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The Classification of Real Singularities Using SINGULAR
Part II: The Structure of the Equivalence Classes of the
Unimodal Singularities

Magdaleen S. Marais and Andreas Steenpafs

ABsTRACT. In the classification of real singularities by |Arnold et al.| (1985),
normal forms, as representatives of equivalence classes under right equivalence,
are not always uniquely determined. We describe the complete structure of
the equivalence classes of the unimodal real singularities of corank 2. In other
words, we explicitly answer the question which normal forms of different type
are equivalent, and how a normal form can be transformed within the same
equivalence class by changing the value of the parameter. This provides new
theoretical insights into these singularities and has important consequences for
their algorithmic classification.

1. Introduction

This article is the second part of a series of articles on the algorithmic classifi-
cation of real singularities up to modality 1 and corank 2. The first part
land Steenpafs, 2015) covers the splitting lemma and the simple singularities. All the
algorithms presented there have been implemented in the computer algebra system
SINGULAR (Decker et al.,2015a)) as a library called realclassify.lib
E0E)

Both real and complex singularities have been extensively studied (see
1974} [Arnold 1976; Bruce and Gaflney|, [1982; |Gibson and Hobbs)
Kriiger} [1999; Greuel et all 2007; [Friihbis-Kriiger and Neumer, [2010). Our work is
based on the classifications of complex and real singularities of small modality up to
stable equivalence by |Arnold et al. (1985). Two power series f, g € K[[z1,...,2y]]
with a critical point at the origin and critical value 0 are complex (if K = C) or real

(if K = R) equivalent, denoted by f X g, if there exists a K-algebra automorphism ¢
of K[[z1, ..., x,]] such that ¢(f) = g. They are stable (complex or real) equivalent if
they become (complex or real) equivalent after the direct addition of non-degenerate
quadratic terms.

In this article, we focus on the unimodal singularities of corank 2. Their com-
plex and real normal forms can be found in Table[I] Just as for the simple singu-
larities (cf. Marais and Steenpaf |2015), it turns out that the complex singularity
types split up into one or several real subtypes and that the normal forms of the
real subtypes belonging to the same complex type differ from each other only in
the signs of some terms. We therefore sometimes refer to the complex singularity
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TABLE 1. Normal forms of singularities of modality 1 and corank 2
as given in |Arnold et al.| (1985)

Complex Normal forms L
Restrictions
normal form of real subtypes
+at + ax?y? + y* (XST) o % i
=1 X zt 4+ ax?y? + ot — ety -yt (X5 7)
2 +at 4+ ax?y? —yt (Xg) a4 4l
2 —o' +az’y? +y* (X5 )
23 4+ azx?y? + 2yt (Jh) a? # +41
Jio | 2%+ ax?y?® + ayt y Y \Jio
3 + az?y? — 2yt (Jpo) a® # —4f
3., 2.2 6+k ( T+
x° 4+ 22y + ay (Jioar)
Jotk | 23+ 22y? + ayStk 3 2.2 o JHH_k a#0, k>0
T — 7Y +ay (J104%)
+at + 22y + ay*™F (XS )
1_ 22 P —
Xoin | ot + 229% + ay*t* e (Xo11) a#0, k>0
E +$4 _ $2y2 4 ay4+lc (X;r-ijk)
é —at + 2%y + ay*™F (X )
a 2,2 r s (y++
= +aty® +a” +ay® (V1)
2.2 —
Y, s 22y + 2" + ay® —ry @ tay (V) a#0,rs>4
, +.1‘2y2 — "+ ays (YrJrsi)
iiiiiiiiiiiiiii —2?y? + 2" +ay® (V1)
2 212 v+
v (@2 + 42)2 + az” +(@* +y°)* + az” (V1) QA0 r>4
< )
" —(2? +y%)? +ax” (Y,7)
FEqs 22 +y" + axy® 22 +y" + axy® -
Ei3 23+ 2y® + ay® 23+ 2y® + ay® -
Fi4 3+ % + axyS z* +y° +azy® (Bfy) _
2 =y + axy® (EL)
2| Zu | Py+y°+amy’ 22y +y° + axy’ -
% Zio | 23y + xy* + ax?y? 23y + xyt + ax?y? -
é) Z13 23y +y° + azy® 2y +y° + axy’ (Z3) _
H 2y — S + azy® (Z33)
4., .5 2.3 (Tt
Wiz | z* +y° 4 az?y? —|—x4 + y5 + ax2y3 (Wlf) N
—at +y° + ax?y® (W)
Wi ot oyt ay® +at + 2yt + ay® (W) i
—zt + 2yt + ay® (Wp3)

