
ar
X

iv
:1

11
2.

13
29

v1
  [

he
p-

th
] 

 5
 D

ec
 2

01
1
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Conformal gravity on noncommutative spacetime is considered in this paper. The presupposed
gravity action consists of the Brans-Dicke gravity action with a special prefactor of the term, where
the Ricci scalar couples to the scalar field, to maintain local conformal invariance and the Weyl
gravity action. The commutation relations between the coordinates defining the noncommutative
geometry are assumed to be of canonical shape. Based on the moyal star product, products of fields
depending on the noncommutative coordinates are replaced by generalized expressions containing the
usual fields and depending on the noncommutativity parameter. To maintain invariance under local
conformal transformations with the gauge parameter depending on noncommutative coordinates,
the fields have to be mapped to generalized fields by using Seiberg-Witten maps. According to the
moyal star product and the thus induced Seiberg-Witten maps the generalized conformal gravity
action is formulated and the corresponding field equations are derived.

I. INTRODUCTION

The idea of noncommutative geometry was first considered in [1]. Since that time noncommutative geometry has
become one of the most important concepts in fundamental physics. There exist two approaches to formulate field
theories on a spacetime with noncommuting coordinates. One possibility is the application of the the moyal star
product, which was developed in [2] and [3]. It is based on Weyl quantization and enables to convert products of fields
depending on noncommutative coordinates to generalized products of these fields depending on usual coordinates.
These generalized products of course contain the noncommutativity parameter defining the noncommutativity algebra.
Another way to treat noncommutative field theories is the coherent state approach, developed in [4],[5],[6] and extended
by incorporating noncommuting momenta in [7]. In the coherent state approach are defined creation and annihilation
operators from the noncommutative coordinates with respect to which coherent states are defined. By using these
coherent states, plane waves depending on noncommutative coordinates can be expressed as generalized plane waves
depending on usual coordinates. However, in this paper conformal gravity on noncommutative spacetime is considered
and the moyal star product approach is taken as a basis. Especially, a gravity action is presupposed, which consists
of a special Brans-Dicke gravity action, where the prefactor of the coupling term between the Ricci scalar and the
scalar field is chosen in such a way to maintain local conformal invariance, on the one hand and of the Weyl gravity
action on the other hand. Brans-Dicke theory was first developed in [8],[9]. Conformally invariant theories, where the
gravitational constant arises from the scalar field, were considered in [10],[11]. In [12] has recently been considered
the relation between Einstein gravity and conformal gravity.
A precondition to maintain invariance under a certain local symmetry group on noncommutative spacetime, sym-

metry under conformal transformations in the special case of this paper, is the introduction of Seiberg-Witten maps,
which was devised in [13]. Seiberg-Witten maps relate the usual fields in the corresponding theory to generalized
fields, which have to be used instead of the usual fields. The reason is that according to the moyal star product, on
noncommutative spacetime additional terms appear for products of fields and this holds also for the products in the
transformation rules of the fields, since the transformation parameters also have to be assumed to depend on the non-
commutative coordinates, if a spacetime with noncommutative coordinates is presupposed. Based on these concepts,
the moyal star product as well as the Seiberg-Witten maps, in [14],[15],[16],[17] were considered spacetime symmetries
and general relativity on noncommutative spacetime. Other considerations concerning gravity on noncommutative
spacetime can be found in [18],[19],[20],[21],[22],[23],[24],[25],[26],[27],[28],[29],[30],[31],[32],[33],[34],[35],[36],[37] for ex-
ample and a noncommutative tetrad field was considered in [38]. In this paper, the idea of formulating a theory on
noncommutative spacetime, which contains a certain symmetry, by introducing Seiberg-Witten maps is transferred
to conformally invariant gravity.
The paper is structured as follows: At the beginning, the conformally invariant gravity theory and the transition to

noncommuting coordinates are presented. This means that the products within the action and within the transfor-
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mation rules of the fields become products between fields depending on noncommuting coordinates. These products
are converted to moyal star products. To maintain gauge invariance, the fields have to be replaced by generalized
fields, which can be expressed in terms of the usual fields by using Seiberg-Witten maps. Accordingly the Seiberg-
Witten maps corresponding to conformal transformations of the tetrad field and the scalar field are constructed and
it is shown that they fulfil the general condition defining Seiberg-Witten maps. After this the corresponding gener-
alized geometrical quantities, the determinant of the tetrad field, the connection referring to the gravitational field
and the Riemann tensor on noncommutative spacetime, are calculated to obtain the conformally invariant combined
Brans-Dicke and Weyl gravity action on noncommutative spacetime under presupposition of the moyal star product
approach. Finally, the corresponding field equations are derived by varying the obtained generalized gravity action
with respect to the tetrad field and the scalar field.

II. CONFORMAL GRAVITY ACTION

Before considering noncommutative spacetime, the presupposed gravity action is presented and it is reformulated
in terms of the tetrad field, since this will simplify the treatment of the noncommutative case. In this paper is
presupposed a gravity action consisting of a special Brans-Dicke gravity action and the Weyl gravity action, which
looks as following, if it is formulated on usual spacetime:

SC =

∫

d4x
√−g

(

1

2
gµν∂µφ∂νφ+

1

12
Rφ2 + CµνρσC

µνρσ

)

, (1)

where φ denotes a scalar field, gµν denotes the metric, g its determinant det gµν , R the Ricci scalar R = gµνRµν =
gµνR ρ

µρν , where Rµν denotes the Ricci tensor and Rµνρσ the Riemann tensor, and Cµνρσ denotes the conformal Weyl
tensor depending on the metric tensor and the quantities constructed from it according to

Cµνρσ = Rµνρσ − 2

D − 2
(gµρRσν − gµσRρν − gνρRσµ + gνσRρµ) +

2

(D − 1) (D − 2)
(Rgµρgσν −Rgµσgρν)

= Rµνρσ − (gµρRσν − gµσRρν − gνρRσµ + gνσRρµ) +
1

3
(Rgµρgσν −Rgµσgρν) , (2)

if the spacetime dimension D is assumed to be D = 4. The gravity action (1) is invariant under the following local
conformal transformations:

gµν → e2λ(x)gµν , φ→ e−λ(x)φ, (3)

implying the following transformations for the Ricci scalar and the squared Weyl tensor:

R → e−2λ(x)

[

R− 2 (D − 1)
1√−g∂µ

(√−ggµν∂νλ(x)
)

− (D − 1) (D − 2) gµν∂µλ(x)∂νλ(x)

]

= e−2λ(x)

{

R− 6

[

1√−g ∂µ
(√

−ggµν∂νλ(x)
)

+ gµν∂µλ(x)∂νλ(x)

