duality map
or the image of the brane locus on the geometric side; here it is the latter. In either case it is the
location of the source terms on the right-hand side of the PDE determining the function K.
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and hence the warp factor can be expressed as e−3A = 4det(∂∂Kreg). It follows that
both the brane web geometry, (2.1), and the T-dual geometry, (2.8), are completely
characterised by Kreg on the complement of the source locus. Furthermore,

∂2
yKreg + 8det(∂∂Kreg) = ∂2

yK +
Q̃0

2π
δ(y − y0) log |λ− λ0|2 + 8det(∂∂K)

= 0 , (away from sources), (2.13)

where (2.10) and (2.9) have been used. From this we have ∂2
yKreg = 1

2
e−3A, and thus

we arrive at the following alternative description of the space (2.8):

ds̃2
6 = −1

2
Kreg
yy dy

2 + 2Kreg

ab
dzadzb − 2

Kreg
yy

[
dx̃7 −

i

2

(
Kreg
ya dz

a −Kreg
ya dz

a
)]2

, (2.14)

Kreg
yy + 8det(∂∂Kreg) = 0 , (away from sources). (2.15)

In [4] we showed that a metric of this form is equivalent to a Ricci-flat Kähler metric
with a U(1) isometry. Here we review the key points.

Consider a Kähler manifold parameterised by coordinates (X, za). Suppose that
the manifold possesses a U(1) isometry, which may have fixed points. We will say
more about the nature of the fixed points below; for now we work away from any
fixed points and we choose the coordinate system (X, za) in a local patch such that
the isometry is identified with the phase of X. Let us introduce dimensionless real
coordinates ξ ∈ R, φX ∈ [0, 2π), and a real constant c of length dimension one,
such that X = ceξ/2eiφX . We may then assume that the Kähler potential, F , is
independent of φX so that

F = F(ξ, za, za) ,

ds2 = 2
[
gXXdXdX + gXadXdz

a + gaXdz
adX + gabdz

adzb
]

= c2eξgXX

(
1

2
dξ2 + 2dφ2

X

)
+ 2gabdz

adzb+

+
[
ceξ/2eiφXgXa(dξ + 2idφX)dza + c.c.

]
, (2.16)

where gαβ = ∂α∂βF , with zα = (X, za).
Now consider the change of variables

(ξ, φX , z
a, za) 7→ (y, x̃7, za, za) , with

x̃7 = ±cφX , y = y(ξ, za, za) , (2.17)

9



where the function y is given by

c(y − y0) = ±∂ξF , (2.18)

and define the regularised potential Kreg as the Legendre transform of F with respect
to the dual pair (y, ξ):

Kreg(y, za, za) =

{
F(ξ, za, za)∓ c(y − y0)ξ

}
max ξ

. (2.19)

The signs in (2.17)-(2.19) are correlated. In a given coordinate patch they are just
a matter of convention, but relative signs between coordinate patches will play an
important role in the global analysis discussed below. It is straightforward to verify
that after changing variables according to (2.17), and replacing partial derivatives of
F with partial derivatives of Kreg according to (2.18), (2.19), the metrics (2.16) and
(2.14) are equivalent.

The Ricci tensor on a Kähler manifold is given by Rαβ = ∂α∂β log g, where
g = det(gδγ) is the determinant of the Hermitian metric. Using (2.17)-(2.19), we find
that the determinant can be expressed as

g = − e−ξ

Kreg
yy

det(∂∂Kreg) . (2.20)

Thus if Kreg satisfies (2.15), then g = e−ξ/8 = c2/(8|X|2), implying Rαβ = 0. (Recall
that we are explicitly working away from any fixed points of the U(1) isometry, so
X 6= 0.) The implication goes the other way as well. Ricci-flatness for a Kähler
manifold generically means g = |F (X, za)|2 for some holomorphic function F . If the
manifold has a U(1) isometry associated with the phase of X, then g = |X|2B|f(za)|2
for some constant B and holomorphic function f . After a possible rescaling of X
and holomorphic change of variables za → z′a

′
, this may be brought to the form g =

c2/8|X|2. Given the identifications (2.17), (2.18), and (2.19), equation (2.15) then
follows. It is not surprising that a coordinate reparameterisation may be necessary
to put Ricci-flatness in the form (2.15), as this equation is not covariant under
coordinate transformations.

We have provided a prescription for how to rewrite (2.14), (2.15) as a Ricci-flat
Kähler metric with U(1) isometry and vice-versa. The prescription is purely local
since we are working in a given coordinate patch, away from any fixed points of the
isometry. There are two elements that are required to extend it globally. First, we
should understand how the transformations (2.11), (2.12) are realised in the Kähler
geometry (2.16). These transformations are expected to play an important role in
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providing a global definition of the circle fibre parameterised by x̃7. Second, we
should characterise the behaviour of the geometry in the vicinity of the fixed point
locus of the U(1) isometry. The relationship (2.17) between φX and x̃7 suggests
that the fixed point locus should be identified with the source locus of the Monge–
Ampere equation, (2.9), where the circle fibre shrinks to zero. In the remainder of
this section we describe how the transformations (2.11), (2.12) are realised in the
Kähler geometry, while in the next we study the behaviour of the geometry near the
source locus.

Suppose we are on the overlap of two coordinate patches, one parameterised
by (X, za) and the other by (X ′, za), where X ′ = X ′(X, za) has the form X ′ =
X±1e−f1(za)/c. Then ξ′ = ±ξ − 2

c
Ref1, and therefore ∂ξF = ±∂ξ′F since these

derivatives are taken with za held fixed. It follows that, by choosing the sign of (2.18)
appropriately, the definition of y is unchanged–i.e. y = y′. Meanwhile, choosing the
sign of (2.17) appropriately, we have that x̃7′ = x̃7 − Imf1. In summary,

X ′ = X±1e−f1(za)/c ⇒ K → K′ = K + 2yRef1

x̃7 → x̃7′ = x̃7 − Imf1
, (2.21)

where we have also chosen the sign in (2.19) for K′ to match the choices in (2.17),
(2.18) for x̃7′, y′. This reproduces the y-dependent part of (2.11) and (2.12). The y-
independent piece of (2.11) is generated by the X-independent Kähler transformation
F → F + 2Re(f0(za)).

Note that the T-duality map makes it clear that it should be possible to define
the coordinates (y, za, za) globally on the non-compact Calabi–Yau, since they were
globally defined in the original brane web system. Only the x̃7 circle fibre requires a
patchwise definition with non-trivial transition functions (which is directly related to
the patchwise structure of the B-field in the brane web system). Thus the Ricci-flat
Kähler geometry dual to an NS5-brane web discussed above must have the following
property: there are patches Ui with local coordinates (Xi, z

a), where the za are to be
identified on each patch, such that the transitions are of the form (2.21). Furthermore
the union of these patches should cover everything except complex-dimension one
curves. These curves are the image of the brane locus under the T-duality map.

A class of such geometries is provided by the generalised conifold and its various
deformations, which are of course well known to be T-dual to systems of intersecting
NS5-branes [5]. The (singular) generalised conifold is defined algebraically as the
solution set of the equation xu = vmwn in C4, where m,n are positive integers. We
let (z1, z2) = (v, w). When x 6= 0 we can solve the equation for u and take (x, v, w)
as the complex coordinate system. Similarly, when u 6= 0, (u, v, w) provide a good
coordinate system. The transition function on the overlap, x = u−1vmwn indeed has
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the form (2.21), and the points missed by these two patches are when x = u = 0,
implying v or w = 0.

2.4 Behaviour near the source locus

In the previous section we have shown that ds̃2
6 is a Ricci-flat Kähler manifold on the

complement of the source locus and described how the brane potential K is related
to the corresponding Kähler potential F . Here we will study the behaviour of K
and its derivatives near the locus and show that the geometry (2.8) admits a smooth
extension to the locus for charge one webs. We work in a local patch in which we
assume the locus is described by a smooth embedding; our analysis does not apply,
for example, at the intersection point of two orthogonal branes.

First define the coordinate η in a neighbourhood of the locus such that the holo-
morphic change of variables (z1, z2) 7→ (η, λ) has unit determinant. We zoom in
towards the locus by letting

y − y0 = εŷ , λ− λ0 = ελ̂ , (2.22)

where (ŷ, η, λ̂) are order one and ε is small. Then, as discussed in the appendix, K
has an expansion of the form

K = K1(η, η) +K2(y, η, λ, η, λ) +O(ε2) , (2.23)

where K1 is finite and regular on the locus, while K2 is O(ε) but has singular second
derivatives. (Terms of order ε log ε are implicitly included in K2.) Plugging this
expansion into (2.9) we find, at O(ε−1),

[
∂2
y + 8(K1)ηη ∂λ∂λ

]
K2 = −Q̃0

2π
δ(y − y0) log |λ− λ0|2 . (2.24)

Since this is a PDE in (y, λ, λ) only, (K1)ηη may be viewed as a constant. The
equation is solved by

K2 =
Q̃

2π

{
D − |y − y0| log

[√
2(K1)ηη (|y − y0|+D)

]}
+

+ (y − y0)h1(η, η) + 2Re [(λ− λ0)h2(η, η)] , with

D =

√
(y − y0)2 +

|λ− λ0|2
2(K1)ηη

, (2.25)
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and where h1,2(η, η) are arbitrary.
Using this solution we can straightforwardly construct the leading behaviour of

the metric (2.8) in the vicinity of the source locus. We record here the partial
derivatives of K for future reference:

Kyy = −Q̃0

2π

[
δ(y − y0) log |λ− λ0|2 +

1

D

]
+O(1) ,

Kyλ =
Q̃0

4πλ

( y
D
− sgn(y)

)
+O(1) ,

Kyη = −Q̃0

4π

( y
D
∂η log (K1)ηη − 2∂ηh1

)
+O(ε) ,

Kλλ =
Q̃0

16π(K1)ηηD
+O(1) ,

Kλη = − Q̃0

16π(K1)ηηD
λ ∂η log (K1)ηη + ∂ηh2 +O(ε) ,

Kηη = (K1)ηη +
Q̃0

2π

{
− 1

2
∂η∂η log (K1)ηη +

|λ|2|∂η log (K1)ηη|2

8(K1)ηηD
+

+ (y − y0)(h1)ηη + 2Re [(λ− λ0)(h2)ηη]

}
+O(ε2) , (2.26)

as well as the warp factor,

e−3A = 4det(∂∂K) =
Q̃0

4πD
+O(1) . (2.27)

After plugging these into (2.8), we make the non-holomorphic change of variables
(η, λ, η, λ) 7→ (η, γ, η, γ), where γ = γ(λ, η, η) is given by

γ =
λ− λ0√
2(K1)ηη

. (2.28)

We then introduce radial-angular variables in the space transverse to the locus,

y − y0 = r cos θ , γ = r sin θeiφ , x̃7 = R̃7ψ , (2.29)

where ψ has periodicity 2π. In these coordinates small ε corresponds precisely to
small r. Writing Q̃ = 2πnR̃7 for a charge n web, we eventually find

ds̃2
6 = 2(K1)ηηdηdη + ds2

⊥ + δds2
‖ +O(ε2) , (2.30)
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where

ds2
⊥ = nR̃7

{
1

2r

(
dr2 + r2(dθ2 + sin2 θdφ2)

)
+ 2r

[
dψ

n
+

1

2
cos θdφ

]2
}

. (2.31)

The remaining O(ε) terms in (2.30) are collected in δds2
‖. While their explicit form

can be given, the only important feature is that they all have at least one leg along
the η-plane. Thus, for fixed η, (2.31) describes the space transverse to the locus at
r = 0.

When n = 1, this space is smooth at r = 0; after changing variables to r = 2ρ2,
we have the metric on flat R4 in spherical coordinates. Thus, by including the source
locus, ds̃2

6 describes a complete, Ricci-flat Kähler manifold. For n > 1, (2.31) is the
ALE space An−1 ' C2/Zn. The immediate vicinity of the source locus has the form
of a C fibration over An−1.

These statements fit well with one’s intuition. As we zoom in close to a smooth
charge n NS5-brane web, it looks approximately like a stack of n coincident straight
NS5-branes. Therefore the T-dual geometry should look approximately like a product
of C and An−1. The above analysis quantifies these statements. For example, we
can write down the terms in δds2

‖ and compute higher order corrections to determine
quantitatively how the C fibration over An−1 behaves. Furthermore, we have learned
that the natural radial variable in the transverse space (y, λ, λ) is not the naive one,
y2 + |λ|2, but is rather related to this one in an η-dependent way.

The leading order term in (2.30), 2(K1)ηηdηdη, is the induced metric on the
source locus. It is not fixed by this perturbative analysis and, in particular, it need
not be flat. In contrast, the near-brane analysis of lower-dimensional brane webs–for
example the case of membrane webs [7]–reveals that the induced metric on the brane
locus is flat. In this sense NS5-brane webs are the exception to the rule. The exact
solutions to the Monge–Ampere equation we will encounter below, corresponding to
particular brane web configurations, do have specific induced metrics on the brane
worldvolume which in some cases are non-trivial. This suggests that the induced
metric is fixed when we analytically continue the perturbative solution to an exact
one. It may be fixed by asymptotic boundary conditions, or by matching onto a
perturbative solution around a different source locus when there are multiple webs
present.