TNote that the restriction a2 # 4 applies to the normal forms of the real subtypes X9++, Xq
and JIJB as well as to the normal forms of the complex types X9 and Jig while the restriction
a? # —4 applies to the normal forms of the real subtypes X;'_, X9_+, and J; if we allow complex
parameters.
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types as main types. The hyperbolic type f@ is an exception because it is complex
equivalent to Y, , and only occurs as a type on its own in the real classification.

Some of the normal forms in Table[I]are equivalent to others. Such equivalences
occur both between different real subtypes and between normal forms with different
values of the parameter a. However, there are no equivalences between different
main types. To give an example, z* — 422y? + y*, the normal form of Xg * with
a = —4, is equivalent to —z*+102%y? —y?, the normal form of Xy Wlth a = 10, via
the coordinate transformation z — c(z +vy), y — c(x — y) Wlth c= é[ Examples
like this one have consequences for the algorithmic classification of real singularities.
The question if the singularity in the example is of real type X" or of real type
Xy ~ is not well-posed and the value of the parameter is not uniquely determined.
Note that this problem does not occur for the simple singularities: By definition,
their normal forms do not admit parameters, and there are no equivalences between
different real subtypes except for the main types A where k is even, cf. [Marais and
Steenpaf| (2015)).

The goal of this article is to determine the complete structure of the equivalence
classes for the unimodal real singularities of corank 2. Based on these results, we
will present algorithms to determine the equivalence class of a given unimodal real
singularity of corank 2 in a subsequent part of this series of articles. If 77 and T3 are
subtypes of the same singularity main type T and if g1 (a) and g2(a) are the normal
forms of T7 and Tb, respectively, where a denotes the value of the parameter, then
we are interested in the set of all pairs (u, v) such that g1 (u) is equivalent to g2(v).
This question can be asked in three different ways: If we consider complex values
of v and v and complex coordinate transformations, we denote the corresponding
set by P;(T1,Ty), for real values of w and v, but still complex transformations by
Py(Ty,T5), and finally by P;(Ty,T%) if we consider only real values of u and v and
real transformations, cf. Definition[6] We study all three sets Py, P, and P for two
reasons: First, we need P; and P, to compute P3 which is the set we are mainly
interested in for our purpose. Second, besides the real structure, we thus also obtain
the complete complex structure of the equivalence classes for all the specific normal
forms given in Table [I] which is an interesting result on its own.

The formal definitions of these sets and other basic notations are introduced
in Section 2| along with different ways how Py (Ty,T3), Pe(T1,T5), and P3(Ty,T»)
can be conveniently written down in concrete cases. The following sections are
devoted to the computation of these sets for any two real subtypes T} and T5
listed in Table We first recall the definitions of (piecewise) weighted jets and
filtrations in Section They play a major role in the proof of Theorem the
main result of Section [l This theorem allows us to restrict ourselves to a small
subset of coordinate transformations, which we call a sufficient set, if we want to
determine P;(77,T3). It is thus the theoretic basis for Section [5| where we explain
how Py (T1,Ts), P>(T1,Ts), and P3(T1,T>) can be computed using SINGULAR. We
also give an example with explicit SINGULAR commands. These methods do not
apply for the singularity type Y, which is treated separately in Sectlonﬂ Sectlon@
contains the results of these computations in a concise form. Finally, we point out
some remarkable aspects of the results in this article as well as their consequences
for the algorithmic classification of the unimodal real singularities of corank 2 in
Section The maybe most surprising outcome is that the real subtype Jj is
actually redundant whereas Jfo is not.

