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Abstract

The wall crossing formula of Kontsevich and Soibelman gives an implicit relation between
the BPS indices on two sides of the wall of marginal stability by equating two symplectomor-
phisms constructed from the indices on two sides of the wall. The wall crossing formulee of
Manschot, Pioline and the author give two apparently different explicit expressions for the
BPS index on one side of the wall in terms of the BPS indices on the other side. We prove the

equivalence of all the three formulee.
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Introduction

The central objects in a wall crossing formula are a BPS index in some Hilbert space H, and a

moduli space over which the Hilbert space could vary. The BPS index remains constant over

most of the moduli space but could jump across certain codimension one subspaces known

as the walls of marginal stability. When this happens, wall crossing formula gives a relation
between the BPS indices on two sides of the wall [IH39].

In situations relevant to supersymmetric string theory / gauge theory the Hilbert space

that is of relevance is the space of quantum states carrying some fixed set of gauge charges,

collectively denoted by a vector «v. The moduli space is parametrized by the asymptotic values



of certain scalar fields of the theory. If the theory also contains some global conserved U(1)
charge @, then we can define a refined index €.¢¢(y,y) which computes the index weighted by
y? for some continuous variable y. Under certain circumstances this refined index also remains
constant over most of the moduli space and jumps only across the walls of marginal stability.
For example in supersymmetric gauge theories we can define such an index by taking () to be
an appropriate linear combination of the angular momentum and R-symmetry generator [27].
In string theory, there are no global R-symmetry charges, but we can define a refined index
by taking @) to be one of the angular momentum generators [40,41]. Such an index is not
protected under a change in the string coupling, 1.e. it can jump even without crossing a wall
of marginal stability, but we could nevertheless study its jump across the walls of marginal
stability keeping the string coupling fixed at some small value. A refined wall crossing formula
is a relation between the refined indices on two sides of the wall of marginal stability. This
is more general than ordinary (also referred to as ‘numerical’) wall crossing formula, since by
setting y = 1 in the former we recover the latter.

The known wall crossing formulee take simpler form in terms of the ‘rational refined index’
defined as [14H16,142-44]

ey, ) =Y 2

m(y™ —y=m)

1 Qret(y/m, y™) . (1.1)

m|y

In the y — 1 limit this gives Q(y) = >l

refined indices on two sides of a wall of marginal stability, and by

m~2Q(y/m). We shall denote by QX;(v,y) the
+

ref

(7, y) the corresponding
rational refined indices. A wall crossing formula corresponds to a relation between Q. and
U
we can invert (L) to calculate QZ; in terms of QF, [30,33].

The charge v is a member of some charge lattice equipped with a symplectic inner product.

or equivalently between (0, and Q. We shall work with the indices Q= but if needed

Given a pair of vectors 71,72 on the charge lattice, we denote by (71,72) the symplectic inner
product between ~; and 5. This inner product is anti-symmetric under the exchange of v,
and 7, and is linear in 7y, 7. Typically the charge lattice has dimension d for some even
integer d, but for a given wall of marginal stability the relevant charge vectors for which the
index jumps across the wall are of the form ra + sf, where «, 3 are two vectors whose central
charges align at the wall and r and s are two non-negative rational numbers. We denote by
A the set of all such non-zero charge vectors in the lattice. Without any loss of generality we
can choose a convention in which (3, a) > 0 and represent ra + s € A by a vector (r,s) in a

two dimensional plane. In this convention all the elements of A are represented as vectors in



the first quadrant of this two dimensional plane, and given v;,72 € A, 71 and v are arranged
in a clockwise (anti-clockwise) order if (7y1,72) > 0 ((71,72) < 0) (see Fig. ). We denote by
Z., the central charge for any vector v € A — a function of the moduli and a linear function of
7 such that the mass of a BPS state of charge ~ is given by |Z,| — and choose our convention
such that

(11,7) Im (Z,,Z,,) <0, Vo v,y €A, (1.2)

on the side of the wall in which we label the index by QF.. On the other side of the wall
{(v1,72) Im (Z,,Z,,) > 0 and the refined index is denoted by ;. Then the wall crossing

formula, written in the notation of [30], takes the form:

ref fy y Z Z TXLt{C{Yg y 1_‘[Z 1 ref al’ ) (13)

n>1 unordered set aq,..., an €A
aq +...Fan=vy

where gref({;},y) is a function to be specified later, and |Aut({«;})| is a symmetry factor
defined as follows. If the set {«;} consists of m; copies of 1, ms copies of 35 etc. then
|[Aut({a; })| = [I, m&!. The sum in (L3]) runs over all possible unordered decompositions of
the vector v into the vectors aq,---«a, € A. However this can also be rewritten as a sum over

the ordered decomposition of the vector v into the vectors aq, - --a,, € A as follows:

D)= > geel{oih, ) [T Oelony) - (1)

n>1 " ordered decomposition as+...+-an=y

For a single argument g.f(cv;y) is taken to be 1, so that the n = 1 term on the right hand
side of (L3)) just gives QF,(v,4). The wall crossing formula for rational numerical index can
be found by taking the y — 1 limit of the above formula.

One of the results discussed in [30] is that once we use the index (2 instead of 2, the
effect of having two or more identical «;’s is captured completely by the symmetry factor
|[Aut({a; })| = [, mu!. In order to make full utilization of this fact, it is useful to regard the
«;’s as elements of a two dimensional vector space spanned by o and [, not necessarily lying
on the lattice, and g.os as continuous function of these a;’s. We shall give the expressions
for g.ef for generic non-identical, non-parallel vectors «a; lying in the first quadrant of the two
dimensional plane spanned by «, . From this we can recover the results for two or more

identical or parallel o;’s as limits of this general formula

For the KS wall crossing formula, this prescription was proved in [30] (last paragraph of §4.4). For the



M Y2 > M
O(y2,m) =1
@(71772) =0

Y2
<’Y17”Y2> >0

Figure 1: Figure illustrating the definition of v5 > 7 and ©(7yz, 7).

The wall crossing formula of Kontsevich and Soibelman (KS) [TIHI3] and Manschot, Pioline
and the author (MPS) [30] differ in their specification of the functions g..¢. Ref. [30] actually
proposed two different versions of the wall crossing formula. The first one, called the ‘higgs
branch formula’, is based on Reineke’s result on quiver moduli spaces [45] (see also [14], [46] for
related results), and the second one, called the ‘coulomb branch formula’, is based on quantum
mechanics of multiple black holes [7HI0]. We shall describe the higgs branch formula for g, in
g2l and the KS formula for g,.r in §3l In either case we shall describe the formula as a function
of generic non-identical, non-parallel vectors «; in the first quadrant of the plane spanned by
a and . The equivalence of the two formulee was tested in [30] for low values of n but was
not proven. In §4] and §5] we prove the equality of these two apprently different formulee for
Gref- Finally in §7] we describe the coulomb branch formula for g..f and prove its equality with
the higgs branch formula.

Since our higgs branch formula is based on Reineke’s formula on quiver moduli spaces [45]
and since the latter has close relationship with both the wall crossing formulae of KS [11] as
well as that of Joyce and Song [14HI6], the equality of the higgs branch formula and the KS
formula is not unexpected [47]. Nevertheless our analysis gives a direct combinatorial proof of
this equivalence. The equivalence with the coulomb branch formula is new, — to our knowledge

this has not appeared in connection with the wall crossing formula before [30].

MPS wall crossing formulee this is included in the prescription for computing gyef, and follows from the ability
to replace Bose/Fermi statistics by Boltzmann statistics at the cost of replacing Q by €. To our knowledge
this has not been proved for the Joyce-Song (JS) wall crossing formula [T4HI6], but the agreement between JS
and other wall crossing formule in explicit examples indicate that this is valid also in that case.



Notations and conventions: We shall end this section by describing some useful notations

and conventions which we shall use. We define:

<72 if (y1,72) >0
7>y if (y,72) <0

_ 1 for 71>
9(71772) - {0 fOI' o < Yo . (15)

Thus for example if (7y1,72) follows a clockwise order then v; < 75 and O(y2,7) = 1,
O(71,72) = 0. Since this notation will be used extensively in the rest of the paper, it will
be useful to keep in mind the physical picture shown in Fig. [Il We shall also sometimes de-
scribe the situation in Fig. [Il by saying that ~; is to the left of 75 or that 75 is to the right of
71. (L3) satisfies useful identities like:

N<Ten<ntreErntr <, Y>3 i oy >y, 2 > s,
O(m +72:m) = O(v2,71) = O(y2, M1 + 72) - (1.6)

We shall also use the symbol © to denote the usual step function of a real variable

_[lforx>0
O(z) = {Ofora:<0 ) (1.7)

Which of the two definitions we are using in any given context can be understood by examining
the argument of ©.

Since the sum in (I.3)) runs over unordered set of a;’s, we can choose a specific order of the
{a;} when we give the functional form of g,.s. We shall choose the convention in which the
{a;}’s are ordered as

<oy <z < Q. (1.8)

In other words in the two dimensional plane aq, - - -, form a clockwise order. We can also

express (LL8) as
®(ai7aj) :@(7’_])7 V’L,j (19)

Finally we introduce the shorthand notation
o = (ag, ) . (1.10)

In the rest of the paper we shall not explicitly display the variable y in the argument of g,.¢
and other functions, but it should be understood that all the quantities depend on y.
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2 ‘Higgs branch’ wall crossing formula

First we shall describe the ‘higgs branch’ formula for g.¢, which will be denoted by gniggs-
Ohiggs(Q11, - - - vy) 18 given by the Poincare polynomial of a quiver with n nodes, each carrying
a U(1) factor, and with «;; arrows directed from the i-th node to the j-th node for i < j.
The latter in turn is given by the Reineke formula [45]. The algorithm for calculating gniggs
following the original Reineke formula leads to many terms whose contributions cancel. We
shall state the result using a slightly different but equivalent algorithm given in [30] (§3.3)
where some of these cancellations are taken into account. Some applications of this formula
can be found in [48,49]

Let o(i) for 1 < i < n denote a permutation of the numbers 1,---n. gz IS given as a

sum over different permutations o. It takes the form:
—14n 1-n
Ghiggs(01, - ) = (=17 (y =y ) ZNhlggs {ai};0) (—y)&ertor®

= (_1)_1+n(_y)_zi<j ij (y o y-l)l n
23 Coille
X Z Nl(l?g)gs({al}7 U) (—y) a(lﬁiﬁ-(k) D)o (k) :

N (e} o)

k=2 i=k k=2 i=k
o(k)<o(k—1) o(k)>o(k—1)
n—1 n—1 k
= (—1)s(cr)—1 H (Z Qo(i), 01 + H O o+ - ap, Z ao(l)> )
a(k+k1;ia(k) o o(k+k1);a(k:) =1
s(o) —1—|—Z@ao s Qg (k1) —1+Z@ k) —o(k+1)). (2.1)

The © in the second expression for s(o) is the ordinary step function. It has been shown in
appendix [Al that this is equivalent to the formula derived in §3.3 of [30] which in turn was
shown in [30] to be equivalent to the Reineke formula [45]. The equality of the two expressions
for N fnggs({ai}; o) given in (2.1]) follows from a simple shift k£ — &k + 1 and the identities given
in (L.6)). Although for physical charges the «;;’s are integers and hence (2.I]) is uniquely defined
everywhere in the complex y-plane, we shall at the intermediate steps work with analytically

continued «;;’s away from integer values. In this case we shall use ([2I) to define gpiges along



the negative y-axis in the range —1 < y < 0 and then analytically continue the result to the
rest of the complex plane

Since (2.I)) will play a central role in our analysis, it will be useful to keep in mind a
physical picture of this equation. What this equation tells us is that for a given permutation

to contribute to gpiges it must satisfy the conditions:

k
Y aes < a1+ foro(k) <o(k+1)
=1

k
Zag(i) > ay+---an foro(k)>o(k+1). (2.2)
i=1
Furthermore, when the above condition is satisfied, its contribution to Nl(gg)gs is 1 or —1 de-

pending on whether the number of neighboring pairs for which (i) > o(i + 1) is even or
odd.
For n = 2 the permutations are (12) and (21). Using (2.1 we get s(12) = 1, s(21) = 2,

Ng;gs(m) = (=1)*1710(ay + g, 1) = O(a, ;) = 1 and N}(f;gs(Ql) = (=1)*CYU710(ay, a1 +
ag) = —O(ag,a1) = —1. Thus we get
Ihiges (1, @2) = —(=y) "2 (y —y )N ((—y)*™2 - 1). (2.3)

We shall end this section by summarizing some useful properties of gniges:

1. gniges contains a sum of exponents of the form (—y)zKﬂ' 5% where s;; = 1 or —1. Since
there are n(n — 1)/2 pairs of ay;’s, there are 2"("=1/2 possible choices of the {s;;}’s.

