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DIFFERENTIABILITY OF MATHER’S 8-FUNCTION VS
MANE’S CONJECTURE

DANIEL MASSART

ABSTRACT. We prove that if a time-periodic Tonelli Lagrangian on a
closed manifold M satisfies a strong version of the Differentiability Prob-
lem for Mather’s SB-function, then the Legendre transforms of rational
homology classes are dense in the first cohomology of M, which is a first
step towards Mané’s conjecture.

1. INTRODUCTION

1.1. Tonelli Lagrangians. Let M be a compact, connected manifold with-
out boundary. For the sake of brevity we shall refer to such manifolds as
closed. A Tonelli Lagrangian on M is a C? function on TM x T, where T is
the circle R/Z, satisfying the following conditions :

(1) for every (z,t) € M x T, the function v — L(z,v,t) is superlinear

(2) for every (z,v,t) € TM x T, the bilinear form 9?L(x,v,t)/0v? is
positive definite

(3) the local flow ®; defined on TM x T by the Euler-Lagrange equation
for extremals of the action of curves is complete.

A good example to keep in mind is the sum of a Riemann metric, viewed
as a quadratic function on TM, and a time-periodic potential (a function
on M x T). See [Mr91l [E] for more background and references. When the
Lagrangian does not depend on t € T, it is called autonomous and we omit
the factor T.

The following classical way to obtain invariant subsets of the Euler-
Lagrange flow was introduced by Mather in [Mr91]. Define M;,, to be
the set of ®4-invariant, compactly supported, Borel probability measures on
TM x T. Mather showed that the function (called action of the Lagrangian
on measures)

./\/lim, — R
po— Jparer L

is well defined and has a minimum. A measure achieving this minimum is
called L-minimizing. The union of the supports of all minimizing measures
is called Mather set, and denoted M(L). The following classical trick gives
us more invariant sets from the same construction. If w is a closed one-
form on M, then L — w is again a Tonelli Lagrangian, and it has the same
Euler-lagrange flow as L. Besides, by [Mr91], if u € M,,,, the integral
fT 11 <1 wdp only depends on the cohomology class of w. A measure achieving
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the minimum of
Mino — R

1
0 R
where w is any closed 1-form in the cohomology class ¢, is called (L, c)-

minimizing. Thus, for each cohomology class ¢ € H'(M,R), we find a
Mather set M (L, c).

1.2. Mané’s problem. The upside of this measure-theoretic construction
is that it readily yields an existence theorem. The downside is that we
don’t know what the minimizing measures look like. One of the most basic
questions one may ask is, if we choose the Lagrangian randomly, what are
the minimizing measures ? are they supported on fized points or periodic
orbits ? if not, how big are their supports ?

In [Mn95, Mn96], R. Mané proposed the following problem (sometimes
stated as Mané’s conjecture, although Mané’s conjecture is a stronger state-
ment published in a later paper [Mn97]):

Problem 1.1. Is it true that given a Tonelli Lagrangian L on a manifold
M, there exists an residual subset O(L) of C*°(M x T), such that for any
f € O(L), there exists an open dense set U(L, f) of H*(M,R), such that for
any c € U(L, ), there exists only one (L + f, c)-minimizing measure, and it
is supported by a periodic orbit ¢

The case when M is the circle is treated in [O09], with some arguments
provided by [Mr02]. The analogous problem in codimension one Aubry-
Mather theory is dealt with in [BMI1]. However, the full statement of
Problem [[.T] seems way out of reach for the time being, so it makes sense to
look for similar, but simpler, problems.

First, we leave aside the question of the openness, and focus on finding
a dense set of cohomology classes. Second, we relax the requirement on the
support of the minimizing measure, by replacing it with some condition on
its homology class. Let us explain what the homology class of a measure is.
For any u € My, the homology class [u] is the unique h € Hy(M,R) such

that
o) = [

for any closed one-form w on M. This is well defined because if 4 € M,
the integral fT v w1 Wdi only depends on the cohomology class of w.

Now let us explain the notion of irrationality of a homology class. The
torsion-free part of Hi(M,7Z) embeds as a lattice I in Hy(M,R). A class
h € Hi(M,R) is called integer if it lies in I', and rational if nh € T' for some
n € Z. A subspace of Hi(M,R) is called integer if it is generated by integer
classes.

The quotient Hy(M,R)/T is a torus T?, where b is the first Betti number
of M. For h in H{(M,R), the image of Zh in T? is a subgroup of T, hence
its closure 7 (h) is a finite union of tori of equal dimension. This dimension
is called the irrationality I(h) of h (it is denoted Iz(h) in [Mt09]). It is zero
if h is rational. We say a class h is completely irrational if its irrationality
is maximal, i.e. equals b. In the same way, if v is a vector of R™, we call
irrationality of v the dimension of the image of Zv in R"™/Z"™. Note that the
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irrationality of h equals that of nh for n € Z, n # 0 since the quotient of
T (h) by T(nh) is a group of cardinality n.

As an example let us look at the homology class of a measure supported on
a periodic orbit. Assume y: [0,7] — M, with T € N, is a C? closed curve
such that (v,4,t) is a periodic orbit of ®;. Then the probability measure i,
on T'M x T such that, for any continuous function f on TM x T,

T
/TM Jdpiy = %/0 F(y(@),4(t), t)dt

is ®4-invariant and supported on (v,7,t), so it belongs in M;p,. Its ho-
mology class is % [7v]. Therefore [11,] is rational. Conversely, one may ask
whether an invariant measure with a rational homology class is supported
on a periodic orbit. It is true when M = T, or when dim M = 2 and L
is autonomous (see [CMP04]), however, it is false in general. Still, a good

starting point for Problem [Tl is the following

Problem 1.2. When is it true that given a Tonelli Lagrangian L on a
manifold M, there exists a dense set U(L) of H'(M,R), such that for any
c € U(L), there exists a (L, c)-minimizing measure with a rational homology
class ?

1.3. The Differentiability Problem. In this paper we mean to explain
the relationship between Problem [[.21 and another important question in the
field, the differentiability problem for Mather’s S-function. First we need to
define some objects. Mather’s a-function is the opposite of the minimum in
Equation (J), that is,
a: HY(M,R) — R
c — —min{fTMxT(L —w)dp: p € Mipy, [w] = c} .
This is a convex and superlinear function (see [Mr91]), so it has a convex
dual
5: Hl(M7R) — Ra
defined by

Vh € Hi(M,R), 5(h) = E;E%R) ({e,h) — a(c)) .

