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LOCAL FORMULAS FOR THE HYDRODYNAMIC
PRESSURE AND APPLICATIONS

PETER CONSTANTIN

ABSTRACT. We provide local formulas for the pressure of incom-
pressible fluids. The pressure can be expressed in terms of its
average and averages of squares of velocity increments in arbitrary
small neighborhoods. As application, we give a brief proof of the
fact that C® velocities have C?“ (or Lipschitz) pressures. We also
give some regularity criteria for 3D incompressible Navier-Stokes
equations.

Dedicated to the memory of Professor Mark 1. Vishik.

1. INTRODUCTION

We provide local formulas for the pressure of incompressible fluids.
By this we mean expressions that compute a solution of

3 2
—Ap = i )
p Z,;l axlax] (U uJ)

where u is a divergence-free velocity, at z €  C R?, from the spherical
average of the pressure,

p(z,r) = 47:7& /|m _y|:Tp(y)dS(y),

and from integrals of increments (u;(y) — w;i(2))(u;(y) — u;(z)), for
ly — x| < r, with arbitrary small . No knowledge of the behavior
of u outside a small ball is needed. The main ingredient is a kind of
monotonicity equation for a modified object

bz, 7) = o, ) + — / » ( y— .u(y))2d5(y).

472 ly — x|
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This allows us to express the pressure as

p(z) = plx,r) + w(z,r)

where [ is just a local average of the pressure,

2r
B =1 [ plapdp

and 7(z,r) is given by a couple of integrals (39) of squares of incre-
ments of velocity over a ball and over an annulus of radii 2r. Thus, we
write the pressure as a sum of two local terms, one small, and the other
sufficiently well-behaved. Indeed, 8 € L>(RR?) is bounded in space (for
any ), if u € L*(R*) (34), and ||Vf||12gs) is bounded in terms of
[[|7 42y (47). On the other hand, 7 is of the order 7*|Vul* for small
r. Well-known criteria for regularity for the 3D incompressible Navier-
Stokes equations in terms of the pressure ([1]), ([6]) do exist. If the
pressure would obey the bounds that 5 obeys, then regularity of solu-
tions of the 3D Navier-Stokes equations would easily follow. Because
mw(x,r) — 0 as r — 0, the suggestion that p obey the same bounds as
[ is not unreasonable. On the other hand, bounds on 7 require some
smoothness of the velocity. Higher regularity in space for velocity for
weak solutions of the 3D Navier-Stokes equations was obtained in ([3])
(see also ([8])). These bounds imply that m(z,r) is small for almost
all time. For instance, ||7||s@sy < C(t)r?, t — a.e. (52), (59). The
problem is that in general the time integrability of C(t) is too poor
to conclude regularity (C(¢)3 is time integrable, whereas C(t) time
integrable would be sufficient for regularity.)

The organization of this paper is as follows: In the next section we
present the basic calculations which lead to the formulas for the pres-
sure. In section 3 we give ensuing bounds for § and 7. In section 4 we
give a quick proof of the bounds of higher derivatives of solutions of
the 3D Navier-Stokes equations in the whole space. (The paper ([3])
deals with spatially periodic solutions). In section 5 we give two ap-
plications: the first is a simple proof of the fact that, if u € C%, then
p € C* (if 2a < 1; if 2a¢ > 1 then p is Lipschitz). This result was used
recently in ([4]), with a proof based on the Littlewood-Paley decom-
position. A different proof (closer to ours) was obtained before, but
was not published ([7]). The 3D Navier-Stokes equations are regular
if ue L=([0,T], L*(R?)) ([2]), ([5]). We give as a second application,
criteria of regularity for the 3D Navier-Stokes equations in terms of .
These essentially say that if we can find r(¢) small such that in some
sense, 7 is small, and if some integral of (¢)~! is finite, then we have
regularity.
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Some elementary calculations needed for the formulas are presented in
the Appendix.

2. SPHERICAL AVERAGES

We denote
1) flz,r) =

42

[ swisw = st

where { denotes normalized integral. We consider solutions of
(2) —Ap=V-(u-Vu)
in O C R3. We assume V -« = 0 and smoothness of u. We start by
computing
Orp(,r)
Jﬁg‘ 15 pr(x + TOdS(g) 4M |§|:1£ : Vgp(l’ + 7“5)d5(§)
= Jiejer Aep(z +1€)dE = £ [ oy Aupla +1€)dE.

