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Abstract

Let A be an hyperplane arrangement in a real or complex vector
space. We denote by D(A) the module of logarithmic derivations.
In this paper, we present a combinatorial structure of generators of
D(A). This structure permits us to detect the relationship between the
combinatorial determined property and the singularity of vector field.
Consequently, by using only combinatorial data, we have a basis of the
module in free case and that yields a proof for the Terao’s conjecture.
We also verify the example of Ziegler and give a sufficient condition
on combinatorial determined property of generators.

1 Introduction

We consider an arrangement A consisting of a finite collection of linear hy-
perplanes in a real or complex vector space V. A is free if its module of
logarithmic derivations is a free Sym(V*)-module. In free arrangement con-
text, there is a central problem is that called Terao conjecture, which asserts
the freeness of A depends only on the combinatorics of the arrangement. And
more general problem, to determine whether a given arrangement is free or
not, is also a very interesting problem. These problems served as a major
motivation for many results in arrangements of hyperplanes. Their advances
are contributed by many authors (see [6], [7], [9], [10], [12], [14], etc).

In order to describe module D(A) of any arrangement in general, one has
an unique tool up to now: Grobner basis (see [2]). It is easy to use this tool
for computer but there are many computations which would be extremely
intractable to do by hand. Therefore, it is very difficult to control combina-
torial data as well as freeness. In this paper, we introduce a new approach
to the problems without using Grobner basis: to investigate its system of
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equations instead of module D(A).

The organization of this is as follows. In Section 2 we give some results
that they will lead us to a system of equations describing combinatorial data
of D(A); to recognize the essence of combinatorial determined property lies
entirely in the non-homogeneous parts. In Section 3 we present a combinato-
rial structure of generators, verify the example of Ziegler and give a sufficient
condition on combinatorial determined property as a generalization. Conse-
quently, when it is free, derivations 6; of a basis of D(.A) satisfy that sufficient
condition. They yields a proof for the Terao’s conjecture in the last corollary.
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2 Combinatorial data of module D(A)

Firstly, we review some basic concepts concerning free arrangements. Our
standard reference is [5].

Let A be an hyperplane arrangement in /—dimensional vector space V over
K. L(A) is the lattice and M(A) is the complement of A. In order to
investigate the freeness, it is sufficient to suppose that A is essential (see
[14]). For each hyperplane H; € A, choose a defining equation a; € V* and
put Q(A) = [],«;<,, @i- We identify S := Sym(V*) with the polynomial
algebra K[z, ,z,] and denote by Dery be the module of derivations of .S
over K. The arrangement A is free if its module of logarithmic derivations

D(A) = {0 € Derk|0Q € QS}

is a free S—module. To grasp the combinatorial essence of every 6 =
Zle pi.D; € D(A), we only need to work on its vector field @ = (py, pa, -+ - , ),
where p1, pa,...,pr € S.

Next, we give some results that they will lead us to an alternative approach

for module D(A).

Theorem 2.1 B
For any 0 € D(A), with some polynomials ky,--- ,k,, then 0 satisfies the
following equation:

a1 G2 ... Qi y4 k.0
Qg1 Q22 ... Qy P2 ka.crp

. - 9
An1 Ap2 ... Qpg De kn-Oén



where o; = ajx1 + - - - + ayre, Vi = 1,n.

Proof. Since § € D(A), we may write 6Q = gQ with some polynomial
g € S. Thus

0Q = 0 [ﬁ i aij:cj] = (i psDs) [ﬁ i azjxj]

i=1 j=1 s=1 i=1 j=1

0 ¢ 0 ‘
= &—Zaupj +oe Tt a_zanjpj = 9Q.
1 j=1 n =1
This shows that

¢ ‘

1 1

—E a1jpj+"'+—§ anjpj = 9g-
aq =1 Qp =1

Since the linear forms «; are coprime, «; divides Z§=1 a;;p;, forall 1 <i <mn.
This means that there exists polynomials ky, - - - , k, such that Zle a;jpj =
kic;, 1 < i < n. Thus the theorem is proved. O

Without loss of generality, we can assume that the first £ normal vectors
N, ,ny, of the linear forms oy, - - - , ay are linearly independent. Hence,
the linear forms a;’s are expressible uniquely in terms of the linear forms

Qo
4

Q= Zaijai,EJr 1 S] S n.
i=1
Corollary 2.2
For any 0 € D(A), there is a {—tuple [ky, ks, - - , k| satisfying the following
equations

l
(2].) k‘jaj = Zaijaiki,f + 1 S ] S n.

i=1

Proof. By theorem 2.1, 6 satisfies

aix a2 ... QA b1 k1.aq
Qg1 Q22 ... Qy P2 ky.crp
Ap1 QAp2 ... Qpg De kn Oy
The system of equations is obtained by elementary row operations. O

The defining polynomial of arrangement A is called canonical if it has form
Q(A) = x1 -+ xp.0py1 - - . In order to investigate the freeness of arrange-
ments, we need only to consider their defining polynomials in canonical form.



