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1. INTRODUCTION

Let (M, gap) be a 4 dimensional Lorentzian manifold. In this paper we study the dispersive properties of
two-forms Fi,5 in terms of their divergences when (M, g ) is both stationary and spherically symmetric, and
satisfies additional local and global assumptions which are natural generalizations of the special properties
held by asymptotically flat solutions for the Einstein vacuum equations R,3 = 0. Specifically, we make the
following definition:

Definition 1.1 (Spherically symmetric stationary “black holes”). Let M ~ R? x S? be a spherically sym-
metric Lorentzian manifold with metric:

(1.1) g = hapdz®dz® + 1?5 s pda?da® | a=0,1, A=23,
where Sap is the standard round metric on S%, and where the 2 dimensional Lorentzian metric hq, de-

pends only on the (x%,x°) variables. Denote by (-,-) the inner product of g. Then we say that (M, g) is a
(generalized) “spherically symmetric stationary black hole” if the following conditions hold:

The first author was partially supported by the NSF grant DMS-1001675. The second author was partially supported by
the NSF grant DMS-0801261 and by the Simons Foundation.
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i) (Stationary asymptotic flatness) There exists a spherically symmetric time function t defined on all of
M, i.e. t = t(z) and (dt,dt) < 0, such that (t,r) forms a system of coordinates in the x* = const.
plane and one has ha, = diag(—1,1) + O(r=t) as r — oco. Furthermore, in this system of coordinates
one has Ozhay =0 and OFhay, = O(r=1=F) for k > 1.

ii) (Non-degenerate forward global hyperbolicity) There exists a value ro > 0 such that r = ry is also space-
like, and the sign of g"" = (dr,dr) changes only once in r > ro. We define the value r = rp; to be the
unique hypersurface where g"" = 0. In addition we assume 0,g9"" never vanishes.

iii) (Strictly hyperbolic trapping) There is a one and only one value r in the region where (dr,dr) > 0
such that the time-like surface r = rr is a trapped set for all null geodesics initially tangent to it.
Furthermore, this trapped set is normally hyperbolic in the sense of dynamical systemsﬁ

A number of remarks about this definition are in order:

Remark 1.2. a) The time coordinate of part i) above is reqular and should not be confused with the (sin-
gular) Schwarzschild t coordinate in the standard metric ds® = —(1 — 22)dt? 4 (1 — 24) =12 + r2dw?.

b) The assumptions i) and i) above imply that 0, (computed in (t,7) coordinates) is timelike on r > 7,
null for r = ryr, and space-like on v < ry;. This can immediately be seen via Cramer’s rule which gives
(O, 0r) = det(h)g"™ where det(h) ~ —1 because it is a regular (1 4+ 1) Lorentzian metric in the (t,r)
plane. In particular this shows that the phenomena of super-radiance is absent for the case of (general)
spherically symmetric black holes.

¢) Since g"" = 0 at r = ry this hypersurface is null, and by the previous remark Ot|y—r,, is the null
generator. The assumption 0,g"" # 0 implies this null hypersurface enjoys a red shift effect similar to that
of Schwarzschild and non-extremal Reissner-Norstrém, and this is one of the main stability mechanisms
we exploit in our work here (we refer the reader to [7] and [I0] for further information regarding this
issue).

d) It turns out that condition iii) also implies there are no trapped null geodesics in the region r > rys other
than those tangent to r = ry (e.g. no null geodesics which oscillate in a band 1 < r < rg). Furthermore,
it turns out this condition has a simple geometric description which is V' (r7) =0 and V" (r1) < 0, where
we have set V = —r=2(0;,01),.

Now orient (M, gas) so that (dt,dr, dz?,dz?) is a positive basis of T*(M), where 7 = const is given the
outward (i.e. towards r — o0o) orientation on each 3-surface ¢ = const. Recall that given such an oriented
Lorentzian manifold there is a unique isomorphism * : A? — A%~P such that (w,0),dV, = w A o where
dVy = /lgldt A dr A dVgz, and dVi: is the standard (outward oriented) volume form on S2.

Let F,,3 be an antisymmetric two-tensor on M, and define F'* = «F'. We label its divergences as follows:

(1.2) VP, = 1o, V.5 = Ju .

We call I, the magnetic source and J, the electric source of F,z. On physical grounds one usually sets
I =0, but for mathematical purposes we will not do so here. If both / =0 and J = 0, we say F,3 is a free
Mazwell field.

It is well known that the first order system (L2) is hyperbolic, so it makes sense to estimate the values
of Fp in the wedge ¢t > 0 and r > 1o in terms of the values of (I,J) in ¢t > 0 and r > r and the initial
restriction of components Fig(i=o. Based on experience with the scalar wave equation on backgrounds such
as (M, goﬁﬁ see e.g. [16] and [20], one would expect to prove local energy decay estimates which are roughly
of the for

1_

1. 1. 1.,
(13) 772 Fllr2@avypor < Ce(ll Fli=o IL2qav,, ) + lr= I\ L2 qavyyio,r + I 72T I L2qav,)0.m)

where the components of F, I, .J are written with respect to regular basis such as (9,7 194). Unfortunately,
such a naive estimate is false due to the presence of finite energy bound state solutions to ([L2)). These arise
as follows:

1See Lemma [5.20] below for a precise formulation of this condition.
2In the sequel we will prove a scale invariant version which corresponds to € = 0. In addition one needs a logarithmic weight
on the trapped set r = r7. The precise version will be given shortly.
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Let § € M be a compact space-like two surface homotopic to some sphere t = const,r = const, and
define the quantities (in terms of pull-backs of F'):

(1.4) Qs = /SF|57 Qs = —/SF*|$,

where we give the integrals the outward orientation induced by dV; by first restricting ¢ and then r. We call
Q% and (resp Qs) the electric (resp magnetic) charge contained within S. Let &’ be some other space-like
two surface such that there exists a tube 3(S’, S) with boundary 90%(S’, S) = §’US and the positive outward
orientation through &’. Then by Stokes theorem and the properties of the x operator (see equation (LI0)
below) one has:

(15) @s—Qs =~ [ eDls. @y-Qs = - ks
=(8',8) =(8',8)

In particular if F,, s is a free Maxwell field then Qs and Q% are constants equal to:

(1.6) Qoo = rlggo g Fipt,r)dVs: | QL = Tlirxgo ; Fy.(t,r)dVae |

where S; ;. are the spheres t = const,r = const, and e 4, e is an orthonormal basis of St with respect to the
restriction of gE If either of these values is non-zero it represents a finite energy non-dispersing component
of F,g3, i.e. an obstruction to estimate (L3).

1.1. Statement of the main theorem. The main result of the present paper is that in the class of finite
energy solutions to (L2)) the (local) charges (4] represent the only obstruction to local energy decay. To
state this result properly, it is necessary to compute the finite energy stationary free Maxwell fields. These
turn out to be spanned by the pair:

—electric 1 —magnetic 1 2 3
F = ——/|hldt N d F = —/|6|dz* Ndx® .
42 A "o 47 [0ldz *
If F is a general solution to ([L2]), we project it dynamically onto the span of Felecmc and Fmagnetw
follows:
(17) F _ Q*(t, T')FEIECtTZC + Q(f, T‘)Fmagnetw ,

where Q*(t,7) and Q(t,r) denote the integrals (I4) taken over the spheres S;,, and can be viewed as the
radial components of F'.

To state our main theorem we need one additional bit of notation concerning our choice of norms. Let
R; = {(t,r,a®,2B)|r ~ 27} for j € Z. Let rq be a fixed value of 7 such that (dr,dr) < 0 as in Definition
[[Il Then for a value T > 0 we set:

_1 1
(1.8) [ Fllzepr = supllr™2F [|L2(r;)[ro,00)x[0,7] - 1T eom = 172 lz2(®;) o) x (0,17 »
] .
J

where the integrals are taken with respect to the volume form dV,. The main result of this paper is the
following;:

Theorem 1.3 (Local energy decay for Maxwell fields). Let F' be a solution to (IL2) on a space-time (M, g)
which satisfies the azioms of Definition I, and define F according to (L4) and (). Then one has the

uniform bound:
(1.9) | (win) ™ (F = F) leeoa S 1 FO) l2ay,

where wyy (r) = (14| In|r — rr||)/(1+|In(r)|). Here the components of F,1,.J are taken with respect to any
reqular coordinate system (t,r) as in Definition L1, and any normal frame e, ep on the spheres S ,.

y +llwin (L, J) | LE* 0,17 5

lt=0

3Tt is not hard to see that under conditions i) and ii) of Definition [I1] these values do not depend on the choice of t¢.
Here e 4,ep are bounded coefficient linear combinations of 192,77 193; we will reserve the notation e, ep to denote an
orthonormal basis with respect to the (fixed) round metric §45 on S?, i.e. a bounded coefficient linear combination of 92, d3.
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1.2. The charge equations. A preliminary reduction of the main theorem. In this section we derive
some further equations for the charges (IL4). This will allow us to give an alternate version of Theorem [[.3]
which is what we will actually prove in the sequel.

Recall that on a 4 dimensional Lorentian manifold with oriented volume form dVj, the Hodge % operator
can be written in an arbitrary basis as follows:

K= dv, D)oy = —€apy’Js (5F)ap = 5€0s" Frs ,

1
2as
1 1
(*G)a = ——Eaﬁ'ﬂng.ﬂ; y *W = —eaﬁ’yéwaﬁ,ﬂ; s
6 24
for 0 through 4 forms, where €,3s are the components of dV,. One also has x* = (—1)P*! on each class of
forms AP (again in the 4 dimensional case).

It will also be useful for us to have 2 dimensional versions of the above formulas in both the Lorentzian
and Riemannian cases, in particular for the factor metrics hqp, and 645 of (ILIl). We label their volume forms
and Hodge star operators by €up, €45, *p, and x5 (resp). In the Riemannian case we have *g = (—1)? while
in the Lorentzian case x7 = (—1)P*! as usual. The dual of 0 through 2 in is given by:

b 1 ab
*h 1 = th s (*hJ)a = —€, Jb s *wW = 56 Wab
with identical formulas for 5. In the sequel we will follow the convention that if I or J is some 1 form on
M then %, (resp *5) act on it by contraction in the a (resp A) indices.

Next, we have the L? adjoint of d with respect to the inner product (w,o);> = wa A %o, which in
the 4 dimensional case is simply d* = xdx. This operator also has a convenient expression in terms of the
connection Levi-Civita connection V of g which is:

&*J = -V, , (d*F)o = VPF,5, (@*Gap = —V'Gapy

on 1 through 3 forms.

