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ABSTRACT

Quaternionic polynomials are generated by quaternionic vari-
ables and the quaternionic product. This paper proposes the
generating ideal of quaternionic polynomials in tensor alge-
bra, finds the Grébner base of the ideal in the case of pure
imaginary quaternionic variables, and describes the normal
forms of such quaternionic polynomials explicitly.

Categories and Subject Descriptors

1.1.1 [Computing Methodologies]: SYMBOLIC AND AL-
GEBRAIC MANIPULATION

General Terms
Theory
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Quaternionic polynomial ring; syzygy ideal; non-commutative
Grobner base; normal form; Clifford algebra.

1. INTRODUCTION

Quaternions are one of the simplest examples of a non-
commutative associative algebra. When pure imaginary qua-
ternions are used to represent 3D vectors, the adjoint action
of the group of unit quaternions upon them provides a rep-
resentation of all 3D rotations. Because of this, quaternions
have important applications in 3D Euclidean computing [1].

In symbolic geometric computing, when geometric entities
and their transformations are represented by coordinate-free
symbols, algebraic manipulations among the symbols often
lead to rather simple and geometrically interpretable results
[3]. For example, using v instead of xi+ yj + zk as a vector
variable, provides a typical coordinate-free representation of
a 3D direction (or point) by a pure imaginary quaternion.
Under the quaternionic product, these variables generate a
ring of non-commutative polynomials. It is natural to ask
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for symbolic algebraic algorithms to manipulate such quater-
nionic polynomials.

When the coefficients of the quaternionic polynomials are
taken in the field of rational numbers Q, the quaternionic
product, being associative and multilinear, must be a quo-
tient of the Q-tensor product modulo an ideal Z whose gener-
ators are some tensors. Finding such generators and proving
that they are sufficient to define the quaternionic product is
the first task to finish. The first theorem in this paper pro-
vides very simple generators of Z, called the syzygy ideal of
quaternionic polynomials.

The next task is naturally on computing the Grobner
bases of Z and then the normal forms of quaternionic poly-
nomials. This can always be done using the classical theory
and algorithm on non-commutative Grébner bases [4]. For a
fixed number n of quaternionic variables, one can compute
a Grobner base of the syzygy ideal Z in the n variables,
and for every degree d, the number of degree-d polynomials
in the computed Grobner base is finite. After investigating
the elements in the Grobner bases for small values of n and
d, we come up with some observations on the general form
of the Grobner base for arbitrary n and d, and of the nor-
mal forms of quaternionic polynomials with respect to the
Grébner base.

The main part of this paper is the establishment of two
theorems that provide explicitly (1) a reduced Grébner base
of the syzygy ideal Z of quaternionic polynomials in n pure
imaginary quaternionic variables, (2) the structure of the
normal forms relative to the Grobner base. The results
are extremely simple. For example, each polynomial in the
Grobner base has either 2 or 4 terms; the sequence of vari-
ables in a monomial of normal form always forms two inter-
twining non-descending subsequences in terms of the order-
ing of the variables (Figure [[] and Figure [2 of this paper).

The proofs of the theorems are very long and are divided
into many cases. We provide detailed proofs for several cases
for illustration, but skip the rest by limitation of the size of
this paper. The results in this paper are not only founda-
tions for symbolic manipulations of quaternionic polynomi-
als, but also helpful in exploring general results on the Clif-
ford product among vectors of arbitrary dimension [2], now
that the dimension-three case is solved here as a by-product.

2. QUATERNIONIC POLYNOMIAL RING
GENERATED BY VECTORS

Let q1,qz2, . .., qn be a set of symbols representing quater-
nionic variables, and let qi,q2, ..., Qnr be the corresponding
quaternionic conjugates. A wvector v refers to a pure imagi-
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nary quaternion, i.e., v.= —v, and a scalar s refers to a real
quaternion, i.e., 8 =s.

A monic quaternionic monomial in variables q1,q2,...,qn
refers to the quaternionic product of a permutation of the el-
ements in a multiset of the 2n symbols {q;,q; |1 = 1,...,n}.
A quaternionic polynomial with rational coefficients is a lin-
ear combination of monic quaternionic monomials with coef-
ficients in the rational numbers field Q. We always use juxta-
position of elements to represent their quaternionic product.
For a monomial Q = qi,qs, - - - Qs , its reversion is

Q' = qi, aiqi, (2.1)

The quaternionic product is the quotient of the Q-tensor
product modulo some syzygy ideal. Since in symbolic manip-
ulation, a scalar is characterized by its commutativity with
everything, we first consider characterizing vectors and their
quaternionic products by the syzygy ideal, then extend the
results to general quaternionic variables.

Let vi,va,..., v, be vector variables. They belong to a
3D real inner-product space with metric diag(—1,—1, —1).
As the standard basis {i, j, k} cannot be constructed from
the given vector variables without using square-root and di-
vision operations, they are not allowed in manipulating the
quaternionic polynomials of the v;.

Let vi < va... < v,. For a monic quaternionic mono-
mial v, Vi, -+ Vi, the leading variable refers to v;,, and
the trailing variable refers to v;,. The monomial is said to
be non-descending if i1 < iz < ... < ik, and is said to be
ascending if i1 < 42 < ... < ix. The degree, or length, of
the monomial is k. The degree of a quaternionic polyno-
mial is the biggest degree of its monomials disregarding the
Q-coefficients. The lexicographic ordering among monomi-
als is always assumed. The leading term of a quaternionic
polynomial is the term of highest order.