We use the equation (2). We note that, in view of the incompressibility
V - u =0, we have

Ap = —0;0;((u; — vi)(u; — v;))
for any constant vector v. (We use summation convention, unless ex-
plicitly stated otherwise). We have thus

8’@(“@ r)= f\5\<188 ((w; =) (u; = vj)) (2 +rE)dE
- €l<1 aﬁz i (i — i) (uy — v;)) (T + 1r§)dE
= i (( )(

= I€|=1 52( U; — Uz’)(uj —vj) ) (T + Tf)dS(f)
- fm &, (s — v) (5 — v7)) (@ + 7€) E).

So we have

3) roplx,r)=— &0, ((wi — v;)(u; — v;)(z + r§)dS(§).

§1=1

Lemma 1. Let Q be an open set in R3, let w € Q. Let r < dist(z, 052),
and let u be a divergence-free vector field in C*(Q)3. Let v € R3. Let p
solve (2) in Q2. Then

0, {Blae, )+ fig I€ - (ula+ r€) — v)PdS(©)}

= 1 BIE (ulx + 7€) — v)2 — Juz +r€) — v?) dS(€).
Proof. We are going to use the identities

fiez1 §i0s, (@ +r§)dS(€)

=10, | fiy €21 (0 +1€)AS ()| + oLy (36 — 1) f(w +7€)aS(€)

(4)
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valid for each j, (no summation of repeated indices in the formula
above), and

Jc‘ﬂzl (giafj + gjaﬁi) f(l’ + ’l“f)dS(f)
- Tar [Jﬁﬂzl 2525]]0(55 + ’l“f)dS(f)] + ﬁg‘zl 6€z€]f(x + Tf)dS(f)

The proofs of these identities are elementary; they are given with full
detail in the Appendix. In view of (3), the expression we need to
average is (the negative of)

£10g, (07) + £20¢, (w3) + E30g, (w3) + (£10z, + E20¢, ) (wrw2)
+(610g, + §30¢, ) (w1w3) + (§20¢; + E30g, ) (waws)

where w = u — v and the expression is evaluated at x + r£. Using (5),

(6), we group together the terms involving r0,, and separately the ones
which do not involve rd,, and sum. We obtain thus from (3)

™) ro,p(x,r) = —ro, fm:l(g ~w)2dS(€)
- f\ﬂ:l [3(& - w)? — [w[?] dS(&),

(6)

which is the same as (4).

Lemma 2. Let . € Q C R3, let 0 < r < dist(x,09), and let p solve
(2) with divergence-free u € C*(Q)3. Let v € R3. Then

(8)
p(x) + Hu(e) = o2 = pla,r) + fy € (ule + 7€) — v)* dS(E)
+fy e fo [B1E (ule 4 p€) —v)2 — ule + p€) — v]?] dS(€)

Proof. This follows immediately from (4) by integration for dp, not-
ing that

(9) B(z,0) = p(z)

and

(10) 1

lim € (u(x+ 7€) = v)[*dS(€) = S lim o [u(w+r€)—v[*dS(€)
[€]=1 |€|=1

The formula (8) can be specialized by choosing v. Before doing this,
let us introduce

— (yi — i) (yj — x5)
(11) Uij(?/—l") =3 g — z]? — 0jj
where
=

Cly—al
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Note that

—

aa ( 1 ):Uij(y_z).
[z —y| ly — xf?
By choosing v = 0 in (8) we obtain
(12)
p(2) + Hu(@)? = B
P, r) + £,y |6 u@)PAS (W) + PV [5, ) T2 (uguy) (y)dy.

Remark 1. If Q = R?, if we integrate R~* f;R dr and let R — oo in
(12) we obtain (assuming that R™* f;R pdr decays)

L= Lpy [ os@=8)
1) o)+ gl = =PV [ T ) )y
a fact that follows also from
1 1
p(z) = 9;0;(uiu;)(y)dy

A R |7 — Y

by integration by parts. So (12) is a local version of this, valid for any
r > 0.

By choosing v = u(z) in (8), we obtain
p(x) P(2,7) = Sy gy 1€ - (uly) = u(2))[PdS(y)
L o 2 () — () () — ()

(
In order to clarify the relationship between (12) and (14) let us observe
that

(14)

(15)
1 oi; (T —y) 1
& (§-u(y))dS(y) + PV/ = P (y)dy = —ui(T).
]fw_ € ) dst) + pv [ Ty = G
This follows from the obvious fact that
1 P —
= D2 (7 u)(y)dy = 0

4 B(z,r) ‘y LE‘P
by integration by parts.

Remark 2. Letting r — oo we deduce from (15) in the whole space
case, if u decays, that

(16) v [ Gl =), )y =

47 s |z —y|?