]}

, since D = 4

CµνρσC
µνρσ → e−4λ(x)CµνρσC

µνρσ , (4)

which are relevant for the conformal gravity action (1). That gµν is transformed to e2λ(x)gµν implies of course that

the inverse metric gµν is transformed to e−2λ(x)gµν and that the square root of the negative determinant of the metric√−g is transformed to e4λ(x)
√−g. The prefactor of the coupling term between the Ricci scalar and the scalar field

in (1) is chosen in such a way that the transformation of this term implied by (4) cancels the transformation of the
kinetic term of the scalar field φ. The Weyl gravity action is invariant under conformal transformations, because the
appearing factor after the conformal transformation of the squared Weyl tensor (4), from which it is constructed,
exactly cancels the factor of the square root of the negative determinant of the metric. With respect to the further
considerations, it will be useful to rewrite the conformal gravity action (1) and reexpress it by using the tetrad
formulation of the gravitational field. The tetrad field, denoted by Em

µ in this paper, where the Greek letter denotes
the spacetime index and the Latin letter denotes the Lorentz index, is related to the metric as usual according to

gµν = Em
µ E

n
ν ηmn, (5)
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where ηmn denotes the Minkowski metric of flat spacetime. This means that the conformally invariant gravity action
(1) expressed by the tetrad field (5) reads

SC =

∫

d4x E

[

1

2
EµmEν

m∂µφ∂νφ+
1

12
R (E)φ2 + Cµνρσ (E)Cµνρσ (E)

]

, (6)

where E = detEm
µ and the Riemann tensor Rab

µν is now defined by the spin connection ωab
µ according to

Rab
µν(E) = ∂µω

ab
ν (E)− ∂νω

ab
µ (E) + ωac

µ (E)ωcb
ν (E)− ωac

ν (E)ωcb
µ (E), (7)

the spin connection depends on the tetrad field in the following way:

ωab
µ (E) = 2Eνa∂µE

b
ν − 2Eνb∂µE

a
ν − 2Eνa∂νE

b
µ + 2Eνb∂νE

a
µ + EµcE

νaEσb∂σE
c
ν − EµcE

νaEσb∂νE
c
σ, (8)

and the Ricci tensor and the Ricci scalar are accordingly defined as: Ra
µ = Eν

bR
ab
µν and R = Eµ

aE
ν
bR

ab
µν . The conformal

tensor (2) expressed in terms of the tetrad field reads

Cµνρσ(E) = EνaEσbR
ab
µρ(E)−

[

Ea
µEρaEνbE

τ
cR

bc
στ (E)− Ea

µEσaEνbE
τ
cR

bc
ρτ (E)− Ea

νEρaEµbE
τ
cR

bc
στ (E)

+Ea
νEσaEµbE

τ
cR

bc
ρτ (E)

]

+
1

3

[

Eτ
bE

υ
cR

bc
τυ(E)Ea

µEρaE
a
σEνa − Eτ

bE
υ
c R

bc
τυ(E)Ea

µEσaE
a
ρEνa

]

. (9)

The conformal gravity action expressed by the tetrad field (6) is invariant under the conformal transformations
corresponding to (3), which are of the following form:

Em
µ → eλ(x)Em

µ = Em
µ + λ(x)Em

µ +O
(

λ2
)

, φ→ e−λ(x)φ = φ− λ(x)φ +O
(

λ2
)

, (10)

implying that the inverse tetrad Eµ
m is transformed to e−λ(x)Eµ

m.

III. TRANSITION TO NONCOMMUTATIVE SPACETIME AND SEIBERG-WITTEN MAPS

In this section the conformal gravity action presented in the last section will be formulated on noncommutative
spacetime. This means that a transition from commuting to noncommuting coordinates has to be performed, xµ → x̂µ.
The noncommutative geometry represented by the noncommuting coordinates x̂µ is assumed to be described by
canonical commutation relations between the coordinates, which are of the following shape:

[x̂µ, x̂ν ] = iθµν , (11)

with θµν being an antisymmetric tensor of second order not depending on the spacetime coordinates. To formulate
field theories on such a spacetime, the moyal star product can be used, which maps products of fields depending on
noncommuting coordinates to an extended expression containing the fields depending on usual coordinates,

ϕ(x̂)ψ(x̂) = ϕ(x) ∗ ψ(x) = exp

(

i

2
θµν

∂

∂xµ
∂

∂yν

)

ϕ(x)ψ(y)

∣

∣

∣

∣

y→x

= ϕ(x)ψ(x) +
i

2
θµν∂µϕ(x)∂νψ(x) +O

(

θ2
)

. (12)

Thus the moyal star product enables the possibility to represent field theories on noncommutative spacetime as
field theories with generalized expressions on usual spacetime. Performing the transition xµ → x̂µ with respect
to the conformally invariant gravity action (6) and replacing the thus obtained products of fields depending on
noncommuting coordinates by the moyal star product according to (12) leads to a generalized action, which is not
invariant under conformal transformations anymore. The reason is that within the conformal transformations (10),
the usual coordinates also have to be replaced by the noncommuting ones leading to generalized transformation rules.
To maintain invariance under these generalized conformal transformations, generalized fields as well as a generalized
gauge parameter have to be introduced, which can be represented by the usual fields and the usual gauge parameter by
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using Seiberg-Witten maps. The concept of Seiberg-Witten maps was originally introduced in [13]. Accordingly, in the
conformal gravity action (6) not only the usual products have to be replaced by moyal star products as representation
of products between fields depending on noncommutative coordinates, but also the fields itself have to be replaced

by generalized fields, f (x̂) → f̂ (x̂), where the noncommutative fields f̂ are related to the usual fields f by Seiberg-
Witten maps. In case of conformal transformations the intricacy arises that in the usual case (10) multiplying of the
transformation operator from the left-hand side and from the right-hand side is equal, but in the noncommutative case
this is not the case anymore, since the sign of the exponential in the moyal star product (12) is inverted, if the order of
the factors is inverted. Thus the transformation in the noncommutative case has to be defined to be performed from
the right-hand side or from the left-hand side. Conventionally, noncommutative transformations are performed from
the left-hand side in the noncommutative case, since for a Lie group, the U(1) excepted, the transformation has to be
performed this way. The transformation of the adjoint field is then performed from the right-hand side. Accordingly,
in this paper the conformal transformation of φ and Eµ

m, which is performed by the operator e−λ, is assumed to be
performed from the left-hand side in the noncommutative case, whereas the conformal transformation of Em

µ as inverse

of Eµ
m, which is performed by the operator eλ, is performed from the right-hand side in the noncommutative case. This

definition is in a certain sense analogue to the case of noncommutative Yang-Mills transformations and it maintains
that Seiberg-Witten maps can be found and that the Seiberg-Witten map of the tetrad field Em

µ is isomorphic to the
Seiberg-Witten map of the inverse tetrad field Eµ

m what will be considered below. Thus the noncommutative gauge
transformations of the usual fields are defined as follows:

φ(x̂) → e−λ(x̂)φ(x̂) = e−λ(x) ∗ φ(x) = φ(x) − λ(x) ∗ φ(x) +O
(

λ2
)

,

Eµ
m(x̂) → e−λ(x̂)Eµ

m(x̂) = e−λ(x) ∗ Eµ
m(x) = Eµ

m(x)− λ(x) ∗ Em
µ (x) +O

(

λ2
)

,

Em
µ (x̂) → Em

µ (x̂)eλ(x̂) = Em
µ (x) ∗ eλ(x) = Em

µ (x) + Em
µ (x) ∗ λ(x) +O

(

λ2
)