The main technical result of this section is the perturbative solution (2.25) for K.
In the specific examples below, we will be starting with a Ricci-flat Kähler metric,
and from it we will construct a function Kreg via the Legendre transformation and
patching procedure described in the previous section, defined on the complement of
the fixed lines of a U(1) isometry. If we can show that Kreg differs from K, (2.23),
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in the vicinity of the fixed lines by a function k with the required properties, (2.10),
then we will have constructed K on the complement of the fixed lines. We can then
use (2.25) to extend K to these fixed lines, thereby identifying the locus of fixed
points of the U(1) isometry with the source locus of the Monge–Ampere equation
(2.9).

2.5 The case of the singular conifold

In [4] we determined the geometry produced a brane web consisting of two NS5-
branes intersecting orthogonally, such that the first brane is located at y = z1 = 0
and the second at y = z2 = 0. We did this by demanding that the T-dual geometry be
given by the singular conifold. The methods employed there were somewhat round-
about and physical in nature. Here we present this example in a more streamlined
fashion, making use of the machinery developed in the previous two sections.

The first step is to write down the Kähler potential corresponding to the Ricci-flat
Kähler metric on the conifold, as first determined in [8]. The conifold is described
algebraically by the solution set of the equation

xu = vw , (2.32)

in C4. We identify (z1, z2) = (v, w) and introduce two patches: U+ where x 6= 0 and
(x, v, w) are good coordinates; U− where u 6= 0 and (u, v, w) are good coordinates.
The Kähler potential is F ] = 3

2
L2/3r4/3, where r2 = |x|2 + |u|2 + |v|2 + |w|2, and L

is an integration constant with dimensions of length controlling the overall “size” of
the conifold. Written in terms of independent coordinates in the upper patch,

F ]+ =
3

2
L2/3 (|x|2 + |v|2)2/3(|x|2 + |w|2)2/3

|x|4/3
. (2.33)

An identical expression holds in the U− patch with x→ u.
Let us now introduce the symplectic coordinates (y, x̃7) and potential Kreg. We

define the coordinates patchwise via

U+ : cy = ∂log |x|2F ]+ =
L2/3(|x|4 − |v|2|w|2)

|x|4/3(|x|2 + |v|2)1/3(|x|2 + |w|2)1/3
,

U− : cy = −∂log |u|2F ]− = − L2/3(|u|4 − |v|2|w|2)

|u|4/3(|u|2 + |v|2)1/3(|u|2 + |w|2)1/3
, (2.34)

and

U+ : x̃7(+) = c Im(log (x/c)) , U− : x̃7(−) = −c Im(log (u/c)) . (2.35)
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On the overlap where both x, u 6= 0, we have x = vw/u. Using this relation it is
observed that the definitions of y agree so that y is well defined on U+ ∪ U−, while
x̃7 satisfies

x̃7(+) = x̃7(−) + c Im(log (vw/c2)) , (2.36)

which is of the form (2.12) with f1 = c log (vw/c2). The potential takes the form

U+ : Kreg
+ =

{
F ]+ − cy log (|x|2/c2)

}
|x|=|x|(y,|v|,|w|)

,

U− : Kreg
− =

{
F ]− + cy log (|u|2/c2)

}
|u|=|u|(y,|v|,|w|)

, (2.37)

where the subscript denotes that |x|, |u| are to be viewed as functions of (y, |v|, |w|),
obtained by inverting (2.34). These definitions differ on the overlap by a transfor-
mation of the form (2.11) with the appropriate f1.

The constant c is not arbitrary. The coordinates (y, za, za) are defined such
that Ricci-flatness takes the precise form of (2.15). In terms of the original Kähler
coordinate system, this means that the determinant of the Kähler metric should have
the form g = c2/8|x|2 in the upper patch, for example. Computing the Kähler metric
and taking its determinant, one finds that c is given in terms of the length scale L
via

c =
4√
3
L . (2.38)

The function Kreg has been defined on U+∪U−. The points not covered are those
where x = u = 0. The defining equation for the conifold then implies vw = 0, so the
remaining points are of the form x = u = v = 0, w arbitrary, or x = u = w = 0, v
arbitrary. In order to demonstrate that this corresponds to the source locus we must
construct the function K and show that it has the right singularity structure.

Our discussion in section 2.3 guarantees that Kreg, (2.37), satisfies the source free
Monge Ampere equation (2.15), and this can also be checked explicitly. Thus any
potential K of the form K = Kreg + k, where k has the properties (2.10) will satisfy
the sourced Monge–Ampere equation (2.9). Therefore in order to demonstrate that
the source locus is as claimed, one can proceed as follows. Take a limit that zooms
in towards the proposed source locus, using (2.37) to determine the behaviour of
Kreg in the limit. Compare this result with the required near-source form of K as
given in (2.25). If one can define the near-source coordinates (η, λ) such that the
two functions indeed differ by a function k satisfying the required properties, then
this will validate the ansatz for the near-source limit, verifying the claimed source
structure.
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Let us first zoom in towards w = y = 0 while keeping v finite. Specifically we
assume

y = εŷ , w = εŵ , (2.39)

with ε small and (ŷ, v, ŵ) order one. In this case (2.34) can be solved perturbatively
for |x| or |u| as a function of y. Consistency of (2.34) with (2.39) implies that the
leading behaviour of |x|2, |u|2 is O(ε). We find

|x|2 =
2L1/3|v|2/3√

3

[
y +

√
y2 +

3|v|2/3
4L2/3

|w|2
]

+O(ε2) ,

|u|2 =
2L1/3|v|2/3√

3

[
−y +

√
y2 +

3|v|2/3
4L2/3

|w|2
]

+O(ε2) , (2.40)

and plugging into Kreg,

Kreg
± =

3

2
L2/3|v|4/3 + c

{
D ∓ y log

[√
3|v|2/3

8L5/3
(±y +D)

]}
+O(ε2) ,

D =

√
y2 +

3|v|2/3
4L2/3

|w|2 . (2.41)

Since the function k can not affect the order one term corresponding to the
induced metric on the locus, we must, according to (2.23), identify

(K1)ηηdηdη =
2L2/3

3|v|2/3
dvdv . (2.42)

Once we choose a coordinate η, the coordinate λ is determined by the requirement
that the Jacobian for the change of variables (v, w)→ (η, λ) have unit determinant.
One choice is simply

(η, λ) =
(
v +O(ε), w +O(ε2)

)
⇒ (K1)ηη =

2L2/3

3|η|2/3
. (2.43)

However, we observe that in this example K1 is the mod-squared of a holomorphic
function, so we may choose coordinates such that the induced metric on the source
locus is (locally) flat:

η =
√

3L1/3v2/3 +O(ε) , λ =

√
3

2L1/3
v1/3w +O(ε2) , (2.44)
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implying (K1)ηη = 1
2
. With either choice of coordinates (η, λ) we find that (2.41) can

be put in the form

Kreg
± = K1 + c

{
D ∓ y log

[√
2(K1)ηη (±y +D)

]}
+ yh1(η, η) +O(ε2) ,

D =

√
y2 +

1

2(K1)ηη
|λ|2 , (2.45)

for a particular h1(η, η). We can use this expression to compute the leading behaviour
of the warp factor, e−3A = 4det(∂∂Kreg). Upon comparing the result with (2.27),

we determine a relation between c and the charge: c = Q̃0/2π. If the conifold is

to be T-dual to a charge one brane web, then Q̃0 = 2πR̃7, implying c = R̃7. Note
that this also gives the coordinate x̃7, as defined in (2.17), the right periodicity.
Furthermore this implies a relationship between the size parameter of the conifold
and the asymptotic radius of the x̃7 circle:

c = R̃7 ⇒ L =

√
3

4
R̃7 . (2.46)

With Kreg in the form (2.45) and K given by (2.23), (2.25), it is easy to check
that the difference k = Kreg − K does satisfy the conditions (2.10). The partial
derivatives of Kreg have exactly the same form as those of K, (2.26), but without
the singular terms in the y-derivatives; hence (2.10) follows. This demonstrates that
the coordinate system (η, λ), as defined in (2.43) or (2.44), properly describes the
source locus. It is located at λ = y = 0 and parameterised by η. For either choice
(2.43) or (2.44), this corresponds to y = w = 0, v finite. The different coordinate
choices merely correspond to the freedom to make holomorphic coordinate reparam-
eterisations which have unit determinant and preserve the boundary condition that
the source locus is at λ = 0.

Since the exact solution (2.37) for Kreg is symmetric under the exchange v ↔ w,
it is clear that we can carry out an identical analysis to demonstrate that y = v = 0,
w finite, corresponds to a source locus as well. The only part of the geometry our
analysis has not covered is the infinitesimal neighbourhood around y = v = w =
0. This point corresponds to the conifold singularity on the geometric side and
the intersection point of the two NS5-branes on the brane web side. The classical
geometry is singular at this point and we will not consider it further here.

In conclusion, we have found the exact potential, Kreg, that describes both the
conifold geometry through (2.14) and the brane web geometry via (2.1) (smeared
on the x7 circle). Kreg is defined everywhere except at the locus y = v = 0 and
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y = w = 0. By comparing the form of Kreg with the general form of a solution
K to the sourced Monge–Ampere equation (2.9), we identified this locus with the
position of the brane web. The conifold geometry extends smoothly to the locus
(except at the intersection point), whereas the brane web geometry is singular at the
locus. This is natural since the brane web is composed of fundamental sources for
the metric, dilaton, and Neveu–Schwarz three-form flux. With a convenient choice
of coordinates one can write down the brane web geometry in completely explicit
form. We refer the reader to [4] for details.

3 T-dualising the resolved conifold

The resolved conifold is a deformation of the singular conifold that preserves Ricci-
flatness of the metric. Intuitively, one can think of it as resolving the singularity
by an S2. The Ricci-flat metric for the resulting space is known and admits a
U(1) isometry. T-dualising in this direction results in a pair of separated NS5-
branes, which we construct explicitly in this section. We show how, for example, the
parameter describing the resolution (size of the S2) maps to the separation of the
NS5-branes.

3.1 A rapid review of the resolved conifold

Let (Z1, Z2) be the homogenous coordinates for a P1 so that they are not both zero.
Then the resolved conifold may be described as the solution space to the equation

W
(
Z1

Z2

)
=

(
0
0

)
, with W =

(
v x
u w

)
. (3.1)

As (Z1, Z2) 6= (0, 0), the conifold equation, xu−vw = 0, is satisfied and rankW ≤ 1.
If rank W = 1 then we can solve for Z1 in terms of Z2, and this specifies a unique
point on P1. If rank W = 0 then (Z1, Z2) parameterise a full P1. Intuitively, one
can think of the solution space of (3.1) to match that of the conifold except at the
conifold singularity where the singularity is replaced by a P1.

In fact, it follows from (3.1) that the resolved conifold, B̂, is the total space of an
O(−1)⊕O(−1) fibration over P1:

O(−1)⊕O(−1) → B̂
↓
P1

(3.2)
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It is instructive to see how this comes about in detail. To that end, we begin by in-
troducing HS, HN , the usual patches covering P1 defined by stereographic projection
from the south and north poles. In each patch we define a complex coordinate,

HN : Z = Z2/Z1 , HS : Y = Z1/Z2 , (3.3)

with Z = 1/Y on the overlap HS ∩ HN . Recall, the coordinate transformation
Z = tan( θ

2
) e−iφ maps the Fubini–Study metric to the round S2 metric:

4dZdZ

(1 + |Z|2)
= dθ2 + sin2 θdφ2 . (3.4)

For (Z1, Z2) ∈ HN we can parameterise solutions of (3.1) by letting v = −Zx and
u = −Zw so that

W =

(
−Zx x
−Zw w

)
. (3.5)

Now (x,w) are coordinates for the O(−1) ⊕ O(−1) fibre over HN . We denote this

trivialisation by HN = O(−1)⊕O(−1)×HN which is a patch in the total space B̂.
Which solutions of (3.1) are not accounted for by (3.5)? Precisely the ones of the

form

W =

(
∗ 0
∗ 0

)
, (3.6)

where “∗” represents nonzero entries. These solutions occur when (Z1, Z2) ∈ HS

with

W =

(
v −Y v
u −Y u

)
, (3.7)

where now (u, v) parameterise O(−1) ⊕ O(−1) over HS. As for above we denote
HS = O(−1)⊕O(−1)×HS. On the overlap HN ∩HS the respective coordinates of
(3.5) and (3.7) are related by

(v, u;Y ) = (−Zx,−Zw; 1/Z) , (3.8)

and this is the transition function defining an O(−1)⊕O(−1) bundle over P1. The

patches HS and HN cover B̂. The solution space of (3.1) is indeed described by the
bundle (3.2) and we are done.

