arXiv:1301.5449v1 [math.FA] 23 Jan 2013

ANALYTICITY FOR SOME DEGENERATE EVOLUTION
EQUATIONS DEFINED ON DOMAINS WITH CORNERS

ANGELA A. ALBANESE, ELISABETTA M. MANGINO

ABSTRACT. We study the analyticity of the semigroups generated by some classes
of degenerate second order differential operators in the space of continuous function
on a domain with corners. These semigroups arise from the theory of dynamics of
populations.

1. INTRODUCTION

In this paper we deal with the class of degenerate second order elliptic differential
operators

d
L=T()> [i(z:)x:0;, + bi(x)dy,), x€Q’=1[0,M]", (L.1)
i=1
where M > 0, T, b; and ~;, for i = 1,...,d, are continuous functions on Q% and on

[0, M] respectively and b = (by,...,bq) is an inward pointing drift. The operator (LI
arises in the theory of Fleming—Viot processes, namely measure—valued processes that
can be viewed as diffusion approximations of empirical processes associated with some
classes of discrete time Markov chains in population genetics. We refer to [21], 22, 25]
for more details on the topic. Recent applications of Fleming-Viot processes to the
study of the volatility-stabilized markets can be found in [32]. From the analytic point
of view, the interest in the operator ([LI]) relies on the fact that it is of degenerate
type and its domain presents edges and corners, hence, the classical techniques for the
study of (parabolic) elliptic operators on smooth domains cannot be applied.

In the one-dimensional case, the study of such type of degenerate (parabolic) el-
liptic problems on C([0,1]) started in the fifties with the papers by Feller [23] 24],
where it is pointed out that the behaviour on the boundary of the diffusion process
associated with the degenerate operator constitutes one of its main characteristics.
The subsequent work of Clément and Timmermans [I5] clarified which conditions on
the coefficients of the operator (LI guarantee the generation of a Chy—semigroup in
C([0,1]). The problem of the regularity of the generated semigroup in C([0,1]) has
been considered by several authors, [6, 10, O, 29 2]. In particular, Metafune [29] es-
tablished the analyticity of the semigroup under suitable conditions on the coefficients
of the operator, obtaining, among other results, the analyticity of the semigroup gen-
erated by (1 — x)D? on C([0, 1]), which was a problem left open for a long time. We
refer to [11] for a survey on this topic.

Key words and phrases. Degenerate elliptic second order operator, domain with corners, analytic
Coh—semigroup, space of continuous functions.
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The latter result was extended to the multidimensional case in [4], where the authors
proved the analyticity of the semigroup generated by the operator
1 d
2
Au(z) = 3 Z xi(0i5 — a;j)(‘)xﬂju(x)

ij=1

on C(S%), where S? is the d-dimensional canonical simplex. On this topic we refer
to the papers [1], 2, 3] [4] 14, 12 20} B3] B34, 35 [36] and the references quoted therein
(in particular, see the introduction of [4] for a brief survey of the main results on this
operator).

In [I3] Cerrai and Clément established Schauder estimates for (II]) under suitable
Holder continuity hypothesis on its coefficients. Analogous estimates, but with differ-
ent tecniques, where established in [§] (see also [7]) for the same operator defined on
the orthant ]Ri and in [I8 19)] for similar operators defined on domains with corners.

The aim of this paper is to present some results about generation, sectoriality and
gradient estimates for the resolvent of a suitable realization of (L)) in C(Q%). To
this end, we start with the analysis in the particular case that the functions b; are
costant and I = 1, first in the one-dimensional case and then, via a tensor product
argument, in the multi-dimensional setting. Much attention is paid to the costants
appearing in the analyticity and gradient estimates, showing their uniformity for b;
belonging to an interval [0, B]. These results strongly rely on estimates proved in
[5]. As a consequence, we can treat the case of non-costant drift with a perturbation
argument under the assumption that there exists § > 0 and C' > 0 such that, for every
i=1,...,d and x, 2’ € Q% with z; < § and z} = 0, we have

[bi(z) = bi(2)] < CV/a,

Finally we treat the case that I" is not a costant function, by applying a "freezing co-
efficients" proof. An important role in this argument will be played by the uniformity
of the costants in the resolvent estimates.

As a by-product of the previous results we obtain analogous results for the operator

d
T(2) Y i)zl — 2:)0%, + bi(2)y,],  x € [0,1)7.
i=1
This will be the starting point for a forthcoming paper on the analyticity of Fleming-
Viot type operators defined on the canonical simplex.

1.1. Notation. The function spaces considered in this paper consist of complex—
valued functions.

Let K C R? be a compact set. For n € N we denote by C™(K) the space of all
n—times continuously differentiable functions v on K such that lim,_,,, D®u(x) exists
and is finite for all |a| < n and z¢p € K. In particular, C(K) denotes the space of
all continuous functions v on K. The norm on C(K) is the supremum norm and is
denoted by || [|oo. The norm || [|ln,co on C"(K) is defined by [|t[ln,co = >2|a <y D tl[co-

Moreover, we denote by C([0,00]) the Banach space of continuous functions on
[0, o[ converging at infinity, endowed with the supremum norm || - ||.. Analogously,
for every n € N, C™([0,00]) stands for the space of functions v € C([0,00]) with
derivatives up to order n that have finite limits at co. Finally C(]0, co[) denotes the
subspace of C"([0, oo[) of functions with compact support and Cy([0, oo[) denotes the
space of continuous functions on [0, co[ vanishing at co.
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For easy reading, in some cases we will adopt the notation ||¢(z)u||« to still denote

sup,c g [o(z)u(z)].
For other undefined notation and results on the theory of semigroups we refer to

[17, 28], 31].

In the present paper we will use some results about injective tensor products of
Banach spaces. We refer to [26] 27, 37, [30] for definitions and basic results in this
topic and for related applications.

2. AUXILIARY RESULTS

2.1. The one—dimensional case. Let M, B € R with M,B > 0 and let v €
C([0, M]) be a strictly positive function. Set 4o := mingeo ay(z) > 0. Let b € [0, B]
and consider the one—dimensional second order differential operator

LVu(z) = y(z)zu (x) + bu/(z), € [0, M]. (2.1)

According to [29, Proposition 3.1] (see also [I1]), we define the domain of L7 in the
following way: u € D(L") if, and only if, u € C([0, M]) N C2(]0, M]), v/ (M) = 0 and

lim LYu(z) =0 if b=0, (2.2)

xz—0*t

u € C1([0,6]) and 111%1+ zu’(z) =0if b > 0. (2.3)
T—r

It is known from [29] (10} (1T} [I5] that the operator L""* with domain D (L") generates
a bounded analytic Cy—semigroup (T(t))¢>0 of positive contractions and angle m/2 on
C([0, M)).

We are here interested in proving estimates for the norm of the resolvent operators
of L7? and of their gradient with constants which depend only on B. In order to do
this we need the following fact.

Remark 2.1. Let B, 79 > 0. For every b € [0,B] and v € R, v > = consider the
one—dimensional second order differential operator

CVPu(z) = yu”(x) + bu (x), = € [0,00), (2.4)

with domain D := {u € C?([0,00]) : «/(0) = 0} and v > 7, b € [0, B]. It is well
known that the operator (G"*, D) generates a bounded analytic semigroup of angle
7/2 in C([0,]), see, e.g., [[T, Theorem VI.4.3]. In particular, (G, D) satisfies the
following properties:

There exists c1, ca, R > 0 depending only on B and on 7y such that, for every A € C
with ReA > R and u € C([0, x]),

IROGT < 5 (2:5)
IR G oo < o (2:6)
The proof is as follows.
Set G := G0, Then, for every A\ = |\|e? & (—o0,0] with |f]| < 7, we have
R\, G)u = L e Mr=sly(s) ds + ce ™, w e C([0, ]), (2.7)

2p Jo
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where 2 = X with Repr > 0 and ¢ = ﬁ Iy~ e "u(s) ds, see, e.g., [IT, Theorem VI.4.3,
Theorem 4.2]. So, from (2.7) it follows that

3
< 2.
IROG < g5 B (2.9
0o S 00 2.9
I(R(A, G)w)'| \/‘7 9/2H|| (2.9)
for every A = |\e?? ¢ (—o0,0] with |§] < 7 and u € C([0, 00]).
We now consider the operator G7Y with v > g and observe that
R\, G™) =97'R(\/7,G), A€ C\ (=o0,0].
This equality implies via (2.8)) and (Z9) that
3 3
O <y = 2.1
IR GOl < S s @73) ~ A cos(8/2) (2.10)
1
(RO G)u) oo <77 [[uf| oo (2.11)
VIAI/7 cos(6/2)