. (13)

The replacement of the usual fields by the generalized fields leads to a generalized action corresponding to (6), which
is of the following form:

SC =

∫

d4x Ê ∗
[

1

2
Êµm ∗ Êν

m ∗ ∂µφ̂ ∗ ∂ν φ̂+
1

12
Êµ

a ∗ Êν
b ∗ R̂ab

µν

(

Ê
)

∗ φ̂ ∗ φ̂+ Ĉµνρσ

(

Ê
)

∗ Ĉµνρσ
(

Ê
)

]

=

∫

d4x Ê

[

1

2
Êµm ∗ Êν

m ∗ ∂µφ̂ ∗ ∂ν φ̂+
1

12
Êµ

a ∗ Êν
b ∗ R̂ab

µν

(

Ê
)

∗ φ̂ ∗ φ̂+ Ĉµνρσ

(

Ê
)

∗ Ĉµνρσ
(

Ê
)

]

, (14)

where has been used in the second line that the following integral relation holds for the moyal star product:

∫

d4x [f ∗ g ∗ h] =
∫

d4x [f · (g ∗ h)] . (15)

In general the Seiberg-Witten maps are determined by the condition that a usual gauge transformation acting on the
usual fields within the expressions of the generalized fields, which are defined by the Seiberg-Witten maps, is equal
to a noncommutative gauge transformation, where the generalized gauge parameter acts on the generalized fields by
presupposing the star product. In the special case of this paper, the conditions for the Seiberg-Witten maps are
accordingly of the following form:

δφ̂ = δ̂φ̂, δÊµ
m = δ̂Êµ

m, δÊm
µ = δ̂Êm

µ , (16)

where the noncommutative gauge transformations of the noncommutative fields are in analogy to (13) defined as
following:

δ̂φ̂(x) = e−λ̂(x) ∗ φ̂(x)− φ̂(x) = −λ̂(x) ∗ φ̂(x) +O
(

λ2
)

,

δ̂Êµ
m(x) = e−λ̂(x) ∗ Êµ

m(x)− Êµ
m(x) = −λ̂(x) ∗ Êµ

m(x) +O
(

λ2
)

,

δ̂Êm
µ (x) = Êm

µ (x) ∗ eλ̂(x) − Êm
µ (x) = Êm

µ (x) ∗ λ̂(x) +O
(

λ2
)

. (17)

The conditions (16) containing the usual conformal transformation rule (10) and the noncommutative transformation

rule (17) is fulfilled by the following Seiberg-Witten maps for the scalar field φ̂, the tetrad field Êm
µ , the inverse tetrad

field Êµ
m and the conformal gauge transformation parameter λ̂:
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φ̂ = φ, Êµ
m = Eµ

m +
i

2φ
θρσ∂ρφ∂σE

µ
m +O

(

θ2
)

, Êm
µ = Em

µ +
i

2φ
θρσ∂ρφ∂σE

m
µ +O

(

θ2
)

,

λ̂ = λ− i

2φ
θρσ∂ρλ∂σφ+O

(

θ2
)

. (18)

By inserting these expressions (18) to the conditions (16) and showing that both sides of the equations are equal, the
validity of the Seiberg-Witten maps (18) can be proved. For the Seiberg-Witten map referring to the scalar field φ,
the corresponding calculation is the following:

−λφ = −
(

λ− i

2φ
θρσ∂ρλ∂σφ

)

∗φ+O
(

θ2
)

⇔ −λφ = −λφ− i

2
θρσ∂ρλ∂σφ+

i

2
θρσ∂ρλ∂σφ+O

(

θ2
)

⇔ −λφ = −λφ,
(19)

and for the Seiberg-Witten map referring to the inverse tetrad field Em
µ the calculation is the following:

−λEµ
m +

iλ

2φ
θρσ∂ρφ∂σE

µ
m − i

2φ
θρσ∂ρ (λφ) ∂σE

µ
m − i

2φ
θρσ∂ρφ∂σ (λE

µ
m) +O

(

θ2
)

= −
(

λ− i

2φ
θρσ∂ρλ∂σφ

)

∗
(

Eµ
m +

i

2φ
θρσ∂ρφ∂σE

µ
m

)

+O
(

θ2
)

⇔ −λEµ
m +

iλ

2φ
θρσ∂ρφ∂σE

µ
m − i

2
θρσ∂ρλ∂σE

µ
m − iλ

2φ
θρσ∂ρφ∂σE

µ
m − iEµ

m

2φ
θρσ∂ρφ∂σλ− iλ

2φ
θρσ∂ρφ∂σE

µ
m +O

(

θ2
)

= −λEµ
m − i

2
θρσ∂ρλ∂σE

µ
m +

iEµ
m

2φ
θρσ∂ρλ∂σφ− iλ

2φ
θρσ∂ρφ∂σE

µ
m +O

(

θ2
)

⇔ −λEµ
m − iλ

2φ
θρσ∂ρφ∂σE

µ
m − i

2
θρσ∂ρλ∂σE

µ
m − iEµ

m

2φ
θρσ∂ρφ∂σλ+O

(

θ2
)

= −λEµ
m − i

2
θρσ∂ρλ∂σE

µ
m +

iEµ
m

2φ
θρσ∂ρλ∂σφ− iλ

2φ
θρσ∂ρφ∂σE

µ
m +O

(

θ2
)

⇔ −λEµ
m − iλ

2φ
θρσ∂ρφ∂σE

µ
m − i

2
θρσ∂ρλ∂σE

µ
m − iEµ

m

2φ
θρσ∂ρφ∂σλ+O

(

θ2
)

= −λEµ
m − iλ

2φ
θρσ∂ρφ∂σE

µ
m − i

2
θρσ∂ρλ∂σE

µ
m − iEµ

m

2φ
θρσ∂ρφ∂σλ+O

(

θ2
)

. (20)

The calculation yielding the proof of the validity of the Seiberg-Witten map of the tetrad field Em
µ is not listed here,

since it is completely analogous to the one of Eµ
m with different signs at the beginning. Because of (19) and (20) it is

clear that the noncommutative gauge transformations δ̂ fulfil also the consistency condition, that the commutator of
two gauge transformations is again a gauge transformation, the trivial transformation in this case:

δ̂λδ̂κ − δ̂κδ̂λ = δ̂[λ,κ] = 0. (21)

IV. GENERALIZED DYNAMICS INDUCED BY THE NONCOMMUTATIVITY

It is now possible to calculate the action (14) as generalization of (1) preserving conformal invariance on noncom-
mutative spacetime and containing the generalized fields being related to the usual fields by (18). To obtain the
elaborated expression for the action (14), the several appearing factors have to be determined. The determinant of
the generalized tetrad field containing the star product and the Seiberg-Witten map is calculated as following:

Ê =
1

24
ǫµνρσǫabcdÊ

a
µ ∗ Êb

ν ∗ Êc
ρ ∗ Êd

σ

=
1

24
ǫµνρσǫabcdE

a
µE

b
νE

c
ρE

d
σ +

1

4
ǫµνρσǫabcd

(

i

2
θλκ∂λE

a
µ∂κE

b
ν

)

