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Abstract

A characterization of the Kerr-NUT-(A)de Sitter metric among four dimensional
A-vacuum spacetimes admitting a Killing vector £ is obtained in terms of the pro-
portionality of the self-dual Weyl tensor and a natural self-dual double two-form
constructed from the Killing vector. This result recovers and extends a previous
characterization of the Kerr and Kerr-NUT metrics [30]. The method of proof is
based on (i) the presence of a second Killing vector field which is built in terms of ge-
ometric information arising from the Killing vector £ exclusively, and (ii) the existence
of an interesting underlying geometric structure involving a Riemannian submersion
of a conformally related metric, both of which may be of independent interest. Other
related metrics can also be similarly characterized, in particular the A < 0 “black
branes” recently used in AdS/CFT correspondence to describe via holography the
physics of Quark-Gluon plasma.

1 Introduction

The Kerr-NUT-(A)de Sitter spacetimes is a class of solutions of the Einstein field equations
with cosmological constant A (of any value) which includes the class of Kerr and Kerr-NUT
spacetimes. These spacetimes are widely believed to play an important role as stationary
endpoints of self-gravitating collapsing systems. Although we are very far from any rigor-
ous result in this direction, substantial work has been made on this problem at the linear
level, specially in the case of vanishing cosmological constant where there is a large body
of literature concerning boundedness and decay properties of linear waves propagating in
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a Kerr background (see [§] and references therein). For the case of positive cosmological
constant, it has been shown that linear waves in the Kerr-de Sitter background decay expo-
nentially in time outside and including the event horizon (see [I1] and references therein).
In the case of negative cosmological constant, Holzegel has proven boundedness [20] of the
Klein-Gordon equation in Kerr-Anti de Sitter backgrounds and Holzegel and Smulevici [21]
have shown logarithmic decay of the solutions. This very slow decay suggests non-linear
instability of these spacetimes, and this behaviour has been conjectured for all asymptot-
ically Anti-de Sitter spacetimes in [21] (see, however, [I0] for heuristic arguments in favor
of non-linear stability). All these considerations show the physical relevance of the class of
Kerr-NUT-(A)de Sitter spacetimes, which makes it of interest to try and find a geometric
characterization for them.

In the case of the Kerr metric (and also Kerr-NUT metric), a spacetime characteri-
zation within the class of vacuum spacetimes admitting a Killing vector £ was found in
[30] motivated by previous results [43] in the quotient manifold of the Killing field in the
region where the Killing is timelike. This characterization was local in nature (see [32] for
a discussion of this point) and involved the proportionality of the self-dual Weyl tensor and
a tensor with the same algebraic properties constructed out of the Killing vector £&. The
characterization assumed implicitly a property never spelled out, namely, that the Killing
vector was nowhere orthogonal to the 2-plane spanned by the two principal directions of the
Weyl tensor, see [35] where this omission was corrected and the accurate result explained
in detail. Of course, the omitted assumption is automatically satisfied if the Killing vector
is timelike somewhere. Nevertheless, the characterization of Kerr in [30, 31] has played
an interesting role in trying to extend the uniqueness of stationary black holes from the
analytic setting to the general case [24], [I]. It has also been used to characterize initial
data for the Kerr metric in [I5] and, more recently, to define a quality factor measuring the
deviation of a given metric admitting a Killing vector with respect to the Kerr metric [14].
A characterization of the Kerr-Newman spacetime in the same spirit has been obtained by
Wong [46].

Given the natural relation between the Kerr (and Kerr-NUT) metrics and the Kerr-
NUT-(A)de Sitter metrics, it is most natural to ask whether the characterization above
can be extended to the larger class of spacetimes. This is the problem we address in this
paper. The derivations in [30] and [46] used extensively the Newman-Penrose formalism to
find local properties of the spacetimes under consideration. Here we follow a completely
different approach which allows us to dispense of the use of the Newman-Penrose formalism
altogether. This has the advantage that the underlying geometric structures become much
more clearly exposed. As we will see, two such structures will play a fundamental role. The
first one involves a Riemannian submersion (of codimension two) involving a conformally
related metric, where the conformal factor is determined in terms of objects constructed
from the Killing vector £&. The second one is the presence of a second Killing vector field in
the spacetime. This Killing field is again constructed solely in terms of geometric informa-
tion arising from the Killing vector £&. The explicit form of the second Killing field may have
potential interest in other areas of research, such as, for instance, in extending the Hawking
rigidity theorem for stationary black holes from the analytic to the smooth setting (see [2],



[3],[25] for interesting developments in this direction). We emphasize that the cosmological
constant A is not assumed to be non-zero anywhere in the paper, so all our results apply to
the vacuum case as well. As already mentioned, the proof presented here is very different
to the proofs in [30] and [31] which were based in a tetrad approach. The method in [30]
was based on constructing a tetrad of commuting vector fields, two of which were Killing
vector fields of the spacetime. There is no simple parallelism between this proof and the
one presented here. The method in [31], although still based on tetrads, already has some
of the ingredients we exploit here. More specifically a two-dimensional distribution and its
corresponding quotient space also plays a fundamental role in integrating the field equations
in [31] (cf. Proposition 2 in this reference). However, no isometric submersion is identified
in that paper. The geometrically much more transparent proof presented here is not only
able to deal with Einstein spaces but also reveals interesting geometric structure that helps
understanding the vacuum characterization as well.

Given that the characterization condition we impose is fully local in nature, it is clear
that no global restrictions on the spacetime can be deduced from it. Our aim is therefore
to prove a local isometry to the Kerr-NUT-(A)de Sitter spacetime in the following precise
sense.

Definition 1. Given real constants {A, m, a,l} for which the function Ag := 1+%a cos §(4l+
acosf) is everywhere positive, a spacetime (M, g) is locally isometric to the Kerr-NUT-
(A)de Sitter spacetime with parameters {\, m,a,l} if for any point p € M where no Killing
vector of (M, g) vanishes there is a neighbourhood U, of p and coordinates {u,r,0,$} on
U, such that g takes the local form

A — a?sin® 97y
2
don?

(du — (asin®6 + 41 sin2(9/2))dq§> +p° (A— + Ay sin® 9d¢2) (1)
0

2
g=— (du — (asin® 6 + 41 sin2(9/2))d¢> + 2 (dr — asin® §Aydg) x

where
A
PP =1+ ({+acosh)? A:=da*>—1*—2mr+r’— §(3l2(a2 —1®) + (a® + 61%)r? + ).

Note that, at points where dr is non-null, the metric (Il) can be transformed into the
more usual form (see e.g. [17]):

2 in? 2
g=- % (dt — (asin® 6 + 41 sin2(6’/2))dg0) + Alenﬁ (adt —(r* +(a+ l)2)d<p> +
p p
2 2

P ar? o P qp2

+ Adr + A, do
by the coordinate transformation
2+ (a+1)? a
dt = du — Tdr, de =do — Kdr.

A suitable combination of the main results in this paper can be stated as the following
theorem (see below for definitions)



Theorem 1. Let (M, g) be a A-vacuum spacetime admitting a Killing vector & with self-
dual two-form Foz. Assume there ezists Q € C*°(M, C) such that

1
Caﬁ;w = Q (foeﬁf/w - §F2IO¢B/M/) ) (2)

where Copp 18 the self-dual Weyl tensor of g and F? = FosF? and assume that Ap, p/, p" €
M such that (QF?)|, # 0, (QF* — 4A)|y # 0, and &|,» is not orthogonal to the 2-plane
generated by the two real null eigenvectors of Fupglyr. Then F* # 0 and QF* — 4N # 0
everywhere and there exist constants by, by, c, k € R such that

36Q(F2)2 + (by — iby) (QF% — 4A)* =0

6F2 (QF?+ 2A)
36.F?

‘ (QF? —4A)?

=0

—k+ V. IZNVZ — by Z + cZ% + %Z‘* =0

QFZ—iA
cC? — %C‘l can be factored as

where Z = Im ( 6iy/F2 ) If these constants are such that the polynomial V (¢) := k4 b —

V() = V(O =) (G =) (3)

with ¢o < &G and V(¢) > 0 on [, C1] and Z - M — [Co, (1] then (M, g) is locally isometric
to the Kerr-NUT-(A)dS with parameters {\, m,a,l} where

— by aZCl—Co l:C1+C0
200705’ PN 2%

and vy = V(%)

In fact we obtain in Theorem [ a full characterization of A-vacuum spacetimes for which
(@) holds and for which F? is not identically zero.

Other local characterization results for Kerr-NUT-(A)de Sitter spacetimes have been
obtained based on the separability of the Hamilton-Jacobi equation. As it is well-known
from the Kerr case, the underlying reason for this separability is the presence of hidden
symmetries in the form of Killing tensors or, more generally, in the form of conformal Killing-
Yano tensors. The presence of such symmetries of the Kerr-NUT-(A)de Sitter spacetime
(in fact, on the corresponding class of metrics in arbitrary dimension, as given in [0]) was
found in [29] (see also [7] for the particular case when all rotation parameters except one
vanish). Results concerning the relationship between the Kerr-NUT-(A)de Sitter spacetimes
and A-vacuum spacetimes admitting a closed conformal Killing-Yano tensor have been
obtained in [23] (in arbitrary dimension) based on previous work in [22] and [28]. The
results in these papers and the characterization of Kerr-NUT-(A)de Sitter presented here
are a priori completely different. It is an interesting open problem whether there is any



way of connecting both types of results. Besides its intrinsic interest, this would open up
the possibility of extending the characterization results in this paper (which are restricted
to four spacetime dimensions) to the higher dimensional case. In this respect, it is worth
mentioning that a generalization [31] of the spacetime characterization of the Kerr spacetime
in [30] has been used [4] (see also [12] for related statements) to obtain an alternative
characterization of this metric involving Killing spinors (and hence hidden symmetries).

A final remark is in order. The hypotheses in our characterization theorems restrict the
spacetime to be of Petrov type D on a non-empty open subset. However, our hypotheses
allow a priori that the Weyl tensor degenerates to type N or type O elsewhere in the
spacetime. In the field of exact solutions, A-vacuum spacetimes of Petrov type D have
been thoroughly studied, and the most general class of such metrics has been found to
be the so-called Plebariski-Demianski metric and its limiting cases (this was analyzed by
Deveber at al [9] and Garcia [13], see also [18]). So, one might think that a convenient
strategy to prove the characterization results in this paper would be to identify (within this
general class) those metrics satisfying the proportionality condition between the self-dual
Weyl tensor and the self-dual double two-form of the Killing vector. However, there are two
main reasons why this is not so. First and foremost, in the field of exact solutions the aim is
to find explicit Lorentzian metrics solving the Einstein field equations. Often the equations
split into several cases depending on whether certain quantities vanish or not. The method
typically proceeds by assuming that either the quantity is not zero or it vanishes on an
open set. This is fine in this field of research, since the regions left out by the analysis are
of empty interior. However, it is not quite sufficient for our purposes, where we want to
identify the metric locally around any point in the given spacetime (or at least keeping full
control of the points that are left out). Studying the transition between a priori disjoint
regions, which may or may not belong to the same spacetime, is a difficult task in general.
This makes the use of the exact solution results of little use in the present context. The
second reason is related to the previous one. As already mentioned, main hypotheses do
not fix a priori the Weyl tensor to be of Petrov type D everywhere in the spacetime so it
becomes necessary to study what happens at the boundary (if any) of open set where the
Petrov type is D. For this, a semiglobal analysis is required, which again precludes (or
makes it difficult) the use of fully local results, as those in the field of exact solutions. All
these considerations were also present in the case of vanishing A studied in [30].