The inner product of two vectors (not necessarily vector
variables) v;,v; is defined by

[vivj] :i= (vivj + vvi) /2. (2.2)

The result is a scalar, so it commutes with a third vector
Vi [Viv|ve = vi[vivy].
The vector product of two vectors v;, v; is defined by
vi X Vji= (Vv — v;vy) /2. (2.3)

The result is a vector, so its inner product with a third vector
v is a scalar. Define

[vivjvi] := (Viv v — viv,vi) /2. (2.4)
Then [v;v;vi] = [(vi X vj)vg] is a scalar, so for a fourth
vector vy, [Viv;vi]vi = vi[vivvi].
Define
[Vivivevi] := (Viviveve + vivevvi) /2. (2.5)

THEOREM 1. Let vi,va,...,vy, be n different symbols,
where n > 2. Define the product among them, denoted by
juztaposition of elements, as the Q-tensor product modulo
the two-sided ideal generated by the following tensors:

V2: vi@Vi®Vj—V;QV;® Vy;
V3: (vi®Vvi+V;®@Vvi)QVy—Vr® (Vi ®V,+V; QV;);
Vi: (Vi®V;® Vi — Vi QV; ® Vi) ® vy
—VI®(ViQV; QVE — Vi ®V; ® Vi),
(2.6)

foranyi #j#k#1inl,2,...,n. Denote by Q the Q-
algebra defined by the above product and generated by the v;.
Denote

@ = QU{vi®Vi+VIQVi, ViQV; @V —VE®V;QV; |1 # § # k}).

(2.7)
Then (1) the v; and v; X v; span a 3D @)—’uector space V2;
(2) if all the elements in (27) extending Q are real num-
bers, and the inner product of real vector space V* induced
from (22) is definite, then the product among the v; is the
quaternionic product, i.e., Q is the quaternionic polynomial
ring generated by the v; as vector variables.

Proof. The proof is composed of the following steps:
Step 1. For all 1 <1i,j5,k,l <mn,

ViViVj = VjV;iVi;
(vivi +vivi)vie = vi(vivy + v;ive); (2.8)
(Vivive — vipv;vi) v = vi(ViVjVi — VEV;V;).

The proof is easily established by verifying that V3 for i = k,
and V4 for [ = i or j are in the ideal generated by elements
in (236]). So the center of the ring Q is the subring generated
by the [viv;], [viv;], [vivivg] forall 1 <i< j <k <n.
Obviously, the latter two equalities in (2.8)) can be written
as the following shift invariance of [v;v;vi] and [viv;vivy]:

[vivjvi] = [vivivj], [vivivevi] = [vivivivg].  (2.9)

Step 2. Since vi®@ Vi, Vi®V;+Vv; @ Vv; and v Q v; Q v —
vi®v;®v; forall 1 <4< j <k < n are not in the ideal
generated by elements V2, V3, V4, [v,v;], [viv,], [Viv;Vi]
for all 1 <i < j < k < n are nonzero.

Consider the following Cramer’s rule: for all i, j, k, [,

— Vi[VijVl] =0.
(2.10)
By the first equality in (Z3)), the left side of (2I0) can be
simplified to [v;v;vg]v, — vi[v;v;vg], which equals zero by
the last equality in (Z8). So if n > 2, the v; span a 3D
@—Vector space.
Step 3. The following relations can be verified using (2.8)):

[Vivvi]vi — [Vivvi]vi + [Vivivi]v;

(Vi X Vj) XV = [Vjvk]vi - [Vin;]Vj;
(Vi x vi)(vi x vi)] = [vivi][v;vi] = [Vivi][v;vi];
(Vi X Vi) X (Vi x vi) = [vjvivi]vi — [Vivevi]vy.

2.11
Notice that in the corresponding formulas for the vect(or a,l2
gebra over R?, the signs on the right side of (211 are oppo-
site. In fact, the expressions in the three lines of (2I1)) are
respectively equal to
ViVjVE — VEViVy i ViVjiVEV] — VEV ViV
2 ’ 2 '
If n = 2, it is easy to see that vi ® va — va2 ® vi, and
VIRAV2R®VI®V2+V2a®VI®V2® V1 —2vi ® VI ® V2 ® V2
are not in the defining ideal of Q, so vy X vz # 0, and

[Vivi(vi x vi)];

[(V1 X V2)V1V2] = (V1 X V2)(V1 X Vz)
= (V1V2V1V2 + vavivavy — 2V1V1V2V2)/4
# 0.
(2.12)
Then vi,va,v1 X va are linearly independent over @
By (23) and (2II)), the following Cramer’s rule can be
verified: for all 1 <4,j5,k,l,m < n,

[(vi X Vi) vievi]vm — [(Vi X Vj)VEvim]vi

+[(Vi X Vj)Vle]Vk — [VleVm](Vi x v;) = 0. (2.13)



Hence the v; and v; X v span a 3D 6-vector space.

Step 4. The inner product defined by (22) can be ex-
tended bilinearly to all elements in V3. Then vi X va is
orthogonal to both vi and va. Furthermore, the inner prod-
ucts of the three elements with themselves separately are
all nonzero. When the [v;v;], [viv;], [viv,vi] are all real
numbers, let

e1 =vi/V|[vivi]l, ez =vixva/V/|[(vi x va)(vi x v2)]],

and let es = e1 X e2. Then {e1, ez, e3} form an orthogonal

basis of V2, and [eie;] = £1. Furthermore, el = [eses] =
—efe3. So the metric of V? is either diag(—1,—1,—1) or
diag(—1,1,1).

Step 5. It is easy to prove ezes = ez X ez = —e§e1 and
es3e;] = e3 X e = —e%ez. 1\/[OI'GOV(:JI’7 ejez = e; X ey = es.

So if € = —1 for 4 = 1,2, 3, then the product in V? is the
quaternionic product. U

As a consequence, all polynomial identities among the
v; in the ring Q are generated by relations of the form
[vivj|ve = vi[viv,] and [vsv;vi]v, = vi[viv,vg], or equiv-
alently, by relations of the form [v;v;vg] = [viv;v;] and
[vivjvievi] = [viviv;vg]. Neither the assumption that the
[vivi], [viv;] and [v;v;vy] are real numbers, nor the assump-
tion that the metric of V° is definite, can be represented by
polynomial equalities of the v;.

Henceforth we refer to the ring Q defined in Theorem
[ as the quaternionic polynomial ring generated by vector
variables v;, and call the defining ideal of Q the syzygy ideal,

and denote it by Z[v1i,va,..., Va].
Let Vi = v, vj, -+ vj,. Define
Vil == (Vi+(=1)" V) /2, A(Vi) := (Ve—(=1)"V)/2.
(2.14)
PROPOSITION 2. v;[Vi] — [Vi]vi is in Z[vi, va,..., Vy].
The commutation relation v;[Vi] = [Vi]vi can also be writ-
ten as the following shift-invariance:
[vin] = [Vkvl] (2.15)

—
The A(Vy) are in the 8D Q -vector space spanned by the v;
and vj X Vi.