1
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a fact that follows also from the fact that Pu = u where P is the pro-
jector on divergence-free functions using the formula

2 0ii(2 —y)

Pv=—-v+ PV = Zi(y)dy.
3" 4n /]R3 |z —y[? i)y

We write now in the principal value integral in (12)

ui(y)u;(y) = (wi(y) — ui(z))(u;(y) — u;(x))
tui(z)u;(y) + uj(z)ui(y) — wi(x)u;(z)

and take advantage of the fact that averages of U” (y ‘;f ) on spheres

centered at x vanish. Using (15) we obtain

ple) + u(x)? =
o)+ iy € ul)PaSO)

£PV me & i,lé’) (uily) — wi(2)) (w;(y) — uy(z))dy
% Foya (& u(@)) (€ u(y))dS (y) + 2fulx)?

Rearranging, and noting that

f € u@ras = gl
ly—z|

we obtain

p( )=
(17) )+ Sy 1€ (u(y) = u(@))PdS(y)+

» fB “;;Ei,|3> (uiy) — i) (u; (y) — us(z))dy
We have thus:

Remark 3. The formula (14) follows directly from (12) by using the
formula (15), which is a consequence of the divergence-free condition.

Remark 4. The situation in R? is entirely similar. Instead of (5) and
(6), we have for fivred j = 1,2,
1) I G0+ €)S(
=10, o € f(x +1€)AS(E) + £ (263 = D (0 +rE)dS(©),
and

(19) fsl (£10g, + &20¢,) f(x +1£)dS(§)
= 10, f31 266 f (2 + r€)dS(6) + £ 26160 f (w + €)dS (&),

and consequently, we have instead of (7 )

rop(x,r) = —ro, ﬁ = X w)?dS(€)

(20) o 20w - )
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where w = u(x + r€) — v and v is a constant vector. This again leads
to a local representation formula
(21)
p(x) + 3lu(z) — v]* = p(z,7) + f 1\5 (u(z +1€) — ) dS(€)
T f o 216 (ula + p€) — 0) — Ju(a + p€) — v]?] dS(E)

We conclude this section by mentioning similar formulae for the av-
erage of the gradient of pressure. For instance, starting from the fact
that 0;p solves the equation

obtained by differentiating (2), we arrive at

a@ JC 1525] @1 uu])(x+r§)) S(€)
‘%‘ 1 3£Z£J 0i3) (Oz, (usuz)(z +r€)) dS(§) =
SN (O )+ 1) S0
3 fo (36 — 8) (96, (wiwy)(w + 7€) dS(€).

We can integrate by parts in (23), using the relations

( fier §18205, (2 +r§)dS(§) = 10, f & f(x +rE)dS(S)
+ fiejmy (467 — 1) Lo f (2 +1€)dS (),
fiei1 §1830¢, f (2 + r§)dS(§) = 10, f &6 f (x + 1€)dS(€)
+ Jﬁg\:1 (467 — 1) & f(z +r€)dS(8),
fo 1001 rOASIE) =10 £ 11+ 18)aS(0
+ fiemy (467 = 2) & f (2 +18)dS (),
fiel- 152051f(x +1€)dS(§) = r0, f L& f(x +1r€)dS(€)
+ fiejoy 4665 f (2 + r§)dS(§),
F o €300 (o + r€)S(€) = 1, § € (2 + r€)AS(E)
F o AGE (4 re)ds(e),
Jc\g\:1 §2830¢, [(x +1r&)dS(E) = ro, § L1883 f(x +1rE)dS(E)
[+ fiejmr 46168 f (2 + 1§)dS(€)

which can be proved in a manner similar to the proofs of (5), (6). After
some calculations using the relations above we arrive at

0,0ip = — [O2 + 10, + 5] fieoy &a(€ - ule +1€))*dS(€)
(25) 20+ 2] fy waa 7€) (€ ulz +1€)) dS(E)
L [0 + 2] feiy Ealulz + r€)PdS(€).

This follows because

(26) £i&i0g uiuy = [ro, + 41 &(€ - u)? — 2uy (€ - u)

(23)

(24)
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(27) e, [u(x + r&)[? = [rd, + 2] & [ul?

3. REPRESENTATION AND BOUNDS

We will take 2 = R? in this section. Let us consider

(28) b(a,r) = plaer) + ][5 e P as)

The equation (4) with v =0 is

(29) O,b(x.r) = 17" [[uP =3¢ u(y)P] (. 7)

and, integrating from r to infinity, and recalling (11) we obtain

—

0 =g [ S

Proposition 1. Let x € R3, let r > 0, let p solve (2) in Q = R® with
divergence-free u € (C?*(R*) N L*(R3))3. Let b be defined by (28). Then

1
@1 s b, 1)| € ol
If u € H'(R?), then
C
2 b < — 7a.
32 s b, 7)| < 5Vl

where C' is the constant of Hardy’s inequality in R3.

