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THE HARDY SPACE H' IN THE RATIONAL DUNKL SETTING
JEAN-PHILIPPE ANKER, NEJIB BEN SALEM, JACEK DZIUBANSKI, AND NABILA HAMDA

ABSTRACT. This paper consists in a first study of the Hardy space H' in the rational Dunkl
setting. Following Uchiyama’s approach, we characterizee H' atomically and by means of the
heat maximal operator. We also obtain a Fourier multiplier theorem for H'. These results
are proved here in the one-dimensional case and in the product case.

1. INTRODUCTION

Dunkl theory is a far reaching generalization of Euclidean Fourier analysis, which includes
most special functions related to root systems, such as spherical functions on Riemannian
symmetric spaces. It started in the late eighties with Dunkl’s seminal article [7] and developed
extensively afterwards. We refer to the lecture notes [18] for the rational Dunkl theory, to
the lecture notes [15] for the trigonometric Dunkl theory, and to the books [4 [I1] for the
generalized quantum theories.

This paper deals with the real Hardy space H! in the rational Dunkl setting, where the
underlying space is of homogeneous type in the sense of Coifman-Weiss. In such a setting,
the theory of Hardy spaces goes back to the seventies [6 [12]. Here we follow Uchyama’s
approach [25] and we characterize the Hardy space H! in two ways, by means of the heat
maximal operator and atomically. The first characterization, which requires precise heat
kernel estimates, has lead us to a seemingly new observation, namely that the heat kernel
has a rather slow decay in certain directions and is in particular not Gaussian in the present
setting (see Remark 2.4). The second characterization is used to prove a Fourier multiplier
theorem for H'.

Throughout the paper we shall restrict to the one-dimensional case and to the product case.
This restriction is due to our present lack of knowledge in general about the behavior of the
Dunkl kernel on the one hand and about generalized translations on the other hand.

After this informal introduction, let us introduce some notation and state our main results.
On R"™ we consider the Dunkl operators

Dif() = 52 () + 2 [F60 = flo®)]  (G=1,2,....m)
associated with the reflections

(1.1) oj(z1,22, ..., x5, ..., xn) = (T1,T2,. .., —Tj, ..., Tp)
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and the multiplicities k; > 0. Their joint eigenfunctions constitute the Dunkl kernel

(1.2) E(xy) =[] ._ Bilem),
where
F(k+%) i k—1 k zyu
Ek(x’y) — F(k)l—‘(l) du(l—u) (1+U) e
2) )1
1.3 T I'(2k ! — —2xyv
(1.3) —e y%/{) dv v* 1 (1—v)k 722V

1F1(k;2k+1; —2zy)

(see for instance [I8, Example 2.34]). Here 1F'(a;b;z) is the confluent hypergeometric func-
tion, which is also known as the Kummer function and denoted by M (a,b,z). Notice that
E(x,y) = e™Y) if all multiplicities k; vanish.

Let us first define the Hardy space H' by means of the heat maximal operator. The Dunkl
laplacian

n n 2 2k; k;
Lie) =Y D0 =3 {(5%)" 700+ 3 5 £lo0) = % [£()— Flo)] }
is the infinitesimal generator of the heat semigroup
eth (t>0),

which acts by linear self-adjoint operators on L?(R", du) and by linear contractions on LP(R", dp),
for every 1 < p < oo, where

(1.4) dp(x) = dpp (1) . . . dpn(zn) = 1|20 2| 2o dey .. day,
The heat semigroup consists of integral operators

et f(x) = /ndu(y) h(x,y) f(y)

associated with the heat kernel [17]

1, N xPrly?
(1.5) hi(x,y) =c 't 2 e 4t E(Z% 75)
where
n

(1.6) N :n+zj212kj
is the homogeneous dimension and

N 2N " 1

cy = 22 Rndu(x)e 2 =2 szlf(krj—l—i).

From this point of view, the Hardy space H' consists of all functions f & L'(R", du) whose
maximal heat transform

(1.7 h.f(x) = swpio | | du(y)hilx.y) 13)]

belongs to L'(R™, du) and the norm is given by

1l = s f

Let us turn next to the atomic definition of the Hardy space H'. Notice that R", equipped
with the Euclidean distance d(x,y) = |x—y| and with the measure pu, is a space of ho-
mogeneous type in the sense of Coifman-Weiss (see Appendix A). Recall that an atom is a
measurable function a: R"™ — C such that
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e ¢ is supported in a ball B,
o llallr=< p(B),
o / dp(x)a(x) = 0.

R?’L

Lo consists of all functions f € L'(R",du) which
can be written as f=)_,\pa¢, where the a,’s are atoms and ) ,|\¢| <+o00, and the norm is
given by

By definition, the atomic Hardy space H}

1l = inf > Il

where the infimum is taken over all atomic decompositions of f.
Our first main result is the following theorem.

Theorem 1.8. The spaces H' and HL,,,
exists a constant C' >0 such that

CH Al < £l

atom

coincide and their norms are equivalent, i.e., there

S Ol e

The Fourier transform in the Dunkl setting is given by
(19) FHE) = i | dux) fG0Blx. i),

It is an isometric isomorphism of L?(R", du) onto itself and the inversion formula reads

f(x) = F2f(=x).
Notice that, if all multiplicities k; vanish, then (L9) boils down to the classical Fourier trans-
form

J?(E) = (277)_3/ dx f(x) e (%8

Our second main result is the following Hérmander type multiplier theorem (see [10] for the
original multiplier theorem on LP spaces).

Theorem 1.10. Let x = x(&) be a smooth radial function on R™ such that
_ )1 fgle(3.2],
If a function m =m(€) on R™ satisfies
M = sup g [xm(t )y paee < +00,

for some >0, then the multiplier operator

T f = FH{m (Ff)}
is bounded on the Hardy space H' and

[ Ton s S M.

Here W, (R") denotes the classical L? Sobolev space on R", whose norm is given by

R 1/2
lallyg = { [ ax(eixP) g )

Notice that the multiplier m is continuous and bounded, as % +e> 3.

The theory of classical real Hardy spaces in R™ originates from the study of holomorphic
functions of one variable in the upper half-plane. We refer the reader to the original works
of Stein-Weiss [22], Burkholder-Gundy-Silverstein [3] and Fefferman-Stein [9]. An important
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contribution to this theory lies in the atomic decomposition introduced by Coifman [5] and
extended to spaces of homogeneous type by Coifman-Weiss [6] (see also [12]). More information
can be found in the book [2I] and references therein.

