arXiv:1301.4023v3 [math.PR] 24 May 2013

Wong-Zakai approximation of solutions to reflecting stochastic
differential equations on domains in Euclidean spaces®

Shigeki Aidafand Kosuke Sasaki
Mathematical Institute
Tohoku University, Sendai, 980-8578, JAPAN
e-mail: aida@math.tohoku.ac.jp

Abstract

In this paper, we study the Wong-Zakai approximation of the solution to the stochastic
differential equation on a domain D in a Euclidean space with normal reflection at the
boundary. We prove the LP convergence of the approximation in C([0,7T] — D) under some
general conditions on D.

1 Introduction

Stochastic differential equations(SDEs) are defined as stochastic integral equations. The def-
inition of the stochastic integrals is based on martingale theory although there are pathwise
approaches to this problems via rough path theory recently. A simple relation between SDE and
usual ordinal differential equation(=ODE) were found by Wong and Zakai [16]. That is, they
consider Stratonovich SDE and corresponding ODE which is obtained by replacing the Brownian
motion by the piecewise linear approximation and prove that the solution of the ODE converges
to the solution of the Stratonovich SDE almost surely in the topology of uniform convergence
when the approximation becomes finer. More general approximations of paths are found, e.g.,
in [6]. When we consider SDE on a domain D in R?, we need to consider boundary conditions.
In this paper, we study Wong-Zakai approximations of solutions to SDE with reflecting bound-
ary conditions on D and prove the LP convergence of them to the solution in C([0,T] — D).
This is not a first study of Wong-Zakai approximation of reflecting SDE. Doss and Priouret [2]
proved the uniform convergence of the Wong-Zakai approximations in probability in the case
where 0D is sufficiently smooth. Also Pettersson [8] proved the almost sure convergence in
the case where D is a convex domain with the property (B) in Tanaka [I5] and the diffusion
coefficient is a constant matrix. This result was improved by Ren and Xu [10} 11]. They studied
Stroock-Varadhan’s type support theorem for stochastic variational inequalities and showed the
convergence in probability in C([0,T] — D). This result corresponds to the case of reflecting
SDEs on convex domains. Actually the existence and uniqueness of the solutions were proved
by Lions and Sznitman [7] and Saisho [12] for more general domains. In such cases, Evans and
Stroock [4] proved the weak convergence of the law of the Wong-Zakai approximations. Our
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results improve their weak convergence to LP convergence in C([0,T] — D). We note that there
are studies of Euler and Euler-Peano approximations of reflecting SDE. We refer them to the
papers [13, [14] by Stomiriski.

The paper is organized as follows. In Section 2, we state our main theorem (Theorem 2.9]).
First, we recall the basic results on the Skorohod problems and the existence and uniqueness
of the strong solutions of reflecting SDE based on [7] and [12]. In particular, we explain the
conditions on domains under which we will work. In Section 3, we prove LP convergence of Euler-
Peano approximations. In Section 4, we prove our main theorem by estimating the difference
between the FKuler-Peano and Wong-Zakai approximations.

2 Preliminary and main theorem

Let D be a non-empty open connected set in R?. In this paper, we do not assume the bound-
edness of the boundary of D or D itself. We define the set N, of inward unit normal vectors at
the boundary point x € 9D by

Nx - UT’>ONJ:,T (21)
Ny ={neR?||n| =1, B —rn,r)nD =0}, (2.2)

where B(z,7) = {y € R | |y — 2| < r}, 2 € R% r > 0. In this paper, the function space C}
denotes a set of k-times continuously differentiable functions such that all their derivatives and
themselves are bounded. Let us recall conditions (A), (B), (C) following [12].

Definition 2.1. (1) Condition (A) (uniform exterior sphere condition). There ezists a constant
ro > 0 such that

Ng =Ny #0 for any x € OD. (2.3)

(2) Condition (B). There exist constants 6 > 0 and > 1 satisfying:
for any © € 9D there exists a unit vector l, such that

1
(lz,n) > 3 for any n € Uyep 5)napNy- (2.4)

(3) Condition (C). There exists a C? function f on R? and a positive constant v such that
for any x € 0D, y € D, n € N, it holds that

(y— z,m) + % (Df)(@),m) [y — f* > 0. (2.5)

Note that if D is a convex domain, the condition (A) holds for any ry and the condition
(C) holds for f = 0. The admissibility condition on D in [7] is the property that D can be
approximated by domains with smooth boundary in a certain sense. In this paper, we do not
use such a property and we refer it to [7]. Here we explain what Skorohod problem is. Let
w = w(t) (0 <t<T)bea continuous path on R? with w(0) € D. The pair of paths (£, ¢) on
R? is a solution of a Skorohod problem associated with w if the following properties hold.

(i) € =¢&(t) (0 <t <T)is a continuous path in D with £(0) = w(0).



(ii) It holds that &(t) = w(t) + ¢(t) for all 0 <t < T.

(ii) ¢ = ¢(t) (0 < t < T) is a continuous bounded variation path on R? such that ¢(0) = 0
and

o(t) = /0 n(s)d|llo. (2.6)

t
16ll0g = /0 1op (€)1 (27)

where n(t) € Ny if £(t) € OD.

In the above, ||4]|o,) stands for the total variation norm of ¢. See [2.10).

The existence and uniqueness of solutions were proved by Tanaka [15] for the convex domain
with additional assumptions. Lions and Sznitman proved the existence and uniqueness under
conditions (A), (B) and the admissibility of D. This was proved without the addmissibility
condition by Saisho[12] as follows.

Theorem 2.2. Assume conditions (A) and (B). Then there exists a unique solution to the
Skorohod problem for any continuous path w. Moreover the mapping I' : w — £ is continuous in
the uniform convergence topology.

Doss and Priouret [2] proved the convergence of Wong-Zakai approximation. They used the
Lipschitz continuity of the Skorohod map I' : w +— £ in the half space case. Under conditions (A)
and (B), it is proved that I" is 1/2-Hoélder continuous map in the uniform convergence topology.
See [7, [12]. If T is Lipschitz continuous, Doss and Priouret’s approach may be applicable. We
use the notation L(w) = I'(w) — w which corresponds to the local time at the boundary 0D.

The bounded variation norm of ¢ can be controlled by the supremum norm of w and the
modulus of continuity. Such an estimate is proved by Tanaka [I5] in the case of convex domains.
Similar estimates are obtained by Saisho [12] without assumptions of the convexity. For our
purpose, we need quantitative version of Saisho’s estimate. To this end, we introduce the
following quantities of the continuous path w. Let 0 < 6 < 1 and define

jw(v) = w(w)|

w = su 2.8
H HH,[S,t],G 5§u<lfl))§t |u _ 'U|6 ( )
Also we use the oscillation and the total variation of the path:
[0 oy = max_ () — (o) (29)
N
llwlis4 ZSIAlpZIUJ(tk) —w(te-1)l, (2.10)
k=1

where A = {s =1ty < --- <ty =t} is a partition of the interval [s,t].

