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Abstract

We consider a model of long-range first-passage percolation on the d dimensional square
lattice Z¢ in which any two distinct vertices x,y € Z? are connected by an edge having
exponentially distributed passage time with mean ||x — Y|\a+o<1) , where a > 0Ois a fixed
parameter and ||-|| is the £1—norm on Z¢. We analyze the asymptotic growth rate of the
set B, which consists of all x € Z¢ such that the first-passage time between the origin 0
and x is at most ¢, as t — oo. We show that depending on the values of « there are four
growth regimes: (i) instantaneous growth for @ < d, (ii) stretched exponential growth for
a € (d,2d), (iii) superlinear growth for o € (2d,2d + 1) and finally (iv) linear growth
for o > 2d + 1 like the nearest-neighbor first-passage percolation model corresponding to
a = 0.
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We consider the infinite complete graph on the vertex set Z¢, say G¢, and a non-
increasing positive function r : (0,00) — (0,00]. To each edge e of G? we assign an
independent random weight of the form w, /7., where r, is given by the value of the func-
tion r evaluated at the Euclidean distance between the endpoints of the edge e and {w.}’s
are i.i.d. nonnegative random variables with common distribution F'. The weight of an
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edge is interpreted as its passage time. Based on these passage times, one can define a
first-passage metric on Z<, in which the distance between two vertices is the minimum
time required to reach one of them from the other using any of the paths in G¢ joining the
two, and study the asymptotic growth of the associated ¢—ball (the set of vertices which can
be reached within time ¢ from the origin) as ¢ tends to infinity.

In this paper, we focus on the case in which I is the exponential distribution, and
show that the family of stochastic growth models (indexed by the set of nonnegative non-
increasing functions) exhibits a wide variety of growth behavior including instantaneous
growth, exponential growth, any stretched exponential growth (the t—ball can have diame-
ter and volume of order exp(?+°(1)) for any 6 € (0, 1)), any superlinear growth (the t-ball
can have diameter of order t/+°(1) for any 1 < # < co) and linear growth for different
choices of the function r. This phenomenon occurs in much more general set-up when
F satisfies certain moment condition. In particular the phase transition between different
growth behaviors depend on the behavior of F' near 0 and near infinity, here we will depict
this for the case when F' is a positive power of exponential distribution.

This problem bridges between two vast areas of study: long-range percolation and
nearest-neighbor first-passage percolation. We briefly discuss both of these areas in the
following two Sections 1.1 and 1.2.

1.1 Long-range Percolation

During the last few decades there has been numerous research contributions which
have led to a thorough understanding about the existence and type of phase transitions in
different models of statistical mechanics. The simplest among such models is perhaps the
Bernoulli bond percolation model, where one obtains a random graph by retaining each of
the edges of a ground graph independently with probability p € (0,1). The literature on
percolation theory is vast, so we mention only a few relevant references here and ask the
interested readers to look into them for further ones. For an introduction and motivation
to the subject and for earlier works, when the ground graph is Z¢ with nearest-neighbor
edges, we recommend [28]. See also [41, Chapter 7] for the treatment of percolation on
general transitive graphs including homogeneous trees. Most of the focus in research re-
lated to percolation on the transitive infinite graphs has been on proving the existence of
phase transition (depending on the appearance of infinite cluster(s)), analytic and geomet-
ric properties of the connected components (see e.g., [16] for the properties of connectivity
functions) and scaling limits for critical percolation on Z¢ (see e.g., [31, 32, 48, 49]). Per-
colation has also been considered on large finite ground graphs such as the complete graph
on n vertices (which gives rise to the famous Erdds-Rényi random graph model), small-
world and scale-free networks (in the context of epidemiology [44, 47]), sparse random
graphs (in the context of robustness of networks [15]) and n-dimensional hypercube [14].

An extension of the Bernoulli bond percolation model is the long-range percolation
(LRP) model, in which each pair of distinct vertices x,y € Z¢ is connected by an edge
with probability pxy ~ Bx —y| *™" (as |x — y|| goes to infinity) for some pa-
rameters a, 3 > 0. We denote the associated random subgraph of G¢ by G%, where
p=(pxy | X, € Z%). This model was originally introduced in the mathematical-
physics literature as an example of a model which exhibits phase transition even in one
dimension, it also displays discontinuous transition of percolation density for & = 2 in
one dimension as 3 varies. We refer the readers to [45, 1, 46, 35] for more details about
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these works. Later, Benjamini and Berger [4] have proposed LRP on finite cubic lattices to
be models for social networks in connection with the study of “small world” phenomenon
[55]; and in general LRP on Z¢ has gained interest as models of graphs with nontrivial
volume growth. Most of the research focus in LRP has been on

(a) scaling properties of the random metric TP (-,-) on Z? induced by the LRP random
graph G¢ (see [11]),

(b) the volume growth of the associated balls B := {x € Z? : TP(0,x) < t} (see
[12, 52]) and

(c) the growth behavior of the diameter D} of the largest connected component in Gg N
[—L, L]* (the restriction of G to [—-L, L]?).

Combining contributions of numerous authors, it is known (sometimes conjectured but

unproved) that for px y = S ||x — y/| ~o+o(1) there are five distinct regimes depending on
the relative positions of « and d. The diameter DY is

— [a/(d — )] for a < d due to [6, Example 6.1]
= log L/ loglog L for « = d due to [19]
= (log L)A@)+o(M) for d < o < 2d due to [11, 12]

= LB+ for poy = Bjx — vl > (conjectured in [4] for any d > 1. See [19]
for a general upper bound for (/3) and [22] for existence of #(3) ind = 1)

= L for o > 2d (expected [4] for any d > 1,3 > 0. See [8] for a lower bound for
all 5. The upper bound holds for /3 large)

Here ay, < by, means ar, /by, stays away from 0 and infinity with probability tending
to 1 as L — oo. Other related areas of research involving LRP models include study of
simple random walk on de (e.g., conditions for transience and recurrence [7], bounds for
spectral gap and heat kernel [21], scaling limits to Brownian motion or stable processes)
and on its restrictions to the d-dimensional box [—L, L}d (e.g., mixing time [5]). However,
understanding these aspects require knowledge about much finer structure of the random

d
graph Gp.

1.2 First-passage Percolation

Parallel to the development of the percolation theory, there has always been interest
in studying different aspects of shortest paths between two vertices of deterministically
or randomly weighted graphs. In this regard, another classical model, the standard first-
passage percolation (FPP) model, has gained a lot of interest in the mathematical-physics
literature since its introduction in 1965 [30] and has developed into an independent field
by now. FPP was originally introduced for the graph Z? with nearest neighbor edges in
the context of flow of fluids through a random porous medium. We refer to [50, 38] for
an account of earlier works and to [29] for recent results. Later, FPP on Z< has been
used extensively as the basic model in a variety of fields including competing infections
in epidemiology [34, 25, 13], growing interfaces in statistical-physics [39]. Also, FPP
on other large finite graphs (e.g., the complete graph [36], sparse locally tree-like random
graphs [9, 10, 53]) have been used for modeling information spreading and flows through
networks.
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In this model, each edge e of a ground graph is associated with its passage time (or
weight), and the passage times are independent and have common distribution F' supported
on [0, 00]. The passage time of a finite path in the ground graph is the sum of passage
times of the edges present in the path, and the first-passage time T* (x,y) between two
vertices x and y of the ground graph is the minimum passage time of a finite path joining
them. Note that T (-, ) is always a (random) pseudo-metric, and it is a random metric
(which is called the first-passage metric on Z associated with F') if F' has no atom at 0.
Moreover, T (-, -) can also be interpreted as the time required to communicate between
its two arguments. While percolation theory deals with issues like connectivity of distant
points of some context-dependent space and properties of connected clusters, the main
focus of research in FPP is to analyze

o the first-passage metric — (a) scaling properties, (b) fluctuations, (c) scaling limits,

e the associated first-passage balls B := {x : T¥(0,x) < t} - (a) the time evolution,
(b) existence of asymptotic shape, (c) analytic and geometric properties of the limiting
shape.

It is well known that in any direction x € Z? the first-passage metric 77 on Z¢
grows linearly with the Euclidean metric, i.e., T (0, nx)/n has a positive and finite limit
as n — oo, and 77 (0, nx) has sublinear fluctuation provided F(0) < p.(d) (the criti-
cal bond percolation probability for Z? with nearest-neighbor edges). In addition, under
suitable moment condition on F' (see [20]), Bf grows linearly in ¢ and has a determin-
istic limiting shape, i.e., Bf a~ (tB) N Z% as t — oo for some nonrandom compact set
B C RY. Although many estimates and techniques are available to analyze the distribution
of T¥(0,nx), its distributional convergence as n — oo is almost completely open.

The behavior of FPP on general ground graphs is not universal. There are large finite
ground graphs such that, even with mean one exponentially distributed edge-weights, the
ratio of the first-passage metric and the graph metric evaluated at a typical pair of vertices
of the graph decays to 0 rapidly (in case of complete graph [36]) or slowly (in case of a
family of sparse locally tree-like random graphs [10]) as the size of the graph grows to
infinity. Here, we consider a long-range version of the FPP model on the d-dimensional
lattice and analyze the scaling properties of the associated first-passage metric.

1.3 Appearance of long-range first-passage percolation

Although FPP was originally introduced and extensively studied in the nearest-
neighbor settings, the long-range version of it (which we denote by LRFPP) naturally
appears in many applications. For instance, theoretical biologists have used certain version
of LRFPP for modeling biological invasion of species [42, 17, 51, 24]. Along with many
other factors they use dispersal kernels r(-) with heavy tails as part of their models for dis-
persal mechanism of biological objects (such as seeds, pollen, fungi etc.). However, most
of their conclusions are based on simulations in two dimensional grid and non-rigorous
heuristics. In [17], followed by [42], the authors have recognized two phases of spatio-
temporal behavior, which they call long-distance dispersal and short-distance dispersal,
based on whether the second moment of the dispersal kernel is infinite or finite. They ar-
gue that under finite second moment condition(short-distance dispersal regime) the growth
behavior of the region reachable within time ¢ is same as that in nearest neighbor (or finite
range) FPP. On the other hand, the authors in [24] have recognized one additional phase,
which they call medium-distance dispersal, but they haven’t specified where the transitions
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between different phases occur. As we will prove here, the situation is much more delicate,
and there are at least four distinct phases (with three critical points in between) depending
on the heavy tail index of the dispersal kernel.

Aldous [2] has considered communication of continuously arriving information
through a finite agent network in a certain game theoretic set-up. In one of the cases,
where the network topology is a two dimensional discrete torus and the communication
cost between any two agents is a nondecreasing function of the Euclidean distance be-
tween them, the main technical tool to understand the time evolution of the fraction of
informed agents is the analysis of the LRFPP model, which we propose here, on large
two dimensional discrete torus. Aldous has proposed a simplified version of this LRFPP
model, which he has named short-long FPP, in which agent network topology is a discrete
torus, each pair of nearest-neighbor agents communicate at rate one and all other pairs of
agents communicate at a rate which depends only on the size of the torus regardless of the
distance between the agents. The continuous analogue of the short-long FPP model has
been analyzed rigorously on (two dimensional) real torus [18] and on finite Riemannian
manifolds [3]. Our model is, in a sense, a generalization of the nearest-neighbor FPP and
LRP.

In some sense, ours is not the first attempt to analyze LRFPP rigorously. Mollison [43]
has considered similar models in the context of spatial propagation of simple epidemics in
one dimension. He has proved linear growth in one dimension when the dispersal kernel
has heavy tail index higher than 3 (=2 -1 4 1).

In the physics literature, long range interactions for epidemic models have been pro-
posed as more realistic descriptions in different non-equilibrium phenomenon compared
with their short-range counterparts. Grassberger [27] introduced a variation of the epi-
demic processes with infection probability distributions decaying with the distance as a
power-law. The model was analyzed nonrigorously in [37] using field-theoretic calcula-
tions and in [33] using numerical simulations. Both the articles predict « = d + 2 as the
phase transition point to get short-range behavior with linear growth, which is false in di-
mension 2 and above by our result. The main issue is with large but finite cutoff, where
one really gets o = d + 2 as the phase transition point, with the diffusion coefficient of the
infection probability distributions changing from infinite to finite.

Here we will address the general case in all dimension.

1.4 Our Model

In this paper, we consider a long-range first-passage percolation (LRFPP) model on
74 for d > 1. We will use ||-|| to denote the /;—norm on Z<. Let & := {(xy) : x,y €
74 x # y} be the edge set for the infinite complete graph on Z?. The length of an
edge e = (xy) € & is taken to be |le| := ||x —y|. Since all £,-norms, p € [1, 0],
are equivalent, one can use anyone of them, however we will stick to the /;—norm for
convenience.