Lemma 2.3

By changing suitable coordinates, we can obtain a defining polynomial of
a given arrangement in canonical form without changing its freeness and
lattice.

Proof. Let A be an arrangement with defining polynomial Q(A) = ay - - - v,
in polynomial ring S = Kz, ,x,). Without loss of generality, we can
assume that the first ¢ linear forms ay, - - - , ay are linearly independent. We
change our coordinate system by taking X; = a;,Vi=1,--- ,f or

Xi T

Kol g,

X Ty

X2

The defining polynomial becomes Q) = X7 - - - X;.0¢41 - - - B, in polynomial
ring S’ = K[X3, -+, Xy|. Next, we consider an arrangement B with defining
polynomial Q(B) = x1 -+ - x¢fs1 - - - By in polynomial ring S = K[xq, -+, x].
Since the changing is non-degenerate, A and B have the same lattice.

It remain to prove that A and B have the same freeness.
If A is free, there exists a basis 0y, - -+ , 60, of module D(A) such that

detM (6, - ,95)‘(3317___7”) =c.Q(A).

Therefore, one has

detM(6;, - - - = detAdetM (91, ,00)| ..

= c.detA.Q(A) = c.detA.Q.

’06)}()(17"'7)(5)

It means that A has the same freeness to some arrangement C having defin-
ing polynomial @) in polynomial ring S’ = K[Xy,---, X,]. Hence, A and B
have the same freeness. OJ

From now on, we only consider arrangements with defining polynomials
in canonical form. In this case, system (2.1) becomes

¢
(2.2) kjoj = Z ki(aijz;), 0+1<j <n.

i=1
A solution is a n-tuple 0 = [kq, ko, - , k,] of polynomials satisfying (2.2).
And 6 is defined uniquely by the first -tuple [ky, ks, - - - , k¢]. Therefore, if no
confusion is possible, we still denote by 6 = [ky, ks, - , k¢] to be a solution.
For each 7 = £+ 1,n, we call Ele ki(aijz;) = 0 j-th homogeneous equation
and kja; = S°0_ ki(ayx;) j-th non-homogeneous equation.
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Lemma 2.4
Set of solutions of j-th equation is generated by the following system of
canonical generators:

e=[1,1,---,1],
Gj: eTZ[O,---,O,l,O,---,O], if ajrzo’
Ajtl¢.€s — AjsTs.Ct, 1f Ajt-Ayjs 7& 0’
where e, is r-th identity vector.

Proof. One has two cases:

(i) Homogeneous case. We will construct a system of generators for the
equation Zle ki(aijz;) = 0. Indeed, the set G;\{e} is a system of generators
for linear syzygies.

(11) Non-homogeneous case. Any non-homogeneous solution 6 = [kq,--- , k]
can rewrite as 6 = kj.e — v, where v is a solution of homogeneous equation.
Therefore, G is a system of generators of j—th equation. OJ

3 Combinatorial structure on generators

For any 6 € D(A), its 6 can rewrite § = S M my.vy, where M is the number
of monomials my, of 8, v, € K. We will describe constraints arising in sets
¢; ={oj(v)k=1,M},j=1,n.

Theorem 3.1 (Combinatorial Structure)
(1) interior constraints : there exists a subset I C [M], ¢;; € 6; and coefficents
bl' € K such that Zie[ bi-cij =0.

(ii) exterior constraints : If 3, ;bj.a; = 0. then )

jeJ bj-cij = 0.