One also has analogs of the previous formulas in the 2D case (both Riemannian and Lorentzian). To avoid
confusion we set d to denote the exterior derivative in the (¢,7) plane, and ¢ to denote exterior differentiation
on the spheres S? given by ¢ = const,” = const. Then one also has co-derivative operators d* and ¢*, with

similar formulas to the last line above, where now the divergences involve the Levi-Civita connections of h
and 4.
Using the above formulas one may write the Maxwell equations ([Z2)) as follows:

(1.10) dF* = *J , dFF = —x1.
This allows us to give a useful characterization of the charges (4.

Proposition 1.4 (The charge equations). Let F,5 solve (LI0), and define Fop as on lines (L) and ([I1).
Then one has:

(1.11) VAF,; = Ta . VFus = Ja,

where 4 = Jao =0 for A=2,3, and for a=0,1:

- 1 — 1
1.12 I, = — I,dVs2 | Jog = — JodVse .
( ) 41 s2 s 47 2 &

Furthermore, if the source components I, and J,, for a = 0,1 have sufficiently fast decay as r — oo we have:

113 Q) = Qut [ [ Do @) = Qi [ [ i

where Qoo, Q% are given on line (6.

An immediate consequence of the last proposition is that Theorem [[.3] is reduced to the following result.
Furthermore, to understand arbitrary Fi, s one only needs to add to this the formulas (T3]
4



Theorem 1.5 (Local energy decay estimates for chargeless fields). Let Fog be a solution to (L2) in the
region r > ro and 0 < t < T with uniformly vanishing charges Q(t,r) = Q*(t,7) = 0. Then one has:

/ I,dVg: = / JodVg: = 0, a=0,1,

S2 S2

mr=rg and 0 <t < T as well, and in addition there is a local energy decay estimate:
(1.14) | (win) ™" F e S 11 F(0) z2(av,,,_,) + 1wl J) lLEepo,17 -

with the same notation as in (L) above.

Remark 1.6. The equations [[LI3) show that if the charges Qs and QF, vanish (initially) then one may
obtain a local energy decay estimate for the full field Fop in terms of initial data || F(0)||r2(av,, ), and
certain integrals of I and J. However, to estimate the local energy decay contribution of the averages I,.J

requires a RHS norm with a different scaling. Precisely, we have the estimate
(1.15) || (win) " F | zep0,m + I 7F e S 1 F(0) lz2av,,, )+ [lwin (L, J) |LEe0,1) + I r(L, ) | LE<o,1) -

1.3. Background and further remarks. The motivation for Theorem [[3]is its relation to stability prob-
lems in general relativity, in particular the problem of proving non-linear stability of the Kerr family of
metrics (see [I3] and [10] for a survey). It is generally accepted wisdom that the proof of such a stability
theorem will be strongly predicated on the theory of L> decay estimates for first order hyperbolic systems.
It is also well known that for hyperbolic (and even other dispersive) PDE the assumption of local energy
decay estimates of the form (9] allows one to prove much more refined decay estimates in higher L? and
weighted L? spaces (e.g. Strichartz, conformal energy, and uniform L estimates).

While there has been great progress lately towards understanding the local energy decay and higher L”
behavior of solutions to the scalar wave equation O, = V*V,, on black-hole backgrounds (e.g. see [5], [7],
181, 9], [14], [15], [16], [I7], [20], |[21], [23]) relatively little has been done for the case of higher spin equations
such as Maxwell fields. The main estimates we are aware of to date are of conformal energy and uniform
L™ type in the case of Schwarzschild space due to work of P. Blue [4], and similar estimates in the case of
Kerr with |a| < M more recently due to Andersson-Blue [I]. In a companion to our paper [I§] it is also
shown that local energy decay estimates of the form (L9) imply much more refined L™ estimates of the
form studied in [2I] and [I7] for general solutions to (L2)) on a broad class of non-symmetric backgrounds.
This puts additional emphasis on generalizing Theorem to a wider class of space-times.

We remark here that the problem of showing local energy decay for higher spin fields such as Maxwell’s
equations is fundamentally different from the case of scalar fields due to the presence of finite energy bound
state solutions (i.e. charges). A somewhat better model for this type of behavior would be the scalar wave
equation O, on a black-hole background plus a possibly negative potential; a problem which is completely
open. The method of the present paper is simplified to a certain extent by the happy coincidence that
for Maxwell fields on spherical backgrounds the only finite energy bound state solutions can be eliminated
by subtraction of the spherical average from the sources (I, .J) and then removing the charge from r = oo
(this latter process essentially “removes the charge from initial data”). In a sequel to this paper we plan
to show that an analog of Theorem holds for the case of arbitrary small and sufficiently well localized
perturbations of the metric given by Definition [[LTl The proof of this more general result involves a number
of complications not present here.

Finally, we remark that it is not hard to check the Schwarzschild and family of non-extremal] Reissner-
Nordstrém metrics all obey the general requirements of Definition [l Furthermore, if g,5 satisfies such
assumptions, so does any sufficiently small and well localized stationary spherically symmetric perturbation
of it. In general we believe that small (not necessarily symmetric or stationary) perturbations of such metrics
give rise to a general class of space-times with “good dispersive properties” not only for Oy, but for a variety
of first and second order wave equations. We plan to address this in future works.

4For recent work on local energy decay type estimates for scalar fields in the extremal case we refer the reader to work of
Aretakis [2] and [3].
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1.4. Organization of the paper. This paper is organized as follows. In the remainder of this section we
give a quick proof of Proposition [[L4] followed by some basic notation that will be useful in the sequel.

In the Section [Z we recall the basic energy estimates for Maxwell fields. These will allow us to reduce
Theorem [[.3] to a spatially localized from. However, beyond this simple localization, energy estimates at the
level of F,3 are not used in the remainder of the proof.

Section Bl reduces the proof of estimate (LI4) to the spin-zero components of F,3. There are two of
these, which represent the two dynamical degrees of freedom in an electro-magnetic field. The proof of this
reduction follows from elliptic Hodge theory and does not rely on any time dependent analysis.

In Section @] we introduce the main estimate of the paper which is contained in Theorem This is
a local energy decay estimate for a certain second order wave equation which is satisfied by the spin-zero
components of F,3. Reduction of first order relativistic systems to such second order wave equations is
standard in the literature (e.g. see [22], [4], and [12] for the case of the full Einstein equations). However,
our work is the first to provide sharp local energy decay estimates for general inhomogeneous solutions to
such equations (in the case of Maxwell), with weights that correspond to local energy decay at the level
of the physical energy of the original fields. Specifically, our estimates have a sharp L? scaling as opposed
to an H! scaling, so in particular they contain more information at low frequencies. To accomplish this
one must keep track of a remnant of the tensorial character of the original first order system which resides
in the (inhomogeneous) second order equation. It turns out this feature of the second order equation is
intimately connected to the issue of estimating “dynamic charges” which come from the source terms (I, .J)
on RHS(L2)).

Sections Bl and [l are the technical heart of the paper. In Section [Bl we prove a preliminary local energy
decay estimate for our spin-zero Teukolsky equation. This estimate is a direct analog of the local energy
decay estimate in [I6]. Our proof combines ideas from [5], [7], and [16]. More specifically, we use red-shift
estimates similar to those of [7] along with certain “energy estimates” to obtain a local energy decay estimate
close to |r — rpr| < 1 with a source error at r &~ rp; + €. We then introduce an analog of Regge-Wheeler
coordinates in r > rj; and prove a local energy decay estimate in the exterior along the lines of [5], but with
sharp norms as introduced in [16]. Interestingly, we are able to show that one can directly glue together the
exterior and horizon estimates because the conservation of (degenerate) energy close to r = rj; controls the
worst part of the error coming from truncation of the Regge-Wheeler estimate. In effect this allows one to
work in two convenient coordinate systems simultaneously, one of them singular, and to still obtain a regular
global estimate.

In Section [6] we upgrade the preliminary scalar local energy decay estimate of Section [l to an estimate
which has a non-local character and takes into account the structure of the source terms (I, .J) to the original
first order system (L2]). To accomplish this we use a certain “gauge transformation” of the inhomogeneous
spin-zero wave equation which is analogous to a space-time Coulomb gauge for Maxwell fields. This allows us
to directly estimate the portion of the spin-zero components of F,, 3 which depend elliptically on the sources
(I,J), the remainder being estimated by the dispersive local energy decay estimate explained above.

In an Appendix we list some auxiliary estimates that come up in the bulk of the proof. These are isolated
for the convenience of the reader, and so they don’t interrupt the flow of the main argument.

1.5. Proof of Proposition [I.4l Here we give a quick demonstration. More general formulas which also
imply this proposition will be given in Lemma [B.10] below.
Step 1:(Proof of formulas (ILI3])) Using the identities (ILH]) we have

Qo —Q(tr) = — / (D5, . Q- Q(tr) = - / (*)[s,

2

where 3 . = {(2°, 2, 22, 23) ’ 2% =t, 2! > r}. One also has that with the positive orientation:

1
~56rap" ladr A dz Nda® = —r%(ep) M Ipdr A dVie |
with a similar formula for (xJ)|s, . The result follows.

Step 2:(Variation of the charge) From equations (ILI3]) we compute the exterior derivatives of @, Q* in the
(t,r) variables. Since the formulas (ILI3) are identical, it suffices to compute things for the magnetic charge
6
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Q. We claim that:
(1.16) dQ = —r2/ (kep D)o dVizda® .
S2

For the 0, derivative this is immediate from (I3).
On the other hand, to compute the derivative with respect to ¢t we use the continuity equation d* I =0,
which follows immediately from (I0). In terms of covariant derivatives one has:

V2, + V4 = —d*(P1) — 4T = 0,

where V,, (resp ¥ ,) is the Levi-Civita connection of hqy (resp dap). Using the identity d* = *j,dx), we may
write the continuity equation in the mixed form:

(1.17) xpdr?«p I) = =41 .
In term of (¢,7) derivatives, and with our choice of orientation, this gives:

Or(r?xp 1)y = 0p(r® 5 D)y — d*(\/|h] %5 I) .
Since an angular divergence integrates to zero on S?, after applying the fundamental theorem of calculus in
the radial variable we are left with:

(%Q = —T2/ (*hI)thSz,
§2

which proves (LI6). _
Step 3:(Computing dF) First note that d(Q*(t,r)Felecmc) = 0 for any function Q*(¢,7). On the other
hand, by line (I6) we have:

—=magnetic 1

d(Q(t,r)F ) = —iﬁ(*h/ Vi) - da® AdVie = _*(_/ LodVis - da®) .
47 §2 @ 4 s2

™

Adding these identities, and noting the second idenitity of line (I0]), gives the second equation on line

1D

The first identity on line (LII) follows from the previous calculation and duality.

1.6. Some notation. We list here several notational conventions that will be used in the sequel.

As usual we denote A < B (resp A < B; A =~ B) if A < CB for some fixed C > 0 which may change
from line to line (resp A < eB for a small € > 0; both A < B and B < A).