Ec
ρE

d
σ +

1

24
ǫµνρσǫabcd

(

i

2φ
θλκ∂λφ∂κE

m
µ

)

Eb
νE

c
ρE

d
σ +O

(

θ2
)

,

=
1

24
ǫµνρσǫabcdE

a
µE

b
νE

c
ρE

d
σ +

i

2
θλκ

[

1

4
ǫµνρσǫabcd∂λE

a
µ∂κE

b
νE

c
ρE

d
σ +

1

24φ
ǫµνρσǫabcd∂λφ∂κE

m
µ E

b
νE

c
ρE

d
σ

]

+O
(

θ2
)

,

≡ E + E (E, φ, θ) +O
(

θ2
)

, (22)
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where ǫµνρσ denotes the totally antisymmetric tensor of fourth grade and E (E, φ, θ) contains all additional terms
arising from the star product and the Seiberg-Witten map. To calculate the generalized Riemann tensor on noncom-

mutative spacetime depending on the generalized tetrad field, R̂ab
µν

(

Ê
)

, the generalized connection ω̂ab
µ

(

Ê
)

has to

be determined first. Again this is done by expressing the connection in terms of the tetrad field, replacing the usual
products by moyal star products and replacing the tetrad field by the generalized tetrad field and leads to

ω̂ab
µ = 2Êνa ∗ ∂µÊb

ν − 2Êνb ∗ ∂µÊa
ν − 2Êνa ∗ ∂νÊb

µ + 2Êνb ∗ ∂νÊa
µ + Êµc ∗ Êνa ∗ Êσb ∗ ∂σÊc

ν − Êµc ∗ Êνa ∗ Êσb ∗ ∂νÊc
σ

= 2Eνa∂µE
b
ν − 2Eνb∂µE

a
ν − 2Eνa∂νE

b
µ + 2Eνb∂νE

a
µ + EµcE

νaEσb∂σE
c
ν − EµcE

νaEσb∂νE
c
σ

+
i

2
θλκ

[

2∂λE
νa∂κ∂µE

b
ν − 2∂λE

νb∂κ∂µE
a
ν − 2∂λE

νa∂κ∂νE
b
µ + 2∂λE

νb∂κ∂νE
a
µ

+∂λEµc∂κE
νaEσb∂σE

c
ν + ∂λEµcE

νa∂κE
σb∂σE

c
ν + ∂λEµcE

νaEσb∂κ∂σE
c
ν

+Eµc∂λE
νa∂κE

σb∂σE
c
ν + Eµc∂λE

νaEσb∂κ∂σE
c
ν + EµcE

νa∂λE
σb∂κ∂σE

c
ν

−∂λEµc∂κE
νaEσb∂νE

c
σ − ∂λEµcE

νa∂κE
σb∂νE

c
σ − ∂λEµcE

νaEσb∂κ∂νE
c
σ

−Eµc∂λE
νa∂κE

σb∂νE
c
σ − Eµc∂λE

νaEσb∂κ∂νE
c
σ − EµcE

νa∂λE
σb∂κ∂νE

c
σ

+
2

φ
∂λφ∂κE

νa∂µE
b
ν − 2∂µφ

φ2
∂λφE

νa∂κE
b
ν +

2

φ
∂µ∂λφE

νa∂κE
b
ν +

2

φ
∂λφE

νa∂µ∂κE
b
ν

− 2

φ
∂λφ∂κE

νb∂µE
a
ν +

2∂µφ

φ2
∂λφE

νb∂κE
a
ν − 2

φ
∂µ∂λφE

νb∂κE
a
ν − 2

φ
∂λφE

νb∂µ∂κE
a
ν

− 2

φ
∂λφ∂κE

νa∂νE
b
µ +

2∂νφ

φ2
∂λφE

νa∂κE
b
µ − 2

φ
∂ν∂λφE

νa∂κE
b
µ − 2

φ
∂λφE

νa∂ν∂κE
b
µ

+
2

φ
∂λφ∂κE

νb∂νE
a
µ − 2∂νφ

φ2
∂λφE

νb∂κE
a
µ +

2

φ
∂ν∂λφE

νb∂κE
a
µ +

2

φ
∂λφE

νb∂ν∂κE
a
µ

+
1

φ
∂λφ∂κEµcE

νaEσb∂σE
c
ν +

1

φ
∂λφEµc∂κE

νaEσb∂σE
c
ν +

1

φ
∂λφEµcE

νa∂κE
σb∂σE

c
ν

−∂σφ
φ2

∂λφEµcE
νaEσb∂κE

c
ν +

1

φ
∂σ∂λφEµcE

νaEσb∂κE
c
ν +

1

φ
∂λφEµcE

νaEσb∂σ∂κE
c
ν

− 1

φ
∂λφ∂κEµcE

νaEσb∂νE
c
σ − 1

φ
∂λφEµc∂κE

νaEσb∂νE
c
σ − 1

φ
∂λφEµcE

νa∂κE
σb∂νE

c
σ

+
∂νφ

φ2
∂λφEµcE

νaEσb∂κE
c
σ − 1

φ
∂ν∂λφEµcE

νaEσb∂κE
c
σ − 1

φ
∂λφEµcE

νaEσb∂ν∂κE
c
σ

]

+O
(

θ2
)

≡ ωab
µ (E) + Ωab

µ (E, φ, θ) +O
(

θ2
)

, (23)

where in the last line all additional terms are contained in the extension term Ωab
µ (E, φ, θ), which depends because

of (18) also on the scalar field φ. By using (23), the corresponding generalized Riemann tensor depending on the

generalized tetrad field R̂ab
µν

(

Ê
)

can be calculated,

R̂ab
µν = ∂µω̂

ab
ν

(

Ê
)

− ∂ν ω̂
ab
µ

(

Ê
)

+ ω̂ac
µ

(

Ê
)

∗ ω̂cb
ν

(

Ê
)

− ω̂ac
ν

(

Ê
)

∗ ω̂cb
µ

(

Ê
)

= ∂µ
[

ωab
ν (E) + Ωab

ν (E, φ, θ)
]

− ∂ν
[

ωab
µ (E) + Ωab

µ (E, φ, θ)
]

+
[

ωac
µ (E) + Ωac

µ (E, φ, θ)
]

∗
[

ωcb
ν (E) + Ωcb

ν (E, φ, θ)
]

− [ωac
ν (E) + Ωac

ν (E, φ, θ)] ∗
[

ωcb
µ (E) + Ωcb

µ (E, φ, θ)
]

+O
(

θ2
)

= ∂µω
ab
ν (E)− ∂νω

ab
µ (E) + ωac

µ (E)ωcb
ν (E)− ωac

ν (E)ωcb
µ (E) + ∂µΩ

ab
ν (E, φ, θ)− ∂νΩ

ab
µ (E, φ, θ)

+
i

2
θλκ∂λω

ac
µ (E) ∂κω

cb
ν (E) + ωac

µ (E)Ωcb
ν (E, φ, θ) + Ωac

µ (E, φ, θ)ωcb
ν (E)

− i

2
θλκ∂λω

ac
ν (E) ∂κω

cb
µ (E)− ωac

ν (E)Ωcb
µ (E, φ, θ)− Ωac

ν (E, φ, θ)ωcb
µ (E) +O

(

θ2
)

≡ Rab
µν (E) +Rab

µν (E, φ, θ) +O
(

θ2
)

, (24)

where all additional terms are contained in the extension Rab
µν (E, φ, θ), which again also depends on the scalar field.