However of these only those terms which have the form:

i<j )C‘fa(i)a(j)—z i>j  Qo(i)o(j) o

(_y>za(i)<o’(]’ o (i) <o (5) (_y>zi<j o (i)o () (2,4)

for some permutation o appear in the sum. This already restricts the sum to n! terms
corresponding to n! possible choices of o. The constraints (2.2)) further reduce the number

of terms.

2A physical interpretation of the exponent > ek Qoo (k) is as follows. Let us represent the «;’s as vectors
in the two dimensional plane such that a;; is the area of the parallelogram with sides o; and o;. Then
Y ik Qo(l)o(k) is the area of the oriented polygon with sides aq(1), Qp(2), **+ Qon) aNd —Qg(1) =+ = Qg (n)-
In general the polygon can be self-intersecting in which case the area has to be taken as the sum of the areas
of each component polygon weighted with +1 depending on the orientation of the boundary of that particular
component. I wish to thank the referee for suggesting this interpretation.



2. Let A, (1 < a < 2" — 1) denote the collection of all non-empty subsets of {1,2,---n}

and let
Y=Y "0 (2.5)
i€A,
Then N}(l?g)gs({ai}; o) depends only on the relative orientation of the vectors (@ relative
to (a; + -+ -ay), but not on the relative orientations of ¥(* and ~®. This is apparent
from the fact that the argument of the ©’s appearing in (2.I)) involve only the pairs
(v, ay + ---a,) but not (7@, ®).

3. We can improve upon the above result if we focus on the term corresponding to a given
permutation o. The corresponding Nl(q?g)gs({ai}; o) depends only on the relative orienta-
tion of Zle Qo) and ag+- - -y, for 1 < k < n—1, and of course the relative orientation of
the pairs (a;, ;). All the other v(’s are irrelevant. Thus while computing Nl(q?g)gs({ai}; o)
for a particular o we can freely deform the «;’s as long as we do not change the relative
orientation between Zle Qo) and ag + -+ -, for any £, and also preserve the relative

orientation between the «;’s.

4. If a permutation ¢ appears in the sum in (2.]), then the permutation ¢’ where the order

of all the elements is reversed, also appears in the sum.

Proof: We have
d(@)=on+1-—1). (2.6)

Eq.(2J) now gives

i
L

k
Nin({aikio’) = (=1)! 9<Zao'(z),a1+---an)
i=1

n—1

k
H © <a1+-~-an,zaw(i)) )
i=1

k=1
ol (k+1)>0'(k)
n—1

k
= (_1)3(0/)—1 H s} (Z Qo(n—it1), 01 + - an>
i=1

k=1
o(n—k)<o(n—k+1)

n—1

k
H © (al + -, Z ao(n—i—i—l)) )
i=1

k=1
o(n—k)>o(n—k+1)



n

1 n
= (_1)5(0/)—1 s} ( Z Qo(j), Q1 + - 'Oén>

=1 j=0+1
o(£)<o(L+1)
n—1 n
H Olar+- - ay, g Qo(j) | (2.7)
=1 j=0+1
o(L)>o(L+1) I=

7
_
S
|

_

s(o') =1+ Z O’ (k) —d'(k+1)=14>» O(c(n—k+1)—0o(n—k))

1

i
—
B
Il

=1+ Z_:@(O'(j +1)—0o(j)=14+(n—-1)— '_ O(c(j)—o(j+1)). (2.8)
Comparing (7)), (Z.8) with (21) we get
Nis ({0 0') = (=1)" N (s} 0). (29)

showing that Nfl?g)gs({ai}' 0’) is non-zero iff Nfl?g)gs({ai}; 0) is non-zero. Since reversing the

permutation reverses the sign of >
-1

i< Qo(i)a(s) s the result given above shows that ghiges

is invariant under y — y~. This is of course expected from the fact that guniges is the

Poincare polynomial of the moduli space of abelian quivers.

Finally note that if we are interested in the ordinary (numerical) index instead of the refined
index, the relevant g is obtained by taking the y — 1 limit of (2]) [49]. This limit is apparently
singular, but given that gnigges(cu, ..., a,) is the Poincare polynomial of abelian quivers and
hence has a finite y — 1 limit, the singularities must cancel after we sum over all permutations
0. Thus if we define y = €” and expand ) Nhlggs({al} 0) (—y)2i<k @t in a power series

in v, all powers of v up to "2

must cancel. As a result we can extract the y — 1 limit of
higgs Dy picking the order "' term from the expansion of each (—y)i<k 0ot term, and

then taking the v — 0 limit of the resulting expression. This gives,

gnumerical(alu R an)
n—1
:( 1) i 21 " T X ZNgllggs {al )( )ZKk oo (k) (Z aa(l cr(k)
n <k

n—1

1
— (_1)—1+n 21—n m( 1)Zl<k0¢lk X Znggs {al (Z Qo (l)o( ) R (2.10)
<k
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where the second expression is valid in the limit when the «;’s, instead of being general two
dimensional vectors, approach lattice vectors so that «;;’s approach integers. For generic
charges (2.I0)) appears to be closely related to, but not quite the same as the JS wall crossing
formula [I4HI6). (A short review of the JS formula and its implementation can be found
in [30], section 5.) In particular in the JS formula the summand (Zz “k ao(l)o(k))n_l is replaced
by a slightly different term obtained by summing over trees. However for non-generic charges
1.e. when some «;’s — and/or their linear combinations with positive integer coefficients — are
equal or parallel to each other, the JS prescription involves sum over many more terms, while
the MPS prescription simply requires us to take the limit of the formula for generic charges
and supply the Boltzmann factor 1/|Aut({c,})| = 1/ ], ms! as described in (L3). It will be
interesting to find a direct combinatoric proof of the equivalence of (ZI0) with the JS wall

crossing formula.

3 KS wall crossing formula

We shall now describe a version of the KS wall crossing formula given in [30]. To describe the

KS wall crossing formula we introduce an algebra with elements of the form e, with v € A,

satisfying the commutation relations:

(_y)ﬁﬁ/’) — (_y)—<"/7"//>
y—y!

Let aq, - - -, be a set of vectors arranged so that a; < ap < - -+ <, 1.e. in the two dimensional

ey, 6] = K(7,7") eqqry, k(7,7 = (3.1)

representation aq, - - - oy, are arranged in a clockwise fashion. As before, we denote by {A,} the
collection of all possible non-empty subsets of the integers 1, - - - n, and define 4(® = Y ical@ O
We shall order the A,’s so that 7(®’s form a clockwise order as a increases: ® < ~v® for
a < b. Now we begin with the product e,, ---e,, and then try to reverse the order using
1), bringing this into a linear combination of terms of the form €y(a1)€ylaz) ** * € (ap) with
a1 < ag < - < ap, Y @) = 4y

ean e €a1 — Z Z h(a{l’ © Ol f}/(al)7 .. ./-y(ak)> 6«/(“1) e €V(ak) y (32)
k=1

{ay,ap}
'Y(al)+""Y(ak):O<1+"‘+an§a1<¢l2"‘<ak

for some functions h. The g, for KS wall crossing formula, denoted by gkg, is given by the

coefficient of ey, +...4q, in this expression:
grs(a, - an) = hlar, - ap;ar + - ap). (3.3)

11



For example for n = 2 we write
€ConCai = €ai€ayr + K(Q2, 1) €aytay - (3.4)

Thus we have
grs(a, az) = K(ag, aq) . (3.5)

This agrees with the corresponding formula (2.3)) for gniges(c1, a2). The equivalence of gig(av, - -
and Gniggs (1, - - - av,) has been tested explicitly up to n <5 [30].
We shall now examine if gxg also satisfies the four properties of gniges listed at the end of

92

1. We shall first show that like in the expression for gpiges given in (2.1]), each term in ggkg

can also be associated with a permutation, 1.e. gks can be expressed as

gKS(Oéh e 7Oén)

n 22 U5 (1o
= (=) (—y)” ZK]Q” 1 ZN ({ai}; 0)(—y) ooy 7

= (D)7 (y—y )T N ({au); 0’)(—y)2’<k 77 (3.6)
for some integers N%?S)({ai}; o). Suppose we begin with a pair of generators e,,, €, and
pick up their commutator. Then the coefficient of this term, besides the (y — y~!)~!
term, is proportional to (—y)®i — (—y) . The first term has the interpretation of a
permutation in which ¢ is to the left of j and the second term has the interpretation of
being associated with a permutation in which j appears to the left of 7. If we now pick
the commutator of ey, o, With a third generator e,,, then we get a factor proportional
to (—y)®ictek — (—y)~r~%k_ The first term has the interpretation of a permutation in
which the ¢ and j are to the left of £ and the second term has the interpretation of a
permutation in which k is to the left of ¢+ and 5. Thus this can be combined with the
earlier ordering (ij) or (ji) without any conﬂlctH This argument can be extended to
more general situations. Individual steps in arriving at ([3.2)) consists of manipulating a
product e e, by reversing their order where 7@ and v® are defined as in (Z5) with

non-overlapping sets A, and A,. Now while reversing the order in the product €.y (a) €(b)

3In contrast if we had found a term like az, — ok, — a5 in the exponent it would have the interpretation that
k is to the right of ¢ and left of j, and j is to the left of i. Clearly there is no arrangement of 4, j, k satisfying
these requirements.

12
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the commutator gives €., multiplied by a factor proportional to (—y)<7(a)”(b)> —
(—y)<7(b)’“’(a)>. The first term can be regarded as coming from a configuration where all
the elements of A, are to the left of all the elements of A, and the second term can
be regarded as coming from a configuration where all the elements of A, are to the
right of all the elements of A;. Suppose further that earlier, while arriving at e, by
combining e,, for i € A, we have gotten a sum of terms each of which can be associated
with the permutation of the elements inside A, and a similar relation holds for €.y0) -
When we multiply these by the (—y)7“ ™) — (=)0 2) factor, individual terms in
the product will correspond to specific permutation of the elements inside A, and specific
permutation of the elements inside A, and on top of that all the elements of A, could
be to the left of all the elements of A, or all the elements of A could be to the left of
all the elements of A,. Thus each term multiplying €.y(a) () CAL be regarded as coming
from some permutation of the elements of A, U A,. This now shows by induction that
at every stage of the manipulation that leads to the KS formula for wall crossing, we
produce a set of terms each of which can be associated with a permutation of the «a;’s
involved. As a result the final expression for gks must also contain only those powers of

y which have the interpretation of being associated with a permutation as in (3.6). We

shall see this more explicitly in (54), (&.5), (&1).

. Like gniggs, gxs is also a piecewise analytic function of the o;’s. The form of the function
depends on the relative orientation between 4 and a; + - - -, and is independent of
the relative orientation between the v(®’s. This was proved in [30], but for completeness
we shall repeat the proof. Let us suppose that by manipulating the product e,, - - - €q,
we have brought it into the form ([B2). Since x(7,7’) is an analytic function of ~, 7/,
it follows from (BI) that the coefficient of e, 1..q, in this expression, which is given by
sum of products of x(y,7) with v = > .., o, v/ = Y, 5 o for some subsets A and B
of {1,2,---n}, is an analytic function of the a;’s inside a chamber in which the relative
order of the v(®)’s is fixed. Now suppose that we deform some of the a;’s to make a pair of
7(@)’s switch their relative orientation but none of the v(%)’s cross the ray corresponding to
a1+ - ay,. In particular let us suppose that the relevant pairs are 4 and (¢, and that
the deformation takes us from 7 < v(¢) to 4 > () In this case v and () are either
both on the left or both on the right of a1 +- - - a,,. Let us for definiteness assume that they
are both to the left. Now to bring the products of €.()’s to the standard order we need to

express the product e, e, inside any term as e, e 0 + /{(W(b), 7(0))67(1)) 40 . However

13



since y(b) and 7(0) are both on the left of a1+ - - a,,, the extra term proportional to €.y(b) ()
can never give a factor of e, ..o, Thus under such deformations ggs(as, - - - a;,), which
is the coefficient of e,, ..o, at the end of this manipulation, remains unchanged. This
shows that gkg(aq,---a,) is a piecewise analytic function of the a;’s, with the form of

the function determined by the relative orientation between the 4(®’s and oy + - - - a,.