Our paper is organized as follows. Section 2l is devoted to the heat kernel in dimension 1.
There we analyze its behavior thoroughly and we remove a small part, in order to get Gaussian
estimates similar to the Euclidean setting. These results are extended to the product case in
Section Bl Section 4 is devoted to the proof of Theorem [[.8 and Section 5 to the proof of
Theorem [[.T0l Section 6 consists of 3 appendices. Appendix A contains information about
the measure of balls, which is used throughout the paper. Appendices B and C are devoted to
so-called folklore results in connection with Uchiyama’s Theorem, which have been used for
instance in [§].

This paper results from two independent research works, which were carried out by the
first and third authors, respectively by the second and fourth authors, and which have been
merged into a joint article.

2. HEAT KERNEL ESTIMATES IN DIMENSION 1

Consider first the one-dimensional Dunkl kernel E(z,y) = Eg(x,y). As the case k=0 is
trivial, we may assume that k& > 0.

Lemma 2.1. (a) E(x,y) is a holomorphic function of (x,y)€C?.
(b) E(z,y) >0 for every xz,ycR.
(c) E(xz,y) has the following symmetry and rescaling properties:
E(z,y) = E(y,x) Va,yeC,
E(\z,y) = E(x, \y) VY z,yeC.

(d) For every yeC, x+— E(x,y) is an eigenfunction of the Dunkl operator
Df(x) = f'(z) + 5 {f(2)—f(=2)}
and of the Dunkl laplacian
Lf(x) = D?*f(x) = f"(x) + 2 f'(x) = & {f(2)— f(~2)}.
More precisely
DyE(z,y) =y E(z,y) and L,E(x,y) =y*E(z,y).

(e) As xy —0,
E(z,y) =1+ O(zyl).
(f) As zy — +o0,

28 T(k+1) 4 _
E(w,y) = 222 e (2y) F {1- 8 L+ O(z42)} -
(g) As zy — —o0,
2k—1ET(k+1) _, k- _
B(z,y) = 22 o= (Cay) 1 {14 851 L4 O(hy) )

Proof. The first four properties are known to hold in general. In dimension 1, they can be also
deduced from the explicit expression (L3]), as does (e). As already observed in [20] Section 2]
(see also [18, Example 5.1]), the asymptotics of E(z,y) at infinity follow from the asymptotics
of the confluent hypergeometric function, which read, let say for 0 < a < b,

1F1(abz)~—zzabz (-a)elb—a)e
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as z — +oo and
VFia;b; 2) ~ I'(b) Bl Z+°O (a)e(a—b+1), |z|_£

as z — —oo (see for instance [I}, (13.5.1)] or [14] (13.7.2)]). O
Consider next the one-dimensional heat kernel
1 ,_p_l _a2%+y? = y gl _=wp)? Ty
(22)  hy(z,y)=c, t "T2e 4 E(jvﬁ)zck t e w  Fy(k;2k+1; %),

where ¢y =22FH1T(k+1).

Proposition 2.3. (a) hy(z,y) is a C™ function of (t,z,y) € (0,+00)x R2,
(b) h¢(z,y) >0 for every t>0 and z,yeR.
(¢) h¢(x,y) has the following symmetry and rescaling properties :

ht(x7y) = ht(yVZ') vxayeRy
hoey Az, Ay) = [N 7251 hy(x, ) VAeER*, V>0,V z,ycR.

(d) h¢(z,y) satisfies the heat equation

8tht($7y) = Lyht(gj7y)7
im0 he(x,y) |y12F dy = 6. (y).

(e) The heat kernel has the following global behavior:

12 2
R e if |lzy|<t,
(z—y)?
h(z,y) < S 73 (zy)*e” Tt if zy>t,

2
t3 (—ay) P e if —ay>t,

and the following asymptotics:

e S (o) g0
hila.y) = § = oS @) {1- L1 0GE) i oo,
#6_@2,)2 t%(—xy)_k_l{l—i—O(—xLy)} if Z——o0.
(f) The following gradient estimates hold for the heat kernel:
I P i layl<t,
|g%ht(33=y)‘ S {t_%]a;—y]—kt_%]y\—l}(my)_k e_(zliﬂ if xy>t,

(z+y)?
—k—1 6_%

_1 1o _ .
{t72[z+yl+t2 (|27 4y 7))} (—2y) if —axy=>t.

Proof. The first five properties follow from the expression (2.2]) and from Lemma 2.l Let us
turn to the proof of (f). By differentiating (2.2]) with respect to y and by using the well-known
formula

4 Fi(ash;z) = ¢1Fi(a+1;b+1;2)
(see for instance [I, (13.4.8)] or [14} (13.3.15)]), we get

_(ﬂcfy)2

1 ,—k—21 —
Zhi(w,y) =c T e { S Pk 2k +1;—5) — S Fi(k 412k + 2, -5 )

We conclude by using again the behavior of the confluent hypergeometric function. O
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Remark 2.4. [t follows from Proposition 2.5.(e) and Appendiz A that
hi(z,2) = p(B(a, V)™ and  hy(z,—z) = p(B(e,Vt) " e

for every t>0 and x €R. Observe in particular that the heat kernel has no global Gaussian
behavior and decays rather slowly in certain directions. This phenomenon is even more striking
in the product case [31), where

hy(x,y) < p(B(x, \/t_))_lm
if t>0, xeR™ and y = (—x1,22,...,%,).

Let us eventually introduce a variant of the heat kernel with a Gaussian behavior. Given
two smooth bump functions y; and y2 on R such that

0<x:1<1, 0<x2<1,
xi=1on [-1,+3],  and x2=1 on [0,+1],
supp x1 C [—2, +§} , suppx2 C [—1,+1],

consider the smooth cutoff function

_ Jxa(FE) xe(F) if 2#£0,
xt(fc,y)—{ 0 it 220,

and the truncated heat kernel
Ht(x7y):{1_Xt(x7y)}ht(x7y) Vt>07vx7y€R'
Remark 2.5. The truncated heat kernel Hy(x,y) inherits the following properties of the heat

kernel hi(z,y):
(a) Smoothness: Hi(x,y) is a C™ function of (t,z,y)€ (0, +oo)x R2.
(b) Non-negativity: Hy(z,y) >0 for every t>0 and x,y€R.
(¢) Rescaling: Hyzy(Ax,\y) = |\ 72F"VHy(x,y) for every NeR*, t>0 and z,ycR.
(d) Approzimation of identity: lim o Hi(z,y) |y|**dy = 6.(y) for every z,y€R.
Theorem 2.6. The following estimates hold for the truncated heat kernel Hy(x,y).