The Ricci-flat Kähler metric is constructed in [8] as follows. Denote the Kähler

potential F̂ and suppose we are in the patch HN with coordinates (w, x;Z). Then,
requiring the metric to be homogenous under patching leads one to the ansatz

F̂ = F(r2; a) + 4a2 log (1 + |Z|2) , (3.9)
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where r2 = tr(W†W) and F(r2; a) is a function to be determined. Label the coordi-
nates zα = (w, x;Z); then the metric takes the form

dŝ2 = 2
[
(∂α∂βr

2)F ′ + (∂αr
2)(∂βr

2)F ′′
]
dζαdζ

β
+ 4a2 dZdZ

(1 + |Z|2)2
, (3.10)

where prime denotes differentiation with respect to r2. There are two interesting
limits: a → 0 and r → 0. Under the former, we recover the singular conifold and
this allows us to identify F̂(r2; 0) = F(r2; 0) = F ](r2), the Kähler potential of the
singular conifold. The latter limit corresponds to zooming in towards the resolved
singularity. Indeed, the first two terms in (3.10) vanish as r → 0, and therefore, in
accordance with (3.4), we get the round metric on an S2 with radius a; the parameter
a is referred to as the resolution parameter.

After turning the crank slowly but surely, the Ricci-flatness condition Rαβ =

∂α∂βg = 0, with g = detgαβ, reduces to the simple equation

γ′γ
(
γ + 2a2

)
=

2

3
L2r2 , where γ(r2; a) ≡ r2F ′(r2; a) , (3.11)

and L is an integration constant. The limit a → 0 also implies L is to be identified
with the integration constant introduced in [4], related to the asymptotic radius of

the x̃7 circle, R̃7 = 4L√
3
, in the asymptotically flat geometry T-dual to the intersecting

NS5-branes.
Equation (3.11) can be integrated, giving

γ3 + 3a2γ2 − L2r4 = 0 , (3.12)

where another integration constant has been set to zero such that (3.10) reduces to
the round metric on S2 when r → 0. It is easy to show that for all r > 0 this cubic
has a unique positive real root γ0, and as r → 0, γ0 → 0. One can find an explicit
expression for F(r2; a) by writing out this root,

γ0 = a2(−1 + α−1/3 + α1/3) , where

α = ξ2 − 1 +
√
ξ4 − 2ξ2 , ξ ≡ Lr2

2a3
, (3.13)

and then integrating with respect to r2, as dictated by (3.11). After dropping an
irrelevant integration constant, we find

F(r2; a) =
3

2

{
γ0 − a2 log

[
3 +

γ0

a2

]}
. (3.14)
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As shown in [9], the metric has an expression in a conical form given by intro-
ducing the angular coordinates,

x = r cos
θ1

2
cos

θ2

2
e

i
2

(ψ+φ1+φ2) ,

w = r sin
θ1

2
cos

θ2

2
e

i
2

(ψ−φ1+φ2) ,

Z = tan
θ2

2
e−iφ2 . (3.15)

Changing the radial variable from r to ρ2 = 3γ and using

γ′ =
2L2r2

3γ(γ + 2a2)
, (3.16)

one can show that the metric takes the form

dŝ2 = κ−1(ρ)dρ2 +
1

6
ρ2
(
dθ2

1 + sin2 θ1dφ
2
1

)
+

1

6
(ρ2 + 6a2)

(
dθ2

2 + sin2 θ2dφ
2
2

)
+

+
1

9
κ(ρ)ρ2 [dψ + cos θ1dφ1 + cos θ2dφ2]2 , (3.17)

where

κ(ρ) ≡ ρ2 + 9a2

ρ2 + 6a2
. (3.18)

In the a→ 0 limit this metric reduces to the metric on the singular conifold, presented
as a cone over the Einstein space T 1,1. On the other hand, when ρ → 0, there is a
two-sphere of radius a, corresponding to the P1 of the resolution.

This whole discussion has been carried out in the patch HN ⊂ B̂, where Z1 6= 0.
This patch covers everything except for the C ⊕ C fibre over the south pole of P1,
where Z is no longer a good coordinate. To describe the neighbourhood of the south
pole (and the fibres over it), we should use the coordinate system (u, v;Y ), where
Y = Z1/Z2. Doing so, one derives an identical expression to (3.10), but with Z → Y
and where r2 should be set equal to r2 = (|v|2 + |u|2)(1 + |Y |2). Upon making the
change of variables

u = −r sin
θ1

2
sin

θ2

2
e

1
2
i(ψ−φ1−φ2) ,

v = −r cos
θ1

2
sin

θ2

2
e

1
2
i(ψ+φ1−φ2) ,

Y = cot
θ2

2
eiφ2 , (3.19)
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one again recovers (3.17). Note that (3.15), (3.19) are obtained as in [8] by writing
W = LW0R

†, with W0 = 1
2
(σ1 + iσ2), and L,R ∈ SU(2) expressed in terms of Euler

angles.

3.2 Legendre transformations around the source locus

We now write the resolved conifold metric in the form (2.14), by making use of the
Legendre transformation reviewed in section 2.3 to exchange the Kähler coordinate x
or u with symplectic coordinates (y, x̃7). We perform this transformation away from
the source locus, where Kreg satisfies the source-free Monge–Ampere equation. To do
this, we first need to refine our atlas of patches covering the resolved conifold. This is
so because the patches HS,HN cover B̂, and in particular, include the source locus.
We then extend K to the source locus in such a way that it satisfies the sourced
equation.

As in the case of the singular conifold we identify (z1, z2) = (v, w) and find that
it is useful to consider the patches

U+ : x 6= 0 , U− : u 6= 0 , (3.20)

where it is straightforward to observe that U+ ⊂ HN , and U− ⊂ HS. We can write
the Kähler potential (3.9) in the patch U+ by substituting Z = −v/x and using
complex coordinates (x, v, w):

U+ : F̂+(|x|, |v|, |w|) = F(r2; a) + 2a2 log

(
1 +
|v|2

|x|2

)
, with

r2 =
(|x|2 + |v|2)(|x|2 + |w|2)

|x|2
. (3.21)

Similarly, in U− we use Y = −w/u to write

U− : F̂−(|u|, |v|, |w|) = F(r2; a) + 2a2 log

(
1 +
|w|2

|u|2

)
, with

r2 =
(|u|2 + |v|2)(|u|2 + |w|2)

|u|2
. (3.22)

Now introduce the symplectic coordinates (y, x̃7) via the Legendre transformation
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analogous to (2.34):

U+ : c(y − y+) = |x|2∂|x|2F̂+

=
|x|4 − |v|2|w|2

(|x|2 + |v|2)(|x|2 + |w|2)
γ(r2; a)− 2a2|v|2

|x|2 + |v|2
, (3.23)

U− : c(y − y−) = −|u|2∂|u|2F̂−

= − |u|4 − |v|2|w|2

(|u|2 + |v|2)(|u|2 + |w|2)
γ(r2; a) +

2a2|w|2

|u|2 + |w|2
. (3.24)

where γ is given by the solution of the cubic (3.12) and we have used (3.21) and
(3.11). The relative sign here is consistent with the relationship between x, u on
U+ ∩ U− and the general guidelines discussed around (2.21). The isometry direction
x̃7 is identified as in (2.35):

U+ : x̃7(+) = c Im(log(x/c)) , U− : x̃7(−) = −c Im(log(u/c)) . (3.25)

The relationship c = 4L/
√

3 is again obtained by requiring the determinant of the
Kähler metric to have the correct normalisation (see discussion following (2.20)).

What points in B̂ are missed by U+ ∪ U−? They are clearly characterised by
x = u = 0 and may be further subdivided into three types:

1. x = u = v = 0 with w 6= 0. This implies Z = 0 fixing us to the north pole of
the P1;

2. x = u = w = 0 with v 6= 0. This implies Y = 0 fixing us to the south pole of
the P1;

3. x = u = v = w = 0 with [Z1, Z2] unconstrained and parameterising the P1 of
the small resolution.

Our intuition from the singular conifold is that the first two types of points correspond
to the source locus. This will be confirmed in the next section; here for convenience
we introduce some standard nomenclature [18], referring to points of type 1 as the
NS ′ locus and points of type 2 as the NS locus. Points of type 3 are not on the source
locus, and we need at least one more coordinate patch to cover the complement of
the source locus in B̂. Before considering this however, it will help to consider some
limits of (3.23)-(3.24).
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Let us focus on (3.23) by working in the U+ patch. Firstly, suppose we approach
a point on the NS ′ locus by taking the limit |x| → 0 with v = 0 in (3.23):

c(y − y+)

∣∣∣∣
v=0

=
|x|2

|x|2 + |w|2
γ(r2; a)

−→ 0 , as |x| → 0 . (3.26)

Secondly, let’s zoom in on the NS locus by letting w = 0 and assuming v 6= 0:

c(y − y+)

∣∣∣∣
w=0

=
|x|2

|x|2 + |v|2
γ(r2; a)− 2a2|v|2

|x|2 + |v|2

−→ − 2a2 , as |x| → 0 . (3.27)

If our intuition about the location of the branes is correct, then this shows that the
NS ′ and NS are separated in y by an amount

∆y =
2a2

c
. (3.28)

At this point it is convenient to choose y± = ±a2/c as the y-location of the NS ′ and
NS respectively.

The parameter y takes values in different ranges depending on the value of
(v, w) ∈ U+:

• if v 6= 0 and w 6= 0, then y ∈ (−∞,∞);

• if v = 0 and w arbitrary, then y ∈ (a2/c,∞);

• if w = 0 and v 6= 0, then y ∈ (−a2/c,∞).

Inuitively we expect y ∈ (−∞,∞) for all values of v, w and the missing values of y
must be accounted for using other patches. The definition of y in the U− patch is
given by analysing (3.24), and there we find the following:

• if v 6= 0 and w 6= 0, then y ∈ (−∞,∞);

• if v = 0 and w 6= 0, then y ∈ (−∞, a2/c);

• if w = 0 and v arbitrary, then y ∈ (−∞,−a2/c).
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It must be that the locus in which v = w = 0 and y ∈ (−a2/c, a2/c) is the P1

at r = 0, and furthermore this locus is not contained in U+ ∪ U−. Consequently, we
define two additional patches:

UZ : Z 6= 0 , UY : Y 6= 0 . (3.29)

As sets, UY = UZ = HS∩HN , but we will distinguish UZ , UY by the coordinate charts
we use on each of them. The chart we use on UZ ⊂ HN is given by eliminating x via
x = −v/Z, such that (v, w, Z) are our coordinates. On the other hand, on UY ⊂ HS

we eliminate u in favor of u = −w/Y , such that (v, w, Y ) are our coordinates. The
reason for making this distinction is that it will aid in the global analysis: the limits
Z → 0 and Y → 0 are different.

The Kähler potential on each of these patches takes the following form:

UZ : F̂Z(|Z|, |v|, |w|) = F(r2; a) + 2a2 log
(
1 + |Z|2

)
, with

r2 = (1 + |Z|2)

(
|w|2 +

|v|2

|Z|2

)
, (3.30)

and

UY : F̂Y (|Y |, |v|, |w|) = F(r2; a) + 2a2 log
(
1 + |Y |2

)
, with

r2 = (1 + |Y |2)

(
|v|2 +

|w|2

|Y |2

)
. (3.31)

We may apply the Legendre transformation procedure, with log |Z|2, or log |Y |2
respectively, playing the role of the coordinate dual to y. We have

UZ : cy − a2 = −|Z|2∂|Z|2F̂Z , x̃7(Z) = −cφZ , and

UY : cy + a2 = |Y |2∂|Y |2F̂Y , x̃7(Y ) = cφY . (3.32)

The signs on the right-hand sides of these expressions were determined by the rela-
tionship between x, Z on U+∩UZ and u, Y on U−∩UY . Writing out these definitions
of y gives

UZ : cy − a2 = − |Z|4|w|2 − |v|2

|Z|4|w|2 + |v|2 + |Z|2(|v|2 + |w|2)
γ(r2; a)− 2a2|Z|2

1 + |Z|2
,

UY : cy + a2 =
|Y |4|v|2 − |w|2

|Y |4|v|2 + |w|2 + |Y |2(|v|2 + |w|2)
γ(r2; a) +

2a2|Y |2

1 + |Y |2
. (3.33)

Using the relation |Z| = 1/|Y |, one finds that these two definitions of y agree.
Furthermore it easy to check using |Z| = |v|/|x| that the definition on UZ agrees
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with the one on U+, and using |Y | = |w|/|u| that the definition on UY agrees with
the one on U−. It follows that definitions agree on all overlaps. As long as one of
v, w is not zero, the range of y determined from (3.33) agrees with the above. When
v = w = 0 it is easy to check that y ∈ (−a2/c, a2/c).

Putting all of the pieces together, we have the following picture.

• The image of the NS ′-brane is parameterised by w in the fibre above the north
pole of P1 and is located at y = a2/c. For y > a2/c and v = w = 0, the y-x̃7

cylinder is identified with C∗x.

• The image of the NS-brane is parameterised by v in the fibre above the south
pole of P1 located at y = −a2/c. For values of y < −a2/c, the y-x̃7 cylinder at
v = w = 0 is identified with C∗u.

• For y ∈ (−a2/c, a2/c), the y-x̃7 cylinder corresponds to C∗Z ' C∗Y . The north
pole corresponds to Z = 0 and the south pole to Y = 0.

• The four patches U±, UZ , UY together cover everything except for the source
locus, and we have given the coordinate y a global definition across all of the
patches.