Proof. The following identities can be established by in-
duction, although not very easy: for all [ > 1,

21 i -
[levjz o 'vjzl] = Zi:z(_l)l[vjlvji”vjzvjs Vgt 'ijzh

A(Va_1) (2l-2,1)-Vay_, V211 (1) Vi1 (23
A(Va) = Z(2L—2,2)>—V21 [Vam]A(Vaz);
[Vaiya] = 2 @23 va, [ Var ol Vati ),

(2.16)
where (i) V5, denotes that v;, does not occur in the sequence,
(ii) (h,m — h) b V,, is a bipartition of the m elements in
the sequence V, into two subsequences V., (1) and Vi, (2) of
length h and m — h respectively, (iii) in [V (1)], the product
of the h elements in the subsequence is denoted by the same
symbol Vi, (1), (iv) the summation Z(h,m—h)kvm is over all
such bipartitions of V,,, and the sign of permutation of the
new sequence Vi, (1), Vi (2) is assumed to be carried by the
first factor [V, (1)] of the addend. All the conclusions of the

proposition follow (2I6]) and (2.8). g

Alternatively, we can use existing results on Clifford al-
gebras to deduce (2.18) directly. In the proof of Theorem

[M we have shown that the v; and Vv; X Vi span a 3D @-
vector space. To show the difference between the quater-
nionic product and the Clifford product among the vectors

v; we need to reduce the field @

LEMMA 3. Let Q be the Q-algebra defined by (2.6). Then
for vectors vi,, ..., Vi,

[Vilvi4] [Vilvi5] [Vilvis]
[ViyVis]  [ViaVis]  [Via Vig)
[Vi3vi4] [Vi3 Vi5] [Vi3 Vis]

(2.17)

[Viy Viy Vig|[Vig Vig Vig] = —

Proof. Using the second equality of (ZI1)) in the reverse
direction, we can write the right side of (2I7)) after expand-
ing the determinant as

[V21V14][(Vi2 X Vis)(viza X Vig )]
+[V V14][(Vi1 X Vis)(vis X Vis)]

[V23V14][(V21 X Vlz)(vls X Vig )]
[{[Vm Vig (Vlla X Vla)]vll [Vil Vig (Vi5 X Vig )]Vi2
+[V21Vi2 (Vis X Viﬁ)]vis }Vi4]‘

By (Z13)), the above expression can be simplified to —[v;, vi,

Vis][(Vis X Vig)Vi,], which equals the left side of ZI7). U
Let

Q:=Q({vi®Vvi+vi®vy, |1 <i,l<n}). (2.18)

Then when n = 2, by (2I2), vi,v2,v1 X vz span a 3D
inner-product space over Q. When n > 2, let

L= [vivavs]. (2.19)

Then ¢ # 0, and [viv;vi] = o{(t[vivive])/(1)} € Qu. The
center of Q as a Q—algebra is @ + QL.

By multiplying (2I0) with ¢, we get that the v; span a
3D Q-vector space V2. Furthermore, from I3) we get that
the vv; X v; are in V3. The inner product between the v;
can be extended bilinearly to an inner product in V3.

In the Q-Clifford algebra CI1(V?) over V¥, By Theorem
5.64, Theorem 5.65 and Proposition 6.22 in [3], the two sides
of the four equalities in (ZI6]) are different expressions of the
gradAe—0,1,2,3 part of Vo, Vo;_1, Vo, Voiy respectively. In
CI(V?), v is not a scalar, but a grade-3 element. In the case
of quaternions, the quaternionic product is a homomorphic
image of the Clifford product because of V2, V3, so (2.10)
is automatically satisfied.

The right side of the third equality in ([2I6]) when multi-
plied by ¢, becomes a vector in 173, while the right side of
the last equality when multiplied by ¢, becomes an element
in Q. These discussions lead to the following conclusion:

PROPOSITION 4. In the Q-algebra Q deﬁned by (2.0), the
v and Lv; X v; span a 3D Q vector space V3. For any k > 1,
A(Viy Vg Vigeyr) and LAV Vi, -+ Vi, ) are both in VB.

Remark. In Clifford algebra, by Proposition 6.23 of [3], the
outer product (or exterior product) of four vectors v;, v;, vi,
v; equals one quarter of V4. So when the field is extended
to Q, V4 states that the dimension of the Q—vector space
spanned by the v,, is at most three. From this aspect, V2,
V3, V4 also generate the syzygy ideal of C’l(f/?’), if the latter
is taken as a Q-algebra.



3. QUATERNIONIC POLYNOMIAL RING

Let qi, ..., qn be quaternionic variables, and let qi1,...,qQn
be their quaternionic conjugates. To simplify notation, we
introduce p; to represent any of q;, q;, and define q; := q;.
For a monomial Q = pi, - P4y, its conjugate is defined by

Q :=Pi\  PirPis (3.1)
Define the scalar part [Q] and the vector part A(Q) of Q
as following;:

[Q:=(Q+Q)/2, AQ) =(Q-Q)/2 (3:2)

Then [q;] commutes with p;, and the quaternionic product
among vectors v; := A(q;) is characterized by (2.6). From
Theorem [Il and Proposition 2] we can deduce the following:

THEOREM 5. Let qi1,92,...,9n and qi,qz2,...,0n be 2n
different symbols, where n > 2. Let p; be one of qi,q:, and
let @i = qi. Define the product among the 2n symbols, de-
noted by jurtaposition of elements, as the Q-tensor product
modulo the two-sided ideal generated by the following ten-
sors:

Q0: qi®Qqi — Qi ®Qq;;
Ql: (qi + @) ®P;j — P; ® (A + i)
Q2: qi®Qqi ®P; — P; @i ® Qi
Q3: (Pi®P;j+P; ®Pi) ®Pr — Pr @ (Pi ®P; + P;j ® Pi);
Q4: (pi®pP; OPr +Pr @P; @ Pi) P
—P1® (Pi ®P;j ® Pk + Pr @ P;j ® Pi),

(3.3)
foranyi #j#£k#1in1,2,...,n. Denote by Q the ring
defined by the above product and generated by the p;, and
denote

Q:=Q{ai + @, ® @, Pi © P; + P; © Ps, (3.4)
Pi®pP; Pk + P @D ®Pi|t #J #k}).