(a) On-diagonal estimate:
Hy(z,z) < pn(B(z,Vt))™* Vt>0,VzeR.

(b) Off-diagonal Gaussian estimate:

(@=v)°
0 < Hy(z,y) < p(B(z,VE)) e et Vt>0,VazyeR.

(¢) Gradient estimate:
‘%Ht(a;,y)‘ ,§t_%u(B(:v,\/t_))_le_T2 Vt>0,Vz,yeR.
(d) Lipschitz estimates:
|Hi(w,y) = Hy(a,y)| S p(Bla, V)T S vi>0,va,y,y/eR,
with the following improvement, if |y—y'| < % |lz—y|:

G
| Hy(z,y) — Hy(2,y")| S p(Bla,VE))"Le et oyl
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Here c¢ denotes some positive constant and the ball measure has the following behavior, ac-
cording to Appendiz A:

u(B(z,Vt)) = {‘x’%ﬁ if |x] >Vt.

Proof. As far as (a), (b), (c) are concerned, the case z = 0 follows immediately from the
previous heat kernel estimates. Thus we may assume that x # 0 and reduce furthermore to
x =1 by rescaling.

(a) is immediate :

2 ift>1

Hy(1,1) = hy(1,1) = {t:i if tﬁl} ~ u(B(L,VE) "

/
N[

|
<

1 1
-2 —1 —3 0 b)

FIGURE 1. Cases and subcases considered in the proofs of (b) and (c)

Let us next prove (b).
e Case 1. Assume that |y|<¢.
o Subcase 1.1. Assume that ¢ is bounded above, say t < % Then

14y2 _

Hi(1,y) < he(1,y) <t R e H =tz s tFe st e
is bounded above by

S

_a-w? o 14y?

'S

t

o _(a=w?
n(BOLVE) e
2 ,
as t2 = u(B(1,Vt)), t7F < esi <e' st and edi < 1.
o Subcase 1.2. Assume that ¢ is bounded below, say t > =. Then

142 1 (-y)?

Hi(1,y) < h(l,y) < thg e = R e A e
with ¢5%% < ;i (B(1,v%)) and €37 < 1.

N[

e

»
B



8 J-PH. ANKER, N. BEN SALEM, J. DZIUBANSKI, AND N. HAMDA

Case 2. Assume that y is close to —z=—1,say -2 <y < —%.
Subcase 2.1. If t <1 (< —y), then

Ht(17 y) =0.

o}

o}

Subcase 2.2. If ¢ is bounded below, say t 2%, we argue as in Subcase 1.2.

e Case 3. Assume that y >t.
o Subcase 3.1. Assume that ¢ is bounded below, say (y>)t % Then
—v)? (1-y)?
Hy(1,y) < hy(l,y) = 73y ~F ™70 Pe o
with ¢5%2 < u(B(1,v%)).
o Subcase 3.2. Assume that y > % >t. Then
(-y)? 1 (1-y)?

H(ly)<ht(1y)vt 2y_k_ 1t St_ie It
with 2 = u(B(1,v%)).

o Subcase 3.3. Assume that t <y < % Then

.2
Hy(Ly) < ho(ly) = 2y ket

is bounded above by

p(BOVE) e

a-y?

as t2 = u(B(1,v/t)) and y=F <t7F < et < e 5t
e Case 4. Assume that y < —¢(< 0) and that y stays away from —1, say y ¢ (—2, —
Notice that (1+y)2 > % if and only if y¢ (—2, —%)

o Subcase 4.1. Assume that 2 <t <—y. Then

N~

(+y)? _(-p)?
Hi(1,y) < he(1,y) < t3 (—y)_k_l e~ e <t~ k=% ¢~ 307
with ¢5%2 < u(B(1,v%)).
o Subcase 4.2. Assume that ¢t <2 <—y. Then
! 1 _tw? 1 _(-y?

H(1,y) < h(l,y) <tz (—y) " e 4 <t 2e 36t
with 2 = u(B(1,v%)).

o Subcase 4.3. Assume that ¢t <—y < % Then

(+y)? el _0+w? _(a-w?

Hi(1,y) < hy(l,y) < t% (—y)_k_l e T4t <t 2e T8t e 2t

is bounded above by

N2
w(BOLVE)) L e

(149)?

as t2 = 1(B(1,v/t)) and t‘kgeﬁ <e st

The proof of (c) follows the same pattern. To begin with, observe that the derivative

ay{l x1(1+9) x2() } = = x1(1+y) x2(t)
—_———

Xt(Ly)
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of the cut-off is bounded and vanishes unless y € (—3 —2) ( 1 0) and t <1. According to
the subcases 1.1, 4.2 and 4.3 above, the contribution of —{1 Xt(l y)} he(1,y) to ayHt(l Y)
is bounded by

-1 — _(a-y* w
p(B(L,VE))™ (B(L,V)™
Thus it remains for us to estimate the contribution of {1— x¢(1,y)} a_yht(l’ Y).

e Case 1. Assume that |y|<t.
o Subcase 1.1. Assume that t < % Then

bounded

e oy g (1?)2
t

2
{1—xt<1,y>}\a%ht<1,y>|st—k—%<1+|y|>e—”4—?<t—k—%e se it le

St Ip(B(LVE) ™

_a- y)

Subcase 1.2. Assume that ¢ >1. Then

© Z3-
bounded
(a-v) L 142
{1—Xt(1,y)}|6%ht(1,y)\ <R (14 |y|) et Bl = L S
_a-y?

StEu(BLV) e S
e Case 2. Assume that —2 <y §—%.
o Subcase 2.1. If t <3(<—y), then

{1-x(Ly)} Hhe(ly) = 0.

o Subcase 2.2. If ¢ is bounded below, say t 2%, we argue as in Subcase 1.2.
e Case 3. Assume that y >t¢.
o Subcase 3.1. Assume that (y>)t>3. Then

(1-1)2

_3 _1 _ _
{1—xe(L)} | he(Ly)| S {t 21—y +t 72y fy e =

< O [ ol -0

bounded
1 M
StTEp(B(LVE) ™
o Subcase 3.2. Assume that y %>t. Then
9 < [4-3 1l 4y % _(1 y)?
{1—Xt(17y)}|a—yht(1,y)\w{t 2!1—y\+t 2y~ 'ty a
{\/’+\1 ul }
bounded
2
<SRBT e w
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o Subcase 3.3. Assume that t <y < % Then