Remark 5. Obviously we do not need C? reqularity for u, but rather
enough regularity for b to be defined via (28). Of course, the represen-
tation (30) requires only u € L.

Remark 6. The corresponding local result in an open set € is a bound
of b(-,7) in L*>(dz) in terms of local L'(dx) bounds for b and L* (or
H?') bounds for uw. This is obtained in a straightforward manner, by
multiplying (29) by an appropriate compactly supported function of r
and integrating in r.

Proof. The proof follows directly from the inequality
|03 (&) uiug] < 2uf?

valid for any vector u € R? and £ € S?, and from Hardy’s inequality

U 2
[u(y) dySC/ Vu(y)|*dy.
R3

R3 |5E - y|2
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Let us define now
1 2r
(33) Bar) = [ oo

Proposition 2. Let x € R3, let r > 0, let p solve (2) in Q = R® with
divergence-free u € (C*(R3)NL*(R?))3. Let B be defined by (33). Then

(34 s 6.7} < o ol
If u € HY(R?), then

3C
(35) sup [G(z,7)| < 4—||VU||%2-

where C' is the constant of Hardy’s inequality in R3.
Proof. We note that

8o =1 [ 0op) ~ TE W )y

The inequalities follow in straightforward manner from

1 [ 1 T —y 2 dy
—/ (& - u)*(z, p)dp = — <f 'U(y)) —
T Jr drr r<|z—y|<2r |LE y‘ |LE y‘

Proposition 1 and Hardy’s inequality.

Remark 7. We introduced the average B(x,r) of p(x,r) in order to
pass from the pointwise information on b(x,r) (31), (32), to the point-
wise information on B(x,7) (34), (35), without requiring other bounds
than L* (or H') for u.

Let us consider now the weight function

1, fo<a<i,
(36) wh) =4 2-X if 1< <2,
0 if A>2

Let us take now the representation formula (14) and average in r. We
obtain

Theorem 1. Let x € R?, let r > 0, let p solve (2) in Q = R? with
divergence-free u € (C*(R?) N L3(R3))2. Then

(37) p(z) = Bz, r) + m(z,r)
with B(x,r) given by

(33) Blar) = / Bz, p)dp
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and w(x,r) given by

() = 471r7“ frg\y—x\gzr ﬁ (ﬁ (uly) — U(l')))2 dy+

L e (15 T wily) = i) (i) = () dy
Remark 8. Passing to the limit r — oo in (37) we obtain

(40)

) = M0 L [ 2 ) — )t +2) — )

3 A Jrs |23

This can be obtained also from (13) using (16).

(39)

Proof. We integrate - f dp the representation (14) written as
p(fﬁ) =

(41) Pz p + £, m| _, 1€ (uly) — u(@))dS(y)
+f T fiyamt B(E - (uly) = u()))? = July) — u(2)?] dS(y)

and use the fact that

L } ( / pf(l)dl) dp = Ozrw (f) .
(

In addition to the bounds (34) and
follow from Morrey inequality

[wta<c [ wuwra]

the representation

(42) p = RiR;(uuy)

35) we also have bounds that

of the pressure where R; = @(—A)_% are Riesz transforms, and the
boundedness of Riesz transforms in LP spaces.

Proposition 3. Let p the solution of (2) given by (42). For any q,
1 < g < oo there exist constants Cy > 0, independent of v > 0 so that,
for any r >0

(43) (-, )| Losy < CyllullZ2aqgs
and
(44) 1BC, )| za@sy < CyllullZ2qqgs)-

For any a € [0,2) there ezists Cy, > 0 such that
(45) 1BC, ) ey < Car™llullfoges) Vel T2 (s
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There exists a constant C' > 0 so that

(46) IVD(,7)|[z2 < Cr_1||u||%4(R3)
and
(47) IVB¢, )z < CrY[ullZaggs

Proof. The bounds (44) for /5 follow from the bounds (43) for p by
averaging in 7. The bounds (43) follow from (42) and the boundedness
of Riesz transforms in L? spaces. The bounds (45) follow from (35),

interpolation
1—a

||BHL3(R3 < ||5HL°°(R3 ||5HL3 a(R3)
the bound (44) for ¢ = 3 — a,

||B(7 T)||L3*“(R3) < Ca||u||%672a(R3),

and interpolation combined with the Morrey inequality

lell o2y < Clull o [Vl St
The bound (47) follows from the bound (46) by averaging in r. The
bound (46) follows from
(48) IVB(, r)llz2gesy < CrH[B(- 1) || r2ms)
and (43) at ¢ = 2. The bound (48) follows from Plancherel and the
observation that

(49) D& ) =
Indeed,
Jes €D (, r)d:c = flojm1 WS (W) fga €™ p(z + rw)dz
ZB(E) £, s ()

and the last integral is computed conveniently choosing coordinates so
that & points to the North pole:

i 0% do /0 ' dfe' el 0 gin 9dh =
Regarding m we have

Proposition 4. Let w(x,r) be defined by (39). Then

u(z + 2) — u(@)]?

|z|<2r ‘Z|3

sin(r|¢])
rl¢]

plg).

sin(r|¢])
rlgl

(50) |m(z,r)| < C dz.