Then (1) the A(q;) and A(q:) x A(q;) span a 3D Q-vector
space V;

(2) if all the elements in (34) extending Q are real num-
bers, and the inner product of real vector space V3 induced
from (22) for the vi = A(q:) is definite, then the prod-
uct among the p; is the quaternionic product, with q; as
the quaternionic conjugate of q., i.e., Q is the quaternionic
polynomial ring generated by the quaternionic variables q;.

Similarly, we refer to the ring O defined in Theorem [ as
the quaternionic polynomial ring generated by quaternionic
variables q;, and call the defining ideal of Q the syzygy ideal,
and denote it by Z[q1,q2, ..., qn].

PROPOSITION 6. For all k > 1, let Q = pi; Piy - Piy -
Then p;[Q] — [Q]p; is in the syzygy ideal Z[q1,qz,. .., qn]-
[P; Q] — [Qp;j] is also in the syzygy ideal, and A(Q) is in the
3D Q-vector space V2.

4. GROBNER BASE AND NORMAL FORM:
MULTILINEAR CASE FOR VECTORS

Let vi,...,v, be vector variables. For two quaternionic
monomials hi, he in the variables, h;i is said to be reduced
with respect to ha, if h1 is not a multiplier of ha, or ha is
not a factor of hi, i.e., there do not exist monomials [, r,
including rational numbers, such that h1y = lhor. For two
quaternionic polynomials f and g, f is said to be reduced

with respect to g, if the leading term of f is reduced with
respect to that of g. The term “non-reduced’ means the
opposite.

Let {f1, f2,..., fx} be a set of quaternionic polynomials.
A set of quaternionic polynomials {g1, g2, ..., gm} is said to
be a reduced Grébner base of the ideal Z := (f1, fa,..., fx)
generated by the f; in the quaternionic polynomial ring, if
(1) (g1,...,9m) =Z, (2) the leading term of any element in
7 is a multiplier of the leading term of some g;, (3) the g;
are pairwise reduced with respect to each other.

The reduction of a polynomial f with respect to a reduced
Grobner base g1, 92,...,9m is the repetitive procedure of
dividing the first non-reduced term L of f by some g; whose
leading term is a factor of L, then updating f by replacing
L with its remainder, until all terms of f are reduced. The
result is called the normal form of f with respect to the
Grobner base.

By the classical theory of non-commutative Grobner base
[4], a reduced Grobner base always exists for the syzygy
ideal of quaternionic polynomials. However, the Grobner
base can be computed by computers only for small values of
n (number of variables) and d (degree of polynomials in the
Grobner base). Our goal is to find the general form of the
Grobner base for arbitrary n which can even be a symbol.
We first consider the multilinear case.

In a multilinear monomial, every variable occurs at most
once. A multilinear polynomial is the sum of multilinear
monomials with rational coefficients, where for every vari-
able, its degree is the same in different monomials. The
multilinear product is defined for two multilinear polynomi-
als only when they do not have any common variable. The
multilinear addition is defined only for multilinear polynomi-
als having the same set of variables. All multilinear polyno-
mials together with the multilinear product and multilinear
addition form an algebraic system, called the multilinear
ring. All monic multilinear monomials together with the
multilinear product form another algebraic system, called
the multilinear monoid.

An ideal of a multilinear ring or multilinear monoid is
defined just as in the usual tensor-product case. The con-
cepts of reduced Grébner base, reduction and normal form
have similar definitions, the theory and algorithm of non-
commutative Grébner base in [4] are still valid.

For example, for m < n vector variables v;,,...,v;,,, the
multilinear quaternionic polynomial ring Q™ [Vig, -y Vi, ] is
composed of all multilinear quaternionic polynomials whose
variables are among the v;, , including polynomials of de-
gree 0. The syzygy ideal ZM[v;,, ..., v, | of the ring is
generated by elements of the form [v;, vi,|vi. — Vi, [Vi, Vi,]
or [Vi, Vi, Vi, Vi, — Viy[Vi, Vi, Vi.] for all ia # & # ic #
iq. The Grobner base of the syzygy ideal is denoted by
gM[Vi17 e 7Vz‘m].

When the variables v;,,...,v;,, are replaced by another
sequence v, , ...,V , the syzygy ideal of QM [v,,,..., v;,.],
and the Grobner base of the syzygy ideal are obtained from
those of QM[v,,..., vy, ] simply by a replacement of vari-
ables. From this aspect, what is important is the number m
of variables, not the specific sequence of variables. We in-
troduce QM 7M and GM to denote the multilinear quater-
nionic ring, its syzygy ideal, and the Grobner base of the
syzygy ideal, in m unspecified vector variables.

Notice that if G is reduced, then it is a subset of a reduce
Groébner base of T2, as any polynomial of degree < m in



M ig also in ZM.

THEOREM 7. Let TM[vy, ..., vy] be the syzygy ideal of the
multilinear ring QM [v1,...,vy,] of multilinear quaternionic
polynomials in n vector variables vi < va < ... < V.

(1) [Grobner base] The following are a reduced Grébner
base ofIM[v17...7vn].' foralll<ii <iz<...<im<mn,

G3: [Vi3 ViyVig] — [Vi1Vi3Vi2]7 and [Vi3vilvi2] —[Via Vig Vis |5

Gm: [Vig Vi, Vi | —[Vi, VVi Vi, ], where V = v, vig -+ vy,

and 4 < m < n.
tk

Figure 1: Double-ascending structure of a multilin-
ear quaternionic monomial in normal form, where
only the subscripts of vector variables are shown.

(2) [Normal form, see Figure[d] In a normal form, every
term is up to coefficient of the form Vy, v, Vy, Vo, - - Vy, vz,
or Vy, vz, - ~Vykvszyk+1, where
(i) k>0,

(13) V2 Vzy - - - V2, 1S ascending,

(#ii) every Vy, is an ascending monomial of length > 1,
(iv) Vv; Vy, - - Vy, (or Vv, Vy, -+ Vy,,, if Vy,,, occurs)
is ascending,

(v) for every i < k, if v¢, is the trailing variable of monomial
Vy,, then v., < vy,.