_3 1 _ _(1 )2
(1=} | Zhe(L )| S{t 21—yl +t 2y~ JyFe
gt_le_( o t_k 2e” i
———
bounded
y)

St p(BOLVE))!

if

e Case 4. Assume that y <—¢(<0) and that y¢ (—2,—3). Recall that (1+y)?> (1_93/)2
and only if y¢ (-2, —%)
o Subcase 4.1. Assume that 2 <t <—y. Then

(1+y)

(1= x (L)} [ ha(1,y)| S {72 1y |+ 3 EE Y jy =it e

(14 (14y)?
< gkt SR Lyl -
—_———
bounded
_1 _(1 )2
St p(BLVE)) e

o Subcase 4.2. Assume that ¢t <2 <—y. Then

_1 1 1 _4w?
(1= (L)} & he(Ly)| S {2 [y + 02 Yy ~h e T

1+ 1+y)?2
Sttt e_(si?t!) {—‘Hy' e_%—kx/f}

Vit

bounded

(B e R

N

St

o Subcase 4.3. Assume that ¢t <—y < % Then

(1+y)

1
(1Y) |2 he(Ly)] < {77 [y |+ 2 LY |y~ e
t=1 6_% t_k_% 6_3%
N——
bounded

N

)2

St u(B(LVD)) e

Eventually, (d) is an immediate consequence of (c). For every y”€[y,y’], we have indeed

(ac—y")z

e et  <1.
Moreover, if |y—y'|<i|z—y|, then |z—y"| > |z—y|—|y—y"| > |z—y|—|y—y'| > |z —y],
hence

_@—y")? _(a—y)?
e ct é e 4ct
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Remark 2.7. Contrarily to h(z,y), Hi(x,y) is not symmetric in the space variables x,y.
Newvertheless, according to the following result, we may replace u(B(z,v/t)) by w(B(y,Vt))
in the estimates (b), (c¢) and in the second estimate (d).

Lemma 2.8. For every € >0, there exists C' >0 such that

o 2
%ﬁCea% Va,yeR,Vit>0.

Proof. By rescaling (see Appendix A), we can reduce to the case t =1. The estimate

W(B@)) < c(a—y)?
ABED) S €

is obvious if x and y are bounded or if |z|/|y| is bounded from above. In the remaining case,
let say when |z| > 1+2[y|, we have |z| < [z—y[+ |y| < |[z—y|+ 5|z|, hence |z < 2|z—y].
Furthermore, as |z—y| > |z| — |y| > 1, we have |z| <2 (z—y)2. Thus

x, iy 2
M) < 4(B(,1) = (Jo]+1)% S eBlil g e,

O

Next proposition, which will be used in the proof of Theorem [[.8] shows that the truncated
heat kernel Hy(x,y) captures the main features of the heat kernel h.(z,y).

Proposition 2.9. The mazimal operator

Qs f(z) = sup;5 (/Rdu(y) Qu(z,y) f(y)],
associated with the error
Qt($7 y) = ht($7 y) - Ht(x7 y) = Xt($7 y) ht($7 y) 2 07
is bounded from L*(R,du) into itself.

Proof. 1t suffices to check that

SuPye]R/ dp(z) sup~o Qi(x,y) < +oo.
R

The case y = 0 is trivial, as x¢(x,0) and hence Q(x,0) vanish, for every ¢ >0 and x € R.
Consider next the case y € R*, which reduces to y = 1 by rescaling. Then y;(x, 1) and Q¢(z, 1)
vanish, unless t<9 and —3<x < —%, and in this range (see Proposition [2.3))

1 (z+1)?

he(z,1) < t2e 4t

is bounded. Hence

1
-3
/ dp(z) sup o Qi(x, 1) 5/ dzx sup gcjeg hi(z,1) < 400.
R ~3
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3. HEAT KERNEL ESTIMATES IN THE PRODUCT CASE

According to (IB) and (L2]), the heat kernel in the product case splits up into one-

dimensional heat kernels :
n

(3.1) hiey) = [ 07 (@).
By expanding

h(tj)(xjayj) = {1—x¢(zj,95)} h(tj)(iﬂj,yj) + Xt(ﬂfj,yj)h(tj)(iﬂj,yj),

H (x5,y5) QY (w;,y5)
we get
ht(x7 y) = Ht(xa y) + Pt(x7 y)
Here " ,
Hy(x,y) = szl HY (2),y;)

and Py(x,y) is the sum of all possible products
Pt(X7 y) = Hj:l p(t])(xh yj) )
where each factor p(tj)(a:j,yj) is equal to ng)(xj,yj) or Q(g)(a:j,yj), and at least one factor
p(f)(:nj, yj) is equal to ng)(:nj, yj). Notice the rescaling property
hy2(Ax, A\y) = A Nhy(x,y)  VYAER* V>0,V x,yeR",

and similarly for the other product kernels. The following estimates follow from the one-
dimensional case (see Theorem 2.6 and Remark [2.7]).

Theorem 3.2. (a) On-diagonal estimate:
H,(x,x) = pu(B(x,vt))™! Vt>0,VxeR"
(b) Off-diagonal Gaussian estimate:

1 _lx=yP?
0 < Hy(x,y)  max{u(B(x,v1)), p(B(y,Vi))} e e
for every t>0 and for every x,y € R".

(¢) Gradient estimate:
lxeyi?

IVyH(x,y)| S ¢z max{,u(B(x, Vi), M(B(y,ﬁ))}_l o253

for every t>0 and x,y e R™.
(d) Lipschitz estimates:

[Ho(x,y) — Hi(x, )| S p(B(x, VD)) X,

for every t>0 and x,y,y’€R"™, with the following improvement, if |y—y’| < % |x—y|:

_vl2
Loy ly -y

[Hi(x,y) —Hi(x,5")| € max{pu(B(x,vt)), n(B(y,Vt))} e ot 2

Let us turn to the analog of Proposition in the product case.

Proposition 3.3. The mazimal operator

P.f(x) = supeso | [ du(y) Pulx.y) £3)

is bounded from L'(R", p) into itself.