\/—cos 0/2) el

for every A = |\e? ¢ (—o0,0] with |§] < 7 and u € C([0, 00]).
If we set Hbu = bu/ for b € [0, B] and u € C*(]0,00]), then by ([ZII) we obtain, for
every A = |Ae? & (—o0,0] with |§] < 7 and u € C([O oo]), that

|HR(X, GYO)u|o0 < (2.12)

[[t/loo-
V ’Yo\)\ s(6/2)
By [@12), for every A = |\|e? with |§] < /2 and |A| > R = 8B% /v and b € [0, B], the
operator HPR(\, G70) has norm < 1/2 and so the operator Sy(\) := I — HPR(\, G7"0)
is invertible with inverse

[e.e]

(S (M) = D [H RO, GO (2.13)

n=1

so that [|(Sp(A))7!| < 2. This estimate, combined with the identity A — G =
A= G0 — HY = [T — H'R(\, GVO)](A — G70) implies, for every A = |Ae?? with
6] < 7/2 and || > R = 8B? /o and b € [0, B], that

R\, G = RO\, GTO)(S,(N\) 7L (2.14)
So, by [@I0), @II) and [2I4) we obtain, for every A = |\e? with |0] < 7/2,
Al > R =8B? /9, u € C([0,00]) and b € [0, B], that
3

IR(A, G| < W (2.15)
R, G ) [0 < - 2.16

[ (R( Ju)'|| m 072 [[ul (2.16)
O

Proposition 2.2. Let B,M > 0 and let v € C(]0, M]) be a strictly positive function
with o := mingep,ar) v(x). Then, for every b € [0, B], the following properties hold.
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(1) There exist dy = do(B,~), R = R(B,~y) > 0 such that, for every u € C([0, M])
and for every A € C with Re\ > R, we have

u o
1ROl < ol (2.17)
IVERO, DY |l < dolltlee (2.18)

VIl
Moreover, lim,_,g+ Z(R(\, LY?)u) (z) = 0. In particular, /x(R(\, LV)u)’
extends continuously to [0, M].

(2) If (T(t))e0 is the semigroup generated by (LV°, D(L)?)), then there evist K =
K(B,v),a = a(B,7) > 0 such that, for every u € C([0,M]), we have

tLPT(t)|] < Ke™, t>0 2.19
[

K ot
IVETE)u) || < ﬂ lulleoy  O<t< R (2.20)
IVETEu) [loo < Ke||ullos,  t> R, (2.21)

where R is the same constant which appears in part (1).
Moreover, lim,_,g+ /x(T(t)u) (z) = 0 if t > 0. In particular, /x(T(t)u)
extends continuously to [0, M] if t > 0.

Proof. W.l.o.g. we may assume M = 1.

(1) For each n € Nand i € {1,...,n — 1} set I = [=L, 5] and let {©}}I'
C>(R) such that 37~ ()2 = 1 on [0, 1], supp(¢,) C (=L &) fori=2,...,n—2,
supp(ph) C ]—o0, 2] and supp(pn~!) C [22,00[. Observe that if v = S v,
with v; € C([0,1]) for i =1,...,n, then

I[ls <3 sup  [Jvil]eo- (2.22)
i=1,....,n—
For every i € {1,...,n — 2} we consider the operators

Liu=r <%> zu (z) +bu/(x), we D(LY),
with domain D(L!) defined as follows: if b= 0
D(LY) = {u € C([0,00]) N C%(]0, 00]) | li1101+ Liu(z) =0; lim Lu(z) =0},
xr—

T—+00

if b>0
D(LY) = {u € C'(]0, 00[)NC?(]0, 00[)NC([0,0¢]) | lim zu”(x) =0, lim Liu(x)=0}.

x—07t r—+400

For ¢ = n — 1 we consider the operator

-1
mtu=ny () ) o), we DEEY),

with domain

D(Ly™") = {u € C*([~o0, 1)) | /(1) = 0}.
By [5, Corollary 4.2] and Remark 2] there exists d; = d1(B,79) > 0, R = R(B, 7o) >
0 such that, for every A € C with ReA > R, we have

\;R(A,Lg)y\g%, neN,i=1,...,n—1. (2.23)
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Fix A € C, with ReA > R. For each n € N let S,(\): C(]0,1]) — C([0,1]) be the
operator defined by
n—1

Nf=> bR LY (L f),  feC(0,1]).

1=1
By ([222) and ([2:23]) we get, for every n € N, that

i 3d
150 (M) flloo < 3'_1sup_1||R()\,Ln)( Il < \A\l

Since R(\, Li) (¢ f) € D(LE) for every i = 1,...,n — 1 and f € C([0,1]), ¢n~! =
and ¢”~! = 1 in an neighbourhood of 0 and in an nelghbourhood of 1 respectlvely, we
have @i R(\, LE)(¢l f) € D(L"?) and so we can consider (A — LY?)(S,,(\)f) for every
f € C([0,1]). In particular, a straightforward calculation gives

flloe,  f € C([0,1]).

(A = L"*)(Sn f+ZsOn = LR L) (00 f)
n—1

- Z L () RO L) (94 f) = 2v(x) D (9h) =(RO, L) (93, )Y
=1

—f+q<v+CﬂMﬁHﬁuﬁ,féchMneN
Applying again ([2.22]) and (m we obtain
1C5 (M) flloo < 3HfHoo|)\| s 1L (@)lloss  fEC(0,1]), nEN. (2.24)

On the other hand, by [5l Proposition 5.1(2)], Remark 21 and (2.22), there exists
dy = da(B,79) > 0 such that

|CHN) flloo < 3da|[Y|loe  sup

AR ||(90n HOOW

In order to estimate ||CT(M\)||, we observe, for every n € N, that
n(Ly, — L) R(A, Ly ) (90 f) =
{ of [ () —lfy(x)] (RN, LL) (4 1)) () ifi=1,...,n—2,
on [y () = v@)a] (ROVLE ) (eh =) (@) ifi=n—1.

Fixed € > 0, we now choose 0 > 0 so that |y(z) —v(y)| < € if |z — y| < ¢ and that
v(x) =y + To|ll — x| < eif x,y € [1 —0,1], where I'g := maxg¢jo177(x). If we
take m € N such that 2 < §, then we have that |y(z) — v(%)| < ¢ if z € I and
i€{l,...,n—2} and that |y (Z=2) —y(z)z| <cifz € 171 So, it follows from |5,
Proposition 5.1(2)], Remark 2] and ([2:22]) that

fec(o,1]), neN. (2.25)

- 1
1Tl < 3 (1 + B ) Il FeClO1). 220
Therefore, combining ([2:24]), (2.25]) and (2.:26]), we obtain
T+ ST+ NICF (V] < | | Sup_1||L%b(90%)||oo +

i=1,...,n—1

1 dy
0o 00 — |1 B
#3lll_sp 68 oo 3 (1 i+ B ).
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Now, let € > 0 be small enough that 35117% < 1/4 and R’ > R such that

d . 1 dl 1
sup HL(sO%)Hoo +3da|[Vloe  sup  [|(5) [|oo——= + B
I i1 =17 VA W

for every \ € C’\ [0, +00) with |A\| > R’ (in particular, with ReA > R’). So, R =
R'(vy0, B). Since

ICT(A) + G5 (M) + C3 (V)] < 1/2,
the operator B(\) = (A — L7?)Sz()) is invertible in C([0,1]) with [|(B()A))7|| < 2.
So, for every A € C with ReA > R/, we have R(\, L7*) = Sz(A\)B(\)~! and

IR, L) (2.27)

I < Bk

Fixed A € C with ReA > R/, it follows via [5 Proposition 5.1(2)], Remark 2] and
[222) that, for every u € C([0,1]), we have

V(R (>\ L )u)'|| = [[Va(Sz(N)BA) " u)'||
n—1

<HZ (93) RO L) (05 BO) )0 + 11 ) V@R L) (95 BO) )]l
i=1

< 18ndlsupi:1,...,ﬁ—1||(90iﬁ)/||00 +3ﬁd2SUPi:1,...,ﬁ—1||90%||oo |
B Al VA °°

If we choose do = max{187d1 sup;—y 5 [|(¥5)' | + 3dasup;—1_n1 ||¢hlo0, 61},
then the thesis now follows. We also have

n—1
lim V(RO L)) (2) = lim v/ (Z(@%)’R(A,Lil)(cpizB(A)”U)ﬂL

z—0t

+Z L) R(A, LY) ’B(A)‘%)’) =0,

by [5, Propositions 5.1(2) and 5.2| and Remarklﬂ]

(2) Since the resolvent operators of LY satisfy the part (1) of this proposition, we
can apply [28, Proposition 2.1.11] to conclude that, for every A € C with A # R and
larg (A — R)| < m — arctan dp, we have

do
A= R|’

where do = 2do(1/(4d2)+1)"1/2. Then there exist K = K(B,~) > 0 and a = (B3, 7)
such that

IR\, L7)] <

(L7 = a)T(1)]| < Ke™, t>0
(see, f.i., [28, Proposition 2.1.1] and also the estimates in the relative proof). Since
(T'(t))e=0 contractive, it follows that

I[tLT ()| < (K + 1)e*, ¢ >0.