Remark. In a normal form, as shown in Figure[I] although
v, is lower than the trailing variable v¢, of Vy;, it is allowed
that the order of v, be at anywhere from above v., , up
to below vy, and both v., < vy and v., > v, are possible
for any variable vy # vy, in Vy,; where j <i.

Before proving the theorem, we introduce the following
convenient term: let If,1; be the leading terms of polyno-
mials f, g respectively, if [y equals l; up to coefficient, then
f, g are said to have leading like terms.

Proof. Observe that in the sequence G3, Gm for m > 4,
the leading terms are pairwise reduced with respect to each
other. The proof of the theorem is by induction, and is
composed of many steps:

Step 1. G3, Gm for m > 3 generate the ideal Z. The
proof is the following. By Proposition 2] G3, Gm are in the
ideal. It is easy to show that for all i # j # k # I, [viv,vi]—
[vikviv;] is reduced to zero by G3, and [v;v,;vivi]—[viviv;vi]
is reduced to G4 up to sign by G3. So all the generators of
IM are in the ideal generated by G3, G4.

Step 2. The theorem obviously holds for n = 3. For n = 4,
in Step 1 it is shown that for any f € 7,

F=) AavaG3+> M\sG3vs+ G4,  (4.1)
@ B
where G3 stands for a polynomial of type G3, and the \’s

are rational numbers. Notice that the leading variable of G3
is always v3 or va.

Assume that the leading term of f is reduced with re-
spect to G3, G4. Further assume that before cancelling
like terms on the right side of (&I, the leading term is
L= Vi, Vi, Vis Vi, up to coefficient. Then L is not reduced
with respect to G3, G4, so it must be cancelled by other
leading terms of the addends on the right side of (£1)). The
following observations on (1)) are obvious:

(i) If L comes from AG4, i.e., equals vavavavy, then it is
not the leading like term of either Ao vaG3 or A\gG3vg. So
L cannot come from AG4.

(ii) If L comes from some A;v;G3, then it is not the leading
like term of any other A;v;G3, so it has to be the leading
like term of a unique A\ G3 vi. Conversely, if L comes from
some A\G3 vy, then it has to be the leading like term of a
unique A;v;G3. _

Based on the above two observations, we get that in L =
Viy VigVigVig, Vip = Viy = Vig and v, > v;,. So either
L =v4v3vavy or L = v4vaviva.

Step 3. For n = 4, we have the following conclusion:

3 4
v4iG3 = Z AiviG3 + Z )\jG3 V. (42)

i=1 j=1

To prove this we consider only h = va(vsvavi — vivavs —
vivave + vavgvy). If [@2) holds for v4G3 = h, then by
interchanging subscripts 1,2, the right side of ([{2]) keeps
the same form.

h = V4V3V2V] —V4V1V2V3 — V4V]1V3Va + V4V2V3Vi
G

w

v
= V2V3V4Vi — V2V1V4V3 — V2V4ViV3 + V1V4VaV3

—V3V4Vi1V2 — V3V1iV4Va + V1V4V3Va + V3VaVaVy

v;G3,i<4
= —V2V3V1V4 + ViV3VaVy + ViVaV3Vy — V3VaViVy

Give
The underlines give hint on the category of Groébner base
elements to be used in reduction.

Step 4. By [@2), [@I) can be rewritten as

F=> AviG3+ > \G3 v, + AG4. (4.3)

<4 7

By the analysis in Step 2, the leading term on the right side
of ([@3]) before cancelling like terms remains the leading term
after cancelling like terms, violating the assumption that the
leading term of f is reduced with respect to G3, G4. This
proves that G3, G4 form a Grébner base of ZY.

Step 5. Let T = v4,vi,Vis Vi, be a term in the normal
form of a degree-4 polynomial. By reduction with G3, if
i; > ij4+1 then 442 > ¢; is mandatory. So the sequence of
subscripts must be one of Y1, Yiz1, Y12z1Ys2, and Yi2z1Yazs,
where z; is a single subscript, each Y; is an ascending se-
quence of subscripts, all the Y; form a big ascending sequence
of subscripts, and z; is smaller than the trailing subscript of
Y:. If z1 > z2, then it must be that T = v3vavsvi, which
is not reduced with respect to G4. So z1 < z2. This proves
the theorem for n = 4.

Step 6. Assume that the theorem holds for all n < g,
where ¢ > 5. When n =g, let f € Iéw and assume that its
leading term is reduced with respect to G3, Gm for m up to
q. By induction hypothesis, the degree of f must be q. We
need to prove that f does not exist.

Since the generators of Iy all have degree < ¢, it must



be that
F= Xavafat Y Asfsvs, (4.4)
o B

where the \’s are coefficients, and f., fs € I(%l are of degree
q — 1. We do reduction to f, with respect to the Grébner
base G3, Gm for m up to ¢ — 1 in the following special way:
to every term T; of fo, let Ty = piVivae, where V; is a
monomial of degree ¢ — 2 > 3 and p; is the coefficient, do
reduction to monomial V; by Grobner base G3, Gm for m up
to ¢ — 2. After the reduction to every V;, fo = Zj Ajgivi+

fa, where g; € Iévfg, and fa € Iévfl. Every term of fa after
removing its trailing variable is in normal form.

Now do reduction to fo by G3, Gm for m up to ¢ — 1.
Then fo =32, ., . Aam@a, Gm + g, bs,, Gm cg,, +
> o Ay G da,, ), where a, b, ¢, d are monomials of degree

> 1. The leading term of fa must be the leading term of
a unique Aa,, Ga,, Gm, because it can only be non-reduced
with respect to such a polynomial. Now substitute the above
expressions of fa, fo into (&), and regroup the terms. We
finally get

f =s+t, where s = Z Z)\amVam Gm, t= Z Aghgvg,
m<q Qm B
(4.5)
and where Vg, is a monomial of length ¢ —m, hg € Ié\fl,
with the following properties:

(a) If the leading term T of an addend Aa,, Va,, Gm is of
the highest order among all leading terms in the addends of
s, then Ts must be the leading term of s, and has no leading
like term in any other addend of s.