)
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Proof. We will show again that

SupyeRn/R dp(x) sup s~ Pi(x,y) < 400,

but the proof will be more involved in the product case than in the one-dimensional case. Let
us begin with some observations. First of all, by using the symmetries

H (@jy;) = HY (—aj.—y;) and Q7 (aj, ) = Q7 (~aj ~yy)
and by interchanging variables, we may reduce to products of the form

Pix,y) = QM (@1, m1) ... QU @ yn) H" ™ (@nisr, ynisr) - HY (20, yn)

Q;(x/7y/) Hé/(x//7yll)

where 1 <n’<mn and 0<y; < ... <y, . Next we may assume that, for every 1 <j<n’,
y; >0, —3yj<$j<—%yj and :13?>t,

because otherwise x¢(x;,y;) and hence Q(tj )(ajj,yj) vanish. Eventually, by rescaling, we may
reduce to the case y; = 1. Consequently, ¢ is bounded by :1312 < 9yl2 = 9 and each factor

Q(g)(a:j,yj) is bounded by

(Zjij)z 1 92

—ki—1 — N .
boe H(—3yj,—%yj)($1) S 2y (—3yj,_%yj)(33j)-

Nl

t2 (—z;y;)

Thus, on the one hand, the integral

I'ly’) = /Rn,du’(X') supo t 2 Q4(x,y')
1 1 1
i _oky—o [T3V —ok,,—2 [ 8
5/ dpn (1) 5 2" 2/ dpa(22) .. Y, " / dpin/(Tn)
-3

—3y2 —3Y,r

is bounded, uniformly in y’. On the other hand, let us prove the uniform boundedness of
I//(y//) — /]R Ndu//(xll) Sup0<t<9 t% H/t/(xll7y//) ,

when n”=mn—n’>0. For this purpose, let us deduce from the Gaussian estimate

_ ‘xlliy//‘Q

H;/(X”,y”) S[,L”(B(y”,\/t_))_le e

that

‘xlliy//‘Q

Supgcicg 2 HY(x",y") S [x"=y"| " (B(y", [x"=y"|)) " e e
Assume first that |x”—y”| >+/t with 0<t<9. Then, by using (6.4),

A < 2 "By | x"—y")) n moL =1 _—
t2 Ht(x Y )N t2 /.L”(B(y",\/{)) 2 (B(y 7‘X y ‘)) e
" //‘2 ‘xlliy

_ [x"—
’X//_ y//’ (\x"\ﬁ}’”\)N”e_ — u”(B(y”, ‘X//— y//‘))—l o T

‘xlliy//‘Q

//‘2

AN

<1
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Assume next that 0 < |x”—y”| <v/t (<3). Then, by using again (6.4,

7 n'! -
S (\ \/t_y \) =1
n’ 2 By x! — ! L xy!)?
£ HY(x",y") $ o7 BBy (B(y” X -y ) e e
n!/— _ _ | "_ //‘2
<t L (\x"\/{y”\)n” 1 |X//_ y//| u”(B(y”, |X//_ y//|))—1 _lx oy
—_—~———— ———
sl S1 =1

Now that we have estimated ¢z H”(x”,y"), let us split up the integral

I//(y//) _ Z I/((y//)

jez "7

according to the decomposition R~ {0} = U ez {x"€ R 2972 < |x"—y"| <2972}, Let

us show that 2

T (y") | <27 W
If j >0, we have indeed
X"y 2 " .
(y") S / dp (") " (B(y", %"~ y"|)) L %"y e R < O g
Q. M y",27))
J af—/

= p(B(y",27) s27 St

~

and, if j <0,
MG < Moo nN o " " HiNN—1 [ " INESEr il < n"(825) J
LY S | de’ X)) p"(By" [x"=y"])" |x"—y"|e” ¢ NW2 :
0, \ N L~ y",29))
= p'"(B(y”,27))~1 <29 <1 <1

By summing up over j€Z, we obtain the uniform boundedness of I”(y"). O

4. PROOF OF THEOREM [L.§
Theorem [[.§ relies on the following result due to Uchiyama [25].
Theorem 4.1. Assume that a set X is equipped with

e o quasi-distance d i.e. a distance except that the triangular inequality is replaced by
the weaker condition
Elv(x,y) SA{J(x,z)+EZV(z,y)} Va,y,2€ X,
e a measure |, whose values on quasi-balls satisfy
%g,u(g(x,r))gr VeeX,Vr>0,
e a continuous kernel K,.(x,y)>0 such that, for every r>0 and x,y,y’'€ X,
o Ky(z,z) > ﬁ ,
o Ky(z,y) <r 1(1+ M)_l_é ;
o |Kr(w,y) — Kp(w,y")] < vt (14 920 ) 720 () when d(y,y') < =T
Here A>1 and 6>0. Then the following definitions of the Hardy space H'(X) are equivalent:
e Maximal definition: H'(X) consists of all functions fc L'(X) such that

K, f(x) = sup,~ (/Xdu(y) Kr(w,y)f(y)(

belongs to L'(X) and the norm ||f|| g is comparable to || K. f| 1.
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e Atomic definition: H'(X) consists of all functions f€ L'(X) which can be written as
f=>",Aeay, where the ag’s are atoms () and Y ,|\¢| <400, and the norm ||f|lm
is comparable to the infimum of Y ,|\¢| over all such representations.

Going back to X = R", equipped with the Euclidean distance d(x,y) = |x —y| and the
measure (L4, set

dx,y) = infu(B)  VxycR",
where the infimum is taken over all closed balls B containing x and y, and
(4.2) K,.(x,y) = Hi(x,y), Vr>0,Vx,yeR"

where t =t(x,7) is defined by u(B(x,v/t)) =r. In Appendixes B and C, we check that these
data satisfy the assumptions of Uchiyama’s Theorem with § = % Actually the conditions in
Theorem (1] are obtained up to constants and they can be achieved by considering suitable
multiples of p and K, (x,y). Thus the conclusion of Uchiyama’s Theorem hold for the quasi-
distance d and for the maxinial operator K,.

On the one hand, d and d define the same Hardy space H!, as balls and quasi-balls are
comparable. Let us elaborate. For every x,y € R"™ and >0, we have

x-yl<Vi = dxy)<r = |x-y|SVE,
where r = u(B(x,v/t)). The first implication is an immediate consequence of the definition

of d and the second one is obtained by combining Lemma [6.6l(b) in Appendix B with (G.4)
in Appendix A. Hence there exists a constant ¢>0 such that

B(x,V/t) C B(x,r) C B(x,c\t)
and these sets have comparable measures, according to Appendix A.
On the other hand, the maximal operators K, and H, coincide and they define the same

Hardy space H' as the heat maximal operator h,, according to Propositions and [3.31
Indeed, for every f< L'(R", du), the integrals

/wmmeaml/wmem
Rn Rn

differ at most by a multiple of | f||z:1, which is itself controlled by either integral above, as
h:(x,y)dup(y) and Hy(x,y) du(y) are approximations of the identity.
In conclusion, the atomic Hardy space H'! associated with Euclidean balls coincide with
the Hardy space H! defined by the heat maximal operator h,.
O

5. PROOF OF THEOREM [L.10l

The proof of Theorem [LL.TI0 requires some weighted estimates in Dunkl analysis, which are
well-known in the Euclidean setting corresponding to k = 0. Let us first prove a weak analog
of the Euclidean estimate

~

IA+IEDNT F(E) L2 (ag) S I Fllyygenroee.
Lemma 5.1. For every {€N and r>0, there is a constant C = Cy, >0 such that

sup gen (14 [€)) | FF(€)] < ClIfllce
for every feCYR™) with supp f C B(0,r).