3. As in the case of gniges, One can improve the result if we focus on a term corresponding
to a given permutation . We shall show that in this case the coefficient depends only
on the relative orientation of Zle Qo) and oy + - -+, for different values of k, and
not on the relative orientation between 7* and a; + - - - a, for other v(?’s. To see this
let us again suppose that by manipulating the product e,, - --e,, we have brought it
into the form (B.2). Now suppose that we deform the a;’s so that a specific v(*) crosses
a1+ -, from left to right. At the same time the vector ) = o +- - - o, — (@ crosses
a1+ - -« from right to left. Before deformation the generators e, and e, ) would have
been arranged in the order €.y(@) €0 but after the deformation we need to reverse their
order picking up a term proportional to {(—y)®” ™) — (=)0 Ne, .. The first
term has the interpretation of all the elements in the set A, being to the left of all the
elements in the set A, (which is the complement of the set A,) and the second term has
the interpretation of all the elements in the set A, being to the left of all the elements
in the set A,. Thus such a term can change the coefficient of a term associated with
the permutation o only if in o all the elements of A, are to the left (or right) of all the
elements of the compliment of A,. In other words A, must contain a set of k elements
to the left (or a set of (n — k) elements to the right) for some integer k. This shows that
the coefficient of a term associated with the permutation ¢ in ggs can only depend on
the relative orientation between o,y + - - k) and oy + - - -y, for different integers %

but not on the relative orientation between v and ayq + - - - a, for other sets A,.

4. Finally we turn to the fourth property of gniges which states that if a permutation o
appears in ghiges then its reverse permutation will also appear. As discussed at the end
of §2) this is equivalent to proving the symmetry of gpiges under y — y~*. This property
is automatic in gkg since the y dependence arises from the (71, 72) factors which are

manifestly invariant under y — 3L,

In the next two sections we shall prove the equality of gks(aq, - - y,) and ghiggs(aq, - - - )

for generic charge vectors {;} for which all vectors of the form }._, o; for different subsets
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A of {1,---n} are strictly ordered. The special cases where some of these vectors are parallel
or identical to each other are then obtained as limts of this generic case. One question that
arises naturally is whether the limit is well defined, 1.e. whether it could depend on which side
we approach the limit from. This is somewhat obscure for the expression (Z1)) for gpiges since
it involves the step functions which jump discontinuously as the relative ordering between the
vectors in the argument switch. However for gks defined through (3.2), (3.3) it is clear that
the limit is well defined, since the effect of switching the order between two vectors v and +/
vanishes as v and 7’ become parallel to each other: e,e,, — e, e, when v and ' are parallel.
Thus for example if we approach a configuration where two vectors «; and «; become parallel
to each other, then the left hand side of (3.2) is independent of whether they approach this
configuration from the a; > «; side or o; < «; side. Similarly if a pair of 7(®’s become
parallel to each other, then h(aq, - a,; 1 + -+ a,) appearing on the right hand side of (3.2))
is independent of how this limit is approached. Eq.(3.3]) then shows that for gkg the limit to
degenerate configuration of vectors is well defined. The equality of gks and gnigs for generic
vectors, which will be proved in the next two sections, then implies that even for guiges the
limit to degenerate configurations of vectors is well defined, 1.e. it does not depend on which
side we take the limit from.

We must reemphasize however that for degenerate configurations of vectors ghiges must be
defined as a limit of (2.I]) for non-degenerate configurations. For example if we were to write
a computer program for computing gpiges, the algorithm must involve adding to the «a;’s some
randomly generated two dimensional vectors of small magnitude — which makes the configu-
ration non-degenerate — while computing Né;ggs({ai}; o), but while computing the exponent
> <k Qo()o(k) Of (—y) we can continue to use the original vectors. For a fixed permutation
o the quantities ngi"g)gs({a,-}; o) may depend on the choice of the random vectors which we
add to the «;’s, but the argument of the previous paragraph shows that the final result for

Ghiggs (@1, - - - v, ) Will be independent of this choice.

4 Recursion relations for the KS wall crossing formula

We shall now derive a set of recursion relations for gis(aq, - -ay). Since y(@ = Y ic A, Qi 1t
is clear that the e ) factor in (3.2]) arises as a result of manipulating the product of e,,’s for
1 € A,, to bring it from the anti-clockwise ordering to the clockwise ordering. Furthermore

the result of this manipulation is not affected by the «;’s outside the set A,, and hence gives
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a factor of gxs({au,i € A,}). Thus we get

k
h(Oélu c Oy 7((11)7 o fy(ak)) = HgKS({ai7 1€ Aaz}) . (41)
=1

Using this we may rewrite ([3.2)) as

n

k
ean P eal = Z Z (H gKS({azg 7/ S Aaz})) e—y(al) .. e'}/(ak) . (42)
/=1

k=1 {a1,ay}
2(01) 4y (O g ot sy <ag-<ag
We shall now use (42]) to derive a recursive procedure for determining ggs. Suppose we
know the result for ggs(a,---ay). Then to find gks(aq, - @, app1) with o < ag < -+ <
Qn < Qpg1, we multiply eq.(f2) from the left by e,,,,, and then try to rearrange the right
hand side by moving e, , to the extreme right, so that in each product the e,’s have their v’s

in clockwise order as we move from left to right. For example in the first step we write

a
Coarn i1 €la1)Exlaz) *** Exfa) = Eqfa)Cappay Extan) * ** Extar) T K Qg1 V) tar) pa 1 Etaz) * € fap -
(4.3)

In the next step we manipulate the first term as

ey(al)eawrl 6«/(“2)6«/(“3) e e-y(ak)

(az))

€./(a1) €xyfa2) Cap 41 €otaz) * ** Exfa) F R(Qnt1, 7' %) € a1) € fa2) gy Elan) *** Etag) - (4:4)

For the second term of (&3] we have to consider two possibilities. If ¥() + a,; < (%) we
already have all the terms in the product in the correct order and we can stop manipulating

this term. On the other hand if v(*) 4 a,, 11 > 7(*) we write

a
H(Ozn_H, ’)/( 1))67(111)_‘_0%“ €qlaz)€qlaz) * ** 6,\/(%)
a
= H(Ozn_H, ’)/( 1))67(112)64{((11)_’_&7&1 Eqlaz) * " 6,\/(%)
(g1, V) B (1 + 772N 1) 02) 4y Elan) 7 ot - (4.5)

In the next step we shall need to manipulate the product of e ;) with the terms to its left
and so on.

To extract gis(ai,---ay41) from this we have to determine the coefficients of ey, +..a,,, -
Now by examining (4.3 we can see that the first term on the right hand side can never

contribute to this sum. This is because we have 7@ < a1, v@2) ... ~4(@)  Thus whatever

16



manipulation we do to bring €.y(a1) €y g Exlaz) * * * Exlan) in the clockwise order, the €.y(a) will never
be involved in the manipulation and continue to sit at the left. Thus every term that we get
from this will have an e, @) factor at the extreme left and we shall never get eq,4..a,,,,- By
the same logic, the first term on the right hand side of (5] will never produce eq, ..q,,,- By
repeated use of this logic we see that the only term in €4, ,,€,(1)€ @) * * - €, @) proportional to

Can+any1 1S given by

5(i1, YOV K (g +7, 792)) k(g + 7O - - (1) (@) €ar, 1 antar) pogtar) 5 (4.6)
and furthermore this term exists only under the condition

an_i_l_'_fy(al) > ,y(az)’ anH_'_fy(al)_i_,y(@) > 7(03)’ . anH_'_fy(al)_'_. . ,,y(ak,l) > fy(ak) . (47)
Using (4.2) we now get

grs(ar, - app1) = Z (H gxs({ai, i € Aag}))

k=1 {a1,ap} (=1
-y(al)+...-\/(ak):a1+...+an; ay<ag--<ay

XO(ps1 + ~la1), W(GQ))@(OMH + ~(a1) 4 A la2) 7(CLS)) O + MO .7(%71)’7(%))
XK’(O‘n-i-la 7([11))'%(0‘714-1 + 7([11)’ 7((12)) Y '%(O‘n—i-l + 7(a1) +e 7(%71) ) 7(%)) ) (48)

3

where ©(71,72) has been defined in (L5)).

5 Equivalence of KS and ‘higgs branch’ wall crossing
formulae

We shall now prove the equivalence of gixg and gpiges using the method of induction, 1.e. we
shall assume that gixs(ou, -« - Q) = Ghiges(Q1, - - - ) for m < n and then prove the result for
m = n + 1. The equality of gks(a1, ) and ghiggs(a1, @) will then imply the equivalence of

gxs(oa, -+ - 0y,) and Gniggs(v1, - - - v, for all n.

5.1 gks as a sum over permutations

Assuming the equality of gks(ai, ) = ghiggs(1, -+ ) for m < n we can replace gks by
Oniggs ON the right hand side of (4.8) and get

n

grs(an, - ompn) = Y > <H niges({vi, 1 € Aae}))

K=1 {a1,rag}
’Y(al)+""Y(O'K):al+"'+an§ ay<ag-<ap
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XO (1 + ’y(al), 7(“2))@(04”_1_1 + fy(“l) 4 fy(fl2)7 7(03)) - O(gy + fy(fll) 4. .fy(a‘Kfl)’fy(aK))
xhi(Qne1, YD) (g + 7, D) R A gl A e), (5.1)

Note that we have replaced the summation variable k£ by K since soon we shall use the variable
k for other purposes. Let n, be the total number of elements in the set A, and let I 1(a), = -IT(L?

be the elements of A,, ordered so that I l(a) < Iz(a) < I% After substituting the expression
for ghiges given in (2.1) we get

n

gis(on, i) = D . ()" Fy—y

K=1 {ay,ak}
-Y(al)+...W(GK):Q1+...+O¢”; a1<ag-<apg

K nal—l k Ta,
S I T e(SewX o)}
) 4 /=1 k=1 7=1 / 7j=1 !
o(Aaj)Z Ay, ¥k o (1)) <o (1000
K nal—l Na, k X«
{ H H © < Z O‘C—r([;w)a Z a&([}(“ﬂ)) }(_Q)Zkﬂ 2t ha 1<V F 030
=1 _<I(az)>k:;<l(az)) i=1 i=1
k+1 k
Nay— a a K-1
(—1yZ i el (n ”)‘5(%’“’1)))] X { O (s + 71 4 - ylaw) ylar)) }
k=1
K
H <( y)ZieAal An1)it il ZjeAal,ieAar Qij (_y)— ZieAal AUnt1)i— 20l ZjeAal,ieAar aij)
/=1
x(y—y )" (52)

where in the expression the sum over & denotes sum over a restricted set of permutations each
of which permutes the elements of the set A,, among themselves for every k. We shall now
express the factor in the last but one line of (5.2)) as

K

H <(_y)2ieAg AUnt1)it i) 2jeAay i€ Aay Vi _ (—y

(=1

0—
)ZieAaZ O‘i(n+1)+2r:11 ZiGAal JEAay Oéij) (5 3)

and expand this as a sum of 2% terms. After substituting this into (5.2)) we get

ng(Oéh e 'an+1)
n

= (-D)"(y—y )" > (-F
K=1 {ay,ax)
'y(a1)+---’y(aK):a11+---fan;a1<a2---<aK
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nal—l Na,

K
Z |:{H H (ZOL(I(%) ZOL(I(%) )}
H(Aag)Zhay vE o (1)) <o (1)

TLal

Nay,—
{H H (ZO‘ (£"ey ZO‘ ,w)} y)z’}"{:lZ“»lEAak,l<l'%<w&u')
(CORICY

(—1) T T o (e (1) (n (1‘3))} X 1:[ O (angr + 7 + - - yla) ylonsn)

q=0 {s1,'s¢}
1<s1<sg-<sq<K

£—1 £—1
(_y>ZZ#sl,---Sq (ZieAaZ Ci(nt1) T2 ZjEAar,ieAal aij)‘*‘Zz:sl,--.sq (ZieAaZ Ant1)itD =1 ZieAar,jeAal aij)

(5.4)

Here s1, - - - s, are the values of ¢ in (5.3]) for which we pick the first term of the factor, where
for the rest of the values of £ we pick the second factor. The prefactor of (—1)"(y —y~)™™ on
the right hand side of (5.4]) matches a similar factor in (21) with n replaced by n+ 1. Leaving
aside these factors the net power of (—y) in a given term in the right hand side of (5.4]) is given
by

Z Z A5 (1) (1) + Z Z Ai(n+1) + Z Z Q(n+1)i

k=1 U,lcAq, =1 zeA l=51," sqzeA
i<l L#£s1,5q
K /—1
+ Z S Y ar XY Y (5.5)
=1 r=1 j€Aa,,i€Aa, l=s1,+8q =1 i€Aq, ,j€Aq,
L#£sq,"

This can be expressed as
n+1

Z Ao (i)o(j) 5 (56)

i,5=1
1<j

where o denotes a permutation of {1,---n + 1} given by

Qi

{0(1)7 o 'U(?’L + 1)} = {6(AGK)7 o '5(Aasq)> o '5-(4{1131) o '5(Aa1)>n+ 1,5’(Aa51), e (Aasq)}'

(5.7)
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7(A,,) contains the elements of A,, ordered according to the permutation & restricted to the
set A,,. The symbol 6(A,,) denotes that the corresponding 7(A,,) is missing from the list,
since it is placed on the right hand side of n + 1.