For a given nonnegative communication rate function r(-) on R, r(]|e||) will be the
rate of communication through the edge e. To each e € & we also assign an independent
random weight w,, where {w,}ccs are i.i.d. with common distribution F' supported on
[0, o0]. The random variable
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represents the amount of time needed (i.e., passage time) to pass through the edge e, and
for a finite &-path 7w (consisting of edges from &) we define the corresponding passage
time for 7 to be

- == 3 ey

ecm ecT

Based on these W, the first-passage time T'(x,y) to reach x € Z< fromy ¢ 7%
associated with the communication rate function r is defined to be the minimum passage
time over all finite &-paths from x to y. More precisely,

(1.2) T(x,y) :=inf{W, | 7 € Py} forx,y € Z%,

where Py y is the set of all finite &-paths from x to y.

Clearly, this LRFPP model is a stochastic growth model and T'(-, -) is a random metric
(assuming F' has no atom at 0) on Z¢, which we will refer to as the LRFPP metric. The
first natural question related to this metric is how does the associated LRFPP ball of radius
t,

B :={xcZ*|T(0,x) < t},
and its diameter (viewing B, as a subset of Z4
D; :=sup{||lx—y| | x,y € B:}, t >0

grow as t tends to infinity. We will address these questions for certain cases of r(-) and F.

We will primarily be concerned with the case when r(k) = k~*L(k) for some o > 0
and for some slowly varying function L, and F' is exponential distribution with mean one
or its positive power. Note that when “a = 00” we get back the standard (nearest-neighbor)
FPP model with i.i.d. edge-weights, which is also known as Richardson’s model when the
edge-weights have mean one exponential distribution.

Remark 1.1. Our approach of constructing the LRFPP model naturally incorporates the
monotonicity property in 7(-), in the sense that if 7(-) and 7/(-) are two communication
rate functions such that r(k) > »/(k) forall k > 1, then T'(x,y) < T'(x,y) for all x and
y, B: O B} and D; > Dy, where T'(-, -), B}, D; corresponds to the rate function r’.

1.5 LRFPP as a long-distance dispersal model

When A := > . 7([[x]]) < oo, the above LRFPP model can also be viewed as a
long-distance dispersal model in the context of information propagation, infection spread-
ing (Susceptible-Infected/SI epidemic model) and biological invasion of species. Note that
forr(k) = k%, we have A\ < oo if and only if « > d. To fix idea, suppose there is an agent
at every vertex of Z? and the agents are either occupied (informed/infected) or vacant (un-
informed/healthy). Occupied sites never become vacant. Initially the agent at the origin is
occupied at time 0. Whenever an agent becomes occupied, it starts communicating at rate
A. When the agent at x communicates, it chooses a site y independently with probability
r(|lx — y||)/X and makes it occupied. All agents act independently of each other.

Let B; denote the set of occupied vertices at time ¢. Clearly By = {0} and it is easy to
see that if /" is exponential with mean one, then

(Bi:it>0)2 (B, :t>0).
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Thus, our results can also be interpreted as growth results for the associated long-range
dispersal models.

1.6 Main Results

Recall that T'(+, -) and B; denote the (random) LRFPP metric on 7% and the correspond-
ing t-ball associated with communication rate function r(-) and exponentially distributed
edge-weights (passage times) for the complete graph on Z¢. Throughout the article r(-) is
a non-increasing function and for convenience we will assume that it has the form

(1.3) r(k) = k~*L(k),k > 1,

for some o € [0,00) and for some slowly varying (at infinity) function L(-) satisfying
L(1) = 1. Recall that, a function L(-) is slowly varying at infinity if for any a € (0, 00)
we have lim,_, o, L(az)/L(z) = 1.

The first natural question is whether all vertices become occupied (i.e., percolation
occurs) at some finite time or not starting from a single occupied vertex (or equivalently
from finitely many occupied vertices) at time 0. Even if percolation does not occur at some
finite time, it is not at all obvious whether |B;| < oo a.s. for any ¢ < oo or not.

Hereafter |A| denotes the size for a set A. Our first result shows that 3; covers the
entire Z¢ instantaneously (instantaneous percolation regime) when the communication
rate function 7(-) satisfies (1.3) for any o < d, whereas |B;| < oo a.s. for any ¢ < oo when
(1.3) holds for any o > d.

Theorem 1.2 (Instantaneous percolation regime). For the communication rate function
r(-), define A to be the integral A := [ z?~'r(z)dx.
(i) If A = oo, then P(|B;| = 00) = 1 for any t > 0. In particular, if () satisfies (1.3)
for some o < d, then for any t > 0,
P(B; = 7%) = 1.
(ii) If A < oo, then there exists a constant ¢ > 0 depending only on A and d such that
E(|B:]) < e forallt > 0.

So for o > d the size of the occupied set grows at a certain finite rate depending on
« and d. Here we show that there are many different growth regions. The first is the
exponential growth regime, which is observed when (1.3) holds with & = d and any L(-)
satisfying some additional restrictions. Note that Theorem 1.2(ii) ensures that if the size of
B; is finite for any ¢ < oo, then it can grow at most exponentially fast.

Theorem 1.3 (Exponential growth). Let the communication rate function r(-) for the
LRFPP model on the complete graph with vertex set Z° be nonnegative and non-
increasing, and satisfy (1.3) with o = d and some L(-) having the properties

(1.4) / Md:v < oo and / Mdm < 00.
1 x 1 z(logz)?

Then there exist constants 0 < ¢ < C' < oo depending on L(-) such that

T
lim P (c < (0,%) < C) -1
[l || — oo log ||x|]

Moreover, there is a constant a > 0 such that E |B;| > e for any t > 0.
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Between the two properties of L(-) mentioned in (1.4), the first one ensures that the
growth of the LRFPP ball is finite at any finite time, whereas the second one enables
us to construct a path between any two vertices of Z¢, which are located at large ;-
distance away from each other, such that the passage time of the path is logarithmic in the
Euclidean distance between them. The second condition of (1.4) arises quite naturally and
is somewhat optimal. Note that the same condition also arises in case of the LRP model on
7% corresponding to exponential growth (see [52]).

Next, we focus on the stretched exponential growth regime, which is observed when
(1.3) holds for some « € (d, 2d).

Theorem 1.4 (Stretched exponential growth). Let the communication rate function r(-)
for the LRFPP model on the complete graph with vertex set 7. be nonnegative and non-
increasing, and satisfy (1.3) for some « € (d, 2d). Define

log 2
Ala,d) i= ———=—— 1 .
Then, for any € > 0, we have
log T(0,x)

1) Iim P[|A(a,d)—e< < A(a,d +5>1,and

W i < (@) loglog [ ()

log log D,
logt

t—o0

(2) lim P (

- 1/A(a,d)‘ < a> =1

Note that as « increases from d to 2d, the value of 1/A(«, d) strictly decreases from
1 to 0. Thus, the family of the LRFPP models, which satisfies the hypothesis of Theorem
1.4 exhibits all possible “stretched exponential” growth behavior.

This together with the monotonicity property of the LRFPP model (see Remark 1.1)
indicates that when o > 2d, the growth rate of the occupied set is slower than any stretched
exponential. Now we present some bounds for the LRFPP metric and diameter of the
associated LRFPP ball when (1.3) holds with @« = 2d and L = 1. These bounds capture
the order of magnitude for the growth of the LRFPP ball at this critical value of a.

Theorem 1.5 (Log correction for o = 2d). Let (k) = k=24 k > 1, be the communication
rate function for the LRFPP model on the complete graph with vertex set Z.%. There exist
constants 0 < ¢ < C < oo depending only on d such that

(1) lim P(cébgT(O’x)gC) =1, and

l[x[|—o0 V/log ||x]|

log D
(2) lim P (02 < 220 <72 =1.
t—00 (logt)?

Next, we show that any communication rate function satisfying (1.3) for some o €
(2d,2d + 1) corresponds to the superlinear growth regime, in which the occupied set of
the LRFPP model grows faster than linear at certain polynomial rate.

Theorem 1.6 (Superlinear growth). Ler the communication rate function r(-) for the
LRFPP model on the complete graph with vertex set Z° be nonnegative and non-
increasing, and satisfy (1.3) for some « € (2d,2d 4 1). Define

I(a,d) := o — 2d.
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Then, for any € > 0,
log T(0,x)
log |||

és)l.

Note that as « increases from 2d to 2d + 1, the value of 1/I'(«v, d) strictly decreases
from infinity to 1. Thus, the family of the LRFPP models, which satisfies the hypothesis
of Theorem 1.6 exhibits all possible “superlinear” growth behavior.

Finally we show that any communication rate function satisfying (1.3) for some o >
2d + 1 corresponds to linear growth regime, in which the growth of the occupied set in the
LRFPP model is similar to that of the standard (nearest-neighbor) first-passage percolation
model.

(1) lim P (F(oz,d) —e<

lIx[| =00

< I(a,d) Jr{—:) =1, and

log D
Bt D0, d)
logt

t—o0

(2) lim P (

Theorem 1.7 (Linear growth). Let the communication rate function r(-) for the LRFPP
model on the complete graph with vertex set 7% be nonnegative and non-increasing, and
satisfy (1.3) for some o > 2d + 1. Then, for any x € Z.* \ {0} there exists v(x) > 0 such
that for any € > 0,

lim P ((1—¢)v(x) <n 'T(0,nx) < (1+e)r(x)) = 1.

n—oo

Moreover, v(-) can be extended to a function v : R? s [0,00), for which v(y) # 0
whenever'y # 0 and

P{yeR" :v(y)<1-c}Ct'B, C{ye R :v(y)<1+¢}
for all sufficiently large t) =1
foralle > 0.

Note that when the communication rate function r(-) satisfies (1.3) with & = 2d + 1,
then comparing with the growth for other values of « and using the monotonicity property
of the LRFPP model (see Remark 1.1) it is easy to see that 7'(0, x) grows like ||X||1+0(1) as
||x|| = oo. However, our current techniques do not yield the exact growth rate in this case.
Based on the results from [26], we believe the condition [ ([ z%r(x)dx) Yt < 0o
is sufficient and the condition | 1°° 22%r(z)dz < oo is necessary to ensure linear growth
for the LRFPP metric with communication rate function r(-). However, here we have not
pursued the problem of finding necessary and sufficient conditions that will imply linear
growth.

Remark 1.8. If the communication rate function r(-) satisfies
logr(k)

k—oo logk e

then combining the monotonicity property of the LRFPP model (see Remark 1.1) together
with Proposition 8.2 below, it is easy to see that the conclusion of Proposition 8.2, and
hence that of Theorem 1.7, also hold for r(+).

Remark 1.9. Our proofs for the above theorems can be extended to the case where the
common distribution of {w, }.cs is a positive power  of the exponential distribution. In
that case, similar phase transitions occur for the associated LRFPP metric, but the phase
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transition points are d-y, 2d~y and 2d~y + 1 instead of d, 2d and 2d + 1 respectively. Also,
the corresponding growth exponents for the stretched exponential and superlinear growth
regimes are A(a, dvy) and T'(av, d).

1.7 Heuristics behind the thresholds

In this section, we provide an intuitive explanation for the existence of different phase
transition points. Comparing with the ‘ac = oo case’ (the nearest-neighbor FPP model),
it is easy to see that the growth of the LRFPP balls are always linear or faster than linear.
For simplicity, assume that (k) = k=%, k > 1, for some « > 0. Note that when o < d,
> weza (||x]]) = oo and hence minyeza Wig xy = 0 a.s. Thus |B;| = oo a.s. for any
t>0.

Now suppose that the growth of the LRFPP ball is polynomial for some o with growth
exponent 3 = f3, in the sense that the Euclidean diameter of the occupied set 3; = Bt(a)
at time ¢ is of order 7. Clearly we must have 8 > 1. Then, the size of B; at time ¢ is
of order %7, so the minimum weight among all edges which have one end in 53; and have
length more than / is exponential with rate approximately of order %%/~ (*=%) Now note
that if £ >> 7, then this minimum weight edge must have weight more than O(t) w.h.p.,
otherwise the growth of the LRFPP ball will be faster than O(¢?). Thus, using the fact
that P(X > t) = e~ when X is exponentially distributed with rate \, we must have
t-td8 . = (B+e)(a=d) — 5(1) as t — oo for any £ > 0, which implies 3(a — 2d) > 1.

Clearly for @ < 2d, the above heuristic calculation does not hold (as o« — 2d < 0),
which implies that the growth is faster than any polynomial. In fact, comparing with a
LRP model, in which an edge e € & is present with probability 1 — exp(— |le||”) it
is easy to see [11] that the growth is at least stretched exponential. Thus, one expects
a transition from stretched exponential to polynomial growth as o changes from smaller
than 2d to larger than 2d.

Now, for o € (2d,2d + 1] we have (o — 2d)~! > 1, so the growth exponent 3 for the
diameter of the LRFPP ball is bigger than (a—2d) . Also, for 8 := (a—2d)~! intuitively
the growth of the diameter cannot be faster than ¢°+¢ for any ¢ > 0, as eventually by time ¢
all “usable” edges will have Euclidean length < ¢°. Thus, for o € (2d, 2d + 1] the growth
exponent for the diameter of the LRFPP ball must be (o — 2d) L.