(b) Furthermore, when V,,, = v, Vi, Vi,_,, and the
leading term of Gm is v, vj, - - - Vj,,., then the degree-(q—2)
factor vi, -+ vy, V4 Vj, vy, of Ty is in normal form.

Step 7. In ([43), the leading term T, of s comes from a
unique Aq,, Va,, Gm of s. We will establish the following
conclusion: if T has any leading like term in ¢, then

Vo, Gm=> "3 "X Vy Gi+ > Apwyve,  (4.6)

j<q = ¢

where the *-summation is over all Vy Gj whose leading
term has lower order than that of V,,, Gm. On~ce @) is
established, then we can rewrite f as AGq + § + ¢, where

=3 A, VG, =D Xheve, (4.7)

Ji<q v ¢

such that either § = 0, or the leading term of § does not
have leading like term in ¢.

The two observations in Step 2 are also valid in the current
situation. The leading term of § can only be cancelled by
a term of ¢, and conversely, the leading term of ¢ can only
be cancelled by a term of §. Furthermore, the leading terms
of § and ¢ are both non-reduced with respect to G3, Gj for
j up to ¢ — 1. Since the leading term of f is reduced with
respect to G3, Gj for j up to ¢ — 1, it must have higher
order than any term of § and £; then it must be the leading
term of Gq, violating the assumption that it is reduced with
respect to Gq. This proves that G3, Gj for j up to q is a
Grébner base once ([L6) is true.

Step 8. Once it is proved that G3, Gj for j up to ¢ is a
Grobner base, then for a polynomial f of degree g, by re-
duction with respect to G3, Gj for j up to ¢ — 1, we get

that for any term 7' = Av;V4_2v; in the result of reduction,
where V,_2 is a monomial of degree ¢ — 2, the subscripts
of V4_2v and v;V,_2 must be both in one of the following
normal forms: Y1, Yiz1, Yiz1Y2, Yiz1Yazo, .... If the sub-
scripts of T" are not in one of the normal forms, it is easy to
show that (1) the subscripts of V,_2v; must be of the form
Yiz1, and z1 = t; (2) if Y1 = hih2Y, where Y is of length
qg—4>1, then ha > 1> hi; (3) h1 > t. The only possibility
is viVg_ovy = v3vavyvs - - - vgvi, the leading term of Gg.

Consider polynomial Ggq. By reduction with respect to
G3, Gj for j up to ¢ — 1, we get Gg = vavaovyvs - VgV —
V3V1V4Vs - - VgVa + g, where each term of g has leading
variable vi or vo. The second term v3vivavs:--vgve and
the terms of g are each in a normal form described by the
current theorem. Hence, after reduction with respect to the
Ggq in the above form, each term of f becomes normal.

Step 9. We start to prove (4G), which is the main part
of the whole proof. Let V,,, = vy Vg—m—1, and let the
leading term of Gm be V& _,v., then up to scale T, =
vaq,m,1V§L,1VZ is the leading term of s, and monomial
Vq,7,L,1Vg,1 is in normal form, i.e., its subscripts are in
one of the forms Yiz1...Yrzr and Yizi... Yz Yeq1. Let
li,t; be the leading subscript and trailing subscript of Y;
respectively. Then [; < t;. Let the middle part of Y; after
removing [;, t; be C;.

The tail part of the subscripts Y1z1...Yrzrz or Yizi...
Y2k Y412 must be either the subscripts yZz from the lead-
ing term of G3 for m = 3, where y > z and y > Z, or the
subscripts yZY z from the leading term of Gj for m = j > 3,
where zZyY is ascending. So subscripts Yizi...Ye_12k-1
(lxCltr)zrz where ti, > z, belong to the leading term of
Vyv,ve ... Vy,_ va, Vi, Ve, G3, while subscripts Y121 ...
Yi—12k—1(lxCrtr) 2k Y412 where zi > z, belong to the lead-
ing term of Vy;v., ---Vy, v, v, Vg, Gj, where j is
the length of Y;y1 plus 3. We get

A%

If Vg, is not in normal form, then by reduction with G3,
Gj for j up to ¢ — m, the order of V,,, is decreased, and
&3] is trivially satisfied. Below we assume that Vg, is
normal.

Since T has leading like term in ¢, vy Va,, Ve, Vs, for
tr, > z, and vaamvtkvszka for z > z, must be non-
reduced with respect to G3, Gj for j up to ¢ — 1. It is easy
to deduce k = 1, and when any of the two monomials is non-
reduced with respect to G3, the length of Y7 is less than 3.
So up to scale,

=vVvuwVy, Ve - Vy,_ v, v, Vg, (4.8)

Qm

Ts =vuwVy, v Ve or v, Vy, v, Vy,v.. (4.9)

Only the head part and tail part of T are non-reduced with
respect to some Gi, Gj respectively, where i, j are between
3 and ¢ — 1. There are the following cases:

(I) i = j = 3. The subscripts of Ts are either wt1z12
or wlit1z1z, where w > t1 and t; > z. The first case is
considered in Step 3 and is conclusion ([@2]). The second
case includes six different subscripts of Ts: 51423, 51432,
52413, 52431, 53412, 53421.

(IT1) ¢ = 3, 7 > 3. The subscripts of T; are either wt1z1Y2z
or wlit1z1Y2z, where w > t; and z; > z.

(I1.1) In the former case, the subscripts of Ts are w32Y'1,
where w > 3, and Y > 3 is an ascending sequence of length
q—4>0.

(I1.2) In the latter case, t1 = 4, and ¢1, 21, 2 is a permu-



tation of 1,2,3. So T has the following possible subscripts:
wl43Y 2, w243Y'1, and w342Y'1, where w > 4,and Y >4 is
an ascending sequence of length ¢ — 5 > 0.

(III) ¢ > 3, 7 = 3. The subscripts of Ts are wl1Cit1217,
where C; is an ascending sequence of length ¢ — 5 > 0,
w > l1 > z1 but w < C1, and t1 > z. Obviously t1 =
q, but z can take any value from 1 to ¢ — 1. So 75 has
the following possible subscripts: 4356 ...¢21, 4356...q12,
4256...q13, 3256...q14, and 3245...k...qlk for 5 < k <
q — 1. There are the following subcases, considering both
the symmetries of the subscripts and the difference of the
categories of Grobner base elements to be used in reduction:

(II1.1) The subscripts of T are 43521, 43512, or 42513.