Actually Mather ([Mr91]) proved that

Vh € Hi(M,R), B(h) :min{/T Ldp: p € Miny, [ :h}.

MxT

By the superlinarity of o and g, the suprema in the definitions of « and
[ are actually maxima. In particular mina = —3(0), and for all ¢ €
HY(M,R),h € Hi(M,R) we have the Fenchel inequality :

alc) + B(h) > (¢, h).

For any h € H1(M,R), we call Legendre transform of h with respect to 3,
the set

dB(h) == {c € HY(M,R): alc) + B(h) = (¢, h)}.
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Likewise, for any ¢ € H'(M,R), we call Legendre transform of ¢ with respect
to «, the set

da(c) :={h € H(M,R): a(c)+ B(h) = (c,h)}.

The functions « and 3 are sometimes called effective Hamiltonian and La-
grangian, respectively. They resemble the Hamiltonian, or Lagrangian, in
that they are convex and superlinear; on the other hand, they need not be
strictly convex, nor smooth, that is, the sets 9(h) and da(c) need not have
cardinality one. By convex duality, it is equivalent to study the differentia-
bility of £, and the strict convexity of «.

When M =T, the following theorem says everything about the differen-
tiability of 3 :

Theorem 1.3 ([Mr90, Ba94l). If M = T then § is differentiable at every
wrrational homology class. It is differentiable at a rational homology class if
and only if periodic orbits in this class fill up T.

If we want to extend this theorem to higher dimensional manifolds, it
seems natural to proceed as follows. A convex function has a tangent cone
at every point. We say that § is differentiable in k directions at h if the
tangent cone to B at h contains a linear space of dimension k. We are
thus led to ask whether 8 is always differentiable in at least k directions
at a k-irrational homology class. This will henceforth be referred to as the
Differentiability Problem. Mather conjectures the answer is yes for C'*°
Lagrangians. The answer to the Differentiability Problem is yes for all C?
Lagrangians when M = T by Theorem [L3] It cannot be yes in general by
[BIK97].

1.4. A stronger version of the Differentiability Problem.

Definition 1.4. Let

e M be a closed manifold
e L be a Tonelli Lagrangian on TM x T
e h be a homology class in Hy(M,R).

We define
Vii={A(c—c,a(c) —a(d)) : ¢,d € dB(h), X € R}.

In plain language, Vj, is the underlying vector space to the affine space
generated by the subset {(c,a(c)): ¢ € B(h)} of HY(M,R) x R. We define

Vii={A(c—c): ¢,d € 9B(h), X € R},

that is, V}, is the canonical projection of Vi, to H'(M,R).

Recall that a vector subspace of H1(M,R) x R = HY(M x T, R) is integer
if it is generated by integer cohomology classes. A slight modification of
[Mt09], Proposition 20 (see Proposition ZI0) says that if for every h €
H{(M,R), Vi, is integer, then the answer to the Differentiability Problem is
affirmative, that is, B is always differentiable in at least k directions at a
k-irrational homology class.
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1.5. An even stronger version of the Differentiability Problem. In
[IMt03] we proposed the following approach to the Differentiability Problem,
based on the notion of Aubry set, as defined by Fathi in [E] (see subsec-
tion [2.2)). For the time being all we need to know is that given a Tonelli
Lagrangian L: TM x T — R and an homology class h, the Aubry set
A(L, h) is a compact subset of TM x T which is invariant under the Euler-
Lagrange flow of L, and projects injectively to M x T. The projection of
A(L,h) to M x T is called the projected Aubry set, and denoted A(L, k).
Another important object in weak KAM theory is the so-called quotient
Aubry set, originally defined in [Mr02] (see also [FFR09], and [Bel0]). See
subsubsection 2.2.] for the precise definition.

The idea of [Mt03] is to relate the differentiability of § with the topology
of the complement in M x T of the projected Aubry set.

Let Ej, be the set of (¢,7) € H'(M x T,R) = H'(M,R) x H'(T,R) such
that there exists a smooth closed one-form w on M x T with [w] = (¢, 7)
and supp(w) N A(L,h) = 0. Let Ej be the canonical projection of EJ, to
H'(M,R). By a slight modification (see subsubsection 2.:3.1]) of Theorem 14
of [Mt07] ([Mt03] in the autonomous case) we have, for every h € Hy(M,R),
B, C V.

What this has to do with the Differentiability Problem is summed up in
Corollary 2. TT] which says that if, for every h € Hi(M,R), we have Ej, = V},

then we have an affirmative answer to the Differentiability Problem.

1.6. Now at last we can state our main theorem. The meaning of our
main result is, roughly speaking, that if we have an affirmative answer to the
strong version of the Differentiability Problem stated in Subsection [LH] plus
some non-degenaracy conditions which are satisfied by a generic Lagrangian
thanks to [BCO§|, or when the dimension of M is small by [FFR09], then
we have an affirmative answer to Problem [[L2] which is a weak version of
Problem [T which is itself a weak version of Mané’s conjecture. All of
which is to say that Mané’s conjecture is a pretty bold statement. In [FR],
another approach to Mané’s conjecture is taken, by relaxing the regularity
condition : instead of looking for a residual subset of C°°(M), the authors
look for a residual subset of C2(M).

Before stating our result, let us point out that given a cohomology class
¢, it is equivalent to say that there exists a (L, ¢)-minimizing measure with
a rational homology class, and to say that there exists a rational homology
class h such that ¢ € 9f(h). With that in mind, the following theorem
partially answers Problem

Theorem 1.5. Let M be a closed manifold, and let L be a Tonelli La-
grangian on TM x T. Assume that for every h € Hi(M,R), Vj, = FEj,
and the quotient Aubry set A, has Hausdorff one-dimensional measure zero.
Then the set of cohomology classes

Uaﬁ(h): h € Hi(M,R), h rational
is dense in H'(M,R).

This theorem is proved, in the context of codimension one Aubry-Mather
theory, as Proposition 2.2 of [BM11]. In the codimension one theory, the
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non-degeneracy hypothesis-that is, the quotient Aubry set being small- is
not necessary, and « is C!, which makes the proof a little easier.