Now note that (v — 2d)~! = 1 when o = 2d + 1, so by monotonicity one expects
the growth exponent for the diameter to be < 1 when o > 2d + 1. So, the linear growth
dominates in this case. Moreover, it is easy to see that for any ¢ > t(@+1)/(a=d) he
minimum weight among all edges which have one end in B; (which has linear growth)
and have Euclidean length ¢ is larger than O(t) w.h.p., and thus up to time O(t) none of
the edges having Euclidean length more than O(+(¢+1)/(@=4)) will be used. Moreover,
0 :=(d+1)/(a —d) € (0,1) when a > 2d + 1. This idea will play a crucial role in
proving linear growth. If we break the lattice into boxes of length n? and if the optimal
path from O to nx cannot jump over boxes, then we have a nearest-neighbor path over the
boxes and if the path spends ©(n?) time in most of the boxes, the total time is ©(n). We
will use a renormalization technique to use this idea in proving the linear growth.

1.8 Discussion and Open Problems

As alluded earlier, the long-range percolation model on Z is not well understood when
the associated LRP graph metric is expected to scale polynomially with the Euclidean
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metric. The only available result in this context [22] is the existence of a scaling exponent
in one dimension ensuring polynomial scaling of the LRP metric. Also, the linear growth
of the LRP metric, when relevant, is not fully established. In this article, we have been able
to elucidate those two growth regimes (polynomial and linear) in case of a class of long-
range first-passage percolation model, which can be thought of as a continuous analogue
of the LRP model, in addition to identifying and analyzing other growth regimes for it.
For our model, we have proved linear growth for the associated LRFPP metric along with
a shape theorem for the growth set in case of almost all candidate communication rate
functions. We have also pinned down the growth exponent for all communication rate
functions which correspond to polynomial growth for the occupied set.

In our LRFPP model, all edges-weights are exponentially distributed (or some power
of it). So, a natural question arises: what happens if we replace exponential distribution
by an arbitrary distribution supported on [0, 00). In many places in this article we have
used properties of the exponential distribution to facilitate our calculations. However, the
crucial fact that will imply a similar phase transition is that the distribution of w,’s satisfy
P(w. < z) = O(x) for z < 1. In general, when P(w. < z) = O(z*) forz <« 1
and for some real number s > 0, the phase transition points will be d/s,2d/s,2d/s + 1
respectively under appropriate moment conditions. In a sense, the “effective” dimension
becomes d/s instead of d in that case. Note that when (w,)® has exponential distribution
with rate one, it is easy to see that P(w. < x) &~ 2° and one can go through almost all the
computations in this article to see the above phenomenon (see Remark 1.9). The general
case will be dealt with in a forthcoming article.

FIGURE 1.1. Simulated growth for (k) = k%% in d = 2 upto time t = 24 at
volume 25421. Different colors show the growth pattern at 6 equispaced time
points.

Even for the model that we consider here, there are many fascinating phenomenon that
we have not analyzed yet. We mention some of them below. See Figures 1.1, 1.2 and 1.3
for simulated pictures of the random growth set in two dimension.
(a) What is the limiting distribution of 7'(0, nx) as n — oo when « € (d, 2d)? Heuristi-
cally the limit should be Gaussian at least when « is close to 2d.

(b) In the stretched exponential growth regime « € (d, 2d), is it possible to formulate and
analyze the boundary behavior of the growth set?
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FIGURE 1.2. Simulated growth for (k) = k~*(left) and (k) = k~*®(right)
upto time ¢ = 48 and ¢t = 60 with volume 46113 and 19635, respectively.
Different colors show the growth pattern at 6 equispaced time points.

FIGURE 1.3. Simulated growth for (k) = k~>(left) and r(k) = k™ >(right)
upto time ¢ = 90, with volume 19534 and 12911, respectively. Different colors
show the growth pattern at 6 equispaced time points.

(c) For a € (2d,2d + 1), one should have a random ‘shape theorem’. More precisely, for
any fixed direction x € R the ratio 7'(0, | nx])/n®~24 should converge to a random
variable.

(d) How does T(0, nx) grow as n — oo when r(k) = k= (24412 We believe the answer
is ©(n(logn)~?) for some 6 > 0.

(e) In the linear growth regime, does the fluctuation of the first-passage time have a phase
transition too or the fluctuation is universal?

(f) From simulation results, it is obvious that for o > 2d there is a single large connected
(in Z%) cluster for the growth set, however for a < 2d there are many of them. Is it
possible to analyze the number of “big” components in the growth set B;?

1.9 Organization of the paper

The paper is organized as follows. In Section 2 we set up our notations and prove the
technical estimates needed later in the proofs. Section 3 contains the proof of Theorem 1.2
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about the transition from instantaneous growth to subexponential growth. In Sections 4
and 5 we develop a Multi-scale analysis and Self bounding recursion for the expected vol-
ume that will be used crucially to find appropriate lower and upper bounds for the growth
set at time . Finally we prove the main Theorems 1.4 — 1.5, 1.6 and 1.7 in Sections 6, 7
and 8 respectively.

2 Notations and Estimates

Recall that G¢ = (Z¢, &) denotes the infinite complete graph on the vertex set Z< and
edge set & := {(xy) : x,y € Z% x # y}. Also {w.}eee is a collection of i.i.d. expo-
nentially distributed random variables with mean one, and the passage time for the edge
e = (xy) € &is W, = we/r(]le||), where ||e]| = ||x — y||. Recall that r satisfies (1.3),
i.e., r is non-increasing and is of the form

r(k) = k=OL(k),k > 1

for some @ > 0 and a slowly varying function L(-) with L(1) = 1.
For a finite &-path 7, the passage time is defined as W, := > .. W, and the first-
passage metric on Z is

T(x,y):= inf W,

TEPx,y

where Py y 1= {(X0X1...Xk) : X0 =X,Xp =Y, X; # Xi—1,0 = 1,2,...,k}.

B, denotes the ball of radius ¢ around the origin for the random metric T'(-,-), and Dy
denotes the diameter of that ball.

The following tail estimate for sums of exponential random variables will be useful in
our analysis.

Lemma 2.1. Let X1, Xs,... be i.i.d. exponential random variables with mean 1. Let
A1, Ag, . .. be a sequence of positive real numbers. Then for any t > 0 and k > 1 we have

4k k k N
H/\iSIP<ZXi/>\i<t><(k) H)\i-
i1

k
Hi:l(k + )‘it) i=1 i=1

Moreover, if \; > X forall i and A := Zle 1/ X, then for any t > A we have

k A2
P (ZXi//\i > t> < exp <A(t2t/\)> .

Proof. Using exponential Markov inequality and the fact that
Q2.1 E(e %) =1/(1+6), for > —1

we have
k

k k
P (Z Xi/Xi < t> < Ja+0/x)7 < e H%
i=1 i=1

i=1
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for all & > 0. Taking § = k/t we get the required upper bound for the lower tail of
Zle X/ \i. For the lower bound we use independent events. Clearly

k
P (Z Xi/\ < t) > P(X; < \it/k for all i)
i=1
k k
Ait
— 1_ —)\it/k‘ 2 T
E( e 1;[1 k+ Mt

where the last inequality follows from the fact that 1 — e™® > 2/(1 + z) forall z > 0
For the upper tail bound we use the Markov inequality and (2.1) to have

k k
P (Z Xi/\i > t) <e MTJa—oa/x)!
i=1 i=1
for all § € [0,1). Also using the monotonicity of the function — log(1 — z)/x, we have
k Eoy
log P Xi/hizt] < —0X— —log(1 —0) = =\(6t + Alog(1 — 9)).
08 (Z / ) > 5 oa(1 = )= ~X@1-+ Alog(1 - 0)

Taking § = 1 — A/t and using the fact that 1 — z + xlogz > (1 — x)?/2 forall z € [0, 1]
we finally have

log IP (Zk:Xi/)\i > t) < A1 — AJt)? _ _/\(t—A)2.

2 2t
This completes the proof. |

Lemma 2.2. Let X1, X5, ... be i.i.d. exponential random variables with mean 1. Let
A1, A, ... be a sequence of positive real numbers. Then for any t > 0,k > m > 0, we
have

k 2k—m 2k m 2k—m
IP(ZXi//\ tZXz/A + Z Xi/Ai < ) (k — (et) 2k 2mpm H Ai-

1=k+1

Proof of Lemma 2.2. 1t is easy to see that

k m 2k—m
P(Sr el S5 e
X

i=k+1 i=m+1

(See
e (Te)r (X R ea)e( 3 Fer).

Applying Lemma 2.1 to bound each of the above terms we get the desired inequality. W

The inequalities in Lemma 2.1 and 2.2 clearly suggests that the behavior of the tail
probabilities for the passage time of a finite &-path = depends on []_._7(||e]|) (which

ecT
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corresponds to the term [], A; in the two lemmas). So analyzing this quantity for cer-
tain collection of paths is important in order to understand the growth of the first-passage
metric. Keeping that in mind, we now estimate the following

For any positive integer k > 1 and x,y € Z%, let
Pr(x,y) be the set of all finite &-paths

2.2
22 of length (no. of edges) k from x to y.

We define

(2.3) Srxy)= Y Tl

TEPk(X,y) eET

In order to estimate the growth of .7/, first we need the following bound.
Lemma 2.3. Let r(), q() be non-increasing functions on N — (0, 00) satisfying

wp @D —r@] g 1) ()]
z>1 r(x) h 73621 q(z) S

(2.4)

for some constant ¢ > 0. Then, for any x € Z.* we have

Il
> rllix—=yhallyl) < a<T(IIXII)/1 o' q(z)dx

y#0,x

+q(||><||)/1|x|| :cd‘lr(x)dac+/oo xd_lr(m)q(x)dx)

Il

for some constant a < oo depending only on c, d.

Proof. Let m := 1 ||x]|,. Here ||x|, = (3 2?)'/2 is the £o-norm and By(x,7) = {y :
|x — yll, < t} is the £o-ball of radius ¢ centered at x. Note that d=1/2 ||x|| < ||Ix||, <
||x||. Define the sets

Ay = By(0,3m) \ {0}, Ay := By(x,3m) \ {x} and A3 := By(x/2, V5m)".

FIGURE 2.1. Decomposition of Z% \ {0,x} into A;,i =1,2,3.

It is easy to see that U?:l A; = 74\ {0,x}, as the distance between x/2 and any

vertex outside A1 U A, is at least 1/(3/4)2 — (1/2)2 ||x||, = v/5m. Therefore we have
> rllix=yhadllyl) Z > rllix=ylhadlyl).

y#0,x i=1y€eA;
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Now y € A; implies |[x — y|| = ||x — y||, = m. Moreover the conditions (2.4) imply that
SUPg>1 r(ak)/r(k) < 00, SUPg>1 q(ak)/q(k) < oo for all a > 0. In particular, r(||x||)
and r(]|x||,) are equivalent upto constant multiplication.

Thus we have

Il
> vl = yhadlyll) < Zld Yq() < ar(||x)) o q(z)dx
1

yEA,
for some constant a > 0. Similarly, we have

Il
> rlllx—yDadlyl) < aq(IIXII)/l 27t (2)da.

yEA2
Finally, using triangle inequality we have

I¥lls = ly —x/2[ly, — 2m and [|x -y, > |ly — x/2]|, — 2m,

and thus
> rlllx=ylallyl) <o > s 'r(vs —2m)e(Vs — 2m)
yEA; s>5m?2
<a’ /OT 2 (2)q(z)dz
for some constant a’’. [ |

Corollary 2.4. For o, 3 > 0 there exists constant ¢ > 0 depending on o, 8 and d such
that for any x € 7.4

@ Yysox Y17 Ik =yl <clx|“"if0<a,p<danda+p > d,
®) Xy sox YT Ix =y <clx|™ ifa>d.

We now use Lemma 2.3 to estimate the growth of 7. We use . when (k) = k= .
Lemma 2.5. Let r(-) satisfy 1.3. For any fixed k > 1 and any x,y € 7,
(@) a < (k—1)d/kimplies S (x,y) = 00
(b) (k—1)d/k < o < d implies

- k—1)d—ka P - k—1)d—ka
=y TV < A e y) <0 )Y
for some constant a,b > 0 depending only on o and d,

©) A:= [ a?r(z)dx < oo implies that

a’Hr(Hx —yl) <A xy) <V r(x - yl)
for some constant a,b > 0 depending only on A and d.

Proof of Lemma 2.5. Let z be a lattice point closest to x/2. Define ¢; := 2' ||x|| fori > 0
and consider the open annulus 4; around z of in-radius ¢; and out-radius 2¢;. Clearly
|A;| > cqt¢ for some constant ¢z > 0.

Let P;,4 > 0 be the set of all paths from 0 to x with k£ edges where all the vertices on
the path, except the first and last one, are in A;. Clearly P;’s are disjoint and ||e|| < 4¢;
for every edge e belonging to some m € P;, so the contribution of P; in .(0,x) is
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> k7% 7% for some constant a > 0.

(a) For a < (k — 1)d/k, the index of ¢; is nonnegative, so summing over ¢ we get
Z2(0,x) = oo. This proves (a).