Lemma 2.3. Assume (A) and (B). Let 0 < 8 < 1. Then there exist positive constants Cy, Ca, Cs
which depend only on 6, §, 5 and rq in the Assumptions (A) and (B) such that

[9ll[s,q < Ch (1 + HwH%[s 1 ot — s)) eCllwlioo s 10|l o, 5,4 forall0<s<t<T. (2.11)



Proof. Let 0 < s <t < T. The proof of this lemma is essentially the same as that of Propo-
sition 3.1 in [12]. However, since the estimate in the above lemma is quantitative version of
Proposition 3.1, we give the proof for the sake of completeness and reader’s convenience. First
we define a sequence of times inductively by

Ty = inf{u | {(u) € 0D, s < u < t},
tn, = inf{u | |§(u) — &(Th=1)| > 0, Thm1 < u < t}, (n>1)
T, = inf{u | £&(u) € 0D, t, <u <t} (n>1)

We use the convention that the times are ¢ if the sets on the RHS are empty. If £(s) ¢ 0D
and Tp = ¢, § does not hit 9D in the time interval [s,t) and [[¢||(s 4 = 0. Hence it is sufficient
to consider other cases. In those cases, since £ is a continuous path, there exists a minimum
natural number N such that ¢t = Ty. Let T,,—1 <u<v <T, (1 <n<N). We prove

0 w0) < B (1€ oo jue] + 1w]loo,fu0)) - (2.12)
Suppose u,v < t,,. Let I = lg(z,, ). Then using the condition (B), we have
(1,E() — &) = (L w () — ww) + 1, 6(v) - 6(w))
— (w(e) =~ w(w) + [ a0l
> (L) = w(w) + 56,

which implies ([2.12]). Let us consider the case where T}, > t, and v > t,,. Since ||}]|, ., = 0, we
obtain

1Al w0) = 1Dl w,tn) < B (1€llo futn] + N1wlloo,fu,tn])
which implies (2.12). By Lemma 2.3 (ii) in [12], for any 0 < s <t < T,

€(t) — E(3)P < Ju(t) — / €(u) — £(5)Pdl| B0, + 2 / (w(t) — ww), dé(w))

(2.13)
Hence
€(t) = £(5)I* < Jw(t) — w(s)]? + 2lwlloo, 5,010 ll1s. + / €(u) =€) Pl Dl sy (2.14)
By the Gronwall inequality (see Lemma 2.2 in [12]), we obtain
€0 — €)1 < (Il gy + 20l o0l ) exp ([6]101/r0)
< {0 2) e g + 2191, } e (10l10/70)
and
[€(8) — &(s)| < {1+ 1/e) [[wlloo, s, + €llDllis,0} exp ([10ll1s,0/270) - (2.15)



Here ¢ is any positive number. Now we prove that for any 7,1 < u < v < T,

qu”[u,v} < 6 (G(HwHoo,[u,v}) + 2) HwHoo,[u,v]v (2'16)
where
G(z) =4{1+ BH(x)} H(x),
H(x) =exp{8(20 +z)/(2r9)}.

We consider three cases (i) T),—1 < u < v <tp, (ii) t, <u<v<T,, (ii) u<t, <v<T,. Let
us consider the case (i). In this case [|[|o,[uv) < 26. By combining this, (2.12]) and [2.I3), we
have

||£||oo,[u,v] < {(1 + 1/6) ||w||oo,[u,v} + €ﬁ (HgHoo,[u,v} + ||w||oo,[u,v})}H(HwHoo,[u,v])
Setting & = 1/ (28H (||w||oo,fu,s])) » we obtain
|’€Hoo,[u,v] <4 (1 + /BH(”w”oo,[u,v})) H(”w”oo,[u,v})”w”oo,[u,v}' (2’17)

We consider the case (ii). In this case, ¢(r) = ¢(u) for all u < r < v and ”5“007[%1)] = HwHC’O»[“v”]'
Hence in the case of (iii),

1€l 00, ,0] < N€lloo,fustn] T 1€ lloo, 0]
<4 (1 + /BH(”w”oo,[u,v})) H(”w”oo,[u,v})”w”oo,[u,v} + HwHoo,[u,v]' (2’18)

Consequently, by (2.12]), the proof of (Z.10)) is finished. Using (2.14]),

N
Il < B (CUlwllssm, 1) +2) [wlloo,r 11
n=1

< NB(G([wlloo,s,) + 2] oo, 5,4 - (2.19)
We estimate N. Suppose N > 2. Since for any 1 <n < N — 1,
5= IE(T1) — €(ta)
< Nelloe, s 7
< {4 (L + BH(|wlloo 1,y 1) Hllwlloo 7,1 120 + 1} 0lloo, 7 73]
< {4 (14 BH (1wl so, 71, 701)) H(1wls0, 701, 701) + 1} [wllag,fs,.0(Tn — Tn1)?. (2:20)

Thus we have

Tn - Tn_l Z 51/0 [{4 (1 + /BH(”w”OO,[TnflyTn])) H (”w”ooy[Tn—lyTn}) + 1} |’w”H7[87tL€:|

Summing the numbers on both sides from n =1 to n = N — 1, we obtain

t—s> (N =18 [{4(1+ BH(|wlloom, 1)) H (I0lloo 1, 1 77) + L} w0l 15,010]

and

~1/0

~1/0

_ 1/0
N —1< [0 {4 (1 + BH(|[wllsofs.0)) HIwlloo,s.) + 1} @iz fs,0.0] Pt -s). (2.21)

Clearly, this estimate is true when N = 1. The estimates (ZI9]) and (221]) complete the proof
of the lemma. 0



It is easy to see that the term [|wl|4, 5,0 in the above estimate can be replaced by a quantity
defined by a modulus of continuity of w. We emphasize that we just need the continuity of w to
estimate the bounded variation norm of ¢. Also we note that this estimate is not sharp in the
sense that the quantity on the RHS does not depend on the starting point = although H(]ﬁH[&ﬂ
does. If w is a continuous bounded variation path, we can prove the following estimate. This
estimate is used to prove the exponential integrability of YV in the proof of Lemma

Lemma 2.4. Assume condition (A) and the ezistence of the solution & to the Skorohod problem
for a continuous bounded variation path w. Then the total variation of the solution £ has the
estimate:

I€lles) < 2(V2 + D[w]ls (2.22)

Proof. We write

w(37t) = ”w”[s,t}a nO(Sat) = ‘f(t) - 6(3)‘7 77(37t) = Hf”[s,t}

We use the estimate (2.13]). Noting

1 t 1 t t
= 770(87U)2d|¢|u§%< [ s danto. + | n(s,u>2duw<s,u>>

< % <%77(s,t)3 + n(s,t)2w(s,t)> =: k(s,1) (2.23)

and
‘2/ (w(t) — w(u),dqﬁ(u))‘ <2 (/ w(u, t)dyw(s,u) —|—/ w(u,t)dun(s,u)>

<2 (/ (w(s,t) —w(s,u))dyw(s,u) —1—/ w(s,t)dun(s,u)>

= w(s, )2 + 2w(s, t)n(s,t),
we obtain

no(s, )% < 2w(s, t)? + 2w(s,t)n(s,t) + k(s, 1) (2.24)

and

2n0(s, )2 < no(s,t)2 + (s, t)% < w(s, t)? + (w(s, t) +n(s, 1) + k(s,t).