The Legendre transformation also tells us how to construct the brane potential,
Kreg, in each patch:

U+ : Kreg
+ (y) =

[
F̂+(|x|)− (cy − a2) log (|x|2/c2)

]
|x|2=|x|2(y)

,

UZ : Kreg
Z (y) =

[
F̂Z(|Z|) + (cy − a2) log |Z|2

]
|Z|2=|Z|2(y)

,

UY : Kreg
Y (y) =

[
F̂Y (|Y |)− (cy + a2) log |Y |2

]
|Y |2=|Y |2(y)

,

U− : Kreg
− (y) =

[
F̂−(|u|) + (cy + a2) log (|u|2/c2)

]
|u|2=|u|2(y)

. (3.34)

We have suppressed (|v|, |w|) in the arguments of all functions, and the subscripts
are to indicate that |x|2, |u|2, |Y |2, |Z|2 are to be viewed as functions of (y, |v|, |w|)
obtained by inverting (3.23), (3.24) or (3.33) as appropriate. Kreg solves the source-
free Monge–Ampere equation everywhere away from the locus. In the next section
we study its behaviour as we approach the source locus, and show that it is consistent
with a K that solves the sourced Monge–Ampere equation. This will complete the
demonstration that the resolved conifold is T-dual to an NS5-brane system whose
brane locus is identified with the source locus above.
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3.3 Extending K to the source locus

We study the NS locus in detail; the analysis for the NS ′ locus is nearly identical.
The NS locus is described by y+ a2/c = w = 0, and corresponds to HS \ (U− ∪UY ).
We may approach the locus in two ways. The first is from within the set U− by
taking the limit y + a2/c→ 0− (that is, send u,w → 0). The second is from within
the set UY by taking a limit y + a2/c → 0+ (that is, send Y,w → 0). In each case
we solve for |u| or |Y | as a function of (y, |v|, |w|) via (3.24) or (3.33) respectively.

Let’s start with U− by setting

y + a2/c = εŷ , w = εŵ , (3.35)

where ε � 1 and ŷ, ŵ, v are O(1). From (3.24) we see the leading order scaling be-
haviour of |u|2 is O(ε). Writing |u|2 = ε(|u0|2+· · · ) and solving (3.24) perturbatively,
we find

|u0|2 =
c|v|2

2γ0v

[
−ŷ +

√
ŷ2 +

|ŵ|2
2γ′0v

]
, (3.36)

with γ0v = γ(|v|2; a) being the solution to γ2
0v(γ0v + 3a2) = L2|v|4 and γ′0v = ∂|v|2γ0v.

In order to obtain this result we made use of both (3.16) and the relation c = 4L/
√

3.
We can plug (3.36) into Kreg

− , (3.34), and expand in ε. After some manipulation we
find that the result can be expressed as

Kreg
− = F(|v|2; a) + c

{
D + (y + a2/c) log

[√
2γ′0v
c

(
−(y + a2/c) +D

)]}
+

+
1

2
(cy + a2) log

[
|v|2

c2

(
1 +

2a2

γ0v

)]
+O(ε2) , where

D =

√
(y + a2/c)2 +

|w|2
2γ′0v

. (3.37)

It is straightforward to repeat this calculation in the UY patch. We solve (3.33)
perturbatively in ε for the leading behaviour of |Y |2 and then plug the result into
Kreg
Y . We find a result that differs from (3.37) by a couple appropriately placed signs:

Kreg
Y = F(|v|2; a) + c

{
D − (y + a2/c) log

[√
2γ′0v
c

(
(y + a2/c) +D

)]}
+

+
1

2
(cy + a2) log

[
|v|2

c2

(
1 +

2a2

γ0v

)]
+O(ε2) . (3.38)
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If we take our near-source coordinates to be

(η, λ) =
(
v +O(ε), w +O(ε)2

)
, (3.39)

and identify K1(η, η) = F(|η|2; a), then (3.37) and (3.38) have the general form

Kreg = K1 + c

{
D ∓ (y − y−) log

[√
2(K1)ηη (±(y − y−) +D)

]}
+

+ (y − y−)h1(η, η) , with

D =

√
(y − y−)2 +

|w|2
2(K1)ηη

. (3.40)

In particular one can check that (K1)ηη = γ′0v. This Kreg is consistent with a K that
solves the sourced Monge–Ampere equation by the same arguments as in section
2.5, provided we identify c = R̃7 as there. This demonstrates that (y, w) = (y−, 0),
v arbitrary, may be identified with the locus of an NS5-brane. A similar analysis
in the U+ and UZ patches shows that Kreg

+,Z takes the same form as (3.40) as we
approach the NS locus, but with y− → y+. Hence (y, v) = (y+, 0), w arbitrary, also
corresponds to an NS5-brane source. This completes the demonstration that the
separated NS5-brane geometry is T-dual to the resolved conifold.

There are two interesting pieces of information we have gleaned from this anal-
ysis. First, the precise map between the separation of the NS5-branes, ∆y, and the
parameter a of the small resolution is

∆y =
2a2

R̃7

. (3.41)

Second, this is an excellent example of where we need the modification of the near-
brane analysis in [7]: the induced metric on the NS-brane is ds2 = 2γ′0v(|v|2)dvdv,
which is not flat. This is natural. As we move further out in |v| we move further
away from the NS ′-brane and the change in gravitational strength is encoded in the
warping of the metric. This is to be contrasted with the singular conifold in which
one could find a tangential coordinate η such that the induced metric is flat. This
was so because the conifold metric is that of a cone.

3.4 The brane web geometry

Let us now present the geometry produced by the pair of NS5-branes described
above. It is determined by the function K as dictated in (2.1), (2.5). The geometry
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is singular on the brane locus, as the NS5-branes are fundamental sources for the
metric, dilaton, and NS-flux. On the complement of the locus we have Kab = Kreg

ab
,

and in particular e−3A = det(Kreg

ab
). Therefore Kreg as given in (3.34) is sufficient for

describing the geometry on the complement.
In order to write the geometry explicitly we first change coordinates from the

natural brane web coordinate system, (y, x7; v, w, v, w) to a convenient radial-angular
one, (ρ, θ1, θ2, φv, φw, φ7). The change of coordinates map is

y =
R7

6`2
s

[
ρ2(cos θ1 + cos θ2) + 6a2 cos θ2

]
, x7 = R7φ7 ,

v =
2
√
R7

3`s
ρ(ρ2 + 9a2)1/4 cos

θ1

2
sin

θ2

2
eiφv ,

w =
2
√
R7

3`s
ρ(ρ2 + 9a2)1/4 sin

θ1

2
cos

θ2

2
eiφw . (3.42)

The coordinates (ρ, θ1, θ2) are the same ones used to model the resolved conifold via
(3.17), while the phases here are related to the phases appearing there according to
φv = 1

2
(ψ+φ1−φ2)−π and φw = 1

2
(ψ−φ1+φ2). The coordinate φ7 labels the globally

well-defined U(1) direction along which the brane web is smeared; under T-duality
it maps to φx, φZ ,−φY , or −φu depending on the patch. The expression for y is
consistent with all of the expressions (3.23), (3.24), (3.32) above, after plugging the

appropriate coordinate change analogous to (3.15) and making use of 4L/
√

3 = R̃7 =
`2
s/R7. Making the change of variables (3.42) allows us to bypass the difficulties5

associated with inverting expressions such as (3.23) to determine |x|2 in terms of
(y, |v|, |w|). As a → 0 we recover the parameterisation used to describe the brane
web dual of the singular conifold in [4].

The NS-brane and NS ′-brane are located at (θ1, θ2) = (0, π) and (π, 0) respec-
tively, where we have

NS : (θ1, θ2) = (0, π) : w = 0 , y = −a
2R7

`2
s

= y− ,

NS ′ : (θ1, θ2) = (π, 0) : v = 0, y =
a2R7

`2
s

= y+ . (3.43)

The P1 sitting at ρ = 0 in the resolved conifold is mapped to the segment y ∈ [y−, y+]
on the y-axis and the φ7 circle fibration over it:

ρ = 0 : v = w = 0 , y =
a2R7

`2
s

cos θ2 . (3.44)

5Solving (3.23) for |x|2 as a function of (y, |v|, |w|) would be equivalent to finding the explicit
inverse coordinate map to (3.42).
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In the resolved conifold the φZ(φY ) circle (or equivalently the φ2 circle–see e.g. (3.15))
shrinks to zero at y = y+(y−) such that the resulting space is a round P1. Here these
points are part of the brane locus, and we will see that the φ7 circle blows up as we
approach them.

The dilaton and metric produced by the brane web take the form

e2(φ−φ0) =
18`4

s

R2
7 κ(ρ) F̂ (ρ, θ1, θ2)

, (3.45)

ds2
6 = κ−1(ρ)dρ2 + ρ2dΩ̂2

4 + a2dθ2
2 + e2(ϕ−ϕ0)R2

7dφ
2
7 , (3.46)

where κ(ρ) is given by (3.18),

F̂ = ρ2
[
6(1 + c1c2)− (c1 + c2)2

]
+

9a2ρ2

ρ2 + 9a2
(s2

2 − s2
1) +

108a4

ρ2 + 9a2
s2

2 , (3.47)

and

dΩ̂2
4 =

1

6
(dθ2

1 + dθ2
2) +

ρ2

3F̂

(
ρ2 + 12a2

ρ2 + 9a2

)
s2

1s
2
2dφvdφw+

+
2

3F̂

{
ρ2 [7 + c1c2 − 3(c1 − c2)] +

+
3a2

ρ2 + 9a2

[
ρ2(7 + c1) + 72a2

]
(1 + c2)

}
cos2 θ1

2
sin2 θ1

2
dφ2

v+

+
2

3F̂

{
ρ2 [7 + c1c2 + 3(c1 − c2)] +

+
3a2

ρ2 + 9a2

[
ρ2(7− c1) + 72a2

]
(1− c2)

}
sin2 θ1

2
cos2 θ1

2
dφ2

w ,

(3.48)

with ci ≡ cos θi and si ≡ sin θi. In the a → 0 limit the separation in y between
the NS5-branes goes to zero, and the metric and dilaton reduce directly to those
obtained in [4] for the intersecting NS5-brane system dual to the singular conifold.
As ρ goes to zero, we find that the dilaton e2(ϕ−ϕ0) → `4

s/(R
2
7a

2s2
2), and the metric

takes the form

lim
ρ→0

ds2
6 = a2dθ2

2 +

(
`2
s

a sin θ2

)2

dφ2
7 +O(ρ2) . (3.49)

This is precisely what one expects from T-duality. We take the round metric on a
P1 and identify the azimuthal circle fibre with the T-duality circle. We then invert
the radius of the circle fibre, sending the radius to `2

s over the radius.

31



The Neveu–Schwarz B-field is patch dependent. Three patches are required to
cover the complement of the brane locus. We may take these patches to be the
images of U± and UZ under the T-duality map, while the image of UY is identical to
that of UZ . In terms of the brane web coordinate system, U+ (U−) covers everything
on the complement except points on the y-axis satisfying y < a2/c (y > −a2/c),
while UZ covers everything on the complement except points on the y-axis satisfying
|y| > a2/c.

On U+ the B-field is given by

B+
2 = −2`2

s

F̂

{[(
3κ(ρ)−1 +

ρ2c2

ρ2 + 9a2
− 2c1

)
ρ2 + 18κ(ρ)−1a2(1 + c2)

]
sin2 θ2

2
dφv+

+

[
3κ(ρ)−1 +

ρ2c1

ρ2 + 9a2
− 2c2

]
ρ2 sin2 θ1

2
dφw

}
∧ dφ7 ,

(3.50)

while it differs on other patches by a gauge transformation:

BZ
2 = B+

2 + `2
sdφv ∧ dφ7 , B−2 = B+

2 + `2
sdφw ∧ dφ7 . (3.51)

The gauge transformations encode the nonzero H-charge of the system and can
be used to compute it. Consider a three-cycle enclosing the NS ′-brane of the form
S1
x7 ×Σ2, where Σ2 is a two-sphere centered on (y, v) = (y+, 0), with radius less than

∆y. On the northern hemisphere the pullback of B+
2 is well defined, while on the

southern hemisphere the pullback of BZ
2 is well defined. Letting ∂H+ denote the

boundary of the northern hemisphere, we have

Q0 = −
∫

Σ3

H3 = −
∫
∂H+×S1

x7

(B+
2 −BZ

2 ) = (2π`s)
2 , (3.52)

which is the NS-charge of a single NS5-brane. We can also consider a two-sphere
centered on (y, w) = (y−, 0) and use the difference BZ

2 −B−2 to find the same charge
for the NS-brane.

4 T-dualising the deformed conifold

In this section we repeat the story for the deformed conifold and its dual NS5-brane
configuration, referred to in the literature as the ‘diamond web’. This terminology
was introduced in [11] where it was argued that the deformed conifold is T-dual to
a brane web described by vw = −1

2
ε2, where ε is the deformation parameter of the
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conifold. This profile gives a smoothing out of the singular web, vw = 0. We start off
with a quick review of the deformed conifold geometry, following [8, 10]. Following
sections 2,3, we determine Kreg via the Buscher rules and a Legendre transform,
extend the solution to the source locus, and finally write down the supergravity
solution for the brane web.