2. PRELIMINARIES

2.1. Flats of a and (. Throughout this paper we shall pay special at-
tention to the parts of the graph of « (resp. /) which are contained in
proper affine subspaces of H!(M,R) x R (resp. H;(M,R) x R). Such sets
are called flats of o (resp. ). We shall often identify a flat of o (resp. f3)
with its canonical projection to H'(M,R) (resp. Hi(M,R)). When L is
autonomous, by [Ca95], « (not f) is constant on its flats. The sets of the
kind 95(h), da(c) are the most obvious examples of flats.

We call relative interior of a flat of a (resp. ), its interior in the affine
subspace it generates in H'(M,R) xR (resp. Hi(M,R)xR). Recall Lemma
A3 of [Mt11] :

Lemma 2.1. Let

e F be a finite dimensional Banach space

A: E — R be a convex and superlinear map

xgo be a point of B

I be some (possibly infinite) set

F;, i € I be a family of flats of A such that xq lies in the relative
interior of F; for alli € I.

Then there exists a flat F containing F; for all i € I such that x is an
interior point of F.

This lemma enables us to speak of the largest flat of « containing a
cohomology class c in its relative interior. We denote it by F..

Lemma 2.2. Let

e F be a finite dimensional Banach space
o A: EE— R be a convex and superlinear map
e B: E* — R be the Fenchel dual of A.

Take x in E and y € E* in OA(z). Then any flat of A containing x in its

interior is contained in OB(y). In particular, if x lies in the relative interior
of 0B(y), the largest flat of A containing x in its interior is OB(y).

For our purposes, this means that if ¢ is a cohomology class which lies
in the relative interior of df(h), for some homology class h, then Fi, the
largest flat of v containing ¢ in its relative interior, is 98(h).

2.2. Aubry sets. Define, for all n € N,
hn: (M xT)x (MxT) — R

(z,t), (y,5)) — min ["T" L(v,5,t)dt

¢
where the minimum is taken over all absolutely continuous curves

v: [t,s+mn] — M such that y(¢t) = x and (s + n) = y. Note that this
is a slight abuse of notation, since we denote by the same t an element of
T = R/Z or the corresponding point in [0,1[. The Peierls barrier is then
defined as

h: (MxT)x(MxT) — R
((x,t),(y,s)) = liminf, o hy ((2,1),(y,s)).
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The Aubry set is
A(L) = {(x,t) € M x T: h((z,t),(x,t)) =0}.

The image of the Aubry set under the canonical projection (7, id): T M x
T — M x T, where id is the identity map from T to itself, is called projected
Aubry set and denoted A(L). For the sake of brevity, we may sometimes
say Aubry set rather than projected Aubry set.

2.2.1. Quotient Aubry sets. Consider the equivalence relation on Ag defined
by (z,t) =~ (y,s) if and only if h((x,t), (y,s)) + h((y,s), (z,t)) = 0. The
classes are called static classes. The quotient Ap/ & is a metric space with
distance

d((z,1), (y, s)) = h((z,1), (y, 8)) + h((y, 5), (2, 1)),

where (x,t) is the equivalence class of (z,t). It is called quotient Aubry
set and denoted Ag after [Mr02]. The distance d((z,t), (y,s)) is called the
Mather distance.

The property of the quotient Aubry set that we use the most is the fol-
lowing upper semi-continuity property : when the quotient Aubry set of L
has 1-dimensional Hausdorff measure zero, by Corollary 5 of [Bel()], for any
neighborhood V' of A(L) in T'M, there exists a neighborhood U of L in the
C? compact-open topology such that for any L’ in U, we have A(L') C V.

The quotient Aubry set of L having 1-dimensional Hausdorff measure zero
is not a rare phenomenon : by [BCOS], given a Tonelli Lagrangian L on a
closed manifold M, there exists a residual subset O(L) of C°°(M), such that
for every f € O(L), for every ¢ € H'(M,R), the quotient Aubry set of (L, c)
is a finite set. Also, by [FFR09], for any autonomous Tonelli Lagrangian
L on a closed manifold of dimension two, the quotient Aubry set of L has
1-dimensional Hausdorff measure zero.

2.3. Aubry sets and faces of a. As in the case of Mather sets, if w
is a closed one-form, L — w has an Aubry set, which depends only on the
cohomology class ¢ of w. We denote it A(L, ¢) or just .A(c) when no confusion
is possible. For the convenience of the reader we recall Proposition 6 of
[Mt03] ([Be02] for the time-periodic case) :

Proposition 2.3. Let M be a closed manifold and let L: TM x T — R
be a Tonelli Lagrangian. If a cohomology class c1 belongs to a flat F,. of o,
containing ¢ in its interior, then A(c) C A(c1). In particular, if ci lies in
the interior of Fy, then A(c) = A(c1). Conversely, if two cohomology classes
c and ¢ are such that A(c)NA(c1) # 0, then ar, has a flat containing ¢ and
C1.

So for any flat F' of o and any ¢1, co in the relative interior of F', the Aubry
sets A(cy) and A(cp) coincide. We denote by A(F) the common Aubry set
to all the cohomologies in the interior of F'. Recall that for any homology
class h, 98(h) is a flat of a.. For brevity we shall denote by A(h) the Aubry
set A(9B(h)), or A(L, h) when we need to emphasize the dependance on the
Lagrangian.
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2.3.1. Now we look at the interplay between the dimension of F;, and the
size of the Aubry set of c.

We call V, the vector space generated by the pairs (¢ — ¢, a(c) — a(c))
where ¢ € F,. We call V, the canonical projection of V, to H'(M,R). So, by
Lemma [22] when c lies in the relative interior of df(h) for some homology
class h, we have V. = Vj,, with V}, as in Definition .4l

Definition 2.4. Let E. be the set of (¢,7) € HY(M x T,R) = H'(M,R) x
HY(T,R) such that there exists a smooth closed one-form w on M x T with
[w] = (¢, 7) and supp(w) N A(L,c) = 0. Let E, be the canonical projection
of E, to H'(M,R).

Note that if ¢ lies in the relative interior of dB(h) for some homology class
h, we have E, = E},, with E}, as defined in subsection

The following theorem is proved in [Mt07](see [Mt03] for the autonomous
case).

Theorem 2.5. Let L be a Tonelli Lagrangian on a closed manifold M, and
let ¢ be a cohomology class in H'(M,R). Then we have E, C V..

Therefore, for every h € Hi(M,R), we have Ej, C V},, because every Ej,
(resp. V},) is an E,. (resp. V) for some ¢ € H'(M,R).