We shall now try to reorganize the sum in (54 by first summing over all contributions
corresponding to a given permutation o of (1,---n + 1), and then summing over o. Let R
denote the position of n 4+ 1 on the right hand side of (5.7)), 1.e. o(R) = n + 1. We introduce

sets of integers
By ={1,---I, -1}, By={L,---Iy—1}, -+ B,={l,1,---(R—-1)}, (5.8)
and
Co={(R+1),---J1 =1}, Cpa={J1,---J—1}, -+ Cr={Jy1,---(n+1)}. (5.9)
for appropriate integers Iy,---I,_; and Jy,---Jy_y withp=K —qand [} < I < --- [, 1 <
R<Jy < Jy <--- < Jyisuch that
{o(Bo)}, - {o(By)}} = {{o(Aa)}s - {0 (Aa,, )}, - {0 (e, )} - {0 (Aa)) 1}
{{o(Co)}, - {o(C)}} = {{o(Aa,)} - {0 (Aa,, )1} (5.10)

as ordered sets. Thus o(B,)’s correspond to the sets of 6(A,,)’s in (B.7) to the left of (n + 1@
and o(C,)’s correspond to the sets of 7(A,,)’s in (&.71) to the right of (n+ 1). We also define

( Zf;l Qg fora=1
0 = N tpn =4 Lith Mo forp—1>a>2,
- R—1
1€B, \ Zizlp,l Qg (i) for a = D
(R G0 fora=g
7@ = N = Z;’g,j:;‘l gy forg—1>a>2. (5.11)
e’y L Zi:z}qfl aa(i) fora=1
The §(@’s correspond to the (%)’s for i = K, K — 1,-+-, #,,-++, #1,---1 and 7(?’s correspond
to the y(%)’s for i = s,,8,_1, -+, 51 in (G.4). A pictorial representation of this arrangement can
be given as follows:
B B, R c, o)
ol ol ol ol ol
{o(1),--- ol =)}, {o(lp-1), - o(R=1)},0(R) {o(R+1),---o(Ji = 1)}, - {o(Jg-1),---o(n+ 1)}
5O .. 5®) _— @) . L)

(5.12)

4We shall use the same index a for By, Cq, 6@ and 7(@). However it should be understood that for B, and
5@ the index runs from 1 to p and for C, and 7() the index runs from 1 to g.
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The last row describes the sum of all the a,(;)’s in the sets in the last but one row. The

partitioning described above must satisfy the following constraints:

1. The restrictions a1 < as < ---ax and s; < sy < ---5, in (5.4)) translate to the following
restrictions on {6}, {r(®}.

B L o e A (5.13)

2. Let us denote by 7% (1 < k < p+¢) the set of vectors {§),---6®) 71 ... 7@} ordered
so that 7 < 3@ < ...5(+9  Thus we have 3%} = (@) and the third set of ©’s in
(54) imposes the constraints:

~(k+1)

py1 +3D 4 AR S 3 for k=1,2,---p+q—1. (5.14)

Using (L.6) this is equivalent to the condition

a1 A > @ + Y +7@ > s AW + 7@ 4 43D =5 (5.15)

3. Since for I, 1 <k < 1,—1, k € B,, which is one of the A,,’s appearing in (5.4)), the first

and second set of ©’s in (5.4]) impose the constraints:

k k
5@ > Z ag@y for o(k+1)>a(k), &% < Z ayq) for o(k+1) <o(k),
i=Ilg—1 1=Iq—1

I <k<I,—2 1<a<p, Iy=1 I,=R. (5.16)

4. Similarly since for J,_1 < k < J, — 1, k € Cy_441, which is one of the A,’s appearing in
(54), the first and second set of ©’s in (5.4) impose the constraints:

k
T(q-}-l—&) > Z ad(]) fOI' U(k + ].) > O-(k;)7
j:Jafl

k
rlatl-a) < Z Aoy for o(k+1) <o(k),
j:Jafl
Ja—lSkSJa_2a 1§a§qa JOER+1> JqEn_‘_2

(5.17)

Note that under the reversal of the permutation associated with o the roles of 7(%) and

5@ get interchanged.
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We can now run the arguments in reverse to find an algorithm for computing gks as a sum
over permutations and partitions. Given any permutation o, we consider all possible choices of
the sets B, and C, encoded in the choice of the integers p,q, I1,---Ip—1, J1,- - - J4—1. It is easy
to see that for a given choice of o and the integers p,q, I1,- - - I,—1, J1, - - - J;—1, the summation
variable K = p 4+ ¢ and permutations & in (5.4) are completely fixed. We then need to verify
if the corresponding {0¥} and {7(®} satisfy the four conditions mentioned above. If they
do then we shall call this choice of {p,q, 1, I,—1,J1, - J,—1} an allowed partition. The
net contribution for a given ¢ is then obtained by summing over all the allowed partitions
weighted by the factors which appear in (5.4]). With the help of (5.6]), the contribution to

grs(ai, -+ auyq) given in (B.4) may then be written as
gxs(an, ..., aper) = (=1)" ZN(”H ({ai}; o) (—y)Zi<k Cowat) (5.18)

where

n+l ({al} o) = Z (_1)q+22:1 ka+ZZ:1la, (5.19)

allowed partitions

ko= > O(k)—olk+1), L= >  O(k)-ok+1). (5.20)

k€Ba,k+1€B, keCq, k+1€Cy

Our goal will be to show that Ng; Y({a;};0) defined this way agrees with the coefficient
Nl(n?g; ({a;}; o) given in ([ZT)).

5.2 Deforming the «;’s

As mentioned in §I], we have taken the «;’s to be generic so that they have finite length and the
angle between two vectors of the form ). s, i and Y ic s, @i for any pair of non-overlapping
sets Si, Sz is non-vanishing. We have also seen that neither the result for Ny ("+1 ({a;};0)
nor the result for Ngfg; ({ai}; o) changes under a deformation of the «;’s which preserves the
relative orientation of the «;’s and the relative orientation of Zle Qs(;) With respect to Z:Hll «;
for all k. Our strategy now will be to use the freedom to deform the «;’s and by this process
bring some of the angles and lengths arbitrarily close to zero — much smaller than the angles
and lengths in the starting configuration. Since the angles and lengths which we have brought
arbitrarily close to zero are now much smaller than the other angles and lengths which we do
not change during the deformation — which we shall refer to as generic lengths and angles —

the computation of N "H )({a;}; o) given in (510) will simplify in this new configuration. We
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shall then compare this N("Jrl ({a;};0) to Ngfg; ({a;}; o) obtained by replacing n by n+ 1 in
€1
For notational simplicity it will be convenient to define the following quantities associated

with a given permutation o:

n+1

k
Za], Bo=> a, forl<ik<n+1. (521)

O = Qlg(5), o=

|| M-l—

In this notation we have the ordering
a, >a; ito(i)>o(j) = O, a;)=0(c(i)—0o(j)). (5.22)

The allowed deformations are those which preserve the relative ordering of the a;’s and the
relative ordering between (5 and & for each k.

Now if we deform all the a;’s at once, or even a pair of a;’s which are not placed next to
each other in the chain {ay, - - - @,11}, it will change many 5;’s at once, and we need to ensure
that none of these (3;’s cross over from one side of & to the other side. For this reason we shall

deform the «;’s in nearest neighbor pairs: take a pair (o, @j41) and deform it to
(@) + Aqy, @y + Najpa) (5.23)
with (A, \') a pair of real numbers satisfying the following conditions:
AN > —1.

2. Aaj + Naji; o a. This condition determines A in terms of A and makes this into a one

parameter deformation.
3. At least one of A or X is negative. We can for definiteness take A\ to be negative.

Clearly (5.23) and the first condition above ensures that in the new configuration o, a;i;
preserve their directions. The first and the second condition ensure that with the new «;’s, the
new & remains parallel to the original @ and continues to be directed along the first quadrant.
Finally the third condition ensures that at least one of the vectors among &, a4 reduces its
length during this deformation. We have taken this to be the vector a;.

Now during this deformation all the ;’s for k < j are preserved, while we add a vector

Ao+ Najp o< a to the Bi’s for k > 5+ 1. Thus the §;’s for k < j and k > j cannot cross @,

23



and as long as 3; does not cross the vector &, this map preserves Ng; Y and NP We can

higgs
increase the magnitude of the deformation till one of the following situation is encountered

n+1)
iggs

we must stop the deformation infinitesimally before 8; becomes exactly parallel to . In

1. The orientation of 3; may approach that of &. In order to preserve NI(%H) and N}E

this case we shall say that ; has become almost parallel to o.

2. a; may approach zero. In this case 8; = ;-1 + &; — B;_1. Thus such a situation can
arise before we encounter the first possibility only if 3; and 8;_; were on the same side
of & to begin with. As before we need to stop the deformation infinitesimally before o

becomes exactly zero. In this case we shall say that &; has been made almost zero.

3. a;+1 may approach zero. In this case 8; = 841 —a;+1 — (41 and hence such a situation
can arise before encountering the first case only if 8; and ;41 were on the same side of

@ to begin with. In this case we shall say that a4 has been made almost zero.

If 3; becomes almost parallel to @ first we stop the process here. Otherwise we can continue
the process as follows. If we have made c; almost zero then we can repeat the process with the
pair (&;_1, @j11). The deformation will now affect both 5,1 and 3;, but 8; = 5,1 + &, is now
almost equal to 5;_1, and as long as we ensure that the deformation does not take 3;_; across
@, f; also does not cross &. Similarly if a;y; has been made almost zero, we can continue
the analysis with the pair (a;, @;;+2). Repeating this procedure we see that at any stage we
work with a pair (ag,ay) (kK < j < £) with all the intervening a;’s zero. This process stops
when [, becomes almost parallel to &@. Once this happens, all the other §;’s for k < ¢ < £
(including the f8; associated with the starting position) also become almost parallel to & since
the corresponding «;’s have already been made almost zero. We note furthermore that by our
previous argument (points 2 and 3 above) the chain cannot continue past a point kg for which

Bro—1 and [k, are on the opposite sides of a. The situation can be represented as

position 7 k k+1 k+2 -+ (-2 (-1 /
& ~ . 0 0 - 0 o -, (5.24)
B; Y @ @ a - a a

5Since our initial choice of vectors were generic we need not consider the case where two of these events
occur simultaneously except when it is occurs as a result of some identity that holds for generic {«;}’s.
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with all the 3;’s for k <i < ¢ being on the same side of &. Here the symbol ?|| denotes ‘almost
parallel to’. The only exception to this is when in the above diagram Kk =1or ¢/ —1=n+ 1.
Such a situation can arise if in the starting configuration all the 3;’s for i < j were on the same
side of & or all the 3;’s for ¢ > j were on the same side of @. In the former case we may arrive
at a configuration in which all the a;’s and (;’s for 1 < 7 < £ are almost zero but none of the
B;’s are almost parallel to a. In the latter case we can arrive at a situation where all the a;’s
for k < i < mn+ 1 are almost zero and all the f;’s for k£ < i < n are almost equal (and hence
almost parallel) to @ since by definition £, = a.