Consequently
(51) 17 () lne < Cyr? [Vl 22
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holds for all1 < q < oco. In particular, at ¢ = 3 we have, with Morrey’s
inequality,

(52) 7 (-, r)lls < Cr?|| Aull7..
We also have
(53) 17, )| oqsy < Cyllul|720(gs)-

Proof. The inequality (50) is immediate from definition. In order to
prove (51) we write

1
(e + 2) — @) < |2? / V(e + A2)PdA
0
and changing order of integration we have
_ 2
otopte [ PEEDZHOR G < ol 9l
R3 |z|<2r ]

which proves (51). The bounds (53) follow from (37), the corresponding
bounds for p, and (44).

4. FGT BOUNDS IN THE WHOLE SPACE

We take the Navier-Stokes equation

(54) Ou+u-Vu—vAu+ Vp =0,
with
(55) V-u=0,

multiply by 0;u — vAu and integrate, using incompressibility:
|0y — vAu) dz = — / (u- Vu) (0w — vAu)dz.
RS RS
Schwartz inequality gives:
|Ou — vAu|* dx < / lu - Vul*dz
RS RS

and so

[ = vaal da < ulf< |Vl
The inequality
(56) ull2~ < CIVull2 Aul2

is easy to prove using Fourier transform. Thus

) |0yu — vAu| dz < O||Aul| 2| Vul2,.
R
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On the other hand,
/ |Oru — vAu[* do = [|Oyul|72 + V7| AulF2 + o ||VU||L2
R3

and therefore
LIVul2, + vl Aul?, + £]|6pul2,

il
< lAullz[Vull?. < glAullF. + S Vullf.
Now we denote y(t) = ||[Vu(-,?)||3,, pick a constant A > 0, divide by
(A +y)? and obtain
_i 1 v||Aull3, |Opuul|3 - g
dt \A+y

(A+y)?2 vA+y)? — V3y'

Integrating in time we obtain

]| A2, / 0l , 1
— L dt + 7dt — 2+ —
/o Axy)2 T ) vA+y? il +

Therefore

T | Aull?, C 1
(57) / H UHL —==dt < —5HU0||2L2 + V_ = CI/_4[D + I/3A_1]
0

(A+y)? A
and
1Oul[Z- v _ s
(589) /0 iy < —3Hu0||2L2+Z VDA
where we put
[[o]|7

D =

v
Now

wl=
wlno

/T | Aul3,dt < -/T |Au]z: 12802 gyl _/T(A+ )dt_
Ul|7dt < Y
0 L Jo (A+y)? | Lo i

/T 1By Fadt < /T [ 19rell2 gy | -/T(A+y)dt-
0 e Jo (A+9)?2 1 U ]

and therefore

T 2 4 1 2
/ |Au||?dt < Cv™s [D+VPA7Y3 [D + AT)3
0

and

wl=
wlno

and .
2
/ |0vullhadt < Cv3 [D + 147 [D + AT}
0

Now A is arbitrary, but a natural explicit choice is
A2 = 371
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and then we have

g 2 [ luollzz | 8]
(59) / |Au||.dt < Cv™s {T+T2y2
0 i
and
r 2 _2 ||uo|| 2, 18]
(60) | ol fude < e S[TL%—T?W |
0 i

Now using the inequality (56) it follows immediately that

’ : 2 7%
6 [ Wl < ot [llle g2, [l
0

v

l\)

Let us consider now the other terms in (54). We start by computing

lu - Vu+ Vp|*de = ||ju- Vul|% + || Vp||2: + 2/ (u-Vu) - (Vp)dx.
R3

RS
Now

2/ (u-Vu)-(Vp)dx = —2/pTr(Vu)2d:c = 2/ pApdr = —2||Vp||7-.
R3 R3

Consequently

0< [ Ju-Vu+ VpPde = Ju- VulZ - [|Vp|2.