(b) Note that we have already proved that
- k—1)d—ka
Z20.%) > 37 [T llel™ > a* x| .
TEPy eEm™

To show that this is the correct order for o € ((1 — 1/k)d, d), we will use induction to
show that

2.5) F2(0,x) < P |x ||V for all x € 7
and forany 1 < L < d/(d — a),

for some positive constant ¢;. For L = 1, it is trivial to see that .#*(0,x) = ||x||”* and
(2.5) holds. Assuming (2.5) holds for L =l and [ 4+ 1 < d/(d — «), we have
- - I-1)d—lo —a
310, < D0 A0y kvl < YD Iy -y
y#0,x y#0,x

So applying Corollary 2.4 with § = la — (I — 1)d, we have

d—a—p (+1)

! ! ld—
Z151(0,x) < ¢ [[x]| =1 x| ;

and thus (2.5) holds for L = [ + 1. This proves (b).

(c) Now, we move to the proof of the case when A := [ z?~!r(z)dz < cc. To see
the lower bound for .7/ (0, x), it is enough to consider a path that starting from 0 moves
among the set {y : ||y|| = 1} and finally jumps to x at the k-th step. For the upper bound,
we follow the induction argument which leads to the proof of (2.5) to prove

Z0(0,x) < 7 e(||x|)) forall x € Z? forany k > 1

where ¢ is as in Corollary 2.4(b). The main step is to bound >-_r([|y[|)([lx — y|). for
which we use Corollary 2.4(b). [ |

Lemma 2.5 together with Lemma 2.1 gives an estimate for the first-passage time when

a > d.
Lemma 2.6. Assume A := 100 d—1

0 such that for any x € Z.* and t > 0,
P(T(0,x) <t) < (e = D)r([x]).

r(z)dz < oo. There exists a constant ¢ = c¢(A,d) >

Proof. For Py (0,x) as defined in (2.2) we use union bound to have

P(T(O,x)gt)gi > PWR<t).

k=1mw€P(0,x)
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Applying Lemma 2.1 to bound the summands of the above display and recalling the defi-
nition of .} from (2.3), we have

oo

et\"
rrox<n<y (§) X e

k=1 TEPL(0,x) €ET

_ g (4) 700« g (%) i)

for some constant b = b(A,d) > 0, where the last inequality follows by applying
Lemma 2.5(c). The rest of the proof follows easily as > -, (%’t) g <ett — 1. |

3 Instantaneous Percolation Regime

Proof of Theorem 1.2. (i) When A := [ 2% 1r(z) = oo, it is trivial to show that
|B:| = oo for any ¢ > 0. So we consider the case when (k) = £~ with o < d. It suffices
to show that P(7'(0,x) > &) = 0 for any ¢ > 0 and x € Z?. To prove this assertion we
will define a sequence {P;};>¢ of subsets of P(0,x), which is the set of finite &-paths
joining O and x, such that whenever j # j’, any 7 € P; and 7’ € P, are edge disjoint,
and

3.1 T :=inf{W7 : m € P;} satisfies P(T; >¢) <1—9¢

for some 6 > 0, which does not depend on j. Clearly {7};};>0 will be a sequence of
independent random variables, so that
P(T(0,x) > ¢) < [[P(T; > o).
Jj=0

The product term equals 0 by the property of T}, and so the desired assertion will be proved.

In order to define {P;}, fix an integer k > d/(d — «) and for j > 0 let £; := 27 (k —
1)7 ||x||. Let z be one of the lattice points closest to x/2. Also let BY), 1 < i <k — 1, be
the annulus centered at z and having in-radius (2¢ — 1)¢; and out-radius 2:¢;. With these
ingredients, define

Pji={m = (xoX1...Xp) : X0 = 0, X}, = X, X; EBi(j) fori =1,2,...,k—1}.

It is easy to see that

() [Psl =B 1B 1B,
(3.2) (b) cil? < |BZ-(j )| < C’il? for some constants ¢; and C;, and

(¢) 1 < |le]] < 4(k —1)l; for all e belonging to some m € P;.

In order to obtain (3.1) we use a standard second moment argument involving N, := {7 €
P; : Wr < €} to have
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Now using the first inequality of Lemma 2.1

=3 P<Z||e||awe<€> >3 (22) T

TEP; eem TEP; ecm

Combining the last inequality with (3.2),

13
k+e

for some constant A(k,e) > 0. On the other hand, noting that for the paths 7, 7" € P;
eitherm = 7’ or [rN7'| <k — 2,

5y P(znemese,znen%ese)
7w, €P; ecm een’
S (z el e < )

TEP; eeT

k—2
+> ) P (Z le]|* we <&, ) Jlell* we < g> .

m=0r,7/ €P;:|rN7/|=m eET een’

k
3.4 E(Nj)>< ) (4(k—1) )~ ak'P | > A(k,e) -1 d(k 1)—ak

=
3
|

Using Lemma 2.1 and 2.2 to bound the summands of the first and second term respectively
in the right hand side of the above display,

E(N7) < Y elk,e) [T llel™

TEP; eem

k—2
+) > c(k,m.e) TT lel™

m=0r,n’€P;:|rN7’|=m ecmUn’

(3.5)

Now (3.2) suggests that |P;| < Hf:l Cil;l(k_l) and for any fixed 7 € P; and 0 < m <
k—2,

k
H{n' e P;:|m Nr'|=m} < Hcil;-l(k_l_m),

as m N 7’| = m implies that there are at most k — 1 — m end points of edges present in
7’ but absent in 7. So the number of summands in the inner sum for the second term in
(3.5) is at most (Hl LCi)? ld(% 2=m) From (3.2) we also have that the product term in
al ak

the first summand of (3.5) is at most Hl 16 and that in the second summand is at

most HlC ! 72“[ *(Zk=m) Hence, using the fact that o < d

- k—1
%) < H Cz-l;i(k_l) -c(k,€) H c;al;“k
i=1 i=1

(36) k—2 k—1 k—1
S e m o T oy
m=0 i=1 i=1

<A/(k,{:‘)(l?d(k_l)_Qka+ld(k 1) kOZ)
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for some constant A’(k,e) > 0. Plugging the estimates of (3.4) and (3.6) in
(3.3) and noting that d(k — 1) — ka > 0 by our choice of k& we finally have
P(T; <¢e) > A(k,e)?/(24'(k,e)) =: 6. This completes the argument.

(ii) We have
E(|B:]) = Y P(T(0,x) < )
xeZ4
<1+ 3 (R = 1) = 1+ Cafe! — 1) < VO
x€Z,x#£0

where the first inequality follows from Lemma 2.6 and the second from the fact that
> r(lIxll) = Ca < o
x€Z%,x#£0

This completes the proof of the Theorem. |

4 Multi scale analysis

In this section, our goal is to find suitable upper bound for the first-passage time 7°(0, x)
in terms of ||x|| when « € (d, 2d + 1). For simplicity, we will only consider the case when
r(k) =k *fork > 1.

Proposition 4.1. Assume that (k) = k=% k > 1 with a € (d,2d + 1). Define A(a) :=
1/logy(2d/ ) for o € (d,2d). For any t > 0, there exist constants ¢,C > 0 depending

only on «, d such that
t2

1+1¢

2
(b) P(T(0,x) > c(1+t)exp (2\/2dlog210g HxH)) < exp (— t—&-t exp(CVlogn))

1
for a = 2d and

(@) P(T(0,x) = (1+t)c|x|* ") <exp (- >f0ra € (2d,2d +1)

t2
t+1

© P(T(0,x) > (1+ t)c(log||x||)A(a)) < exp (—C’
(d,2d).

mmﬂ%@)wae

In order to prove Proposition 4.1, we look at a general ansatz for the optimal path that
will give us an appropriate upper bound for the minimum time to reach a point from the
origin. The idea is to get hold of the minimum among all functions f : R4 — Ry such
that the longest edge in the optimal path joining any two points separated by Euclidean
distance n from each other connects the Euclidean balls of radius f(n) around those two
points with high probability as n increases to infinity. Identifying this will enable us to
understand the structure of some near-optimal paths, and hence to obtain upper bound for
the minimum time to communicate between two points.

Let B(y, k) denote the £,—ball of radius k around y, so the volume of B(y, k) is at
least ck? for some constant c. Fix a point x with ||x|| = n. Obviously

P(T(0,x) > t) < P(Wepx) > 1)
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for any (possibly random) path 7(x) joining 0 and x. We will work with some particular
choices of 7(x), for which first we need to introduce some notations.

Fix a function f : Ry — Ry such that f(z) < z/2forall z > 1, and let fo = n and
fr = f(fr—1) inductively for 1 < k < K := max{k : fy > 1}. Define

4.1) ug = 0,u; := x, By := B(uo, f1), B1 := B(uy, f1),

and let ug; € By and uyp € B; be random vertices such that the edge (upiuio) has
minimum passage time among all edges connecting the two Euclidean balls By and By,
ie.,

<u01u10> = argmin {W(uv) :u € By, v e Bl} .

In general, for ¢ > 0 and o € {0, 1}i we identify u,o with u,g and u,; with u,11; then
we inductively define

Bgj i=B(u,j, fi+1) for j € {0, 1},
and let u,91 € Byo and u,19 € B,1 be random points such that
(Upp1Up10) 1= argmin {W<uv> :u€ By, vE Bgl} )

We denote the length of o by ||o||, that is ||o|| := i for o € {0, 1}".

Now we define a collection of finite &-paths {frk}kK:l joining 0 and x as follows.
Since ug00, Us01 € Boo and [[us00 — Us01]| < fjo|+1, there are nearest-neighbor paths
of length at most f|\0\|+1 joining u,qp and u,o; and staying inside B,y. Choose one such
path 75¢. Similarly, choose one nearest-neighbor path 7, of length at most f|; |1 joining
u,10 and u,1; and staying inside B, ;. Using the edges {(U,01U,10) : 0 € U;>0{0,1}%}
and the path segments {(7,0,7,1) : 0 € U;»0{0,1}'} as ingredients define the paths
{7k }1<r<k by

k
7ATk = U (71',70 U 7T(71) U U <u001u010>.

oe{0,1}k-1 i=1ge{0,1}i—1

In words, 75 consists of the nearest-neighbor path segments 7, (which stays inside
the balls B, and connects u,o9 and u,g1) and 7,1 (which stays inside the balls B,
and connects u,19 and u,17) for o € {0, 1}’“*1 (there are 2% such path segments, all
having length at most f;) and the edges (u,01u,10) connecting the balls B, and B, for
s Uf;ol{O, 1}%. See Figure 4.1 for a pictorial description of the path 73 in the Ansatz.

Uo10 g
ui 101
oy | )
) 7ﬂ§
—

]

FIGURE 4.1. Pictorial description of the paths 7 in the Ansatz for k = 3.
Vertices in the small boxes are connected by nearest-neighbor paths.
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Having defined the paths {7}, we now estimate their passage times. Basic properties
of exponential distribution and the fact that [[u — v|| < fjo| + 2fjo+1 for u € By and
v € B, imply that the passage time for (u,01u,10) is exponentially distributed with rate

4.2) Yo v =ul™ > o + 2fjo+) " Fi 11

u€B,0,vEBs1

Also the passage times of (U,01U410),0 € Ufi 61 {0,1}¢, are independent, as their defini-
tion involves minimum over disjoint sets of edges.

Combining the last observation with the inequality in (4.2) and the fact that the passage
times for the nearest-neighbor edges are i.i.d. and exponentially distributed with mean one,
it is easy to see that W5, is stochastically dominated by

fr k
S Xei Y D clfica+2£) X,

oef{0,1}k i=1 =1 0€{0,1}*~1
where {X,} and {X,;} are i.i.d. and exponentially distributed with mean one. Now the
second assertion of Lemma 2.1 with
k
A=Appi=cd 27N (fisa +2£)" 72+ 28 fi
(4.3) i=1

1
and A = Ay = [1 + m (fic1+ 2fi)af12d}

X
ik

together with the fact that 7'(0, x) < W, implies

t2
4.4) P(T(0,x) > (t+ 1)As ) < exp <—2(t+1)/\f,k)\f,k)

for any ¢ > 0 and for any f : Ry — R such that f(z) <
value of Ay j over the choices of the function f and 1 < &

x/2. We need to minimize the
< K.

4.1 Casel: a € (2d,2d + 1)

(Proof of Proposition 4.1(a)).