Therefore we have
V210 (s,t) < 2w(s, ) + (s, t) + V/k(s, t). (2.25)
Note that

n
s,t) = lim ti—1,t;),
77( ) A|—>0;T}O( i—1 z)

where A is a partition s =ty < -+ < t, = t and |A| = sup,(¢; — t;—1). We consider the term

\Vk(s,t). Using

Vk(s,t) < v/n(s,1)/(Bro)n(s,t) + V/w(s,t)/(ro)n(s, 1)



and the additivity, n(s,t) = > 1 n(ti—1,t;), we obtain

Z\/ ti_q,t <Sup <\/77 i—1,t5)/(3r0) + Vw(ti— 1,t)/(r0)) n(s,t) — 0 as |A| — 0.

Thus, we get v/2n(s,t) < 2w(s,t) + n(s,t) which proves the desired inequality. O

Remark 2.5. Under the admissibility of the domain, Lions and Sznitman proved that ||4]|s 4 <
|w||[s,¢) which implies [[{]|s.4 < 2[|wl|(s,q- They use regularity property of the distance function
from the boundary 0D. So we may need some regularity condition on the boundary to prove
such a stronger estimate. We note that there is a study of the regularity of the distance function,
e.g., [9]. However, the estimate (Z22]) is enough for our purposes.

Let us recall the existence of strong solution and the uniqueness which is due to [15 [7) 12].
Let (2, F, P) be a complete probability space and F; be the right-continuous filtration with the
property that JF; contains all null sets of (2, F, P). Let B = B(t) be an F;-Brownian motion
on R”. Let 0 € C(RY = R* @ RY), b € C(R? — RY) be continuous mappings. We consider an
SDE with reflecting boundary condition on D:

X(t)z:n—l—/ota( /b ))ds + @(t), (2.26)

where € D. We denote this SDE by SDE(o,b) simply. A pair of F;-adapted continuous
processes (X (t), ®(t)) is called a solution to (2.26]) if the following holds. Let

t t
Y(t)==x +/ o(X(s))dB(s) +/ b(X(s))ds (2.27)

0 0
Then (X (-,w), ®(-,w)) is a solution of the Skorohod problem associated with Y (-,w) for almost

all w € Q. The following result is due to [12].

Theorem 2.6. Assume D satisfies conditions (A) and (B) and o and b are bounded and global
Lipschitz maps. Then there exists a unique strong solution to (2.20]).

Here we note the following. This follows from Garsia-Rodemich-Rumsey’s estimate.

Lemma 2.7. Let F = F(t,w) be a R%-wvalued continuous process with the property that for all
p=>1

E[|F({t) - F(s)|*] < Cplt —slP 0<s<t<T. (2.28)

Then for all 0 < 6 < 1 and p > 1 there exist constants C’ 0.0 which depends only on C, and 0
such that

E[HFH?-[7[O’T]70/2] < C;/),e- (2.29)

If o is bounded, then the quadratic variation of M (¢ fo dB(s) is bounded and
we see the exponential integrability of maxo<i<7 [M (¢ )| Therefore usmg Lemma [2.3] and
Lemma 277 and Burkholder-Davis-Gundy’s inequality, we immediately obtain the following es-
timate.



Lemma 2.8. Assume the same assumptions as in Theorem 2.6l Let p > 1. There exists a
positive constant C), such that

E[|X|Z (, 4] < Cplt — /7, (2.30)
E[|®|,] < Cylt — 5. (2.31)

From now on, we always assume that o belongs to C’g and b belongs to C’g. Now, we are
going to explain our main theorem. Let N € N. Let X~ (¢) be the solution to the reflecting
ODE:

XN =+ / t o(XN(s))dBY (s) + / t b(X N (s))ds + N (1), (2.32)
0 0
where
BN(t) = B(ty_,) + AXB’f (t—tily) i <t <t (2.33)
N

kT
ANBy = B(tY) - B(tY ), Ax=T/N, tY¥= ~

We already explained the existence of the strong solution to a reflecting SDE driven by a
Brownian motion. The definition of the solution to the above equation is similar to reflecting
SDE. The existence and uniqueness of the solutions follows from Theorem We prove an
existence and uniqueness theorem when the driving path is a continuous bounded variation path
in Section @ The following is our main theorem. In this paper, we do not intend to obtain the
best order. The order given below is probably far from best.

Theorem 2.9. Assume (A), (B) and (C). Let X be the solution to SDE(o,b), where b =
b+ %tr(Da)(J). Let 0 < 0 < 1. For any p > 1, there exists a positive constant Cp g such that
for all N € N,

(2.34)

E XN = x| <, oA, 2.35
o%%’%' (t) O | < CproAy (2.35)

As we noted, although this estimate may not be good, by this result and Borel-Cantelli
lemma, we can conclude

. oN . _
A}gnoo (nax |1 X (t) = X()|=0 almost surely. (2.36)

In order to prove this theorem, we need the Euler-Peano approximation of the solution. We
explain the Euler-Peano approximation in the next Section.

3 Euler-Peano approximation

In this section, we consider the Euler-Peano approximation X g of X. For 0 < k < N, set
tN = kKT/N. Let us define X5 (t) (0 < t < T) as the solution to the Skorohod problem
inductively which is given by X&(0) = z € R? and
XE () = XE0) + o(XEE_))B) - BOYL) +b(XE )t — 1)
+Op(t) - PR (L) B St (3.1)



In other words, X g satisfies

XN(t) =z + /0 o (XY (mx (5)))dB(s) / b(X Y (i (5)))ds + B (1), (3.2)

where 7y (t) = max{tl |t <t}. Define

t t
VW) =+ [ o (an(s))B() + [ b (r(s)is. (33)
0 0
Then by the definition of the solution of the SDE, it holds that

X () =T (Y5) (). (3-4)

We prove

Theorem 3.1. Assume (A), (B) and (C). Then for any p > 1, there exists C, > 0 such that

2 P
E Oglt%!XE( ) = X(OF| < GAY- (3.5)
This estimate was already proved in [13] for general convex domains under the conditions
that o and b are bounded and global Lipschitz continuous. Also the readers may find a result
of local version of Euler-Peano and Euler approximation under the conditions (A) and (B) only
in that paper.
To prove this theorem, we need the following lemma.