1 Recall that an atom is a measurable function a : X — C such that a is supported in a quasi-ball E,
lalli= < u(B) " and [ dua=o.
X
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Proof. By using the Riemann-Lebesgue lemma for the Fourier transform (L9]), we get

sup genn (1+16) I FF()] £ supgen (1427 161°) IFF ()
< e+ D D5 F e -

The last expression is bounded by ||f||ce as, by induction on ¢, supp(Df f) € B(0,r) and
1D; fllzee S fllce- O
Corollary 5.2. For every {€N, r>0 and >0, there is a constant C = Cy,.>0 such that

H(L+1ED N2 FF(€) |l L2(aueey < C £y genroe

+"/2+E(]R”) with supp fC B(0,r).

Proof. This result is deduced from Lemma [5.1] by using on the left hand side the finiteness of
the integral

)4
for every feW,

| dute) (+1gly N>
and on the right hand side the Euclidean Sobolev embedding theorem. O

Proposition 5.3. For every 0 >0, r>0 and € >0, there is a constant C = Cy . >0 such
that

IA+IEDT FFE N 2amey < C N lwgre s
for every feWJte(R"™) with supp fC B(0,7).

Proof. Let x € C°(R™). Following an argument due to Mauceri-Meda [I3], this result is
obtained by interpolation between the L? estimate

| F ) L2 (ap) = const. (| X fllz2(au) S I ll22(ax) »

which is deduced from Plancherel’s formula, and the following estimate for /€N large, which
is deduced from Corollary £.20:

1a+1ED ™2 FOD O llzanien S WSy S Uy prmvaer

By using the Cauchy-Schwartz inequality, we deduce eventually the following result.

Corollary 5.4. For every 0>0, >0 and €>0, there is a constant C = Cy,.. >0 such that

[ An(&) A+ [€)° IFF@)1 < Oy gomias

for every fEW;+N/2+E(R") with supp fC B(0,r).
Let us next prove analogs in the Dunkl setting of the Euclidean estimates
| ax )’ 1ol < [ dn1a’ £ [ dy (419D )],
and
/W\B(yvr)dXIf(X—Y)l S 0 1D’ £ ) o e -

Recall that Dunkl translations are defined via the Fourier transform (L9) by

() = o [ dn(©) FHO Blx. i€ By i€
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(see [17, 24] 19, 23]) and have an explicit integral representation

(ry F) () = / dvyy(2) £(2),

n

in dimension 1 (see [16] 23], 2]) and hence in the product case. Specifically,

dvy y(z) = dvY (z1) ... dvi™ (zn),

1,91 TnsYn
where
vi(zj,y5, %) |25 dzy if xj,y; € R,
dz/g?yj(zj) = g doy,(zj) if 2;=0,
ddg,(25) if y;=0,
and
1
vi(2), 5, 2;) = \/;;’;;;rg()kj) (l‘j+yj+zj)(—x;;jgzj)(xj—yﬁzj)
y {2 |+ w3 1+ 25) (=gl 1+ 25D (g =Ly 1+ 250 (g 4y =12 2
|2y 2] 2M
R [P EPAIRP R NEDE
Thus vy, is a signed measure, which is supported in the product

Ixy =Zayyp X - X Ly, y,
of one-dimensional sets
Lojy; = {z €R | |lxj| = ly;1| < lz] < ol +Jy;] }
= [=lajl=ly;l, = [lzi1=ly;l| ] U [[125]—1ly;

and which is generically given by

|51+ Ly

de,y(z) = Vl(a::hyla 21) M Vn(xnyynyzn) dl.l/(Z) N

v(x,y,2)
Moreover, it is known (see [106] 23], 2]) that

SUP x yegrn |[Vxy [(R") < +00.

Lemma 5.5. For every § > 0, L'((1+|x|)°du(x)) is an algebra with respect to the Dunkl
convolution product

Fr900 = [ duy) (s ) 9(y)
Proof. By using the symmetries
V(X7 -y, Z) = V(_Z7 -y, _X) = V(Zv Yy, X) )

we have

fro00= | du 1) [ du) v vieyx),

RTL
We conclude by estimating

. dp(x) (1+]x))° [v(z,y,%)| < (1+]2])° (1+]y])°.
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Lemma 5.6. For every § >0, there is a constant C' >0 such that, for every y € R™ and
r>0,

[ D60l () < O I s
R"\O(y,T)

where
O(y,r) = {xeR"| [[a;| —|y;|| <r V1I<j<n}

is the orbit of the ball B(y,r) under the group generated by the reflections (..
Proof. As R"\O(y,r) is contained in the union of the sets
Aj = {xeR"| [lzj| = [y;l| >n™*r}  (j=1,...,n),

we have

/Rn\ow,r)’“-m X)) < 300 / dp(x / () v (x, ~y.2)| |£(2)].

—-1/2

As

1z| > |z > [lzj] = |y;|| >n" /"7

when x€ A; and z€Zy y, the latter expression is bounded above by

1 3/2 b /Rnd”(z) 12° | £ (2)| /Rndu(x) lv(x,—y,z)|.

We conclude by using the uniform estimate

/ () o (x, —y,7)] = /R () (e, y, )| < O

Let us turn to the proof of Theorem [LI0, which consists in estimating
(5.7) [ (Tma) |21 apy S M
for every atom a in the Hardy space H'. By rescaling it suffices to prove (5.7) for any atom
a associated with a unit ball B(z,1). As h, and T,, are bounded on L?(R",du), we have
1hs(Tma) |1 (0(a,2), dpy < M-
Thus it remains for us to show that
(5.8) [ (Tma) |2 o0 @,2),dp) S M -

For this purpose, let us introduce a dyadic partition of unity on the Dunkl transform side.
More precisely, given a smooth radial function ¥ on R™ such that

suppy) C {E€R™ |5 <€) <2} and ) 9(27°€)*=1 VEER"{0},

let us split up
e (g = dezw@_gé) e P 2t m(€).