In this case, we consider the collection of functions {f*(-) : a > 2}, where f(z) =
x/a. The optimal choice of a will be specified later. We will use a in the superscript
to denote the dependence on a. In that case, f¢ = n/a* and K* = |logn/logal. To
understand the order of magnitude of A fa ;, note that

k
Aoy =c 2071 (a + 2)o‘a(2d_a)ina_2d + 2kna=k
i=1
_[2g2d—ak B . o
@.5) _ c(n/a)*24(a + 2)* - % +2Fna=k  if2a20> £ 1
c(n/a)*24(a +2)* - k + 2Fna="* if 2¢%24-2 =1
c1n® 241 — [2a24)%) + (2/a)Fn  ifa*2% > 2
= cn® g+ (2/a)Fn if a*24 =2

c1n® 24[2q2d=21k 4 (2/a)Fn ifa® 24 < 9
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for some constant ¢; > 0 depending on o, d and a. To minimize the last expressions with
respect to k note that the functions

c1n®24(1 — [2a29=21Y) + (2/a)¥n  ifa* 24 > 2
Yy S en® 2y 4+ (2/a)¥n if g 2d =9
c1n®24[2¢20=21Y + (2/a)¥n ifa® 24 < 2
are minimized when y = log n/ log a + ¢, for some constant cy. Now note that n(2/a)* =
O(n'°82/1°8) when k = logn/ log a + c for some constant c. Keeping in mind that & can
be at most K¢ = |logn/logal, let k* = |logn/loga + min{ce,0}]. Considering the
dominating terms, we have
O(no—2d) ifa®=24 > 2
kl’il}?a Afa,7k = Afa,7ku, = O(na72d IOg n) > O(na*Zd) if q®—2d — 9
) O(nloe?/loga) > O(no=21)  if =24 < 2,

So our choice of a should satisfy a®~2¢ > 2. Therefore, (4.5) implies

min Afa,k = Afaoykao = (AO + 0(1))7’La72d

a,k<K®
for
a := argmin{(a +2)%/(a® 2% — 2) : a*72¢ > 2}
and Ay := (ag +2)*/(ag 2% - 2).
Also, it is easy to see that Afeo oo = [1 + 1% 2%(ag + 2)*/ay 21, 50 A fao geo

Afao koo = Co+o0(1) for some constant Cy > 0. Therefore, replacing (f, k) by (f*, k*°)
in (4.4) and recalling that ||x|| = n we see that if & € (2d, 2d + 1), then there are constants
¢(a), C(a) > 0 such that the desired bound holds. [ |

4.2 Case2: o« = 2d

(Proof of Proposition 4.1(b)).

In this case, we consider the sequences {a, }, which satisfy a,, > 1 and loga, <
log n, and (following the notations of (4.3)) define

k

swi=e e (e ergty) (@) o

i=1

2d —2d
1+ max i +2 i i
1<i<k \ (an)=t 0 (an)? (an)’

The particular choice of {a,, } will be specified later.
In this case, k can be at most K" = |logn/log(a,)|. Now note that

-1
and \({a, }, k) :=

k
Afan}, k) = 27 (an +2)* + 28na,* = c(1 + 0(1))2%a2? + 2¥na,*.
=1
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k+2d

The two summands in the last expression will be of same order if a;;

an, by n'/(#+24) the right hand side of the last display equals

= n. Replacing

2d
c(l14o(1))exp (klogQ + T 2d 1ogn) ,

which is minimized when k + 2d =~ \/2d log, n. So we choose ko := | 1/2d log, n — 2d]|
and a?, := n!/(ko+2d) and hence

A({al}, ko) = c¢(1+ o(1)) exp (2 2dlog 2log n) .
Also, it can be easily checked that kg < K ay and
A{aS}, ko) = (14 0(1))(a5) ™" = (1 + o(1)) exp (—v/2dlog 2Togn)

which makes A({al}, ko)A({a®}, ko) = (1 + o(1))exp(Cy/logn) for some C' > 0.
Therefore, replacing Ay, and s x by A({al}, ko) and A({al}, ko) respectively in (4.4)
and recalling that ||x|| = n we see that if @ = 2d, then there are constants ¢(d), C(d) > 0
such that the desired bound holds. [

4.3 Case3: a € (d, 2d)

(Proof of Proposition 4.1(c)).

In this case, we consider the collection of functions {7 : v € (0,1)}, where f¥(x) =
27. The optimal choice of v will be specified later. We will use  in the superscript to
denote the dependence on ~. In that case, f) = n”" so that K7 = |loglogn/log(1/7)].
In order to understand the order of magnitude of of A s~ j, first note that £ < K7 implies
that

k
22i71 <2k¢ g (10g n)lOgQ/ log(1/7)
i=1

(4.6) and v* > (logn)~!, and hence n="* >e .

The definition of A in (4.3) suggests

k
Aprpp = Z 9i—1 (1 + Qn—(l—w)vi”)a n—@dv=a)y' ! 4 okt
i=1

For v < «/2d, it is easy to see using (4.6) that

k
o(1) + nle=2dn0=1 Z 2i_1cﬂ,1
=2

Af“/ o — n(a—?d’y) < n(a—2d’y)

= n(o=2M) (1) + 2kn".
For v > «/2d, in order to understand the order of magnitude of A .,k note that
2*(k71)n(2d77a)7k71Af~,7k - (1 + 2n7(1*7)’yk71)

k—1 >

i=1 1=0
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So

@.7 Ay = {””(”(1 +o(1)) + 2kn"* if v < o/2d

C(y)2k—1n=dy=o)""" 4 gkpy®if g > 0 /2d
For fixed v, the dominating terms in the last expressions are minimized when v¥ =

¢(7)/ log n for some constant ¢(). Now note that 26n7" = O((log n)'8 2/ °2(1/7) when
7% = ¢(7y)/log n. Keeping in mind that k can be at most

K7 = [loglogn/log(1/7)],
we choose k7 = |loglogn/log(1/v) + min{c(y),0}], and considering the dominating
terms
O(n®=247) if v < a/2d,
O((logn)los2/1os(1/7)) if v > a/2d.

Clearly the optimal choice of v to minimize the order of magnitude for the above expresion
is «/2d. Therefore, (4.7) will suggest

min Afw7k ~ Afy]w =
k<K~

' ~ = log 2/ log(2d/a)
YRR Afr k& Agasaa gasza = ¢(a)(logn)

for some constant ¢(«) > 0.

Also, by the definition of X in (4.3)
koc/Zd

S 21’—1
Afcy/2d k.cy/2d)\fa/2d Lo/2d > i=1 a
, ’ 1+ (1 + n_(l_a/Qd)(a/Qd)ka/Qdil)

= C(a)2""""" = C(a)(log n)'oe?/ 105/,

Plugging in the above values of A and A in (4.4) and recalling that ||x|| = n, we get the
desired result. |

S Self-bounding Inequality for Expected Growth

In this section, we will prove an inequality for the expected volume of the random
growth set B; when a@ > d. This will lead to a lower bound for the first-passage time
T(0, x) later and is inspired by one of the arguments presented in Trapman [52].

For simplicity we will work with the case r(k) = k=%, k > 1 for L(t) = 1 with fixed
a > d. For general L(-) the proof is similar as for @ > 1 and some slowly varying function
L(-), wehave ;- k™“L(k) = n =L (n) for another slowly varying function L(-) and
thus the exponents remains same if the change the slowly varying function.

Define

(5.1) g(t) :=E|B,| for t > 0.

Theorem 1.2 suggests that g(t) < e for some constant ¢ depending only on « and d. We
will improve upon this bound and will eventually obtain a much better one. For that we
need to define
f(k,t) = sup P(T(0,%) < 1) € [0,1]
lIxll=Fk
for k,t > 0.
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The following lemma proves that f(k,t) < k~*h(¢) for a suitable choice of h(-). Thus
the contribution of the two arguments of f(-, ) can be separated, which will be helpful in
the analysis of this function.

Lemma 5.1. For any fixed o > d and g as in (5.1), there exist constants ¢, 6 > 0 depending
only on o and d such that f(k,t) < ck=“h(t), where

fwr:WAg@—w@@wﬂmwwﬁf

It is easy to see that

g(t) = > P(T(0,x) <t) <Y valk)f(k,1),

x€74 k=0
where vy(k) = [{x € Z% : ||x|| = k}| < c4k?~! for some constant ¢4 > 0. So, Lemma
5.1 together with the fact that f(k,t) < 1 suggests that for any R > 1

g(t) <1+ i cak L f(k,t)

k=1

R
<1+ cak®™ 4+ gk T hTOh(t) < 1+ R+ h(t) R
k=1 k>R
Taking R = ch(t)/® and simplifying we see that
(5.2) (g(t) = 1)*/* < ch(t).
for some constant ¢ = ¢(d, ) > 0 and h(-) as in Lemma 5.1.
Lemma 5.1 together with (5.2) gives rise to a recursive inequality involving g(-). Solv-

ing this inequality we get an improved bound for g(-), which leads to the following bound
for the a-th first-passage time 7'(0, x).

Proposition 5.2. For o > d there are constants c,C > 0 depending only on o and d such
that for -y = log,(2d/ )
c(log(1 +1))1=7t7(1 4+ 0o(1)) — alog||x|| + ¢ ifa € (d,2d)
4d+42 2 o
log P(T(0,x) < t) < { Togz log(1+1))*(1+o(1)) —alogllx||+ ¢ ifa=2d
a (;f;‘d log(1 +t)(14 o(1)) —10g||x||> +c¢ ifa>2d.

One of the main ingredients in the proof of Proposition 5.2 is the following solution of
a self-bounding inequality for positive functions.

Theorem 5.3. Let g(t) : [0,00) — R be a function satisfying

t
(5.3) 1< g(t) < eMand gt)? < ¢ <1 + tﬂ‘l/o 9(y)g(t — y)dy)

forall t > 0 for some constants X > 0,0 € (0,1),8 > 0and ¢ > 1. Then, there exist a
constant cg > 1 such that g(t) < G(t) for all t > 0, where
co(2A)198220) (log(1 + 19)) "2 (1 4 0(1))  if0 > 1/2
log G(1) = { 513 (log(1 + 9))2(1 + o(1)) i =1/2
5 log(1+t7)(1 + o(1)) ifo < 1/2.
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We will present the proof of Theorem 5.3, followed by that of Proposition 5.2 and
Lemma 5.1 respectively.

Proof of Theorem 5.3. Given (5.3), we claim that
0((20)* —1)
20 — 1

forall ¢t > 0 forall k > 0. When 20 = 1, ((20)% — 1)/(20 — 1) is interpreted as k. We
prove (5.4) using induction on k.

The case k = 0 follows readily from our hypothesis. Now assume that (5.4) holds for
k = m. This together with the fact that ¢ — ¢° is increasing in ¢ implies

t . 2 t
[ 9t = v)gtw) dy < [(eta 220000 epnom [y
0 0

Combining this with the inequality in (5.3) suggest that for all ¢ > 0
0

5.4 log g(t) < exp < log (c(1+t7)) + )\th>

g(t)y <’ (1 +1071 /Otg(y)g(t - y) dy>

20((20)™ —1)/(20-1) oy’
)) exp(\ t))

It is easy to see that the factor multiplied with ¢? in the above expression is > 1, so the
above implies

<< (1 +t7 (c(1+t°

20((20)™—1)/(260—1)
)

g(t) < (1 +17) [(c(l + 17 eXp(Aemt)} ’

Simplifying the expression in the right hand side we conclude

m41l_ _
9(t) < (e(1+17)" TV aprgmy),

and thus (5.4) is true for £ = m + 1. This proves the claim (5.4).
Having proved (5.4), we will put suitable values of & there to get the desired result.

Case 1. Suppose # > 1/2. The optimal value of k should be such that the two terms
containing k in the right hand side of (5.4) are approximately equal. If we equate them,
then we have

2kgh+1 (2—-1/0)Xt
20— 1 82 10g (c(1 + 7))
So plugging in ko := [log,[(2 — 1/0)\t/log(c(1 + t7))]] in (5.4) we have
log, 0
m) - %log (c(l—l—tﬂ))
< cp(2M)°2220) (log (c(1 + 17))) 57
where logg co = —1 + logy(1 — 1/(20)).

log (c(1+t%)) =0t or k=1Io

log g(t) < 2Xt6% < 2xth~1 <

Case 2. Suppose 6 < 1/2. Then letting k go to infinity in (5.4), we have

g(t) < (c(1 +7)) T



28 S. CHATTERJEE AND P. S. DEY

Case 3. Finally we consider the case § = 1/2. Here we have

k .k
log g(t) < 5 log(e(1+ 7)) + M27% < Tlog(e(1 +1%)) + Ae(1 + 7))/ 727",

Similar to our approach in case 1, we will use a value of k for which the two summands
in the right hand side are approximately equal. We see that the summands are equal if
k2F = 2X\(c(1 + t7))Y/7 /1log(c(1 + t7)). In order to capture the dominating term, it is
enough to choose kg = |log,[A(c(1 4 t#))Y/?]] to have

k() 1
logg(t) <2 5 log(c(1+t7)) = 022

This completes the proof. n

(log(1 +t7))2(1 + o(t)).