The plan of the paper is as follows. In Section 2] we review a number of known results
for spacetimes admitting a Killing vector, especially those concerning the so-called self-dual
Killing form and the Ernst one-form constructed from it. We first present results valid for
general spacetimes and then we concentrate, in Subsection 2.1 on A-vacuum spacetimes.
Algebraic and differential consequences of the proportionality between the self-dual Weyl
tensor and the self-dual double Killing two-form are obtained in Subsection (further
results on the self-dual Killing form necessary for the paper are included in an Appendix).
In Section [3] we show that the Ernst one-form is globally exact, and construct explicitly
a second Killing vector in terms of the geometry of £&. The two Killing vectors span a
two-dimensional Killing algebra except in special cases, which are analyzed in detail in
Subsection [B.1], as they require a separate treatment throughout the paper. In Section [4]



the field equations are solved by exploiting the local Riemannian submersion in a confor-
mally related spacetime mentioned above. Our main results here are Theorems [2 and
where local forms of the metric are obtained around any point in the spacetime, except
fixed points of the Killing vector £. Section [ is devoted to showing first that the Petrov
type must remain constant throughout the spacetime and understanding the relationship
between the special cases and the generic cases. For this, the Killing algebra derived in
Sect. [ plays a fundamental role. Our last Section [0l is devoted to identifying the met-
rics obtained in the previous sections, and hence writing down our characterization results.
First of all we summarize in Theorem M the main results of the previous sections in a self-
contained form, so as to avoid the need to refer to previous definitions in the reminder of
the paper. Based on this result we obtain characterizations of the Plebanski, uncharged
Bertotti-Robinson and Nariai metrics in Theorem [l Finally, the Kerr-NUT-(A)de Sitter
metric is fully characterized in Theorem [, and we also discuss similar characterizations
of other related interesting metrics, such as the “black branes” (also called “planar” black
holes) found in [27] and recently discussed in connection with the AdS/CFT holographic
description of the Quark-Gluon plasma [36], [37, [3§].

2 Preliminaries

Throughout this paper, a spacetime (M, g) is a smooth, orientable, four-dimensional, con-
nected manifold endowed with a smoothl] metric g of Lorentzian signature. We assume
further that the spacetime is time orientable and time oriented. The Levi-Civita covariant
derivative of g is denoted by V and the volume form by 7,3,5.

Our basic assumptiodnf is that the spacetime possesses a Killing vector field &, whose

norm is denoted by N = —¢#¢,. The 2-form F), = V&, defines the complex self-dual
Killing 2-form:

Faﬁ ‘leefFaﬁ_‘_iF;B? f;ﬁ:_i‘ra67
where x is the Hodge dual operator. Well known identities for F (see e.g. [26]) are
1 . _
FuoF = 3T G F2E FogFo?, FupF " =0 (4)

where overbars denote complex conjugation. The Ernst one-form is defined by

X5 = 26 Fop, Pvg =0 xax*=-NF? (5)

the last relation being a consequence of (@) by contraction with . Actually, by the same
route one gets from ({))

1
NFu=—5F%  Fux"X' =0. (6)

The real part of the Ernst one-form satisfies

Xp + Xy = 48" Fp = —4EPV .6, = 2V, N

'Smoothness is assumed only for notational simplicity. All the results hold if the metric is merely C3.



so that we can always write
Xp = VN +iw, (7)
for some real one-form w called the twist of £. We also introduce the following real one-form
def —p — PT 5o
Nu = X Fou = X°F ppis N = My
which satisfies

1

_ 1
0P Fop = —Zfzxu, nux" =0, " = =X X, Nun' =

N

—Z#?Q. 8)

This seems to be a better choice than the more “natural” real one-form in,,, X’ £*x”, and
in any case one has the following relations

{ _ . _ y _
€ A n= 5 * (X A X) — Znaﬁuuxﬁ&ux - 2N770c - (Xpo)ga s

where we use bold symbols to refer to p-forms (in particular covectors) when no abstract
indices are used. We will also use the following symmetric tensor

def ]-

b = §fup?vp (9)

which is nothing but the “energy-momentum tensor” of the 2-form F},,. Well known prop-
erties of this tensor are (cf. ()

1 1
ty =ty t, =0, tupts” = Jtort” G tpol?” = 1—6f2f2.

Note however that it is not divergence-free in general, as F does not necessarily satisfy the
Maxwell equations in vacuum.
As € is a Killing vector we obviously have

£§Fuu = 0, ££t;u/ = 07 §(F2) - 0’ g(N) = 0’ [5) X] = O> [6777] =0.

Further properties of all these objects are collected in an Appendix.

A complex self-dual 2-form F,, is said to be regular at p € M if F?|, # 0. If F?|, =0
then F,,, is called singular. In the regular case, there exist two different real (and necessarily
null) eigenvectors ki of F,, at p with opposite eigenvalues +R

kifuu = :l:Rk:I:,ua g(kj:, k:l:) =0

while there exists only one, k. = k_, with zero eigenvalue, in the singular case. Then k.
are also eigenvectors of ¢, and we have

1 —
Kt = —iRRk;—L, F? = —4R? (10)



as well as B
g(kx, x) = £2R g(&, k), g(ks,n) =2RR g(&, ky). (11)
The relations (I10) in the Appendix imply in general

0+ 2RRE = ~ARR[g(k_, ks + gk, k]
RX + Rx =4RR[g(k-, k. — g(ks, k-]
from where some particular possibilities arise

1. Case with g(k.,&) = 0. In this situation one easily obtains

g(ks,x) = g(ky,n) =0, g(x,X) = —4NRR

and also o _ _
—(n+2RRE) = Rx + Rx = 4RR g(k_, &)k .

2. Case g(ky,&) = g(k_,&) = 0. In this subcase one obviously has, in addition to the
above,

g(k—,x) = g(k_,n) =0, n = —2RRE, Rx+Rx =0

so that 1, ¢ and y are all eigenvectors of t,,, the first two with eigenvalue —RR/2,
the last with the opposite eigenvalue.

2.1 A-vacuum

Throughout this paper we will assume that the spacetime satisfies the Einstein field equa-
tions for vacuum with a cosmological constant A, that is to say,

where R, is the Ricci tensor. In that case we will say that the metric g is A-vacuum. The
Weyl curvature tensor of the spacetime is denoted by Cygpy, and its (unique) Hodge dual

by Cogn, = o2 Cap® . Then, the complex self-dual Weyl tensor is

Caprn = Capru +1Cha\u» Coprnu = —1Capru-

Under assumption (IZ) one has that the Riemann tensor becomes

A
Raﬁ)\,u - Caﬁ)\u + § (ga)\gﬁ,u - ga,uQBA) (13)

so that
V*Capru = 0, (14)

and the standard property of Killing vectors VgV,§, = {*Rapa, can be appropriately
rewritten in the language of complex self-dual objects as

4A
Vufocﬁ = 51/ (Cuuaﬁ + ?quocﬁ) ) (15)



where 1
Iaﬁuu = Z (gaugﬁu — Jaw 9ppu + inaﬁuu)
is the metric in the space of complex self-dual 2-forms, i.e. it satisfies Zng,, U"" = U, for

any self-dual two form.
Taking the covariant derivative of the first in (B) one can obtain

2 2A
VLLXV = _Zg;w - 2t;w + 2§p€acplwu - ? (Ng;w + gugu) (16)
and therefore, in this situation the Ernst one-form is closed [40]
V[MXV] =0. (17)

For completeness, one can also derive an expression for the covariant derivative of 1, which
after a calculation becomes

s A
If/w - § (§MXV + 2N~F/u/) + gaypcaupu + c.c. (18)

Immediate consequences of ([[H) are

Vun, = —

4A
VM]_—Q _ 2€V~Faﬁcljuaﬁ + ?XM , (19)
Vox® = —F2 —2AN . (20)
1 N 16A
N I GO o M)

2.2 Alignment of C and F

The self-dual Cnpy, defines an eigenvalue problem acting on self-dual 2-forms. The content
of this problem leads to the important Petrov classification of the Weyl tensor [45]. In the
case under consideration, the spacetime has a distinguished self-dual 2-form, the Killing
2-form F,,,. It seems natural to ask what are the implications of F,, being an eigen-2-form
of Cag A

Copu F’ o< Fu

and this was the essential assumption in the several unique characterizations of the Kerr
and other relative spacetimes given in references [30), 3], 32], 33].

The previous relation does not restrict the Petrov type of the spacetime in general.
However, a particularly interesting case where that condition is achieved is by assuming

1
Coaﬁ;u/ = Q (faﬁfuu - §f2IaBuu) (22)

which is actually the starting point in [30] —also [33]. We will assume this condition herein.
If [22) holds, then at p € M

2
kYKL Coppn = gQRzkﬁik‘f



showing that the real null eigenvectors of F,,, are multiple principal null directions of the
Weyl tensor, so that the Petrov type is D if QF?|, # 0, N if 72|, = 0 and Q|, # 0, or type
0 if Q|p = 0.

Under the assumption (22) equations ([I3]), (I9) and 21)) become, after using (),

1 1
vufaﬁ = 5@)@»7046 + g (4A - Qf2) guzuuaﬁa (23)
v, = % (QF? +2A) x,. (24)
w2 2 2 N 2 (1T2)2 2
V.VIF = =P (QF +2A)—§(Q (F2)" +8%). (25)

Similarly, equations (I8) and (I8) become, respectively

F? 1

VMXI/ - _Iguu - Qt;w + %XMXV + 6 (Q]:2 - 4A) (Ng;w + gugu) (26)
-2
F |- 1

Vil = = F + (Q 72 _ 4A) (EuXo + 2NFu) + 5Quu, + e (27)

3 Existence of Ernst potential and a second Killing
vector

In this section we will assume that the self-dual Killing form F,z is regular everywhere,
i.e. F2 # 0 everywhere on M. This implies the existence of a smooth complex function
R : M — C satisfying F? = —4R?. Note that at each point &R coincide with the
eigenvalues introduced in Section 2] and that there are two possible choices for the smooth
function R, namely R and —R. We assume from now on that one such choice has been
made. Let & =k, be a (real) null eigenvector field with eigenvalue R and ¢ = k_ a (real)
null eigenvector field with eigenvalue —R. Being eigenvectors of multiplicity one, they can
be both chosen to be smooth on M and, without loss of generality, as future directed and
satisfying g(k,f) = —1. The freedom left in the choice is k¥’ — Ak, ¢/ — A~ with
A: M — RT smooth. Note that, had we chosen —R instead of R, the null vector fields
{k, ¢} would have been interchanged.