Finally, if u € D(L"?), then part (1) of this proposition ensures that, for every A € R,
A > R, we have

d
IVawlloo < X = L7 ul|o.
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As the semigroup (7T'(t));>0 is analytic and hence, T'(t) f € D(L"?) for every f € C[0,1]
and t > 0, it follows that

dQKe
IVa(T @) f) ]l < —||AT( )f = LY () flloo < (do\/_+ "o > [1f1oo
for every f € C[0,1] and ¢t > 0. So, if we choose A = t~! forevery t < R~ and A = R+
1 for every t > R™!, then we get the assertion. Moreover, lim,_,o+ /Z(T'(t)f(z))" = 0,
for t > 0. Indeed, this property holds for every u € D(L"?) by part (1) of this
proposition. ]

Remark 2.3. Since the operator (L7?, D(L")) generates a bounded analytic Co—
semigroup (T'(t))¢>0 of positive contractions and angle 7/2 on C([0, M]), for every
0 € (m/2,m) there exists My = My() > 0 such that ||R(\, L7?)|| < My/|)| for all A €
C\ {0} with |arg()\)| < 6. Moreover, there exists M; > 0 such that [[tLYPT(t)|| < M,
for every t > 0. But, the constants My and M; can depend on the functions b and .

Corollary 2.4. Let B,M > 0 and let v € C([0,M]) be a strictly positive function.
Then there exist € > 0, C > 0 and D > 0 depending only on B and 7y such that, for
every 0 < e <&, b€ [0, M] and u € D(L""), we have

C
IVl < —lulloo + De|| L7l
Proof. Fixu € D(L?) and X € C with ReX > R, where R is the costant which appears

in Proposition Z22(1). Then there exists v € C([0, M]) such that R(\, L"*)v = u and
hence, by Propositon 2.2, we have that

L%buHoo

IVaullo = [IVE(RA, L)0) |0 <

\/,

1
do | VAlllulleo + —HLV’bUHoo> : (2.28)
( VIA

where dy depends only on B and v. Now, the assertion follows from (2.28)) and from
Proposition [Z2((1) by choosing £ = R™! and, for 0 < e <&, \/|]\| = 1/e. O

IN

Set C2([0, M]) = {u € C*([0, M]) : /(M) = 0}. Then

Proposition 2.5. Let b > 0 and let v € C([0,M]) be a strictly positive function.
Then the space C2([0, M]) is a core for the operator L""* with domain D(L""*) defined

according to [2.2)) if b=0 or to (23] if b > 0.

Proof. The assertion follows with the same argument of Proposition 3.1 in [5], with
some minor chages. O

Remark 2.6. The inclusion (D(L?), || ||;+s) < C([0, M]) is compact (here, || ||z
denotes the graph norm), see [29, Theorem 4.1] or [I0, Lemma 3.2]. So (L"*, D(L"))
has compact resolvent, [I7, Proposition 4.25]. Since (L?, D(LY?)) generates a bounded
analytic Cp—semigroup (7'(t)):>0 on C([0,M]) (and hence, a norm continuous Cp—
semigroup) and has compact resolvent, (T'(t)):>o is also compact, [I7, Theorem 4.29].
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3. THE d-DIMENSIONAL CASE WITH CONSTANT DRIFT TERM

Set Q7 = [0, M]? and, for each i = 1,...,d, define 9(Q%); := {x € Q¢ | x; = 0}
and 9(QY)! := {x € Q¢ | z; = M}. Let B > 0 and fix b = (by,bo,...,bg) € [0, B]¢
and v = (71,72, .. .,74) € C([0, M])?, with each ~; strictly positive.

For eachi € {1,...,d} set LVt = i (ws) w02, +b;0y,, with domain D(L"*%) defined
according to (Z2)) if b; = 0 or to (Z3) if b; > 0.

We know that each operator (L% D(L%)) generates a bounded analytic com-
pact Cp-semigroup (7;(t))s>0 of positive contractions and of angle 7/2 in C(]0, M]).
So, the injective tensor product (T'(t))i>0 = (®Zi:1Ti(t))t20 is also a bounded ana-
lytic compact Cy-semigroup of positive contractions and of angle w/2 in C([0, M]%) =
®4,eC ([0, M]), see [30, Proposition, p.23, and p.24], |13l Appendix A| (see also [4]
§2.2]). In particular, the infinitesimal generator (£, D(£Y?)) of (T(t));>0 is the

closure of the operator
d

b — ZL%,bi ® (®jlz,) (3.1)
i=1
with domain ®%, D(L?%), where I, denote the identity map acting in C([0, M])
with respect to the variable ;. Clearly, for every u € ®§:1D(L%bi), we have

d
Lrbu(z) = Z Vi(2:) ;0% u + b0y, u.
i=1
Moreover, if we define C2(Q9) = N¢_, {u € C?(Q?) : Yz € d(Q?)" dy,u(x) = 0} (such
a space is a Banach space when endowed with the supremum norm || ||2,00), then the
following holds.

Proposition 3.1. Let b = (by, by, ..., by) € [0,00[¢ and v = (1,72, . - . ,7a), with each
v; a strictly positive continuous function on [0, M]. Then the space C2(Q%) is a core
for the operator (L7°, D(L7?)).

Proof. By Proposition the space C2([0, M]) is a core for the one-dimensional
operator (L D(LY"%)) for every i = 1,...,d. So, ®_,C2(]0, M]) is a core for the
operator (L£L7?, D(£7?)). On the other hand, it is known that ®%¢_,C2([0, M]) is dense
in C2(Q%) with respect to the C?-norm which is clearly stronger than the graph-norm
of £, So, it follows that C2(Q?) is a subspace of the domain of the closure of £
and is dense therein with respect to the graph norm. O

We now prove that the operator (£Y?, D(£Y?)) also shares similar gradient esti-
mates with the analogous one—dimensional operator.

Proposition 3.2. Let B > 0 and v = (71,72, ---,74) € (C([0, M)))?, with each ;
strictly positive. Then, for every b € [0, B]d, the following properties hold.

(1) There exist K,a,t > 0 depending on B and on v such that, for every u €
C(QY andi=1,...,d, we have

[tLTPT(1)]] < Ke®t, t>0. (3.2)
K at _
IVZ00, (T Ol < = lulles 0 <t <T. (33)

V&0, (T(t)u)l|oo < Ke™[ulloo, 21 (3.4)
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Moreover, for every i € {1,...,d} and u € C(Q%), /Zi0z, (T (t)u) € C(Q?)
and
lim sup V20, (T (t)u) = 0. (3.5)
220" 2;€(0,M],j€{1L,....d}\{i}
(2) There exist di,da, R > 0 depending on B and on v such that, for every A € C
with ReA > R, u € C(Q%) and i =1,...,d, we have

ul| o
1RO, £l Sdl”,ﬂ, , (3:6)
/&, (RO L)) oo < dp e (3.7)

VIAL
Moreover, for every i € {1,...,d} and u € C(QY), /704, (R(\, L7")u) €
C(Q%) and
lim sup VT, (RN, L70Yu)(x) = 0. (3.8)
i —=0% g.e[0,M],je{1,...,d}\{i}
(3) There exist C, D, > 0 depending on B and on 7y such that, for every 0 < e <
g,i=1,...,d and u € D(L"?), we have
C
< —

V& sl < =l + D€ .

Proof. (1) By Proposition 2.2(2) there exists ¢, K,« > 0 depending on B and ~; such
that the operators \/x;0,,T;(t), for i = 1,...,d, are bounded on C([0, M]) with norm
less or equal to Ke*/y/t if 0 <t < T and to Ke* if t > 7. Then the operators

VTi0:,T(t) = T1(1) @ . .. @ (VT:00, Ti(t)®: ... ®:Ty(t), i=1,...,d,

are also bounded on C(Q?) with norm less or equal to Ke®/\/t if 0 < t < f or to
Ke if t > 1, [26] (see also |13, Appendix A or [4, §2.2]). So, inequalities (B.3)
and ([B4) are satisfied. In particular, for every v € C(Q%) and i = 1,...,d we have
VE0 T(t)u € C(QY)

Moreover, again by Proposition 2.2(2) we have that ||tLYYT;(t)| < Ke™ for every
t > 0. Then, via (31 the linear operators

d
(LT (1) = D LT () © (94 T5(1))
i=1

are bounded on ®%_,C([0, M]) with norm less or equal to dKe® for every ¢ > 0. So,
[B2) is satisfied on ®L,C([0,M]). By the density of ®%_,C([0, M]) in C(Q%) and
the continuity of the linear operators tLY*T(t) in C(Q%) (recall that (T'(t));>0 is an
analytic Cp-semigroup in C(Q?)) it follows that ([B.2) is satisfied.