For a collection of non-commutative operators we often denote their ordered product without parenthesis.
A typical example of this would be a mixture of pseudodifferential operators such as ,A~! f0,., where f is
a function of (r, z4).

If ¢(t,r, 2) is a space-time function we denote by ¢[t] the restriction of the gradient d¢ to the hypersur-
face t = tp. This notation is context sensitive as the components of d¢ will be given with respect to different
frames depending on the application. In practice there are only two frames used here, either (0, 0,,e ) or
(O, 0r,e4). The choice (i.e. normalization of angular derivatives) will be clear from context.

A basic estimate that will be used many times in the sequel is the following: If f is a sufficiently smooth
function on S we denote by f = (4m)~! [, fdVs: its spherical average. Then Poincare’s estimate says that:

(1.18) 1f=Flleavie)y S I4f lz2qaviy) -

2. ENERGY ESTIMATES FOR MAXWELL FIELDS

In this section we recall the basic energy estimates for Maxwell fields on a Lorentzian background. These
will be used in a auxiliary manner in the sequel, but are not necessary for the core part of the proof of local
energy decayﬁ For any antisymmetric two-form on a (3 + 1) space-time we define:

1 5 1 *
QuplF] = FanFy " — Zg(waF7 = §(FMF[3 T+ FLFRT)

50ur proof of local energy decay uses energy conservation in an essential way, but only for certain components of Fi,5. For
these specific components we will only need to show certain spatially localized versions of the conservation of energy.
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Then with the notation of line (I.2]) we have the divergence identity:

« 1 « * «
(2.19) \Y Qalg[F] = Q(FQBJ +FQBI ).

To measure energy contributions we use the following definition:

Definition 2.7 (Regular space-like hypersurfaces). Fixz (t,7) coordinates as in Definition [L1 We say a
space-like hypersurface S in (M, gag) is “reqular” if there exists a constant ¢ > 0 such that:

T = by l+bt, by>c,

where T is the future directed (with respect to —V't) normal to S and ¢, £, are future directed null vector-fields
such that:
{ = —Vt+ad, , { = —Vit—ad, a>0.

In the usual way we have the following:

Proposition 2.8 (Energy estimates for Maxwell fields). Let R C M be an open set bounded by two reqular
space-like hypersurfaces C1 and Co, where Cy is to the future of C1 (with respect to —Vt). If Fog solves (L2
on R then one has the following uniform bound in € > 0:

(2.20) I F'les [l22(av,

Here the components of F,1,J are computed in any regular frame such as {0, 0r,e 4, ep}, and the notation
F|c, denotes the restriction of such scalar components to C; (not the pull-back of forms).

) < el (win) M FllLpm®) + || Fle, ||L2(dVg\cl) + e Nwn(, ) |Le=R) -

Proof. The proof is standard. First contract (Q,g above with the vector-field —V¢. Then using the divergence
identity (Z.19) one employs Stokes theorem and Cauchy-Schwartz. The key observation is that:

—QIT,VY) ~ Y [Fagl®,
a<fB
where T is the (future) normal to C; and the RHS sum is taken over the frame {0;,0,,¢e4,epz}. See [11] for
more details. 0

3. FIRST ORDER FORMULATION OF THE EQUATIONS. REDUCTION OF THE MAIN THEOREM TO A
SPIN-ZERO LOCAL ENERGY DECAY ESTIMATE

We begin with some first order equations for components of F,3 when ([2]) holds. First we introduce
some notation:

1 1 )
(3.21) ¢ = 5ef“BFAB, P = —EeABF;,B, F.4 = Faa Fi, = Fiy.

Note that the quantities ¢, ¢* are scalars. Here we think of J', ™" as sections of T*(R?) ® T*(S?), in other
words J' is a tensor with four components Fyo, Fos, Fi2, Fi3 and similarly for F*. We let x4, d,d* (resp
x5, d,d*) act on F, F* in the obvious way, by touching only the first (resp second) set of components. It
turns out that by Hodge duality the second tensor J* is redundant, specifically:

1
(3.22) Py = gﬁaA’YéFyé = —(en), (es) AP Fop = —(%n %5 F)an -

In particular notice that the 6 scalar quantities ¢, ¢* and J', , for a = 0,1, A = 2,3 span the values of Fi3.

Remark 3.9. One may compare the quantities listed on line B21)) to the standard null decomposition of
an electromagnetic field on Minkowski space as defined by Christodoulou-Klainerman [6]. Then we have
o =120, ¢* =12p, and F 4 is a linear combination of ray and ray. We remark that since all components
are on an equal footing with respect to the natural L* energy Z20), there is no need to further decompose
F 4 in proving our estimates.

Our main result here is to relate the (¢,7) derivatives of ¢, ¢* to the angular derivatives of J' and the
sources I,.J. This will generalize (II6) above.



Lemma 3.10 (Gradient identities for ¢, ¢*). Let F,g satisfy the equations (L2), and define the quantities
on line B21)) from it. Then one has:

(3.23) dp = s —r?*p 1,
(3.24) d¢* = —xs " =15 J |
(3.25) *pdd* = F —1r2T .

Proof. Notice that line (324 follows from ([B.23)) and Hodge duality which sends ¢ — —¢*, ' — F*, and
I — —J.
Next, we see that line (3.28)) follows by applying %, to line (3:24)), using [*p, *sd] = 0, and then using the
identity (.22) with d* = — x5 dxs.
To show ([B.23) we expand the second member of line (ILTIQ) in the basis (9,, 4, dp) which gives:
aaF‘AB - WAFaB + VBFaA - _(*I)aAB )

where YV is the standard round connection on S?. Tracing the last line with %EAB and using the identity:

1 1
§6AB(*I)QAB = —§€ABT2€ab€ABIb = —T‘2€abIb = 7'2(*h1)a s
we have the desired result. O

3.1. Reduction of the main theorem. The equations (3.23) and (325 completely determine the values
of F in terms of ¢, ¢*. This may be quantified as follows:

Proposition 3.11 (Reduction to spin-zero components). Let ¥, ¢, ¢*, and I, J solve the system B23) and
B29). Suppose in addition that:

(3.26) bdVe = / o*dVer = / LdVe = / JudVe: = 0, a=0,1.
S2 S2 S2 S2

Then one has the L? estimate:

(3.27) I wi) T F lepor S N (win) ™™ (=4) 72 (d¢, d6") lLpo,r) + | (L, ) [ Leepo,1 -

where —A = d*d is the scalar Laplace-Beltrami operator on S?. Here the components of ' are taken in a
normalized basis (g, 104).

Proof. This follows immediately from L? Hodge estimates on S?. Recall that the operators div = —d* and
cfrl = *5d on T*(S?) give rise to a double sided singular integral L? estimate:

(3.28) lwllzz@y ~ I (~4) Fdivwllzae) + | (~4) il |z -
Setting (wq)a = ¥, 4 to be a one form on S? indexed by a = 0,1 with values the normalized components of
F, we may write (3:223) and [325) as:

dvw = — r P, do* —rJ efrlw = r~do+r, I .

The estimate [B27) follows at once from this, the boundedness of (—A)~% on L2(S?) functions with zero
average, and the inclusion »"'LE* C LE. O

4. SECOND ORDER WAVE EQUATIONS AND LOCAL ENERGY DECAY ESTIMATES. PROOF OF THE FIRST
ORDER DECAY ESTIMATE

In this section we reduce the estimation of the first term on RHS (327)) to the following Theorem, which
one may view as the main technical result of the paper. To state it we introduce the following operator,
which we call the spin-zero wave equation:

(4.29) 0% = Op 47724 = V'V, +1r27Y, .

For this operator we have:



Theorem 4.12 (Inverse angular gradient local energy decay estimates). Let ¢p(x%, x4) be a scalar function
defined on the slab [0,T] x [ro,00) x S2. In addition let G,(z®, z*) be a one form in the x® variables, whose
coefficients also depending on x* € S?, such that x,dG = K. Finally let H(z®, %) be another scalar function
Suppose that all of these objects obey the moment condition:

(4.30) H(29)dVez = / Go(a®)dVe: = [ H(x)dVee = 0, b=0,1,
52 s2 52

throughout [0,T] X [rg,00). If ¢, G, H are all supported in {r < CT} and

(4.31) 0% = V°G,+ H ,

then one has the local energy decay type estimate:

(4.32)

| (win) ™ = (d(~A) 72 0,7726) [Lppa) S I (—4) 7207 (de(0) — G(0)) Il z2av,,_,) + I 7726(0) llz2(av,,_,)
™ (G () K (— )T H) o) -

Here win(r) = (14 |In|r —r7||)/(1 + |In(r)]) as usual.

The proof of this theorem will occupy the second portion of the paper. First, we use it to prove Theorem
In light of the energy estimates (2.20) the main step is to show the following;:

Proposition 4.13 (Local energy decay estimates for spin-zero components). Let §, ¢, ¢*, and I, J satisfy
the assumptions of Proposition [3.11], and in addition suppose each of these quantities is supported in the
region r < CT for C' a sufficiently large fived constant. Then one has the uniform (in T ) bound:

R 1 -
(4.33) || (win) "' TN (=) 2 (d, dd¥) | Lmpo,r) + || (win) T (6, 6%) lzpor S | Flimo lz2@av,,_,)
+ Jwin (I, J) =017 + || (% Lo(r0), %1 J0(r0)) |22 (avipatyio, 1 -

Proof that Theorem [{-1Z] implies Proposition [{-13 This boils down to a direct algebraic calculation, whose
point is to derive a second order equation of the form ([@3T) for ¢, ¢*, where G, and H can be estimated in
terms of I and J.

Step 1:(Derivation of the second order equation) All of our computations here are more easily done with
respect to a conformal metric. Let Q be a weight function and set § = Q2g. We denote by % the corresponding
Hodge operator, which obeys the identity * = Q%~2P% on each AP. In particular notice that the quantity F* is
conformally invariant. With respect to the new metric the Maxwell system can be written as (alternatively):

dFF = —Q7 %7, dF* = Q7%J ,
dIF = Q7% dF* = Q7% .
Combining these formulas we have:
Ohodse R = dN Q7R —d(Q72T),  OMRORt = —dF(QTRT) — d(Q70)
where 0"049¢ = —(dd* + d*d) is the Hodge Laplacian of g.
In terms of the connection V of § we may write 0"°%9¢ as follows:
DhOdgeFaﬁ = 67(6QFL‘37 + 67Fa5 + 65}7")'0‘) - 60‘67Fﬁ7 + 6ﬁ67Fa’Y ?
= V'VyFas + Vo, V3 ]F 7 + [V5, VAIF,
= Oglap — R, Fyp — Ry " Fay — Raﬁ76F75 '
where Oy is the covariant wave equation acting on two-forms, }N%aﬁ,y(; is the Riemann curvature tensor of g,
and R, = 575Ra75ﬁ is its Ricci curvature. Here our curvature convention is [V, Vglwy = R, 5 5,yw5 for
one-forms.
We now choose € in order to simplify the form of 0"°%9¢ above. This is done by choosing Q = 7~

8o g becomes a pure direct sum metric instead of a warped product. For this new metric the curvatures
10
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diagonalize into pure a,b and A, B components. It is the latter which is important for us here, which is
simply the Riemann and Ricci curvature of S2, that is:

Rapcp = dapdpc —dacdsp Rap = 0ap -
For the D’Alembertian this gives the simple formula:
DhOdgeFAB = OgFap .