(II1.2) The subscripts of Ts are 43Y (¢ — 1)g21, 43Y (¢ —
1)q12, or 42Y (q — 1)q13, where Y is an ascending sequence
of length ¢ —6>0,and4 <Y <q— 1.

(I11.3) The subscripts of T, are 32514.

(II1.4) The subscripts of Ts are 32Y'ql(qg — 1), where Y is
an ascending sequence of length ¢g—5 > 0, and 3 <Y < ¢—1.

(II1.5) The subscripts of T are 32Y (¢ — 1)q14, where Y is
an ascending sequence of length g—6 > 0, and4 <Y < ¢—1.

(I11.6) The subscripts of T, are 32Y Z(q — 1)qlk, where
4 <k <qg—1,Y is an ascending sequence of length u > 0,
Z is an ascending sequence of length ¢ — u — 6 > 0, and
3YkZ(q — 1) is an ascending sequence.

(IV) i > 3, j > 3. The subscripts of T, are wl1C1t121Y2z,
where C1,Y2 are two ascending sequences of length > 0,
w >l > 21 > zbut w < Ci. So zziliw = 1234, and
the subscripts of T are 43Y k271, where Y is an ascending
sequence of length v > 0, Z is an ascending sequence of
length ¢ — u — 5 > 0, and 4Y kZ is an ascending sequence.

There is no space to present the analyses of all the cases
and subcases. We select to present the details for the fol-
lowing representative cases: (I), (II.1), (I11.2) to (IIL.4).

Step 10. The polynomials on the left side of the following
equalities are in Ifik: for monomials Vj, V, of degree j, k
respectively,

(Vi + (=D)"VD)V; = V,(Viy + (-1)*V]) = o,
V;Vi— ViV, — (1R (VIVI - ViVl = o
(4.10)

As long as j + k < ¢, and by applying the above equalities
to the leading term of a polynomial f, the order of f is
decreased, this transformation of f can always be replaced
by reduction with respect to G3, Gi for i up to j + k.

Let both v;,,vi, < Vi and vy, Vi, < V4, where A is a
sequence of subscripts of length a < ¢ — 3. The following
order-reducing transformation is also induced by G3, Gi for
i up to a+ 3:

Vig VAV Vi, = Vi, (VAVilvis + (_1)avisvi1VL)
—(—1)aV1‘1 VLVZ‘3V¢2.
(4.11)

The proof of [@IT) is simple:

Vi3VAVi1Vi2
=viz(Vavi vi, + (_1)avizvi1VL) - (_1)avisvizvilvj4
= (Vi Vavi + (1), VTAViz)Vis + (_1)avizvisvilvj4
—(—l)thVL(ViSVQ +Vi2Vi3)
=viy(Vavi vy + (_1)avisvi1VL) - (_1)avi1VjL4vi3Vi2‘
In later steps, (I0) and (#II)) are used directly in reduc-

tion.
Step 11. Consider case (I) of Step 9. Let h = vsvi(vavavs

+Vv2ovavs — v3vyva — v3vavy). Then

h = V5V1iv4VaVs + V5V1iVaVvavs — VsVivs(Vavy 4+ Vava)
My, i<5

—V1V5(Vava + Vavy)vs + va(Vvsvi + Vivs)vavs
+v2(Vsvi + Vivs)Vavs + vivsvs(vava + vava)
—v3(vsvi 4 vivs)(vava + vava)

viIM j<5
=" (V4V2V3 + VaV4V3 — V3VaVy — V3VaVa)

(Vsvi 4+ vivs)
Ii/f:vk 0.
When the subscripts 1,2,3 undergo a permutation, the poly-
nomial equalities used in the reduction remain in the same
category: ZMv; for i < 5; vaiw for j < 4; ZMvy. So the
above reduction is valid for all the six subcases of Case (I).
Step 12. Case (I1.1) of Step 9. Let h = v (vavaVyv: +
(—l)qV3V1V1;V2 — (—1)‘1V1VI,VQV3 — v2Vyvivs), where
w > 3, and Y > 3 is an ascending sequence of length
q—4>0. Then

™ v, ,i<3
a—12t q T
h = —v3vy(vaVyvi + (—1)7vi Vi va)
+v2(Vwvs + v3vy)Vy vy
+(—-1D)?vi(vwvs + V3vw)VTyvz
—vu(vaVyvi + (—l)qvlv;vz)V3
viIM <4 i
= —v3(vaVyvi + (—1)*v1Vyva) vy

+(vaVyvi + (=1)"vi1 Vi va) (Vevs + vavy)
—vuw(vaVyvy + (—l)qvlv;vz)V3
Ié\{lvj
="0.
Step 13. Case (I11.2) of Step 9. Let h = v4vaVyvg_1(vgva
V1 — ViVaVg — V1VgVa + Vavgvi), where Y is an ascending
sequence of length ¢ —6 >0, and 4 <Y < g— 1. Then

h = vav3Vyv, 1vevavi — vavaVy v, 1Vivavy
—v4v3VyVvy_1Vivegva + vavaVyva_1Vavevi
Vy3y G4,
Ié‘{lvi

= (v3Vyvg_1veva + (—l)ququqflV;r,v?,)vA;vl
—(—l)qV4vzquq,1V;ﬂV3v1
—va(vsVyvg_1vivy + (—1)qV4V1vq,1VTYV3)Vq
—|—(—1)qv1vq,1VTYV3V4vzvq
F+vav3Vy (Vavgvi — Vivgva)vg_1
Vo 1} o 1l v,

M
v21q71
= (vaVyvg_1vgva + (—1)ququq,1V{,V3)V4v1

—vava(vsVyve_1vevy + (—1)qv1quq,1VLV3)
+vavaviviVyve_1vy

—vovg(vivavsVyvg_1 + (—1)qvq,1VLV3V4V1)
—|—(—1)qv1vq,1VI,V3V4vzvq

+(vavgvi — vivgva)vavsVy vg_1

M oM

—1Vi,Vid,T g

q ¥ltq 1)¢ T
= = vi(Vyvg_1vgvavavs — (—1)?v3vavaveve_1 Vi)

+vovavaVyve_1vgvi — vaVyve_1vevavavy
I
+vavovi(vaVyve_1vy — (—1)?veve_1 Vi vs)

vaIM v
TLIN(V 1)4 Vi
= = vi(Vyvg_1vgvavavs — (—1)?v3vavaveve_1 V)

—v1(Vyvg_1vgvavavs — (—l)qV3VQV4quq,1V{,)
H+vava(vaVyve_1vy — (=1)Tvve 1 Vivs)vy
+vavovi(vsVyvg_1vg — (—l)qquq,1VI,V3)

M M
Iq,1Vi7V11q,1

0.