Finally, if u € ®%_,C(]0, M]), then (3.35) is clearly satisfied by Proposition Z2](2).
The density of ® ,C([0, M]) in C(Q?) and the continuity of the linear operators
VZi0z, T (t) in C(QY) imply that (3] is valid for every u € C(Q?).

(2) By [28, Proposition 2.1.1] and (B.2)) there exists d; = di(B,v) > 0 such that,
for every A € C, with ReX > o and u € C(Q%), we have

[ulloo

A\, L0l < dy 12
1RO £l < di 0
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It follows, for every A € C with Re\ > 2a and u € C(Q?), that

1RO C o < 200
i.e., (3.0 is satisfied.
Now, by (33]) and (3.4 we can derivate under the sign of integral and so we obtain,
for every n > o, u € C(Q%), z € Q% and i = 1,...,d, that

NG </0+00 e_"tT(t)udt> = /00 e /20y, (T (t)u)dt,

0
and hence, that

V0, (RN, L7)u) = /000 e /x;0, (T (t)u)dt. (3.9)
By (3) and [B4) it follows from @33) that \/7;0, (R(\, L7*)u) € C(Q%). Moreover,
by applying Lebesgue domination theorem and ([B.5]) in (3.9) we deduce that ([B.8) is
Val’leHe proof of ([B.7) follows, with minor changes, as in the proof of [4, Propositions
21((??))11‘5 follows as in the proof of Corollary 241 O

4. MAIN RESULTS

We are here first concerned with the following d-dimensional second order elliptic
differential operator

d
L=T(2) ) lyiw:)z:0;, +bi()d), = €Q?=1[0,M]", (4.1)
=1
where M > 0, T, b; and ~;, for i = 1,...,d, are continuous functions on Q% and on

[0, M] respectively. We assume that

Hypotheses 4.1. The coefficients I', ~v; and b;, for ¢ = 1,...,d, are continuous
functions satisfying the following conditions.
(i) The functions T' and ~;, for i = 1,...,d, are strictly positive on Q* and on
[0, M] respectively.
(ii) Let b(z) = (b1(x),...,bg(x)) for = € Q. Then (b(x),v(z)) > 0 for every
z € 0Q4, where 0QE = UL {x € Q% : z; = 0} and v denotes the unit inward
normal at OQ%.

In the sequel we denote by Ly the operator defined according to (1)) with b(z) =0
and I'(z) = 1 for z € Q¢. Moreover, for each i = 1,...,d, we denote by S;: C(Q?) —
C(9(Q%);) (by S*: C(Q%) — C(3(Q%)?), resp.) the usual restriction map defined by
setting (S;u)(z) = u(z) for x € A(QY); ((S*u)(z) = u(z) for x € A(Q?), resp.),
where the sets d(Q?); and 9(Q?)" are defined as in §3. It is easy to verify that
S;(CF(QY) C Cka(QY);) (that S{(Ck(Q?)) C C*(9(QH)?), resp.) for every k € Ny.

Lemma 4.2. Suppose Hypotheses [{.1] are fulfilled. If u € C2(Q%) and x¢ € Q% is a
point where u achieves its minimum, then

Lou(zp) >0, (b(xo), Vu(zg)) > 0. (4.2)
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Proof. To prove (42]) we proceed by induction on the space dimension d. Suppose
d=1.If zg € (0, M), then ({2 is clearly satisfied. Otherwise, if g = 0 then we have
Lou(0) = 0. Moreover, as u/(0) is necessarily non negative and b(0) > 0 by Hypothesis
[A1l(ii), we have b(0)u/(0) > 0. Finally, if zg = M then «/(M) = 0. This implies that
(M) > 0. Otherwise, u/(M) = 0 and «”(M) < 0 ensures that ' > 0in (1 —r,1)
for some r > 0 and hence, g = M cannot be a point of minimum. So, also in this
case we have Lou(M) > 0 and b(M)u'(M) = 0.

Next, suppose that ([&2) holds for some d — 1 > 1. If zp €Q?, then [&2) is
clearly satisfied. Otherwise, if 2o € 0Q?, then either x0; = 0 or xo; = M for some
ie{l,...,d}.

Suppose xg € 9(Q%);. By Hypothesis EI[ii) we have b;(x) > 0 for z € 9(Q%);. On
the other hand, as zg € d(Q?); is a minimum point for u, tg = 0 is a minimum point
for the function ¢: [0, M] — R defined by ¢(t) := u(xo+te;) for ¢t € [0, M] and hence,
O, u(x0) = ¢’ (0) > 0. So, b;(x9)0y,u(xo) > 0. This implies that

(b(xo), Vu(zo)) = bi(x0)0x,u(zo) Z bj(w0)0z;u(z0)
J=Lj#i

d
> bi(x0)ds,u(xo). (4.3)
j=1,j#i

On the other hand, if we set b* = (b; );l 1,ji then we have

Y

Z bj(2)8y;u(z) Z bj ()0, (Siu) (z) = (b'(2), V(Siu)(z)), =€ Q%)

J=1j#i j=1,7#1i
This, together with (43]), implies that

(b(o), Vulzo)) > (b (z0), V(Sit) (o)) (4.4
Moreover, for every z € 9(Q?); we have
d
Lou() = 3 5(@)2;02,u(x) = (Lo)lag, (S:)(z). (45)
=Ly
Next, we observe that S;u € C2(9(Q%);). Also, the operator (Lo)la(ge), and the vector

b’ satisfy the same hypotheses of this lemma on 9(Q%); and x( is a minimum point
for S;u on d(Q?);. So, we may apply the inductive hypothesis to conclude that

(Lo)lagqay, (Siw) (o) > 0, (b (0), V(Siu)(0)) > 0.

By (@4) and (£3) this implies that
Lou(zg) >0, (b(xg), Vu(zg)) >0,
and hence, the proof of the first part is complete.

Suppose that zg € 9(Q?%)". Then 9,,u(x) = 0 and hence, 92 u(wo) > 0 as it is casy
to prove argumenting as above when d = 1. It follows that

d
(b(xo), Vu(zo)) = D bj(w0)a;u(zo) = (b (20), V(S'u)(0)), (4.6)

J=1,j#i
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and
d d '
Lou(wo) = Y 7j(wo)a;05 ulwo) > > j(wo)a;0 ulwo) = (Lo)|oiqay (S'u)(wo).
=1 =L

(4.7)
Now, we observe that S'u € C2(0(Q%)?). Also, the operator (Lo)la(qey: and the vector

b’ satisfy the same hypotheses of this lemma on 9(Q%)" and x( is a minimum point
for Su on A(Q%)". So, we may apply the inductive hypothesis to conclude that

(Lo)laggay (S™u)(w0) = 0, (b'(wo), V(S"u)(x0)) > 0.
By (46) and (£71) this implies that
Lou(zg) >0, (b(zg), Vu(xg)) > 0.
Hence, the proof is complete. O

As an immediate consequence of Lemma B2 we obtain that the operator (L, C2(Q%))
satisfies the following mazimum principle.

Corollary 4.3. Suppose Hypotheses [{1] are fulfilled. If u € C2(QY) satisfies the
following inequality
Mu(z) — Lu(z) >0, z € Q% (4.8)
for some A > 0, then u(x) > 0 for every x € Q2.
In particular, the operator (L,C2(Q%)) is dissipative and closable in C(Q?), with
dissipative closure.

Proof. Suppose that u € C2(Q?) is such that (&S8) holds but, u(Z) < 0 for some
T € Q% Let u(xg) = mingegau(z). Then u(zg) < u(F) < 0. So, by E2) we have
Lou(zg) > 0 and (b(xg), Vu(zg)) > 0. This implies that Lu(xg) = T'(zg)[Lou(zo) +
(b(z0), Vu(zp))] > 0 and hence,

Au(zg) — Lu(zg) < Au(zg) < 0;

this is a contradiction. So, the first part of corollary follows.

Fix u € C2(Q%). By Lemma B2 we may assume that 0 < u(zg) = ||u/|oo for some
zo € Q%. So, again by Lemma we have

[ulloe = pulzo) < pulzo) — Lu(wo) < [[(1 — L)ullso

for every pu > 0. This means that the operator (L, C2(Q%)) is dissipative.