2. The Sets of Parameter Transformations P;, P>, and Ps

Let us start with some basic definitions. Throughout the rest of this article,
let K be, in each case, either R or C.
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DEFINITION 1. Two power series f,g € K[[z1,...,z,]] are called K-equivalent,

denoted by f K g, if there exists a K-algebra automorphism ¢ of K[[z1,...,z,]]
such that ¢(f) =g.

Note that ~ is an equivalence relation on K[[z1,...,zy]]. |Arnold et al.| (1985)
give the following formal definition for normal forms w.r.t. this relation:

DEFINITION 2. Let K C K[[z1,...,zy]] be a union of equivalence classes w.r.t.
the relation ~. A normal form for K is given by a smooth map

®: B — Klz1,...,z5) CK[[z1,...,2,]]

of a finite-dimensional K-linear space of parameters B into the space of polynomials
for which the following three conditions hold:

(1) ®(B) intersects all the equivalence classes of K;

(2) the inverse image in B of each equivalence class is finite;

(8) the inverse image of the whole complement to K is contained in some
proper hypersurface in B.

REMARK 3. Note that the term normal form is subtly ambiguous. According
to the above definition, a normal form is a smooth map where the inverse image of
each equivalence class may contain more than one element, whereas the common
meaning of this term rather refers to the polynomials which are the images under
this map. We could be more precise and avoid this ambiguity by introducing a new
term for either of the two meanings. However, we stay with the common usage of
the term normal form in order to prevent confusion.

DEFINITION 4. Let S C Autg(K[[z1,...,2z,]]) be a set of K-algebra automor-
phisms of K[[x1,...,2,]] and let f,g € K[[z1,...,z,]] be two power series.

(1) We denote the set of all automorphisms in S which take f to g by Tﬂz(f, 9),
i.e.
TZ(f.9) = {dp €S| d(f) =g}
(2) If S = Autg(K[[z1, . ..,2,]]), we simply write Tx(f, g) for T2 (f,q), i.e.

Tw(f,9) = {¢ € Autg(K[[z1, ..., 2.]]) [ 6(f) = g} -

The above definition is the key ingredient for the definition of Py, P», and Ps.
We also need the following notation.

REMARK 5. As usual, we denote the field of quotients Quot(K[a]) by K(a).
Let f € K(a)[[x1, ..., 2n]] be a power series over this quotient field. Then f can be
written as f =}, cyn co®” with coefficients ¢, = 22 € K(a) where p,, q, € Kla]
are polynomials of minimal degree with this property and ¢, # 0 for all v € N".

If we consider the polynomials p,, ¢, as polynomial functions p,,q, : K — K,
then we may also consider the coefficients ¢, as functions ¢, : K\V(g,) — K
where V (g, ) is the set of points where ¢, vanishes. Via this correspondence, we
finally get power series f(u) := }_ cyn cv(u)x” € Kl[z1,...,2,]] for each value
u € K\U,enn Vigw).

We use the notation f(u) throughout this paper. Likewise, we add the value of
the parameter which occurs in the normal form as given in Table [1] in parentheses
to the name of the singularity (sub-)type if we want to refer specifically to the
corresponding equivalence class. For instance, we denote by Ej4(3) the (complex
or real) right-equivalence class of 2% + 3% + 3zy°.

For any specific singularity type T, we denote by NF(7T) its normal form as
shown in Table [I} ie. we write NF(E14(a)) = NF(E{,(a)) for the polynomial
2% 4+ y® + axy® and NF (E;l(f))) for 23 — y® + 5ayS.