In the reduction rules, V43y G4 stands for v4v3Vy G4,
and so for the rest. The reductions for the other two sub-
cases of Case (II1.2) are similar.

Step 14. Case (II1.3) of Step 9. Let h = vava(vsvivy —
V4V1Vs — VaVsVi + vivsva). Then

My, G5

h ™ =" v3vivs(vava + vava) + (V2VsVi — V1V5V2)V3Vy
—V3V1VaVaVs — (V2VaVi — V1V4V2)V3Vs
—V2V4V5ViV3 — V1V5V4VaV3 + V3VaViVsVy

V31G3,1M vy
= V3V1V2V4V5 — V2V3V]1V5Vy

—V1V5V2V3Vy + V1V4V2V3Vs — V1V5V4VaV3
+V2V5V1V3Vy — V2VaV1V3Vs — V2VaV5V1V3
+vi1(vavs + v3va)vsvy

Ii/fv;, V1 Iflv[

= v2(V1Vs 4+ V3V1)VaVs — Vavavivavs
+v2(V5V1Vs — V3V1V5)Va — V2VaV5V1Vs3
M
valy

= 0.

Step 15. Case (II1.4) of Step 9. Let h = v3vaVy (vgvi
Vg—1 — Vg—1V1Vq — Vg_1V4V1 + V1VgVg_1), where Y is an
ascending sequence of length ¢ —5 > 0,and 3 <Y < q—1.
Then

Gq,Igilvi q f

= (vaVyvgvi + (—1)vivg Vi va)vavge_
—(=1)9v3v1vyVivavy
—(vaVyvg_1vi + (—1)qv1vq,1VTyvz)V3vq
—1)qV3v1vq,1VI,vzvq

+

— —1)qV3v1quq,1V;r,vQ
LY 2
voVyvi — (—1)7viVva)vaveve_1

(
(
(
(vaVyvg_1vgvi — (—1)qV1VqVq71V1—/V2)V3
(
(
(=) %v3viVivaveve_s

-

Va1
vi )T i<3
= v3viVy (VgVavg_1 — Vg_1VaVg — VgVg—1V2
+Vvovgvg—1) + v3vivaVy (Vg_1Vg — VgVg—1)
—va(vivs + v3vi)Vy (vg—1vg — VgVg_1)
+v1v3vaVy (Vg—1vg — VqVg—1)
V31If,”,2,
Igﬁ_lvi

5. GROBNER BASE AND NORMAL FORM
FOR VECTOR VARIABLES

THEOREM 8. Let Z[v1,...,vy] be the syzygy ideal of the
quaternionic polynomial ring Q[v1, ..., vy] in n vector vari-
ables vi < vy < ... < Vvp.

(1) [Grébner base] The following are a reduced Grébner
base of I[v1,...,vpl: for all1 < i1 <i2 <izg < iy <...<
Im—1 < Tm < n,

VG3:

[Vi3 Vig Viy ] - [Vil VizViy ] )
VigVigViy — Viy Vig Vig,

[Vi3vilvi2] - [Vi2 Vi3vi1]7
VigViy Vip — Vig Vig Vig

VGm: [vigvi, Vv, |—[Vi, Vvi, vig ], where V.= v, vi - vy,
and m > 4.

(2) [Normal form, see Figure[Z] In a normal form, every
term is up to coefficient of the form Vy, v, v, Vy, Vi, Ve,
- Vy, Vi, vz, or Vy Vi, vy - 'VYthszkVYk+1; where
(i) k>0,

hk
Y \
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m Y2 i 2
\ AN i
\ //‘\\ K \\\ K
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Figure 2: Double-nondescending structure of a

quaternionic monomial in normal form, where only
the subscripts of vector variables are shown. Each
h; is a peak, while each z; is a bottom.

(13) V2 Vzy - - - V2, 1S non-descending,

(14) Vi, Vhy - - Vi, is non-descending,

() every Vy, is a non-descending monomial of length > 0,
(V) Vyiva, Vyy Viy o Vy, Vi (01 Vyi Vi - Vy Vi, Vi,
if Vy, ., occurs) is non-descending,

(vi) for every i <k, Vi, > vz,

(vii) for every i < k, if the length of Vy, is nonzero, let vy,
be the trailing variable of Vy,, then v¢, < vp,.

Sketch of the proof. Since the generators V2, V3, V4 of
Z[vi,...,Vn] are homogeneous polynomials, if f € Z[v1,...,
V], then by writing f = 3", ga, where each g is a homoge-
neous polynomial, and different g’s have different multisets
of variables, we get that each go € Z[vi,...,Vvn]. So we
simply consider homogeneous polynomials of degree < d in
r vector variables, where d > r. Let the multiset of the vari-
ables in such polynomials be M, whose number of elements
is d.

The elements of M are specifications of d different vector
variables D. The definitions of multilinear product and mul-
tilinear addition of the multilinear ring for D are valid for
M after minor revisions. Let Z"[M)] be the syzygy ideal
of the multilinear ring Q™ [M] of multilinear polynomials
whose variables by counting multiplicity are in multiset M.
We only need to prove the theorem for 7" [M].

Most steps of the proof of Theorem [7] are still valid, in
particular, (L8] is valid, whose proof follows a similar clas-
sification as in Step 9. Although there are more subtle cases
to consider, the reductions for the new situations are much
the same as for the cases of Step 9.
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