On the other hand, C2(Q?) is dense in C(Q%). As (L,C2(Q%)) is dissipative with
dense domain, it follows that the operator (L, C2(Q%)) is dissipative and closable in
C(Q%), with dissipative closure. O

Remark 4.4. Let (b))%, C C(Q?) with b;(z) = 0 for every z € 9(Q9); and i =
1,...,d. Let B := Z?:l bi(x)0y, be the first order differential operator with domain
QY :=nL {u e CY(Q?) : Vz € 9(Q%); O,,u(z) = 0}. Then Bu(zg) = 0 whenever
u € CHQ?) and ¢ € Q% is a point in which u achieves its minimum. The proof of this
fact is along the lines of the one of Lemma but simpler. So, via similar arguments
to Corollary 3] we may conclude that the operator (B, CL(Q?)) is dissipative and

closable in C(Q?) with dissipative closure.
To show the first main result of this paper we need a further hypothesis.

Hypothesis 4.5. The coefficients b;, fori =1,...,d, satisfy the following condition.
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(iii) There exists 6 > 0 and C > 0 such that, for every i =1,...,d and z, x' € Q%
with x; < 0 and x}, = 0, we have

[bi(z) — bi(2')] < CV/ai, (4.9)
Remark 4.6. (a) Hypothesis implies, for each i = 1,...,d, that the function b;
is constant on the face 9(Q%);, namely b;(z) = b;(0) for every x € 9(Q4);.

(b) Under Hypothesis EL5] the continuity of each b; on Q¢ yields that there exists a
new constant C’ > 0 such that

|bi(2) — bi2")| < C'/xi,

for every z, 2’ € Q¢ with 2} =0 and i = 1,...,d.

Theorem 4.7. Suppose that Hypotheses [{.1 and [{.J, with I' = 1 on Q%, are valid.
Set b = (b1(0),b2(0),...,b4(0)), ¥ = (Y1,72, - - ,7a) and denote by (L*, D(LIP)) the
differential operator with constant drift term defined according to §3. Then the closure
(L,D(L)) of the operator (L,C2(Q%)) satisfies the following properties.
(1) D(L*) = D(L).
(2) (L,D(L)) generates a bounded analytic Co—semigroup (T'(t))i>0 of positive
contractions in C(Q?) and of angle w/2. The semigroup (T(t))y>0 is com-
pact.

Proof. (1) We first show that D(£"?) C D(L). The converse inclusion follows after
proving part (2) of this theorem.

Fix any f € D(£""). By Proposition Bl there exists (f,), € C2(Q?) such that
fn— fand LYPf, — L7 fin C(Q?) as n — oo. Now, we observe that by Proposition
B2(3) we have

Vil 0z, (fr (@) = frm(2))] < aan_fm”oo+bH£%b(fn_fm)Hoov i=1,...,d, n, m €N,
for some positive constants a, b. So, for each i € {1,...,d}, it follows that (\/Z;0z, fn)n

is a Cauchy sequence in C'(Q%). On the other hand, Hypothesis &5 and Remark E6(b)
yield that

[6i(2) = bi (0)[ |0z, (fn (@) = fin ()] < CV/@il O, (fn(2) = frn(2)], i = yd, n, meN,
and so ((bi(z) — b;(0))0s, fn)n is also a Cauchy sequence in C(Qd). Thus, for each
i=1,...,d, (bj(x) — b;(0))9y, fr — g; in C(Q?) as n — co. Since
d
Lfn=L"fn+> (bi(x) = b:i(0)0x, fn, n €N, (4.10)
i=1

we deduce that Lf, — LVPf + Z?:l gi =: g in C(Q%) as n — oo. After observing
that (f,)n € C2(Q%) C D(L) with f, — f in C(Q%) as n — oo and that (£, D(L)) is
a closed operator, we conclude that f € D(L£) and Lf = g. So, the proof is complete.

(2) Set B := "% (bi(x) — b;(0))8,,. Since the coefficients ¢;(x) := b;(x) — b;(0),
for i = 1,...,d, satisfy the hypotheses in Remark 4 i.e., ¢;(x) = 0 for = € 9(Q?);
and i = 1,...,d, the operator (B,C}(Q%) is dissipative and closable in C(Q%) with
dissipative closure. We claim that the closure (B, D(B)) of the operator (B,CL(Q%))
is £7*~bounded with £7?~bound ag = 0. To show this claim, we first observe that
C2(Q%) € C1(Q%). On the other hand, by Hypothesis and Remark [L6[b) there
exists C’ > 0 such that

|bi(x) — b;(0)]|0z,u(x)| < C'\/xi|Opu(x)|, i =1,...,d, u € Cf(Qd).



ANALYTICITY FOR SOME DEGENERATE EVOLUTION EQUATIONS 15

So, by applying Proposition [B.2[3) we obtain that, there exist C”, D',z > 0 such that,
for every 0 < £ < €, we have

"

C
1Bullsc < D'el| £7"ul| oo + —llullee, ue c(QY). (4.11)

Since C2(Q?) is a core for (L£L7?, D(L7?)) (see, Proposition 3.1l or Corollary E3)), this
inequality remains valid for every u € D(L£?). Indeed, if u € D(L?), there exists
a sequence (fn)n € C2(Q?) such that f, — uw and £Yf, — L%y as n — oo. So,
(fn)n and (L7 f,),, are Cauchy sequences in C(Q%). By {@II) it follows that (B f,)n
is also a Cauchy sequence in C(Q%) and so it converges to some g in C(Q%). But
C2(Q%) C CL(Q?) and the operator (B, D(B)) is closed and hence, u € D(B) and
Bu = g (we point out that this fact proves also that D(£?) C D(B)). Finally, by
replacing u with f,, in (£I1]) and passing to the limit for n — oo, it follows that (£.11))
remains valid for such a fixed u in D(£7?). So, for every 0 < ¢ < &, we have

2

C
1Bullso < D'el|£7%u)|s0 + —lulloe, ue D(Lb. (4.12)

Inequality (ZIZ) ensures that the operator (B, D(B)) is £LY*~bounded with £7*~bound
ap = 0. Thus, the operator (£L7* + B, D(£"")) is closed and generates a bounded
analytic Cy-semigroup (T'(t));>0 of contractions in C(Q?) and angle /2, [I7, Chap.
I11, §2, Lemma 2.4, Theorems 2.7 & 2.10]. The semigroup (7(t))¢>0 is also compact as
(T(t))¢>0 is norm—continuous, being it analytic, and the operator (£7* + B, D(£?))
has compact resolvent (see the proof of [I7, Chap. III, §2, Lemma 2.10]).

Now, we observe that £ = £7* + B and D(£) = D(L"?). Indeed, by [@I2) we
obtain, for every 0 < & <% and u € D(L?), that

"

C
1£7 ulloo = |(£7+B)u—Bullo < H(U’b+5’)UI|oo+€D’Hﬁ”’bUIloo+?IIUIloo- (4.13)

Since D(£7*) C D(L) by part (1) and hence, £ = £7*+ B on D(L?), it follows that

i

‘C'\ﬁb < -
17 ulloo < co(1— D'zg)

[Lulloo + lulloo, u € D(L), (4.14)

1
1-D €0
after having taken in (£I3)) ¢ small enough to have D’ey < 1. Using again the facts
that C2(Q%)(C D(L?)) is a core for (£, D(L)) by Corollary B3] and that the operator
(L7t D(L7?)) is closed, we deduce from [I4) that D(L£) € D(LY?). This completes
the proof of part (1) of this theorem and ensures that £ = £ + B.

As D(L£) = D(£?) and hence £ = £7* 4 B, the proof of part (2) is now complete.
We point out that the positivity of the semigroup (7'(t));>o follows from Corollary
4.0l ([l

Thanks to the proof of Theorem [£.7 we are able to show that the operator (£, D(L))
shares further properties of the operator (£¥*, D(£?)). Precisely, we prove estimates
for the norm of the resolvent operators of (£, D(L)) and of their gradient with con-
stants which don’t depend on the function b.