Since the Differentiability Problem requires the integrality of Vi, rather
than Vj,, we first extend Theorem 25 to E, and V.. However we have to be
careful because of the sign of a(c) in the respective definitions of £, and V.
Define a map

flip: H'(M,R) xR — H'(M,R) xR
(e,7) — (e,—T).

Lemma 2.6. Let L be a time-periodic Lagrangian on a closed manifold M,
and let ¢ be a cohomology class in H'(M,R). Then

E. C flip (‘70) :
and E. =V, if and only if E. = flip <17c>

Proof. First we observe that V, is the graph, over V., of the map ¢ —
a(d) — a(c). Now recall Lemma 15 of [Mt0O7):

Lemma 2.7. If w is a closed one form on M x T, with [w] = (¢,7) €
HY(M,R) x HY(T,R), and p is an (L, c)-minimizing measure, then

/(L —w)dp = —alc) — .

Consequently, if (¢/,7) € ~E~c, and w is a smooth 1-form on M x T with
[w] = (¢, 7) and supp(w) N A(L, c) = 0, we have, for any (L, ¢)-minimizing
measure i,

—a(d) -7 = /(L — w)dp = /Ldu ~ (o)

so 7 = afc) — a(c). Therefore E, is the graph, over E,, of the map ¢ —
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e E.C V. entails E, C flip <Vc>, and since the former is always true,
so is the latter. This proves the first statement of the lemma.
e F. =1V, entails Ec = flip <T7C>, which proves the first implication of
the second statement. The converse implication is obvious.
O

Corollary 2.8. Let L be a time-periodic Lagrangian on a closed manifold
M, and let ¢ be a cohomology class in H'(M,R). Then E. =V, entails that
V. is an integer subspace of H'(M,R) x R.

Proof. By Lemma 26, E, = V, yields E, = flip (f/c), and by Corollary

A2 E. is an integer subspace of H'(M,R) x R. Now the map flip leaves
the integer lattice invariant, so it takes an integer subspace to an integer
subspace.
O
In [Mt09] we prove the following proposition:

Proposition 2.9. Let L be a Tonelli Lagrangian on a closed manifold M
with first Betti number b. Assume that for every cohomology class ¢, V, is
an integer subspace of H'(M x T',R). Let h be a k-irrational homology
class. Then B is differentiable at h in at least k directions.

This implies that if V, is an integer subspace of H LM x T, R) for every
c € H'(M,R), then we have an affirmative answer to the Differentiability
Problem. However, in the proof of Proposition [2.9], we only use cohomology
classes which lie in the relative interior of 93(h). So what we actually prove
is

Proposition 2.10. Let L be a Tonelli Lagrangian on a closed manifold M
with first Betti number b. Assume that for every homology class h, Vi, is an
integer subspace of H*(M x T, R). Let h be a k-irrational homology class.
Then B is differentiable at h in at least k directions.

Proposition and Corollary 2.8 combine to prove the following corol-
lary, which explains why the hypothesis Ej, = V}, for any homology class h
in our main theorem contains an affirmative answer to the Differentiability
Problem :

Corollary 2.11. Let M be a closed manifold and let L: TM xT be a Tonelli
Lagrangian on M. Let h € Hy(M,R) be a k-irrational homology class such
that Ey, = Vi,. Then B is differentiable at h in at least k directions.

2.4. One last lemma before we go. Let us choose, for every c € H'(M,R),
a closed one-form w(c) on M x T, such that [w] = (¢, a(c)), in such a way
that the map ¢ — w(c) is linear (hence continuous since by (M) is finite).

Recall that F, is the maximal face of the epigraph of a that contains
(c,a(c)) in its relative interior. This definition makes sense by Lemma 211
By Proposition 2.3l we also have

F.(L):={(c,a(d)) : A(L,c) C A(L,d)}.
Lemma 2.12. Let
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e M be a closed manifold
e L be a Tonelli Lagrangian on TM x T
e c be a cohomology class in H'(M,R).

Then
Fy(L — w(c)) = F.(L) — (¢,0).

Proof. First observe that for any cohomology class ¢/,

ap_ue(d) = — inf/ (L —w(c) —w(c)) du

I

= —inf/(L—w(c—i—c’)) dp

n
= ag(c+d).

Now, for any cohomology class ¢,

(d,ar(d)) € F.(L)&
( c) ¢ A(L/d) =
AL -w(c) C AL -w()) <
AL —w(c)) € AL —-w(c)—w(d —¢) &
(¢ = oo o c)( —c) € F(L-w()) =
(d —c,ar(d)) € Fy(L—w)).

3. LOWER SEMI-CONTINUITY RESULTS

When proving our main theorem we shall have to deal with the following
situation : we have a sequence of homology classes h,, that converges to
some h. We know that the Aubry set of h,, has some nice property P. So
for any ¢, in the relative interior of 93(h,,), the Aubry set of ¢, has property
P. We would like to deduce that any ¢ € 95(h) lies in the closure of the set
of cohomology classes whose Aubry sets have property P. For this we need
to show that any ¢ € 9(h) is a limit point of a sequence ¢, in in the relative
interior of dB3(h,,). This is false in general but Lemma below covers our
needs. This is the reason why we include this rather technical section.

3.1. Lower semi-continuity of F.. The meaning of the next lemma is,
roughly speaking, that under appropriate non-degenaracy hypothesis, the
maximal face of o containing c in its interior is lower semi-continuous as a
function of c.

Lemma 3.1. Let

M be a closed manifold

c be a cohomology class in H'(M,R)

Lg be a Tonelli Lagrangian on M

A be the Aubry set of (Lo, c)

a be the a-function of Lg

Fy be a compact, convex subset of the relative interior of F.(Lo)
containing (c,a(c)) in its relative interior.
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Assume that E.(Lg) = V.(Lg), and, for every cohomology class ¢ in the
relative interior of F.(Lg), the quotient Aubry set of (Lo, ) has Hausdorff
one-dimensional measure zero.

Then there exists a neighborhood U of Lg in the C? compact-open topology,
such that for all L € U, denoting by o the a-function of L, for all ¢ such
that (', a(d)) € Fi, we have (¢, a(c) — a(e) + ar(c)) € F.(L).

Proof. Replacing Ly with Ly — w, where w is any closed one-form with co-
homology ¢, we assume that ¢ = 0. For the sake of brevity we denote
Fy := Fy(Lg). Since Fj is contained in the relative interior of Fy, by Propo-
sition 23] for any (c,a(c)) € Fi, A(Lg,c) = A(Lp). Since Ey(L) = Vp(L),
there exists a neighborhood U of Ag in M x T such that for any (¢, a(c)) € Fo,
there exists a closed one-form w on M x T, supported outside of U, such
that [w] = (¢, a(c)).