4.1 A desultory discourse on the deformed conifold

The deformed conifold may be viewed as a hypersurface in C4 given by the solution
set to

detW = vw − xu = −1

2
ε2 , (4.1)

with W as in (3.1). Let us define the radial coordinate

r2 = tr
(
W†W

)
= |x|2 + |v|2 + |w|2 + |u|2 , (4.2)

as usual. In order to determine the range of r, it is helpful to pass to a different
coordinate system on C4. We define wA, A = 1, . . . , 4, such that

W =
1√
2

(
w3 + iw4 w1 − iw2

w1 + iw2 −w3 + iw4

)
. (4.3)

Then, (4.1) and (4.2) read
∑

A(wA)2 = ε2 and
∑

A |wA|2 = r2. Letting xA = Re(wA)
and yA = Im(wA), we get

x · x− y · y = Re(ε2)
2x · y = Im(ε2)

, x · x+ y · y = r2 , (4.4)

from which one may deduce that r ≥ |ε|.
Let us now demonstrate that, as in the case of the singular conifold, surfaces

of constant r, with r > |ε|, admit a transitive SU(2) × SU(2) action with a U(1)
stabiliser. A particular solution to (4.1), (4.2) is

Wε =

(
0 1

2
ε2α−1

α 0

)
, with α ≡ 1

2
(
√
r2 + |ε|2 −

√
r2 − |ε|2) . (4.5)

The most general solution is
W = LWεR

† , (4.6)

with L,R ∈ SU(2). This shows that SU(2) × SU(2) acts transitively on surfaces
of fixed radius. However, certain matrices (L,R) leave Wε fixed. When r > |ε|
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these are of the form (L,R) = (Θ,Θ†), with Θ = diag(eiθ, e−iθ). Hence the set of
solutions to (4.1) at fixed radius r > |ε| can be identified with the set of matrices
(L,R) ∈ SU(2) × SU(2) modulo the equivalence relation (L,R) ∼ (LΘ, RΘ†). In

particular these surfaces have the topology of SU(2)×SU(2)
U(1)

' S2 × S3, just as in the

case of the singular conifold. When r = |ε| on the other hand, we have that

Wε =
ε√
2

(
0 ε/|ε|

ε/|ε| 0

)
≡ ε√

2
σε , (4.7)

with σε ∈ SU(2). In this case the stabiliser is an entire SU(2), since if (L,R) =
(L, σ†εLσε) then LσεR

† = σε. Thus, the surface r = |ε| is an SU(2) = S3. Heuristi-
cally speaking, we have taken the singular conifold and replaced the singular point
by an S3. One way to make this statement more precise is to give the deformed
conifold a metric.

In fact, the deformed conifold can be given an explicit Ricci-flat Kähler metric,
as first demonstrated in [8]. As in the case of the singular conifold, requiring the
Kähler potential to be invariant under the SU(2) × SU(2) action implies that it
should only depend on the radial coordinate r2 as defined in (4.2). We introduce the
usual patches, U+ where x 6= 0, and U− where u 6= 0. On U+ we can solve (4.1) for u
and use zα = (x, v, w) as a complex coordinate system, while on U− we eliminate x
and use zα = (u, v, w) to parameterise the patch. On the overlap we have a transition
map of the appropriate form, (2.21), and the set of points not covered by U+ ∪ U−
is our proposed source locus: {x = u = vw + 1

2
ε2 = 0}. Denote the Kähler potential

by F [ = F [(r2; ε). Then on the upper patch the Kähler metric takes the form

(ds[)2 = 2gαβdz
αdzβ = 2

[
(∂α∂βr

2)(F [+)′ + (∂αr
2)(∂βr

2)(F [+)′′
]
dzαdzβ , (4.8)

where

r2 = |x|2 + |v|2 + |w|2 +
|vw + 1

2
ε2|2

|x|2
. (4.9)

Here the primes denote differentiation with respect to r2. An identical expression
holds on the lower patch with x→ u.

Using these expressions one can straightforwardly compute g = det(gαβ). The

condition for Ricci-flatness, ∂α∂β log g = 0, yields an equation for F [:

r2(r4 − |ε|4)(γ[)3′ + 3|ε|4(γ[)3 = 2L2r8 , where γ[ = r2(F [)′ . (4.10)

By requiring that F [(r2; 0) = F ], we can identify L with the same integration con-
stant introduced in the case of the singular conifold. After changing the radial
variable to τ ∈ [0,∞),

r2 = |ε|2coshτ , (4.11)

34



one finds that (4.10) can be integrated, yielding

γ[ =

(
L2|ε|4

2

)1/3
(sinh(2τ)− 2τ)1/3

tanh τ

⇒ F [ =

(
L2|ε|4

2

)1/3 ∫ τ

0

dτ̃ (sinh(2τ̃)− 2τ̃)1/3 . (4.12)

While the final integral is not known, the analytic form of γ[ is sufficient for writing
down the metric explicitly.

In order to put the metric in a manageable form, we introduce Euler angles such
that L = e−iφ1σ

3/2eiθ1σ
2/2e−iψ1σ3/2 and R = e−iφ2σ

3/2eiθ2σ
2/2e−iψ2σ3/2. Plugging into

(4.6), and noting that α = |ε|e−τ/2/
√

2, we have the following change of variables:

x =
ε√
2

(
cos

θ1

2
cos

θ2

2
e

1
2

(τ+iψ) − sin
θ1

2
sin

θ2

2
e−

1
2

(τ+iψ)

)
e

i
2

(φ1+φ2) ,

v = − ε√
2

(
cos

θ1

2
sin

θ2

2
e

1
2

(τ+iψ) + sin
θ1

2
cos

θ2

2
e−

1
2

(τ+iψ)

)
e

i
2

(φ1−φ2) ,

w =
ε√
2

(
sin

θ1

2
cos

θ2

2
e

1
2

(τ+iψ) + cos
θ1

2
sin

θ2

2
e−

1
2

(τ+iψ)

)
e

i
2

(−φ1+φ2) ,

u =
ε√
2

(
− sin

θ1

2
sin

θ2

2
e

1
2

(τ+iψ) + cos
θ1

2
cos

θ2

2
e−

1
2

(τ+iψ)

)
e−

i
2

(φ1+φ2) , (4.13)

where ψ ≡ ψ1 +ψ2 +2Arg(ε). As ε→ 0, τ →∞ and we recover the parameterisation
for the singular conifold.

Using (4.12)-(4.13), we find that the metric (4.8) takes the form given in [10, 19]:

(ds[)2 = (L2|ε|4)1/3K(τ)

{
1

3K(τ)3

[
dτ 2 + (g5)2

]
+ sinh2

(τ
2

) [
(g1)2 + (g2)2

]
+

+ cosh2
(τ

2

) [
(g3)2 + (g4)2

]}
,

(4.14)

where

K(τ) =
(sinh(2τ)− 2τ)1/3

21/3 sinhτ
, (4.15)

g1,3 =
e1 ∓ e3

√
2

, g2,4 =
e2 ∓ e4

√
2

, g5 = e5 , (4.16)
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with

e1 = − sin θ1dφ1 , e2 = dθ1 ,

e3 = cosψ sin θ2dφ2 − sinψdθ2 ,

e4 = sinψ sin θ2dφ2 + cosψdθ2 ,

e5 = dψ + cos θ1dφ1 + cos θ2dφ2 . (4.17)

The same expression can be obtained starting from the Kähler metric in the lower
patch, (4.8) with x→ u.

In the limit r/|ε| → ∞, such that eτ ∼ r2/|ε|2, it is easy to show (4.14) approaches
the metric of the singular conifold. In the limit r → |ε|, corresponding to τ → 0, we
find that

(ds[)2 =
1

2

(
R̃2

7|ε|4
)1/3

(
1

2
(g5)2 + (g3)2 + (g4)2

)
+O(τ 2) , (4.18)

where R̃7 = 4L/
√

3. The leading order terms correspond to the round metric on a

three-sphere of radius R̃
1/3
7 |ε|2/3. To see this we observe that [8, 10]

1

2
(g5)2 + (g3)2 + (g4)2 = tr

(
dT †dT

)
, (4.19)

where T ∈ SU(2) is given by

T = Lσ1R†σ1 = lim
τ→0

√
2

ε

(
x v
w u

)
. (4.20)

Later it will be useful to have a more explicit parameterisation of the S3 at τ = 0.
We write

T =

(
cos ϑ

2
eiφ̃x − sin ϑ

2
e−iφ̃w

sin ϑ
2
eiφ̃w cos ϑ

2
e−iφ̃x

)
, (4.21)

where φ̃x,w = φx,w − Arg(ε), such that

1

2
tr
(
dT †dT

)
=

1

4
dϑ2 + sin2 ϑ

2
dφ2

w + cos2 ϑ

2
dφ2

x . (4.22)

The three-sphere takes the form of a circle fibration over a disk. The disk is repre-
sented by the first two terms while φx is the fibre coordinate. The circle fibre is finite
at the centre of the disk and shrinks to zero at the boundary such that the total space
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is smooth. The relationship between these coordinates and the ones parameterising
the rest of the conifold is

cos2 ϑ

2
=

1

2
[1 + cos θ1 cos θ2 − cosψ sin θ1 sin θ2] ,

φ̃x = arctan

[
cos
(
θ1−θ2

2

)
cos
(
θ1+θ2

2

) tan
ψ

2

]
+

1

2
(φ1 + φ2) ,

φ̃w = arctan

[
sin
(
θ1−θ2

2

)
sin
(
θ1+θ2

2

) tan
ψ

2

]
− 1

2
(φ1 − φ2) . (4.23)

With this change of coordinates one can verify directly the consistency of (4.22) and
(4.19).

4.2 Legendre transformations and the source locus

We define the symplectic coordinate pair and regularised brane potential patchwise
in the usual fashion:

U+ : cy = |x|2∂|x|2F [+ =
|x|4 − |vw + 1

2
ε2|2

|x|4 + |x|2(|v|2 + |w|2) + |vw + 1
2
ε2|2

γ[(r2; ε) ,

U− : cy = − |u|2∂|u|2F [− = −
|u|4 − |vw + 1

2
ε2|2

|u|4 + |u|2(|v|2 + |w|2) + |vw + 1
2
ε2|2

γ[(r2; ε) ,

(4.24)

U+ : x̃7(+) = cφx , U− : x̃7(−) = −cφu , (4.25)

and

U+ : Kreg
+ =

{
F [+ − cy log (|x|2/c2)

}
|x|=|x|(y,|v|,|w|) ,

U− : Kreg
− =

{
F [− + cy log (|u|2/c2)

}
|u|=|u|(y,|v|,|w|) . (4.26)

The definitions of y agree on the overlap U+∩U−, while K and x̃7 transform according
to (2.21) with f1 = c log ((vw + 1

2
ε2)/c2).

The proposed source locus is at y = vw+ 1
2
ε2 = 0. Let us determine the behaviour

of Kreg near this locus to see if it is consistent with the required singularity structure
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of K. We suppose y = O(ε) and vw + 1
2
ε2 = O(ε) and work perturbatively in ε.

From (4.24) the leading behaviour of |x|2, |u|2 is O(ε) and given by

|X±|2 =
cr2

0

2γ[0

±y +

√
y2 +

4(γ[0)2

c2r4
0

∣∣∣∣vw +
1

2
ε2

∣∣∣∣2
+O(ε2) , (4.27)

where X+ = x, X− = u,

r2
0 = r2

∣∣∣∣
ε=0

=
(
|v|2 + |w|2

) ∣∣∣∣
ε=0

, (4.28)

and γ[0 ≡ γ[(r2
0; ε). A natural ansatz for the near-brane coordinates (η, λ) is

η = (c/2) log (v/w)
λ = vw/c

⇒ v =
√
cλ eη/c

w =
√
cλ e−η/c

, (4.29)

with the source locus at λ = λ0 ≡ −ε2/(2c). In terms of these coordinates

r2
0 = 2c|λ0|cosh((η + η)/c) = |ε|2cosh((η + η)/c).

Expanding Kreg and using (4.27) we find that it takes the form

Kreg
± = K1 + c

{
D ∓ y log

[√
2(K1)ηη(±y +D)

]}
+

+ yh1(η, η) + 2Re [(λ− λ0)h2(η, η)] +O(ε2) , where

D =

√
y2 +

|λ− λ0|2
2(K1)ηη

, (4.30)

and we have identified K1 = F [0 ≡ F [(r2
0; ε). A nice check of this result is to observe

the tangential derivative of K1 is consistent with (4.27): (K1)ηη = r4
0/8(γ[0)2. From

our discussion in section 2, upon identifying c = R̃7, a Kreg of the form (4.30) is
consistent with a K corresponding to a charge one brane web with source locus
y = 0, λ = λ0.

This completes the demonstration of the T-duality relation between the deformed
conifold and the “diamond” brane web at the level of supergravity solutions. In the
next section we will give an explicit parameterisation of the brane web geometry.
We note here that, like the case of the resolved conifold, the induced metric on the
brane worldvolume is non-trivial. Written out explicitly we have

ds2
ind = 2(K1)ηηdηdη =

(
4|ε|2

3R̃2
7

)2/3
sinh2(2η1)

[sinh(4η1)− 4η1]2/3
(dη2

1 + dη2
2) , (4.31)

38



where η = η1 + iη2. The worldvolume has the topology of a cylinder, with η2 ∼
η2 + 2πR̃7 parameterising the circle direction. The circle at η1 = 0 has minimal
radius R̃

1/3
7 |ε|2/3. As we will see below, it can be identified with the boundary of

the disk in the presentation of the three-sphere at τ = 0 as a circle fibration over
a disk. As η1 → +∞(−∞), the η-plane approaches the v(w)-plane, in accordance
with (4.29).