Proposition 4.8. Suppose that Hypotheses[4.1] and[{.J, withT' =1 on Q%, are valid
and let B € R with B > max®_| ||bi]|oo, ¥ := (V1,---,74)- Then the closure (L, D(L))
of the operator (L,C2(Q%)) satisfies the following properties.
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(1) There exist K,a,t > 0 depending on B and on v such that, for every u €
C(QY andi=1,...,d, we have

[tLPT(t)]| < Ke®t, t>0. (4.15)
at
Va0 Ol < E ), 0 <t <7 (416)
V0, (Tt u)lloo < Ke™[ullo,  t 21T (4.17)
Moreover, for every i € {1,...,d} and u € C(Q%), /Zi0z, (T (t)u) € C(Q?)
and
lim sup Vzi0z,(T(t)u) = 0. (4.18)

zi—0% z.€[0,M],je{1,....d}\{i}

(2) There exist di,da, R > 0 depending on B and on v such that, for every A € C
with ReA > R and for every f € C(Q%), we have

[lullo

1RO\ L70)ulloo < di A (4.19)
Ve, (RO, £7)0) oo < dy 141 (4.20)

T

Moreover, for every i € {1,...,d} and u € C(QY), /704, (R(\, L7")u) €
C(Q%) and that
lim sup V0, (RN, L7Yu)(z) = 0. (4.21)
zi—=0% ie(0,M],je{1,....d}\{i}
(3) There exist C, D,z > 0 depending on B and on v such that, for every 0 < e <
g,i=1,...,d and u € D(L"?), we have
C
< —

IWE sl < =l + D€ .

Proof. Set b = (b1(0),b2(0),...,bq(0)) and denote by (£L¥*, D(L£"?)) and by (B, D(B))
the differential operators already considered in the proof of Theorem .7l

We begin showing first part (3). By Proposition B.2(3) there exist C, D,Z > 0
depending on B and ~ such that, for every 0 < e <2, i=1,...,d and u € D(L)(=
D(L£7?)), we have

C
VZi0z,ull0 < ;HUHOO + DE”‘C%buHoo- (4.22)

If we take in (£I4)) Dey < 1/2, then from (@22) and (LI4) it follows, for every
0<e<g i=1,...,dand u € D(L), that

C
[VTi0zulle < g”uHoo+D5H£%bu”oo

C 20"
< Sl + De (2l + 2l

C 20// -1
- %Hu”m+2DEH£UHm. (4.23)

This completes the proof of part (3).
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(2) By Proposition 3.2(2) and by (£II)) there exist di, R > 0 and C”, D',Z > 0 such
that, for every 0 < & < &, A € C with ReA > R and u € C(Q?), we have

2

IBRO L7 )ulloo - < D’e||mva<A,mvb>uHoo+%||R<A,N>u||oo

"
< D' AR, L7 u — ul|oo + C’?|]R()\,£“”b)u|]Oo
c"d
< Deldi+ Dlfulloo + 15l (4.24)

Now, fix g9 € (0,8) such that D'e(d; + 1) < 1/4 and choose R’ > R such that

g;’ “g\ﬂ < 1/4 for all A € C with ReX > R'. So, from ([@24)) it follows, for every A € C

with ReA > R/, that |[BR()\, £7?)|| < 1/2. Hence, for every A € C with Re\ > R/, the

continuous linear operator BR(\, £7?) is invertible in £(C(Q%)) with inverse given by
R(\, L 4+ B) = R(\, L7%) Y (BR(A, L7)), (4.25)
n=0
(see [I7, Chap. III, §2, Lemma 2.5]). Since £ = L£7? 4+ B with D(L) = D(L"?) (see
the proof of part (2) of Theorem [4.7)), by (£25]) and Proposition 3:2(2) we obtain, for
every A € C with ReA > R’ and f € C(Q%), that

2d
IR L) FI < 2| RO LY)[[| Flloo < | Ml £ 1o (4.26)
and that
2d
IVZi0u; (RO L)) € 2=l lloos i=1,...,d. (4.27)

VI

Moreover, Proposition [3.2(2) and formula (4.25]) also imply, for every i = 1,...,d, that
VZiOz (RN L)f) € C(Q?) and that limg, o+ SUD, 0, 0] ji VZi0z, (R(A, L) f)(x) =
0.

(1) Part (1) follows as in the proof of Proposition 22[(2) taking into account that
the operator (£, D(L)) satisfies part (2) of this proposition and generates a contractive
analytic Cp-semigroup in C(Q9). O

Now, we can show that the operator (£, D(L£)) with I" any strictly positive contin-
uous function on Q7 also generates an analytic compact Co-semigroup (7(t))i>o of
positive contractions in C (Qd). In order to prove this, we state the following lemma
whose proof is straightforward.

Lemma 4.9. For each n € N and i € {1,...,n — 1} set I} = [=L 2] and et
{1l € C®(R) such that 317 (¢h)? = 1 on [0,1], supp(¢,) C (=L L] for
= 2, ...,n—2, supp(pl) C ]—oo, H] and supp(@l~ 1) C ["7_2,00[.

For each x € [0,1]? and i = (i1,...,iq) € J¢ ={1,...,n — 1}% set

= H i (n) (4.28)
h=1

i d ; d d
Then supp(®y) C [Theripg(1,n-1y In" X [horiy=1 ] =00, 2] ¥ 115, iy =n1 [5725 00 (im
the suitable order) and Y ;c;a(®L)? = 1 on [0,1]7 for every n € N and i € JZ.
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Moreover, if v =3 ;a ®Lv; for some {vitiess C C(QY), then there exists J C J¢
such that |J| < 3% and v =Y

Theorem 4.10. Under Hypotheses [{.1] and [{.5, the operator (L, D(L)) generates an
analytic compact Cy-semigroup (T(t))i>o of positive contractions in C(Q?). Moreover,
all the estimates in Proposition [{.8 hold for the operator (L, D(L)).

ey Phos and hence, ||v]joo < 3% SUpje ja D1 05| oo -

Proof. Without loss of generality we can suppose M = 1, i.e., Q% = [0,1]%.

Denote by (L1, D(Ly)) the closure of the operator deﬁned according to (A1) with
I' =1 on Q% Then by Theorem BT (see also Corollary E3) (L1, D(L1)) generates
a (bounded analytic compact) Cp-semigroup of positive contractions in C(Q?) (and
of angle 7/2). Since £L = I'L; we can apply [16, Theorem 12| to conclude that
(L,D(L1)) generates a Co-semigroup (T'(t));>o of positive contractions in C(Q9).
But D(£) = D(L;) and hence, (£,D(L)) generates a Cp-semigroup (T'(t))i>0 of
positive contractions in C(Q?). The identities D(£) = D(£1) and £ = T'L; follow
from the facts that T' is a strictly positive continuous function on Q%, the operators
(£, D(Ly))and (£, D(L)) are closed and that C2(Q?) is a core for both the operators
(£, D(£,)) and (£, D(L)).

We claim that the semigroup (7'(¢))¢>0 is analytic. To show this thanks to Theorem
47 and Proposition .8 we can proceed as in the proof of Propositions 2.6 and 2.7 in
[4] and so we indicate here only the main changes.

In the sequel we follow the notation 1ntroduced in Lemma [

For each n € N and i € J? set I} = Hh i fix Vi€ IE and define T, = T'(V}).

Fix n € N. By Proposition IHI(Z) there ex1sts R >0 dependlng on maxj=1. 4 ||bi||sc
and on 71, ... g, I" such that for every A € C with ReA > - (Fo = mingega F( ) >0),
we can con81der the operators defined by

R,(A\) =(A—=T}L)7"
which satisfy
= @) 4.29
IR = )| (5 ,cl)H <f (4.20)
On the other hand, for every A € C with Re\ > F_o’ the following equality holds
LiRy,(A) = ()71 (=1 + AR, (N)
and hence, via ([{.29) we obtain, for every A € C with Re\ > FE, that

dq FO“‘dl
)= 12

IEL R () < (h) ( (430)

We now consider the continuous functions {®1 };. g¢ defined according to (£.28)) of the
above Lemma [£.9] and define the the approximate resolvents of (£, D(L)) given by

Nu= ) ®,R,(\)(@u)
ieJjd
for every A € C with Re\ > F% and u € C(Q%). So, by Lemma and ([429) we
obtain, for every A € C with ReA > F—}z, that

34 d1 1
IS, < F i (4.31)
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Moreover, for every A € C with ReX > FE and u € C(Q%), we have

A= L)Sp(Nu=u+ Y (T} =D)LLy (R (V) (D))

ieJd

=D L(®) Ry (A)(®hu) —20 ) Z% 1) en Oz, (R (A) (@1,1)) Do, (1)

ieJd ieJd h=1
= (I+CP(N) + CEN) + CF\)u. (4.32)

We now fix 7 such that max, s [['(z) — L] < &g : Wz—kd) for all i € JZ. Then,

from ([@.29), (4.30), Proposition L.§(2) and Lemma [.9]it follows, for every A\ € C with
Re\ > F_}z and u € C(QY), that

7 i i i Iy + dy 1
ICT(Nu]lo < 3720 max || @L.Ly (RE(N)(Phu))||o < 3% ulloo < —llufloos
(4.33)
w i i di 1
ICF(MNu]loo < | & max || L(PL) |loo | REA) (Phu)|so < [JHE — —ltflo,  (4.34)
IEJ% F ‘)“