With the generalized expression for the Riemann tensor (24) the generalized expression for the conformal Weyl tensor
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depending on the generalized tetrad field Ĉµνρσ

(

Ê
)

can be calculated,

Ĉµνρσ = R̂µνρσ −
(

ĝµρ ∗ R̂σν − ĝµσ ∗ R̂ρν − ĝνρ ∗ R̂σµ + ĝνσ ∗ R̂ρµ

)

+
1

3

(

R̂ ∗ ĝµρ ∗ ĝσν − R̂ ∗ ĝµσ ∗ ĝρν
)

= Êνa ∗ Êσb ∗ R̂ab
µρ −

(

Êa
µ ∗ Êρa ∗ Êνb ∗ Êτ

c ∗ R̂bc
στ − Êa

µ ∗ Êσa ∗ Êνb ∗ Êτ
c ∗ R̂bc

ρτ − Êa
ν ∗ Êρa ∗ Êµb ∗ Êτ

c ∗ R̂bc
στ

+Êa
ν ∗ Êσa ∗ Êµb ∗ Êτ

c ∗ R̂bc
ρτ

)

+
1

3

(

Êτ
b ∗ Êυ

c ∗ R̂bc
τυ ∗ Êa

µ ∗ Êρa ∗ Êa
σ ∗ Êνa − Êτ

b ∗ Êυ
c ∗ R̂bc

τυ ∗ Êa
µ ∗ Êσa ∗ Êa

ρ ∗ Eνa

)

= EνaEσbR
ab
µρ −

(

Ea
µEρaEνbE

τ
cR

bc
στ − Ea

µEσaEνbE
τ
cR

bc
ρτ − Ea

νEρaEµbE
τ
cR

bc
στ + Ea

νEσaEµbE
τ
cR

bc
ρτ

)

+
1

3

(

Eτ
bE

υ
cR

bc
τυE

a
µEρaE

a
σEνa − Eτ

bE
υ
cR

bc
τυE

a
µEσaE

a
ρEνa

)

+Aµνρσ (E, θ) + Bµνρσ (E, φ, θ) +O
(

θ2
)

≡ Cµνρσ (E) + Cµνρσ (E, φ, θ) +O
(

θ2
)

, (25)

where Cµνρσ (E, φ, θ) = Aµνρσ (E, θ)+Bµνρσ (E, φ, θ) and thus contains all additional terms, Aµνρσ (E, θ) contains all
additional terms arising from the the star product and Bµνρσ (E, φ, θ) contains all additional terms arising from the
Seiberg-Witten map. Accordingly the tensors Aµνρσ (E, θ) and Bµνρσ (E, φ, θ) are defined as

Aµνρσ =
i

2
θλκ

[

∂λEνa∂κEσbR
ab
µρ + ∂λEνaEσb∂κR

ab
µρ + Eνa∂λEσb∂κR

ab
µρ

−
(

∂λE
a
µ∂κEρaEνbE

τ
cR

bc
στ + ∂λE

a
µEρa∂κEνbE

τ
cR

bc
στ + ∂λE

a
µEρaEνb∂κE

τ
cR

bc
στ + ∂λE

a
µEρaEνbE

τ
c ∂κR

bc
στ

+Ea
µ∂λEρa∂κEνbE

τ
cR

bc
στ + Ea

µ∂λEρaEνb∂κE
τ
cR

bc
στ + Ea

µ∂λEρaEνbE
τ
c ∂κR

bc
στ

+Ea
µEρa∂λEνb∂κE

τ
cR

bc
στ + Ea

µEρa∂λEνbE
τ
c ∂κR

bc
στ + Ea

µEρaEνb∂λE
τ
c ∂κR

bc
στ

−∂λEa
µ∂κEσaEνbE

τ
cR

bc
ρτ − ∂λE

a
µEσa∂κEνbE

τ
cR

bc
ρτ − ∂λE

a
µEσaEνb∂κE

τ
cR

bc
ρτ − ∂λE

a
µEσaEνbE

τ
c ∂κR

bc
ρτ

−Ea
µ∂λEσa∂κEνbE

τ
cR

bc
ρτ − Ea

µ∂λEσaEνb∂κE
τ
cR

bc
ρτ − Ea

µ∂λEσaEνbE
τ
c ∂κR

bc
ρτ

−Ea
µEσa∂λEνb∂κE

τ
cR

bc
ρτ − Ea

µEσa∂λEνbE
τ
c ∂κR

bc
ρτ − Ea

µEσaEνb∂λE
τ
c ∂κR

bc
ρτ

−∂λEa
ν∂κEρaEµbE

τ
cR

bc
στ − ∂λE

a
νEρa∂κEµbE

τ
cR

bc
στ − ∂λE

a
νEρaEµb∂κE

τ
cR

bc
στ − ∂λE

a
νEρaEµbE

τ
c ∂κR

bc
στ

−Ea
ν∂λEρa∂κEµbE

τ
cR

bc
στ − Ea

ν∂λEρaEµb∂κE
τ
cR

bc
στ − Ea

ν∂λEρaEµbE
τ
c ∂κR

bc
στ

−Ea
νEρa∂λEµb∂κE

τ
cR

bc
στ − Ea

νEρa∂λEµbE
τ
c ∂κR

bc
στ − Ea

νEρaEµb∂λE
τ
c ∂κR

bc
στ

+∂λE
a
ν∂κEσaEµbE

τ
cR

bc
ρτ + ∂λE

a
νEσa∂κEµbE

τ
cR

bc
ρτ + ∂λE

a
νEσaEµb∂κE

τ
cR

bc
ρτ + ∂λE

a
νEσaEµbE

τ
c ∂κR

bc
ρτ

+Ea
ν∂λEσa∂κEµbE

τ
cR

bc
ρτ + Ea

ν∂λEσaEµb∂κE
τ
cR

bc
ρτ + Ea

ν∂λEσaEµbE
τ
c ∂κR

bc
ρτ

+Ea
νEσa∂λEµb∂κE

τ
cR

bc
ρτ + Ea

νEσa∂λEµbE
τ
c ∂κR

bc
ρτ + Ea

νEσaEµb∂λE
τ
c ∂κR

bc
ρτ

)