4.3 The diamond brane web geometry

In order to write the supergravity solution in completely explicit form we employ
a radial-angular coordinate system based on the one used to model the deformed
conifold geometry. The change of coordinates from the natural brane-web coordinate
system, (y, x7; v, w, v, w), to the radial-angular one, (τ, θ1, θ2, ψ, φ−, φ7), is

y =
1

4

(
3R7|ε|4

4`2
s

)1/3

(sinh(2τ)− 2τ)1/3 (cos θ1 + cos θ2) , x7 = R7φ7 ,

v = − ε√
2

(
cos

θ1

2
sin

θ2

2
e

1
2

(τ+iψ) + sin
θ1

2
cos

θ2

2
e−

1
2

(τ+iψ)

)
eiφ−/2 ,

w =
ε√
2

(
sin

θ1

2
cos

θ2

2
e

1
2

(τ+iψ) + cos
θ1

2
sin

θ2

2
e−

1
2

(τ+iψ)

)
e−iφ−/2 . (4.32)

The coordinates (τ, θ1, θ2, ψ) are the same as those used in the parameterisation of
the deformed conifold. In particular the expression for y is consistent with (4.24),
after plugging in (4.13) and using c = 4L/

√
3 = `2

s/R7. We have exchanged the
circle coordinates (φ1, φ2) in favour of φ− ≡ φ1 − φ2 and φ7. The latter is the
globally defined U(1) coordinate along which the brane web is smeared. These are
more convenient as they parameterise the U(1) isometry directions of the brane web:
φ7 labels the T-duality circle, (under T-duality it maps to φx in U+ and −φu in U−),
while φ− labels the U(1) generated by v → λv, w → λ−1w.

The brane locus is located at y = λ− λ0 = 0, where recall c(λ− λ0) = vw+ 1
2
ε2.

We have that

vw +
1

2
ε2 =

ε2

2
[(1 + c1c2 − s1s2coshτ cosψ)− is1s2sinhτ sinψ] , (4.33)

with ci ≡ cos θi, si ≡ sin θi. Given this expression and the one for y, we find that
the brane locus corresponds to (θ1, θ2) = (0, π) or (π, 0). On the locus we have the
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following expressions for v, w:

(θ1, θ2) = (0, π) : v = − ε√
2
eτ/2e

i
2

(φ−+ψ) , w =
ε√
2
e−τ/2e−

i
2

(φ−+ψ) ,

(θ1, θ2) = (π, 0) : v = − ε√
2
e−τ/2e

i
2

(φ−−ψ) , w =
ε√
2
eτ/2e−

i
2

(φ−−ψ) . (4.34)

In terms of the worldvolume coordinate η, the first component maps to the upper
half cylinder, η1 ≥ 0, and the second to the lower half, η1 ≤ 0. We have |η1| = cτ/2
and η2 = c(φ− ± ψ)/2, with the sign depending on the sign of η1. It is clear that
φ− generates the U(1) isometry of the web. In order to understand the role of ψ,
consider (4.33) and specialise to the y = 0 plane where θ1 + θ2 = π:

y = 0 (θ+ = π) : vw +
1

2
ε2 =

ε2

2
cos2 θ−

2
[1− coshτ cosψ − isinhτ sinψ] , (4.35)

where θ± ≡ θ1 ± θ2. As ψ → ψ + 2π we make a closed loop in the complex λ-plane
enclosing the point λ0; in other words we encircle the brane web.

It is also interesting to understand how the S3 at the core of the deformed conifold
maps under T-duality to the brane web configuration. This S3 sits at τ = 0 and is
thus mapped into the y = 0 plane. Furthermore, when τ = 0 it is easy to check that
v, w have the same magnitude and opposite phase, up to a shift by π. Specifically,

τ = 0 : y = 0 , v = − |ε|√
2

sin
ϑ

2
e−iφw , w =

|ε|√
2

sin
ϑ

2
eiφw , (4.36)

where (ϑ, φw) are given in terms of (θi, ψ, φ−) in (4.23). Recall that if we view the
three-sphere as a circle fibration over a disk, (4.22), φw is the plane-polar angle of
the disk while φx, which we can identify with φ7 under the T-duality map, is the
fibre coordinate. We see that the centre of the disk maps to the origin of brane
web coordinates, y = v = w = 0. Meanwhile the boundary of the disk, where
|v| = |w| = |ε|/

√
2, maps onto the brane locus. Specifically it maps onto the minimal

size circle of the brane locus at τ = 0. On the deformed conifold side of the T-duality,
the φx circle shrinks to zero at the boundary of the disk such that we have a round
S3. On the brane web side, however, we expect it to blow up at the source locus.
We will see explicitly that this is the case when we write the metric below. Figure 1
gives a representation of the geometry in the y = 0 plane.

Let us now present the supergravity background produced by the web. The dila-
ton, metric, and NS-NS flux are all determined by the brane potential K, according
to (2.1). More precisely, they all depend on derivatives of type Kab. On the com-
plement of the brane locus, Kab = Kreg

ab
, so (4.26) is sufficient for determining the

geometry.
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!v!

!w!

y!0

Φ#

Figure 1: The deformed brane web geometry in the y = 0 plane. The brane locus
is represented by the solid blue-green curve. Far from the origin it approaches the
v-plane (green) or the w-plane (blue). Near the origin the shape is deformed to
|v||w| = 1

2
|ε|2. We can visualise the cylindrical topology of the web by rotating

the entire figure about the axis indicated by φ−. The rotation generates a disk
from the thick dashed (red) line segment on the diagonal. This disk, together with
the T-duality circle fibred over it, is the image (under the T-duality map) of the
three-sphere at the core of the deformed conifold. The grid lines indicate surfaces
of constant θ− (solid lines) and surfaces of constant τ (dotted lines). The blue grid
lines to the right of the locus are evaluated at ψ = 0 and the red grid lines to the left
are evaluated at ψ = π. Thus in accordance with (4.35) we are taking a real slice of
the near-brane coordinate (λ − λ0)/ε2. If we imagine the brane locus as a current
carrying wire, ψ-circles may be visualised as magnetic field lines encircling the wire.
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We begin with the dilaton:

e2(ϕ−ϕ0) = 2 · 122/3

(
`2
s

R7|ε|

)4/3
K(τ)2

F [(τ, θ1, θ2, ψ)
, (4.37)

where K(τ) is given in (4.15) and

F [(τ, θ1, θ2, ψ) ≡ 2(c1 + c2)2 + 3K(τ)3
[
chτ

(
s2

1 + s2
2

)
− 2cψs1s2

]
. (4.38)

Here we have introduced the additional shorthand cψ ≡ cosψ, chτ = coshτ , and
similarly for the (hyperbolic) sine functions. The function F [, which also appears in
the metric, is zero along the brane locus at (θ1, θ2) = (0, π) and (π, 0) and otherwise
positive. Consequently the dilaton blows up as we approach the brane web, but is
otherwise finite. F [ has the following behaviour for small and large τ :

lim
τ→0

F [ = 8 cos2 ϑ

2
,

lim
τ→∞

F [ = 6(1 + c1c2)− (c1 + c2)2 , (4.39)

where again ϑ is the S3 coordinate defined in (4.23). The corresponding behaviour
of the dilaton is

lim
τ→0

e2(ϕ−ϕ0) =

(
`2
s

R7|ε|

)4/3

sec2 ϑ

2
,

lim
τ→∞

e2(ϕ−ϕ0) =
18`4

s

R2
7ρ

2 [6(1 + c1c2)− (c1 + c2)2]
, (4.40)

where ρ ≡
√

3L1/3r2/3 → 3
2

(
R̃7|ε|2

3

)1/3

eτ/3 is the radial coordinate used for the

singular and resolved conifold. Thus for r � |ε|, the dilaton matches onto the form
we obtained for the brane web dual to the singular conifold [4]. Meanwhile, on the
(image of the) S3 at r = |ε|, it blows up at the boundary of the disk where S3 and
brane locus intersect.

The metric has a structure familiar from the singular and resolved conifold,

ds2
6 =

(
L2|ε|4

)1/3
K(τ)

[
1

3K(τ)3
dτ 2 + dΩ[2

4

]
+ e2(ϕ−ϕ0)R2

7dφ
2
7 , (4.41)
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with the compact four-manifold given by

dΩ[2
4 =

1

2
chτ

(
dθ2

1 + dθ2
2

)
+ cψdθ1dθ2 −

3K(τ)3

2F [
s2
ψ(s2dθ1 + s1dθ2)2+

− 2sψ(c1 + c2)

F
[(s2dθ1 + s1dθ2)dψ + (c1s2dθ1 − c2s1dθ2)dφ−] +

− 3K(τ)3

F [
sψs1s2 [chτ (s1dθ1 − s2dθ2)− cψ(s2dθ1 − s1dθ2)] dφ−+

+
1

F [

{[
chτ (s

2
1 + s2

2)− 2cψs1s2

]
dψ2 + 2 [chτ (1 + c1c2)− cψs1s2] (c1 − c2)dψdφ−+

+

[
chτ (s

2
1c

2
2 + s2

2c
2
1) + 2cψs1c1s2c2 +

3

2
K(τ)3

(
sh2

τ + s2
ψ

)
s2

1s
2
2

]
dφ2
−

}
. (4.42)

We again have an torus fibration over the θ1-θ2 base, [0, π]× [0, π]. The detailed form
of the metric is somewhat more complicated due to the lower amount of symmetry
preserved by the web. The fibration becomes singular along the brane locus at
(θ1, θ2) = (0, π) and (π, 0), and is smooth everywhere else.

In the τ →∞ limit of (4.41) we recover the metric for the brane web dual to the
singular conifold. For large τ , the terms that dominate (4.42) are those going as eτ

where note that K(τ)→ 21/3e−τ/3. We have

dΩ[2
4 =

{
1

4

(
dθ2

1 + dθ2
2

)
+

1

2F ]

[
(s2

1 + s2
2)dψ2 + 2(1 + c1c2)(c1 − c2)dψdφ−+

+

(
s2

1c
2
2 + s2

2c
2
1 +

3

2
s2

1s
2
2

)
dφ2
−

]}
eτ +O(1) , (4.43)

where F ] = 6(1 + c1c2)− (c1 + c2)2. As τ →∞ we learn from (4.32) that the phases
of v and w satisfy

dφv =
1

2
(dψ + dφ−) +O(e−τ ) , dφw =

1

2
(dψ − dφ−) +O(e−τ ) . (4.44)

Taking this into account and using the definition of ρ as in (4.40) we eventually
find that the metric can be put in a form consistent with the brane web dual of the
singular conifold [4]. Notice the emergence of the second U(1) isometry in dΩ[2

4 as
τ →∞.

In the r → |ε|, or τ → 0 limit, it can be shown that dΩ[2
4 collapses to the metric

on the two-dimensional disk:

dΩ[2
4 = 2

(
1

4
dϑ2 + sin2 ϑ

2
dφ2

w

)
+O(τ 2) , (4.45)
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where the expressions for ϑ, φw in terms of (θ1, θ2, ψ, φ−) are given in (4.23) (with
φ− = φ1 − φ2). The brane web metric, (4.41), can be put in the form

ds2
6 = `2

s

(
α2

4
dϑ2 + α2 sin2 ϑ

2
dφ2

w + α−2 sec2 ϑ

2
dφ2

7

)
+O(τ 2) , with

α2 =

(
|ε|2

`sR7

)2/3

. (4.46)

This result is precisely what one would expect from T-duality. It can be obtained
from the round metric on the three-sphere at the core of the deformed conifold by
first presenting S3 as a circle fibration over the disk, where the fibre direction is
identified with the T-duality direction. Then we simply invert the size of the circle
fibre, sending the radius of the circle to `2

s over the radius. In particular, the φ7 circle
in (4.46) blows up as we approach the brane locus at the boundary of the disk.

Finally, let us discuss the Neveu–Schwarz two-form, B2. The B-field is defined
through (2.5) and is patch dependent. The patches are the same ones used in defining
Kreg: U+ where x 6= 0, and U− where u 6= 0. These conditions should be expressed
in terms of our radial-angular coordinate system. Using (4.13) we find

U± : (1 + c1c2)coshτ ± (c1 + c2)sinhτ − s1s2 cosψ 6= 0 . (4.47)

The set of points not covered by U+ ∪ U− is the brane locus, where of course the
B-field can not be defined. On U± we find

B±2 = − `2
s

2F

{
6K(τ)3sψ(s2dθ1 + s1dθ2)− 4(c1 + c2)dψ+

−
(
2− 3chτK(τ)3

)
(c2

1 − c2
2)dφ2

− + dΛ±

}
∧ dφ7 , (4.48)

where the pure gauge piece involves

Λ± = ±Arg

[
cos

θ1

2
cos

θ2

2
e±

1
2

(τ+iψ) − sin
θ1

2
sin

θ2

2
e∓

1
2

(τ+iψ)

]
. (4.49)

With the aid of (4.13) we may express these as dΛ+ = d(φx−φ+), and dΛ− = −d(φu+
φ+), implying Λ+(Λ−) is well-defined precisely on the patch U+(U−). The difference
between B±2 on the overlap U+ ∩U− is pure gauge, as required for consistency of the
background.