Proof of Proposition 5.2. Let o > d be fixed. From Lemma 5.1 and equation (5.2) we
have

5:5) (9(t) — 1)°7" < c(ta [ ot = et - 1)y + 5)

for all ¢ > 0 for some constant ¢ > 0 depending only on « and d. Let § := d/a € (0, )
Combining the previous inequality with the fact that g()'/¢ < 21/0=1(1 + (g(t) — 1)'/?)
(by Holder inequality), and noting that 0 < g(y) — 1 < g(y) and e~%* < 1 we have

gt < C<1 + 1 /Otg(t —9)9(y) dy)

forall ¢ > 0 for some constant C' > 1 depending on «v and d. From Theorem 1.2(ii) we also
have g(t) < e for all ¢ > 0 for some constant A > 0 depending on « and d. Therefore,
we can apply Theorem 5.3 with 3 = 1 + « and use the inequality 1 + ¢# < (1 + ¢)?
have g(t) < G(t), where

ct1o82(24/2) (Jog (1 + t))log2(e/d) (1 4 0(1))  if a € (d,2d)

(5.6)  logG(t) = q 325 (log(1 +))*(1 + o(1)) if o = 2d
(Fald 100 (1 4 1)(1 + o(1)) if o > 2d

for some constant ¢ dependmg only on « and d.
Now we use the definition of f(-,-) and Lemma 5.1 to have

log P(T(0,x) < 1) < log f(|x]| ¥
t
< c— alog||x| + log(t® / glt = y)(gly) — 1) dy + =)

<c—alog|x|| + = logG( ),

where G(-) is specified in (5.6). Here we used the fact that G(-) satisfies the inequality
(5.5) as equality. Plugging in the expression for log G(t) we get the required result. |

Proof of Lemma 5.1. Fix k,t > 0 and x € Z< with ||x| = k. We begin by estimating
P(T(0,x) < t) and then take supremum over all x with ||x| = k. Let N(x) be the
number of edges in the optimal path joining 0 and x. Breaking in terms of the magnitude
of N(x) we have

(5.7 P(T(0,x) <t) <P(T(0,x) <t,N(x)>at)+P(T(0,x) <t,N(x) < at)



LONG-RANGE FIRST-PASSAGE PERCOLATION 29

for any a > 0. We first show that for b as in Lemma 2.5(b) and any a > e - b, the first term
in the right hand side of (5.7) satisfies

a
b(a — b)
Let Ni be the number of self-avoiding paths between 0 and x which have k£ many edges
and passage time at most ¢. Using union bound and then Markov inequality

P(T(0,x) < t,N(x) > at) < e~ atlogla/eb) || x| =@

P(T(0,x) <t ) > at) Z P(N, >1) < i E(Ny)

k=at k=at

) k
(5.8) <> Y (Z Wi, 1x) < t) .
i=1

k=at x0=0,xp=x
X1yeesXk—1 GZd

In order to estimate the summands we invoke Lemma 2.1 to have for any § > 0

k k
P (Z W<xi—1x7i> < t) < eetaik H HX1 - Xi—1H7a
=1

i=1
Using this bound for the summands in (5.8) and applying Lemma 2.5 for the inner sum,
we see that

P(T(0,x) < t, N(x) > at) Z Ll P
k=at
=b"1e" (b/0)" [|x|| " /(1 ~ b/6)
for all > b. Taking 8 = a > eb we have

(5.9) P(T(0,x) < t,N(x) > at) < ﬁe—atlog(a/eb) %[

To bound the second term in the right hand side of (5.7), first note that if a vertex self-
avoiding path between 0 and x of length (i.e., number of edges) at most at exists, then it
will contain at least one edge shared between two vertices at distance > [||x]|| /at] from
each other. Then by Markov inequality we have

P(T(0,x) <t,N(x) < at)
< Z P(T(0,x1) + Wik, xy) + T(%2,%) < £).
Hxl—xz H\xl\/aﬂ
Recalling that the density of TWix, «,) is at most [|x; — xa||~ % < [Ix|| ™ (at)* whenever

llx1 — x2|| = [||x|| /at], the right hand side of the last display is

/ A(P(T(0, %) < 5)) / (T (%) < y) x| (at)® dy.

X1, XzEZd

Taking the sum inside the integral the above equals

I~ (at)® / dg(s) / o) dy = ] (at)® / o) / " dg(s) dy
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after changing the order of integration. Hence, we conclude

(5.10)  P(T(0,%) < t, N(x) < at) < x| ~* (at)® / o) (g(t — ) — 1) dy.

Combining (5.7), (5.9) and (5.10), with a > eb and 6 = alog(a/eb) we finally have

P(T(0,%) < 1) < c[x]| ™ (t“ [ ot =tatm -1y ay + 5)

for some constant ¢ = ¢(a,d) > 0 forall x € Z<\ {0}, > 0. [ |

6 Stretched Exponential and Exponential Growth Regimes

In this section, we will put the necessary pieces together and complete the proofs of
Theorems 1.4, 1.3 and 1.5. As before we will work in the case when L(k) = 1, so that
r(k) =k~ for k > 1. Proof for the general L(-) is similar as explained in Section 3.

6.1 Proof of Theorem 1.4

The probability estimate in Proposition 4.1(c) suggests that if ¢ > 0 is large enough,
then

(6.1) lim P (T(0,x) > c(log|x|))*) = 0.

[
Now for any £ > 0 and any x satisfying ||x|| = [exp(t'/27¢)],
P <log D, < tl/A’E) < P (7(0,%) > t)
<P (T(0,%) > (log|[x|)2/ =),

so using (6.1) limy_,, P(log D; < t'/A~¢) = 0 for any £ > 0.
On the other hand, the probability estimate in Proposition 5.2 suggests that
P (T(0,x) < (log||x[))*7%) < exp (—alog [|x[| (1 = @([|x[]))),
where ¢ is such that lim;_, ., ¢(!) = 0. Hence,

lim P (T(0,x) < (log||x[))*~%) =0,

[l =00
and using union bound

P (log Dy > tl/A+€) < 3 P (T(0,x) < t)
x:||x|| Zexp(¢!/4Fe)
< > cak®texp(—alogk(l - o(k))).
k:k>exp(tl/A+e)
By the property of ¢, if ¢ is large enough, then the above is upper bounded by
Z e gl 1= (=)
k>exp(tt/A+e)

for any given § > 0. Since o > d, the above series is convergent for small enough d, which
implies lim;_, ., P(log D; > t'/A+¢) = (. This completes the proof of the Theorem. M
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6.2 Proof of Theorem 1.5

The probability estimate in Proposition 4.1(b) suggests that if ¢ > 0 is large enough,
then
lim P (T(O,x) > cexp (2 2dlog 2 log ||x||>) =0.

lIx[l—o0

Now for any € > 0, ¢ < oo and for any x satisfying
x| = lexp((1 — €)(logt)?/(8d1og 2)) ],

we have
1 — & 2
<P (T(0,x) > t)
<P (T(O,x) > cexp(24/2dlog2log ||x||))

provided ¢ is large enough. This together with the bound of Proposition 4.1(b) gives
limy o0 P(log Dy < (1 —€)(logt)?/(8d1og?2)) = 0.
On the other hand, the probability estimate of Proposition 5.2 suggests that
IF’(T(O7 x) < exp(\/(d —¢)log2log ||x|| /(4d + 2)))
< cexp (—(d+e)log|lx]),

and so if we let C'(d, e) = (dfg% and use union bound, then
P(log D; > C(d,e)(logt)?)
< > P (7(0,%) < exp(y/log X[ /C(d, <))
x:||x||Zexp(C(d,e)(log t)?)
< Z cgk® texp (—(d+¢)logk) — 0

kzexp(C(d,e)(log t)?)
as t — oo, as the above series is convergent. This completes the proof of the Theorem. W

6.3 Proof of Theorem 1.3

As in the proof of Theorem 1.4 and 1.5, we will use Lemma 5.1 to find a lower bound
for T'(0, x) and multi-scale analysis to find a matching upper bound. Using Theorem 1.2(ii)
under the assumption that r(k) = k~L(k), k > 1 with [~ 271 L(z)dz < oo we have

gt) =B B <eMt>1
for some A\ < oo. Combining with the result from Lemma 5.1 we thus have
P(T(0,x) < t) < er([[x]))A(t)

where .

()=t [ g(t = w)la(w) - D+ e <
for some b > 0. Hence, for any g € (0,1), we have

P(T(0,x) < (d —¢)/blog |[x]|) < eL(||x]]) [~
forall x € <4\ {0}.
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For the upper bound on T'(0,x) we will use multi-scale analysis to construct a path
that achieves the log ||x|| lower bound. We define the function

VT
fle) = L(x)Y/d(log x)1/2d’

x> 2.

The choice of this function is not arbitrary and is almost optimal as seen from the arguments
below.

Using this function, as done in (4.1), we construct a path 7(x) from 0 to x. where
fo=mnand f; = f(fi—1) fori =1,2,.... Using (4.3) we have

k
A= CZ Qi_lf{ifleQd/L(fifl) + 2kfk

i=1

k
=cY 27 L(fi1)log fioy + 28 fi
6.2) i=1

-1
and \ := [1+11£1ax fEf 2/ L(fie 1)}

~1
[1 + max L(fi—1)log fi— 1] =0(1).

Now it is easy to see that n1/2" < f; forall i > 0. If we can show that
6.3) fi<n iz 0
for some ¢ € [1,00), then we have 2¢ ~ logn/log f;_1,i > 1 and hence

k
R~ (CZL(fi—l) +1/log fk> logn = ©(logn)

=1

as fA r7ldr = logc and fl 1L(z)dx < oo. Then we are done by (4.4). We claim
that (6.3) holds when
log L(z
/ L8 L(@) 41 ¢ .
1 z(logz)?
We have
log f; _,_ 2log L(fi—1) +loglog fi L
(1/2)log fi—1 dlog fi—1

Thus (6.3) holds when

k
Z —log L(fi—1) + loglog fi—1
= log fi—1

is bounded by a finite constant independent of n. Note that 2* ~ log n. Now

/Ac dx 11— ¢t
4 z(logz)2  logA

and the proof follows by induction on 7. We leave the exact calculation to the interested
reader. The lower bound on IE |B;| follows by comparison to LRP as given in [52, Theo-
rem 1.1(b)]. [ |
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7 Super-linear Growth Regime

Proof of Theorem 1.6: As before, for simplicity we will restrict ourselves to the rate func-
tion r(k) = k=%, k > 1 where a € (2d,2d + 1). It follows easily from Proposition 4.1(a)
that there is a constant ¢ > 0 such that P(T(0,x) > ¢ ||x]|* %) < e~ for all ¢ large
enough. This in turn implies that

tlim P(log D: < (1/(ax — 2d) — ) logt) = 0.
— 00
For the other direction we will prove using an induction argument that there is a con-

stant C' > 1 (to be chosen later) and a recursively defined sequence (v, k > 0) (see (7.6)
for the precise definition) satisfying

(a)  (Vk)k>o0 is decreasing

1
(7.1) () v > p—y for all k£ and
1
2
() v — a—2d+€/ )
so that
(7.2) Jim P(B, C B(0,Ct")) = 1.
— 00

Then, choosing k large enough so that v, < 1/(a — 2d) + ¢ and applying (7.2) the proof
of the theorem will be complete.

To emphasize the dependence on «, if necessary, we will use the notations T(@) (-,°),
B§“>, Df(,a) instead of T'(+, -), By, Dy, respectively when the rate function is k=%, k > 1

In order to initiate the induction argument for (7.2) we will use the probability estimate
of Proposition 5.2 for « € (2d,2d + 1). Keeping that in mind, we choose and fix any g
satisfying
(7.3) o > a(l—&-oz)/(a—Zd).

a—d—1

Now note that if B; Z B(0,¢7°), then there is at least one x with ||x|| > ¢ such that
T(0,x) < t, so using union bound

P(B; ZB(0,t°)< > > P <t).

K210 3 |[x]| =k

Applying Proposition 5.2 for & € (2d, 2d+ 1) to bound the summands of the above display
and noting that |{x : || x| = k}| < ck?71,

—2 o(l+a)
P(B: £ B(0,t™)) < Z ck™“ exp (a—Qd log(1+1t)— (a—d—-1) logk;)
k:k>t70
a(l+a 1+t 9
<
\CeXp<a—2d ) Z E72 =0
k:k>t70

as t — oo. The last inequality follows from the bound of yo(x —d — 1) > (Ha) in (7.3)
and the fact that log k > ~ log t for all the summands. Thus, (7.2) holds for k: = 1

Now suppose 7, has been defined and (7.2) holds for & = m. In order to choose
Ym+1 < Ym SO that (7.2) holds for £ = m + 1, first we estimate the length of the longest
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edge used in the LRFPP process by time ¢ under our induction hypothesis. Observe that
on the event {55; C B(0,Ct"™)}, forany § > 0

min{Wi y) : x € By, y € B(x, t°)} stochastically dominates
min{Wy y) : x € B(0,Ct"),y & B(x,t°)},
which in turn stochastically dominates an exponential random variable with rate
> Yo Ix—ylT*<BOCEMY D u ™
x€B(0,Ctym ) y¢B(x,t%) k>td u:||lul|=k

< Ct"/md Z k,d—l—a < Ct'ymd—é(a—d)
k>td

for some constant ¢ > 0. Therefore, using the inequality 1 — e™* < x we have
P ({min{Wy : x € By, y & B(x, )} < t} N {B; CB(0,Ct")})
(7.4) <1-—exp (—ctHW”d_‘S(a_d)) < ctttrmd=dla=d)
Now if B; € B(0,Ct") and W,y > t forall x € B, and 'y ¢ B(x,°), then all the

edges belonging to the optimal path joining 0 and x € B; must have Euclidean length at
most ¢°. Hence for any 8 > a, x € B, implies

(a)
t>T (O?X) TE€Po,x: ﬁn|‘f<t5Ve€7rZ || || We
> nf B 4=8(B—a),,
TEPo,x: He|\<t5VeETrZ ” ”
> 1006 inf ZH 1P we = == 70, %),

which in turn implies x € BLH(B,Q). This shows that if we let
Ym41:=146(8 — a),

then B; C B(0, Ct¥™+1) on the event

(7.5) {B: CB(0,Ct")} N {Wixyy >tV x € Brandy ¢ B(x,t°)}
B sis-y CB(O,CHHE))

for any 8 > a.
Now we choose 3 > 2d + 1 and ¢ > (1 + v,,d) /(v — d) so that

Ym+1:=1+6(8 - a)
1+ vmd e (d+1)(a—2d)

a—d 2 a—d '
We also choose C' > 1 such that lim;_, IP(BEB) C B(0,Ct)) = 1. Proposition 8.2 guar-
anties the existence of such a C'. Simple algebraic manipulation confirms that {vx }x>0,
as defined in the last display, satisfies (7.1). Combining (7.4), our induction hypothesis
that (7.2) holds for k£ = m and our choices of ¢ and C, the limit of the probability of the
event in (7.5) is 1, and hence

lim P(B; C B(0,Ct"+1)) =1,

t—o0

(7.6) =1+ (2d+1—a)+
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which completes the proof of the induction argument. |

8 Linear Growth Regime

In this section, we consider the case of fixed &« > 2d + 1. Let B(u,r) denote the
Euclidean /,—ball of radius 7 around u € R?. In order to establish linear growth for the
LRFPP balls, we will show that for any fixed n € (0, 2),

T
in ﬂ > 677 > 0
2,wEB(0,n),|z—w| > ||z — W

with high probability, where the constant ¢, does not depend on n. For that we need the
following lemma.