+
1

3

(

∂λE
τ
b ∂κE

υ
cR

bc
τυE

a
µEρaE

a
σEνa + ∂λE

τ
bE

υ
c ∂κR

bc
τυE

a
µEρaE

a
σEνa + ∂λE

τ
bE

υ
cR

bc
τυ∂κE

a
µEρaE

a
σEνa

+∂λE
τ
bE

υ
c R

bc
τυE

a
µ∂κEρaE

a
σEνa + ∂λE

τ
bE

υ
cR

bc
τυE

a
µEρa∂κE

a
σEνa + ∂λE

τ
bE

υ
cR

bc
τυE

a
µEρaE

a
σ∂κEνa

+Eτ
b ∂λE

υ
c ∂κR

bc
τυE

a
µEρaE

a
σEνa + Eτ

b ∂λE
υ
cR

bc
τυ∂κE

a
µEρaE

a
σEνa + Eτ

b ∂λE
υ
cR

bc
τυE

a
µ∂κEρaE

a
σEνa

+Eτ
b ∂λE

υ
c R

bc
τυE

a
µEρa∂κE

a
σEνa + Eτ

b ∂λE
υ
cR

bc
τυE

a
µEρaE

a
σ∂κEνa + Eτ

bE
υ
c ∂λR

bc
τυ∂κE

a
µEρaE

a
σEνa

+Eτ
bE

υ
c ∂λR

bc
τυE

a
µ∂κEρaE

a
σEνa + Eτ

bE
υ
c ∂λR

bc
τυE

a
µEρa∂κE

a
σEνa + Eτ

bE
υ
c ∂λR

bc
τυE

a
µEρaE

a
σ∂κEνa

+Eτ
bE

υ
cR

bc
τυ∂λE

a
µ∂κEρaE

a
σEνa + Eτ

bE
υ
cR

bc
τυ∂λE

a
µEρa∂κE

a
σEνa + Eτ

bE
υ
cR

bc
τυ∂λE

a
µEρaE

a
σ∂κEνa

+Eτ
bE

υ
cR

bc
τυE

a
µ∂λEρa∂κE

a
σEνa + Eτ

bE
υ
cR

bc
τυE

a
µ∂λEρaE

a
σ∂κEνa + Eτ

bE
υ
cR

bc
τυE

a
µEρa∂λE

a
σ∂κEνa

−∂λEτ
b ∂κE

υ
cR

bc
τυE

a
µEσaE

a
ρEνa − ∂λE

τ
bE

υ
c ∂κR

bc
τυE

a
µEσaE

a
ρEνa − ∂λE

τ
bE

υ
cR

bc
τυ∂κE

a
µEσaE

a
ρEνa

−∂λEτ
bE

υ
c R

bc
τυE

a
µ∂κEσaE

a
ρEνa − ∂λE

τ
bE

υ
cR

bc
τυE

a
µEσa∂κE

a
ρEνa − ∂λE

τ
bE

υ
cR

bc
τυE

a
µEσaE

a
ρ∂κEνa

−Eτ
b ∂λE

υ
c ∂κR

bc
τυE

a
µEσaE

a
ρEνa − Eτ

b ∂λE
υ
cR

bc
τυ∂κE

a
µEσaE

a
ρEνa − Eτ

b ∂λE
υ
cR

bc
τυE

a
µ∂κEσaE

a
ρEνa

−Eτ
b ∂λE

υ
c R

bc
τυE

a
µEσa∂κE

a
ρEνa − Eτ

b ∂λE
υ
cR

bc
τυE

a
µEσaE

a
ρ∂κEνa − Eτ

bE
υ
c ∂λR

bc
τυ∂κE

a
µEσaE

a
ρEνa

−Eτ
bE

υ
c ∂λR

bc
τυE

a
µ∂κEσaE

a
ρEνa − Eτ

bE
υ
c ∂λR

bc
τυE

a
µEσa∂κE

a
ρEνa − Eτ

bE
υ
c ∂λR

bc
τυE

a
µEσaE

a
ρ∂κEνa

−Eτ
bE

υ
cR

bc
τυ∂λE

a
µ∂κEσaE

a
ρEνa − Eτ

bE
υ
cR

bc
τυ∂λE

a
µEσa∂κE

a
ρEνa − Eτ

bE
υ
c R

bc
τυ∂λE

a
µEσaE

a
ρ∂κEνa

−Eτ
bE

υ
cR

bc
τυE

a
µ∂λEσa∂κE

a
ρEνa − Eτ

bE
υ
cR

bc
τυE

a
µ∂λEσaE

a
ρ∂κEνa − Eτ

bE
υ
c R

bc
τυE

a
µEσa∂λE

a
ρ∂κEνa

)]

, (26)
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Bµνρσ =
iθλκ

2φ

(

∂λφ∂κEνaEσbR
ab
µρ + ∂λφEνa∂κEσbR

ab
µρ

)

+ EνaEσbRab
µρ (E, φ, θ)

−
[

iθλκ

2φ

(

∂λφ∂κE
a
µEρaEνbE

τ
cR

bc
στ + ∂λφE

a
µ∂κEρaEνbE

τ
cR

bc
στ + ∂λφE

a
µEρa∂κEνbE

τ
cR

bc
στ + ∂λφE

a
µEρaEνb∂κE

τ
cR

bc
στ

−∂λφ∂κEa
µEσaEνbE

τ
cR

bc
ρτ − ∂λφE

a
µ∂κEσaEνbE

τ
cR

bc
ρτ − ∂λφE

a
µEσa∂κEνbE

τ
cR

bc
ρτ − ∂λφE

a
µEσaEνb∂κE

τ
cR

bc
ρτ

−∂λφ∂κEa
νEρaEµbE

τ
cR

bc
στ − ∂λφE

a
ν∂κEρaEµbE

τ
cR

bc
στ − ∂λφE

a
νEρa∂κEµbE

τ
cR

bc
στ − ∂λφE

a
νEρaEµb∂κE

τ
cR

bc
στ

+∂λφ∂κE
a
νEσaEµbE

τ
cR

bc
ρτ + ∂λφE

a
ν∂κEσaEµbE

τ
cR

bc
ρτ + ∂λφE

a
νEσa∂κEµbE

τ
cR

bc
ρτ + ∂λφE

a
νEσaEµb∂κE

τ
cR

bc
ρτ

)

+Ea
µEρaEνbE

τ
cRbc

στ (E, φ, θ)− Ea
µEσaEνbE

τ
cRbc

ρτ (E, φ, θ) − Ea
νEρaEµbE

τ
cRbc

στ (E, φ, θ) + Ea
νEσaEµbE

τ
cRbc

ρτ (E, φ, θ)
]

+
1

3

[

iθλκ

2φ

(

∂λφ∂κE
τ
bE

υ
cR

bc
τυE

a
µEρaE

a
σEνa + ∂λφE

τ
b ∂κE

υ
cR

bc
τυE

a
µEρaE

a
σEνa + ∂λφE

τ
bE

υ
cR

bc
τυ∂κE

a
µEρaE

a
σEνa

+∂λφE
τ
bE

υ
cR

bc
τυE

a
µ∂κEρaE

a
σEνa + ∂λφE

τ
bE

υ
cR

bc
τυE

a
µEρa∂κE

a
σEνa + ∂λφE

τ
bE

υ
cR

bc
τυE

a
µEρaE

a
σ∂κEνa

−∂λφ∂κEτ
bE

υ
cR

bc
τυE

a
µEσaE

a
ρEνa − ∂λφE

τ
b ∂κE

υ
cR

bc
τυE

a
µEσaE

a
ρEνa − ∂λφE

τ
bE

υ
cR

bc
τυ∂κE

a
µEσaE

a
ρEνa

−∂λφEτ
bE

υ
cR

bc
τυE

a
µ∂κEσaE

a
ρEνa − ∂λφE

τ
bE

υ
cR

bc
τυE

a
µEσa∂κE

a
ρEνa − ∂λφE

τ
bE

υ
cR

bc
τυE

a
µEσaE

a
ρ∂κEνa

)