R3
On the other hand, obviously

- Vaullp2 < lullze ||Vl 2
and in view of the previous result we have

g L 3 2 1%
(62) / lu- V| fadt < Cv73 {” wlie o, } {M}

v

and, because of the inequality ||Vpl/z2 < ||u - Vu| 2, we also have
1 1
ool , a5 [loli]
v

Theorem 2. Let u be a solution of the Namer—Stokes equation on the

MI»—-

T
(63) /|met<0‘ﬂ
We have thus

interval [0,T]. Then the quantities ||u| (w3, ||Au||L2 R3)) ||81tu||L2 (B3)”

2
Hu~Vu||22(R3), HVpHLz(RS) are almost everywhere finite on the time inter-

val [0,T), and their time integrals are bounded uniformly, with bounds
(59, 60, 61, 62, 63) depending only on T, ||ug|| r2@s) and v.
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The proof for weak solutions follows the same pattern as the proof
given above for smooth solutions, except that we mollify the advecting
velocity, prove the mollification-uniform bounds and deduce the result
using essentially Fatou’s lemma. For the sake of completeness, let us
mention here other estimates. Interpolating

T
/ V| 22dt < o
0

and
T 2
/ |Vul|?sdt < oo
0
which comes from Morrey’s inequality and (59) we get

1 1
IVulls < ClIVul[z6 [ Vul| 22
which then is integrable by Holder

T
/ IVl ot < oo.
0

Finally, we mention that, interpolating between L>°(dt; L*(dx)) and
L2(dt; L°(dz)) it is easy to see that u € LP(dt, L(dx)) for q = %
if p > 2. For p € [1,2] interpolating between L*(dt; L°(dz)) and
LY(dt, L*>(dx)) we get q = %.

5. APPLICATIONS

Theorem 3. Let u solve (54) and (55) in R® and assume that u
belongs to L>(dt; L*(R?)) N L*(dt; C*(R?)) for some ¢ > 1. Then
p € L(dt;C**(R?)) if a < . If a = § then p € L9(dt; LiplogLip)
where LiplogLip is the class of functions with modulus of continuity
|z —y|log(|lz — y|™"). If « > & then p € L(dt; Lip) where Lip is the
class of Lipschitz continuous functions.

Proof. We start with two points z, y at distance |x —y| and we choose
r = 8|z — y|. The representation (14) implies

o { o) T < e
Ip(y) — by, )| < Cllul[Ear™,
S0, it remains to prove that
(2, 7) = Bly,r)| < Cr**
if 2 < 1 and C ~ |ul|2.. (If 2a = 1 we obtain rlog(r~!), and
y

if 2 > 1, r.) In order to do so, we use (4) with v = u (2}¥) and
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integrate from r to infinity. We obtain

Pl 7) = = fy (- (ula + 7€) — )" dS(€)

65

b M) — w(e) — )
and

(66) ply,7) = — f\s\=£' (uly 7€) =) dS(E)

i Sy D (1 (2) — i) (uy(2) — vy)d

Now clearly

'][521 (& (u(x +rE) —v)? dS(g)' < O |u| %

and

{6 Gty r —orasio)] < o,

So it remains to estimate

1 e 1 o
4m |lx—z|>r |LE - Z| 4m ly—z|>r ‘y - Z|

where w = u(y) —v. Now, if |x — z| > r but |y — z| < r, then
|z — 2] <|y— 2| + |z —y[ < §r, and so

—

1 " —
- / 70-]((I 5))wlw]dz
4m le—z|>r,|ly—z|<r |$ - Z|

and similarly, if |y — z| > r, but |z — z| < r, then

< Cllulléar™,

—

1 (g —
Ly T
4m ly—z|>r,|e—z|<r |y - Z|

Finally, we are left with

1
A7

< Cllul[éar™.

(Kij(z — 2) — Kyj(y — 2))ww;dz

|z =227 |y—z|>r
where
Ki5(¢) = (3G¢1¢17% = di5) 1¢17°
This is now a classical situation in singular integral theory where the
smoothness of the kernel is used. We observe that

Kyj(z — 2) — Kiyly — 2)| < Clz— ] / 2 — (g + Az — ) A
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and that |z — (y + A(z — y))| > Zr. Thus

ﬁ f|m—z\2r,|y—z|2r(Ki'(x - Z) - Kz(y - Z))wzw]dz’

< Clz -y fol f‘z_ngr |z — 25| Hu(z) — u (52) [Pdzd\

where z) =y + A(z — y). Now, choosing R > 0 fixed (we could choose
R =1, but we prefer to keep dimensionally correct quantities)

|z — y| fol f\z—rAIZR |z — 2y "Hu(z) —u (:”Tﬂ’) |2dzd\
< Clz — y|R™ul|F~.

The integral on % <l|z—uz\| <R,

1
|x—y\// |z—x>\|_4|u(z)—u<z—+y) 2dzd
0 JIr<jz—a\i<R 2

is estimated using

) = u (T < Clulla (= = a4 72)

The resulting bound obtained by integrating on ir < |z — x| < R is

1
C 2 oo — 2a—1 2a—1
fullele o1 [ =gr o
if 20 < 1,
S8R r
fulfele = ol fog (32 41~ 7]
if 2 = 1, and
) 2a—1 _—
O e - o
e e

if 2ae > 1. This concludes the proof.