Lemma 3.2. Assume (A) and (B). Let p > 1. There exists a positive constant C, which is
independent of N such that

E(IXFIZE 4] < Cplt = s, (3.6)
E [|lo¥ H?p } < Gyt — s (3.7)
Proof. 1t suffices to prove (B.7). Since ME (¢ fo (XN (mn(s)))dB(s) is a martingale whose

quadratic variation is uniformly bounded for N we see that

E MY
Sup [exp(aogaél E ()])] < oo

for all @ > 0. Thus by Lemma 2.3] Lemma 2.7 and Burkholder-Davis-Gundy’s inequality, we
complete the proof. O

Proof of Theorem 31l The following proof is a modification of that of Lemma 3.1 in [7]. Note
that we need just Lipschitz continuity of ¢ and b and their boundedness in the proof below. It
suffices to prove the case where p > 2. Define

ZN(t) = Xg () — X (1),

un(t) =e —2(F(XR )+f(X(t)))),

kn(t) = nv (|12 (1)



Then we have
dkn (1)
- uN<t>{2 (Z7(0), (o (X (v (1)) — o (X (1)) dB(1))

+2/(Z2% (1), b(XE (nn (1)) — b(X(1))) dt
+tr (o) (X (v (1)) di + tr ((Po0) (X (1)) dt

— tr ("o (X (1) (XE (mn (1)) — tr ("o (XE (mx (D))o (X (2)))) dt}

+2un (t) (ZN (1), dDE (t) — dD(t))
_ 2un(t) 1Z8(0))° {((Df)(XzEV(t)),dq>g(t)) + ((Df)(X(t)),d@(t))}

:
2’““,j 20 {(DNXE (1), o (XE (v ()AB 1) + (D)X (1), o(X()AB(®)) |
+ Ry (t)dt, (3.8)
where
R(t) = 2 O (D) XN (1), (XY (ry (1) (o(X(1)) — o (XN (mn (1)) (2 (1)) de
" 4‘”;“) (DFX ), o(X W) (o(XY (mn (1)) — o (X(8))) (27 (1)) de
2"1( L2 0P (D)X (1)), (e (0)))) dt + (DF)(X (1)), (X (1)) dt)

- 000 % ) {0 ) KR )0 (6B v ()50 X G ()
+ (D2 (X (D)) (o(X (1), o (X (1)) }at

+ 2”,]:( )!(Df)(XE( t)(0(XE (v (1)) + (DAXO) o (X @27 ()Pdt. (3.9)

Note that by condition (C),
(X (#) = X (1), doR (1) — do (1))
- % (XE (1) = X { (DA ), do3 (1) + (DHX (), de@®) } <0 (3.10)

and supg<,<r E[| X7 (1) — X (7n(1))P] < CA%% As for the first term on the RHS of (3.8)),

10



using Bukholder-Davis-Gundy’s inequality, we get for any 0 < 7" < T,

E| sup /mv(s) (XE (s) = X(5),0(XE (mn(s))) — 0(X(s))dB(s)) ]
0<t<T’" |J0O

T p/2 T p/2
<CE (/ rXéVa)—X(t)r*dt) +CE (/ \XéV(m(t))—Xﬁ(t)\‘*dt)

0 0

T’ T’
< CrE kn (t)Pdt +CTE/ |X}3V(wN(t))—X}3V(t)|2pdt]

0 0
< Cr T/E[kN(t)p]dt+C’TA§’V. (3.11)

0

We can estimate the other terms similarly and we obtain

Tl
E | sup kN(t)p] < CrAf +CT/ E [ sup kN(s)p] dt. (3.12)
0<t<T’ 0 0<s<t
By the Gronwall inequality, this implies the desired estimate. O

4 Proof of main theorem

First, we prove the existence and uniqueness of the solution to reflecting ODE driven by a
continuous bounded variation path.

Proposition 4.1. Assume the conditions (A) and (B) hold. Let w = w(t) (0 <t < T) be
a continuous bounded variation path on R™. Then there exists a unique continuous bounded
variation path x(t) on R? satisfying the reflecting ODE:

2(t) =@ +/0 o (x(s))duw(s) +/0 b((s))ds + B(t), 0<t<T (4.1)

Proof. The following proof is a modification of the proof of Theorem 5.1 in [I2]. Note that the
boundedness and the continuity of ¢ and b are sufficient for the existence of the solutions. Let
us consider the partition of [0,7] by tkN = kT/N. Let 2V be the Euler-Peano approximation of
the solution, that is, let us define xV as the solution of the Skorohod problem with z(0) = x:

2N (t) = 2N (tl) + o (@N (1)) (w(t) — w(ty,))
+ (N ()t — thy) + 2N () — N (t ) oy <t <ty (4.2)

Let
¢ ¢
yN(t) ==z +/ o(zN (mn(s))dw(s) + / b(zN (mn(s)))ds (4.3)
0 0
Then {y"'} is a family of uniformly bounded equicontinuous paths defined on [0, T'] with values in

R, Therefore by the Arzela-Ascoli theorem, there exists a subsequence {y*} which converges
in the uniform convergence topology. We denote the limit by y°°. Then by the continuity of the
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Skorohod map in Theorem 22, 2™V (= T'(y"*)), ®Vk(= L(y™*) also converges to a continuous
paths, say, £°°, ®>°, in uniform convergence topology. Clearly, the pair (x>, ®>°) is a solution
of a Skorohod problem associated with y>°. Taking the limit Ny — oo in (4.3)), we have

y>(t) == +/0 o(z%(s))dw(s) —i—/o b(z™(s)))ds. (4.4)

This shows that (2°°,®>°) is a solution of the reflecting ODE. We can check the uniqueness
in a similar manner to Theorem 5.1 in [12]. Note that the boundedness of ¢ and b and their
Lipschitz continuity are sufficient for the proof. O

Remark 4.2. We may prove the existence of the solution of reflecting ODE when the driving
path is just p-variation path, where 1 < p < 2 using Davie’s argument [I]. We will study this
problem hopefully together with more general rough differential equation corresponding to the
case of p > 2 in future’s paper.

From now on, for simplicity, we may denote Ay By, Ay, t]kv by ABy, A, t. By the definition,
it holds that

X0 = XN+ [ oM e)Eg s+ [ bV (s)ds (45)
+ Nt — N ()t <t <ty (4.6)
Clearly, XV (t;_1) is Fi, ,-measurable. Let
N =X tO’ N S N S t N S S. .
V¥ = o+ [ o @)aB ) + [ V() (4.7)

Then XV =T(Y¥) and &V = L(YY).