ICF(Wulloo < 2d3%|Tlos  max ||ya8z, (B5) llool|0z, (R (A) (P51)) o
ieJL, he{l,...,d}

243 K2

VIA
where Ki = max;c ja [|[L(®5)[[c and Ko = |[Dfloc maxe ja pegy,...ap 17802, (P5)lloo-
We note that the constants dy, d2 and R depend only on B (with B any fixed positive
real number greater or equal than maxZ | ||b;||s) and on v = (71,...,74) and that
the constants K1 and Ky depend only on B, I', v and on the functions {(I)iﬁ}ie Jd-
Now, by (£34) and (£35) we can choose R’ > maX{F—Ii,R} large enough to get
max{||CT(N)|, [|CT(N)||} < 1/4 for all A € C with ReA > R'. So, ||CT()\) + CF(\) +
CT(N)| < 1/2 via (Z33) for all A € C with Re\ > R’ (we note that R’ depends on B,
I, v and on the functions {®};. Jg)' This inequality, combined r with the equality
(E32), implies that the operator C(\) = (A — £)Sn(A) is invertible in £(C(Q?)) with
[(C(A)7Y|| < 2 for every A € C with Rel > R'. Since the operator (£, D(L)) gener-
ates a contractive Cp-semigroup in C'(Q?) and so the operator (A — £) is injective for

all A € C with ReX > 0, it follows that R(\, £) = Sz(A\)(C(A\))~! and that by (&31)
d

1RO D) = sz < 212
Lo [Al
for every A € C with ReX > R’. This inequality ensures that the operator (£, D(L))
is sectorial (see |28, Proposition 2.1.11]), i.e., generates an analytic Cp—semigroup in
C(Q%). Moreover, the identity R(\, £) = Su(A\)(C(N\))~! implies that the operator
R(\, L) is compact as Sz(\) is compact, being Sz(A) a sum of compact operators

(observe that RL = (TL)~1R (Fl ,£1> and that (L£1,D(L1)) generates an analytic

IN

[ulloo, (4.35)

(4.36)

compact Co-semigroup in C(Q?)). So, the semigroup (7'(t))¢>0 is also compact, being
it analytic and so norm continuous with compact resolvents.

We now prove that the estimates (£.19]) and (4.20) in Proposition .8 are shared by
the operator L.
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By (4.30)) the first part of Proposition [£§|(2) is already proved.
Let A € C with ReA > R’ and u € D(£) = D(L1). Then there exists v € C(Q%)
such that R(\, £1)v = u. So, by Proposition [4.8(2), for every i =1,...,d, we have

d
Vi ulloo = llv/2i0r; (R(A, £1)0) |00 < = —=[Xu— Liulloo. (4.37)

<2

VIA VIAl
On the other hand, there exists also w € C(Q%) such that R(A\,£)w = u. Then
M — Liu= (1 — %) A+ £(Au — Lu) and hence, by (E30) we have

1 1
i Lrufloe < (o 1) Mlulloo + [ Xu — Lufloe
T'o To
= (1) RO Dwllse + o]
- Ty ) 00 Ty 0
2d;3% /1 1
< p—— 1 o0 e o0
< 225 (5 +1) Boll+ ol
1
< K (1) ol (438)
1)

with K3 = max{l, 26?03d}. Combining ([A37)) with (438) we obtain, for every i =
1,...,d, that

1 do
. . < - .
IV (RO £l < 5 (55 +1) vl
Since u is arbitrary and R(\, £): C(Q?) — D(L) is bijective (for A € C with Re\ >
R’), the inequality (£20) in Proposition E8(2) is satisfied. Moreover, the equal-
ity RO\, L) = Sp(A\)(C(N)™! implies, for every v € C(Q%) and i = 1,...,d, that
VZiOz, (RN, L)u) € C(Q?) and that lim,, o+ SUp,,e(0,11), jef1,...ap (i} vVEiDr (R(A, L)u) =
0 via (£21)) . So, Proposition [.§|(2) is valid.
One can prove that the estimates in Proposition A.§|(1),(2) hold for £ by arguing
as in the proof of Proposition .8l O

We now consider the following second order elliptic differential operator

d
U=T(x)> [il)zi(l—2;)02, + bi()0s,], =€ Q% (4.39)
=1
where T', b; and 7, for i = 1,...,d, are continuous functions on Q% = [0,1]? and on

[0, 1] respectively. We assume that

Hypotheses 4.11. The coefficients ', b; and ~;, for i = 1,...,d, are continuous
functions satisfying the following conditions.

(i) The functions T' and ~;, for i = 1,...,d, are strictly positive on Q% and on
[0, 1] respectively.
(ii) Let b(z) = (b1(z),...,bg(x)) for = € Q. Then (b(x),v(z)) > 0 for every
x € 0Q%, where v denotes the unit inward normal at Q<.
(iii) There exist § > 0 and C > 0 such that, for everyi=1,...,d and z, z' € Q¢,
we have

bi(z) — bi(@)] < Oy, (4.40)
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if |zi| < 9 and z, = 0; while
|bz($) — bl(l‘,)| S C\/l — T, (4.41)
if 11— <6 and 2, = 1.

Proceeding in a similar way as in the proofs of Lemma and of Corollary 3] (or
see [13]), one shows that Hypotheses .11I(i)—(ii) imply that a minimum principle holds
for the operator (U,C?(Q%)). Since U1 = 0, it follows that the operator (U, C?(Q%))
is dissipative and hence, (U,C?(Q%)) is closable in C(Q?) with closure (U, D(U)) a
dissipative operator in C'(Q?). Moreover, we have

Theorem 4.12. Under Hypotheses[{.11], the operator (U, D(U)) generates an analytic
compact Cy-semigroup (T(t))i>0 of positive contractions in C(Q%).

For easy reading the proof of Theorem it is useful to introduce some notation
and point out some results.

In the sequel we follow the notation of Lemma 9l Let n = 2 and set I' = Ii2 and
Pl = <I>12 forie Jﬁl = {1,2}?. For a fixed i € Jg, the set T! contains a unique vertex
of Q% i.e., the vertex V1 of Q¢ with (V1), = 0if iy = 1 and (V1), = 1 if 4, = 2.
If we denote by 1;: Q7 — Q7 the map given by setting t;(z) = y, for € Q%, with
yn = xp if iy, =0 and yp, = 1 — xy, if 45, = 2. Clearly, v; is a C°°—diffeomorphism such
that v;(I) = I'o, where ip denotes the element of Jg with coordinates all equal to 1.
Moreover, the operator ¥;: C(Q%) — C(Q%) defined by W;(u) = u o ¢ is a surjective
isometry such that ¥;(C*(Q?)) = C*(Q?) for all k € N (also W;(C*(I')) = C*(I'0)).
In particular, ¥; transforms the operator U; = Ul into the operator L; of type (4.1)
acting on the space C2(I'%). Indeed, we have, for every u € C2(Ii°), that

d
(Uio ;) (@) > Iy (@n)zn(1 — 2)05, (i () + ba(2)cndy, u(ti(x))],
h=1
where ¢, = 1 if ip, = 1 and ¢, = —1 if i), = 2, and hence
(\I/i_l o Uj o U;)(u)

d
=T W) > (@ @)n)yn(1 = yr)dZ, uly) + ba (W (1)) endy, uly)].
h=1

Now, we observe that if we set 74 (y) = v ((¥; ' () )(1—yn) and bi(y) = by (v (y))en
for y € I'o and h = 1,...,d, then the functions 7y, by, are continuous on I and on
[0,1/2] respectively, and each function 4y, is strictly positive (as 1/3 <1 —y, <1 for
every h). Also, by Hypothesis EI1{(iii) we have, for every h = 1,...,d and y, y’ € Tl
with g}, = 0 and |yp,| < d, that

br(y) — b (y)| < Clynl-

Finally, Hypothesis @I1|(ii) implies that if we set b = (by,...,bq) then (b,v) > 0 on
L.