We have made the hypothesis that for any cohomology class ¢ in the
relative interior of Fy(Lg), the one-dimensional Hausdorff measure of the
quotient Aubry set of L — w(c) is zero. So, by [BelQ], the Aubry set is
semi-continuous, as a function of the Lagrangian, at Ly — w(c) for every ¢
in the relative interior of Fy, where w(c) is defined in Subsection [Z4l Thus,
for every ¢ such that (¢, a(c)) lies in the relative interior of Fp, there exists
a neighborhood U (¢) of Lo in the C? compact-open topology, such that for
all L in U (c), we have A(L,c) C U.

Now for any (¢, a(c)) in Fj, there exists a neighborhood V(¢) of ¢ in Fy,
and a neighborhood U(c) of Ly in the C? compact-open topology, such that
L — w(d) 4+ w(c) lies in Uy (c) for any ¢ in V(c) and any L in U(c). This
is where we use the fact that Fj is contained in the relative interior of Fj.
Observe that for any L, c,c,

AL — w(d) +w(c),c) = A(L, ),
so for all (¢, a(c)) € Fy,
(2) Vv eV(e), VL eU(c), AL —w(d) +w(c),c) =A(L,c) CU.
Cover the compact set of ¢’s such that (¢,a(c)) € Fy by finitely many
V(e)’s, say V(c1),...V(cy). Then
U= ﬁ U(c;)
i=1

is a neighborhood of Lg in the C? compact-open topology. Take any (c, a(c)) €
Fy. Let i be such that ¢ € V(¢;). Then for any L € U, we have L € U(c;),
so by Equation (2] we have A(L,c) C U. Recall that Ey(Lg) is generated
by 1-forms supported outside of U. Thus for any ¢ such that (¢, a(c)) € Fi,
for all L € U,

Eo(Lo) € EA(L) C Vi(L).

Recall that V(L) is the underlying vector space of the affine space generated
by F.(L), so for any L € U, for any ¢ such that (¢, a(c)) € Fi, the graph of
o, contains an open subset of (¢, ar(c)) + Ep.

Now let us prove that for any ¢ such that (¢, a(c)) € Fy, we have ay(c) =
alc) + ap(0) — a(0). Pick any ¢ such that (¢, a(c)) € Fy, and consider the
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map
0,1] — R
t — ar(te).

This map has the same derivative as the map ¢t — «(t c) because for any
t € [0,1], the graph of a; contains an open subset of (tc,ar(tc)) + Eo,
while the the graph of a contains an open subset of (tc, a(tc)) + Ey. Thus,
for all t € [0,1], we have ar(tc) = a(tc) + ar(0) — a(0), in particular
ar(c) = alc) + ar(0) — «(0).

Since this is true for any ¢ such that (c,a(c)) € Fi, the graph of oy
contains Fj + (0, ar(0) — a(0)). O

3.2. Lower semi-continuity of 93(L, h). The next lemma says that 93(L, h)
is lower semi-continuous as a function of L and h, when h is restricted to a
special subspace of Hy(M,R).

Lemma 3.2. Let

e M be a closed manifold

L be a Tonelli Lagrangian on TM x T

« denote the a-function of L

L,, a sequence of Lagrangians that converges to L in the C? compact-
open topology

ho be a homology class in Hy(M,R)

¢o be a cohomology class in the relative interior of OF(L, hg)
Hy:={h € HI(M,R): alc)—a(d)={(c—,h) Ye,d € 0B(L,ho)}
hn,n € N be a sequence in Hy that converges to hg

cn, be an element of OB(Ly,, hy,) for eachn € N, such that the sequence
¢n, converges to some ¢ € OB(L, hy).

Assume that Ep, = Vj,, and, for every cohomology class c in the rela-
tive interior of 0B(hg), the quotient Aubry set of (L,c) has Hausdorff one-
dimensional measure zero.

Then ¢, + co — ¢ lies in OB(Ly, hy) for n large enough.

Proof. We shall denote o, and 5, the a and [ functions of L,,, respectively.
First observe that

a(co) + B(ho) = (co,ho)
a(c) + B(ho) = (¢ ho)
since ¢, ¢y € 9B(hg), so a(cg) —a(c) = {co— ¢, hg). Besides, ¢, € 98(Ln, hy),
an(cn) + Bul(hn) = (cnshn)
= (cp+co—c hy)+ (c—co,hn)
< an(en o =) + Ba(hn) + ale) — afco)

where we have used the Fenchel inequality for ¢, + ¢y — ¢ and h,,, and the
fact that h, € Hy. Therefore

(3) an(cn) + ale) — ale) < aplen +co — c).
We shall now prove, for n large enough, the converse inequality

(4) an(en) + ale) — ale) > an(cn + co — ).
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It will follow that
an(cn +co — C) + /Bn(hn) = an(cn) + 04(60) - Oé(C) + Bn(hn)
- <Cnahn> + <C_C(]ahn>
<cn + Co — G, hn>

using the Fenchel equality for ¢, and h,, and the fact that h,, € Hy. There-
fore ¢, + cg — ¢ € OB(Ly, hy,), which proves the lemma.
Now let us prove Equation (). Since ¢g lies in the relative interior of

0B(ho), by Lemma [2.2]
Foo(L) = {(:a1(0)): ¢ € B(ho)}

Since ¢ lies in 0B(hg) and ¢y lies in the relative interior of d5(hg), there
exists a positive € such that

{(co +t(c = o), alc) +t(alc) = alc))) : t € [-26,1]} C Foo (L)

Therefore

Fy = {(co,a(cp)) +t(c—co,a(c) —ale)) : t € [_6’ %]}

is contained in the relative interior of F,,(L). So by Lemma [3.I] there exists
N € N such that for all n > N,

(B)  F1+ (0,01, —w(en)twle) (€0) — alc)) C Fey(Ln — w(cn) +w(c))

where w(ey,),w(c) are defined as in 241 Thus, taking t = 1/2 and t = 0, we
have, Vn > N,

Co+c¢ co+c
QL —eo(en)4u(e) 02 ) = QL —w(en)+w(e)(C0) = af 02 ) — alco)

and, recalling that oz, (e, )4w(e) () = @n(. +cn —¢),

Co— C

1
)~ nlen + e~ €) = & (a(e) — aca)).
Combining Equation () and the fact that

(e afao)) (25, ML) e

(6) Vn>N, ay(c, +

2 2
we get that
(CO7 04(00)) + (O, QL —w(en)+w(c) (CO) - a(CO)) = (CO7 AL, —w(en)+w(c) (CO))
= (co,an(co+cn —c))
and

(Co + ¢ ale) + afe)
2 2

) + (0, AL, —w(cn)+w(c) (CO) - OZ(C()))

co+c a(c) — alc
— < 0 QL —fen () (€0) F w>

2

= <COT+C, an(co+cn —c) + 704(0) ;a(00)>
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both lie in F,, (L, —w(cy) + w(c)). Recall that by Lemma
Feptco—c(Ln) — (en — ¢,0) = Fey (Ly — w(cp) +w(c)).