+Eτ
bE

υ
c Rbc

τυ (E, φ, θ)E
a
µEρaE

a
σEνa − Eτ

bE
υ
c Rbc

τυ (E, φ, θ)E
a
µEσaE

a
ρEνa

]

. (27)

Inserting the generalized determinant (22), the generalized Riemann tensor (24) depending on the generalized con-
nection defined in (23) and the generalized conformal tensor (25) depending on (24) to the generalized conformally
invariant gravity action (14) yields the following expression for the generalized conformal gravity action:

SC =

∫

d4x

{

E

[

1

2
EµmEν

m∂µφ∂νφ+
1

12
Eµ

aE
ν
bR

ab
µν (E)φ2 + Cµνρσ (E)Cµνρσ (E) + iθλκ

(

1

4
∂λE

µm∂κE
ν
m∂µφ∂νφ

+
1

2
∂λE

µmEν
m∂κ∂µφ∂νφ+

1

2
∂λE

µmEν
m∂µφ∂κ∂νφ+

1

4
EµmEν

m∂λ∂µφ∂κ∂νφ+
1

24
∂λE

µ
a ∂κE

ν
bR

ab
µν (E)φ2

+
1

12
∂λE

µ
aE

ν
b ∂κR

ab
µν (E)φ2 +

1

6
∂λE

µ
aE

ν
bR

ab
µν (E)φ∂κφ+

1

12
Eµ

aE
ν
b ∂λR

ab
µν (E)φ∂κφ+

1

24
Eµ

aE
ν
bR

ab
µν (E) ∂λφ∂κφ

+
1

2φ
∂λφ∂κE

µmEν
m∂µφ∂νφ+

1

12
∂λφ∂κE

µ
aE

ν
bR

ab
µν (E)φ

)

+
1

12
Eµ

aE
ν
bRab

µν (E, φ, θ)φ
2 + 2Cµνρσ (E) Cµνρσ (E, φ, θ)

]

+E (E, φ, θ)

[

1

2
EµmEν

m∂µφ∂νφ+
1

12
Eµ

aE
ν
bR

ab
µν (E)φ2 + Cµνρσ (E)Cµνρσ (E)

]}

+O
(

θ2
)

. (28)

Variation of this action (28) with respect to φ and Eµ
m, δS

δφ
and δS

δE
µ

a

, yields the corresponding field equations:

−∂µ (EEµmEν
m∂νφ) +

1

6
EEµ

aE
ν
bR

ab
µν (E)φ+ iθλκ

[

−1

4
∂µ (E∂λE

µm∂κE
ν
m∂νφ)−

1

4
∂ν (E∂λE

µm∂κE
ν
m∂µφ) (29)

−1

2
(∂κ∂µ (E∂λE

µmEν
m∂νφ) + ∂ν (E∂λE

µmEν
m∂κ∂µφ) + ∂κ∂ν (E∂λE

µmEν
m∂µφ) + ∂µ (E∂λE

µmEν
m∂κ∂νφ))

−1

4
∂λ∂µ (EE

µmEν
m∂κ∂νφ) −

1

4
∂κ∂ν (EE

µmEν
m∂λ∂µφ) +

1

12
E∂λE

µ
a∂κE

ν
bR

ab
µν (E)φ+

1

6
E∂λE

µ
aE

ν
b ∂κR

ab
µν (E)φ

+
1

6
E∂λE

µ
aE

ν
bR

ab
µν (E) ∂κφ− 1

6
∂κ
(

E∂λE
µ
aE

ν
bR

ab
µν (E)φ

)

+
1

12
EEµ

aE
ν
b ∂λR

ab
µν (E) ∂κφ− 1

12
∂κ
(

EEµ
aE

ν
b ∂λR

ab
µν (E)φ

)

− 1

24
∂λ
(

EEµ
aE

ν
bR

ab
µν (E) ∂κφ

)

− 1

24
∂κ
(

EEµ
aE

ν
bR

ab
µν (E) ∂λφ

)

− 1

2φ2
E∂λφ∂κE

µmEν
m∂µφ∂νφ− 1

2
∂λ

(

1

φ
E∂κE

µmEν
m∂µφ∂νφ

)

−1

2
∂µ

(

1

φ
E∂λφ∂κE

µmEν
m∂νφ

)

− 1

2
∂ν

(

1

φ
E∂λφ∂κE

µmEν
m∂µφ

)

− 1

12
∂λ
(

E∂κE
µ
aE

ν
bR

ab
µν (E)φ

)

+
1

12
E∂λφ∂κE

µ
aE

ν
bR

ab
µν (E)

]

+
1

6
EEµ

aE
ν
b Rab

µν (E, φ, θ)φ+
1

12
EEµ

aE
ν
b

δRab
µν (E, φ, θ)

δφ
φ2 + 2ECµνρσ (E)

δCµνρσ (E, φ, θ)

δφ
+
δE (E, φ, θ)

δφ

[

1

2
EµmEν

m∂µφ∂νφ

+
1

12
Eµ

aE
ν
bR

ab
µν (E)φ2 + Cµνρσ (E)Cµνρσ (E)

]

− ∂µ (E (E, φ, θ)EµmEν
m∂νφ) +

1

6
E (E, φ, θ)Eµ

aE
ν
bR

ab
µν (E)φ+O

(

θ2
)

= 0,
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−EEa
µ

{

1

2
EµmEν

m∂µφ∂νφ+
1

12
Eµ

aE
ν
bR

ab
µν (E)φ2 + Cµνρσ (E)Cµνρσ (E)

+iθλκ
[

1

4
∂λE

µm∂κE
ν
m∂µφ∂νφ+

1

2
∂λE

µmEν
m∂κ∂µφ∂νφ+

1

2
∂λE

µmEν
m∂µφ∂κ∂νφ+

1

4
EµmEν

m∂λ∂µφ∂κ∂νφ

+
1

24
∂λE

µ
a∂κE

ν
bR

ab
µν (E)φ2 +

1

12
∂λE

µ
aE

ν
b ∂κR

ab
µν (E)φ2 +

1

6
∂λE

µ
aE

ν
bR

ab
µν (E)φ∂κφ+

1

12
Eµ

aE
ν
b ∂λR

ab
µν (E)φ∂κφ

+
1

24
Eµ

aE
ν
bR

ab
µν (E) ∂λφ∂κφ+

1

2φ
∂λφ∂κE

µmEν
m∂µφ∂νφ+

1

12
∂λφ∂κE

µ
aE

ν
bR

ab
µν (E)φ

]