Tracing this with respect to %EAB gives us:
1 % 9~ 1 1 1 9~ 1
O;6 = 56A3d*(r2*1) AB — 56ABd(r2J) AB, Oz = §eABd*(r2*J) AB+ 5eABd(r?J) AB

where Oz = V*V, + A = r20° is now the scalar covariant wave equation of §.
It remains to compute the traces on the two RHS of the last line above. For the exterior derivative terms
we immediately have:

1 1
EEABd(TQI)AB = riasdl, §eABd(T2J)AB = rixsdJ .
For the co-derivative expressions we compute:
: 1
d*(r**I)ap = *d(r*I)ap = r%€ap - ieabd(TQI)ab = rleap*n d(r*I) = —1r?eagVe(r? 5 1), ,

with an identical formula for d*(r?%J)ap. All together this yields:
(4.34) 0% = —Vr? %, 1)y — *sdJ 0%* = —V*(r? xp J)q + x5 .

Step 2:(Application of estimate ([A32)) It suffices to treat the first equation on line (434]) as the second is
of the same form. To set up for estimate ([EL32]) we define:

G = —r?x, 1, H = —x5dJ, K = {'T.

Using the continuity equation (LIT) we have x,dG = K as required. Notice also the the moment conditions
(@30) are all satisfied thanks to (B:20).

It remains to bound the terms occurring on the RHS of ([@32]) for these choices in terms of RHS ([{33]). For
the terms H and K this is an immediate consequence of ([B.28). Notice that the extra factor r—! disappears
when one switches from the S? basis e4 to the regular basis e ; = rleg.

Next, the estimate for the one form G is also immediate due to the truncation condition which implies
(\/ﬁ)’1 <77l Likewise we have r—2¢ = Fj 5 in an ordered g orthonormal basis e 4, e 5 of St ., which gives
the desired bound for the undifferentiated initial data on RHS ([{@32).

Finally, we dispense with the gradient terms in the initial data on RHS (£32). Using equations (3:23)
above and the definition of G we have:

do(0) = G(0) = *5dF(0)

and the desired L? bound follows again from ([3.28) and writing the components of J in a regular basis. [

4.1. Proof of the main theorem. We are now ready to show Theorem [[LB, which follows easily by
combining estimates (2.20)), (B21), and (£33).

In order to use ([@33) we must first dispense with estimate (LI4) in the region > CT for some sufficiently
large C' > 0. To do this we will use (Z20) to prove (LA in a slightly larger region, namely r > Ct. The
desired estimate for 0 < ¢ < 1 follows easily from local considerations. For larger values of ¢ we can integrate
the LHS of estimate ([2.20) over a family of uniformly space-like hyper-surfaces such as r = C't which upon
bootstrapping the first term on RHS (2:20) gives:

(4.35) | Flleeescenpr S I FO) L2y,

Note that this estimate only uses the simple bound || F' || p(r>coyp1,7) S subPi<i<r || Fle, ||L2(dV9‘C )y where C;
t

y I L I) lLe(r>coo,1) -

lt=0

is the family of hypersurfaces given by r = C't.
It remains to estimate F' in the region r < Ct which we enlarge to the region r < CT. After truncating
F,p by a smooth cutoff of the form x(r/T) we can immediately reduce matters to proving (ILI4) for fields
11



FIGURE 1. Penrose diagram of the regions described in the proof.

supported in r < 2CT, as the error generated by differentiation of the cutoff x on the RHS of (T4 is
handled by T~ x/(r/T)F || Le-10,7) S | F |l LE(>co0,7) and then using (€35).

To proceed further we average estimates (327) and [@33]) on the slabs [0,7] x {r > r.} for r. in the
band r9 < 7. < r1 < 7). The purpose of this averaging is simply to trade the resulting error terms
| (*n Io(rs), *ndo(rs)) | L2(av,pdeyo.r) on RHS @33) for || (1, ) [|LE=(r>ro)0,r)- Combining the result with
estimate (220)) yields (again for F' supported where r < 2CT):

I F(r) le2cav,, . )+l (Win) "'F lLe@smpom S | F(0) z2(av,,,_) + 1 win(L I) lLEx (> ro) 0,77 -

lr=rq

Finally, to fill in the remaining quantity || (wln)ilFHLE(T0<7‘<T1)[O,T] it suffices to integrate the LHS of
estimate ([2.20) over the family of uniformly space-like hypersurfaces r = r, for r, in the band ro < r. < 7.

5. LocAL ENERGY DECAY FOR SPIN-ZERO FIELDS PART I: A PRELIMINARY ESTIMATE

In this section we begin our estimates for the spin-zero wave equation [@29]). It is best to think of this as
a (14 1) wave equation plus a potential, which is literally true after decomposition into spherical harmonics.
There is a natural volume form dV = dVj, AdVz for which 0° becomes self adjoint. Here dVj, = /]h[dz Adz?
and dVge is the standard volume on S?. There is also a natural (but not exactly conserved) energy type
norm:

E(olt]) = /[ | S2(¢f+¢3+T72|d¢(t)|2)deVs2 el = gtV 40V 5

where Y is the gradient on S?. Here we take (¢,7) to be any regular set of coordinates as in Definition [l
We also set up local energy decay norms as follows:

_ 1 J
[ollze, = sup27 2| x;6||z2@av) 1G ey = D22 xG llz2av) »
20 >0

for some overlapping set dyadic cutoffs x,(r). Here the integrals are implicitly constrained to the region
r > ro which we assume is covered by j > 0. The main result of this section can now be written as:

Theorem 5.14 (Local energy decay for O°). Let 0% = G, then one has:
(5.36) 107 || LEofo, 77 + || (win) " (02, 7™ D) | L oo, 1) S E2(¢[0]) + || win G I Ez0.17 >
where win (r) = (1+ [In|r — r7||)/(1+|In(r)]), and where we assume (Oy,d;)n =0 at v = r7.

Remark 5.15. By Duhamel’s principle (note g°° ~ —1 in regular coordinates) one may replace the norm

for G on the RHS of (536]) with the following:
(5.37) |||G|"N0[O,T] -

where LY(L?) is with respect to dt and drdVse as above.

12
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Remark 5.16. The estimate ([B.36]) is true for a general ¢ even if it is spherically symmetric. On the other
hand, if fsg é(t,7)dVs2 = 0 then by Poincare’s estimate one can also add an LE estimate for r—'¢. However,
a bound for r=1¢ in the spherical symmetric case is impossible due to constant solutions which have finite
energy even after truncation outside a large dyadic set. Note that this is in stark contrast to the LE estimates
for the scalar wave equation O, for which one can estimate 7= ¢ even in the spherical case (see [16]).

Remark 5.17. The condition that (0,,0;) = 0 at r = r is essential if one wishes to gain an unweighted
estimate for Or.¢. There is an alternate geometric description of this requirement which is that the unweighted
derivative must correspond to quantizations of the defining functions for the stable and unstable manifolds
of the trapped set.

The remainder of this section will be devoted to the proof of Theorem [5.14l The method we employ is
to estimate separately the contributions coming from the region (dr,dr) ~ 0 (event horizon), and the region
(dr,dr) > 0 (domain of outer communication). This allows us to build estimates in a modular way, which
we believe should also be useful for further applications.

Close to r = 7y our estimates are purely multiplier based, and boil down to the construction of well
chosen null frames. There are two key estimates here: (EEI) and (E52) below. The first captures the
contribution of waves parallel to 7 = rj;, and is simply a version of the “red shift” estimates first introduced
in [7] (see also [I0] for a more general exposition). The second bounds the contribution of waves transverse
to r = rpr, and turns out to be a version of the conservation of energy.

The region r > 73 involves the most work, and is handled by estimate (53] below. To prove it we
introduce a generalized “Regge-Wheeler” type coordinate condition to put the radial part h,p of the metric
in conformal form. After a little bit of work to show that the truncated estimate (53] follows from an
untruncated version in Regge-Wheeler coordinates, the analysis follows along the lines of [5] and [I6] which
is essentially microlocal in nature.

5.1. Description of the geometry. In this section we compute some special coordinate systems in the
regions where (dr, dr) ~ 0 and where (dr, dr) > 0.

First, recall that according to part ii) of Definition [[T] there exists a unique rp; > ro with the property
that ¢"" = (dr,dr)|,—r,, = 0. Furthermore, the assumption that 0,¢"" # 0 throughout r > ry implies
Org"" |r=ry, > 0. This is the key non-degeneracy condition which leads to good estimates in the region
(dr,dr) ~ 0. To capture it we make the following definition:

Definition 5.18 (Negatively N-boosted null pairs). Let (-,-) denote the (14 1) Lorenztian inner product of
h. For a fized number N > 0 we call a pair of vector-fields L, L, defined over a time independent neighborhood
H of r =1, a “negatively N-boosted null pair” if there exists a fized ¢ = ¢(N) > 0 such that the following
hold:

i) (Basic relations) One has the relations (L, L) = (L,L) =0 and (L,L) = —2. Both L and L are future
directed in the sense that Lt, Lt > 0. In addition L is incoming in the sense that Lr < —c < 0.
i) (Stationarity) The frame is stationary, that is [0y, L] = [0y, L] = 0.
iii) (Boosting condition) One has VL = 2N xL, where N > 0 is as above and x = Lr.

Remark 5.19. Condition i) above is malleable in the sense that one can construct pairs of vector-fields
L, L which satisfy i) and i), and which have VL = g L, where g is an arbitrary function of r. Our choice
of constant in i) is for later convenience when constructing multipliers.

In terms of such null pairs close to r = rj; we have the following result, which follows closely the
presentation of Dafermos-Rodnianski in [10]:

Lemma 5.20 (Description of the geometry close to r = ras). Fiz a number N > 0. Then under the
assumptions of Definition[I1] there exists a (time independent) neighborhood H of r = rar and a negatively
N-boosted null pair defined over H as in Definition above. Furthermore, for any such null pair there
exists a constant ¢ = ¢(N) > 0 such that:

i) (Relation to 0;) One may write Oy = q+ L + q— L where q > ¢, and where g = \g"" for some weight

function A(r) with X > ¢ as well.
ii) (Red Shift) One has the identity VL = oL for some smooth function o > c.
13



i) (Area variations) Define x = Lr and x = Lr. Then in addition to x < —c, one also has x = vg"" for
some smooth function v > c.