Therefore (co + ¢, — ¢, an(co + ¢, — ¢)) and

(o0 + 2 a0 — )+ A 2)
2 2
both lie in F,, 4cy—c(Ln).

Now let us take some k!, in Oa(Ly,, ¢, + co — ¢). First let us observe that
for any ¢ such that (¢, a,()) € F., +co—c(Ln), we have ¢ € 9B(Ly,,hl,).
Indeed the projection to H'(M,R) of F, 1. _c(Ly) is a flat of a containing
¢n + o — ¢ in its relative interior, and A/, lies in da(Ly, ¢, + co — ¢). Then,
applying Lemma 2.2, with x = ¢, + ¢9 — ¢ and y = h],, we get that the
projection to H'(M,R) of F, 1. _c(Ly) is contained in dB(Ly,h,), which
proves our claim.

Hence both ¢, + cg — ¢ and ¢, + 271 (cp — ¢) lie in OB(Ly, k), that is,

an(cn +co — C) + Bn(hln) = <Cn + co — ¢, hln>
Co— C

Qo (Cn + - C) + Bn(hln) = <Cn + —, hln>

2 2
whence
Co— C

(O ) = anlen + o= ) = an (04 D)
af

2
and, using Equation (@), Yn > N, (co — ¢,hl) = alcy) —
R, € Hy). Therefore

an(cn) + Bulhy) > (e, )
= (ea+co—chy) +(c—cohy)
= ap(en +co— )+ Bu(h,) + ale) — alc)
which proves Equation [, and the lemma. O

¢) (that is,

\%

4. DENSITY OF LEGENDRE TRANSFORMS OF RATIONAL HOMOLOGIES
Theorem is an immediate corollary of the following

Theorem 4.1. Let

e M be a closed manifold

e L be a Tonelli Lagrangian on TM x T

e U be an open set of H'(M,R), such that for all h in the Legendre
transform V := 0a(U) of U, Ep, = Vj, and the quotient Aubry set
Ay, has Hausdorff one-dimensional measure zero.

Then the Legendre transform V- = 0a(U) contains a rational homology class.

Proof. Recall that V', the Legendre transform of U, is the set of homology
classes h such that for some ¢ € U, < ¢,h >= a(c) + f(h). In Appendix
[AJ] we define a rational affine subspace subspace of Hy(M,R) as a subset
of Hi(M,R) defined by affine equations with integer coefficients. We shall
prove by induction on k = 0,1,...b1(M) — 1 the following alternative :

e cither V contains an open subset of a rational affine subspace Hj of
Hi(M,R), of codimension k
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e or there exists an open subset Uy, of U, and integer one-forms wy, . . . wg11
on M x T, whose cohomology classes are linearly independant in
H'Y(M x T,R), and such that

Vee U, Vi=1,...k+1, A.Nsuppw; = 0.

In the first case, by Lemmal[A.3l V contains a rational homology class, so we
are done. Assume we are in the second case for k = by (M) — 1. Set [w;] =
(ci,7) € HY (M, R) x H'(T,R) for each i = 0,...b1(M)—1. Pick ¢ € U, and
an (L, c)-minimizing measure p. We have [w;dp = 0 because suppu C A(c)
and (suppw;) N A(c) = 0. On the other hand [w;du = (¢;, h) + 7. Now
7; € Z because wj; is an integer one-form, so (¢;,h) € Z for i = 1,...b;(M).

Note that {(¢;, h), 0 =1,...b1(M)—1, are the coordinates of h in the basis
of Hi(M,R) dual to the basis ¢;,i = 0,...b;(M) — 1 of H*(M,R). This
basis consists of integer cohomology classes, so its dual consists of rational
homology classes. This proves that h is rational, and the proposition.

Let us start the induction with k£ = 0.

First case. Assume that for all A in V', dim9f(h) = 0, that is, 95(h) is
a point. Then let us show that V' is open in H;(M,R). Take

e hecV

e a sequence h,, in Hy(M,R) such that h,, converges to h

e asequence ¢, in H'(M,R) such that < ¢, h, >= a(c,) + B(hy) for
all n € N.

Since « is superlinear, the sequence ¢, remains within some compact subset
of HY(M,R), hence we may assume that ¢, converges to some c¢. Then by
continuity < ¢,h >= a(c)+5(h) so ¢ € 95(h). Since we assumed that 98(h)
is a point, we have d3(h) = {c}. Now recall that h € V, so ¢ € U. Hence
dng € N, Vn > ng, ¢, € U. Therefore Vn > ng, h, € V, which proves that
V is open in Hi(M,R), hence it contains a rational homology class.

Second case. Assume that for some h in V, dimdf(h) > 1. Since
h € V, we have 93(h) N U # 0, and since U is open, U must then meet
the relative interior of 5(h). Take ¢ € U in the relative interior of 95(h).
Then the Aubry set, (resp. quotient Aubry set), of ¢, are the Aubry set
(resp. quotient Aubry set) of h. In particular the quotient Aubry set A, has
Hausdorff one-dimensional measure zero.

Furthermore, F, the largest face of o containing c in its relative interior,
is 98(h) by Lemma[22l Thus V, = Vectdf(h), which yields E. = Vectdf(h)
by our assumption on U. So the dimension of E, is at least one. Moreover
E. is an integer subspace of H'(M,R) by Lemma[A2l So we may find an
integer one-form wy on M x T, such that [wi] € E. and the support of w; is
disjoint from the Aubry set of c.