We state now some criteria for regularity. We will write m(z, ¢, 7(t))
for 7 defined according to the formula (39) for a time dependent u(x,t)
and with a time dependent r = r(¢). We recall that 7 is small if u is
regular and r is small.

Theorem 4. Let u be a smooth solution of the Navier-Stokes equation
on the interval [0,T).

First criterion: Assume that there exists U >0, R >0 and 0 < r(t) <
R such that

(67)

2
/ hwwwmmmesi/mmmmwwwx
{2€R3 |u(x,t)[>U} 4 Jgs
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holds. Assume that there exists v > 4 such that

(68) /Tr(t)_“*dt < 00.
Then
(69) u € L=([0,T), L*(R?)).

Second criterion: Assume that there exists r(t) such that m = 7w(x,r(t))
satisfies

T
(70) | syt < o0

and that, as above, there exists v > 4 such that (68) holds. Then again
(69) holds.

Proof. We start with the first criterion. We consider the evolution of
the L? norm of velocity:

d
sl +v [ VuPladdet [ ol Vp)de <o
3 R3

We represent p using the formula (37) with r = r(t). We split softly
the integral involving 7:

Jgs lul(u - VT)de = [s ¢ <M> lu|(u - V)dz
+fR3 (1 —¢ <‘u|>> lu|(u - V)dz

where ¢(q) is a smooth scalar function 0 < ¢(q) < 1, supported in
0 <q <1. We use the bound

|Vr(x)| < C/ d)\/ |z|2 (IVu(x + 2)| + |Vu(z))|Vu(z + A\2)|
|z|<2r
which follows from (39) by differentiation. It follows that

/RB¢ (%) lu|(u - Vr)da

We integrate by parts in the other piece:

/RS (1 - ¢ ('iU')) Jul(u - Vr)da = _/RSM.VM (1 s ('%'))]d:):

When the derivative falls on 1 — ¢ we are in the |u| < U regime and
we use (53) and the interpolation combined to Morrey’s inequality

S CU2THVU||%Q(R3)

||U||%4(R3) < C||u||L3(R3)||vu||L2(R3)
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to deduce
’fRS wlulu - V]u|)U1¢! (‘“') dx‘ < CU||]| oo || V| gy
< CUull syl Vull 22 gs)

When the derivative falls on |u| we use the condition (67) and the
Schwartz inequality:

<3z fR3 |u||Vu\2d:c

As to the integral involving [, we integrate by parts, and use Holder’s
inequality followed by (45)

1
s B - Vulda| < 1850 el y oo VP
< LIy ey + & o lul| VulPdz
< Gty g [Vl 222 ey + 5§ s [l VP

By chosing a = % we have a < 2, and using Young’s inequality, we

2
see that

P2 Vul| 152, < OO 4+ | VulZages)
is time-integrable. The upshot is that the quantity y(t) = |lul/Lsmrs)
obeys an ordinary differental inequality

P < CilH) + oty + Cxltly

with Cy(t) = CUerVuHLQ(RS Cy(t) = CU||VuHL2(R3 and Cs(t) =
Cv= 12| Vaul| 7% ||ul|7% gs).  The positive functions Ci(t), Co(t) and
C5(t) are known to be time- 1ntegrable. The interested reader can check

that the inequality above is dimensionally correct, each term has di-
mensions of [L]°[T]~*. Then it follows that

d
1iy£_cmw4mw+@@,
(no longer dimensionally correct), and after an easy integration, it fol-
lows that y is bounded a priori in time. This proves the first criterion.
For the proof of the second criterion we again represent p = 7(x,r)+
B(x,r) with r = r(t) and bound the integral involving 7 using straight-
forward integration by parts and Holder inequalities:

‘fw u-Vr)|uldz| = ‘f 7(u - Vul) dx}
<% Jas |U||Vu\2d~”€ + 5l zows) 171175 sy
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We bound the contribution coming from [ the same way as we did for
the first criterion. The upshot is that y(t) = ||u||13@s) obeys
dy

?/2E < Cu(t)y + Cs(t)y

with Cy(t) = %||7TH%3(R3) which is time-integrable by assumption. It

follows again that y(t) is bounded apriori in time.