Lemma 8.1. Ifa > 2d+ 1,0 € (0,1) and ¢y, co are any positive constants, then
P (Wisw) = cinforallz € B(0,con) and w & B(z,n”)) > 1 — COndti-tla=d
for some constant C > 0.

Proof. Note that for any fixed z € Z¢, the random variable min{W,, | w & B(z,n’)}
is exponentially distributed with rate

ST fulr < ) ek R <enfm,

il >n? k>no

and hence the random variable min{ W, | z € B(0, can), w ¢ B(z,n”)} stochastically
dominates an exponential distribution with rate [B(0, can)| - en®(?=®). Therefore, using
the inequality 1 — e~® < x and the fact that |B(0, con)| < cn? we have

P (min{W,w) : z € B(0,c2n), w & B(z, nf)} < cin)
<1-—exp (—\B(O, cam)| enfld—a) cln) < Opfld—e)+d+l
for some constant C' > 1. |

Lemma 8.1 ensures that if # < 1 is sufficiently close to 1, then with high probability
none of the edges, which have /.—length more than O(n?) and have at least one end in an
£o—ball of radius O(n) around 0, will be a part of the optimal paths which start from 0 and
have passage time O(n). This observation plays a crucial role in proving linear growth for
the LRFPP balls when o > 2d 4+ 1. We now use this key observation to produce a linear
lower bound for T'(x,y).

Proposition 8.2. For any o > 2d + 1 and n € (0,2), ife > 0 is small enough, there exist
constants ¢(n), C' > 0 such that
P ( inf M > c(n)) >1— Cp-(@-2d=1-¢)

z,wEB(0,n):||z—w|| =>nn ||Z — W”Oo

Proof. Using an induction argument we will prove that there are constants €, £ > 0 small
enough, 0,0 € (0,1), ¢, := 51+ 3d + 6 and ¢ € IN large enough such that if £,,, := o0
for m > 0 and if

81 o ;{ inf T(z,w) WII <0 51_[ }

2w EB (0,61 ) la—wil >nty, 12— Wl
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then for all £ > 0,
(8.2) P(ar) < C(n)e, @271

for some constant C. The choices for all the parameters will be specified as we proceed
through the proof. Once we prove (8.2), the proposition will follow by taking & such that
9" — mand e(n) = £ T2, (1 = eyl ™).

To prove (8.2) for kK = 0 we use union bound and Proposition 5.2 with 7'(0, x) replaced
by T(z, w) and ¢ replaced by ||z — w|| £=° to have

o —5\(1+a)/(a—2d) \ ¢
P < e 5 (Ue=x1t) )

2,wEB(0,01+%): |lz—w|__ >nl 1z —wl|

€(1+/{75)(1+a)/(a72d) @
g 2£1+/{ 2d .
el)(201+) : ,

as there are at most (2¢'7%)2? terms in the above sum. A simple arithmetic shows that the
exponent of £ in the right hand side of the last display is (2d + 1 + ¢ — «) if we take

(14+e—2dr)(a —2d)
ala+1) '

(8.3) §:=1+r—

Thus (8.2) is established for k = 0.

Now suppose (8.2) holds for k& = m, we will show that it holds for £ = m + 1 as well.
Fix any x1,y1 € B(0, 6717;1"1) such that ||x; — y1||_ > 7¢m41 and let the optimal &-path
joining x; and y; be m € Py, 5. We will bound W, = T'(x1,y1) from below. It is easy
to see that if

Frg1 o= {(zw) : 2 € B(0,46,11),w & B(z,6n) } ,

and Hp,p1:=14 min W, >2015 5,
e€Fy,i1

then 7 N Fy, 1 = 0 on the event H,, 11, as [|x — y|| < 2057

For the remainder of the argument we will assume that H,,; occurs. In that case,
all the edges that belong to 7 and have at least one of their endpoints in B(O, 4&17#‘1)
must have ¢,—length smaller than ¢,,,. Our plan is to divide the /,,—ball B(O0, 4€}n+f1) into
smaller disjoint ¢.,—balls having radius £:* and study the contributions of the segments
of 7 restricted to those smaller balls to W .. In order to do so, let

O = 0" A =4(lpg1 /) T+ 20 — 101 < i < A(lpr /b)) T},
Ep =0 A =41 /)" 4+ 2000 < i < Alimg1 /0n) 7},
and based on these we define the index sets
Ln = (0, 1I° = (En)?,
I = (0,) P X By x (0)4 % 1<E<d
We also define the corresponding collections of disjoint balls % := {B, = B(u, £11*) :
u € I,,} and #* := {BF = B(v,£5%) : v € IE} for 0 < k < d (See Figure 8.1 for a
pictorial description of one element from each of the collections %, %%, 0 < k < 2 in case

of d = 2). It is easy to see that each of the collections of disjoint balls £, FZ”“, 0<k<d,

covers B(0, 4€$n+f1). But the reason behind considering more than one such collection is
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FIGURE 8.1. Pictorial description of the balls in 2, #*,0 < k < 2, in case
of d = 2. Here the balls By, = B(u, £}, ") € % and By, = B(ux, 17 ") €
B* k=0,1,2. Boundary of any ball is in the interior of another ball.

to make sure that the path 7 spends enough time going through the bulk of one ball or
the other, rather than staying close to their boundaries. By the choice of the collection of
smaller balls, any segment of = which stays close to the boundary of the balls in 2 must
pass through one of the balls in P for some 0 <k <d.

If uua € I, and |ju—1al_ = 2¢.", we say that B, and By are neighbor-
ing balls. Similarly, B‘]‘; and B"f will be called neighboring balls if v,v € 1:,};; and
|v — V| = 205", Assuming H,, 1 occurs, each of the edges of 7, which have at least

one endpoint in B(O0, 4671n+f1), can either stay within one ball B, (resp. B¥) or go from a

ball By, (resp. B’j) to one of its neighboring balls By (resp. B";). Now there are two pos-

sibilities for 7; either it goes out of the ball B(O0, 4€,1n+f1) at some point, or the entire path
14k

remains inside B(0, 44,7 ). In the first case, in view of the last observation, if (zw) € 7

is the first edge while traversing along 7 from x; to y; such that z € B(0, 4&1W+f1) and

w ¢ B(0,4¢,7), then ||z — w]| _ < £, and hence

1 —zll, > lxi = wll = llz = wll > 36,5 — n) =[x =yl
as || x1 — y1|| . < 26,77 In the second case, we obviously have [|x1 — y1||_ = nlm1.

So, in both cases 7 must have a segment # = (x - --y) which stays within B(0,4¢,,7)

and satisfies ||7(|__ = 7|l = 9lm+1-

Foraball B € ZUU}_, %" and z, w € B let T(z, w) denotes the minimum passage
time over all paths which join z and w and stay within B. We say that such a ball B is
good (resp. bad) if

m—1
> (resp. <) ¢7? H (1 — cnﬁk_,“) .

k=1

Ts(z,w)

mn _
z,wEB:|z—w|| 2nlm ||Z — W”oo

(8.4)

Recalling the definition of ||7||__ for an &-path 7, we will see that
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Lemma 8.3. Ifthe events H,, 1 and
Ly 11 :={numbers of bad balls in # and @k, 0 <k <d,
are at most |[x —y|| _ €, ("t}
occurs, then the path © = (x---y) obtained as above contains disjoint segments {7; =
(Z; -+~ Wy) }i>1 Such that

e cach 7; stays within some B; € % U Uzzoz@k such that B; is good according to (8.4).

o |7l = nlm foralli

° Zi>1 17l . = 17l (1 — enl;”) for ¢y > 0 defined at the beginning of the proof of
Proposition 8.2.

We postpone the proof of Lemma 8.3, first we will see that this lemma provides a lower
bound for W by bounding } -, T, (z;, w;), which will enable us to conclude

(8.5) A1 D Hyr N L.
By the properties of the path segments {7; = (z; - - - w;) } in Lemma 8.3 and the definition
of good balls in (8.4), it is easy to see that

m—1

We =Wz >y Tp(z,w;) >0 [ (=™ D Iz —will,
k=1

j=z1 Jj=z1

=3 ]

>0 [ -t Ix—vll.,

k

Il
—

on the event Hy, 1 N Ly11. Since [|x —y|| > [|x1 — y1ll and x1,y1 € B(0,(,7)
were arbitrary vertices satisfying ||x; —y1| = 7{m1, the above inequality justifies
(8.5). Thus, in order to complete the induction argument it remains to estimate P (H,,+1)

and P(L;,+1). On one hand, in view of Lemma 8.1,
(8.6) P(Hpy1) > 1 — el =0lamd),

On the other hand, our induction hypothesis (8.2) for £k = m suggests that B € 4 is bad
with probability < CZ,_n(a_Qd_l_2E), as Tp > T for every argument. Also, it is easy to
see that if { B;} is a collection of pairwise disjoint balls, then the events {B; is good} are

_ 4dg(1/6-D(+r)d

independent. Since |1, ] , the expected number of bad balls in % is

< 4d€d(1+r€)(1/6’—1) . Cg—(oz—Qd—l—Za)-

If we choose ¢, 6 > 0 such that

_d
a—d—c¢

&

a—d’

for small enough x > 0 the exponent of ¢,,, in the upper bound for the expected number of
bad balls among {By : u € I, } is

A1+ K)(1/0—1) — (@ —2d—1—2¢) <1/0 — 1 — 2r.

8.7) 6|:2—|— ]ga—Zd—landG:I—

So, if we take N = 49(£y,41 /€)% and p = 0/’ ~* 72" /3N, the number of bad balls
in 4 is stochastically dominated by the Binomial(V, p) distribution. Now using standard
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large deviation argument for Binomial distribution and recalling that || x — y|| _ = 17lm41,
we have

P(Y " 1(p, i > [x =yl 6, )) < P(Binomial(N, p) > 3Np)
u€l,
< exp(—Np(3log3 — 2))

= exp (—n(log?) - 2/3)65,11/9_1_2“)) .

The same estimate holds for the number of bad balls among {B"f 1V € f,’;} for each
0 < k < d. Thus by union bound,

(8.8) P(LS,,,) < 3exp (_n(logg _ 2/3)4711/9_1_2@) .
Combining (8.5), (8.6) and (8.8) if x > 0 is small enough, then
]P(.Q{m+1) < C@Eii"f)(d"'_l)_e(o‘_d) < Cg’r—n(ftl—Qd—l—Qe)

by the choice of . This proves (8.2) for k = m + 1. |

In order to complete the proof of Proposition 8.2, it remains to prove Lemma 8.3 which

is now presented.
Proof of Lemma 8.3. Recall that @ = (x---y) C B(0,4¢,,7%) and ||7|| _ > nly41. Let
{Bu, }i>0,0; € I, be a sequence of balls such that By, is a neighbor of By, , fori > 1,
X € By, and for ¢ > 1 the path 7 enters By, after exiting from By, ,. We can think of
{Ba, }i>0 as a trajectory of a nearest-neighbor random walk which takes its values in Z. If
a ball By, is bad according to (8.4) and if it appears more than once in the sequence { By, },
then we remove the loop created by the associated random walk at B,,. So a bad ball
can appear at most once in this sequence. Abusing notations, we write { By, } for the loop-
erased sequence. Suppose 7 enters By, through X; and leaves it through y;. So, (X; - - ¥:)
is a segment of 7 staying within By, whenever By, is good, otherwise (X; - - - ;) may not
be a segment of 7. Also let {1, }3]:1 be the subsequence of {11;};>¢ such that for each j
the portion of 7 within Bﬁij does not stay within B(%;;,7¢,,). To simplify notation, we
will write (0, X5,y ;) instead of (;;,%;;,¥:,), andyo = xandx;11 =y.