The gauge transformation relating B±2 on the overlap encodes the nonzero H-
charge of the system and can be used to compute it. We have that dΛ+ − dΛ− =
d(φx + φu), and since xu = vw + 1

2
ε2,

B+
2 −B−2 = −`2

s dArg(λ− λ0) ∧ dφ7 . (4.50)
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Now consider a three-cycle enclosing the brane web of the form Σ3 = S1
x7 ×Σ2, with

Σ2 a two-sphere in (y, λ) space centred on (0, λ0). We can choose the two-sphere
such that on the upper hemisphere B+

2 is well-defined and on the lower one B−2 is.
Let ∂H+ denote the boundary of the upper hemisphere. We then have

Q0 = −
∫

Σ3

H3 = −
∫
∂H+×S1

x7

(B+
2 −B−2 ) = (2π`s)

2 . (4.51)

This is the the NS-charge of a single NS5-brane.
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A Proof of holomorphic profiles

In this appendix we prove that 1/4-BPS brane webs follow holomorphic profiles by
studying the equation of motion for the flux in a near-brane limit, and demanding
consistency with the parameterisation (2.1) determined from supersymmetry. For
lower-dimensional brane webs we show that the equation of motion additionally
implies that the induced metric on the brane worldvolume is flat, while for NS5-
brane webs there are no further constraints beyond holomorphicity of the profile.
It is sufficient to consider the equation of motion for the flux since supersymmetry
implies that the remaining equations of motion will be satisfied if one of them is.

A.1 Flux equations of motion and sourced Monge–Ampere

NS5-branes are fundamental sources for the magnetic dual of the NS-NS two-form,
so we write the type II supergravity action in terms of magnetic variables, H7 = dB6,
related to the electric ones by Hodge duality, H7 = e−2ϕ ?H3 [20]. The relevant part
of the bulk plus brane action is

S[B6] = − 1

4κ2
10

∫
e2ϕH7 ∧ ?H7 − n µNS5

∫
Σ6

P [B6] . (A.1)
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There is also a bulk Chern-Simons term in general, but it makes no contribution for
the class of brane configurations we consider. P [B6] denotes the pullback of the six-
form potential to the worldvolume of the brane, Σ6. We will consider a single brane
web of charge n located at y = 0; the generalisation to multiple webs at different
positions in y is trivial. The brane worldvolume wraps R1,3 and is extended along
a two-dimensional surface in the space spanned by (za, za). We introduce real local
tangential coordinates ηi and orthogonal coordinates λi, i = 1, 2, such that the brane
embedding is described by λi = 0, while ηi parameterise the worldvolume.

The H7 consistent6 with (2.1) is H7 = −idt ∧ d3x ∧ d
(
Kabdzadzb

)
, and there-

fore we may assume the only nonzero legs of B6 are of the form (B6)µνρσab, up to
antisymmetric permutation. This allows us to express the pullback in the form∫

Σ6

P [B6] =

∫
B6 ∧ δ(2)(λ1, λ2)δ(2)(y)dλ1dλ2d

2y , (A.2)

where the integral on the right is over ten-dimensional spacetime. We thus have the
equation of motion

dH3 = −Qδ(2)(λ1, λ2)δ(2)(y)dλ1dλ2d
2y , (A.3)

where Q = 2nκ2
10µNS5 = (2π`s)

2n. On the other hand, from (2.1) and (2.2), we find
that

dH3 = i∂a∂b
(
∆yK + 8det(∂∂K)

)
dzadzbd2y . (A.4)

We write dλi = ∂aλidz
a + ∂aλidz

a and plug into (A.3). Consistency of the brane
embedding with supersymmetry, viz. (A.4), implies

εab∂aλ1∂bλ2

∣∣∣∣
Σ6

= 0 , (A.5)

and its conjugate. Equating (A.3) with (A.4) for the remaining terms in the expan-
sion of dλ1dλ2 implies

∂a∂b
(
∆yK + 8det(∂∂K)

)
= iQ(∂aλ1∂bλ2 − ∂aλ2∂bλ1)δ(2)(λ1, λ2)δ(2)(y) , (A.6)

with ∆y the (flat-space) Laplacian on R2.
Our goal in the remainder of this section is to understand the content of (A.6)—

in particular, the additional constraints beyond (A.5) that must be imposed on

6See Appendix A of [4] for details. Note that H7 used there is H7 = e2ϕH7.
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λi(z
a, za). We will consider a slight generalisation of (A.6), where we allow y to

span a d-dimensional transverse space,

∂a∂b
(
∆yK + 8det(∂∂K)

)
= −iQ(∂aλ1∂bλ2 − ∂aλ2∂bλ1)δ(2)(λ1, λ2)δ(d)(y) . (A.7)

The d = 2 case corresponds to (localised) NS5-brane webs while d = 5 corresponds
to membrane webs, the case originally considered in [7]. We will eventually be
interested in NS5-brane webs smeared on a transverse circle, corresponding to d = 1.
If we can demonstrate that localised NS5-brane webs follow holomorphic profiles,
however, then by construction so will smeared ones.

A.2 The near-brane limit

Our strategy will be to analyse the singularity structure of (A.7) in a near-brane
limit where we approach the source locus. More precisely, we set

λi = ελ̂i , y = εŷ , (A.8)

where ηi, λ̂i, ŷ are O(1), and study the behaviour of (A.7) around ε = 0. First let
us extract some useful information from the condition (A.5) which, in this language,
states

∂1λ1∂2λ2 − ∂1λ2∂2λ1 = O(ε) . (A.9)

It follows from this that the Jacobian for the change of variables (za, za) 7→ (λi, ηi)
takes a factored form as we approach the locus:∣∣∣∣ ∂(λi, ηi)

∂(za, za)

∣∣∣∣ = εabεab(∂aλ1∂aλ2 − ∂aλ2∂aλ1)(∂bη1∂bη2 − ∂bη2∂bη1) +O(ε) . (A.10)

Here and below we restrict ourselves to smooth brane embeddings, so that ∂aλi, ∂aηi,
and higher order derivatives never diverge with ε.

Now let us determine the degree of divergence of K. First we note that the
Jacobian-like factor on the right side of (A.7) must be O(1) for at least one (a, b)
pair. If it were O(ε) or smaller for all values of (a, b), the Jacobian for the change of
variables, (A.10), would be O(ε) or smaller. The Jacobian would vanish on the brane
locus, but this is a contradiction since we assume that (ηi, λi) is a good coordinate
system in a neighbourhood of the locus. Thus the right side of (A.7) diverges as
O(ε−(d+2)) for at least one (a, b) pair.

On the left side of (A.7) we change variables from (za, zb) to (λi, ηi); in partic-
ular, ∂a∂b = (∂aλi∂bλj)∂λi∂λj + · · · , summing over i, j. Derivatives with respect to
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λi and y bring one power of ε−1 each. Now for the same (a, b) pair of the previ-
ous paragraph, we have that ∂aλi, ∂bλi = O(1), and thus we are guaranteed that
∂a∂b = O(ε−2). Matching leading divergences on the left and right then implies(
∆yK + 8det(∂∂K)

)
= O(ε−d). On physical grounds, the potential K should not

itself contain a Dirac delta function in y. Therefore it must be the ∆yK term that
is responsible for generating the right-hand side of (A.7). We conclude that

K = O(ε2−d) , d ≥ 2 . (A.11)

For now we only keep track of the leading divergence of K; there may also be pieces
that have a subleading divergence, or pieces that are regular on the brane locus. We
also restrict to d ≥ 2 until further notice. When d = 2, (A.11) should be understood
as a log divergence in ε.

The fact that the leading divergence of K is O(ε2−d) has interesting implications
for the determinant term in (A.7). Since this term may contain up to four λi-
derivatives, we would naively conclude that det(∂∂K) = O(ε−2d). However, the right
side of (A.7) implies that it can be no more divergent than ε−d. Therefore it must
be that det(∂∂K) vanishes at each order ε−n for d < n ≤ 2d. We next turn to a
systematic investigation of these constraints.

A.3 ε expansion of the determinant

The 2× 2 matrix we are taking the determinant of has matrix elements

∂a∂bK = ∂aλi∂bλjKλiλj+
+ (∂a∂bλi)Kλi + (∂aλi∂bηj + ∂aηj∂bλi)Kλiηj+
+ (∂a∂bηi)Kηi + ∂aηi∂bηjKηiηj , (A.12)

where we use the shorthand fλi ≡ ∂λif . Each line represents a decreasing degree of
divergence, with the top line going as ε−d. Strictly speaking, each term displayed
is potentially this order, but may be subleading if a particular ∂aλi vanishes on the
brane locus, or if we are evaluating on a subdivergent piece of K.

Using the expansion (A.12), we have the following potential contribution to
det(∂∂K) at O(ε−2d):

det(∂∂K) =

∣∣∣∣ ∂1λi∂1λjKλiλj ∂1λi∂2λjKλiλj
∂2λk∂1λlKλkλl ∂2λk∂2λlKλkλl

∣∣∣∣+O(ε1−2d)

= ∂1λi∂1λj∂2λk∂2λl
[
KλiλjKλkλl −KλiλlKλjλk

]
+O(ε1−2d) . (A.13)
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Observe that in (A.13) we must sum over all combinations (ijkl) where each index
can take the value one or two. However, most of these terms vanish trivially due
to vanishing of the square bracketed term. The only cases that don’t vanish are
(ijkl) = (1122), (2211), (1221), and (2112). These terms combine to give

det(∂∂K) =
[
Kλ1λ1Kλ2λ2 −K2

λ1λ2

]
|∂1λ1∂2λ2 − ∂2λ1∂1λ2|2 +O(ε1−2d) . (A.14)

The second term in this factor vanishes to O(ε2) thanks to (A.9). Thus, compatibility
of the flux equation of motion with supersymmetry (which gave us (A.9)) already
guarantees that the O(ε−2d) contribution to the determinant vanishes.

Next we consider the potential contributions atO(ε1−2d). Since we are considering
d ≥ 2, these contributions must vanish according to (A.7). They come from cross-
terms in the determinant when terms from the first line of (A.12) hit terms from the
second line. It will be convenient to introduce some notation; let

fab = f
(1)

ab
+ f

(2)

ab
, with

f
(1)

ab
= (∂a∂bλi)Kλi , f

(2)

ab
= (∂aλi∂bηj + ∂aηj∂bλi)Kλiηj . (A.15)

Then

det(∂∂K) =

∣∣∣∣ ∂1λi∂1λjKλiλj + f11 ∂1λi∂2λjKλiλj + f12

∂2λk∂1λlKλkλl + f21 ∂2λk∂2λlKλkλl + f22

∣∣∣∣+O(ε2−2d)

= f22∂1λi∂1λjKλiλj + f11∂2λi∂2λjKvivj+
− f21∂1λi∂2λjKλiλj − f12∂2λi∂1λjKλiλj +O(ε2−2d) . (A.16)

We know that for at least one (a, b) pair, ∂aλi, ∂bλi = O(1). Suppose this pair is
(1, 1). Then, expanding out the sums over i, j in (A.16), we find that the terms may
be collected as follows:

det(∂∂K) =
[
F

(1)

(1,1)
+ F

(2)

(1,1)

]
L

(1,1)
2 [K] +O(ε2−2d) , with

F
(i)

(1,1)
= f

(i)

22
+ f

(i)

11

|∂2λ1|2

|∂1λ1|2
− f (i)

21

∂2λ1

∂1λ1

− f (i)

12

∂2λ1

∂1λ1

, i = 1, 2,

L
(1,1)
2 [K] = |∂1λ1|2Kλ1λ1 + |∂1λ2|2Kλ2λ2 + (∂1λ1∂1λ2 + ∂1λ2∂1λ1)Kλ1λ2 . (A.17)

We arrived at this expression by collecting the coefficients in front of each Kλiλj in

(A.16), and then dividing through by appropriate factors of ∂1λi, ∂1λi so that, using
(A.9), all of the resulting coefficients are the same to leading order and given by

F(1,1) = F
(1)

(1,1)
+ F

(2)

(1,1)
. If the (a, b) pair is one of the other three possibilities, we
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can derive completely analogous expressions to (A.17), by dividing through by ∂aλi
and ∂bλi to create common coefficients. The remainder of the analysis is technically
identical in each case, so we will restrict to (a, b) = (1, 1) to avoid overcomplicating
the discussion.

Let us study the F
(i)

(1,1)
using (A.15). After some rearranging we find that

F
(2)

(1,1)
=

[(
∂2ηj −

∂2λ1

∂1λ1

∂1ηj

)(
∂2λi − ∂1λi

∂2λ1

∂1λ1

)
+ c.c.