In what follows, the neighborhood of the location of a1 will play a special role. We shall
denote the position of a1 by R, 1.e. ag = a,+1. Thus R marks the maximum of o(i). We
shall carry out the manipulation described above by taking our starting pair to be (R — 1, R).
Except for the special cases mentioned in the last paragraph, which will be discussed separately
later, at the end of the manipulation we shall arrive at a situation where Sr_; and possibly
some other (;’s around it have been made almost parallel to &, and some of the «;’s around R
have been made almost zero. If the set of points where a; becomes almost zero includes also
the point R, then we do not carry out any further deformation of this system. If on the other
hand it does not extend beyond R —1 (e.g. for the case when fg_; and g are on the opposite
sides of &) then we start with the pair (R, R + 1) and carry out a similar manipulation. At

the end of this process we can have several situations:

1. Generically we would get a configuration in which we have

position rP-1 P P+1 P+2 --- R—1 R --- Q-2 Q-1 @
a; ~ . . 0 0 0 0 --- 0 0
Bi | : a a a - a a - @ a :
(5.25)

for some positions R > P > 1 and R < ) < n+ 1 in the chain. Furthermore all the ;s
for P < i < R—1 must be on the same side of @ and all the ;’s for R < i < ) — 1 must
be on the same side of &. Whether these two sets of 3;’s lie on the same side of & or not
depends on whether in the initial configuration Sg_; and Sy lie on the same side of & or

not.

2. If in the starting configuration all the §;’s for ¢ < R — 1 are on the same side of & then

the chain may continue all the way to the left, setting all the a;’s for ¢ < R — 1 to almost
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zero. Similarly if all the ;’s for ¢ > R are on the same side of & then the chain may
continue all the way to the right setting «; to be almost zero for all © > R. We shall

consider these special cases separately.

It is useful to note that under a reversal of permutation, the role of 3 is played by Z":]l Q; =

@ — fBj_1. Thus to see the role of reversing the permutation we can express (5.20) as

position R -1 -2 -3 --- R R—-1 --- P4+1 P P-1
Q; ~ . 0 0 0 oo 0 0 0
a—pio1 Y a a a a -oa a -«
(5.26)

Comparing (5.25) and (5.26) we see that the roles of the points P and () are exchanged under

a reversal of permutation.

5.3 Constraining the permutations and partitions

We shall now show that by making use of the deformations described in §5.2] we can put severe
restrictions on the permutations o, as well as the choices of the sets {B,}, {C,}, which can

contribute to N E?SJF 1)({ozi}; o). In particular we shall show that

. N ({a,}; 0) vanishes unless

ﬁR—l <a< ﬁR. (527)

Combining this with the previous results we can also conclude that we must have

G <afor P<i<R-1, Gi>afor R<i<Q@Q. (5.28)

2. For a configuration satisfying (5.27)) the choice of the sets B; and C; described in (5.8)),
(5:9) must be such that
L>P+1, J,.<Q. (5.29)

Thus Bj should include at least the elements (1,2, --- P) and C; should include at least
the elements (Q,Q + 1,---n+1).

3. In order that a permutation contributes to N E?SJF Y we must have

3 {<5zfor ok+1)>o(k), 1<k<P, (5.30)

>aforo(k+1) <o(k), ’

26



Q<k<n+1. (5.31)

< aforolk+1)>o(k),
B >aforo(k+1) <o(k), ’

Proof of (5.27)): If Sr_1 > & then clearly Sg = Br_1 +ar = Br_1+ @ni1 > @. Thus to prove
(527) we only have to show that Ngsﬂ) vanishes when g, Br_1 > @ or Br, fr_1 < @. These
two cases are in fact related by permutation reversal, so it is enough to consider one of them.
We shall consider the case Br_1, Or < a.

We proceed as in §5.2] reducing &;’s for i < R one by one by starting with the pair (R—1, R).
As we have seen, when (p is almost parallel to & with all the o; for P < i < R—1 almost zero,
then all 8y for P < k < R — 1 become almost parallel to a. In particular we have Sr_1 ~ ca
for some positive constant c. If at this stage ar = «, 1 has finite length, then we shall have
Br = Br_1+ar >~ ca+a,_1 > a, contradicting our assumption that the starting configuration
has Sr < &. This shows that before we reach the stage where Sp becomes almost parallel to
@, ar = a,11 should become almost zero. Let us stop the deformation as soon as ar becomes
almost zero and try to check if the required conditions are satisfied by any choice of the sets
{B,}, {C,}. Since we have stopped the deformation at a stage where some of the &;’s may be
almost zero but none of the f3;’s are almost parallel to @, at least 6V and 7™, which can be
identified as 3;,_ and & — 3;,_,—1, remain generic. Now (5.I3) shows that when we order the
5@’s and 7(@’s into the sets 7% with 31 ... 3P+9) in the order 3V < A?) < ... < FP+a),
then 7®*9 must be either 6 or 7Y depending on whether § > 7 or 7() > ¢ Thus
7®+9) and hence also @ —7P*9 = q,, 1 +70 +53 4. .. 5¢+2=1 are generic, 1.e. neither almost
zero nor almost parallel to a. In this case for £ = p+ g — 1 we can drop the «,, 1 from the left
hand side of (B.14]) since it has been made almost zero, and express (5.14) as

6(1) 4. ,a(zﬂrq—l) > @(p+q) ' (5.32)
This is in obvious contradiction to the fact that 7(*)’s are ordered as
70 «75@ <. < FtD) (5.33)

Thus we see that there is no choice of the sets {B,}, {C,} satisfying the necessary conditions.
This shows that unless (5.27) holds, N%?SJF 1)({ai}; o) will vanish.

Proof of (5.29)): We shall now examine, for a configuration satisfying (5.27), possible ways of
dividing the set to the left of R into the sets { B,} and the set to the right of R into the sets {C,}
subject to the constraints given in (5.13)-(5.17). For this we shall carry out the deformations
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all the way to the end so that the final configuration at the end of the deformation takes the
form (5.25). Now it follows from the ordering 7" < 7 < ... < 7(P*+9 that for any k we have

AW 4Gk FRHD 4 02 44 F) (5.34)
On the other hand, it follows from (5.I5) that
i+ 40 > @ — (g £ W) = L0 L 500 (5.35)

Let ko be the minimum value of k for which 7%0) is generic, 1.e. neither almost zero nor almost
parallel to @. In this case for k = ko we can drop the «,,,; from the left hand side of (5.35])

since a;,41 has been made almost zero, and express it as
AW . qtko) 5 Hkotl) 4 Skot2) 4 .. 4 Fpta) (5.36)

This is in obvious contradiction to (B.34]) for k& = k¢ showing that our initial assumption must
be wrong. In other words all the 3*)’s must be either almost zero or almost parallel to a.
Since the set {7} includes §V) = 21;11 a; and 7(1 Z?:}q,l a;, they must also satisfy this
criterion. This can happen only if I; > P and J, ; < Q since otherwise () and/or 7(!) will
involve a sum of &;’s which have not been deformed and hence must be generic. Thus we must
satisfy (5.29), and as a consequence ) and 7" are almost parallel to a.

Proof of (IBBIII) (5.31): For this we first test (5.16) for a« = 1. Since Iy = 1, we have
Zf IO = [ for k € B;. Since for i < P we have not deformed «;’s and §;’s, they are
generic. On the other hand as argued above 6" appearing in (5.16) for a = 1 is almost parallel
to a. Hence in testing (5.10) for a = 1 and k < P, replacing 6) by @ does not make any
difference. After making these replacements we get Sy < @ for o(k 4+ 1) > o(k) and fr > a
for o(k+1) < o(k) for 1 < k < P. This gives (5.30). Similarly testing (5.17) for a = g we get

(53T]) since this is related to the previous case by a reversal of permutation.

5.4 Comparison with the constraints on ¢ for non-vanishing Nhlggs ({a;};0)

The constraints on ¢ and the choice of the sets { B}, {C(@} derived in §5.3 are necessary but
not sufficient for getting a non-vanishing contribution to N n+1 ({az} o). Nevertheless it will
be useful at this stage to compare them with the constramts on o needed for Nﬁ?g; ({ai};0)
to be non-vanishing. According to (2.]) the latter constraints are given by:

5 {< aforo(k+1) > o(k),

>aforo(k+1) <o(k), for1<k<n. (5.37)
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Since o(R) = n+1 is larger than both o(R—1) and o(R+1), (537) for k=R—1and k= R
gives:
bro1 <@, Pr>a. (538)

The conditions on Sr_1, Bg given in (B.38) agree with the corresponding constraints (5.27)
required for N%"SJF Y to be non-vanishing. Furthermore, comparing (E37) with (B.30), (B31) we
see that in the range 1 < k < P and Q < k < n, the condition on (S, dx, ;1) needed for
getting non-zero N ﬁ?g—tgi)
NE?SH). Thus we need to focus on the (B, g, ags1)’s for P < k < @ — 1 and show that for
these also the conditions agree. Since all the ,’s for P < k < R — 1 are on the same side of
a and all the §;’s for R < k < @ are on the same side of @, we see from (5.38)) that we have
fr <afor P<k<R-—1and f; >afor R<k<Q@Q—1. Thus (537) takes a simple form in

the range P < k<@ — 1:

agrees with the condition on (B, ag, ax41) needed for getting non-zero

ok+1)>0k)for P<Ek<R—-1, ok+1)<ok)for R<E<Q-1, (5.39)

1e. the ;’s between P and R must be in the increasing sequence and the a;’s between R and

() must be in the decreasing sequence. Furthermore for configurations satisfying (5.39)), N}(l?g;)
given in (2I)) takes the form
Niie ({asti0) = (=1,
P-1 n
s(0)—1=(Q—R)+ > _ O(a(k)—a(k+1)+ Y _ O(a(k) —a(k+1)), (5.40)
k=1 k=Q

where the additive factor of () — R arises from the contribution for R < k < ) — 1. Thus it
remains to prove that for configurations satisfying (5.28), (5.30), (5.31)),

1. N E?SJF Y s non-vanishing only for configurations which satisfy (5.39).

2. For these configurations N5 computed from (5I7) agrees with N}(l?g;) given in (5.40).

5.5 Proof of Ngsﬂ) = Nlﬂ?;g?

We shall now compute N%?SJr Y for a given permutation o and show that the result agrees with
that of N](n?g;). We shall begin by analyzing the constraints on ay, B for k < R—1, 1.e. for points
to the left of R. By using the deformation we have set the a;’s in the range P < k < R—1 to

be almost zero but so far we have not said anything about their relative magnitudes. We now
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note that the order in which the vectors are reduced to almost zero during our manipulation is
(Qg_1,0R_2, - Qpi1), 1e. we first make ag_; almost zero, then ar_o almost zero and so on.
Thus we can arrange the deformations such that the magnitudes of the a; are arranged in the
order:

|62R_1| << |62R_2| << - <KL |ap+1|, (541)

where now the inequalities refer to standard inequalities between ordinary numbers. This leads

to the equation
Z/

d a~a, for P<{<l<R-1. (5.42)
i=t
It now follows that L
6@ = Z o ~ap, ., fora>2, (5.43)
i—Ia,fl

since we have shown earlier that I; > P and hence I,_y > P for a > 2. The condition (£.13)

and the fact that 6V is almost parallel to & now gives
a>ap >ap>--->ap, . (5.44)

Let us now examine condition (5.10) by expressing it as

Io—1 -1
6@ < Z ap@y for o(k+1)>a(k), 6> Z Qg for o(k+1) <o(k),
i=k+1 i=k+1
Li<k<I,—2. (5.45)

Using a; = a,(;) and (5.42), (5.43) we can write this as

arp,_, < agyr for agyr > ag, ap_, >apy for agy < ag,
for I, 1 <k<I,—2, a>2,
a < &kﬂ for &kﬂ > gék, a > &kﬂ for &k—i-l < gék,

for P<k<I —2. (5.46)

A similar set of constraints can be derived for the ¢;’s for R < i < ) by working on the other
side of R.
Finally we have to worry about the constraint (5.I14]). Since we have the f;’s for P < i <

R —1 and the §;’s for R <7 < () on opposite sides of @, it follows from our previous discussion
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that while manipulating the elements on the left hand side of R, the elements on the right
hand side of R remain fixed. At the end of the first set of deformations a,,.1 as well as all the
a;’s on the right hand side of R remain finite. During the second set of deformations involving
elements on the right hand side of R also «;,,,; remains finite almost till the end, and becomes
almost zero only at the very last stage. Thus its magnitude can be taken to be larger than

that of all the other almost zero &;’s. We can now consider three possible situations depending
on the value we take for k in (5.14):

1. The 7’s which appear in the sum on the left hand side of (5.14]) contains only §(’s
or 7@’s for a > 2. Since these are smaller in magnitude compared to s, while
testing (5.14]) we can replace the left hand side of this equation by ;1. In such cases
these equations hold trivially since any linear combinations of the a;’s with non-negative
coefficients is < a,,11. Let £y be the integer such that for all £ < ¢, the situation is as

described above, 1.e. for all k < €y, 3%) corresponds to either 6 or 7(® with a > 2.