We can now state the main definition of this section.
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DEFINITION 6.
(1) Given power series f,g € C(a)[[x1,...,xs]], we define the first set of
parameter transformations of f and g as
Pi(f.g9) == {(u,v) € C* |f(u) and g(v) are well-defined and
Tc(f(u),9(v)) # 2}
(2) Given power series f,g € R(a)[[x1,...,%,]], we define the second set of
parameter transformations of f and g as
Py(f.9) == {(u,v) € R* |f(u) and g(v) are well-defined and
Tc(f(u),9(v) # 2}
(3) Given power series f,g € R(a)[[x1,...,2,]], we define the third set of
parameter transformations of f and g as
Ps(f,9) = {(u,v) € R? | f(u) and g(v) are well-defined and
Tr(f(u),g(v)) # 2} .

REMARK 7.

(1) Note that we have Ps(f,g) C Pa(f,g9) C P1(f,g) for any two power series
f.g € R(a)[[z1,- -, za]]-

(2) For any two unimodal singularity (sub-)types 71,75 and i € {1,2,3}, we
simply write P;(Ty,T») instead of P;(NF(Ty(a)),NF(T3(a))), e.g. we write
Py(E3 EL) for Pr(NP(E} (@), NE(E ().

For the parabolic singularity types X9 and Jyg, the sets Py, P5, and P5 can be
described in terms of the following definition.

DEFINITION 8. For Q C C, let (f; : Q@ — C)ier be a family of complez-valued
functions on Q. We define the joint graph of (fi)icr over Q as

FQ((fz)zGI) = {(a,fl(a)) eQxC | a <€ Q, xS I}

It turns out that for the hyperbolic and exceptional unimodal singularities, P,
P, and Pj are just unions of sets of the form (a,ra).cx for some r € K. For those
cases we use the following notations.

DEFINITION 9. For any polynomial p(X) € C[X], we define the sets Co(p(X))
and Ry(p(X)) as

{(a,ra) € C*|a,r € C, p(r) =0},
{(a,ra) € R? |a,7 € R, p(r) =0}.
)

Co(p(X)
Ro(p(X)
Additionally, we define C(p(X

(p(X)) == Co(p(X)) \ {(0,0)},
( = Ro(p(X)) \ {(0,0)}.

REMARK 10. We occasionally use the notation R(X' — s) with [ € N\{0} and
s € {—1,+1}, e.g. in Tables 5| and @ Of course, this could be written in a more
explicit way for many values of | and s; for instance, we could write @ instead of
R(X 44 1). But distinguishing between different cases would spoil the symmetries
of those tables and we therefore stick to the shorthand notation.

) :
):

and R(p(X)) as
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3. Weighted Jets and Filtrations of Power Series and Transformations

We briefly introduce the concepts of (piecewise) weighted jets and filtrations.
For background regarding the definitions in this section, we refer to|Arnold (1974]).
We assume that the reader is familiar with the notions of weighted degrees, quasi-
homogeneous polynomials, and Newton polygons.

REMARK 11. Let w be a weight on the variables (z1,...,2,). Throughout this
paper we always assume that the weighted degree of z;, denoted by w-deg(x;), is a
natural number for each i =1,...,n.

DEFINITION 12. Let wg := (w1, ..., ws) € (N™)* be a finite family of weights on
the variables (x1,...,xy,). For any term t € Klz1, ..., z,], we define the piecewise
weight of t w.r.t. wy as

wo-deg(t) := i=HlliIl wi-deg(t) .

.S
A polynomial f € Klxy,...,x,] is called piecewise quasihomogeneous of degree d
w.r.t. wy if wo-deg(t) = d for any term t of f.
DEFINITION 13. Let w be a (piecewise) weight on the variables (xy,...,%y,).
(1) Let f =32 fi be the decomposition of f € K[[x1,...,x,]] into weighted
homogeneous parts f; of w-degree i. We denote the weighted j-jet of f
w.r.t. w by

J
w-jet(f, j) = Zfi .
i=0

(2) A power series in K[[z1,...,x,]] has filtration d € N if all its terms are of
weighted degree d or higher. The power series of filtration d form a vector
space EY C K[[z1,...,z,]].