It remains to discuss the geometry in the region r > rj;. For this we have:

Lemma 5.21 (Conformal coordinates in r > rar). Let hap = gap denote the radial part of the Lorentzian
metric from Definition[Il For the statement of this lemma we also set |h| = |det(h)|, where the determinant
is computed in regular (t,r) coordinates. Then there exist two functions s =t + b(r) and r. = r.(r) defined
in the region v > rar, such that ri(r7) =0, and such that (s,r.) are smooth coordinates in r > ryr with:

Te — —00 as v — T, Ty — 00 aS r — 00.

Furthermore the following properties hold:
i) (Asymptotics in ryr < v < C) One has (note g"" = h'™):

Ors = —|B[7E(g"™) T HE(r) . B = |BTE(GT)TE,

where s is uniformly bounded with all of its derivatives on r > ryr. Here all derivatives are taken with
respect to reqular (t,r) coordinates as in Definition [L1].
ii) (Asymptotics as v — c0) As r — 0o one has the asymptotics:

s = 00"y, k=1,

as well as:
Oy = 1+0(r™ 1), ofr, = O(r™ "), k>2.
Again everything is computed with respect to regular (t,r) coordinates.
iii) (Conformal form) With respect to (s,r.) the (1+1) dimensional Lorentzian metric h can be written as:

h = Q(—ds® +dr2) , Q° = —goo = |hlg"" .
i) (Trapped set) The unique trapped set of part i) of Definition [l is at v« = 0. At r. = 0 one has
V'(0) =0 and V"(0) < 0, where V.=V (r,) is the effective potential V = r=2Q2%. Moreover, V' # 0 for
re # 0.
v) (Asymptotics of V(r.)) Finally, V(r.) has the following asymptotic formulas some fized ¢ > 0:
e

O V(r.) = (r—rum) = e as 1. — —00, (-D*FV(r,) ~ 2% =~ 2% as 1.5 00

*

Proof of Lemma[2.201. We proceed in a series of steps:
Step 1:(Construction of the null pair with boosting condition) First we show the existence of L, L according
to Definition 518 We denote by (¢, 7) any regular system of coordinates as in Definition[[.1] and by hap = gap
the components of the radial part of g. Set T'= —Vt the future directed time function gradient. Then we
have:

(T, 7y = K" < 0, (T,0,) =0, (0r,0r) = hyr > 0.

From these one can form a pair of null vectors:

0 = T+\/-0/h 0., €= T—\/—h/h. 0, .

Immediately we have ¢t = (t = —h° > 0. In addition note that (¢,0,) > 0, thus £ is the outgoing null
direction and in particular ¢r|.—.,, = 0. This also shows T7|,—,, < 0. Choosing L = M\ and L = ¢ for
an appropriate positive weight function A\(r) we immediately have the inner product and future direction
properties and of part i) of Definition EI8 as well as the stationarity condition ii). Furthermore, one
computes Lr = Tr — y/—h9 /h,, < 0 where the inequality holds in a neighborhood of r = ry;.

To establish part iii) of Definition we remark that any null pair obeying parts i)-ii) is invariant with
respect to boosting L — q*1L~ and L — ¢L for a smooth positive weight function g. There exists a function

o such that VoL =g L. Set L = gL and define g accordingly. Then a quick computation shows that:
o = xq¢ +aq, where  x = Lr.

Setting & = 2NLr = 2N qx gives the following ODE for ¢(r):

¢ = (2N-(x)"o)q,
14



which is well defined on account of the condition y # 0. Such an equation can always be solved on H subject
to the constraint ¢ > 0. B

Step 2:(Relation to 0;) To prove part i) of Lemma [5.20] we set g+ to be the coefficients of 9; in the basis
{L, L}, and note that g+ > 0 where 9; is time-like. Then one has:

1 1
(5.38) q+q— = _Zhoo =3 det(h)g™ .

By assumption ) of Definition [LT] the RHS is a function with simple zero at » = r3;. Thus only one
of g+ can vanish, and it does so with a simple zero at r = rp;. But r = rjs is a null hypersurface with
generator proportional to L and on this hypersurface d; is also null (see part b) of Remark [[2]). Thus
Ot|r=r,, = cL|y=p,, for some ¢ > 0, which shows that ¢_ must have a simple zero at r = rp; and ¢4 > 0
throughout H. Referring back to (B38)) gives the formula for ¢_ in terms of ¢"" and a non-vanishing weight.
Step 3:(The “red shift”) Using the results of the previous steps we have:

1 1 1 1
o= —§<VLL,L> = §<VLL7L> = 5qi<vatéﬁt>+0(r—ﬁw) = ZqiLhoo-i-O(T—TM)'
For the first term on the RHS we further compute:
Lhoo = L(r)o-(det(h)™'h™) = L(r)det(h) '9,g"" + O(r —ra) > 0, if r—ryl<l.

Step 4:(Area variation) In the construction of L, L we have already shown that Lr < —c¢. Using Step 2
above we compute:

0 = Or = qpLr+Xg""Lr .
The desired result follows by solving for Lr and using the already established properties of A, g, Lr. O

Next, we construct conformal coordinates in the region r > rj;.

Proof of Lemma[Z.Z1l. Recall that our (1 + 1) metric h as the form h = ggdz®dz® with the conditions of
Definition [Tl We let goo, gor, g denote the components of h in the original (non-singular) (¢, 7) coordinates.
As in the statement of Lemma [B.2T] we also set |h| = |det(h)| computed with respect to (¢, 7).

Step 1:(Normalized coordinates) To normalize things in the region ¢"" > 0 we first introduce a singular time
function whose level sets are perpendicular to the Killing field d;. Setting t = s — b(r) we have in the (s, r)
coordinates:

h = goods® + 2(gor — goob’)dsdr + (grr + goo(b')* — 2go,b")dr? .
Now choose b(r) so that goob’ = go, and b(r7) = 0, so our metric takes the diagonal form:

(5.39) h = heeds? + hprdr?
where:
(540) hss = goo » hrr = Grr — (90r)2/900 )

which is now only defined in the region goo < 0 < 7 > rpr. We remark that this change of coordinates
does not affect the determinant of the metic, and in either case we have:

(541) |h| = —hgshp = (gOr)2_900.gr7‘ .

We refer to (5:39) as the “Schwarzschild form” of the metric h.
Next, we make an additional transformation to put the metric in conformal form by defining r. = r.(r)
according to the ODE:

dr,
(542) ; =V _hrr/hss ) T*(TT) =0.
T

Using the identity hss = —|h|¢g"" and the fact that h,. = 1/¢"" the first identity on this last line becomes
9,1y = |h|72(g"")"!, which gives the second formula in part i) of the Lemma and immediately yields the
rough asymptotics:

dr.. N dr..

~ 1/ = 1/(r—rym), T—=7rM, ~1, r—oo.
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Thus r, — —occ as r — rp; and 7, — 00 as r — oo, and our metric takes the final form:
(5.43) h = Q*(—ds® +dr?) , Q% = — (04,0, , —00 < Ty < 00 =T > T
We call this the “Regge-Wheeler form” of h.

Step 2:(Asymptotics of s asr — ryr) Here we derive the first formula in i) of the Lemma. From the formulas
of the previous step we have:

Ors = gor/goo » where  goo = —I|hlg"" , and  gor = V/|h|+ g009rr -

This allows us to write:

Brs = —|h["2(g") " - (1= f(r,g")) , f(r,0) = 1—+/1—0g. .

Thus f(r,0) = Hf(r, 0) when 6 ~ 0, for some other smooth /. and the desired result follows.

Step 3:(Asymptotics of (s,7.) as r — 00) The result for s follows immediately from 0¥ (gay) = O(r=*) and
(gab — Nap) = O(r~1), where n = diag(—1,1). The result for r, also follows from these asymptotics for gas
and the formulas on lines (5:40) and (542]).

Step 4:(Description of the trapped set at r = r7) The Regge-Wheeler form (5.43)) is particularly convenient
for discussing the trapped null geodesics of g in the region r > rjps. Since conformal metrics have the same
null geodesic flow, it suffices to analyze the direct sum metric:

g = —ds*+dr? +Q *r%dw? dw? = Sppda’da® .
The projections of unit speed null geodesics for this metric onto the space parametrized by (r., %), where
A = 2,3 denote coordinates on S?, are exactly the unit speed geodesics of the three dimensional Riemann-
ian surface of rotation dI?> = dr? + Q= 2r?dw?. The Hamiltonian for the corresponding geodesic flow is
p(re,x?, 6., €a) = (& + Q% 2|¢)?), where |{]> = 648¢4&p is the Hamiltonian of the standard geodesic
flow on S2.
The equations for a trapped sphere of unit speed geodesics at r = ry now take the form:

Tilr=ry = {D;7s}lr=r, = 0,
where {p, f} = 0cp0, f — OxpO¢ f is the Poisson bracket. In general we have:

: 1
s = &, &, = —53”(V)|£|2, where V = Q%72

and thus r = rg is trapped iff &, = &.. = 0 at r = r(, which can happen iff V'(r9) = 0. Therefore, condition
iii) of Definition [Tl implies that 9,,V = 0 iff r, = 0 in the region —oco < r, < co. It is also manifestly clear
that V' > 0 in that region with V' — 0 as r. — 400. In other words V(r,) is a positive repulsive potential
with unique maximum at r, = 0 Finally, the non-degeneracy condition in iii) of Definition [T means that
V"(0) # 0, so in fact V”(0) < 0. Summarizing this, we may write the normal part of the geodesic flow at
r = r7 in the form of a standard planar hyperbolicﬂ fixed point:

. : 1
Tx = 57«, gr = )‘0|£|2T*+O(|£|2T3)7 Ao = _5‘///(0)>0'

Step 5:(Asymptotics of V') Finally the asymptotic formulas of part v) for V() as r. — £oo follows from the
explicit formula above and the fact that r. = Aln(r—ry)+0O(1) as 7. — —o0, and 7, = 7+ B1In(r)+O0(r~1)
as r, — 00, where A > 0 and B are constant. Further details are left to the reader. ]

5.2. The multiplier method for 0°. Before embarking on the proof of Theorem [ 14l we pause to introduce
some notation and identities that will be useful for the remainder of the section. For the wave equation 0O°
one has a (1 + 1) energy momentum tensor:

Qap[o] = /S ] (000050 — %hub(a%ﬁacqs + 17 2|de|*)] dVse

In terms of any null pair basis L, L one can write its components as:

GA)  Quld = [(ToPdVe . Quildl = [(LoPde.  Quid = [ loPave.