2. For k = ¢, the %) in the sum is either ) or 70" depending on whether 6! < () or
7MW < §W . Let us for definiteness assume that this is 7. Now the left hand side of

(514) will become almost equal to 7Y and hence is almost parallel to &. But now the

7)7(50—1-1

is, by eqs.(5.43), (5.44) and the corresponding equations for 7(*), < @ and not almost

) on the right hand of the equation is either §(* or 7(® for some a > 2 and hence

parallel to @. Thus (5.14) still holds. The same argument holds for all subsequent values
of k till k = p+ q — 2, with the left hand side almost parallel to & and the right hand

side < @ and not almost parallel to a.

3. For k = p+ ¢ — 1 the right hand side of (5.14) becomes 7?+? = §1). The left hand
side of the equation is now @ — 6. Since both sides are almost parallel to & we need
to carry out the comparison with a little more care. For this note that (5.14]), which
requires @ — 61 > M is equivalent to requiring 6/ < a. Since 61 = F;,_; and
P<I,—1<R-1, [BE2) ensures that §) < @. Thus (5.14) still holds.

From this we conclude that (5.14]) does not impose any additional constraints on the [;’s and
ay’s once the other conditions have been satisfied. A similar conclusion holds for the §;’s and
ay’s for k > R.

We now need to compute the contribution to N%?SJF Y from the allowed configurations. The

net contribution to N%"SJF Y comes from summing the weight factor given in (5.19]) over all

31



possible choice of p and ¢ and the integers Iy, ---I,_;, Ji,- - - J,—1 subject to all the constraints.
Now of the constraints given in (5.13)-(5.17]), the constraints (5.14]) (or equivalently (B.15])) are
the only ones which involve both the sets {B,} and {C,}. Since we have argued that these
constraints are automatically satisfied when the other constraints are satisfied, the constraints
on {p, I, --I,_1} and {q, J1,---J;_1} become independent of each other and hence we can
carry out the sum over {p, I;,---I,_1} and {q, J1,--- J,—1} independently, and express (5.19)
as

b et e(a(k)—a(k+1)) NI et e(a(k)—a(k+1))
> (yFeE D IRNC = .

allowed values of allowed values of
{p.I1,Ip_1} {a, 71, Jg—1}

(5.47)
We shall first carry out the sum over p and Iy, -- - [,_;. Besides the constraints given in (5.44)),
(546]), we also need to account for the constraint (5.29) that /; must be > P + 1. Taking into
account all the constraints and introducing a new variable £k = p — 1 we may express the net
contribution as:

R-2

(—=1)%= =i O i) { [ (az+1, ) (Oéi+1,&i)> _@<d>ai+1)@<aia&i+l>]
=P
R-P-1 R-1 R-1 R-1 R—1

+ 3 >y {@(a,ah);ﬁ@(ah,&%)

k=1 DI=P+1Ilo=I1+1Is=Ir+1  I=I;_1+1

1 [@ (ai+17@>@<&i+1,ai> — (9(54,&%1)@(&@',&@'“)}

0(@na1)0(Fn) - (A d)o(@man)] . G

In this expression k& = p — 1 denotes the total number of B,’s other than B;. The first term
represents the k = 0 term where there is a single set B; containing all the elements from 1
to R — 1, and the product of the ©’s account for the constraint (5.46]). In the other terms
the I,’s mark the beginning of the set B,y as in (5.8). The product of the ©’s in the second
line of (5:48) impose the constraints (5.44]) and the ©’s in the last three lines of (5.48]) impose
the constraints (5.46]). The — sign between the two terms in the first line and the last three
lines originate from the (—1)25:1 ity Ol =oli+1) factor in (5.47). It takes care of the
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contribution from the pairs (i,7 + 1) for P < ¢ < R — 1, but not for values of i outside this
range (e.g. for 1 < i < P) which has been included as an overall factor at the beginning of
(E9).

Using the fact that O(a;, ;) = O(0(i) — 0(j)) where the second © denotes an ordinary
step function, we can convert (5.48]) into a purely combinatoric expression as follows. Let kg
be the integer for which ay, < & < aj,4+1. We now define ¢ to be any number between £y and
ko + 1. Then O(a;, @) = O(o(i) — ¢) and we may rewrite (5.48) as

)= e -o(i+D)
2

(—
r {@( (i4+1) - )@(a(i+1)—a(i))—@(C—J(i—i—l))@(a(i)—U(i—i-l))]

R—-P-1 R-1 R-1 R-1 R-1 k—1

n {@(c—a(]l))HG)(a([g) —U(Ig+1))
k=1 I =P+1I=IL+1I3=Ih+1  I=I;_1+1 =1
'1__ {@( (i+1) )@(U(H 1) — of )) . @(c— (i + 1))@( (i) — oli + 1))]
ﬁ Ilff [@ (a i+ 1)— a([@)@(a(i +1)— U(i)) - @(U(Ig) —oli+ 1))@(0(1') —oli+ 1))]
R__z [@ (a(i 1) - a(lk)>@(a(i 1) - U(i)) - @(a(lk) —o(i+ 1))@(0—(@ —o(i+ 1))} H .

(5.49)

We now make use of the identity —proved in appendix [B] - that for any function f(7) satisfying
f(@) # f(j) for i # j and any constant ¢, we have
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ﬁ o(fi+1) - ra)e(ri+1) - 1) -0 () - fi+1)e(r() - fi+1)] }

= [lett+1n-r@). (5.50)

i=1

It is easy to see that except for the factor in the first line of (5.49), the left hand side (5.50)

reduces to (5.49) under the identification N = R — P, f(i) = o(i + P — 1) and a renaming of
the variables I, to I, — P+ 1. Thus (5.49) becomes

R—2
(—1)Z= -0 TT 6(a(i + 1) — a(i)). (5.51)
=P

The product of the ©’s coincide with the first set of conditions given in (5.39).

The case where all the a;’s for 1 < i < R — 1 are almost zero requires special treatment.
In this case (5.41]) holds all the way to a; with |a;| being the largest and (5.42)) holds for
1< /< <R-—1. Thus we have 6') ~ &, and the analog of (5.49) takes the form

I1 [@ (a(i +1)— 0(1))@(0(2' +1)— a(i)) - @(c —oli+ 1))@(0(2') —o(i+ 1))]

+3° % {@(0(1)-0(11))Aﬁ@(a(15)—a(lgﬂ))

k=1 [1=2 Io=I1+1 Is=I>+1  I,=I, 141 =1

1'1:2 [@ (U(z' 1) - 0(1))@(0@ +1)— a(i)) - 9(0(1) —o(i+ 1))@(0(1') —o(i+ 1))}
ﬁhiﬁ [@ (a(i 1) - g(]g)>@<a(i +1) - a(i)) - @(U(Iz) —o(i+ 1))@(0—@) —o(i+ 1))]
R__2 [@ (a(i 1) — a([z))@(a(i 1) - U(i)) - @(a(m —o(i+ 1))@(0(2') —o(i+ 1))] } .

(5.52)

This is identical to the left hand side of (5.50]) with ¢ replaced by o (1), f(7) replaced by o(7)
and N replaced by R — 1. Thus the result is

=

—2

O@o(i +1) — od)). (5.53)

1=1
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We can analyze the contribution from the right hand side of R by summing over all possible
choices of ¢ and Ji,---J,—1. Since this is related to the previous analysis by a reversal of
permutation the result can be read out from our previous analysis. However there are two
important effects which need to be taken into account. First of all (5.47) has a factor of (—1)¢
which in the present context will turn into (—1)**!. Second in order to convert this problem
to the previous case we need to flip the sign of each term inside [ | in (5.48) since the pair
(1,7 + 1) goes over to (¢ + 1,4") for some ' under permutation reversal. This gives a factor
of (—1) where f essentially counts the total number of nearest neighbor pairs between R + 1
and () except the links which connect the end point of C, to the starting point of C,_; for
2<a<gq Thuswehave f=0Q—-R—1—(¢q—1) =@ — R—k—1 and hence the net factor is

(=17 = (=19 F, (5.54)
The result of summing over the locations of Ji,---J,—1 in the range R to () is now given by
Q-1
(—1)>eOCm )@ T 6(0(j) = o(j + 1)), (5.5)
j=R+1

both when @ < n + 1 and when Q = n + 1. This shows that between R and @ the o(j)’s
must form a decreasing sequence. The first factor in (B.553]) is the contribution from the points
between ) and n + 1.

Egs.(B55]) and (5.55]) and the fact that o(R) =n+1> o(R —1),0(R + 1) together give

ok+1)>0k)for P<k<R—-1, ok+1l)<ok)for R<E<Q-1. (5.56)

which precisely correspond to the condition (5.39) for gpiges to be non-vanishing. The net
contribution to N%?SJF Y for a configuration satisfying (5.50) and the other conditions described
in §5.3is now given by the product of (551 and (5.55) (with P replaced by 1 or @ replaced

by n + 1 in special cases). The result is

NV {aiyio) = (1)@, r(0)=Q — R+ 2_: O(c(i) —o(i+1))+ > O(o(i) — o(i+1)).
i=1 1=Q
(5.57)

This is in perfect agreement with (5.40).
Finally we note that the very special cases when R itself lies at either end can also be easily
incorporated in this analysis. For example if R = 1 we simply need to drop the 37" ©(c (i) —

o(i+1)) term and if R = n + 1 we shall need to drop the @ — R+ 1", O(c(i) — o(i + 1))
(n+1)

term. These are also in agreement with the corresponding formula (5.40) for Ny~
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6 An alternative approach to proving the equivalence of
the Higgs branch and KS wall crossing formulae

In §4land §hl we gave a proof of the equality of gks and gniges for generic choice of the arguments
a1, -+ - ay,. This proof used the definition of gkg given in §3] based on the universal enveloping
algebra of the Lie algebra (B.I). The referee suggested a simpler approach based on the

quantum torus algebra
6767/ = (y — y_1>_1 (—y)<7’7l>67+7/ , (61)

which provides a representation of ([3.I]). The KS wall crossing formula takes the form:

[T ewitnyel= I[I ewp@htnye], (6.2)

v clockwise ~ anti-clockwise

where [ clockwise (L1, anti-clockwise) denotes product over all vectors v € A, and the terms
in the product arranged such that as we move from the left to the right the corresponding ~’s
are arranged clockwise (anti-clockwise) in the two dimensional plane. Expanding both sides

using (6.I]), and collecting the coefficient of e, from each side, we get

> 1 o vmy Zi<j5ij m Q_ |
mz::l 51,%6A |Aut({ﬁla5m})|(y J ) ( y> 21;[ ref(ﬁhy)

B1+-Bm=7,B81<p2<--<Bm

-2 2 |Aut({a11,. T (y—y )" (—y) " i< HQL(% y), (6.3)

n=1 ap,ran €A
ajt-an=y, a1 <ag<---<an

where by 8; = ; we mean [; is either equal or parallel to 8;. We now substitute in the left

hand side of this equation the expression for Q_.(8;,y) in terms of QF,(a;, y)’s using eqs. ([L3)

with g.er replaced by gks. This gives

N 1 o hmy i B
2 R, B Y ) )

m=1 B1s-BmEA
B1+-Bm=v,B1<B2<--<Bm
m (k) (k)
11> 2 i | RN
Aut({a® ® iz e\ oY
k=1 8k21 unordered setagk)p.‘, .(gk)EA ‘ u ({al re 7ask })‘

a¥i sal®) g,

=2 > |Aut({oz117. ~an))] (y =y )" (y) o HQL(% y). (64)

n=1 ap,an €A
alt+an=y, a1 <ag<--<an
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J’_