We say that the segment (X; - --y;) is admissible (tesp. inadmissible) if By, is good
(resp. bad). In the same spirit, the segment (y;---X;y1) will be called inadmissi-
ble if it contains a segment of the form (Xy - --yj) which is not admissible, otherwise
(¥, - - - Xj41) will be called admissible.

An admissible segment (X; ---y;) will be called short if the entire segment resides
within B(x;, 1¢17%), otherwise we say that (X;---y;) is long. In the same spirit, an
admissible segment (y; - - - X; 1) will be called shortif ||y; — X; 11| < 20y, otherwise
we call it long. Instead of the entire sequences {X; }j;’ll and {y;};_,. we need to consider
the following subsequences {X;, }/ ;' and {y;, }/,. We define {j;} along with disjoint
sets £; C IN, —1 < i < 5, inductively starting with jo := 0 and £; = (). Having defined
Ji

1. scan through the segments (¥;, - - - Xj,+1), (Xji+1 - ¥ji+1)> (Fjit1 - Xji42), ... se-
quentially,
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2. if (Xj, 4k - - ¥j,+&) is inadmissible for some k& > 1 and all previous segments are short,
then we let j;11 == j; + k. If Hyjl — X, ||oo > nl,,, then we include [ in £_;,
otherwise we include ! in £y. Then we go back to step (1) with [ replaced by I + 1.

3. if (§¥j,+k—1 - Xj,4k) is the first long segment for some & > 1, then we let j; 41 :=
Ji + k and j; := j; + k — 1. In addition,

(@) if ||y, — ¥5;:|| _ = nfm. then we include [ in £;; otherwise we include [ in L.
(b) if j;41 = J + 1, then we let L = [ and stop, otherwise y;, , , is defined and we go
back to step (1) with [ replaced by [ + 1.

4. if (Xj,+k - - - ¥j,+k) 18 the first long segment for some &k > 1, then we let j; 41 := j; + k.
Here also we include ! in L3 or L4 depending on whether Hyjl = Xjin Hoo > nly, or
not, and we go back to step (1) with [ replaced by [ + 1.

5. if for some k£ > 1 all the segments <yjl+k/_1 .. ~ijl+k,), 1 < kK < k, and
(Xji4k' = Yjtkr)s 1 < K < k, are short and j; + k = J + 1, then we let L = [
and jp41 =g+ k. If ||ij — X ||0o > nly,, then we include L in L, otherwise we
let ,55 = {L}

To simplify notations, we write (x;,y;, u;) instead of (X;,,¥;,, ;) and [ instead of Ji-

Having defined {x; }/ " and {y;}/,, note that if | € L, then (x; 41 ---y41) is a seg-
ment of 7 and it has a subsegment of the form (x;41 - - - X;4.1) such that ||x;11 — X1 >
1058 Soif [L4] > ||x —y| /24", then

D e Fan)ll = Ix =yl
leELy

and hence the segments {(x;41---X;41) : | € L4} fulfil the criteria of Lemma 8.3.
Otherwise if |L4] < [x—y|_ /3¢5 ", then using triangle inequality and noting that
Yo =X,XL+1 =Y,

5
Yo iyl zlx =yl = D0 Y Iy —xwall— Y Ik —will

€L _1ULy i=—110eLl; leL_1ULy

> =yl = > (lye—vill_+ llyr — =] )
lelq

= 0l (1 + [Lo| +4llx =yl /6.7

- Z Iyt — x4l — Z x1 = yull . -

leL _1ULSULS leL_1ULy

Itis easy to see that |£_y| + [Lo| < [|x — y||__ £m" ") on the event Ly,41, and hence

S -yl < lx - yll 602 20k,
leL _1ULy

Also recall that [|x — y|| _ = nlp+1 = nlhF" if k > 0 is small enough. So if we define

I:={(y1- - x41): 1 €Ly ULULYU{(yr--y7), (¥7- - Xig1) : L€ L1},
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then the inequality in the previous display reduces to

8.9) S odxi—yilll = lx =yl (1= B+5me =Y lIxl. .
I¢L_1ULy 7ell

Now we focus on the segments in II. We claim that each segment 7 € II

(a) satisfies ||7||_ > 7y, and

(b) (assuming that the event H,,,1 occurs) stays within ¢, -distance %E}rf” from the
boundary of some of the balls in A.

To see that (a) holds note that by the definition of Lo,

lye =il = |lyr = x| = [lye = will L = 206m — 0l = 0l

The facts that [ly; — x;41]|, > 1y, forl € L3U L_y and ||y; — yZHOO, llyi — xl+1Hm
> nly, for [ € L, follows trivially from the definition of £;. To see that (b) holds observe
that if H,,,.1 occurs, then by the definition of {x;} and {y;} each x; and y; stays within
{-distance ¢,,, from the boundary of some ball B, and by the definition of IT any segment
of the form (x; - - - y;), which is a part of # € II, must lie within B(x;, $£55).

It is easy to see that by properties (a) and (b) of the segments in II, any 7 € II should
consist of path segments {7;};>1 such that each 7; satisfies ||7;| _ > 7, and stays
within one of the balls Bﬁ forv € IN,’,Z and 0 < k£ < d. But we need to discard those
segments which belong to bad balls. In order to do so, for each © € II we determine the
associated loop-erased sequence of balls { B;}, as we did in the beginning of the proof.
Then, segregating the portion of 7 within the bad balls among {B;} 7 can be written

as # = 7l #{'#L ... such that {#!};>, are inadmissible segments, whereas {#7'};>; are
admissible ones. Separating the segments {77 : ||7TA H > nl,,} from the rest and using

triangle inequality,

> > &
'ﬁ'eni>1:||frf4|| >nlm
> &l — {BY:v eI}, 0<k<dBlisbad }|- (20,77 + 2nly,).

well
So, on the event L,, 1 the above inequality reduces to

> > > Il — @+ 1) Ix =yl 6,072 - 3651".

ﬁ'GHi>1:H7¢r1A”oo>nem well

Combining this inequality with (8.9),

B10) D xi—yill+ Y > |

I¢L_1ULg TEL iz 1|7 2| >ntm

A= Ix =yl (1 —epln).

Now by the definition of {x;} and {y,} it is clear that for | ¢ L_; U Ly either
|Ixi —yill. = nlm or (x;---y;) has a subsegment of the form (x;---X;) such that
lx: — %Xi|| . = 1lm. Soif we define the subsegments {7 };¢~_,ur, of @ by

~ {<xl-~->~q> if []x; — yil| . < nt

™= .
(xi-y) i = —yill. > nlm
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then clearly ||7;|| _ > nlp, and ||7;]| . > |[|x: — yi|| .. Combining this with (8.10) we see
that

{7l i>1,|

K2

M =l 7 €M U{F 1 1€ LU Lo}

fulfill the requirement of this Lemma. |

Before proceeding further let us mention an immediate corollary of Proposition 8.2.

Corollary 8.4. For o > 2d + 1 and x € Z® such that |x|| _ = n, then with probability
1 — o(1) the optimal path joining 0 and x stays within B(0, C'n) for some large constant
C.

Proof. Using Lemma 8.5(c) below P(7'(0,x) > c|x| ) = o(1). If T(0,x) < cn,
Lemma 8.1 suggests that there exists 6 € (0,1) such that for any constant C' < oo the
optimal path does not contain an edge having length more than n’ and one end in B(0, Cn).
So if the optimal path goes out of B(0, Cn) through y € B(0, Cn) for the first time as we
traverse along the path starting from 0, then with probability 1 — o(1), |ly|| . = Cn —n®
and T'(0,y) < cn, which event again has probability 1—o(1) if we choose C large enough.
]

Proposition 8.2 ensures that if & > 2d + 1, then with high probability the first-passage
metric T'(x,y) grows at least linearly in ||x — y||. For the other direction we have the
following Lemma.

Lemma 8.5. Let x € Z% and o > 0. Then

X

(a) T(0,x) is stochastically dominated by Zyzl‘ E;, where {E;}’s are i.i.d. and the com-
mon distribution is exponential with mean one.

(b) E(T(0,x)) < [[x]|.

(©) forany A > 1, P(T(0,x) = A||x||) < exp(—(Alog A — A+ 1) [|x]]).

Proof. Note that (b) follows from (a) trivially. (c) follows from (a) by using standard large
deviation argument for exponential distribution.

To see that (a) holds note that, if 7 € Pg x consists of ||x|| many nearest edges, then
for any o, W L > Dﬂ E; and T'(0, x) is stochastically dominated by W. [ |

Combining Proposition 8.2 and Lemma 8.5 with Liggett’s subadditive ergodic theorem
[40] and a standard ‘Denouement’ argument described in [23, page 17] we get the “shape
result” for LRFPP with o > 2d + 1.

Proof of Theorem 1.7. For x € 7Z% and m,n € 7 such that m < n, let X =
T'(mx,nx). Then, from the definition of T'(-, -) it is straight forward to check that

(1) Xo,n < Xo,m + Xom,n whenever 0 <m < n
(ii) the joint distribution of { X, y+%, k > 1} does not depend on m

(iii) foreach k> 1,{ X,k (nt1)k,n € Z} is a stationary process.
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Also, using Lemma 8.5(b), E(Xo ,,) < n||x||. So, applying Liggett’s subadditive ergodic
theorem (see [40, Theorem 1.10])

1 1
(8.11)  if pu(x) :=inf — E(T'(0,nx)), then lim —7(0,nx) = u(x) a.s. provided
non

n—o00 N

(8.12) foreachk >1, {Ynk = Xyk,(n+1)k Jnez is an ergodic process.

We postpone the argument for (8.12) towards the end of the proof, now we will see the con-
sequence of (8.11). First note that if ¢ > 0 is chosen small enough, then by Proposition 8.2,
we have P(T(0,nx) > en) — 1 forany x € Z\ {0} as n — oo, s0

E(T(0,nx)) = enP(T(0,nx) > cn) = ¢/2

for all n large enough, which ensures p(x) > 0 for any x € Z< \ {0}.
We extend the definition of y(-) to whole of R? using standard procedure, which we
mention here for the sake of completeness. Fory € R4, let

T(0,y) = i 7(0, x).
©.y) xeztly x|, <1/2 (0:)

In view of (8.11), if y € Q, then for any m such that my € Z¢

! 1
ply) = lim —T(0,ny) = —p(my)as.

n— oo
Finally, using subadditivity and Lemma 8.5(a) it is easy to see that if for any Xx,y,
|T(0,x)—T(0,y)|is stochastically dominated by a sum of [n ||x — y|| | many i.i.d. mean
one exponential random variables. This together with Lemma 8.5(c) and the Borel-Cantelli
lemma implies
p(x):= lim  pu(y) exists for all x € R% and p(x) > 0 whenever x # 0.
y—ox,y€eQ?
In addition, using Lemma 8.5(c) once again ) . P(T(0,x) > A|x[|) < oo, which
implies
{(xeR®: |x||_ <t/A\} C{xeR’:T(0,x) < t}
for large enough A. Combining the last two displays, we are in a position to apply the
‘Denouement’ argument (see page 17 of [23]) and conclude about the “shape result” with
A:={xeR%: pu(x) <1}

Therefore, in order to complete the proof of the theorem it remains to show (8.12).
Fix x € Z% k > 1 and let v denote the law of the infinite vector (Y,¥),,cz and ¢ be the
measure preserving transformation on Rz defined by (pw)r := wit+1. In view of [54,
Theorem 1.5], it suffices to show that for any two events A, B satisfying v(A), v(B) > 0,
there is an n € IN such that v(A N ¢~ "B) > 0. To prove this assertion we fix ¢ > 0

and choose k, [ large enough so that there exists A;;, B;; € of{VF¥ Yk ... Y}F}
satisfying
(8.13) V(AAA, ), v(BAB,,) < £/4,

which implies
8.14) (AN ™" B) —v(AjuNe " Bj)| S v(AAA; ) + v(e " BAy " Bj,)
' < V(AAAJ"[) + I/(BABJ"[) < 5/2,

as ( is measure preserving.
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Next we see that applying Corollary 8.4 we can have L = L(j, [, ) large enough such
that
V(QJIZZ) >1- 5/87
where
Qﬁl = {Yik, —j <4 < [, is determined by the edge weights in
{W(zw> | Z,W &€ B((l - ])X/ZvL)}}
Then it is easy to see that
|(Aj)v(p ™" Bja) — v(Aju N QE)v(0 "By N Qe ia)| < /4,

and if n is chosen large enough depending on L, then A;; N QJI{Z and o7 "B;; N Q]If+n7l_n
are independent so that

[v(Aju N "Byy) — (A N Qe "By NQ, )| <e/4

Combining the last two displays with (8.13) and (8.14), and recalling that ¢ is measuring
preserving,

lp(ANe™"B) — p(A)p(B)| < 3¢/2
for large enough n. Starting with small enough £ > 0, we get v(A N~ "B) > 0. |
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