Lemma 4.3. Assume (A) and (B). Fizx N € N. Let t;_1 < s <t <t,. The constant C below
1s independent of t,s, k, N.
(1) The following relations hold.

YV — YN () = /tt U(XN(S))%dS—I— /tt b(XN (s5))ds (4.8)

and
YNt -YN(s) <cC <\ABkyt_Ts +t— s) (4.9)
[ <\ABklt_TS +t— s) : (4.10)
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(2) We have

/ o) 2B = o (¥ (1) ABr - gy

te 1 A A

+ /t ( /t (Da)(XN(r))a(XN(T))%dr> Af’f ds

+ /t ( /t ) (Da)(XN(r))(b(XN(r)))dr> Af’“ ds

+ /t < /t ) (DJ)(XN(T))C@N(T)) Af’“ ds

= IE(t) + IF(t) + I5(t) + T5(b). (4.11)
Let I¥(t) = fttki1 b(XN(s))ds. Then
ko) < clap Pl (412)
k (t —tr—1)?

I3 (8)] < C’ABk’Ta (4.13)
k@t <C (yABkP (t _i’“‘lf - W!ABM) : (4.14)
[ (t)] < C(t —tr—1). (4.15)

Proof. The proof of the equation (4.8]) and (£I1)) is a simple calculation. The estimate in (4.9])
follows from (4.8). Hence the estimate (4.10]) follows from this estimate and Lemma 2.4l By the

boundedness of o, Do, b, we get (£.12]), (£13), (AI5). Using (£.10),

t—tr_1)|ABy
(0] < @V, o BB
2 2
t—1p1 (t—tr—1)
< ABg|? [ —2= ———|AB . 4.1
_o<| () |k|) (4.16)
This complete the proof. O

Lemma 4.4. Assume (A) and (B). Let p > 1. There exists a positive constant C, which is
independent of N such that for all0 < s <t < T,

E[|YN|% ) < Gylt — s (4.17)

Proof. Pick two points 0 < s < t < T'. First consider the case where there exists 1 < k < N
such that t;,_1 < s <t <t;. Then by (&9),

max [YN(w) — YN (w)| < C(\ABk\t_TS +i—s). (4.18)

s<u<v<t
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Hence E[[|YN] o s/I7] < Cp(t — s)P. If tj_q < s <ty <t < t4q for some k, noting
1Y Mooy, < 1Y Moo 5,600 + 1YY oo 111+ (4.19)

we can use the estimate in the first case. We consider the other cases. Let us choose 1 <[ <
m—1< N such that t;_1 < s <t <tp_1 <t<t,. Then

YN(t) = YN (s)
m—1

4
Z{ﬂ H) - s>+Z(L’i(m)—Iﬁ(zrk_l))umt)—I:?(tm_n} (4.20)

k=it1
4
Z N(s)).

Note that {JN(¢) | 0 <t < T} are continuous processes and it suffices to estimate E[||.JY ||i§ s t]].

First let us consider the term J¥. Let M% (¢) be a continuous F;-martingale such that

MN(t) = / o(XN(mn(s)))dB(s). (4.21)
0

Then Jév is the piecewise linear approximation of M at the times {tk}szl. Therefore,

1T oo o) < max_ [M™ (t) — MY (tw)]

1-1<k,k'<m
<2 max |MY () — MY (1)
<2, max MY (r) — MY (). (4.22)
Using Doob’s inequality, we get
EIJIZ (o g < Cpltm — ti1)P < 37Cp(t — )P (4.23)

Next we consider the term Ji¥. By the estimate (@I4]), we have

18 oo (s < C’Z |ABi> + A -|ABy|) < C (Z |ABk|2> + CA(t — s). (4.24)
k=1
Note that
{AB L = VA{GTL, i law, (4.25)

where {{;}7", are i.i.d. random vectors whose common distribution is the normal distribution
on R™ with 0 mean and identity covariance matrix. Hence

2p

B2, < Coa?E <Z|£k|2> +Cylt - sy (4.26)
k=l
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Since Sy = Y1, (J€k[* — n) belongs to the Wiener chaos of order 2, there exists a constant
Cy (¢ > 1) which is independent of m, ! such that

[Sm.illze < CqllSmoillz2- (4.27)

This follows from the hypercontractivity of the Ornstein-Uhlenbeck operator. See [5]. Therefore

<§mj yg,ﬁ) = [{Sm+n(m — 1+ 1)}]
k=l

< CpllSmall s + Cp {n(m — 1+ 1)}

< Cp{n(m —14+1)Y¥ 4+ Cp{n(m—1+1)}*. (4.28)
Thus
B[P ] < Com (s — o)+ (6~ 9% 4+ Cylt — 51
< Cp(t—s) e (4.29)
We can estimate other terms in a similar way and we complete the proof. [l

Lemma 4.5. Assume (A) and (B). Let p > 1. There exists a positive number C), which is
independent of N such that for all 0 < s <t < T,

E[IXN|Z |, q) < Colt — 5P, (4.30)
[|<1>N\|[8 gl < Cplt — sPP. (4.31)
Proof. It suffices to prove ([&3I). By checking the exponential integrability of ||Y ll oo, 0,7, We

can prove this by using the fact ®¥ = L(Y"), Lemma 23 Lemma &4 and Lemma 271 We
prove that for any a > 0, there exists Ny such that

sup E[elY Ml 0.11] < oo (4.32)
N>No
By the estimate (£9),
< . .
Oliltz?%\Y (t)] omax YN ()| + Clg}fanN |ABy| + C/N (4.33)

Because supy Ele® ™@1<k<n [ABkl] < oo for all a > 0, it is sufficient to prove

sup E[e®MaXo<h<n IYN(tk)|] (4.34)
N>Ny

By the decomposition and the estimates of YV in Lemma 3] we have

N
YN < C MN ()] +C |AB? 4.35
Or<r}€a<xN| (tr)] + max, | MY (t)| + kZ—1| Kl (4.35)
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where {M™(t)} is the continuous martingale which is defined in ([&2I)). Since the quadratic
variation is bounded, we have supy E[e?™@o<e<t MY O] < o0 for any a. Also

N N
E |exp (Z Ca]ABk]2> = H E[eC“‘AB’CP]
k=1 k=1
N
Cal, 5 1, ,\ 1
= exp( |x|* — =|x| > ————dx
kI;[l/Rn N 2 (27)n/2
20aT —nN/2
= <1 _ 2Ca ) — %9 a5 N — oo. (4.36)
N
These imply (£32)) and the proof is finished. O

The following is a key lemma for the proof of LP convergence of Wong-Zakai approximation.