]
Kviwj

= O(ε) . (A.18)

In the second step we noted that the λ term vanishes trivially for i = 1, while for
i = 2 we can use (A.9). Similar manipulations lead to

F
(1)

(1,1)
=

[(
∂2 −

∂2λ1

∂1λ1

∂1

)(
∂2λ1

∂1λ1

)]
(∂1λi)Kλi +O(ε) . (A.19)

It follows that

det(∂∂K) =

[(
∂2 −

∂2λ1

∂1λ1

∂1

)(
∂2λ1

∂1λ1

)]
· (∂1λi)Kλi · L

(1,1)
2 [K] +O(ε2−2d) . (A.20)

To summarise where we are, (A.20) is the most divergent part of det(∂∂K). All
terms which are potentially as divergent or more divergent have vanished using the
condition (A.9). (A.20) is the first potentially new condition that we have to work
with. Superficially, it diverges as O(ε1−2d), where the counting goes as follows. First,

L
(1,1)
2 [K] goes as O(ε−d) since it involves two λi-derivatives on K, and the prefactors

∂1λi, ∂1λi are guaranteed to be O(1). The only way this counting could fail is if the

terms in L
(1,1)
2 [K] cancel among themselves at leading order. Similarly, the factor

(∂1λi)Kλi is superficially O(ε1−d), since it involves one λi-derivative acting on K,
and the prefactor is guaranteed to be O(1). Finally, for generic embedding functions

λi(z
a, zb), one expects the square-bracketed term coming from F

(1)

(1,1)
to be O(1).

Since ε1−2d is more divergent than ε−d for d ≥ 2, it must in fact be that (A.20) is
less divergent than this naive counting suggests. This requires that one of the three
factors be subleading to the naive expectation for it. We can immediately rule this
out for (∂1λi)Kλi . Suppose it is the case that (∂1λi)Kλi = O(ε1−d+n), where n > 0
is the degree by which the expression is subdivergent to naive expectations. Then,
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since Kλi is real,

∂1λ1Kλ1 + ∂1λ2Kλ2 = O(ε2−d+n) ⇒ ∂1λ1

∂1λ2

= −Kλ2
Kλ1

+O(εn) =
∂1λ1

∂1λ2

⇒ ∂1λ1∂1λ2 − ∂1λ2∂1λ1 = O(εn) . (A.21)

However, if this is true, then using (A.9) and its conjugate, we can derive

⇒ ∂aλ1∂bλ2 − ∂aλ2∂bλ1 = O(εn) , (A.22)

for any (a, b) pair. As discussed around (A.10), this would imply that (ηi, λi) is not
a good coordinate system around the brane locus–a contradiction.

We can also argue against L
(1,1)
2 [K2] being subdivergent to the naive expectation.

As we know from our discussion above (A.11), it is the ∆yK term on the left side
of (A.7) that is responsible for generating the source term. However, consider the
(a, b) = (1, 1) component of the left side:

∂1∂1∆yK = ∆y(∂1∂1K) = ∆y

[
∂1λi∂1λjKλiλj + · · ·

]
= ∆y

(
L

(1,1)
2 [K] + · · ·

)
. (A.23)

Thus we must have L
(1,1)
2 [K] = O(ε−d) in order to generate a source term of the

correct order.
The only remaining possibility for the O(ε1−2d) divergence of (A.20) to vanish is

that (
∂2 −

∂2λ1

∂1λ1

∂1

)(
∂2λ1

∂1λ1

)
= O(ε) . (A.24)

Next we demonstrate that this condition, in conjunction with our other constraints
on λi(z

a, za), implies holomorphic profiles.

A.4 Holomorphic profiles

Clearly one class of solutions to (A.24) is that ∂2λ1/∂1λ1 = c(za) to leading order,
where c(za) is an arbitrary holomorphic function. Using (A.9), this implies the same
relation for ∂2λ2/∂1λ2, so within this class we have

∂2λi − c(za)∂1λi = O(ε) , i = 1, 2. (A.25)

We solve this equation by the method of characteristics. Consider curves in the z1-z2

plane satisfying
dz1

dz2
= −c(z1, z2) +O(ε) . (A.26)

51



Integrating this equation we find

z1 = z1(z2;α) +O(ε) , (A.27)

where α is an integration constant whose value parametrises a one-parameter family
of curves. On any one of these curves we have that λi is constant to the order we
are working:

d

dz2
λi
(
z1(z2;α), z2; za

)
= ∂1λi

dz1

dz2
+ ∂2λi = O(ε) . (A.28)

It follows that λi should only depend on za through a particular function whose level
sets give the characteristic curves. This function is found by solving (A.27) for α:

z1 = z1(z2;α) +O(ε) ⇒ α = λ(za) +O(ε) . (A.29)

We have labelled the leading order in ε part of the resulting function λ, which is a
holomorphic function of the za. Thus we conclude that

λi = λi
(
λ(za) +O(ε); za

)
. (A.30)

Now, we could have equally well analysed the conjugate of equation (A.25). Doing
so, we determine the za dependence of λi:

λi = λi
(
λ(za) +O(ε);λ(za) +O(ε)

)
= λi(λ(za), λ(za)) +O(ε) , (A.31)

where λ(za) is the conjugate of λ(za). But this is exactly the result we are after. We
can view equation (A.31) as the statement that there exists a change of coordinates
which, when restricted to the brane locus, takes the form (λ1, λ2) 7→ (λ, λ), where
λ(za) is a holomorphic function of za. By choosing boundary conditions for the first
order PDE (A.25) appropriately, we may assume that λi = 0 corresponds to λ = λ =
0. Hence the brane locus is described by the holomorphic equation λ(za) = 0.

In order to complete the proof, we must demonstrate that any other solution to
(A.24) outside of the class (A.25) is inconsistent with our other results concerning
λi(z

a, za). Thus we consider

∂2λi − c(za, za)∂1λi = O(ε) , i = 1, 2, (A.32)

where c is a non-trivial function of both za, za. The function c and its complex
conjugate c(za, za) are required to satisfy the coupled equation

(∂2 − c ∂1)c = O(ε) . (A.33)
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Suppose we have such a solution c. Then we may solve (A.32) using the method
of characteristics as before. This time, however, when we solve for α it will be a
function of both the za and their conjugates, and thus

λi = λi

(
α(za; za); zb

)
+O(ε) . (A.34)

Meanwhile, solving the conjugate of (A.32) leads to

λi = λi
(
zb;α(za; za)

)
+O(ε) , (A.35)

where α is the conjugate of α. The only way (A.34) and (A.35) can be consistent
with each other is if α = α and

λi = λi
(
α(za; za)

)
+O(ε) . (A.36)

If, however, λ1, λ2 depend on (za, za) through the same function, α, we are in trouble
since then

∂aλ1∂bλ2 − ∂aλ2∂bλ1 = λ′1λ
′
2(∂aα∂bα− ∂aα∂bα) +O(ε) = O(ε) , (A.37)

for all pairs (a, b). This implies that the Jacobian (A.10) will beO(ε), in contradiction
to (λi, ηi) being a good coordinate system in a neighbourhood of the locus.

A.5 Flat induced metric on the worldvolume for d > 2

Having established the existence of coordinates (λ, λ), we can immediately put them
to use. First, we can simplify the right-hand side of (A.7) by changing coordinates
from (λ1, λ2) to (λ, λ):

∂a∂b
(
∆yK + 8det(∂∂K)

)
= −Q∂aλ∂bλ δ(d)(y)δ(λ, λ) ,

⇒ ∆yK + 8det(∂∂K) = − Q
2π
δ(d)(y) log |λ|2 . (A.38)

(Here we used the freedom of shifting K by the real part of an arbitrary holomorphic
function to set integration constants to zero). Second, we can construct a holo-
morphic coordinate η(za) orthogonal to λ by demanding that the Jacobian for the
change of variables (z1, z2) 7→ (η, λ) has unit determinant, as we approach the locus.
Thus (η, η) will parameterise the brane worldvolume. This allows us to simplify our
near-brane analysis. In particular, by changing coordinates (za, za) 7→ (η, λ, η, λ), we
have

det(∂∂K) =
(
KηηKλλ −KηλKλη

)
+O(ε3−2d) . (A.39)
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If d = 2, then the displayed term is order ε2−2d = ε−2. This is the same order as the
other terms in (A.38), and there are naively7 no more constraints to be imposed.

If d > 2 on the other hand, we must demand that the determinant (A.39) vanish

to a subleading order. Let us define the order one quantities λ̂, K̂ such that λ = ελ̂

and K(η, η, λ, λ,y) = ε2−dK̂(η, η, λ̂, λ̂, ŷ). (We choose boundary conditions for the
first order PDE (A.25) so that the λi vanish linearly with λ.) Then, since the
determinant can be no more divergent than ε−d, we find the condition

K̂ηηK̂λ̂λ̂ − K̂ηλ̂K̂λ̂η = O(εd−2) . (A.40)

The quantity on the left that is naively order one must, in fact, vanish as εd−2. This
equation, without the O(εd−2) corrections, is precisely the sort of equation considered
in [7]. There it was argued that it implies the existence of a holomorphic coordinate

γ̂ = γ̂(η, λ̂), such that K̂ depends on (γ̂, γ̂, ŷ) only. This type of nonlinear PDE has
also been well studied in the math literature; in particular, the result of [7] follows
straightforwardly from Theorem 2.4 of [21]. These results imply the split

K̂ = K̂div(γ̂(η, λ̂), γ̂(η, λ̂), ŷ) + K̂fin(η, λ̂, η, λ̂, ŷ) , (A.41)

where K̂div = O(1) and K̂fin = O(εd−2). After transcribing back to unhatted quanti-
ties, Kdiv diverges as ε2−d, while Kfin is finite on the locus. It must be that ∆yKdiv

generates the source term on the right-hand side of (A.38), and therefore we may
identify the function γ(η, λ) = λ. Hence (A.40) implies

K = Kdiv(λ, λ,y) +Kfin(η, λ, η, λ,y) , with

Kdiv = O(ε2−d) , Kfin = Kfin(η, η) +O(ε) , (d > 2) . (A.42)

With this split we finally have det(∂∂K) = Kfin
ηη Kdiv

λλ
plus order one corrections, with

Kfin
ηη Kdiv

λλ
= O(ε−d), so all constraint conditions on K are satisfied.

In fact, this parameterisation of K allows us to solve (A.38) perturbatively in ε.
At O(ε−d) we get a linear PDE for Kdiv:[

∆y + 8Kfin
ηη(η, η) ∂λ∂λ

]
Kdiv(λ, λ,y) = − Q

2π
δ(d)(y) log |λ|2 , (d > 2) . (A.43)

Note that only the leading piece of Kfin contributes at this order in ε. Since the
leading piece is independent of (λ, λ,y) we may treat this factor a constant when

7It may be possible to refine this analysis by considering an expansion in degrees of logarithmic
divergence.
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solving (A.43). Since Kdiv does not depend on (η, η) however, consistency of (A.43)
implies that Kfin

ηη is a pure constant at leading order. In other words, the induced
metric on the brane worldvolume, Kηη|ε=0, is flat for d > 2.

The constancy of Kηη at leading order implies that the the leading behaviour
of the warp factor, e−3A = det(∂∂K), is independent of the tangential coordinate
η. This is the initial assumption on which the near-brane analysis in [7] is based.
Here we have shown (for d > 2) that it is rather a result that can be derived from
consistency of the sourced equation of motion.

When d = 2 the situation is complicated due to the necessity of keeping track of
different degrees of logarithmic divergence. Note that when d > 2 one should also
expect log ε corrections at each order in ε since the divergence on the right-hand side
of (A.38) is actually ε−d log ε, but the analysis did not require us to explicitly keep
track of O(εn) and O(εn log ε) terms separately. When d = 2 on the other hand,
one expects the leading divergence of K to be order (log ε)2. This is the unique case
where the divergent part of K and the regular part differ by powers of log ε only. We
know that derivatives with respect to λ,y go as ε−1 while derivatives with respect to
η go as ε0, but these derivatives may or may not cancel powers of log ε, depending on
the detailed nature of the function K. This ambiguity makes it difficult to perform
the type of analysis done above for d > 2.

When d = 1, corresponding to NS5-brane webs smeared on a transverse circle,
our methods can again be used to analyse (A.38). In this case the part of K that
should generate the source term is O(ε) and subleading to the regular piece of K
that is finite on the locus. We write

K = K1(η, η) +K2(η, λ, η, λ, y) +O(ε2) , (d = 1) , (A.44)

where K1 = O(1) and K2 = O(ε). Here K2 may contain both order ε and ε log ε
terms. It must contain a term whose second derivatives are singular, but it may also
contain terms with regular derivatives. Unlike the d > 2 case, there is no constraint
on det(∂∂K2), which goes as O(ε0) and is subleading to the source term in (A.38).
Thus K2 is free to depend on the tangential coordinate η.

Given the split (A.44), the leading contribution to the determinant is det(∂∂K) =
(K1)ηη(K2)λλ + O(ε0), with (K1)ηη(K2)λλ = O(ε−1). Due to this, (A.38) becomes a
linear PDE for K2 at leading order:

[
∂2
y + 8(K1)ηη ∂λ∂λ

]
K2 = − Q̃

2π
δ(y) log |λ|2 . (A.45)

(K1)ηη is a function of (η, η) only and thus a constant from the point of view of
the PDE. The equation is solved by (2.25). Using this one determines the leading
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behaviour of the warp factor, (2.27). We see that having a non-trivial induced metric
on the brane worldvolume leads to a warp factor that does depend on the tangential
coordinates.
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