Let us also introduce a complex one-form P,, a real one-form ¢, and a self-dual two-form
W by means of

e e ¥5) el
Yo SORP, 0 2RRg, W™ S Fa (28)

These objects are all smooth and satisfy the following properties as a consequence of the

10



expressions in Section

W = =G, WapW* = -4, W, W =0, (29)
Py = W, P*Wap = &3, P Was = g, ¢"Was = P, (30)
£*P, =0, q“P, =0, PP, =—q¢“qo =N, ¢"¢, =-P"P,, (31)
b = %Wupvav Pap = —@Pﬁa §ap = —$% (“tap = —@557 (32)
§(R) =0, LW =0, [§, P] =0, €, 4] =0, (33)
as well as
ENg=ix(PAP) = gy P EP* = Ngo — (P, P")o. (34)
In combination with the null eigenvectors k£ and ¢ we also have
RR

taﬁ = (gaﬁ + 2k 65 -+ 2]{35€ )

= (3)

Wag = W5 — z'WOJ[B, with W 5 = —kals + kgla, W;ﬁ = Nagu k'C” (36)

W W= = —wliwrh = -2 W W+ =, (37)

gk, P) = g(k,q) = g(k, ), (38)

—9(6, P) = g(t,q) = g(£,¢), (39)

E+q=-2[g(l,k+g(k,&), (40)

P+ P=2[g(l,O)k —g(k, )L . (41)

In this section, it is useful to introduce a smooth function J by
3 A

Qe L (42)

where recall that @ is the proportionality factor in ([22). In terms of the new variables,
equation (24)) transforms into

V.R=(2JR—-A)P, (43)
which, inserted in (20)), implies the following expression for the divergence of P,
V,Pt=2(R—-JN). (44)

More generally we have

Lemma 1. The tensors Wag, Pa, qo and &, satisfy the following equations
ViWap = J (B Wap + 4" Lypap) , (45)
VaPa = 5 = Tt (BaPa = Nopo — 6162). (46
Ve = (— — NJ) Wia + (— — NJ) Wia + @o(JP,+ JP,) — £ (JPy+ JP,), (47)

Viéa =2 (BWua + R W,a) . (48)

N —

11



Proof: First note that (23]) in terms of the new variables becomes
VuFap = BJR = A) PWag +4JREL, 08

which inserted into

1 1
ViWap = Evu}—aﬁ - ﬁfagvuR (49)
gives (@H). The second and third equations follow similarly from (26) and 27) after a
straightforward calculation. The fourth is obvious from V&, = % (]:ua + 7“(1). O

Lemma 2. The principal null directions k and ¢ satisfy the following relations

2V, ks = kg (JP,+ JP, — (°V ko) + (J + J) [€sky — 9(&, k) ga) +i(J — 7)5"1«077”0”(5, |
50

2Vl =l (JP, + JP, — k*V ,lo) — (J + J) [€a, — g(€,0)gp,] — i(J — 7)5”5%,,%5(. |
51

Proof: Taking the real part of (3] one derives
2V W5 = (JPu+ TP )W s —i(J Py — TP )W s+ (J + J)(§agus — §69ua) +i(T = T)E Nupias
whose left-hand side equals by the definition (B0
2(lo N kg + kgV by — ko V 1 lg + 05V ky) .
Contracting then with k%, and with (%, gives the result directly. O
Equation (46]) implies directly that
VoPs — VP, =0,
so that the one-form P, is closed. This will be used in the proof of the next Lemma.

Lemma 3. The Ernst one-form x. (or equivalently P, ) is non-zero almost everywhere and
in fact vanishes only at points where & vanishes. Moreover, £ is null at most on sets with
empty interior and the function J satisfies the equation

V,J = J*P,. (52)

Proof: From the first identity in (G) and F? # 0 it follows that x,, vanishes at one point if
and only if ¢ vanishes there. In particular x,, (or P,) cannot vanish on any non-empty open
set. For the second statement, assume that £ were null on a non-empty open set V- C M,
i.e. N =0on V. The last expression in ([H) would imply x*x, = 0 which combined with

12



([@ would lead to x, = iw, being null so that necessarily x,, = 2A¢, for some function A
such that A = —A. But then the first in (@) would provide

2AEPF,, = Ax, = 2A%¢, = 2R%¢,

so that A = +R, that is to say x, = +2R¢, with R = —R. Thus P, = £¢, and the
left-hand side of (44]) is real while its right-hand side is purely imaginary (since N = 0). So
R = 0 and thus x, would vanish on V', a contradiction.

Using F2 = —4R? and ([@3)) equation (23] transforms into

P,V*J = J°N. (53)

Taking the exterior derivative in ([3]) and using the fact that P, is closed one derives the
existence of a smooth function G : Vj — C on the open dense set V := {p € M; x|, # 0}
satisfying V,J = GP,. Inserting this into (53) implies N (G — J?) = 0. Since N vanishes
almost nowhere, we conclude G = J? on V; and consequently (52)) holds on the open, dense
set Vy. Both the right- and the left-hand sides in this equation are smooth one-forms on
M. Since they agree on an open, dense set, they agree everywhere. 1.

The next lemma shows that P, and x, are not only closed but in fact exact, and provides
explicit expressions for J, R and the Ernst potential y satisfying x, = Vax.

Lemma 4. Assume that Q) is not identically zero or A # 0. Then, the one-form P, is
exact on M and the complex function P : M — C satisfying P, = VP can be chosen
to be non-zero everywhere. Moreover, there exist smooth complex functions j,r,x defined
on C\ {0} such that J and R satisfy J = jo P, R=1roP and x = x o P satisfies (i)
VaoX = Xa and (it) x + X = 2N (in particular, the Ernst one-form is exact). Moreover,
{j,r,z} belong to one of the two following classes,

(A) §(Q)=0, r(()=-A¢ a(()=c—A%  ceR,  AFO0.

B) 50 =3 1= -56 wO=cg-3¢  b=bitih bibccR

{3

Proof: Assume first that J vanishes everywhere on M. Then, A # 0 (otherwise we would
also have Q = 0 against hypothesis). Equation (3] implies P, = —V, (%), and hence
p= —% satisfies V, P = P, and vanishes nowhere, as claimed. From y, = 2RP, it follows
Xa = —%VQR2 which implies x, = Vax for x = —RTQ + ¢ for a constant ¢ which can be
taken to be real without loss of generality. Moreover, from ([7)) it follows that ¢ can always
be adjusted so that y + 7% = 2N. This proves the Lemma for class (A).

Assume now that .J is not identically zero. We first show that J vanishes nowhere. Let
Vi = {p € M;J(p) # 0} and assume that V; # M. Let p be a point in the topological
boundary 9dV;. Sufficiently near p, P, is exact P, = V,P for some smooth function P.
Since P, vanishes if and only if §,, vanishes and the set of fixed points of a Killing vector is at
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least of co-dimension two, p can be chosen so that P,|, # 0. Restricting the neighbourhood
of p if necessary we can assume P, nowhere zero there and hence there exists a smooth

complex function j defined on a neighbourhood of Py = P(p) € C such that J = jo P

and j' = j? (this follows from (52))). Uniqueness of solutions of ODE implies j = 0 in a

neighbourhood of p, against hypothesis. Thus V; = M and J # 0 everywhere. We can

define P = —% which satisfies V,P = P, (hence P, is exact) and vanishes nowhere.
Equation ([43]) becomes

2
Vo.R=— (—R —l—A) VoP
P
which integrates to R = r o P with
b A
T = 2—4_2 — gg, b € C

Finally, x, = 2RP, reads

b A
- — 4 = p?
Xa VQ<P+3 ),

which proves that x, is exact xo, = Vox with x = z0 P and z : C\ {0} — C given by
2(¢) = c—b/¢ — (A/3)¢?, where c is an arbitrary constant. Again without loss of generality
¢ can be chosen to be real and adjusted so that x +Y = 2N. 1.

Remark: In the rest of the paper all results will split into the two cases (A) and (B) of
this theorem. We will simply write (A) and (B) without further mention, e.g. in Proposition
[ below.

The complex function P will be decomposed in real and imaginary parts as
P=y+iZ
where y, Z : M — R are smooth. The condition P,P* = N (BI]) imposes
VoyVey =V, 2ZV*Z = N VoyVe*Z = 0. (54)

From ¢g(&, P) = g(q, P) = 0 and g(k, P) = g(&, k) (B8) and taking real and imaginary parts
one has

§y) =0, &(2)=0, qy)=0, q(2)=0, k(y) =g k), k(Z)=0. (55)

From (A7) and the formulas for case (A) in Lemmall one sees that, in this case, V(,q,) =
0, so that ¢ is another Killing vector field on M. The existence of a second Killing vector
is proven in general in the next proposition

Proposition 1. The following vector fields
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(A) ¢ = A+ Cq,
(B) ¢ = (A—CP*— CP")¢ +2CPPq.

are Killing vectors on (M,g) for arbitrary real constants A and C. Moreover, any two
vector fields in this class commute.

Proof: Let ¢ = F& + Gq for some real functions F' and G to be determined. A direct
calculation using (A7) and that £ is Killing provides
Vs + Vs, =& (V. F = GJIP, — GJP,) + &, (V,F —GJP, — GJP,)
+q. (V.G +GJP, +GJP,) +q, (V.G +GJP,+ GJP,)
so that ¢ is a Killing vector provided the following two equations are satisfied
V.F=GJP,+GJP,, V.G =-GJP,—GJP,.

Using the formulas in Lemma ] we have that their general solution is I' = A, G = C', where
A and C' are real constants in case (A). For case (B), the second equation integrates easily
to

G =2CPP

and then the first can be solved to give
F=-C(P*+ 7))+ A
The commutation follows directly from ([B3) and £(P) = 4P, = 0. O

Remark. In the case of vanishing cosmological constant and assuming that the Killing
vector £ is timelike so that it makes sense to pass locally to the quotient manifold defined
by the orbits of £, a vector field equivalent to the one in case (B) of this Proposition
was introduced by Perjés [4I] as a useful tool to characterize locally the vacuum strictly
stationary spacetimes with vanishing Simon tensor. This vector field was shown to leave
invariant the metric components [41], so that it is a Killing vector field of the spacetime,

see also [44].

This Proposition provides two linearly independent Killing vectors except in some special
situations where ¢ and £ happen to be co-linear. This leads to the analysis of the special
cases arising from (34]).

3.1 Special cases

From Eq.(IBZI)_we know that the set {£,q, P, P} constitutes a basis on the tangent spaces
unless P and P are collinear. These special cases are characterized by the condition PAP =
0. First note that at any p € M and for any a € C,

?L’D =aP|, <<= q|,=af, (56)
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as a direct consequence of ([B0). Unless £|, = 0 (and then ¢|, = P|, = 0) it follows that
a is real and actually P = aP = a*P at p so that either @ = +1 or P|, = 0. Thus,
P A P|, =0 is equivalent to either F\p = eP|, with e = +1 or P|, = 0. In each case one
has, respectively, ¢|, = €|, or ¢|, = 0 and £|, = 0, the last as a consequence of Lemma [3
Conversely, if ¢|, is proportional to £|, # 0, then necessarily ¢|, = ££|, because of (56]).
Moreover, &|, = 0 implies ¢|, = 0 and P|, = 0.

If PAP =0 on an open connected set, then there is € € {+1, —1} such that P = ¢P
everywhere because of Lemma Bl and we then have ¢ = e£. Conversely, £ Aq = 0 on an open
set implies ¢ = ¢ for € € {—1,1} constant and then P = e¢P. From (@) it also follows

R—eR=N(J—¢€J) (57)
which, upon using the expressions in Lemma [, becomes
(A): yle—1)—iZ(e+1)=0 (58)
(B): (e—1) <bl — 2cy + %y?’) +i(e+1) <b2 —2c7 — %23) = 0. (59)
Further information can be obtained for each value of € separately
1. P|, # 0 purely imaginary (e = —1): From (0J41)) and (3839) one gets at p

g(k, P) = g(k,q) = g(k,§) = g({,P) = g(¢,q) = g(£,£) =0 (60)

so that (£, P) is at p a plane orthogonal to the plane generated by the principal null
directions (k,¢). One also has

26 NP|,=NOW —-W)|, = +2NiW 7|, (61)

2. P|, # 0 real (e =1): From {0AI) and B839) one gets
P, = ﬁ‘p = (9(, )k — g(k, )0y, &lp=al, = (—9((,k — g(k, O],  (62)

so that (¢, P) is at p the plane generated by the principal null directions (k, ). One
also has o
26 A P|, = 2Nk A L], = —N(W +W)|, = —2NW |, (63)

3. If P|, =0, all equations (60)-([63)) hold trivially as £|, = 0 and ¢, = 0 too.

4 Solving the field equations

Equation ({6]) will be the key for the integration of the field equations. This integration will
proceed by identifying a natural Riemannian submersion and integrating the equations first
on the quotient space and then going up into the total space. In the generic case, namely
when the Killing vector £ is not simultaneously orthogonal to both null eigenvectors k& and
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¢ and when dZ # 0, we will be able to identify enough structure in the quotient so that its
geometry can be fully determined. In the special cases when either dZ = 0 or when ¢ is
orthogonal to both null eigenvectors, the problem will become harder and the fundamental
equations for Riemannian submersions will have to be used. In fact, different submersions
will have to be introduced in order to deal, respectively, with the cases (i) dZ = 0 and
(ii) & orthogonal to both k and ¢. In subsection A1l we identify the conformal rescaling
in the spacetime that will allow is to define the Riemannian submersions in the following
subsections. In subsection we assume that & and k£ are not orthogonal and introduce
a two-dimensional distribution in the spacetime which is proven to be integrable and to
define a Riemannian submersion. The geometry of this Riemannian submersion is analyzed
in detail with the additional assumption that dZ # 0. In subsection we study this
distribution in the case when dZ = 0 and we also introduce a second distribution capable
of dealing with the situation when ¢ is simultaneously orthogonal to k£ and ¢. This second
distribution is also shown to be two-dimensional and integrable and to define a Riemannian
submersion. Despite the very different nature of both distributions, we introduce a notation
that allows us to work with them simultaneously. Once the geometry of the Riemannian
submersions is understood, we proceed by integrating up the field equations and determining
the most general class of spacetime metrics satisfying our characterization hypotheses. This
is done in subsection 4] where the main results of this section are stated and proved.
Theorem [ determines the spacetime metric when the Killing vector is not orthogonal to
the eigenspace of the self-dual Killing form and Theorem [3] is the analogous result when &
is simultaneously orthogonal to k and .