6This also immediately implies there are no other trapped geodesics except at r = .

“In particular the assumption of a unique non-degenerate trapped set implies such a trapped set must be normally hyperbolic.
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This object behaves similarly to the energy momentum tensor for Oj, + V where V = —k?r—2. Specifically
one has:

VQuild] = / 090V +r0n(r) / ldoPaves

In the usual way this leads to momentum identities for any (spherically symmetric) vector-field X = X?0,:

1
(5.45) VR[] = / Qan[¢] I dVes +r 72X (1) / A6l dVes + / 06X ¢dVe: , YP,[0] = Qu[é1X"
52 s2 s2
where X,y = Lxhay = Vo Xy + VX, is the (1 + 1) deformation tensor of X.
There are two types of multipliers we will work with:
(5.46) X = XL, Y = Y%,
for given weight functions X ~(r), Y°(r). We record their raised deformation tensors here:

Lemma 5.22 (Deformation tensors). Let X,Y be the multipliers defined on line (&46). Then with the
notation of Definition[518 and Lemma 520 we have:

|~

1
- (XY +ox— Ol — —Ex-(Xf)/—NKXf

(548) OrEL — _y.q (Y)Y, OREL = _y.q (O,  Opfk — g,

(5.47) Ol — ¢ (XL

|~

and where we have set x = Lr and x = Lr. Close to r =) one has the sign relations:
(5.49) X ~ (r—ry), X = -1, o~ 1, gy ~ 1, - =~ (r—ru) .

Proof of Lemma[Z224 By raising indices we have (X)pll = %(X)FLL, (XLl — i(X)TFLL, and (OrlL —
%(X)TFLL. Similarly for @z For X = X~ L we have:

(X)Trab - ea(X_)<L; 6b> + eb(X_)<La 8a> + X_ <V€GL; 6b> + X_ <V€bLa ea> .

Using the orthogonality of L to itself we immediately have (X 1 = 0, while:

(5.50) Orpp = —4AL(X7) = 2X (VL LY,  Yrpp, = —2L(X7) 4+ X (VL L) .

This immediately implies (5.47).
Now let Y = Y29, for which we have:

(Y)ﬂ-ab = ea(yo)<6tu €b> + eb(yo)<at7 ea> )

where we have used ), = (Vo0 ep) + (VyOr,eq) = 0. Using the decomposition d; = ¢ L + g— L this
immediately gives the first two identities on (B48). For the last term on that line we have:

L(YO)0e, L) + L(Y®) (0, L) = —2(q+L(Y°) +¢-L(Y")) = —28,Y° = 0.
O

5.3. Local energy decay component estimates for 1°. Proof of Theorem [5.14. We break our proof
of Theorem [5.14] down into the three constituents in the next proposition. For this purpose we consider
thresholds

ro ST <7y < Ty < T3 <TT

We think of r3 as fixed, away from rj; and r7. On the other hand r; and ro are free to float, and we
reserve the right to choose them arbitrarily close to ra;. For the statement of our main technical result we
let X[q,5(7) denote the indicator function (sharp cutoff) of the interval a < r < b.

Proposition 5.23 (Three modular local energy decay estimates). Let 11,729,753 be three parameters such
that ro < 11 <ry <rg <rg <ry. Then there exists a fived value of rs such that for every k > 1 one has
17



the following three estimates for test functions ¢, where the implicit constants are uniform in r1,r9 (but may
depend on 13, k):

1
(5-51) || X[ri,rs) (Léf’, ¢1¢) ”LEO[O,T] S || X[rs,rr] (7” - TT)d¢ ||LE0[0,T] + E§T1 (¢[0]) + || X[rl,rT]Doéb ||LE(J [0,7] >
(5.52) || Xy, W L | Lo f0,77 S €ll X (v 00) (Win) ™ 0e || LEoj0,7] + | X(ra,ra) Wk (" — 721) L || L0 0,77

1 1 B
+ (rar = 1) 2 || Xpra,rr) (7 = 7700 | Lo 10,71 + B2, (S10]) + €M Xy 00 win 00 || g 0,77 -

In addition there exists a Cy, > 0 such that (again with implicit constant uniform in ri,72):

(5:53) || Xprars)wi (L, (r = 7a0) L) | Lof0,7] + | X(ro,r) 0 | Lo 0,7
+ [ Xprs,00) 0@ | Lof0, 7] + [ X{rg,00) (Win) ™ (869, 77 D) || L3107
< 172 =12 | X, o€ (L5 (7= 740) L) gt 11+ Crs (I Xiras 00 010 D% g t0.11 + B, (910)) -
The weight functions wy and wy, in estimates (.52) and (B.53) are:
wy, = (1+ ’1n|7“ — r7—|‘)/(1 + |In(r)|) , wr(r) = (1+ yln |r — TMH)_%]“V — T‘M|_% )
In estimate (B53) one must also take (O, 0r) =0 when r = rr.
Remark 5.24. The purpose of the weight wy, is to account for the degeneracy of local energy decay near the

trapped set r = ry. On the other hand the weight wy is only used in a neighborhood of the horizon r = ry;
and accounts for the fact that the “good component” Lo has a non-degenerate energy there.

Before giving a proof of the above three estimates, we use them to give a short demonstration of Theorem

.14

Proof that Proposition implies estimate (5.30). First note that while the LE, estimate in (5.36) takes
place over the region r > rg, one can easily reduce it to showing the same bound for r» > 71, as the region
ro < r < rp is easily covered by known LFy bounds on r > r; and energy estimates.

For constants ¢, C' > 0 we add together:

¢ x BED) + C|ln(ry — rar)[* x B52) + E53) -
Then choose ¢, C, €, r1, ro so that:

c+C <1, followed by  |r — T2|% +e< cCIn(ry —ra)| 7R .

This allows one to move all local energy decay errors for ¢ to the LHS of the resulting inequality. O

We now give a proof of the first two estimates in Proposition [5.23] These are based directly on the
multiplier calculations of the previous subsection. The last estimate (553)) is more involved and will be the
topic of the next subsection.

Proof of estimate (B51). For the purposes of showing estimate (552) next, it will help to prove a slightly
more informative version of (B.51)). Let L, L be a negatively N-boosted null pair (according to Definition
BI8), and 71,73 sufficiently close to ras so that Lemma holds on a time independent neighborhood H
of Ry x [r1,r3] with » = ry to the exterior of H.

Next, we choose the X multiplier from line (5.46]) with X ~ () = ¢(r) where ¢(r) is a smooth non-negative
function with ¢ = 1 on [r1,r3], ¢’ < 0, and ¢ = 0 for r outside of H. Denote by S the space-time slab
{r > ri} x{0 <t <T}, and by S(to) the section {t = to} NS and similarly for S(r¢). Then forming the
momentum density (X¥)P as on line (BE43), and integrating over the S, we have from Stokes’ theorem the
identity:

1
/@QTL\/|h|drdVS2 + [ Qrry/|h|dVs2dt + 5/X)WLL(L¢)2\/|h|drdVSzdt
S

(
(to) S(r1) S

1
+ /(prfz(—x)(]\] — " H|dé|*/|h|drdVs:dt = /(pQTL\/ |h|drdVse + 3 / T72xw’|¢l¢|2\/|h|drdv‘gzdt
S(0) S

S
—/¢D0¢L¢«/|h|drstzdt.
S
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where we have set T'= —Vtand R = Vr = —%xL — %XLv which are the future pointing normals to t = 0, ¢
and r = r1. Because the level sets ¢t = const are uniformly space-like we also know that T = TTL + T~L
where T# & 1 on the support of ¢. Thus, for N > 0 sufficiently large, the previous identity yields the
following uniform estimate where the implicit constant does not depend 1, rso:

(5.54) || Xpry,ra) (LD, dD) =1 || L2(aravie) + | ((rar — Tl)%L% do) r=r, | L2 (av,s de)jo,1)
+ || X[r1,73] (L¢, d¢) ||L2(drdV§2dt)[O,T] S || X[rz,r7] (7" - T“T)d¢ ||L2(drdVS2 dt)[0,T)
+ 1 Xpry,rr) (LD, d0) =0 [| L2 (araviz) + || Xr1,r7] 000 | L2 (@rdv,,de)jo.1) -
Disregarding the first two terms on the LHS yields the desired result. O
Proof of estimate (552)). Here we use the same setup as in the first paragraph of the previous proof. This
time we use the Y multiplier from line (546) with Y~ = ¢(r) where ¢ is a non-negative function such that

q = w,%X[leTQ]. Thus we have the global bound C' > ¢ > ¢ > 0 for some set of constants ¢, C. Applying
G45) with V)P yields:

1
/((]C%TO\/ |h|drdVs: + /(QC%RO\/ |h|dVs2dt + B /(_X)QeriX[m,m] (L¢)2V |h|dVs>drdt
S(to 1 S

1
- 5/Xq_w,%)([hmz]|L¢|2\/|h|drdV52dt—|—/qQTO\/|h|drdVg2 —/qDO¢8t¢\/|h|drdV52dt.
5(0) S

s
Expanding the boundary terms using part [l) of Lemma 520l we get:

| Xpr1,r2) Wk LY || L2 (draviaanior) S I X(r Wk (r = 700) LY | L2(ardvip diy o, 1]
1 1 1
+ (rar = 71) 2 | Xy ran LOle=1 (| L2 (dravio) + (rar = 7102 || ((rar = 71)2 L, d9) r=ry | 22(avipatyio 1)
+ 11 (dop, 7 ) i=0 | L2(aravie) + € I Xpr1,00)Win D°G | LBz 10,77 + €ll Xr4,00) (Win) "1 010 | Lo [0, 7] -

By itself this estimate is not yet of the form (553). However, upon combination with (ry; — 1)z x (5.54)
the future boundary terms at ¢ = T and r = r; on the RHS of the last line above can be traded for the
space-time error (ry; — 7"1)% | Xtrs,rr1 (7 = 77)4¢ || L2 (drdv..dt)jo,7) Which then yields the desired result. O

5.4. Proof of the main component estimate (553). This estimate is most easily recast in terms of the
Regge-Wheeler type coordinates of Lemma [5.21 We define the space LErw and Erw by:

1
@ llLErwior = Sgg||2 2 x50 | L2 (drodvizds)fo,T) >
J=z
_3 1
Erw (¢[so]) = || (05,0, .77 2 (r — ras) 2 d9) |s=so ||%2(ddesg) ;

where x; for j > 1 cuts off smoothly where |r,| ~ 27, and where xq is supported where |r,| < 1. For this
section all estimates will be in terms of a rescaled version of 0°, which in Regge-Wheeler coordinates is:

O%w = =024+ 0% +V(r)A = —(0,00,0°, V= —r7%(0,00)n -
Then our main estimate here reads:

Proposition 5.25 (Local energy decay estimates for 0%;). Let ¢ be a smooth function which vanishes for
r. — +o0o. Then one has the uniform bound:

(5.55) || (Or. s (win) " 0s8) | LEpwi0,7) + || (wWin) ™2 (r — rar) 2 d | 210,77

1
S Eiw (000) + | winBrw o ey, 017 -

where wiy, = (14 |In|r.|])/| In(2 + |r. )|

In addition, if ¢ is any spherically symmetric function, one has the following estimate uniform in 0 < —1:

(5.56) || X[r0,00) (Db, 0r, &) | LEpwior) S 11 X[200,001 (05D, Or. D) || L E sy [0,

1 — —
+ EIZ%W,T*>QTS(¢[O]) +l X[2r2,oo)D9%W¢ | LEs, 017 »
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Before giving a proof we use these estimate to establish (B.53]).