Te(ag,y) in two sides of this equation we can get a set of

Comparing the coefficient of [}, ©2
recursion relations involving gks(as, - - - ;) from which we can determine ggs(as, - - - ay,). Thus
proving the equivalence of gkxg and gniges is equivalent to checking if gpiges Satisfies the same set
of relations (6.4) as gks. For this we replace gks in (6.4) by the expression for ghigs given in
([2.1)) for generic arguments and try to verify the resulting equation. Comparing the coefficients

of [Ti_, (s, y) on both sides of this equation for generic a;’s for which
o <y << ay, (6.5)

and ) .., o; and ), o are different from each other for any choice of non-overlapping sets
A and B of {1,2,---n}, we get:

n m—1
> > =y {H @mﬂ,ﬁk)} (—y) S i G0
permutationso m=1 ny, o nm k1

of 1,2,--n 0=np<ny<ng<---<nm=n

m ngp—1 n m ng—1
(=)™ (y — y—l)m—n(_y)Zkzl S e 141 2551 Qe (o () (_1)Zk:1 1 9(Coi)oit))

m ni—1 7 nip—1 )

H H © : : aa(j)’ﬁk H © 6/6’ § aa(j)

k=1 i=np_1+1 j=ng_1+1 i=ng_1+1 J=ng—1+1
o(i)>o(i+1) o(i)<o(i+1)

= (y—y )" () =0,

ng
Br= Y ey (6.6)
J=ng—1+1

The sum over o runs over all permutations of {1,2,---n}. For a fixed o, the different choices
of the integers n;, correspond to different partitioning of the ordered set {ay(1), - @o(n)}. The
sum of the vectors inside the partitions from left to right are given by [y, - - - .., satisfying the
constraint 3 < By < -+ < 3, as in the left hand side of ([G.4) [ After cancelling the (y—y =)™
factors from the two sides, we note that the net power of (—y) on the left hand side is given
by 2?2—11 Z?:Hl Qo(i)a(j), 1.€. the power of (—y) is determined only by the permutation o and
is independent of the choice of the integers m and nq, - - - n,, which partitions the vectors into

{P1, - Bm}. Comparing the different powers of y on the two sides of (6.6]) we now get

np—1

n m—1
> { I e (Bis1. ﬁk)} (= 1) IR R O(00w i)
k=1

m=1 ny,nm
0=np<ny<ng<---<nm=n

SNote that since we are taking the a;’s to be generic, we do not consider the case where some of the £;’s
are equal or parallel to each other.
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m ng—1 7 nE—1 7

I3 II el > ew| II o8 D,

k=1 i=ng_1+1 Jj=np_1+1 i=np_1+1 Jj=ng—1+1
o(i)>o(i+1) (i) <o (i+1)

:{1 foro(1,2,--n)=(n,n—1,---,1) (6.7)
0 otherwise
For a fixed o, we shall refer to the choice of m and {ny,---n,} for which the summand is
non-vanishing as an allowed partition.

Our goal now is to prove (6.7]). We begin with the case ¢(1,2,---n) = (n,n—1,---1). In
this case the only way to avoid a vanishing contribution from the km:_ll O (Br+1, Br) factor is

to choose m =1, ny = n. In this case the condition (6.3) tells us that
Qg (i) = Qg(i+1); Z Qg(5) > 51 =]+ Q. (68)
j=1

Hence the product of the step functions given in the last line on the left hand side of (6.1)
is 1 since for all i we have o(i) > o(i + 1) and 23:1 Qg(j) > Bi. The sign of the term is
(—1)"= =1 = 1. Thus the result is 1 in agreement with the right hand side of (6.7)).

To deal with the case of other permutations, we note first of all that the right hand side of
(6.7) is independent of the «;’s. Thus we need to show that the left hand side of this equation
must also be invariant under deformations of the «;’s as long as we preserve the order (6.5]).
This is not manifest, e.g. during such deformations of the a;’s, in a given term in (6.7) Sx
and Sjyq defined in ([G6) may go from 5y < Bri1 to Bp > Pry1 and as a result O(Bry1, k)
may jump from 1 to 0. Thus if we choose ny,---n,, such that initially we have £ < Bri1,
and the restrictions imposed by the various other step functions in (6.7]) are satisfied so that
we have a non-zero contribution, during the deformation we may arrive at Sy > [r.1 so that
this term ceases to contribute. Thus to show that the left hand side of (6.7)) is unchanged
during such a deformation we must identify another contribution that either ceases to exist or
begins to exist when S and [y switches order, compensating for the change caused due to
the previous effect. We consider two cases separately: g (n,) < Qo(ng+1) and Qo(n,) > Qo(ny+1)-
In the first case it is easy to see that as long as Sy < Bri1, the configuration with m — m — 1,
and the fSi’s chosen as {51, Bk—1, Bk + Br+1, Br+2, - - - Bm} also contributes to the left hand
side of ([6.6]), and furthermore, this configuration also ceases to contribute when we cross over
to the side where By > [iy1. Furthermore for 5, < (i1 the contribution from these two
configurations have opposite signs so that the sum of the two terms vanishes and there is no
net change in the left hand side of (6.7]) as we pass from [y < Sgs1 to Bk > Brr1. On the other
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hand if g(ny) > Qo(n,+1), then the second configuration does not contribute for 3, < By but
does contribute when S > .1 and the sign of the second contribution for Sy > (11 is the
same as that of the first configuration for 5, < fr.1. Thus again the net contribution remains
unchanged during this process.

The other possible source of jump in the left hand side of (6.7]) is when Z;:nk,l 11 Qo (j)
crosses [ for some (i, k) during the deformation. In this case we analyze the contribution from
the original partition together with that of another partition corresponding to m — m + 1,

with the ;’s given by

i ng
{81, Br-1, Z Qo(j), Z Qo(5) Brt1s "+ Bm}-
j=np_1+1 j=it+1
The analysis of the net jump of the left hand side of (6.7]) from these two terms is the same
as the one given in the last paragraph, with the roles of the first and the second terms getting
exchanged.

This shows that the left hand side of (€.1) is unchanged under continuous deformation of
the «;’s preserving ([6.5). Armed with this result we shall now try to prove (6.7) using the
method of induction, 1.e. we shall assume that the result is valid for (n — 1) «;’s and then try
to prove it for n «;’s. Using the invariance of the left hand side of (6.7]) under deformations
of the «;’s preserving (6.5]), we shall choose ay(,) to be small in magnitude compared to all
the other o, (;)’s. In this case all the step functions in ([6.7)), except for the ones which contain
Qy(n) s one of its arguments, reduce to those for the case of (n — 1) vectors aq(1y, - Qp(m—1)-

Thus the possible allowed partitions are of the form:

{ﬁla o ﬁm + aa(n)}a {ﬁla o ﬁma O4(7(71)} ’ (69)

where {31, - - - B, } is an allowed partition for (n—1) vectors (1), - - - Qto(n—1y. We now consider

two possibilities:

1. o(n) > Qg(n—1): In this case by examining the additional step functions which involve
Qg(n) as one of the arguments we see that both the partitions given in (6.9)) can contribute
only when a,(n,) > (B, and they contribute with opposite sign. Thus we conclude that

the net contribution vanishes.

2. Qg(n) < Qg(n—1): In this case the first partition contributes when o,y < B, and the

second partition contributes when oy, > 3,,. Both contributions are equal, and so we
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get a non-vanishing contribution that is independent of whether o, () < By of Ap(n) > B
This allows us to sum over all partitions {31, - - B} of a1y, - - - Qp(n—1) freely, allowing us
to use ([6.7)) for (n—1) vectors. This leaves us with the result that the only permutation for
which we have a non-vanishing contribution is a,1) > ag(2) > -+ > Qg(n—1). Combining
this with the result that o, ) < ag(m—1) We see that the only permutation for which the

result is non-zero is o(1,2,---n) = (n,n — 1,---1). This is the desired result.

7 Equivalence of ‘higgs’ and ‘coulomb’ branch wall cross-
ing formulae

Ref. [30] also proposed a different prescription for computing gref(aq, -, an;y) called the
‘coulomb branch formula’. The formula is similar to (2.1]), but with Nl(q?g)gs({ai}; o) replaced by
an apparently different quantity which we shall denote by Niﬁ&lemb({ai}; o). The prescription

for computing Ngﬁ&lomb({ai}; o) associated with a given permutation o is as follows:

1. Let us define a; = ay(;) as usual. Now for a given permutation o we consider a function

W of n real variables x1,---x, ordered as 1 < 9 < -+ < x,:

W = —Z(&,,&j> lOg|fL’Z —Zlﬁ'j| —i—AZ(&Z,aj)[L’], (71)

i<j ij=1
where A is a positive constant. It will be useful to think of W as the potential for n
one dimensional particles positioned at xy,---x,. W is invariant under simultaneous

translation of all x;’s by a constant.

2. Ngﬁ&lomb({ai}; o) is non vanishing only if there is an extremum of W with respect to the
variables x», - - - x,, at fixed 1 = 0:
ow
- =0 for2<i<n. 7.2
o or2<:<n (7.2)

This corresponds to an equilibrium configuration of the n particles and fixing x; = 0 (or
any other fixed value) is possible due to translation invariance of W mentioned above.
When this condition is satisfied N i’g&lemb

by the sign of det M at the extremum, where M;; = (0°W/dx;0z;), i,j = 2,---n. If

there is more than one extremum then we have to sum over these extrema with weight

({c;}; o) takes value 1 or —1, with the sign given

factors sign(det M) associated with these different extrema.
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Our goal in this section will be to prove the equality of Nl(q?g)gs({ai} o) and Ngﬁulomb({ai}' o).
We first note that the prescription for computing N Coulomb given above is invariant under small
deformations of {«;} under which the extrema change their positions or (dis)appear in pairs
by merger or pair creation, but does not (dis)appear singly. The latter may occur if during the
deformation a nearest neighbor pair (z;, x;11) at the extremum approach each other so that
beyond the point of merger of x; and x;,; the extremum ceases to exist, or if at the extremum
a set of x;’s get separated from the rest by an infinite distance beyond which the extremum

ceases to exist. Now since as x; — z;41 the dominant term in OW/0x; is given by
(@i, Q1) (Tign — 23) ™! (7.3)

we see that this term cannot be cancelled by the contribution from any other term unless
(@, aj11) approaches zero. Thus as long as the deformations preserve the relative ordering of
the a;’s so that for no pair (a;, ;) passes through 0, we avoid the first possibility. To examine
the second possibility let us suppose that at the extremum the subset of points {x;, k+1 < i <
n} gets separated from the rest {z;,1 < i < k} by an infinite distance. Since at the extramum
OW/0x; should vanish for j > 2, we must have >, | OW/0x; = 0. In the large separation

limit the second term in (7.I]) dominates and we get

Z OW D, ~ AZ Z &, d;) = Ma,a — ) = —Aa, Br) (7.4)

j=k+1 i=1 j=k+1

where (3, = Zle a; and & = (o + - - @) as before. Thus as long as this is kept away from
zero the extremum of W cannot approach a configuration where xq,-- -z, separates by an
infinite distance from the rest of the x;’s. Combining these results we come to the conclusion
that if we deform the «;’s without changing the relative orientation between the «;’s and the
(n)

relative orientation between any of the 8;’s and &, N o

({a;}; o) will remain unchanged.
These are the same set of deformations under which N}(:g)gs({az}' o) remains unchanged.

hlggs and N This has been
checked explicitly for low values on n in [30] We shall use the method of induction 1.e. assume
that the equality of the Nhlggs and N
of Nhlggs and Niﬁulomb Let us consider a particular o and the associated a;’s. We now deform

the pair of charges (a,_1,,) according to the prescription of §5.2k @, 1 — (1 + \)a,_1,