Moreover, by the upper semi-continuity of the Aubry set, there exists a
neighborhood U; of ¢ in U, such that

v € Uy, A(c) Nsuppw; = 0.

This finishes the first induction step.

Assume now we have carried out the induction process until the k-th step
for some 1 < k < by (M) — 2. If we are in the first case of the k-th step,
there is nothing left to do, so assume we are in the second case.
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Set [w;] = (i, ) € HY(M,R) x H'(T,R) for each i = 0,...k. Let
Hj; be the rational affine subspace of Hy(M,R) defined by the equations
(ciy.) = —7; for i = 1,...k + 1. Denote by V} the Legendre transform of
Uk. Then any h € Vj, is the homology class of a c-minimizing measure p for
some ¢ € Uy. The support of u does not meet suppw; so {(¢;, [u]) = —7; for
i=1,...k+ 1. Moreover,

Vh € Vi, Vect(cy,...cxy1) C E. C V. C Vectdp(h),

where the last inclusion holds because ¢ € 9f(h), whence F, C 98(h) by
Lemma 221 Thus the dimension of d5(h) is > k + 1.

First case. Assume that for all h € Vi, dim0f(h) = k+1, that is, for all
h € Vi, Vect(cq,...cpr1) = Vectd(h). Let us show, then, that Vj is open
in Hy. Take
hy € Vi
co € Uy such that ¢y lies in the relative interior of 93 (hg)
a sequence h,, in Hy, such that h,, converges to hg
a sequence ¢, such that ¢, € 98(h,,) for all n € N

Taking a subsequence if we have to, we may assume the sequence ¢, con-
verges to some ¢ in 9f(hg). We want to apply Lemma to h, so we have

to check that for every ¢, ¢ in 98(hg), we have

(7) ale) —ald) = (e -, hy).

Take ¢, ¢ in 9B (hg), so we have a(c)—a(c’) = (c—c, hg). Since Vect(cy,...cpi1) =
VectdB(hy), there exist real numbers Ay, ... g1 such that c—¢’ = z;gill XiCi s

so (¢ — ' hg) = —Zfill Ai7i. Now since h,, € Hj, we have, for all i =
L. k41, (¢ hy) = =7, 50 (¢ — ¢ hy) = =S Nim = ale) — a(d),
which proves Equation (7).

Then by Lemma there exists N € N such that Vn > N, ¢, +¢cyg—c €
0B(hy). Now ¢, +co—c converges to ¢ so for n large enough, ¢, +co—c € Uy.
Then h,, € V},, which proves that V}, is open in Hy,.

Second case. Assume that for some h € Vi, dimdgB(h) > k + 1. Take ¢
in the relative interior of 95(h). We have E. = Vectd(h) as in the second
case of the first step so the dimension of FE, is at least k + 2. Since E. is
an integer subspace of H!(M,R), we may find linearly independant integer
one-forms wy, ... wk42 such that

Vi=1,...k+2, A(c) Nsuppw; = (.

Moreover, by semi-continuity of the Aubry set, there exists a neighborhood
Uk of ¢ in Uy, such that

Ve € Upyr, Vi=1,...k+2, A(d) Nsuppw; = 0.
This finishes the (k4 1)-th induction step, and the proof of the theorem. [

APPENDIX A. INTEGRALITY OF Ej

The following lemma is not directly useful for the proof of Theorem [L.5]
only Lemmata and [A.3] are. However we believe it might be useful in
future work on the subject, so we beg the reader to bear with us for a while.

Lemma A.1. Let
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o M be a closed manifold, equipped with a Riemann metric

e by (M) be the first Betti number of M

e F be a closed subset of M

e F,. be the open e-neighborhood of F' in M, for any positive €

e F. be the set of cohomology classes of closed 1-forms on M supported
outside F,

e F be the set of cohomology classes of closed 1-forms on M supported
outside F

e H. be the subset of Hi(M,R) that consists of the homology classes
of cycles contained in F

e L7 be the set of homology classes h in Hy(M,R) such that {c,h) = 0
for all ¢ in Ey.

Then there exists eg > 0 such that for any 0 < € < €y, any element of
EOl is represented by a cycle contained in Fe, with at most by(M) connected
components.

Proof. Observe that
VO0<ée<e E.CFEosand Hs C H,.

Also, since E, (resp. H,) is a vector subspace of H'(M,R) (resp. Hi(M,R)),
which is finite dimensional since M is compact, there exists ¢y > 0 such that

VO0<e<e, B =FE,and H = H,.

Since F' is compact, any element of Ej is contained in E, for some € > 0, so
Ey = E,,.

Denote by HEL the set of cohomology classes ¢ in H'(M,R) such that
(¢,h) =0 for all h in H,.

First let us show that H el = FEy for any 0 < e <¢g. Take
0<eé <e<e
an element ¢ of H-
a closed 1-form w on M such that [w] = ¢
a smooth function ¢ on M such that ¢(z) =1 for all = in F,, and
o(z) =0 for all z in M \ F..
Then the integral of w vanishes on any cycle contained in F;, hence w is
exact inside F., that is, there exists a C' function f: F. — R such that
w = df inside F..

So the closed 1-form w — d(¢f) is cohomologous to w, and vanishes iden-
tically inside F./, so ¢ € E+ = Ey. Therefore Hel C FEy. The converse
inclusion is obvious, so

VO0<e<e, H- = E,.

€

Hence by duality (recall that the dimension of H;(M,R) is finite)
VO0<e<e, H = Eq,

that is, any element h of Hi(M,R) such that (c,h) = 0, Ve € Ej, is repre-
sented by a cycle contained in F, for any 0 < € < €.

We still have to prove the statement about the number of connected com-
ponents. Consider the map J: Hi(F,,R) — H, induced by the inclusion
of F into M. The map J is surjective by definition of H.. The connected



18 DANIEL MASSART

cycles contained in F, generate Hi(F,,R), hence they generate H.. There-
fore we may find a basis of H. that consists of connected cycles contained
in F,. The cardinal of this basis is at most by (M) since H, is a vector sub-
space of Hy(M,R). Therefore any element of H. is represented by a linear
combination of at most by (M) connected cycles contained in F.

O

Lemma A.2. Let

o M be a compact manifold without boundary

e F be a closed subset of M

o FEy be the set of cohomology classes of closed one forms on M sup-
ported outside F'.

Then Ey is an integer subspace of H'(M,R).