Proof that estimates ([5.55) and (556) implies ([5.53). Given a solution of 0% = G, will treat the spherically
symmetric part ¢ separately from the non-spherical part ¢ — ¢.

Step 1:(Control of the spherical part) That (5.56) implies (5.53) for ¢ is an immediate consequence of the
coordinate asymptotics in parts i) and ii) of Lemma B2T] First notice that by the asymptotic formulas of
part i) of Lemma [5.21] the null vector-field 95 4 9,-, is regular and non-vanishing up to r = rjs in the original
(t,r) coordinates. Therefore we have that:

L = 0s+0,, , L =Q7%0,-0,,) = O(r(r — TM)_l)(BS -,
is a regular null pair throughout r > ;. Next, note that one has:
dr. _ _
dsdr, = ; dtdr = O(r(r —ra) " V)dtdr = O(Q7?)dtdr .
r

Combining this with the asymptotics r, = Aln(r — ras) + O(1) as 7. — —oco and r, = r + Bln(r) + O(r—1)

as ry — 00, we see that:
lwiXirar ¥ l2Be S I X(—o0. 0¥ 1LBRw S | WkXprarrr1¥ LB,

| Xtrr.00)¥ l(2EoLED) = 1 X10.000% (LERW.LES,) | X(—oo0¥llLEs, S N W_kXiarrr ¥ llLEs

where the implicit constants depend on k£ > 1. In addition note that the logarithmic part of wy, is essentially
constant when r, &~ —27, so it may be removed from the integral in the first term on the RHS of (5.56) above.
Finally, note that by standard local estimates one can control Egyy,,, >2:0(¢[0]) in terms of the standard

Cnergy E’I‘>T‘M ((;5[0])
Step 2:(Control of the non-spherical part) For this we use exactly the same estimates as above with a slight
twist. We claim that for C' > 0 sufficiently large one has the analogous bound to (E.56)):

1

(5.57) [ X[r9,00) (Or. (¢ — ), (win) " 0s(¢ — D)) | LERw(0,7) + | X[r0,00) (Win) " 72 (r — rar) 2 (& — &) || 270,17
< I xeero00r. (¢ — 0) | LErw o, + E?{W)r*>20r2 (( = B)[0]) + || X[20r0,00) D%y (¢ — &) s, 017 -

To prove it first apply (B.55) to the quantity X, 2cr0(¢ — @), where Xr.>20r0 = 1 for r, > Crg with
standard derivative bounds. This generates the above estimate modulo two errors:

(5.58) Errory = || Xpcro,cro)(rs) (¢ —¢)(0) |12 , Errory = || Xpcro,cro)(re) " (0 — &) | LEawo.7) -

To handle these terms we use the sharp Hardy type estimates ([72]) and (T3] of the Appendix respectively.
By an immediate application of (Z72) with s =1 and p = 2, followed by the spherical Poincare estimate
([TI8) to control the undifferentiated term on the RHS, we have:

Brrors £ Biap.a0,((0 = 9)0])
To handle Errory apply (73] with C' = 27~% and s = 1 which yields:
Brrory $ CF| X-2cr0,—r910r. (¢ = &) leor) + O % (I xofd | Lptom) + | Xi=r2,-10r. (6 = &) | L50.m) -
For C' > 1 the second term of the RHS above may safely be absorbed into the LHS of estimate (557). O
We now give the proofs for Proposition .25

Proof of estimate (B55). In light of the second estimate (.56]), which is independently proved below, we
may assume that ¢ = 0. The method is to combine the analysis of [5] with [16].
Step 1:(Proof of a degenerate local energy decay estimate) First we show that for all k£ > 1:

(5.59) || (re)"2*0, b | z2jom) + | (wi) 20 — rar) 2 || 12 p0.1)

1
S C U0l LErwor + S Ey (¢ls]) + Cl O%w e | Les,y, 017 5

where the implicit constant depends on & but is uniform in C' > 0, and wy = r(r — ry) L.
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For a C'(R) (but not necessarily smooth) function a(r,) we form the operator A = op™ (ia&,.) = ad,, +3a'.
Then for test functions ¢ we integrating the quantity 0%y, ¢ - A¢ over the space-time slab 0 < ¢ < T. After
some integration by parts we arrive at the Virial type identity (see Section 3 of [5] for further details):

T T
1 1 T
// (a/gbf* — Za”’gf)2 — 5&V’|¢l¢|2)dr*d\/§z ds = — 0spApdr,dVga| — // 0% dAddr.dVsads .

0 JRxS? RxS2 0 0 JRxS?

Here o’ is interpreted in the sense of distributions if necessary. If we choose a so that:
r 1

Assumption 1 alry) ~ ——— | a(ry) < — |
(Assumption 1) )~ ") S T3

then using the Hardy/Poincare estimate (T72) with s = 1 and p = 2 the boundary terms at t = 0,7 are
estimated by the energy. In addition, the non-negative weight —aV” is then consistent with estimate ([E53]).
Thus, by using Young’s inequality to split the last term in the previous identity above, and then estimate
(C72) with s = 2 and p = oo to bound a’¢ in terms of &, ¢ and a local (¢ contribution (which may be
absorbed to the LHS), we have:

T
1 _ 1
(5.60) // . (d'¢2. — Za"’¢2)dr*dngd8 + 73 =) (r — TM)§d¢ H%z[oﬂ
0Jrx

S C0n. 0 Bpwior) + oquTE(¢[S]) + C?|| Oy o H%EI*%W[O,T] :

To deal with the 0, ¢ terms on the LHS of (60) we need to further constrain a. To see what is the
correct choice, first note that one has the following Hardy type inequality for smooth a and fixed A > 0:
1\2
(5.61) / (a’”—/\%)gbzdr* < Al / a2 dr, .
This follows at once from integrating 9, (a”$?) and then applying Young’s inequality to the term containing
¢r, . From this we see that an ideal set of assumptions would be:

(Assumption 2) a =~ (r)7F,

(a’//)2 1

(Assumption 3) — < ya" 0<y<l.

Taken together, and setting A= = 2+ in (561, these assumptions would give the lower bound:

1
(5.62) el )06 Ry < (1) [aotdr, < [(@a, - e,

which would be sufficient for our purposes.

Unfortunately it turns out that Assumptions 2 and 3 as stated are inconsistent with each other due to
inflections of a’. A natural way around this is to eliminate inflection points by working with a singular weight
a(ry). In other words we trade Assumption 3 for the modification:

1
Assumption 3’ ary) = ——M— |
in which case the original Assumption 3 holds for r, # 0 with v = k—f_l, and (5.67)) still holds in the sense of

distributions. The difference now is that a””’ contains a delta function, so (5.62]) must be replaced by:
(1— *y)/a’gbf*dr* < /(a’gbf* — %a”’dﬁ)dm + ekd?|,,—o -
The last term on the RHS is easily eliminated by the assumption that ¢ = 0 which gives:
LotV S 10000 070) s -

For € < 1 sufficiently small this allows us to absorb ¢?|,., ¢ and we arrive at (5.59).
Step 2:(Improvement of the weights on 0., ¢ as r. — £0o0) Next, we improve estimate (5.59) to the following:

1
(5.63) 0.0 llLEpwior + Il (W) 720 = ran) ¥ | r20m S sup By (ls]) + | D%y 2B, 10,77 -

IS
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To prove this we integrate the quantities D%W¢ . aJiBT*qS over the slabs 0 < s < T, where we choose
(aj-t)' = 4277y jX4r.>1 for j =1 and aj-t = 0 in a neighborhood of r, = 0. This gives the bound:

_ 1
I Xjre 1520 @l LERw 0] S | Xjra 517 200 = 7a0) 2 b || 20,7

1
+ I X)r1<10r. @ I L2011 + sup E2([s]) + || Orw ¢ 53, 10,17 -
0<s<T

which can be added safely into (B.59)) in order to produce (5.63).
Step 3:(Remowal of the future energy and addition of 0s¢) Our goal here is the more complete estimate:

(5.64) || 0.0 | LErwior) + || (1) 72056 | Lmp j01) + Il (1) ™22 — rag) 2 b || g0,y

1
S Eiw (00) + | wiB%w o ey, 017 -

To prove this bound first note that by the usual calculations used to produce the conservation of energy
one has:

oquTERW((b[S]) < N wiB%w o llLes, 0.0l (W)™ 0s¢ | LEw 0,17 -

On the other hand, to control the quantity ds¢ one integrates 277 (wl)_2xj¢lil%w¢ over the slabs 0 < s < T
After some integration by parts, using Poincare/Hardy type estimates to bound undifferentiated terms and
boundary contributions, and then supping over j > 0, one has:

| (@) 0 lmmwiort S 110r. ¢ lmpwior + | (w1) ™2 = rar) 206 |l 2jo,my

1
+ sup B2, (8[s]) + | Okwo |l Les,, j0.17 -

Adding the last two lines together with (563)) yields (5.64]).

Step 4:(Improvement of the local weight) Our final task is to establish (5.64]) with the local weight wq
replaced by the weight wy,, as written in estimate (5.55) above. To do this we recall the main local estimate
of [I6] which can be stated in the following form:

Proposition 5.26. The following two statements hold:

a) Let ¢ be a space-time function which is supported in the region |r.| < C for some fized C > 0. Then one
has the bound:

_ L
10r.¢ 120,11 + || (win) (s, 49) L2071 S EZ(0[0]) + | winOw & [l £210,77 -
b) Let f be a space-time supported in the region |r.| < C for some fized C > 0 with the property that
winf € L*[0,T]. Then there exists a function ¢ defined for s € [0,T] and supported in the region
Iri| < 2C such that 0%y, ¢ — f is supported away from |r.| < $C and such that:

(5.65)  sup_ B2 ($[s]) + 1| 0r. 6 |l 2(0.1) + | (win) ™ (s, d6) [l 210,1) + || Dew & = f 200,21 S winf [[2210,7) -

IS

For a proof of these bounds refer to parts a) and b) of Proposition 3.3 in [I6]. Note that in both cases the
analysis is purely local and relies only on the structural assumption that the potential V' (r,) in the definition
of D%W has a unique positive non-degenerate local maximum at r, = 0.