Lemma 4.6. Assume (A), (B) and (C). Let XX be the Euler-Peano approzimation to SDE(a,b),
where b = b+ %tr(Da)(a). Then for any 0 < 0 < 1, there exists a positive constant Cy such that
for all N,

sup E[|XN(N) = XN ()] < Cp - A% (4.37)
0<k<N
Remark 4.7. The order of convergence in (437 is, roughly speaking, half of that of the
Wong-Zakai approximation to the SDE without reflection term. This convergence order can be
expected by the 1/2-Holder continuity of the Skorohod map. Consider two Skorohod equations
E=w+ ¢, & =w + ¢. Then it was proved in [12] (see also [7]) that under the assumptions
(A) and (B),

60~ € OF < {lw) ' OF +4(16llog + 160a) guax, lo(s) ~ w'(6)1}
exp {(I9lljo.q + 11¢'llo,g) /70 } 0<t<T. (4.38)

By this 1/2-Holder continuity of the Skorohod map I', we obtain
E[T(B), —T(BN),"] < A%, (4.39)

where 0 < 6 < 1. By examining the proof in [12], one can replace the term ¢l + [|¢'[|j0,q in
@38) by [|¢ — ¢'llj0,q- We are not sure whether or not this change gives better estimates than
the above. Of course the estimate in (£38]) is a pathwise estimate and there are no reason that
the pathwise estimate gives good estimate for the expectation also. Of course, if D is a half
space (or convex polyhedron, see [3]) in a Euclidean space, then T" is Lipschitz continuous and
the upper bound in ([@39) is O(A%). Also, it seems that the calculation in [2] also gives the
convergence speed O(A?V) for Wong-Zakai approximations of general reflecting SDEs in the half
space case. However, We do not know examples of reflecting SDE for which the slow convergence
speed A?f really appear.

In the proof of this lemma, the integrals which contains F;-semimartingales and non-adapted
bounded variation processes, e.g. Wong-Zakai approximation Xy (¢) appear. Hence we need the
following definition of the integrals.
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Lemma 4.8. Let X (t),Y (t) be Fi-continuous semimartingales and A(t) be bounded variation
continuous process. Suppose that supg<,<r{|X ()| + Y ()|} + [A()|jo,r) € LP for all p. Define

t N
/0 X(s)A(s)dY () = Jim 3 X DAG)E () = Y (E), (4.40)
k=1
N
(XA,Y) = Jim 3 (X (EDAWE) — (X (LD AE)) V() = Y (),
k=1

(4.41)

where t]kv =tk/N. These converge in probability and it holds that
¢ ¢ ¢
/ X (5)A(s)dY (s) = / A(s)dZ(s) = A(t)Z(t) — / Z()dA(s), (4.42)
0 0 0
¢
(KA )= [ AdXY). (4.43)
0

where Z(s) = fot X (s)dY (s) is usual Ito integral and the RHS of ([£42) is Riemann-Stieltjes
integral.

Let us consider a set of stochastic processes S which consists of a finite sum of product process
Y (t)A(t). Here Y (t) is a F;- continuous semimartingale and A(¢) is a continuous bounded
variation process which is not necessarily F;-adapted and supo<i<r |Y (t)| + [|Alljo,r) € Np>1LP.
Then this class is stable under the stochastic integral in the sense of the above lemma. In
the calculation below, we use the integrals of stochastic processes in this sense. Moreover the
following chain rule holds.

Lemma 4.9. Let Y, Z € S. Then
Y()Z(t) = Y(0)Z(0) + /0 Y (s)dZ(s) + /O 2(s)dY () + (Y, Z)s, (4.44)

where (Y, Z) is defined similarly to Lemma [L.8].

The above two lemmas are proved by a standard argument (integration by parts) and we
omit the proof. In the proof of Lemma[4.6] we use estimates on the expectations of the integrals
in the above sense. We introduce a family of iterated integrals. Let S be a set of stochastic
processes which consists of the processes g(Y (t)) where g is a C' function with values in R with
bounded derivative and

Y = XV, XY B, BN, oM (1), ®X(¢). (4.45)

We define a set S; of two parameter processes f = f(s,t) (0 < s < ¢ < T) inductively. Let
So = {1}. The set S; (i > 1) consists of finite sums of

[[aeo. [ atsadi), (4.46)
k=1 $

where f, € S;, E{C:l ir =1 i > land fo € S, g € S;—1. Inductively, we see that f = f(s,t) € S;
is equal to a finite sum of g(s)h(t), where g, h € S. Therefore, the integral in (£.46]) is meaningful.
For these random variables, we have the following estimate.
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Lemma 4.10. Let t{fv_l <s<t< t{zv. Let p > 1. For any f € S; (i € N), there exists Cp, > 0
which is independent of N,k such that

I max_ f(u,v)|[rr < Clp)(t ~ Ok (4.47)

s<u<ov<

Proof. In this proof, we say that f € U;>oS; is adapted when the following holds. The definition
is given inductively by

(i) 1 € Sy is adapted,

(ii) Let f be finite linear sums of processes in (£46]). Then f is adapted if all f (1 < k < j)
and g are adapted and fo = g(Y (¢)), where Y = X& B, ®X and g is a C! function with
bounded derivative.

By an induction on 1, it is easy to check that the set S; is equal to the set of finite sums of two
parameter processes

Lot
<H/ gk(&U)dAk(U)) ~h(s,t), (4.48)
k=175

where

(a) A* is a bounded variation process in S and g, € Si,- When [ = 0, we set this product
term as 1.

(b) h € S;is adapted.
(c) the indices iy, j satisfy Zzzl(z’k +1)+j=1.

Using this fact, Lemma 3.2, Lemma [0 Lemma [£3] (£9) and Lemma 24, we can complete the
proof of the desired result by an induction on 4. O

Proof of Lemma L6l We write

ZN(t) = Xg (t) - X" (1),

pn(t) = e 3 UXE O+ XN ON)

2% (1),

—~

mn(t) = pN

18



Let t,_1 <t < t;. By Lemma [£9]
dmN(t)

= PN(t){Q <ZN(t)= o(XE (te-1))dB(t) — U(XN(t))%dO

+2 (ZV(8), BXE (8 1)) = bXN (1)) dt + tr [(Coo) (XE (tx1))] dt}

20 (t) (27 (1), d}) (1) — d@ (1)

- ij“) 20" {(DHEE ©). 4@ 1) + (DHEN (), a2V (1) |
- 22230 { (0N 0.0 X (a-1))aB (D)
+ (V). 2rar) )
= 2 S (DO (00, 06 (1)) (270, 0(XE (o))
- 2”%@%%5»2 LA )5 i) ) dt -+ (DA (1)), b(XN (1)) dr}
= 0 2 (D) O 0) [ () o X (1)
+ 2 2N PO ) )0 O () Pt (4.49)

where {e;} is a c.o.n.s of R". After integrating both sides from t;_; to tx, we see that the sum of
the integral of the second term and the third term on the RHS is non-positive by the condition
(C), Therefore