0Since Hypotheses 1] are fulfilled, we can apply Theorem 10l to conclude that
the closure (L;, D(L;)) of the operator (L;, C2(I®)) generates an analytic compact
Co-semigroup in C(I') of positive contractions. Moroever, the operator (L;, D(L;))
satisfies Proposition 8 So, by similarity the closure (U, D(U;)) of the operator
(Ui, CA(1Y)) (here, u € CZ(T') if u € C*(I!) and 0,, u(z) = 0 if either z, = 2/3 and
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ip, = 1 or xp = 1/3 and i = 2) generates an analytic compact Cp—semigroup in
C(I") of positive contractions and satisfies the proper analogue of Proposition [£8 In
particular, the proper analogue of Proposition .8(2) turns out to be

(2)” There exist dy,ds, R > 0 depending only on B (with B any positive real

number > max® | ||b;]loc) and on T', v = (v1,...,74) such that, for every
A€ C with ReA> R, h=1,...,d,i€ J¢ and u € C(I'), we have
dy
IR U < ==
A

IV @n(l = 2n) 0, (R(A, Us)u)]

We are now able to show Theorem [£.12]

oo < —=[tt]|oo-
\/])\

Proof. By (2)” above we have, for every i € J§ and A € C with Re\ > R, that
dy
Al

So, for every AC with Rel > R we can consider the operator S(\): C(Q%) — C(Q%)
defined by

IR W) < (4.42)

SWu =" SR\ U) ('), ueC(QY). (4.43)
ieJd
Hence, by ([£42]) we have, for every A\ € C with ReA > R, that
24d
ISl < 757 (4.44)

We observe that the previous considerations on the differential operators Uj ensure,
for every i € J§ and u € C(Q?), that

UP RN, U) (D)) = Uy(B RN, Uy) (Plu)) (4.45)
and, for every u, v € D(l;), that

M=

Us(wv) = ulks (v) + Ui (u) + (@) S An(zn)en(1 — 24)y, uds, v. (4.46)
By (@45) and ([@46) we obtain, for everyhjxle C with ReA > R and u € C(Q?), that
A=U)SN(w) = ASA)(u) - Z;d U('R(N,Us)(Du))
= AS(\)(u) — Z;Z/{i(<1>iR()\,Z/{i)(¢>iu))
= Z,; (N — L{i);()\,ui)(fbiu) - Z,; Ui(D)R(A, Us) (')

d
= T(@) ) > wlan)an(l — za)0u, (RN Us)(D10)) Dy,

ieJ¢ h=1
= I+ B\ +CN)(u). (4.47)
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By [@42) we deduce, for every A € C with ReX > R and u € C(Q%), that

1BV ufe < 2

Ulloo, 4.48
il (4.49)

where d3 = 2%d; maX;e ya 124 () | 0o -
Applying again the property (2)’ above we obtain, for every A € C with ReA > R
and u € C(Q?), that

ICWullo < da sup Jlwn(l = 23)0%, (RN Us)(P1)) |

h=1,...,d, i€Jg
ds .
< dy——— sup [P | 0o
VIAl h=1,...d, icd
dy

< di—=lullco, (4.49)
VIAl
where dy = 2%dM with M = |||« MaXe yd p—1,..d 740z, @00 (hence, M depends
only on I, v and on the functions {®'};. Jg-
By (£48) and (£49) we can choose R’ > R such that [|[B(X) + C()\)]] < 1/2 for all
A € C with ReA > R’ and hence, the operator D(\) = (A —U)S(A) is invertible in

L(C(Q%Y) with ||[(D(X)™!| < 2. So, there exists R(A\,U) = S(A)(D(A))~! and and
satisfies by (4.44))

2d+1 dl
A
whenever A — U is injective, in particular, for A > 0 as the operator U is dissipa-
tive (observe that R(A,U) is also compact as S(A) is compact). Since (U, D(U)) is
also densely defined, by Lumer-Phillips theorem this fact ensures that the operator

(U, D(U)) generates a Co-semigroup (T (t));>0 of contractions in C(Q?). So, for every
A € C with ReX > R’ we have that R(\,U) = S(\)(D()\))~! and satisfies inequality

IR U)| < (4.50)

Finally, from (450) it follows that the operator (U,D(U)) is sectorial (see [28]
Proposition 2.1.11]), i.e., generates an analytic Co-semigroup in C(Q%). Since the
semigroup is analytic, hence norm—continuous, and the differential operator (U, D(U))
has compact resolvent, the semigroup is also compact. O

We end this section with the following result which could be useful for further
developments.

Proposition 4.13. Let B > max( | ||bi|loo. Under Hypotheses [{.11} the operator
(U, D(U)) satisfies the following properties.

(1) There exist K,a,t > 0 depending on B and on T', 7, such that, for every
uwe€ C(QY andi=1,...,d, we have

[tUT(t)|| < Ke*, t>0,

Keoct _
V21 8961 )00 < NG lulloo, 0<t<Tt,

[V zi(1 a:cz u)]loo < KeatHu”om t>t
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Moreover, for every i = 1,...,d and v € C(QY), /x;(1 — 2;)0,, (T
C(Q%) and

lim sup zi(1 — )0y, (T (t)u) = 0.
20+, 17 2;¢(0,1], je{1,....d}\{i}

(2) There exist dy,de, R > 0 depending on B and on T', v, such that, for every
A € C withReA > R, u € C(Q%) andi=1,...,d, we have

1RO\ Uuloo <

~ulloo,

|>\|
||\/517z amz u)][oo < —= ||| co-
\/])\

Moreover, for every i = 1,...,d and u € C(Q%), \/x;(1 — 2;)0y, (R
C(Q%) and

lim sup Vai(1 — )0z, (RO, U)u) = 0.

@i =0%,17 2,€(0,1], je{1,...,d}\{i}

(3) There exist € >0, C >0 and D > 0 depending on B and on T", 7, such that,
for every0 <e <z, i=1,...,d and u € D(U), we have

C
V@il = 2:)0zullo < —llulloo + Delthu]oc.

Proof. The result follows argumenting as in the end of the proof of Theorem [A.10l [

Example 4.14. In the following examples assume that the coefficients I' and ~;, for
i=1,...,d, are strictly positive continuous functions on Q% and on [0, 1] respectively.

(1 ) Let {e;}4, € C([0,1]) such that ¢;(0) = ¢;(1) = 0 and there exist 0 < § < 1
and C >0 such that

lei(z)] < CVe, if0<z<§, and |¢(x)| <CV1—z, ifl-6<z<1,

for every i = 1,...,d. Let {m;}&, C C(Q%™1).

Now, for each i=1,...,d and x € Qd denote z° = (T1,...,Ti 1,Tis1,.-.,Tq)
and set b;(z) = cl(xl)ml(at’) Then {b;}{, C C’(Qd). Moreover, we have, for every
z, 2’ € Q¢ with |z;| < § and 2} =0 and i = 1,...,d, that

|bi(z) = bi(2")] = |Ci(fl7z')mi($i)| < C'Vi,
with ¢’ = C'max®_| |[m;||.c. On the other hand, we have, for every z, 2/ € Q¢ with
1 —z;|<dand 2, =1andi=1,...,d, that

[bi(2) = bi(a")] = |ei(zi)mi(z")] < C'VT = ;.

Finally, it is easy to verify that (b,v) > 0 on 9Q%. So, if we consider the second order
differential operator

d
(@) Y Izl — )85, + bi()ds,),
=1
with T' and ~;, for i = 1,...,d, strictly positive continuous functions on Q¢ and on

[0,1] respectively, then the closure (U, D(U)) of operator (U, C?(Q?)) generates an
analytic compact Co—semigroup in C(Q%) of positive contractions.
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(2) Let {c;}%_,  C(]0,1]) such that ¢; > 0 on [0, 1] and there exist 0 < § < 1 and
C > 0 such that

lci(z)—c(0)| < OV, if0<2 <0, and [ci(z)—c(1)| <CVI—z, ifl-6<z<1,

for every i = 1,...,d. Next, for each i = 1,...,d and x € Q% set &(x) = Z?:l ci(z;)
and b;(x) = c¢i(z;) — é(x)zi(1 — x;). These type of coefficients was considered in
[33, B4, 12]. Then we have, for every z, 2/ € Q% with |z;) < ¢ and 2/ = 0 and
i=1,...,d, that

bi(z) = bi(z")] = lei(xi) — E(z)2i(1 — z;) — ¢;(0)]
< lei(@i) — e (0)] + [e(2) (1 — @)l|ai] < C'V/ai,
with C' = C + ||| co-
On the other hand, we have, for every z, ' € Q% with |1 — z;] < § and z, =1 and
i=1,...,d, that

bi(x) = bi(z")| = ei(wi) — e(z)zi(1 — ;) — ci(1)]
< ei(xy) — e (V)| + |é(x) x| [1 — 2] < C'V1 — ;.

Finally, it is easy to verify that (b,v) > 0 on 9Q%. So, if we consider the second order
differential operator

d
Z% (zi)z; 1—x2)6 + bi(x)0y,],
=1

with T' and ~;, for i = 1,...,d, strictly positive continuous functions on Q¢ and on
[0,1] respectively, then the closure (U, D(U)) of operator (U, C?(Q?)) generates an
analytic compact Co—semigroup in C(Q%) of positive contractions.
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