To show that parts a) and b) of Proposition (26 imply (&59) with local weight w;, involves a series of
steps. First, one employs part b) to produce a 5 such that D%Wg — X0O%y-¢ is supported away from r, = 0
with good L? bounds, and such that (5.64]) holds for & with wy replaced by wy,. Then one may apply B
to the remainder ¢ — 5 to show that (564 holds for ¢ with RHS norm containing wy,, instead of wy. Finally,
one replaces the weight (w;)~! on the LHS of this last bound with (w;,)~! by applying part a) above to
X09-

This concludes the proof of (E5H]). O
Proof of estimate (5.50). Note that the spherical part of 0%y, is simply the 1D wave equation O = —6524—63*,

for which it is easy to produce estimates of the form (.56) via the multipliers x (0 +2)0;.,, where rd < =27,
This is analogous to step 2 and step 3 of the previous proof. Further details are left to the reader. g
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6. LocAL ENERGY DECAY FOR SPIN-ZERO FIELDS PART II: PROOF OF THE MAIN ESTIMATE

Our main goal here is to prove Theorem [4.12 which we state again here for the convenience of the reader.

Theorem 6.27 (Inverse angular gradient local energy decay estimates). Let ¢(t,r,z?) and H(t,r,z?) be
scalars, and let Go(t,r,z?) be a one form in (t,r) variables which also depends on the S* coordinates.
Suppose all of these quantities have no radial component::

o(t,r)dVe = H(t,r)dVg: = / G(t,r)dVe = 0,
s2 s2 s2

throughout the region [0,T] X [ro,00). Finally, set x,dG = K. If ¢,G, H are all supported in {r < CT} and
(6.66) 0% = V°G,+ H ,
then one has the estimate:

I (win) ™ (d(=2) 726,77 ) lmofor) S I (=4) 72 (db(0) = G(0)) [|2(aravia) + |77 6(0) [l 2 (arava)

(6.67) 1 ,
+ [ win (F G (—A) K (=) T2 H) | Lggo) -

The main step in the proof is the following elliptic result:

Proposition 6.28. Let G be as in the theorem. Then there exists a function ¢ in [0,T] x [rg, c0), with no
radial component, satisfying the following estimates:

(6.68) (|7~ (db,r &, v ) [l sz o,y + (—A)"2V,4(G — do) lLszom SN (r G, (—4)7*K) Il sz 0,775

(6.69) | winr2dS || Lszio) + | Win(—A) "2V i (G — do) | ss0.1) S | win (r7 G (—A) 72K || ss o,1)-

We first use the proposition to prove Theorem [6.271 This is achieved by applying the bound (&36]) to the
function ) = A~2(¢ — ¢). The left hand side of (BB7) is controlled by the left hand side of (538) applied
to 1 and the first term on the left hand side of (EG8). It remains to estimate the right hand side of (536)
applied to .

For the energy part E2 (1[0]) we use the trace estimate (7.74) of Lemma [730 below. Note it is precisely
here that truncation to r < CT is used. Estimating ¢ and d¢ — G in this way we obtain from (B.68) the
following bound:

I (—45)_% (déf;(o) - G(0)) I z2(drav.s) + I r~16(0) lz2(draves) S I (T_le (—ﬁ)_%K) lLEz0.17 >

which is combined with the energy component of the right hand side of (E&7). It remains to estimate
89| L e, for which we compute:

0% = (=) (VG + H) = (—4) 3 (V'Va +17748)5
= (~f) EV(Ca— Vad) + 12 (~R) 20+ (~4) FH .
and use the bound (669) for the first two terms.

Proof of Proposition [6.28. We observe that the proposition has no reference to the metric h. We begin with

several simplifications.

Step 1: Using a radial partition of unit, we reduce the problem to the case when we know that G is

supported in a dyadic annulus {r ~ R}, R 2 1, and we seek z/? with support in a slightly enlarged annulus.

Step 2: Secondly, given R 2 1, we use a partition of unit in time on the R scale to reduce the problem to

the case when G is supported in a dyadic annulus {r ~ R} and a time interval of size 6T ~ R and we seek

15 with support in a similar but slightly enlarged region.

Step 3: We rescale the problem to the unit scale in ¢ and r. Then matters are reduced to the next lemma.
O
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Lemma 6.29. Let G be a one form in (t,r) variables in [0,00) x [0,00) x S? which is supported in [0,1] x
[0,1] x S%. Then there exists a function ¥ in [0,00) x [0,00) x S%, supported in [0,2] x [0,2] x S, so that the
following estimates hold:

- . -
(6.70) 1@l + 1(=A)"> Vit (G — do) | 2
(671 win(=4)26ll 12 + l[win(=4) " Vrs(G — )] 2
1

where the logarithmic weight wy, is now centered at r = 3.

Gz + [[(=4)"2dG |2,

S
S MwinGllp2 + llwin(—4)"2dGl| 2 -

We remark that the lemma includes both the case when G is compactly supported, and the cases when
we have either a t = const boundary or an » = const boundary or both.

Proof. In all cases, we reduce the problem to the boundaryless case by taking suitable even/odd extensions
of the components of G to the other three quadrants in the (r,¢) plane. Now we have the (¢,r) 1-form G
with variables R x R x S? supported in [—1,1] x [-1,1] x S2.

Using the euclidean metric in (¢,7) we define ¢ by:

b=x(rt)do, b = (-~ H)G,
where x is a smooth cutoff supported in [—2,2] x [—2,2] and which equals 1 in [—1,1] x [—1,1].
Then:

G—dp = xGo— ¢dx
where:

G =G—ddo = (L+An(~Ars = £)7)G + (~Ars = 4)7'd°dG
= = &(_Ar,t - A)_lG + (_Ar,t - A)_ld*(_iG :
Then we have the straightforward bounds:
I¢ollm S 1GlL2 s
I=4)"2Cllm < G2 +1(=4) 2G|z -

and the estimate (6.70) follows after truncation.
For the bound (G.71]) we need the following weighted versions of the above estimates:

Jwin(—£) 2ol S wimGllze
win(~A) "2V, Gl S wimGllrz + |[win(—4)"2dG] 12 -
1

These in turn correspond to the L2 ~ boundedness of the singular integral operators A(—A,; — A)~,

respectively (—A)2V,.,(=A,, — A)~L. But this can be easily handled within the context of A, weights, see
for example Chapter V of [19]. O

7. APPENDIX: SOME HARDY AND POINCARE TYPE ESTIMATES

This section contains some auxiliary estimates needed for some of the proofs in the main body of the
paper. They are collected here for the convenience of the reader.
To state the estimates denote by x; the indicator function (sharp cutoff) of 27 < |z < 2771,

Lemma 7.30 (Hardy and Poincare estimates). Let 1) be a function on R x S2. Then one has the pair of
uniform bounds for 1 <p < 0o and 0 < i < j, and implicit constant depending on s > %

(7.72) | (2) ™% [lep L2 (12| <29) X0 Iz + 1 (@) 2 0u oo 2(21<29) »
(7.73) (@) ¢ e S 2579070 (|| xotp |22 + || (@) 200 [lo £2(Je <20))
+ 267D (@)1 70,9 [lgoo 221 <2041 -

Here || ||}pr2 = |9 H;z2(\1\<1) + 250 Ix¢ 172 (with standard modification for p = 00), where the integra-
tion is with respect to dxdVgz. Similar estimates hold when 1 is also a function of t and the integrals are
with respect to dxdVszdt.

S
S
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In addition, let G be a space-time function (variables (t,r,z?)) defined on the slabr > 1o and 0 <t < T.
Then one has the uniform bound:
1, 1 1
(7.74) S[up ] 1 G(t) L2 (ravia)irosse) < I (T72G, 772G, 12 0,G) || L2(aravisdn)[o.1]x roso0) -
te[0,T
Proof of estimates (L12) and (T73). Set x according to x' = —2 ¥ x4, + xo and vanishing at infinity. Then
x = 0 for |z| > 281 and |z| < 1, and |x| < 1 throughout R. Integrating the quantity 9, (x?) with respect

to dzdVs: or dzdVizdt, multiplying the result by 2(1=29)% and taking the square root we have the uniform
bound:

1
(7.75)  lxe(@) " le S 207 xow o2 + 20 7% 00t 121 g cujcniery - SER, k0.
For the second term on the RHS above we have:
1y 1 Lk s 3 s 1
(7.76) 202 )k” (o0 ||[2/1(1<‘1‘<2k+1) S Z 2(z—s)(k—k )H Xk ()" ||z2|| Xk’<$>1 o ||z2 .
0<k' <k

The proof of ([T72)) follows at once by summing (73] over 0 < k < j and using then using (Z76). To
bound the RHS of (Z776) summed over k we use Young’s convolution inequality 2(z=)k=*" 4 &, C % for
s > % and then || Vab|[e < €llaller + €| b]|er for sequences a = (a;) and b = (by). This produces an
estimate for || (x) 79 || 12(1<|2|<2s) With upper bound RHS[ZT2)). To fill in || < 1 one uses a standard

Sobolev embedding.

It remains to show (Z73). Starting with (Z78) for k = j followed by (Z.76]), we break the sum of RHS (Z.76))
into 0 < k' < i and i < &' < j. Following the same procedure of the previous paragraph and using (Z72)
to estimate the resulting undifferentiated term, the sum in the first range is bounded by the first term on
RHS(Z73). For the second range we use the dyadic weight to sum in ¢* followed by:

1 . 1
(7.77) || <,’E>_s¢ ||;ooL2(2i<|m|<2j+l)|| <.’L'>l 6mw ||gzooL2(2i<|m|<2j+1)
< 26790 (@) 750 || goo 2 (it 1) + 207 DT (@) 120,00 [|poo 2 (20 <] <241 -

For the first term on the RHS above we again use (Z.72]).

O
Proof of estimate (TZ4). By the pigeon-hole principle there exists tg € [0, 7] such that:
_1
| G(to) |l L2(dravis)iro.ce) < T 721 G || L2(drdviade)(o, 1] % [ro.00) -
Then using the fundamental theorem of calculus and integrating on [tg, ] we have:
¢
16O o < NG Baaavamomns +2| [ [ GoGaravma].
0 70,00) X
Estimate (Z.74)) follows immediately from Young’s inequality applied to the last line. O
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