We are now ready to begin proving the equality of N{m

Coulomb

holds for m < n — 1 and then prove the equality

coulomb

a, — (1 + XN)ay, with Aa,,—1 + Na,, o @ and A < 0. We can increase |A| without changing

the relative orientations between the «o;’s and between the (§;’s and & till we encounter one of
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the following situations: either &, becomes almost zero (which is equivalent to (3,_; becoming
almost parallel to &) or a,,_1 becomes almost zero. In either case the charge that becomes almost
zero does not affect the equilibrium arrangement of the rest of the (n — 1) centers obtained by
extremizing W with respect to the (n — 2) variables. Thus the arrangement of the rest of the
centers at the extremum must follow the rules of Ngzulimb({az} o), which by our ansatz are the

same as those of Ng?g_g?({ai}; o). We shall now consider the two possibilities separately.
First suppose that a,, becomes almost zero. In this case the charges ay, - --a,_1 for which

N]E;ngi is non-zero can be found by replacing n + 1 by n — 1 in (5.37)

5k{<6¢f0r0zk+1>o‘k’ for 1<k <n-—2. (7.5)

> @ for &kH <

1) ey .
and Ncoulomb, we have an equilibrium configuration of

By the assumed equality of Nhlggs
xq,- - x,_q iff the charges satisfy (H)). Since the addition of an infinitesimal charge a,, at
x, will not disturb the equilibrium configuration of the other charges, we only need to look for

an equilibrium position of x,, 1.e. an x,, satisfying OW/0x,, = 0. From (Z.I]) we see that

n—1
AZ CYZ, an n — A(ﬁn—la a — 6n—1>zn = A<5n—1> d>xn as T, — 00
—(Qp_1, QY In |y 1 — 2y as z, = T - (7.6)

At both limits the magnitude of W goes to infinity. Thus if these two limits have the same
sign then OW/0x,, must vanish somewhere in the range z,, 1 < x,, < co and we are guaranteed

to have an extremum. This gives

&n_l > &n if Bn—l >

&n—l < &n if Bn—l < Q. (77)

If this condition is satisfied then we may have more than one solution, but the number of
solutions is always odd and all except one contribution cancels when we weigh it by the sign of
det M. If (T.7) does not hold then we could have even number of solutions but their contribution
will cancel pairwise.

([T1) precisely extends (ZH) all the way to &k = n — 1. Thus we see that the condition
for N((;Zl)nomb({az}' o) to be non-vanishing coincides with the condition for N}(l?g)gs({ai}; o) to be
non-vanishing. We shall now show that the signs of Ncoulomb({az} o) and Nl(q?g)gs({ai}; o) also

agree in this case. In the limit when the charge of the n-th center is small we can ignore the
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off diagonal M,,; and M;, components of the matrix M and express det M as the product of
the determinant of the first (n — 2) x (n — 2) block and 9*W/0x2. The assumed equality of

N D ({ag}: o) and Nﬁ?g;i)({ai}; o) tell us that the sign of the contribution from the first

(n —2) x (n — 2) block to det M is given by (2.1I)

(_1)2:;? O(;,&i41) ) (78)

Now we see from (.6), (C1) that if a,—1 > a, 1e. (G,_1,a,) <0, then W — —o0 as z,, —
T,_1,00 and hence §?WW/dx? at the extremum is negative. On the other hand if &,,_; < &, then
82W /a2 at the extremum is positive. Thus N ({ai}; o) is obtained by multiplying (Z.8)

coulomb

by a factor of (—1)®@-1.9n)  This reproduces the formula for N}(l?g)gs given in (2)), showing

the equality of Ngfg)gs and NI

Next we consider the case when a,,_; becomes almost zero at the end of the deformation.
In this case the arrangement of the charges (&, - - - ay,_o, ;) follows the corresponding rules

for Nfl?g;). Since a,_1 is almost zero we have 3,1 ~ (3,_2, and thus they must be on the same
(n—1)

side of &. The condition on the charges ay, - - - a,,_», a,, for which Njjiggs 1S MON-ZETO can now

be written as

ﬁk{<aforozk+1>oék 7 for 1 <k<mn-3,

> @ for &k—i—l < ag,

< a for ay,, > a9
Bn=2, Bt { > a for a, < a,_o (7.9)
By examining the behavior of W as x,,_1 — z,_2,x, we get
W — —(ap_o9,0p1)In|z, 0 — 2z, 1| asz,_1 — x,
W — —(ap_1,ap)In|z, 1 —x,| asz,_1 = z,. (7.10)
Thus in order that they have the same sign so that we have an extremum we need
an_g < &n—l < &n or an_g > &n_l > &n . (711)
Combining this with (Z.5]) we arrive at the result:
5k{<aforgk+1>gk , for1<k<n-1,
> a for agyy < ag,
571—27 ﬁn—l >a  or 571—27 ﬁn—l <. (712)

The second condition is of course needed to have an almost zero a,_; in the first place. The

first condition is the same as the one for getting a non-vanishing contribution to Nﬁ?;gs({ai}; o).
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(n)

coulomb({ai}; U) again reduces to

Thus we see that the requirement for having non-vanishing N
that of having non-vanishing N fgégs({ai}; o).
We now need to calculate the sign of the contribution. The centers 1,---n — 2, n give
a factor of (—1)22;13 ©(Gi,8i+1) (—1)®(@n-2.0n)  Using (ZII) the last factor may be written as
(—1)®@n-2.8n-1) " By studying the behavior of W as #,_1 — Z,_s, T, we see that the extra
contribution from the sign of 9*W/dz?_, is positive for a,_» < &,_; < &, and negative for
Qp_g > Qp_1 > Op. Thus the extra contribution can be written as (—1)®@»-1.82)  Combining
these factors we get
N® o {aitio) = (—1)ZiE 0@ (7.13)

coulomb
in agreement with the formula (21 for ng?g)gs({ai};a). This establishes the equality of
Nifuss ({0} 0) and N ({0} )
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A Physical interpretation of gygs

In this appendix we shall show the equivalence between (2.1)) and the formula given in [30].
Let {o(1),0(2),---0(n)} denote a permutation of {1,---n}. Associated with each such per-
mutation we can associate a unique number s and a set of numbers my, - - -m4_; by imposing

the following requirements:
LLlI<m <mg<---meq1<n.
2. a(m) > o(m —1) for m # my, ma, - -ms_1.
3. o(my) <o(mg—1)forl1 <a<s—1

Physically this partitions the ordered set {o(1),0(2),---0(n)} into s maximally increasing
subsequences: the o(i)’s increase monotonically with ¢ for ¢ between 1 and m; — 1, between
mq and mgq — 1 for 1 < a < (s —2), and between m,_; and n, but between m, — 1 and m,

. . . (n) ) . .
Va the monotone increase is broken. The expression for Ny ({;}; o) given in (2I]) can now
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be rewritten as

Nﬁ?g)gs({ozi}; o) = (_1)8—1 H C) (ozl + e, Zao(i)) H 6 <Z Qo(i), Q1 + - - 'Oén)
1=k i=k

k=mi,-ms_1
’ s k#my, mg_1

(A1)
Let us define a set of vectors S, - - 5() as follows:
n Ms—a+1—1 mi—1
ﬁ(l) = Z Qo (i) ﬁ(a) = Z Oég(i) for 2 <a<s— 1, ﬁ(s) = Z OéU(,) (AQ)

i=me_1 i=mas_a i=1

This allows us to associate to every permutation o (i) a unique set of vectors {3®}. For
example if for n = 4 we consider the permutation (2134) then the partition of (2134) containing
maximally increasing subsequences are {{2}, {1, 3,4}}, giving V) = a1 + a3 + a4, 8% = as.
The product of the ©’s in (2.1]) restricts the sum over permutations to a set K of permutations

satisfying the following conditions:

1. The first set of © functions in (A.I) ensure that the vectors {3(®} associated with the

permutation o should satisfy

b

<ZB(“),a1+-~-+an>>0 V bwithl<b<s—1. (A.3)

a=1

2. We can associate with the permutation ¢ many other partitions containing increasing
subsequences which are not maximal, by dropping the third condition o(m,) < o(m,—1).
Thus for example for the permutation (2134) discussed above, examples of partitions con-
taining non-maximal increasing subsequences are {{2}, {1}, {3}, {4}}, {{2}, {1, 3}, {4}}
and {{2},{1},{3,4}}. The second set of O-functions in ([A.I]) guarantee that if we con-
struct the 8(9)’s for any such partition following the same procedure, then the condition
(A.3) must fail for at least one b.

Once we have identified the set K of permutations satisfying these properties, ([21) reduces
to:

=S s —n s 2 i<k Q()o(k)
Oniges (01, -, ) = (—y) TR % (P — 1) Y (1) (—y) T ewze . (A4
ceK

This is the formula for gpiges derived in §3.3 of [30] H The original Reineke formula [45] corre-

sponds to summing over many more terms corresponding to all increasing sequences (1.e. not

"In the last term [30] had y ™ instead of (—y) . For physical a;;’s which are integers the two formule give
identical results since the exponent is an even integer.
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just the maximal increasing sequences), but it was shown in [30] that the contribution from
many of these terms cancel and at the end only the contribution from the terms given in (A.4)),

corresponding to maximal increasing sequences, survive.

B Proof of the O identity

In this appendix we shall prove the identity (5.50). Let us denote the left hand side of (5.50)
by P(N,c¢), 1e.

P(N,¢)
= ]: [o(ri+1)-c)o(fi+1) - 1) - 0(c— fi+1)o(r() - fi+1)]
’ N ii i i {o(c- r) H o(#(10 ~ fm)
:2 O(1+1) =)0 (1(i+1) = 1) = ©(c = £+ 1) O () - £li-+1))]
j[[: ©(sG+1) = s)e(fi+1) = &) =0 (f(1) - fi+1))0(1G) - fi+1))]

We shall assume that (5.50) is valid up to a certain value of N, e.g. we have
M-1
P(M,c) =[] ©(f(i +1) = f(i)), for M <N —1 (B.2)
i=1

and then show that (B.2) also holds for M = N. Now in the £ > 1 terms in (B.I]) the sum
over k and I, - - - I}, for fixed I, after factoring out the I; dependent but k£ independent terms,
has the same structure as P(N — I, + 1, f(1;)) with f(i) — f(i + [, — 1). This gives

P(N,c)

=

- [@(f(i+1) —c)@(f(z'+1) —f(i)) —@(c—f(i+1)>@<f(i) —f(z'+1))}

1

)
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+ i_ O(c— f(I)P(N — I + 1, f(I1))
1 @(f(i+1)—c)@(f(z'+1)—f(z'))—@(c—f(z'“))@(f(i)—f(z'+1))}.

i=1

f@—=f(i+11-1)

~

(B.3)
Using (B.2) the result can be expressed as
P(N c)

_ H[@(fﬂ—l —e)0(f(i+1) = £() = (e fi+ )0 (F() — fi+1))]

=1

+Z@C f(1L)) H@(f(z’+1)—f(i))

( (i+1) c)@(f(z’+1) —f(@')) —@(c—f(i+1)>@<f(i) —f(z'+1))} .

N

i=1

Using the relation
O(2)0(y) — ©(—2)0(—y) = O(z)(1 — O(=y)) — (1 - O(2))O(—y) = O(z) — O(-y), (B.5)

we can simplify to

+>0(c- f(m) Hl@(f(z'+1)—f(z')> o(fi+ 1= f@) -6(c—rG+1)] .
(B.6)

We can manipulate this by separating out the I; = N term in the sum and combining it with

the first term. This gives

P(N,c¢)
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+N:1@<c - f([l)) N_ 1@<f(z' 1) — f(z')) ijf [@(f(z' 1) - f(i)) . @(c ~ i+ 1))]
= oM -y -1) N O(s+ 1)~ 1) -0(c-si+1)]
+N:1@(c - f([l)) i_2@(f(i +1)— f(z')) Iiff [@(f(z' 1) - f(i)) - @(c —fi+ 1)) }

We now notice that the term inside the { } has the same form as the right hand side of (B.6))
with N replaced by N — 1. Thus we can manipulate it again in the same way, pulling out a
factor of @(f(N —1)— f(N — 2)) and replaing N by N — 1 again in the remaining factor.

Repeating this process we arrive at the result:

P(N,¢) = 1:[ @(f(z' +1)— f(z')) , (B.8)

which is the desired result.
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