6. APPENDIX

We prove here the identities (5) and (6). We introduce polar coor-
dinates,
&1 = pcosgsinf = pcS,
&y = psin¢sinf = psS,
&3 = pcost = pC
where for simplicity of notation we abbreviate s = sin¢, S = sin#,

¢ =cos ¢, C'=cosf. For a function on the unit sphere p = 1. But in
general f(§) = f(pcS, psS, pC), and we have

fo=00f = p(cCf1 +5Cfr—Sfs),
fo=0sf = p(=sSfi+cSfa),
pfp = p0,f = p(cSfi+sSfa+ Cfs)

where p0,f = §-Vef and Ve f = (f1, fa2, f3). We note that pﬁp(%) =0,
for € # 0. We have

Cfo+ Spf, = plcfi + sf2)
Cpf,—Sfo=npf3

and thus
pfi=c(Cfo+Spf,) — 5fs

(71) pfa=s(Cfo+Spf,) + 5fs
pfs=Cpf, —Sfo

We consider now p = 1 and denote for simplicity D, = pd,. We
compute first

. §101f (2 +r&)dS(€)
—1

using of course
dS(&) = Sdode.
We have
&0, f = cS(c(COp + SD,) — £04) f
= D,(&1f) + SCOhf — scOyf
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We used the fact that on the unit sphere { = % and D,(§) = 0. We

multiply by S and integrate, integrating by parts where possible. In
view of

59(520) ?S(5% —2C%) = 25(35% - 2)
and
d
dcb
the coefficients of f are obtained by adding

?S(35% —2) +2¢*S — S = S(3¢7 — 1),

—(s¢) = 2¢*S — S,

and so

Fiejr £106 FdS(€) = £, [Dy(& f) + 361 f — f1dS(€)
= D, | fiqr 11056 } + fie (361 = 1) fdS(€)

which is the first relation in (5). The rest of the formulas in (5) are
proved similarly. Indeed,

528§2f =85 [S(Ca() + SDp) + %ag} f
= [s252D, + s*SCOy + scdy) f

Upon multiplication by S and integration by parts in the dy and 9,
terms we obtain the coefficients of f

—s2L(52C) — S%(sc) = 5%5(35? —2) + S — 228

= s29(35% —2) — S + 2528 = (3¢2 — 1)S

and therefore

JC|§|:1 §20, fdS(§) =

Dy |fiomy E1dS(E)] + fo, (38 — 1 fdS(€)
like above. The third term is

§305f = C(CD, — S0)f.

Multiplying by S and integrating by parts the dp term, we compute
the coefficient of f

H(CS) = (30T~ 1)5 = (36— 1),

and therefore we obtain the last relation of (5)
JC|§|:1 €3a§3fds(§) =
Dy |femr GFAS(©)] + F, (36 — 1 dS(€).
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We prove now similarly the relations (6). We start with the term
corresponding to the indices (1, 3):

(518&, + £3a§1>f =
cS(CD, — S%) + C(c(COy+ SD,) — %84,)} f=
2¢SCD, + (cC? — ¢S*) 0y — L04] f
Multiplying by S, integrating, and integrating by parts we obtain the
coefficient of f via
—cL(S(1—25%) + C%(s)
= —¢(C' — 6S*C) + Cc = 6cSCS = 6£,£35
and so

Fiej1(€10g, + €30e,) fdS(€)
= fiem1 266D, f + 66165 f1dS(€)

= Dy |fomr 206£dS(©)] + f ., 6616 S (€)
which is the (1, 3) relation in (6). At indices (1,2) we have to compute

(610, + &00) f
= [cS(sSD, + sCOy + £0) + s5(cSD, + cCOy — £0,)] f
=2¢SsSD,f + 2¢s(SC)If + (¢ — s*)Ds f.
Multiplying by S and integrating by parts, we obtain the coefficient of
f via
—20555(5C) = S (P = 8%) =
2cs(8% — 25C?) + 4Scs = 2¢s(S% — 25 + 253) + 4¢sS = 6¢s5?
= 651525-

We obtained thus

f\ﬂzl(&&& + 52853)fd5(5)
= figj=1 268D, f + 66182 f]dS(€)

= D, [fiee1 2661d5(0)] + fi, 66645 (€)
which is the (1, 2) relation of (6). Finally, at (2,3) we have to compute
(§205 + &300) f = sS(CD, — S0p) f + C(sSD, + sCO + 50y) f
=25SCD,f + (s(C* — 5%)0y + C£0,) f-

Multiplying by S and integrating by parts, the coefficient of f is com-
puted via

—s5(8(C? = §%)) = Cghe =
s(6S%C' — C) + Cs = 6sSCS = 66,635
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and we obtain thus
Fiej1 (E20g, + €30g;) fdS(€)
= fieio1 26265 D, f + 66265 f1 dS(€)

= D, |fior 26260 AS()] + fio, 66:65aS(€)

which is the (2, 3) relation of (6).
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