6

mn(tr) < my(tg—1) + Z I, (4.50)
=1

where

I = /ttk pN(t){Q <ZN(t),a(Xg(tk_1))dB(t) _ U(XN(t))%dt>

+2 (ZV(8), B (b 1) — bXN (1)) dt + tr (o) (X (t41)) dt}

2= _/:k 4p:(t) D ADHXE ), o(XE (tr-1))es) (27 (1), o(XE (th-1))es) dt

%

== [ Zmn@{(DHCE )oK (1))

k-1 Y

" ((Df)(XN<t>>,a(XNu))%dt)}
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Iy = - / k %mm) {(@HGE ), HEE (1)) di+ (DHEN (), bXN (1)

B=— [T 002 0) [0 (1) 0 (X ()]

th—1

Is = / 2m§§(t) (DF)XE (1) (o (XE (ta1)) .

Let ar, = E[mn(t;)]. We prove that there exists a positive constant C' and 0 < § < 1 which is
independent of N and a non-negative sequence {by} such that

T
ak§<1+%>ak—1+bk 1<k<N
N /2
T
< —
E b, <C <N> .
k=1
Then we get

e (1 Y s (14 D
k—1 ;

< <1 + %)kao —I—Z; <1 + %)Zbk—i

<e ;b <Cr <N>
which is the desired estimate. We consider I}, (k = 4,5,6). By Lemma .10l we have

ma(t) — mu(te1)||r < CAY2 ) <t <ty
Thus
Bl < € (ara8 +A%2).
So our task is to estimate I, I, I3. We consider I;. We rewrite
L=J01+ Jy+ Js+ Jy,

where

b Z/tk pN(tk—l){ <ZN(t)’J(XéV(tk_l))dB(t) ~ O'(XN(tk—l))%dt>

th—1

+ %tr (too) (Xg(tk_l))dt}
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Jy =2 /ttk o (1) (27 (0, BOC (t1-1)) = XV () = (XN (1) = o (XN (t4-1))) =0 )t

Jy =2 / " (on () — patsr)) (ZN@),a(XéY (tk-1))dB(t) - 0<XN<fk—1>>%dt>

5= [ (o0 vl (o) (X (1))t

First we estimate J;. Let

=z f ) pN<tk_1>{ (ZN(@ 2N (0,0 O (1 )AB(E) — 0 (X (1 1)) S dt)
+ %tr (foo) (X;;V(tk—l))dt}'

Then E[J; — J1] = 0. So it suffices to estimate the expectation of .J,. We rewrite
4
Jl = Z 1,k
k=1
where

Jig = Q/ttk pN(tk—l){ <U(X1]3V(tk—1))(3(t) — B(tg-1)) — U(XN(tk—l))%(t —tp—1),

o (X (15 ))B(D) — o (X (t1-1)) )

+ %tr (foo) (Xév(tk_l))dt}.

ABjy,

j172 = —Q/t k pN(tk—l){ (/t (U(XN(s)) -0 (XN(tk—l))) Td )

(XN (be_1))dB(t) — U(XN(tk_l))Afk ) }

Jig = 2/;1c ,ON(tk—1){ <B(Xg(tk 1))t —te—1) /tt b(X N (s))ds,

k—1

o(XE (tg-1))dB(t) — o (XN (tg—1) %dt }
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Jia=2 /tk PN(tk—l){ <(‘I>g(7f) — O (te—1)) — (N (t) — DN (tp—1)),

th—1

o (X3 (tk-1))dB(t) — U(XN(tk—l))%dt) }

By a simple calculation,
ElJ11] = E [pn(te-1)lo(XE (tk—1)) — o (XN (te-1)[3r.5.] (tk — th-1) < Cag A,
By Lemma .10, we have
E[|Ji2]] < CA%2.
It is easy to see that E[|j13|] < CA3/2. By integrating by parts

B4l < CET(19E -y i) + 12 ity ) 1Bllso iy 0] = e

We have
N
S e < ClL(1@¥ oz + 19" 0m) leellmax 1Bl llzz < CA.
k=1

We estimate Js.

Jo = 2/tk PN(t)<ZN(t)’B(XJ{3V(tk—1)) — b(X N (th-1)) + bXN (tr-1)) — b(XN(t)))dt

tk—1

2 [ o0 (27050 1)~ XN 1)

(XN () ~ (X (1)) B2

= Jo1 + Jopo.

By rewriting ZN(t) = ZN(tj_1) + ZN(t) — ZN (tx_1) and using Lemma EI0 and the Schwarz
inequality, we get

E[lJo1|] < ClarA + A%?),

We consider Jp 2. Let

Far=2 [ pattn) (7 a0, BOC () — X ()

th—1

— (XN (0) o (XN (1)) 22 )t
By Lemma .10, we have

|E[Jan — Jao]| < CA%2.
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Noting
o (XN(1) = o (XN (tg-1))

= [ 0o (e )2 s [ Do) )00 )i

+ / (Do) (X™ (5)) (AP (s))

and for any &,

[ e npwoe (ro ) (52 ar

we obtain

E

|E[T22]] < CE [[®M|t_, 1B lloo, ity 1) + CAY2.

Therefore, as before, we get |E[Jaz]| < CA3/2 4 ¢, where ¢y, is a non-negative number such that
SN e < CAY2. By LemmaEI0, we have E[|Jy]] < CA3/2. We estimate J3 together with I
and a term I3 9 which is defined below. We estimate I3. We rewrite

I3 =131+ 132+ 133+ 134+ I35 + 136 + I3 7,

where
I31
:_%/t.k pN(t)/t. <ZN(3)—ZN(tk_l),a(XZEV(tk_l))dB(s)—a(XN(s))Af’“ds>
X {((Df)(XéV(t)),J(Xév(tk-l))dB(t)) + <(Df)(XN(t)),O(XN(t))%dQ }

Ba=— / o) / (2 (000 (xR tim))dB(s) — oV () 25 as)

x {((Df)(XéV (), o (X (te1))dB(2)) + ((Df)(XN(t»,a(XN<t>>%dt) }

Bo=-2 [ w0 [ (260500 ) - 0XN ) ds

x {((Df)(XéV (00 (XE ()aB(0) + (DN, (XY (0) 5t }

1374 = —% /t:kl pN(t) /t:l (ZN(s) — ZN(tk_l),d(I)g(S) — d(I)N(S))

x {((Df)(XéV (00 (X8 ()aB(0) + ((DNEV ). o (0) 2t }
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he=-1 [ "o (®) (2 (), (@) — 9N (1)) — (@Y () — BN (1)