Proof. (i) It is followed from },_;b;.a; = 0.
i) According to lemma 2.4, we have § = 0} +-6? ,  where 6 is homogeneous(non-
(i) g T Vnn r\YUnp g

homogeneous) vector field with respect to H;. Moreover, 8/, = >~ mj (z1,- -, x).
Therefore,

0=0,+ Y mi(ar, - x0).
k

It yields
() = i(0}) + (Y mi(wr, -+, w0)).
k



=0+ Zm;ai(xl, Ce X)),
K

We have
E mi.. Oz, ’Uk E mkal

Substitute x = (xq, - - ,SL’g) € H; into both sides and assume that monomials
my(k ¢ I) vanish. Hence )., b;.c;; = 0. O
In addition, there are mysterious relations among ¢;;((7,7) € [M] % [n]) as in
the following examples. We will call them the hidden contraints. Assume that

o, , - - -, are linearly independent. We Wi})l( ca)ll the vector field (g;,, -+, q;,)
:;k (k _Zlazﬁ) If (Qip'”)qie)

has a critical point ¢ € M(A), there will be a hidden constraint:

Z Z mk}x:cat@k) = 0.

t=11 k=1

associated vector field of 0, where ¢;, =

Example 3.2
Hidden constraint occurs in the example 8.7 of [14], the remark 3.9 of [I] and
the example 3.4.3 of [4].

(i)Ziegler’s example :

In [14], the author proved that two arrangements X, Xo(L(X;) & L(X3))
have different degree sequences. In particular, D(X3) has a derivation 6, of
degree 5 but D(X;) has no derivation of degree 5 except to pfg. Let consider
arrangement X with defining polynomial : Q(X,) = zyzauasasaragag =
=zyz(z+y—2)(x—y+2)2x—2y+2) 2 —y—22) 2z +y+2)2z —y — 2).

0.= x(4ay + 222y? — day® — 2y* + 36232 — 84a?yz + Sxy?z + 28y° 2 + 182222 — 24xy2? +
449222 = 36223 —4y23—182Y)D, + y(8xt+4x3y—8x%y® —dwy>—40232+622y2+61y% 2+
16y°2z —bda?2% +84xy22+8y?22 — 38223 —40yz3+1624)D,, + 2z(722*—12823y+102%y>+
502y> — 16y* + 36232+ 622y 2z +4ay?2 — 8y 2 — 722222 4+ 300y 22 +40y22% — 36223 — 16y23) D

These arrangements are different from free arrangements at crucial point:
their associated vector fields (¢i, ¢2, g3) have singularities in the complement.

qr ‘= %‘1{4) =1223y — 62%y? — 6xy® — 36232 + 522%yz — Sdwy?z + 32y32 — Hda?2? +
22xy22 + 48y% 2% — 18223 — 3223,
g2 = %(:5) =—423y — 62%y? — 2zy> + 108232 — 602%yz — 422y%2 + 32y32 — 54x?2? +
42zy22 + 48y% 2% — bdxz3 — 32y23,
gs := 8z(ag) =—4a3y — 62%y% — 22y3 + 72232 — 342%yz — 24wy + 24y32 + 50xyz? +

Qg



249222 — 72223 — 48y23.

(¢1, g2, q3) has a critical point ¢ = (2,3, —1) € M(X3).
This critical point produces a hidden constraint among c¢;;, (¢, j) € [M]x [n])
as follows

480471 —+ o+ 304,18 s 480671 + 4 306,18 =0.

(ii) Abe-Dimca’s example :
QA1) = ay(z—y—2)(z—y+2)(2e+y—22)(2+3y—32) (3x+2y+32) (x+5y+5z2) (Te—4y—=z),

Q(A2) = zy(4x — 5y — 52)(z — y + 2) (162 + 13y — 202)(z + 3y — 32)(3x + 2y + 32)(x +
Sy + 52)(Tx — 4y — 2).

These arrangements have different degree sequences. It is easy to find an
hidden constraint by the same way as in (i).

(iii) Denham-Steiner’s example :

QMA) =z(z+y)(z+2)(x+)(x +2+1),

QAN =z +y)z+y+2)(z+t)(z+y+2z+1).

It is simple to verify that A’ is obtained from A by using a matrix P €
GL(K*) without fixing V(z,x + z,z + ¢, + z + t). These arrangements
have the same degree sequences {1,1,2,2,2}, but D(A) is not isomorphic
to D(A’). This indicates that the degree sequence is insufficient to fully
characterize the module D(A). There is a natural question that now arises :
what is the difference between D(.A) and D(.A’) in this case 7
To answer this question, we need to find an homorphism f : D(A) — D(A’)
that is both closest to the lattices isomorphism and a map that preserves the
degree sequence relying on given generators. Since f preserves the degree
sequence, f is surjective and Ker(f) # 0. The difference here is Ker(f).

Ker(f)={5.010 = —(ny + xyt)D, + (ny + zyt)D, + (ny + xyt)D, }.