+
1

12
Eµ

aE
ν
bRab

µν (E, φ, θ)φ
2

+2Cµνρσ (E) Cµνρσ (E, φ, θ)}+ δE (E, φ, θ)

δE
µ
a

[

1

2
EµmEν

m∂µφ∂νφ+
1

12
Eµ

aE
ν
bR

ab
µν (E)φ2 + Cµνρσ (E)Cµνρσ (E)

]

+EEνa∂µφ∂νφ+
1

6
EEν

bR
ab
µν (E)φ2 + 2E

δCλνρσ (E)

δE
µ
a

Cλνρσ (E) + iθλκ
[

−1

4
∂λ (E∂κE

νa∂µφ∂νφ)−
1

4
∂κ (E∂λE

νa∂µφ∂νφ)

+
1

2
E∂λE

νa∂κ∂µφ∂νφ− 1

2
∂λ (EE

νa∂κ∂µφ∂νφ) +
1

2
E∂λE

νa∂µφ∂κ∂νφ− 1

2
∂λ (EE

νa∂µφ∂κ∂νφ)

+
1

4
EEνa∂λ∂µφ∂κ∂νφ+

1

4
EEνa∂λ∂νφ∂κ∂µφ− 1

24
Eµ

a ∂λ
(

E∂κE
ν
bR

ab
µν (E)φ2

)

− 1

24
Eµ

a ∂κ
(

E∂λE
ν
bR

ab
µν (E)φ2

)

+
1

24
E∂λE

ρ
c ∂κE

ν
b

δRcb
ρν

δE
µ
a

(E)φ2 +
1

12

(

E∂λE
ν
b ∂κR

ab
µν (E)φ2 − ∂λ

(

EEν
b ∂κR

ab
µν (E)φ2

)

−
δRcb

ρν

δE
µ
a
∂κ
(

E∂λE
ρ
cE

ν
b (E)φ2

)

)

+
1

6

(

E∂λE
ν
bR

ab
µν (E)φ∂κφ− ∂λ

(

EEν
bR

ab
µν (E)φ∂κφ

)

+ E∂λE
ρ
cE

ν
b

δRcb
ρν (E)

δE
µ
a

φ∂κφ+ EEν
b ∂λR

ab
µν (E)φ∂κφ

)

− 1

12

δRcb
ρν (E)

δE
µ
a

∂λ (EE
ρ
cE

ν
b φ∂κφ) +

1

12
EEν

bR
ab
µν (E) ∂λφ∂κφ+

1

24
EEµ

aE
ν
b

δRab
µν (E)

δE
µ
a

∂λφ∂κφ+
1

2φ
E∂λφ∂κE

νa∂µφ∂νφ

−∂κ
(

1

2φ
E∂λφE

νa∂µφ∂νφ

)

+
1

12

(

E∂λφ∂κE
ν
bR

ab
µν (E)φ− ∂κ

(

E∂λφE
ν
bR

ab
µν (E)φ

)

+ E∂λφ∂κE
ρ
cE

ν
b

δRcb
ρν (E)

δE
µ
a

φ

)]

+
1

6
EEν

bRab
µν (E, φ, θ)φ

2 +
1

12
EEρ

cE
ν
b

δRcb
ρν (E, φ, θ)

δE
µ
a

φ2 + 2E
δCλνρσ (E)

δE
µ
a

Cλνρσ (E, φ, θ) + 2ECλνρσ (E)
δCλνρσ (E, φ, θ)

δE
µ
a

+E (E, φ, θ)

[

Eνa∂µφ∂νφ+
1

6
Eν

bR
ab
µν (E)φ2 +

1

12
Eρ

cE
ν
b

δRcb
ρν (E)

δE
µ
a

φ2 + 2
δCλνρσ (E)

δE
µ
a

Cλνρσ (E)

]

+O
(

θ2
)

= 0. (30)

In the field equations (29) and (30), the variation of the Riemann tensor, of the Weyl tensor, of their extenstions and
of the extension of the determinant of the terad field lead to boundary terms vanishing through integration.

V. SUMMARY AND DISCUSSION

It has been formulated conformal gravity on noncommutative spacetime. The presupposed gravity action consists of
the conformal Weyl gravity action and a special Brans-Dicke action, where the prefactor of the coupling term between
the Ricci scalar and the scalar field has been chosen in such a way that its transformation cancels the transformation of
the kinetic term of the scalar field under conformal transformations. The geometry of the noncommutative spacetime
has been assumed to be described by canonical commutation relations of the coordinates. To treat the gravity action
as field theory on noncommutative spacetime, the moyal star product approach has been used, which is based on
Weyl quantization and maps products of fields depending on noncommuting coordinates to generalized products
of these fields depending on usual commuting coordinates and the tensor determining the nontrivial commutation
relations of the coordinates. If the conformal gravity action were reformulated by just transforming usual products
to moyal star products, conformal invariance would be spoiled, because the products within the transformation
rules containing the gauge parameter have to be transformed to star products, too. To maintain a certain local
symmetry on noncommutative spacetime, conformal symmetry in the special case considered in this paper, Seiberg-
Witten maps have to be introduced mapping the fields to generalized fields depending on the original fields and
on the noncommutativity tensor and mapping the gauge parameter to a generalized gauge parameter. Accordingly,
the corresponding Seiberg-Witten maps have been formulated by using the consistency condition that a usual gauge
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transformation of the generalized fields, what means a commutative gauge transformation of the usual fields appearing
in the expression of the Seiberg-Witten map, has to be equal to a noncommutative gauge transformation of the
generalized fields with the generalized gauge parameter. Whereas the Seiberg-Witten map of the scalar field maps the
usual scalar field to itself implying that the noncommuting quantity equals the usual quantity, the gauge parameter as
well as the tetrad field describing the gravitational field and the inverse tetrad field are modified decisively. Replacing
the usual coordinates by the noncommuting coordinates, replacing the corresponding products of fields by the moyal
star product and inserting the obtained Seiberg-Witten maps to the gravity action have yielded the generalized gravity
action from which the field equations of gravity can be extracted. Since the Seiberg-Witten map of the tetrad field also
contains the scalar field, this leads to a very complicated interaction structure between the tetrad field and the scalar
field, because the generalized Ricci scalar as well as the generalized Weyl tensor depend on the scalar field. As theory
on noncommutative spacetime the presented conformal gravity theory could be seen as a classical approximation
to a fundamental quantum theory of gravity, where the problem of nonrenormalizability does perhaps not appear.
If the conformal symmetry would be interpreted as fundamental symmetry, the theory should be combined with a
conformal invariant version of the standard model. In combination with a further scalar field, the Higgs field of the
standard model coupled in an appropriate way to the other scalar field for example, and under presupposition of self-
interaction terms of fourth order for the scalar fields, the gravitational constant could be generated by spontaneous
symmetry breaking without violating conformal invariance and this would lead to the usual Einstein-Hilbert term
on noncommutative spacetime. The application of the modified gravity theory to cosmology could yield a possible
explanation of the acceleration of the expansion rate of the universe.
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