4.1 Conformal rescaling

Let us first recall that a Riemannian submersion between two semi-Riemannian manifolds
(of arbitrary signature) (M, g) and (S, h) is a smooth surjective map 7 : M — S of rank
= dim(S) such that, for all p € S and all ¢ € V,, = 771(p) the tangent space T, M admits a
direct sum decomposition T,M = T,V, & N,V,,, where T,V,, is the tangent space of V,, (this
is a submanifold because 7 is of maximum rank) and N,V, = (7,V,)* (orthogonal with
respect to the metric g) satisfying the property that =, : N,V, — T,,S is an isometry. For
details on Riemannian submersions see [39].

Consider now an integrable distribution D in M of dimension m and assume that at
each point p € M the induced metric at D, C T,M is non-degenerate. Let {L,} be
the collection of maximal integrable manifolds of the distributions (which exists by the
Frobenius theorem). This collection defines a foliation in M (as usual, each integrable
manifold is called a “leaf”). For any subset A C M we define an equivalence relation:
p1,p2 € A are related p; ~ ps if and only if the there exists a smooth path ~ from p; to py
fully contained in A with tangent vector 7’ everywhere tangent to D. The quotient space
will be denoted by A/ ~.

We can construct the orthogonal projector to D, i.e. the one-one tensor h; satisfying
hlp, = 0 and hlps = Id|ps. Let hag = ganh”s (which is well-known to be symmetric) and
let X be an arbitrary vector field on M tangent to D (i.e. X|, € D,,Vp € M). Then the
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following result is well-known (cf. Theorem 1.2.1 in [19])

Lemma 5. If £xha,s = 0 for all vector fields X tangent to D, then for any p € M there
exists an open connected neighbourhood U, of p such that U,/ ~ is a smooth manifold and
the projection 7 : U, — U,/ ~ is a Riemannian submersion.

The condition for £xha.s can be rewritten in terms of covariant derivatives of X, as
follows

Lemma 6. For any vector field X tangent to D the following expression holds
Lxhog =h' 15 (V, X, +V,X,).

Proof: Let Y be any vector field tangent to the distribution D. It follows that £xY is also
tangent to the distribution. Let V,, be any one-form normal to the distribution, then £ xV,
is also normal to the distribution because, for any tangent vector Y, we have

(£XV(1> Ya - £X (Vaya) — ‘/’O[[)(7 Y]a =0.
Also (£xh®,)V, = 0, because
(£xh®) Vi = £x (W V) — h®, £xVi = (8%, — h%,) £xVa = 0.

It it clear then that (£xh*,)h,, = 0 (because its contraction in the index v with a tangent
vector or with a normal vector vanishes). Using hag = b, h" 59,

£xhag = £x (BN sgu) = BB 5 Lx G = W 5 (VX + V,X,). 0

The Riemannian submersions we will define involve a suitable conformal rescaling of g.
We start with the following Lemma concerning the principal null direction k.

Lemma 7. Let D be an integrable distribution in M such that k|, € D, Vp € M and let
hap be the corresponding projector. Then

hauhﬁu (Vaks — Vaka) =1 (J —J) Sakpn(,pagho‘ he (64)
Lrhag = —g(& k) (J+ ) h (65)
Moreover, if g(§, k) # 0 everywhere then k*V kg k(g( ))k

g(& k)
Proof. Projecting (B0) and using the fact that h%k, = 0 one gets
20, WP NV okg = —g(&, k) (J + T) hyw + i(J = J)E K Nopash®,h°,.

The symmetric and anti-symmetric part of this relation give (G5 and (64]), respectively.
For the last statement, (50) gives 2k*V ks = —(0°k°V ,k,)ks. Contracting with &7 fixes

2k (g6 k)

kT ohy = = S 0
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This Lemma suggests the metric transformation required in order to define a Riemannian
submersion. Let s : C\{0} — C\{0} be a solution of the ODE s’ = —sj and define S = soP

and Q = §S. The latter is a positive real function satisfying

Vol = =Q (JP, + JP,) . (66)
The conformally related metric
o aer L
JapB = ﬁgaﬁ

will play a fundamental role in the integration of the field equations. Without loss of
generality we choose s (and hence () as follows in each of the classes defined in Lemma [}

(A) s(()=1, Q=1
B) s(()=¢, Q=y*+2%

Lemma 8. Let D be a distribution satisfying the same hypothesis as in Lemma[7. Let ﬁag
be the corresponding projector with the spacetime metric g. Then

£1hag = 0.

Proof: First note that k() = —Q (J + J) g(&, k). Since ilag = Shag , it follows

. 1 k(Q 1 i
Lrhas = 5 (fkhaﬁ - %hw) = g (£xhas + (& k) (J + J) hag) = 0. -

We adopt the convention that all spacetime indices are raised and lowered with the
metric g, unless contrarily indicated. The covariant derivative with respect to g will be
denoted by V. The standard transformation law for covariant derivatives under conformal
rescaling allows us to obtain VP, from ([{g). The result is

R J

~ 1 N — - —v
V,.P, = §9ua — Et“a —J (guga + ggua) k) (PHPQ + P, Py — gua PP ) (67)

whose imaginary part implies the following equation for Z:

~ -~ — (1 1
QZVMVQZ = (R - R) (59;1,0{ + ﬁt,ua) +

+ (T =) (0 + VyVoy + V,uZV o Z — gua (N +V,ZV7Z)) . (68)
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4.2 Riemannian submersion in the generic case

In this subsection we assume that g(&, k) # 0 and introduce a distribution shown to be a
Riemannian submersion. Several of its properties, required later, are stated and proven.
We start will the following Proposition.

Proposition 2. Assume that £ satisfies g(&, k) # 0 everywhere and define D, = span{&, k}|,
C T,M. This collection of vector subspaces defines a two-dimensional integrable distribution
with timelike leaves. Let h*, be the corresponding orthogonal projector and ﬁag = Gual*,.
Then, for any vector field X tangent to the distribution we have £Xizag = 0 and the fol-
lowing equation holds

WV NVoZ = Uhyg,  with U‘iifg(R R—N(J-1J)). (69)

Remark: Substituting the explicit expressions in classes (A) and (B) defined in Lemma
[ it follows that U = uw o Z, where u : R\ {0} — R is given by

(A) u=—AC.

by 2A

(B) UIE—CC—?C?’-

Proof: The condition ¢g(§, k) # 0 implies that £ and k are linearly independent every-
where, so that D, is two-dimensional. To show that it is integrable it suffices to show that
€. k]|, € D,, but this is immediate because k is a simple eigenvector of a tensor F,s which
is invariant under £ and hence [£, k| o< k. The induced metric on D, is non-degenerate be-
cause clearly no linear combination of £ and k£ can be orthogonal to ¢ and k& simultaneously.
Being non-degenerate, it is obviously timelike because it contains a null direction. For the
statement £xhas = 0, it suffices to check that £5h 5 = 0 and £3has = 0. The first is
immediate from the fact that ¢ is a Killing vector for g, due to £(€2) = 0, and the second
has been proven in Lemma

In order to establish ([GJ), we define V,, = h#* V,y. Note that h* V,Z = V,Z because

of (B5). From (BH) it follows t,oh",h* = £Eh,q and ([68) implies
2ih" 0V, VoZ = (R—=R—N (J =) hug + (J = T) (V, Vs + V., ZV5Z — 1,5V, ZN 7).

Since hy5 = Qh, it only remains to show that V, Vs + V,ZV3Z — hy,gV ,ZN?Z vanishes.
From (B4]) one has V,V*Z = 0. Moreover, it is immediate to check that the projector hag
can be written as

N 1
hag = gap — —m5kaks — —— (kaép + kpéa 0
8= 000 = g et T g gy (ede T Rote) o
and hence, using (53)),

N 1
V.,V = haﬁvayvﬁy _ (gaﬁ _ Eekbs —

9(&,k)? g(&, k)
=VuwyVy—-N=V,2ZV*Z

(k;agﬁ + kﬁga)) VoyVgy =
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The claim now follows from the fact that D; is two-dimensional. O

The direct sum decomposition T, M = D,, & DpL allows to decompose any vector X in
T,Mas X = XV+ XM where V stands for “vertical” (i.e. along D,) and H for “horizontal”
(i.e. along DPL). The following lemma relates the orientation of the quotient space to the
orientation of the ambient spacetime.

Lemma 9. Assume that g(&, k) # 0 everywhere, define D, = span{¢, k}|, C T,M and

assume that M/ ~ is a manifold. Then there ezists a volume form m on M/ ~ such that
~ def

N = 7(N),u satisfies
O Nappoh® W0 P07 = QW = .
In particular hauhﬁu (Vaks — Vgka) =ig(&, k) (J = J) Q.

Proof: The two-form WJFB = Nappo kL7 is orthogonal to k so that, from (Z0),
wh VVJr heH R = W, W+°‘B =2,

where in the last equality we used (B7). Consequently the two-form W(jﬁho‘uhﬁy vanishes
nowhere. Let 7 be the volume-form on M/ ~ such that W;ﬁho‘uhﬁu is proportional to
N = 7(N), with a positive proportionality factor (existence follows because both are
two-forms on the two-dimensional vector space le and both are everywhere non-zero).
Squaring

W ishe, R, = fiu, f>0

with the metric g, and using 7,,7,,G"79"° = 2 (§°° is the inverse of §,s and not the tensor
obtained by raising indices with ¢**) we conclude f2 = Q% and hence f = €, as claimed.

Expanding the vertical part of ¢ in the basis {£, k} we find ¢V = —Wl,k)f + hok where
hg is a function whose explicit from does not concern us. It follows that

Nagpe D WP KT = ————nogooh® 1O EPK (71)

(5 k)
so that the last statement follows directly from (64) in Lemma [7 O

Remark. This Lemma implies that, for any pair of horizontal vectors X; = X7t and X, =
X in T, M, the pair {m,(X;), 7. (X32)} is positively oriented if and only if {k, ¢, X, X5} is
positively oriented in 7, M, and also if and only if § 7@ Naspo fXQB £Pk? > 0. This will be
used below.