We can use its zero (1,0,1,1) € M(A) to find an hidden constraint. There-
fore, hidden constraints occur in this difference.

Suppose that A, A’ are two arrangements with L(A) = L(A"). %y(.A) is the
vector space generated by all of interior constraints and exterior constraints
of 6 (by considering ¢;; as indeterminates and my, as coefficents). €' (A’) is
the vector space received from %y(.A) by replacing «; with o.

Theorem 3.3 (Sufficient Condition)
If 6 has no hidden constraints, then 6 is combinatorially determined.
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Proof. We will prove that 8 is combinatorially determined by showing that
there exist a derivation ¢ € D(A") such that €(A) = € (A") = 6,(A").
Since 0 € D(A),

M
(3.1) ézth.vtzéz—l—H_;h,i:Ele,n.

Denote by 0, = (v1,v,--- ,va)! the column vector with M x ¢ entries.

By using lemma 2.4, one has my.v; = my >, Tst.gst, Tst € K, gor € K. Note
that if m; and m, occur in the same m.0g, then ry = ry, for some s, .
Therefore, we can rewrite (3.1) :

t .
ev:Aj-(rlla"' y Tkl s ThkyM a,rk;MM) yJ :£+1,TL

It means that 6, is related to a homogeneous system of linear equations :
A 1. Xpp1 == A, X,
Consider a family of arrangements with defining polynomials :
Q(A)) =109 zp0j,j =L+ 1,n.

There is a natural isomorphism h; between H; € A and H} € A" as follows:

aq Qy
(xlv"' ,.Tg) — (a_,lxlv"' 7(1’_21‘@)

(considering % = 1 if a; = aj = 0), j = £+ 1,n. Then it induce a module

isomorphism £} : D(A;) — D(A’;). Based on these module isomorphisms,
we can construct the same homogeneous system of linear equations :

Ay Xpy = = ALX,,

such that rank(A;) = rank(A}),Vj = £+ 1,n. Since 6 has no hidden con-
straints, solution spaces of homogeneous systems are isomorphism. There-
fore, there exist a ' € D(A’) having the same combinatorial structure. [
Note that the isomorphism h; : H; — Hj is fixing the set ([,c;7:) N Hj.
Thus, it differs from the example 3.4.3 of [4]. If we replace K with K', then
the space € (A’) can be deformed. Therefore, there will be phenomena as in
[15]. Moreover, one does not consider an isomorphism between %3(A) and
¢ (A’) in a situation like that.



Remark 3.4

Assume that A is free and {0g,0s,--- ,0;,--- ,6,} is a basis of D(A).

(i) {0g, 02, ,0;, + pOg,--- ,0,} is also a basis, for any polynomial p.

(ii) The associated vector fields of 0; have no critical points in the comple-
ment.

Proof. (i) The proof is a routine computation.
(ii) We have
detM(@E, 92, cee ,9@) = CQ(.A)

Using proposition 4.12 in [5] (see page 103)

0;(cv,)
) 2 gra,
9j<&iz)

Therefore
a1
T = QA
Qi,qe
It yields
q ... ...

Oéil.OéiQ...OéiZ.

de
This shows that the associated vector field (qq,- - -, ¢) has no critical points
in the complement. O

Corollary 3.5 (Terao Theorem)
Let A, A" be two arrangements with L(A) = L(A"). If A is free then A’ is
also free.

Proof. We will prove that there are derivations 0,05, ---,0;,---,6, of
D(A") such that they are linearly independent.

As in remark 3.4, D(.A) has a basis {0g,0s,---,0;,--- ,0,} such that the as-
sociated vector fields of every 6; have no critical points in the complement.
Thus, %5,(.A) has no hidden constraints for every ¢ > 2. It is followed from
theorem 3.3 that there are derivations 0, 65, --- ,0.,--- .0, of D(A’) having
the same combinatorial structures.

By changing variables, we can assume that v = (1,---,1) € M(A) is not a

9



critical point of any associated vector fields of derivations 6; ( or ¢;),i > 2.
It follows that each of Hi‘v belongs to (ﬂngi Hj;) \ (Uk¢J1 Hy). )

Since {0g,0,--- ,0;,--- ,0,} is a basis, {GE}U,HQ IR 1 B ,Gg’v} is lin-
early independent. By choosing suitable polynomials p as in remark 3.4,
we can assume that ((;c;, H;) \ (Uygey, He) is different from (), Hj) \

(Ugg.s, He) for @ # t. Hence, {0g v,% o

e ,@‘U} is linearly independent. [
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