Set
Pi0(€) my (&)
my g<£> — (&) e 1€ (&) m(2°),
fro=F Hmeg) = F (Wbee) * FHmy).
—_———— ——
gt Wy

Then et m(¢) = Zéezmt,g(z—fg). Consider the convolution kernel

Fro(x,y) = 7oy FH{mye(275) }(x) = 2N (r_gey fr0) (2%).
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Lemma 5.9. (a) On the one hand, for every 0<d<e, we have
/ dp(x) sup | Fe(x,y)| < M27% VIeZ, VzeR" VyeO(z,1).
R"\0O(z,2) t>0
(b) On the other hand,
[ ) sup | Friey) - Fraey')| S M2y —y'| VIEZ Vyy R
R” >0

Proof. On the one hand, as
|08 (p(&)e ") < Co  ViE>0, VEERY,
Lemma [5.1] yields the estimate
lgee(x)] < Cy(14+]x))™%  VxeR™,

which holds for any d € N and which is uniform in ¢ >0 and £ € Z. On the other hand,
Corollary [5.4] yields the estimate

[ o) (4 el o) 5 1.

which holds uniformly in ¢€Z. By resuming the proof of Lemma [5.5] we deduce that

(5.10) dp(x) (1+[x])° sup | fre(x)| < M.
R >0
We reach our first conclusion by rescaling and by using Lemma [5.61:
[ autswp Fxy) < [ dulx) swp | Fxy)|
R"\O(z,2) t>0 R"\O(y,1) t>0

- / dpa(x) sup | (r_sey fre) (x)] < M2,
R7O(2%y,2¢) >0

Let us turn to the proof of (b). This time we factorize

Jt,é(g) mfsg)
me(§) = Y(§) el€l? o2 W(€) m(2%€) e l€
My o(€)

and accordingly
Jee = f_l(mtj) = ]:_1(77%74) * ]:_1(6_‘5‘2) :

e h
On the one hand, by resuming the proof of (5.10]), we get

/ dp(x) sup\ﬁ,g(x)] <M.

n >0

On the other hand, h(x,y) = (7_yh)(x) is the heat kernel at time ¢ =1, which satisfies
/ dp(x) [h(x,y)-h(x,y)| Sly-y'| Vy,y'eR",

according to next lemma. After rescaling, we reach our second conclusion :

g dp(x) sup |Fro(x,y) — Fro(x,y')| S M2y —y'|.
n >
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Lemma 5.11. The following gradient estimate holds for the heat kernel :
Rndu(x)|vyht(x,y)| <tz Vt>0, VyeR™

Proof. We can reduce to the one-dimensional case and moreover to t = 1 by rescaling. It

follows from our gradient estimates for the heat kernel in dimension 1 (see Proposition [2.3])

that )
|%h1(aj,y)| ~ 1+|my‘k e—§(|$| lvD .

e Case 1: Assume that |y| <2. Then |0,k (z,y)| S e==*/16 hence
+oo
| dl gy < 1.
—00
e Case 2: Assume that |y| > 2. Then |z|/|y| <1+ 3|z — |y||, hence

e | )| < () eSS (1 ] —Jol])" e 01 i el

and
+oo +oo 1.2
/ dx |:E|2k|a%h1(:n Y)| / dz e~ 16 @ 1D dze_ﬁz < 1.
—0oQ

O
End of proof of Theorem [I10. Let us split up and estimate
|hy(Tma)(x)| < Ze>o b (Tt 2ma)(x H_Zko (b (T2 )2 ma) (%)
= s [ dn) Pty a)
+ 3, | (z,1>d“(y> {Foo6y) = Foe(x,2)} aly) |
S o [, ) 6] 0P [Foal )
) ) )] supisg | Psy) ~ B
Then (5.8) follows from Lemma [5.91 O

Example 5.1. The Riesz transforms R; = D]-(—L)_l/2 in the Dunkl setting correspond to
the multipliers &; /|&|, up to a constant. Hence, by Theorem [I.10, they are bounded operators
on the Hardy space H'.

6. APPENDIXES

6.1. Appendix A : Measure of balls.

Recall that ki,...,k, >0 and N=n+ 25;12/4;]-. On R"™, equipped with the Euclidean
distance, the product measure

(wezt)] dp(x) = dpy (1) . .. dpn(z,) = 21|20 .o |2,|2Rn doy ... day,
has the following rescaling properties :

(6.1) dp(dx) = ANdu(x) V¥V AeR*

and

(6.2) p(BOx, Nr) = AN p(B(x,7)) VxR, ¥ AcR*.
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Moreover
(6.3) p(B(x,r)<r H (|aj] +7)2
Hence
B(x,R R\N n
(6.4) (£)" < B < (£) Vx€ER™, Y R>r>0.
In particular, p is doubling, i.e.,
(6.5) pn(B(x,2r)) < p(B(x,r)) VxeR" Vr>0.
Let us prove (63]) and ([©.4). In dimension n =1, we have
|z|4r

() = [yl

On the one hand, if r < %', we deduce that
2k lal+r 2k
p(B(z,r)) < |z| . dy =< |z|"r

On the other hand, if |z| <2r, we estimate from above

3r
pw(B(x,r) < [ dyly|?F =< r2F+!

-

and from below .
p(B(z,7)) 2/ dyy?* = r?FL
0

Thus u(B(x,7))=(|z|+7)**r in all cases and

- (%)%H if |x| <r,
- +R - 2k .
u(B,r) = (BT 2 < § (BPFE i r <o <R,
& if 2] >R.

The product case follows from the one-dimensional case, since the ball B(x,r) and the cube

n=[1_ B
have comparable measures. More precisely, we have
Q(x ,\/—) Cc B(x,r) C Q(x,7),
with
p(Q(x 7)) = w(Q(xr) = " [T (fosl+7)*

6.2. Appendix B: Distances.
The following result, which is used in Section [} is certainly known among specialists. We
include nevertheless a proof, for lack of reference and for the reader’s convenience.

Lemma 6.6. Let (X,d, ) be a metric measure space such that balls have finite positive mea-
sure and satisfy the doubling property, i.e.,

3C>0,VzeX, Vr>0, p(B(z,2r)) < Cu(B(z,r)).

Set N
d(x,y) = inf u(B),
where the infimum is taken over all closed balls B containing © and y. Then
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(a) El: is a quasi-distance,
(b) d(z,y) =< p(B(z,d(z,y))) Vz,yeX,
Moreover, if the measure p has no atoms and u(X)=+oo, then

(¢) p(B(z,r))=r, for every x€X and r>0, where B(x,r) denotes the closed quasi-ball
with center x and radius 7.