The function Z is constant along the leaves of {D}. Hence there exists a function Z
such that Z = 7*(Z). Let x;dZ be the Hodge dual of dZ, in components

(*ﬁdZ)A = ﬁABD Z,

where D is the covariant derivative of h and all indices (A, B,...) on M/ ~ are raised and
lowered with hap. It is immediate that {x;dZ,dZ} is either identically zero or defines a
positively oriented basis.

21



Lemma 10. Under the same conditions as in Lemma [9, assume further that dZ # 0
everywhere. Then, the one-form Vi, & RPN gy is given by Vo, = T (x;,dZ ) o

Proof: We already know the properties Vo,V = V,ZV*Z and V,V*Z = 0. Since both
V, and 7, (x;dZ ), are horizontal, it must happen that V, = e;7,(x;dZ),, with ¢, = £1. To
decide the sign, it is necessary to analyze the orientation of {£%, k7, V' V®Z}. We compute

1 —a
naﬁ/u/ VﬁZé‘HkJ’ - naﬁuuva vﬁzguk = _inaﬁuuka é"ﬂpl’ = 5 (qu/ - PaP gu) k

where in the last equality we have used ([B4)). Since ¢,k” = g(&, k) (cf. (@) and N —P,P" =
P, (P* — P") = -2V ,ZV*Z we conclude that

naﬁuuvavﬁzguky VQZVQZ 2 0.

(S k)
Hence, in view of (TI)), {V*, V*Z, k%, (*} is positively oriented provided V*Z # 0. Since
{*;dZ,dZ} is also positively oriented in the quotient, it follows that ¢ = 1. O

4.3 Riemannian submersions in the special cases

The results in the previous subsection will be sufficient to determine fully the geometry of
the quotient space (M/ ~, k) of the Riemannian submersion when dZ # 0. The key for
this will be equation (69]) in Proposition 2 However, when Z is a constant this equation
gives no information at all, so an alternative method must be used. In addition, when ¢ is
orthogonal to both k£ and /¢ the distribution span{&, ¢} in the previous subsection is no longer
non-degenerate, and hence does not define a Riemannian submersion. In order to deal with
this situation we need to introduce an alternative distribution and show that it defines a
Riemannian submersion. Note that the situation Z = const. corresponds precisely to the
special case P, = P, in Subsection B while the case g(¢,k) = g(£,£) = 0 corresponds to
the other special case P, = —P,, see (E).

The next lemma introduces the second distribution and proves it to define a Riemannian
submersion.

Lemma 11. Assume g(&, k) = g(&§,0) = 0 with & # 0 everywhere. Then the distribu-
tion D, = span{&|,, grad Z|,} with (grad Z)* = VZ is two-dimensional, spacelike and

integrable. Let H", be its orthogonal projector and Hag £ GapH",,. Then,

£5Haﬁ = £g7ﬂad ZH‘J‘B =0.

Proof: From P, = —P,, it follows y = const and hence, using (54)), Vo,ZV*Z = £,£% =
—N > 0 (recall that P, = iV,Z can vanish only if £ vanishes and £*V,Z = 0). This proves
that the distribution {D~} is two-dimensional and spacelike and, moreover, that the metric

Jua can be decomposed as

1
G = kb = kol = = (v ZNVaZ + ko) = Hyo = 5 (VuZVaZ +§:8a) - (T2)
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{D~} is also integrable because [¢, grad Z] = 0 as a consequence of ¢ being a Killing vector.

LeHp = 0 for the same reason. To show £grad ,Haos = 0 we use Lemma [l First note,
from (G8) and H*,V,Z = H*.§, = 0,
. a v v 5) o 1 1
2iH",H*;V,V.Z = (R—R) H" H® <§g,m + ﬁtw) =0

where in the last equality we used (B3]) so that

1 1 _

Applying now Lemma [0 (observe that (grad Z)%g.s = Q_I@BZ)

~ ~ ~ ~ ~ 2 A A
_ v -1 —1 o v o
Lgrad Alus = T (V, (01V,2) 4V, (71V,2) ) = S HA YV, V,Z = 0. O
In order to deal with the special cases we exploit the relationship between the Riemann
tensor on the quotient and suitable components of the Riemann tensor on the ambient

manifold valid for any Riemannian submersion

Proposition 3 ([39]). Let 7 : (M, g) — (S, h) be a Riemannian submersion and denote by
IR, "R the respective Riemann tensors. Let {X,Y, W, Z} be horizontal vector fields. Then

R (), 7 (V) ma (W), ma(2)) <TROX Y, W, 2) + 50 (X Y)Y, (W, 2°) +

+ 30 (LW 27) - 39 (X 2, W),

In our situation, we know the Riemann tensor of (M, g) and the conformal transforma-
tion between ¢ and g, so we will be able to compute the first term in the right-hand side.
For the remaining terms, we need to compute the vertical part of the commutator of two
arbitrary horizontal vectors. We have two distributions to consider. In order to deal with
both of them in parallel and given their characterization as P, = €P,, ¢ = +1, we intro-
duce the following notation (we work always away from fixed points of £). The distribution
{D*} is defined as span{k,(} if ¢ = 1 and span{¢,grad Z} if e = —1. The corresponding
orthogonal projectors are denoted by h*, (so that, in the notation above h* = h* if e =1
and h* = H" if e = —1) and we also write ﬁag = b*,gus- Note that

b”a VBWMV = —€V _EW;B (73)
where, naturally, WS, is W;B when € = +1 and W_; when € = —1 and the square root is

defined by v/—e =7 when ¢ = 1 and y/—e = 1 when ¢ = —1.
We have the following result for the vertical parts of the commutator of horizontal fields.

Lemma 12. Assume both P, = €P, and & # 0 everywhere. With the notation above, let
X,Y be any pair of horizontal vector fields of the distribution {D}. Then, the vertical part
of their commutator is

(X, Y)Y =V=e(J—eJ) XFY"W £
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Proof. We first note that for any pair of horizontal vectors X, Y and a vertical vector ¢
we have, using the orthogonality of ¢t and X, Y,

g([X. Y], t) = t, (XHV,YY = XIV, YY) = =X*Y 1P, (Vats — Vta) -

We first prove that [X, Y]V is proportional to £. It suffices to show that its scalar product
with a vertical, nowhere zero vector orthogonal to £ vanishes.
For the case € = +1, the condition V,Z = 0 implies V, = 0 so that, using the projector

@)

N
0=V, =h"Vouy=Vouy—=§& — ——k,.
sVay = Vol =8 = 0TS

It follows that t = £+ ﬁk is vertical, nowhere zero, orthogonal to £ and satisfies V,t5 —
Vite = 0. Consequently [X,Y]Y is orthogonal to ¢ as required. For the case e = —1 the
claim follows immediately with the choice t = grad Z which is again vertical, nowhere zero,
orthogonal to  and satisfies V,t5 — Vgt, = 0.
In order to determine the proportionality factor between [X, Y] and ¢ we compute
g([X, YTV, €) = = XFYVh0°, (Vabs — Viéa) =
= — XYV §0%, (RWap + RWag) = —V/—¢ (R — €R) X'Y" W},

where in the third equality we used (73)). The lemma follows from (B7) and g(£,&) = —N.

O
We can now determine the geometry of the quotient in the special cases.

Proposition 4. Assume both P, = €P, and & # 0 everywhere. Choose any point p € M
and a sufficiently small neighbourhood U, of p where Lemmald applies. Then, the curvature
scalar of (U,/ ~,b) reads

(A) R(h) = 2A.

[ 2(c+207%)  if e=1
(B) R(b) = { 2(—c+2Ay?) if e=-—1

Remark. In the case € = 1 we can equivalently write R(h) = —2u/(Z) where w is the
real function defined in the Remark after Proposition 2

Proof: We have already indicated the steps to prove this result. We start with the
determination of Rag,,b®b°,b" b"s. From (22) and [#2) and recalling (Z3),

1
Caﬁuuhapbﬁob”nbucs = (3JR—A) <—€W50W;§5 + 3 (bprbos — bpébm)> : (74)

Since W, W5 has the same symmetries as a Riemann tensor in two-dimensions and WS, W<? =
—e it follows

EW;o /:5 = bpl@bo(g - bpébo‘fi-
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Taking the real part in (74)) and using (I3]) it follows

Raﬁuuhaphﬁghunhué = (A —JR — 7F) (hpnbaé - bpéban) .

The next step is to perform the conformal rescaling § = 2~'g and obtain the corresponding
Riemann tensor. The distribution {D¢} is such that (recall expression ([B3) for ¢,,)

eRR
bMyPu - 07 bu,/ aﬁt,ua = Tbuﬁ-

Thus, equation (6] implies, using (&1),
1 —
b bV, Po = —5]\7 (J +€eJ) bus. (75)

Given that P, = €P,, equations (68]) and (75) yield

Vo= —Q(J + ) P,

1 _
0,5V, Vol = ZNQ (] + 1) Bup.

The standard transformation law for the Riemann tensor under conformal rescaling gives,
after a straightforward calculation,

, 1 1 _ _
R = o (A TN (T + eJ)’ = JR — JR) (Bchos — Bpshor) -

Inserting this into Proposition [3 and using Lemma [[2] gives

A N — —— 3N — P PO
bRABCD =0 (A"—Z (J+€J)2 —JR—JR—FT (J—EJ)2) <bACbBD_bADbBC> .

The Proposition now follows by explicit substitution of the formulae in Lemma [ in this
expression and using (GSEI). O

4.4 Spacetime geometry

We are ready to prove our main results of this section, namely to determine the spacetime
metric under our characterization hypotheses. As already discussed, the strategy is to use
the information in the previous two subsections concerning the Riemannian submersions and
integrate the field equations from the quotient up to the spacetime. We need to distinguish
two cases depending on whether or not £ is orthogonal to k£ and /.

Theorem 2. Let (M,g) be a A-vacuum, non-locally flat, spacetime admitting a Killing
vector £. Let F,, be the self-dual Killing form of & and assume that F* # 0 everywhere
on M and that the self-dual Weyl tensor Copu, satisfies (22). Let k and { be the two
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eigenvectors of Fuz and let p € M be such that &|, & span{k|,,?|,}* C T,M. Then, there
exists an open, connected neighbourhood U, of p with § = 0, and such that g takes the form

g=—N(dv—w)* +2(dy — *;,dZ) (dv — W) + Qh.
where h is a Riemannian metric on a two-dimensional manifold S, with Gaussian curvature
K(h)=—u'0Z, (76)

w 1s a one-form on the metric h satisfying the equation

~

w = (foZ)i, (77)
and Z is a function on the metric h whose Hessian satisfies
Hess Z = (uo Z)h. (78)

Here, u' is the derivative ofu 7 and x; denote the volume 2-form and its corresponding

Hodge dual of the metric h and d is the exterior differential on S,. The functions N, :
M —= R and u, f : R — R belong to one of the following two classes

(A) N=c—A(y*—2%), Q=1 u(()=-A¢ [f=0, A#0.

bly + ng b2

g QEvHZ ul()= C——C3 f=2.

(B)N:c—%(gf—Zz)—

where by, by, ¢ are arbitrary real constants.