Proof. Re-using the notation of the previous lemma, we have H: = Ej for
any 0 < € < ¢. Now by the Universal Coefficient Theorem, H;(Fe,R)
is generated by integer classes, so H, is an integer subspace of H;(M,R).
Therefore H} = Ej is also integer. U

A.1. Rational affine subspaces. We say an affine subspace of H;(M,R)
is rational if it is defined by equations of the form (¢;,h) = 7, i = 1,...k,
where ¢;, i = 1, ... k, are integer cohomology classes, and ; € Z, 1 =1,... k.

What we need to know about rational affine subspaces is the

Lemma A.3. Let H be a rational affine subspace of Hy(M,R).Then H N
H{(M,Q) is dense in H.

Proof. Let (¢;,h) = 7;, i =1,...k be the equations that define H. Discard-
ing some equations if we have to, we may assume that ¢;, ¢ = 1,...k are
linearly independant. Take integer cohomology classes cy1,...cp such that
c1,...cp is a basis of H*(M,R) as a vector space. Then the numbers (c;, h)
are the coordinates of h in the basis of Hy(M,R) dual to ci,... ¢, which
consists of rational homology classes. Then the homology classes h which
satisfy

<Ci,h> = Ti,’izl,...k
<Ci,h> e Q, i=k+1,...b

are rational, and they form a dense subset of H. O

REFERENCES

[Ba94] V. Bangert Geodesic rays, Busemann functions and monotone twist maps
Calc. Var. Partial Differential Equations 2 (1994), no. 1, 49-63.

[BCO8] P. Bernard, G. Contreras A generic property of families of Lagrangian systems
Annals of Math., 167, no. 3 (2008)

[Be02] P. Bernard Connecting orbits of time dependent Lagrangian systems Ann. Inst.
Fourier (Grenoble) 52 (2002), no. 5, 1533-1568.

[Be07] P. Bernard Smooth critical sub-solutions of the Hamilton-Jacobi equation
Math. Res. Lett. 14 (2007), no. 3, 503-511.

[Bel0] P. Bernard On the Conley Decomposition of Mather sets Rev. Mat. Iberoam. 26
(2010), no. 1, 115132

[BM11] U. Bessi, D. Massart Mané’s conjectures in codimension 1 Communications on
Pure and Applied Mathematics, 64 (2011), no 7, 1008-1027



DIFFERENTIABILITY OF MATHER’S 8-FUNCTION VS MANE’S CONJECTURE 19

[BIK97] D. Burago, S. Ivanov, B. Kleiner On the structure of the stable norm of periodic
metrics Math. Res. Lett. 4 (1997), no. 6, 791-808.

[Ca95] M.J. Carneiro On minimizing measures of the action of autonomous Lagrangians
Nonlinearity 8 (1995), no. 6, 1077-1085

[CMP04] G. Contreras, L. Macarini, G. Paternain, Periodic orbits for exact magnetic
flows on surfaces Int. Math. Res. Not. 2004, no. 8, 361-387.

[F] A. Fathi, Weak KAM theorem in Lagrangian dynamics
to appear, Cambridge University Press.

[FS04] A. Fathi, A. Siconolfi Existence of C' critical subsolutions of the Hamilton-Jacobi
equation Invent. Math. 155 (2004), no. 2, 363-388.

[FFRO9] A. Fathi, A. Figalli, L. Rifford On the Hausdorff Dimension of the Mather Quo-
tient Comm. Pure Appl. Math. 62 (2009), no. 4, 445-500.

[FR] A. Figalli, L. Rifford Closing Aubry sets preprint, http://math.unice.fr/~rifford/

[Mn95] R. Maiié Ergodic variational methods: mew techniques and new problems Pro-
ceedings of the International Congress of Mathematicians, Vol. 1, 2 (Z{irich, 1994),
1216-1220, Birk&user, Basel, 1995.

[Mn96] R. Mané Generic properties and problems of minimizing measures of Lagrangian
systems Nonlinearity 9 (1996), no. 2, 273-310.

[Mn97] R. Mané Lagrangian flows: the dynamics of globally minimizing orbits Bol. Soc.
Brasil. Mat. (N.S.) 28 (1997), no. 2, 141153.

[Mt97] D. Massart Stable norms of surfaces: local structure of the unit ball at rational
directions Geom. Funct. Anal. 7 (1997), 6, 996-1010.

[Mt03] D. Massart On Aubry sets and Mather’s action functional
Israél Journal of Mathematics 134 (2003), 157-171.

[Mt07] D. Massart Subsolutions of time-periodic Hamilton-Jacobi equations
Ergodic Theory and Dynamical Systems 27 (2007), no. 4, 1253-1265.

[Mt09] D. Massart Vertices of Mather’s beta function, II
Ergodic Theory and Dynamical Systems 29 (2009), no. 4, 1289-1307

[Mt11] D. Massart Aubry sets vs Mather sets in two degrees of freedom, Calculus of Vari-
ations and Partial Differential Equations 42 (2011), no 3, 429-460

[Mr90] J. N. Mather Differentiability of the minimal average action as a function of the
rotation number Bol. Soc. Brasil. Mat. (N.S.) 21 (1990), no. 1, 59-70.

[Mr91] J. N. Mather Action minimizing invariant measures for positive definite La-
grangian systems Math. Z. 207, 169-207 (1991).

[Mr02] J. N. Mather Total disconnectedness of the quotient Aubry set in low dimensions
Comm. Pure Appl. Math. 56 (2003), no. 8, 1178-1183.

[009] O. Osuna The Aubry set for periodic Lagrangians on the circle Bol. Soc. Brasil.
Mat. (N.S.) 40 (2009), no. 2, 247-252.

Département de Mathématiques, Université Montpellier 2, France
e-mail : massart@math.univ-montp2.fr


http://math.unice.fr/~rifford/

	1. Introduction
	1.1. Tonelli Lagrangians
	1.2. Mañé's problem
	1.3. The Differentiability Problem
	1.4. A stronger version of the Differentiability Problem
	1.5. An even stronger version of the Differentiability Problem
	1.6. Now at last we can state our main theorem

	2. Preliminaries
	2.1. Flats of  and 
	2.2. Aubry sets
	2.3. Aubry sets and faces of 
	2.4. One last lemma before we go

	3. Lower semi-continuity results
	3.1. Lower semi-continuity of Fc
	3.2. Lower semi-continuity of (L,h)

	4. Density of Legendre transforms of rational homologies
	Appendix A. Integrality of E0
	A.1. Rational affine subspaces

	References