Proof. Let us first prove (b). Set R =d(z,y). On the one hand, we have d(z,y) < u(B(z, R)),
as = and y belong to B(x, R). On the other hand, if  and y belong to a ball B = B(z,r), then
R <2r, hence B(z,R) C B(z,3r) and u(B(z,R)) < u(B(z,3r)) < u(B(z,r)). By taking the
infimum over all balls B containing both z and y, we conclude that u(B(z, R)) < d(z,y).
Let us next prove (a). For every z,y,z€ X, we have d(z,y) <d(z,z)+d(z,y). Assume that
r=d(z,z) >d(z,y). Then x,y€ B(z,r). By using (b), we conclude that

d(z,y) < p(B(z,r) <d(z,2) <max{d(z,2),d(z,y)} <d(z,z)+d(z,9).

Let us eventually prove (c¢). Given x € X, notice that p(B(z,r)) is an increasing cadlag
function of r € (0,+00) such that

p(Bz,r)) 0 as r\0,
w(B(z,r)) S +oo as r N +o0.

Here we have used our additional assumptions. Let z € X and r>0. On the one hand, for
every y € B(z,r), we have pu(B(x,d(x,y)) < d(z,y) <r. Hence

R = sup{d(z,y)|yeB(z,r)} < +o0.
Let y € B(z,r) such that d(z,y) > %. Then B(z,r) C B(z,R) C B(x,2d(z,y)). Hence

p(B(a,r)) < p(B(x,2d(x,y)) = u(B(x,d(z,y)) < d(z,y) < 7.
On the other hand,
T =inf{t>0|p(B(x,t))>r} >0.
As ,LL(B($,%)) < r, we have d(z,y) < r, for every y € B(JE,%), hence B(JE,%) C B(z, 7).
Consequently,

r < w(B(@, 1)) = u(B(z,5)) < p(Bla,r).

6.3. Appendix C: Kernel bounds.
Recall from Section [] that the kernels K,.(x,y) and H(x,y) are related by

(M) KT(Xay) = Ht(x,y),
where r = p(B(x,v/t)). In this appendix, we check that the Gaussian estimates of H;(x,y)
in Theorem imply the estimates of K,(x,y) required in Uchiyama’s Theorem (Theorem
[4.1]). This result is certainly well-known among specialists. We include nevertheless a proof,
for lack of reference and for the reader’s convenience. _

According to Appendices A and B, we may consider the quasi-distance d on R" associated
with the Euclidean distance d(x,y) = |x—y| and the product measure (I.4]). The on-diagonal
lower estimate

(6.7) K (x,x) > &

is an immediate consequence of Theorem [3.21(a). For every 6 >0, the upper estimate

(6.8) Ko (x,y) < @ (14 L)y~
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follows from Theorem B.2l(b), more precisely by combining

< -1 _Ix—y?
h Kr(x,y) ~ T (& ct
wit
- o
(6.9) (1+M)1+5 < (14_%)1%5 (1+ Ix\;ZyI)N(1+5) < e%

The main problem consists in checking the following Lipschitz estimate.

Lemma 6.10. There exists C3>0 and, for every d >0, there exists Cy >0 such that
- o
(6.11) K (x,) = Iy G y)] < G (14 218 (e &

if d(y,y’) <Csmax{r.d(x,y)}.
Proof. Let us begin with some observations. First of all, (6.11]) follows from (G.8]), as long as

d(y,y’) <r. In this case, we have indeed
d(x,y) _ d(x,y")
14 28Y) g 4 2XY)
Next, notice that
x—y| 2Vt <= dx,y) 2
This follows indeed from the estimates

dxy) _ p(BXx[x—y]))
r n(B(x,V1))

n X, N .
()= fimoemy S ()7 r<R,

{|x—y|sﬁ — d(x,y) S,

and

Similarly, we have , ~ o
ly=YISly—x| <= dy,y') S d(y,%).
In particular, there exists C5>0 such that

y-y'|<slx—y| if d(yy')<Cidlxy).

Let us turn to the proof of (6.11]) and assume first that d(x,y) > r. In this case, |x—y| >Vt
and d(y,y’) < C3d(x,y), hence |y —y'| < 3|x—y|. Thus, according to Theorem B:21(d),

|K7“ (X7 Y) - K, (X7 y/) | = |Ht(x7 Y) - Ht(x7 y/) |
is bounded above by ey 2 )
(Bl Vi)t e BT oy
After substituting r = u(B(x,v/t)) and estimating
1 Ix—y?
(14 Toenyind < o
as in (6.9), it remains for us to show that

’ ’ 1 x—y|?
(6.12) ‘Y\;t}| 5 (d(y;y ))N e‘ 232‘
If |y —y’| <Vt, then

d(y,y') - wBWly=y']) _ p(Bly.ly=y')) p(Bly,Vt))
r n(B(x,Vt)) n(Bly.vt))  n(BxVt))

with
p(By,ly=y') > (\y—y’I)N
w(By,vt)) ~ N\ Vi
and
p(Bly VD)) WBONVD) s (N _ x-y|\-N 5 NP
1 (B(x,V1)) = w(Bly,|x—yl+vt)) ~ (Ix—y|+\/f) o (1+ Vit ) ~es

If |y —y’| >+/t, we argue similarly, estimating this time
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—vy/ —v'|\n —v/|\N /|x— —(N—n —
p(By,ly y\))z(\y y\) Z(Iy y\) (I yl) ( )Z(Iy y

:u'(B(yﬂ/Z)) \/{ \/{ \/{ \/{ (& 4 ct
e 1 (B(y,Vt)) N [x—y|?
pBY V) > =7 T
LBy ~€¢ 1ot

Assume next that d(x,y) <r. Then |x—y| <V, d(y, ) C3r and ([6.11) amounts to
‘KT(X7Y)_KT(X7y/)‘ ST‘ ( y )
According to Theorem [3:21(d),
K (x,y) = Ko (x,5)| = [Hi(w,y) = Helw,y) | S p(B(x, V1) Y

i

As
1(B(y,vt)) < p(B(x,Vt)) =r,

we have _
dy.y) o pBEly=y'D))

_ r u(B(y,vt))
As M < (3 and % is bounded from below by a power of ‘y;tf |, we deduce

first that |y —y’| < v/t and next that
dy.y") > (Iy—y’l)N_

r ~ NG
This concludes the proof of Lemma [6.10] O
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