Proof: Since £|, is not simultaneously orthogonal to k|, and /|, we can assume, after
interchanging ¢ and k if necessary, that g(¢,k) # 0 at p. Choose U, an open, connected
neighbourhood of p where g(&, k) # 0 everywhere. Without loss of generality we can assume
g(&,k) =1 on U,. From

Eal€ K% = Lo (EMVu R = KV,£%) = €'V ,9(&, k) = 0

together with [£,k] o< k we conclude [£,k] = 0. Let {D} be the distribution defined
in Proposition 2 and restrict U, further, if necessary, so that Lemma [l can be applied
to the spacetime (M, g). Denote by 7 the corresponding submersion and h the metric
of S, £ U,/ ~. We can assume without loss of generality that S, is connected and
U, = Il x Iy x S, where I and I, are open intervals of the real line. After restricting .S,
if necessary, let us introduce coordinates {#} in S,. As in [31] we introduce a coordinate
system in U, as follows. Since the bundle (U,, Sy, m) is trivial, select a global section
G : S, — U, The sets X, = {y = yo} are smooth hypersurfaces (because V,y # 0
everywhere) and transversal to the fibers 771(%),2 € S, (because k(y) # 0 everywhere).
Consider an arbitrary point s € U, and let ys = y(s). The point s’ = ¢(m(s)) belongs to
the same fiber as s. Consider the integral line of k passing through s’ and let r be the
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intersection of this line with X, (this intersection exists and it is unique, possibly after
restricting U, further, because k is everywhere transverse to {¥,}). The points s and r
belong to the same fibre and to the same hypersurface >, . Since { is tangent to the fibers
and tangent to ¥, , there exists an integral line of { connecting r and s. Let v be the
natural parameter of this curve starting at r (i.e. &(v) = 1 with v(r) = 0) and define
vs = v(s). By construction, it follows that the set of values {v(s),y(s), z* = #4(n(s))}
define a coordinate system on U,. Moreover, £ = 0, and k = 0, in these coordinates (recall
that we have chosen ¢(&, k) = 1 and hence k(y) = 1). Given that k is null, it follows that
the one-form k reads

k=dv—w (79)

for some one-form w that satisfies £ew = 0 due to £¢k = 0. The last statement in Lemma

[M implies also that £k = 0 so that £rw = 0 too. Thus, there is a one-form w on (S, iz)
satisfying w = m*w. The explicit form of the projector (Z0) and the definition h%V.y = Vp
implies

§s=Vpy— Nkg—Vj
which, inserted in (Z0)), provides
Jap = Qhas — Nkoks + ko (Vay — Vi) + ks (Vay — Vo). (80)

From Lemma[I0 we have V' = 7, (x;dZ). Since in the coordinates {v,y, 2} the submersion
7 takes a trivial form, it is safe to use the same notation for objects on the quotient and
for corresponding objects on the spacetime (this applies in particular to h w and to Z ).
Thus the metric g in (80) takes the form claimed in the Theorem. It only remains to show

that the field equations (76)), (77) and (Z8]) hold.
From Proposition 2] we have

DuDpZ = (uo Z)hag

where as before D denotes the covariant derivative in (S,, h). This proves (T8). The Ricci
identity applied to this equations implies

R(W)DAZ = —2u/(Z)DAZ.

Since S, is connected, dZ is either non-zero on an open dense set or identically zero In
the former case we can drop D42 and we conclude (76). The case dZ = 0 has been dealt

with in Proposition @l (see in particular the Remark after this Proposition) and also leads
to ([{@). Finally, (79) and Lemma [@ imply

dw =i (T —J) Q.

In case (A) we have J = 0 so (7)) holds with f = 0 and in case (B) we have J = —1/P
and Q = PP. Hence, i(J — J)Q) = 2Z, as claimed. O

Having dealt with the case when ¢ is not orthogonal to the eigenspace of F,z we study
next the remaining case when ¢ is orthogonal to both £ and £.
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Theorem 3. Let (M,g) be a A-vacuum, non-locally flat, spacetime admitting a Killing
vector & with no fixed points. Let F,, be the self-dual Killing form of £ and assume that
F? # 0 everywhere on M and that the self-dual Weyl tensor Cop, satisfies (22). Let k
and { be the two real null eigenvectors of Fng and assume that (&, k) = g(&,¢) =0 on M.
Then, locally the metric g adopts the form

1 .

g= —NdZ2 — N (dv — w)* + QH.

where & = 0,, H is a 2-dimensional Lorentzian metric of constant curvature k, W is a
one-form on the metric H satisfying the equation

di = 2y

where y is an arbitrary real constant and d and 7 are the exterior differential and volume
form of the metric H. The functions N and §2 belong to one of the following two classes:

(A) y=0, N=c+AZ? Q=1 rk=A, A#0.

1 A
(B) N:m(C(Z2—y2)—b2Z+§(Z4+3y4)), Q=vy*+27% r=2A*—c
(81)

where by, ¢ are arbitrary (real) constants.

Proof: Let p € M be any point and choose U, an open, connected neighbourhood so that
Lemma [ can be applied to the distribution {D~} and with respect to the metric (M, g).
Denote by 7 the corresponding submersion and H the (Lorentzian) metric of S, = U,/ ~.
Proposition Hl shows that H is a two-dimensional metric of constant curvature  as given
in cases (A) and (B) of the Theorem. Let 7} be a volume form of (S,, H) (the orientation
will be chosen later) and define 7jo5 = 7*(7)ap. Since W is a horizontal two-form, it must
be proportional to 7j,g. Its square norm in the metric g is —20% (cf. ([B7)) which forces
W5 = £as. Choose the orientation in (S, H) so that the plus sign holds.

In order to construct the metric, the starting point is ([2). V,Z is nowhere zero (because
¢ has no fixed point in M), so Z can be used as a coordinate on U, and we can write

g= (E@&+dZ?) +Qf.

1
N
It only remains to find &. From d¢ = F+F = RW+ RW and V,N = RP,+ RP, (recall
that 2N = (x + ) and V,x = 2RP,) the following general identity follows
d(N7'%¢)=N"(RW+RW+ N €A (RP+RP)).
In the present case P = —P and (61I)) holds, so that

d(NT'¢) =N (R+R)W~ = (J+J) 0, (82)
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where in the second equality we used (B7) and the relationship between W™ and 7 just
discussed. In either case (A) or (B) we have (J + J)2 = —2y. Let w be a one-form on
(S,, H) satisfying

dw = 2yn).

It follows from (82)) that d (N '€ + 7*(w)) = 0, and consequently, the existence (restricting
U, further if necessary) of a function v : U, — R such that

&= N (dv— 7" (w)).

With the slight abuse of notation of naming 7*(w) still as w, the metric given in the
Theorem follows. Finally, expressions (BI) are a consequence of the general formulae in
Lemma [ after using (58))-(B9) with € = —1. O

5 Semiglobal considerations

So far we have found the local form of the metric under the assumption F? # 0 everywhere
and we have split the analysis depending on whether ¢ ¢ span{k, (}* everywhere or ¢ €
span{k, {}1 everywhere. In a given spacetime it may happen a priori that F2 becomes zero
and/or that those different situations can occur in disjoint open sets. We analyze in this
section whether this is possible or not.

Throughout this section we assume that (M, g) is a smooth A-vacuum spacetime ad-
mitting a Killing vector ¢ such that (22]) holds with a smooth proportionality function
(). Note that smoothness of () is an assumption, because in principle it may be the case
that @) diverges somewhere, while 7,3 — 0 at the same place so that the right-hand side
in ([22) stays smooth. However, this is not what is meant when saying that C,g,, and

FopFuw — %]—" 2Ia5w, are proportional everywhere. We have the following result concerning
F2.

Proposition 5. Define Mz = {p € M;F?|, # 0} and assume Mz # () and that there
is p € Mgz with Q(p) # 0. Then Mzz = M.

Remark: If ) = 0 everywhere on M r2, then the spacetime on this open set is locally
isometric to the Minkowski (A = 0), de Sitter (A > 0) or Anti-de Sitter (A < 0) spacetimes.
In the case A # 0, these spacetimes admit Killing vectors for which F? is not identically
zero and vanishes somewhere (an example is the Killing vector £ = y(0; + 0,) + (t — x)0,
in the de Sitter space in conformally flat coordinates {t,x,y, z}, for which F? o (t — x)?
with a nowhere zero proportionality factor). Thus, the condition on the existence of p is
necessary when A # 0. On the other hand, if A = 0, then the spacetime on Mz would
be locally Minkowski for which F? is constant for any Killing vector. So automatically we
would have M2 = M in this case. This shows that the condition on the existence of p
can be dropped in the A = 0 case.
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Proof: Consider the connected component /\/lop of Mz containing p and assume

MY, # Mgz, Let ¢ € OMY, and consider the smooth function QF? on M, which on
./\/lgE2 takes the form

— i@ﬁ = R*Q =3JR — A. (83)

The left-hand side approaches zero when we approach q. We know that .J is either identically
zero or nowhere zero on ./\/lg_.g. In the former case, the right hand-side of (83) takes the
constant value —A which cannot approach 0 at ¢ unless A = 0, but then () vanishes
identically on MY, against hypothesis.

For the remaining case J # 0 on MOFQ, we use the expressions in Lemma [ to compute
the right-hand side of (83)) as

3b

2 . _ 2
R Q - (BJR A)|Mg__2 2P3

Since Q(p) # 0, the constant b cannot be zero. Hence, it must be P — oo when we
approach ¢. Since R = b/(2P?) — AP/3 and R — 0 at ¢, we necessarily have A = 0. But
then Q = % = %fp which diverges at ¢ against hypothesis. O

Concerning the possibility that the functions g(&, k) and g(&, £) vanish at a point p € M,

we can prove the following general result concerning the special cases of subsection [3.11

Proposition 6. Assume that € A q|, =0 at p € M. Then, there exists ¢ € {—1,1} such
that either

1. q = €€ everywhere, or

2. p belongs to a 2-dimensional connected and totally geodesic surface B, such that q|g =
e€|g on all B,

depending on whether R — eR — N(J — eJ) vanishes (case 1) or not (case 2) at p. In the
latter case, B is spacelike or timelike if € is —1 or 1, respectively.

Remark: At p one has, from the results of subsection B.I] that P|, = ¢P|, (allowing also
the case when they vanish identically), ergo dy|, = 0 (if ¢ = —1) or dZ|, = 0 (if e = 1)
From (44]), we have that

B _ V. Vryl, if e= -1
(R—eR—N(J—¢€J))|,=
iV, VEZ), i e=1

so one can reformulate the proposition in terms of the vanishing or not of the differential
and the D’Alembertian of y (e = —1) or Z (¢ = 1) at p.