X {((Df)(XéV (), o (XE (tr-1))dB(t)) + <<Df><XN<t>>,a(X%))%dt) }

Is = —§|ZN<tk_1>|2 / " pN(t){((Df)(XéV (1), (XN (t_1))dB (1))

+ (DN ). o) Frar) }

I3 = —%/t " (B — i)t (("fo0)(XE (tk-1))) {((Df)(XéV(t)),U(Xév(tk—l))dB(t))

n ((Df)(XN<t>>,a(XNu))%dt) }

As for I3 1,133, I3 4, I3 7, by Lemma 10| it is easy to see
|E[I3]] < CA%2.
We consider I36. By (49]) and Lemma [2.4] we have

X1 < C(AB+A4).

ti—1,tk]

Using this estimate and (B.6]), we have

E

/tk pN(t){((Df)(XéV(t)),J(Xév(tk_l))dB(t))

ABy

+ ((Df)(XN(t»,a<XN<t>>Tdt)} Fu|| 0B

Hence, |E[l36]| < Cak—1A. Using Lemma [£10] we have there exists non-negative random
variable I4 ; such that E[I§;] < CA%? and

Q

I35 < C1ZN (th-1)|Gr + To 5 < = (12N (t51) PG + Gi) + I 5,

2
where
= (m / ((DNXE (9)), 0 (X (te-1))dB(s))

X (1P ey ) + 12N ey 01) -

Using E[Gy|F,_,] < CA, we obtain

+ HB”OO,[tkl,tk]>

E[I35]] < Clap—1A + E[Gy]) + CAY2,
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Since

N
> ElG < B (12F o1 + 12V 0.17)

k=1

+ ”BHOO,[tkhtk})]

we obtain the desired estimate for I3 5. Finally we estimate Iy + J3 + I3 5. First we rewrite J3.
Note that

X max max
k tp—1 <t<tp

| (ONER .o (toi))aB(s)

< CAY2,

pN(t) — p (ti—1) = _%PN(tk—l){ ((Df)(XfJE‘V(tk—l))a o(XF (te—1))(B(t) — B(tk—l)))

# (N ) o (N o) S5 - 1)) }

- %pN(tk—l){ ((Df)(XfJE‘V(tk—l))a (X (th—1))(t — tk—l))
+ (DN (1)), bXN (1)) (t — tk—l))}
- %PN(tk—l){ <(Df)(X}5V(tk—1))7 (1) — (I)g(tk—l))

+ ((DAXN(tr-1)), @V (t) — (I)N(tk—l))} + p(tk-1,1).

Here p € Sp. Hence we can neglect the term p to estimate J3 by Lemma {T0 Also we can
estimate the terms containing @g ,®V in a similar way to J1,4,J22,135. We can estimate the

term containing b, b by Lemma FLI0 Consequently, we can replace the term J3 by Js:

J3 = —% /t:kl PN(tk—l){ ((Df)(XJ{EV(tk—l))vU(Xi?v(tk—l))(B(t) - B(tk—l))>

# (PN ). oY () S5 - tk_n)}

< (zNuk_l),a(XgY (to_1))dB(t) — a<XN<tk_1>>%dt) |
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Also, similarly, we can replace I3 > by jg,gi

- 4 [t
I3 = ——/ pN (tk—1)
T Jteq

(2 ). o XF (B0 — Bltua)) = (XN () S5~ 1))

x {((Df)(X%EV (te-1)). 0 (X (tr-1))AB(D)) + ((Df)(XNuk_l)),a(XNuk_l))%dt) }

By a simple calculation, we have

E [jg | EH}

= %pzv(tk—l) Z (DFIXE (te=1)), 0 (XE (te=1))ei) (ZN (teo1), o (XN (teo1))es)
- %PN(tk—l) Z (DFYXN (tr-1)), 0 (XN (tr—1))ei) (ZN (1), 0 (XE (tr—1))es)
+ %pN(tk—l) S ADHEN (tr1)), o (XN (tr-1))es) (2N (te-1), (XN (t-1))es) ,

i

E [I},Q | J-"t,H}

= —%pN(tk—l) > (Z2Y (te—1), o (X (te—1))ei) (DFXN (b)), (XN (te1))e:)

i

2A

+ T'ON(tk_l) Z (2N (th-1), o (XN (te—1))ei) (DFYXE (te-1)), o(XE (tr-1))es)
+ %pN(tk—l) Z (ZN (th-1), o (XN (tr—1))ei) (DX (tr-1)), (XN (tr-1))es) -
Hence
FE |:j3 + I~372]
= Cak_lA
+ %E px (k1) D (27 (te1), o (X (ter))es) (DAXN (tk-0)) (X (ti))es) | -
Consequently,
‘E |:12 + jg + I~372] ‘ <C <ak_1A + A3/2> .
This completes the proof. O

Remark 4.11. Note that some parts in the above estimate for ay = E[my(tx)] are rough. In
the case where OD = (), that is, D = R%, the local time terms vanish. In this case, the estimate

ar < (14 CA)ap_, + CA? (4.51)
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might be true. The bad term A?? essentially comes from the estimates on local time terms if

oD # 0.

Lemma 4.12. Assume the same assumptions in Lemma and consider the same SDE. Let
0 <0 < 1. Then there exists a positive constant Cy, 19 such that

Ny x Ny ize| < 6/6
E Oléltaé)%‘X (t) XE (t)‘ _Cp,T,GAN . (4.52)

Proof. Let Ny be a natural number and choose a sufficiently large natural number N. Pick
partition points {sk}é\gl C {ti 1| such that

T
No
[k =t |—N

Let t;°, <t < ,°. Then

XN (1) = XE (O] < [XV () = XN+ 13V (1) = XN (si)| + 1 XN (s1) = XE ()]
+ IXE (s) — XE ()] + [XE (67°) — XE (2)]

and
XNy - xN@)| <2 XNy xN
Ogl%y (t)—Xp@)] < Ogsgtggjgfs'g/%! (t) (s)]
2 XN — xN
T2 max X () - XE ()
No
+ 31XV (s0) — XN (s0)-
k=1
Therefore

T o No
N N 2 2p—192 2p—1 N N 2
FE Olélta;% ’X (t) - Xz (t)’ p] < Cp,93 P—192P <F0> + Nop ;E UX (Sk) — XN (Sk)‘ p]

T po T 0/2
< 2p—1o2p+1 ( L 2p [ £ )
< Cpp (3 2 <N0> + N, N

Here we use the uniform moment estimate for X%, X» and Lemma and Lemma [2.71 Hence

setting Ny as the integer part of N1/ we obtain the desired estimate. O
Proof of main theorem. The proof follows from Theorem [3.1] and Lemma [£.12] O
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