Proof: From the results in Subsection B.I] we know that & A g|, = 0 implies that there
is € € {—1,1} such that ¢|, = €£|, (if |, = 0 then ¢|, = 0 and the two choices of € are
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allowed). From Proposition [] there is a Killing vector ¢ that vanishes at p, given by the
constants C' # 0 and A = —eC in case (A), and A = C(P|, — €P|,)? in case (B). Thus
p is a fixed point of this Killing ¢. The connected set of fixed points of ¢ containing p is
a totally geodesic, smooth surface with the same dimension and causal character as the
vector subspace V,(s) = {u € T,M; ds|,(u,-) = 0} (see e.g. Lemma 5 in [34]). So, we must
compute the Killing 2-form Vg, at p. By using formulas ({47) and V,P = P, = EFM and
recalling (1)) and (63)), a somewhat long calculation leads to

Vusulp = V—e€G|, (R —eR— N(J — 67)) wa\p

where G is as in the proof of Proposition I Thus, if R — eR — N(J — ¢J) vanishes at p
the Killing vector ¢ vanishes everywhere on M and we have (using again the notation in
the proof of Prop. ) ¢ = —G'F¢ everywhere with G™'F|, = —e. The function —G~'F
is smooth in M and according to Subsect. B.] it must be constant and equal to € and we
are in case 1 of the Proposition.
If on the other hand

(R—€eR—N(J—¢€J)) |, #0 (84)
then the vector subspace V,(<) is two-dimensional and spacelike if € = —1 or timelike if
e = 1. To finish the proof, observe that the Killing vector ¢ vanishes on all of B, and
therefore € A q|g = 0. Invoking again Subsection B.I] we know that this can only happen
if, at each point of B, either ¢ = +& or ¢ = 0 = £. If £|p # 0 everywhere then ¢z = €[5
on all B. If on the other hand there is a p’ € B such that ¢|, = 0 (and thus ¢|y, = 0
too), the condition (&4]) may hold or not at p’. If it does not for either value of € then the
same reasoning as above, applied now to the point p’, proves that ¢ = e¢£ everywhere for
that choice of e. Otherwise, (84) at p’ —where N = 0— provides R|, — eR|, # 0 for both
choices of €, so that R can be neither real nor purely imaginary at p’. But then p’ is a fixed
point of { whose Killing 2-form is given by (@8]), and thus dimV;(§) = 0, so that p’ € B is
isolated and ¢ does not vanish around p’ on B. Thus, again there is an € € {—1, 1} such

that ¢|s = €{[p.
]

From item 2 in the Proposition and (56) we have, on B, P = eP. For € = 1 this means
dZ|p =0 and for e = —1, dy|z = 0. Given that B is connected it follows

ylp =y, if e=—1; Zlp=2, if e=1.
As an immediate consequence of the previous Proposition we have
Corollary 1. Assume that g(&, k)|, = g(£,¢)|, =0 at p € M. Then, either
1. g(&, k) = g(&,0) =0 everywhere on M, or

2. p belongs to a 2-dimensional connected and totally geodesic spacelike surface B such
that g(&, k) and g(&,¢) vanish on all B,

depending on whether R+ R — N(J + J) vanishes (case 1) or not (case 2) at p.
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6 Alternative forms of the metrics and characteriza-
tion results

The main theorems in the previous sections involve field equations on two dimensional
Riemannian manifolds. The following Lemma solves them.

Lemma 13. Let (S, iL) be a two-dimensional oriented Riemannian manifold with smooth
metric h and volume form 1. Let Z be a scalar and w a one-form on S satisfying

~

Hess Z = (uo Z)h, dw = (f o Z2)i). (85)

where u, f : I C R — R are smooth real functions. Then, on the open set {p € S;dZ|, #
0} (if non-empty) there exist local coordinates {Z,x} such that

- dz?
h= vt V(Z)da?, W = F(Z)dx + o, (86)
av dF L
where 7= 2u(2), 7= f(Z) and wy is a closed one-form. Moreover x;dZ = =V dx.

Proof:  From D,DpZ = u(Z)hap it follows D4 ((dZ, dZ);) = 2u(Z)DaZ. On any
connected component U? of {p € S;dZ|, # 0} this implies the existence of a function
V I — R satisfying V' = 2u and (dZ,dZ) = V o Z (observe that this is positive).
The Hodge dual ;dZ is nowhere zero on U? and hence defines a distribution, which is
always integrable in two dimensions. Locally, there exists a function z : U — R such
that x;dZ = —V(Z)Hdx, where H(Z,x) is a positive function to be determined (the sign
is chosen so that {dZ,dx} is positively oriented). Given that (x;dZ, x;dZ); = (dZ,dZ); =
V(Z), and «;dZ is orthogonal to dZ, the metric on U° takes the local form

.~ dZ?
= ZVH?dx?.
h V(Z)+V() dx

The ‘za’ component of (Hess Z)ap = u(Z)iLAB reads 0, H = 0. Redefining = as a function
of itself, we can set H = 1 without loss of generality. This gives the metric in (86). The
volume form is 7) = dZ A dz, so equation (85) is simply dw = f(Z)dZ A dz. With F(C)
being any integral of f((), the general solution of this equation is as in (86). The last
statement is obvious from the previous considerations. L.

The following theorem summarizes the main results so far in a self-contained form.

Theorem 4. Let (M, g) be a A-vacuum spacetime admitting a Killing vector £ and corre-
sponding self-dual two-form F,p. Assume

1
Caﬁuu - Q (Faﬁfuu - §F2Ia6uu) (87)
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for a smooth function Q : M — C and that 3p € M such that Q|, # 0 and F?|, # 0.
Then F* # 0 everywhere and

i AT F F,
exists globally.

(A) If QF? — 4N = 0 at one point, then it vanishes everywhere and q is a Killing vector
field satisfying [€,q] = 0. The metric is locally reducible g = h_ + hy where h_
(resp. hy) is a two-dimensional Lorentzian (resp. Riemannian) metric of constant
curvature A and & is any of the Killing vectors of h_ or hy as long as it satisfies
d€ # 0 everywhere.

(B) If QF*—4A # 0 at one point then it does not vanish anywhere on M and xo = 26° Faq
15 exact Xo = VX with

e QF+2A
X =6F OF— e
Moreover Aby, by, c € R such that
36Q(F2)2 = (—by + iby) (QF* — 4A)? (88)
and N — Re(X) = ¢, where N = —g(&,€) and the vector field
4 — F?
no_ O pT M p
o = e T e ) ¢

is Killing and commutes with &. Let £ = span{&,<}.

(B.i) If dim(L) = 2, then Ik € R such that, away from totally geodesic, codimension-
two, non-degenerate surfaces where a Killing vector in L vanishes, the metric is,

locally

2 2 2 2 2 2 dz? 2

ds* = =N (dv — Z%dx)” + 2 (dy + Vdz) (dv — Z*dzx) + (y° + Z°) ~ +Vdr
A 2 2 bly+ng 2 A 4

5281), N:C—g(y —Z)—W, V:k+b2Z—CZ —§Z

(B.ii) If dim(L) = 1, then Je € {—1,1} and k,5,n € R such that, away from fized
points of &, the metric is, locally,

e —V (dv — W)* + 2dx (dv — D) + (B> + 22)hy  if e=1
T T\ Ve + V (do — @)+ (B2 + 2)he if e=—1
V= (p*+2*)"" (—% (x4 +64%2% — 3B4) —K (52 — :cz) + nx) ,
£=0,  di=20n. (89)

where h, is a metric of constant curvature k, signature {€¢,1} and volume form
Ne-
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Concerning the result in case (A), note that any Killing vector on the sphere satisfies
d€ # 0 everywhere, but this is not the case for the rest of two-dimensional spaces of constant
curvature (Riemannian or Lorentzian), so the condition d€ # 0 is a restriction for the choice
of Killing in those cases. Nevertheless, in any 2-dimensional space of constant curvature
there is an open subset of the Killing algebra satisfying d€ # 0 everywhere.

Proof: From (@2)) we note that QF? — 4A = 0 is equivalent to J = 0. Since J = 0 at one
point if and only if J = 0 everywhere, the first claim follows. So we are in case (A) (in the
notation above). From Proposition [[l we have that ¢ is a Killing vector which commutes
with £, hence the Lie algebra they generate has dimension one or two. The former case
corresponds, by definition, to the so-called special cases with J = 0. So either we are in
case (A) of Theorem 2 with Z = 0 (because of (58]) with € = 1) or in case (A) of Theorem
Bl The one-form w is closed, hence locally exact and a redefinition of v and x, respectively,
makes it identically zero. Define h_ = —N(y)dv? + 2dydv, hy = h in the case E+q=0
and h_ = H, hy = N~Y(Z)dZ? + N(Z)da? in the case £ — ¢ = 0, where N(¢) £¢ — A2,
It is immediate to check that, in all cases, h_ and h, are of constant curvature A.

In the other case —when the Lie algebra is two-dimensional—, from Theorem 2, Propo-
sition [6] and Lemma de, k€ R such that, away from a collection of totally geodesic,
nowhere null, codimension-two surfaces where a Killing vector in span{¢, ¢} vanishes, the
metric is, locally,

az?
ds* = —Ndv* + 2 (dy + Vdzx) dv + A + Vda?,
where £ = 9,, N = ¢ — A(y> — Z?) and V = k — AZ% Performing the trivial change
dZ = d(x + v) this can be rewritten as

2
ds* = —N(y)dv? + 2dydv + % + Vdi?,
where now N(y) = N +V = ¢+ k — Ay?® and the claim follows again.

To conclude the first part of the theorem, it remains to show that (87)) holds for any
Killing vector ¢ of hy for which d§ is nowhere zero. Let m, be the volume form of Ay,
so we have d§ = 2Sn, with S nowhere zero. The curvature tensor of a product manifold
inherits a product structure. As a consequence, it turns out that the tensor relation (87)
contains just one independent equation, which can be computed to be QS? = £A showing
the proportionality claimed for such &.

Concerning the case QF? — 4A # 0, by computing Y as defined in the theorem and
using Lemma M it follows Y = x — ¢, from which the statement N — Re(x) = ¢ follows
immediately. The expression involving —b, + tb; = ib also follows by direct computation
from Lemmall The Killing vector is simply ¢ in case (B) of Proposition [[] with A = 0 and
C = 1/36, after rewriting P in terms of F? as

6iv/ F?

F=or—m
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The form of the metric in case (B.i) is a direct consequence of Theorem [ Proposition
and Lemma Regarding case (B.ii), this is achieved from case (B) in Theorem [ (for
e = —1) and from case (B) with Z =const. in Theorem [ (for € = 1; recall that then (&9)
implies by = 2c¢Z + 4AZ3/3) together with the name substitutions {y — 3,7 — z,c —
2MA3% — Kk,by = n, N — —V}in the case e = —1 and {Z — B,y — x,c — —2AB> + K, by —
—n, N — V} in the case € = 1. O.

We can proceed to the identification of the metrics and consequently obtain character-
izations thereof.

Theorem 5. 1. The metric in case (A) corresponds to the uncharged Bertotti- Robinson
metric, and in particular it is the Nariai metric for A > 0.

2. At points where V,yV®y # 0, the metric in case (B.i) in Theorem [{] is locally iso-
metric to the uncharged Plebanski metric.

3. At points where the Killing vector £ is not null the metric in case (B.ii) with € = 1
is locally isometric to a spacetime determined by Cahen and Defrise [3] having a
4-dimensional group of isometries acting on timelike (respectively spacelike) hyper-
surfaces on the regions where £ is spacelike (resp. timelike). In particular, for k > 0
they are locally isometric to the Taub-NUT-(A)de Sitter spacetime.

4. The metric in case (B.ii) with e = —1 are the A-vacuum type-D solutions of Kundt’s
class. They happen to have both principal null directions expansion- and twist-free,
and a 4-dimensional group of isometries acting on spacelike hypersurfaces.

Proof: Point 1 follows directly because the generalized Bertotti-Robinson is the general
metric product of two 2-dimensional metric of constant curvature, and due to the fact that
Nariai’s solution corresponds to the case with a positive curvature Riemannian part.

To prove point 2, in the (B.i) metric we easily find V4V = (y* + Z?)W (y) with

A
W(y) =k — by + cy® — §y4-

On any domain where V,yV®y # 0 we can define new coordinates 7 and o by the coordinate
change

2

Y 1
dy, do=dx+ ——dy.
Wy Wiy

After elementary manipulations the line-element in (B.i) becomes

dr = dv —

1

2 _
ds _7y2+22

(V(Z) (dr + y*do)* = W(y) (dr — Z2d0)2> ) ( dz?  dy )

VZ) W)

which is exactly the form of the Plebanski metric as given in formula (21.16) in [45] with
the electric and magnetic charges set to zero.
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Similarly, to prove point 3, on any domain where g(§,&) = —V(z) # 0, one can define
a new coordinate ¢ by means of dt = dv — dz/V'(z) so that the line-element in case (B.ii)
with € = 1 becomes

1
ds* = =V (dt —w)* + dez + (K* 4 2*)he. .

This form corresponds to the A-vacuum solutions presented in formulae [(2.6) plus (4.33)]
or [(2.8) plus (4.43)] of [5], the former for the case with V' < 0 having a 4-dimensional group
of motions acting on timelike hypersurfaces, the latter for V' > 0 and has a 4-dimensional
group of motions acting on spacelike hypersurfaces (see alternatively [(13.9) plus (13.48)]
without charge in [45]). The Taub-NUT case with a cosmological constant corresponds to
the case where h, has positive constant curvature.

Finally, to prove point 4, and as the case (B.ii) with e = —1 corresponds to the special
case with g(£,k) = g(£,¢) = 0, it is easily checked from (B0) and (5I]) that both principal
null directions have zero expansion and twist. Hence, they belong to the A-vacuum Petrov
type-D Kundt class. They actually exhaust this class, as can be seen by simply comparing
the metric with that in the discussion in section 7.2.1 of [16] —alternatively, with expression
(31.61) in [45] without the electromagnetic charges plus the A term mentioned in p.484 of
that reference. These solutions were presented also in [5] as [(2.11) plus (4.61)] and thus
they possess a 4-dimensional group of motions acting on spacelike hypersurfaces everywhere.
L.

We can finally obtain the characterization of the Kerr-NUT-(A)dS metric as defined in
the Introduction.

Theorem 6. With the same hypothesis as in Theorem [4), assume that there is one point
p € M where QF* — 4N # 0 (and hence everywhere), and that at least at one point & is
not orthogonal to the plane spanned by the two real null eigenvectors of Fnp. Let by, by, c

be as in Theorem[]] and define P := QG}EA and y,Z : M — R by P:=y+iZ. Then the
function

A
k= (y* 4+ Z)VoZNVZ — by Z + cZ* + §Z4 (90)
1s constant on M. If the polynomial
A
V() = kb —e¢?= 3¢t (91)

admits two zeros (o < (4 such that the factor polynomial V= V(¢ —C) MG — Ot s
strictly positive on [(oy, (1] and Z takes values in [(y, (1] then the spacetime (M, g) is locally
isometric to the Kerr-NUT-(A)dS with parameters {A, m,a,l} where

_— by a:Cl—Co l:C1+C0
2094/Vy’ 210 2,/vy

and vy = V(%)
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Remark. It is immediate to check that the characterization Theorem [ stated in the
introduction is a combination of Theorems M] and

Proof: If Z is constant on M, the constancy of k is trivial. Otherwise, its constancy

has been shown in the proof of Lemma [[3] with u as given in Theorem Pl The conditions
V(¢p) = V(¢1) = 0 and the definitions of [, a, vy imply

by = 2vg\/vol(1 + %(a2 —41%), k=0v2(a®*—1*)(1-1A), c=uvy(1— %(a2 + 602)), (92)

and the polynomial V reads V = vo(l—l-%(\/%—l)(\/%j%l)). Assume first that (;—(o > 0 (i.e.
a # 0). We first show that there is no point where dZ and V,V#Z vanish simultaneously.
Indeed, if this were the case, then Z would be constant on M (see the Remark after
Proposition [Bl), which, given the definitions (@0), ([@I) and the hypothesis Image(Z) C
[Co, C1], can only happen if Z = (; (i = 0,1) everywhere. In either case, expression ((9)
with € = 1 becomes QaUOmV(Q) = 0, against hypotheses. Thus, we are in case (B.i) of
Theorem [l Moreover, if Z takes somewhere the values (g or (3, it does so (by Proposition [@])
on a totally geodesic 2-dimensional timelike surface where a Killing vector vanishes. Away
from these points we can perform the coordinate changes

¢
’UO\/’(T()CL’

— 4 vo(a + 1)z, T =
Yo

V00

which brings the metric of case (B.i) in Theorem @ into ().

If on the other hand (4 = (; (i.e. a = 0), then Z = (4 = \/vy! is constant and we
are in case (B.ii) of Theorem [ with ¢ = 1. Given the relation ¢ = —2Auvyl? + £ (see the
proof of Theorem M) it follows kK = vy > 0 and hence hy = (1/vg)y where 7 is the standard
metric of the sphere. Since = Z = /1yl, equation ([89) becomes dw = (21//v9)n, where
1 the volume form of 7. The general solution to this equations is, in standard spherical
coordinates {6, ¢}, w = (41/,/vo) sin(0/2)d¢ + dfy, where fy is any smooth function on the
sphere. With the change of variables y = \/vor and v = fy 4+ u/,/vy and the redefinition
n = —2vp/Vom, the metric in case (B.ii) (¢ = 1) of Theorem @ becomes () with a = 0.
0

Z = /vy (Il +acosb), y = +\/vor, v =

6.1 Comments on Theorem [6] and remarks concerning other re-
lated metrics

As we have seen, the spacetime characterization of the Kerr-NUT-(A)dS metric given in
Theorem [0 requires some extra conditions, apart from our main assumption (87). Even
though those conditions may look somehow artificial, they are actually required and gener-
alize similar previous conditions used to characterize other simpler metrics. For instance,
Theorem [0 includes and extends the characterization of the Kerr metric —and of the Kerr-
NUT metric [32]— as originally given in [30], BI] and recently complemented and corrected
in [35] with the necessary, but only implicitly assumed in [30, 31], condition that & must be
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non-orthogonal to the 2-plane spanned by the real null eigenvectors of F,5 somewhere. Ob-
serve that this omitted assumption is actually redundant whenever ¢ is timelike somewhere.
Taking this assumption into account we note that, in the A = 0 case, the condition that
the polynomial (@) has two zeros (p, ¢; and the factor polynomial V is positive between
them is simply equivalent to ¢ > 0, which is the characterization of the Kerr-NUT metric
as given in Theorem 3 in [32]. The Kerr subcase corresponds to the NUT parameter [ being
zero and m # 0, or equivalently b; # 0 and by = 0 (see (@2))). Since in the case A = 0 we
have from (BS)):
A=0 = F*Q"(~by +ib)* = 36

the conditions by # 0 = by can be equivalently written by demanding that the constant
F2Q* is real and negative, which agrees with the statement of Theorem 1 in [31].

The question arises about metrics for which the polynomial (@I]) does not satisfy the
conditions of Theorem [6] —while still satisfying the main assumption (87). We do not
intend to give an exhaustive discussion here. We just mention two known classes solutions
which do satisfy our main characterization hypothesis (87)) but not the conditions on the
zeroes of the polynomial V(¢) in Theorem [6l More precisely, in [27] two families of metrics
with negative cosmological constant are constructed. First, the family of metrics (10) in
[27] is obtained by analytic continuation of the parameters of the Kerr-de Sitter metric with
vanishing NUT parameter [ = 0. Second, the family (43) in [27] is built by direct choice
of parameters in the Plebanski solution. Thereby, these two classes of A-vacuum solutions
also satisfy our main algebraic constraint (87), thus they must belong to the general family
in Theorem @ It turns out that the two classes have b, = 0, and are then distinguished as
follows (keeping A < 0)

e The first class, (10) in [27], corresponds to the situation when furthermore the constant
k defined as in Theorem [0is negative. In this case, the polynomial V' ({) has precisely
two real zeros —(; = (2 > 0 and V(¢) > 0 on the set Dy := (—00, —(2] U [(2, 00). The
solution is recovered with Z : M — R taking values in either of the two connected
components of Dy. Not surprisingly, the analytic continuation of the parameters per-
formed in [27] changes drastically the structure of the domains where the polynomial
V(C) is positive (in this case, it transforms a compact interval into a non-compact
closed interval). It is precisely this domain structure that plays a crucial role in
determining the local form of the metric. This is why the statement of Theorem
characterizing the Kerr-NUT-(A) de Sitter metric requires fixing one such domain
structure.

e The second class, (43) in [27], has V(¢) > 0 everywhere, so that V' (¢) has no zeros, and
moreover ¢ = 0 which implies also that &£ > 0. Thus, V({) has a unique minimum at
the origin. This class of metrics, have been considered in the context of the AdS/CFT
correspondence as viable models of an holographic description for the Quark-Gluon

plasma [36], [37].

Actually, a generalization of the last case has also been recently analyzed in [38]. The
metric (21) in [38] is simply the case (keeping A < 0, by = 0) with no zeros for V(¢), which
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has k > 0 necessarily and is defined by ¢* +4kA /3 < 0, plus the condition ¢ > 0, ergo V(¢)
has a local maximum at the origin.

It seems therefore advisable to perform a complete analysis of the different qualitative
possibilities for the function (@) according to its roots and local extrema, see [I8] pp. 309
and following, where several results along these lines can be found.
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Appendix
In this Appendix we collect some of the formulas that are used in the main text.
p 1 2T
Jru tup = gf Jr;wa (93)
'ty = —ln Xt = Lr 0t = —if272§ (94)
pv 4 Vs pv 8 v pv 16 12
ey 1 —p % oV N 22 oV
ggtuV:§XpX> thWZU, gntuuzﬁf}—a Xnt;w:()’ (95)
v 1 =, —Vv N =2 v 1 -2 —
XNt = gﬁxpxﬂ, X*X = —§]-"2.7-" : N0t = 5]-"2]-" XoX° - (96)

For arbitrary (complex or real) 2-forms A,, and B,,, the Lanczos identity for double
2-forms —expression (A15) in p.2839 of [42]— applied to A,zB,, implies the 4-dimensional
identity

Aap By + BZﬁA;I/ = Lyua9sv — Lua9pp — Lusgor + Luggap

where L, S B, A,, — (1/4)g, B** A,,. In particular, one has the identity

faﬁ?uv + 7115-7:#1/ =2 (taugﬁv —tawgpp — tppgor + tﬁl/gau) . (97)
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Different contractions here lead to

1 — 1
At g1, = Gpluy) — §XB]:W - QXB]:;M

1 _ r _
2Ntg, = ZXPngﬁﬂ + &8 + X(BXu)

1 — _
At X = 5}—2 (gﬁfuv - QB[uXu}) — 18F s
— 1 /—2 9 _ 1 o=
Q(XpX )tﬁu = NNy + 1 (]: XaXu T F XBXM) + Z]: F (fﬁfu + Ngﬁu)
1 _ - 1o 1. ., —
At gluny) = 1'7:2-7: 981u&v) + Z‘F XpFuw + Z}ﬂxﬁf}w
Contracting (QS[I00I02) with k4 one gets
—2RRky NE =k AnF29(& ky) (RF + RF),
— RRk: Ax =R’k: AX —2Rg(§, ky) (RF + RF),
— RRk: A1 =2(RR)*ks NE F2RRg(E, ky) (R?+§.’F) .

Observe that ([[0H) is simply (I03) multiplied by RR.
Using again the identity (@7) we derive

gk, = 2RRggk;; + ki (RFuw + RF )
and contracting here the 4+-equation with kP
RF,w+ RFu = —2RR(k'k, —k k)

or with k" B
—2g(ky, k)t = RR 2Kk, + 2k, k) — g(ky, k=) ]

and both equations with &
(ks )t = RR glks, g — 5KE (n+ 2RRE,) F 35 (RX, + R
Equations (I03]) and (I04) —or directly (I09)— imply necessarily
ki A (n+2RREF RXF Rx) =0
whose general solution reads
n+2RRE F RX F Rx = Ask-

for real Ay with

_ — 1
g(k-i-a k—)A:I: = 8RRg(k:Fa g)a A:I:g(k:b 6) = —2NRR — §g(X>Y)

(98)
(99)
(100)
(101)

(102)

(103)
(104)
(105)

(106)

(107)

(108)

(109)

(110)

The above is valid for both the regular and singular cases. In this paper we are only
concerned with the regular case, and thus F? = —4R? # (0. We can always normalize the

null eigenvectors such that g(k,,k_) = —1 so that (I08)) becomes
2y, = RR [gu + 2k k) + 2k, k)]
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