REMARK 14. Note that d < d’ implies EY, C EY. Since the filtration of the
product EY - EY is d’ 4 d, it follows that EY is an ideal in the ring of power series.
We denote the ideal consisting of power series of filtration strictly greater than d by
EY,;. If the weight of each variable is 1, we simply write E4 and E- 4, respectively.

There are also similar concepts for coordinate transformations:
DEFINITION 15. Let ¢ be a K-algebra automorphism of K|[[x1,...,x,]] and let
w be a (piecewise) weight on the variables.
(1) For j >0 we define the weighted j-jet of ¢ w.r.t. w, denoted by ¢, to be
the map given by
oY (i) 1= w-jet(p(w;), w-deg(w;) +j5) Vi=1,...,n.
If the weight of each variable is 1, i.e. w = (1,...,1), we simply write ¢;
for ¢
(2) ¢ has filtration d if, for all X € N,
(¢ —id)EY C EY,q4-
REMARK 16. Let ¢ be a K-algebra automorphism of K[[z1,...,z,]].

(1) Note that ¢g(z;) = jet(p(x;),1) for all ¢ = 1,...,n. Furthermore note
that ¢f may have filtration less than or equal to 0 for any weight w.

(2) Let wo = (wy,...,ws) € (N")® be a piecewise weight on (z1,...,,), let
fo € K[z, ...,z,] be piecewise quasihomogeneous of degree dy w.r.t. wq
and f1 € K[z1,...,z,] quasihomogeneous of degree d; w.r.t. wy. For any

§ > 0, we always have (¢ — ¢5")(f1) € ELy 5, but the analogon for wy
does not hold in general: To give a counterexample, let us consider the
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case n = s = 2, wo = ((1,4),(4,1)), fo = z122, and let ¢ be given by
d(x1) = 21 + 2%, d(x2) := @9 + 3. Then fy is of degree dy = 5, but
(¢ — ¢5°)(fo) = x5 is of degree 4 w.r.t. wo and thus not an element of

wo __ wo
BYo = EY .

4. Sufficient Sets of Transformations

The results in this section considerably narrow down the transformations we
need to consider between specific unimodal normal forms of the same main type
in order to check if they are equivalent or not. In fact these results are in many
cases the main step for determining the structure of the equivalence classes of the
unimodal singularities up to corank 2.

DEFINITION 17. Let f and g be elements in C(a)[[z1,...,xy,]] and let S be a
subset of Autc(Cl[x1,...,2,]]). We call S a sufficient set of coordinate transfor-
mations for the pair (f,g) if

Vu,o € C: (Te(f(u),g(v) # @ & TE(f(u).g(v) # 2).

The sufficient sets which we consider here can be described using the following
notation.

DEFINITION 18. Let M, and M, be sets of monomials in C[[z,y]] and let CM,
and CM, be the C-vector spaces spanned by these sets, i.e. CM, = EBmeMm Cm
and analogously for CM,. We define the set of coordinate transformations spanned
by My and M, as

S(My, My) := {¢ € Autc(C[[z,y]]) | ¢(x) € CM,, ¢(y) € CM,}.

THEOREM 19. Let T be one of the main singularity types listed in Table[3, let
S be the corresponding set of automorphisms, and let Ty and Ty be subtypes of T .
Then S is a sufficient set of coordinate transformations for (NF(T(a)), NF(T(a))).

TABLE 2. Sufficient sets for unimodal singularities of corank 2

N s |
o Xo S{z,y} {=,y})
J10 S({z, v’} {y})
8 J10+k S({z}, {y})
"§ Xotk S({z}, {y})
Sy s [ Stk ioh
| r=s | S{=} {y}) US{y}, {=})
5 | B2, Ens, By S({z}, {y})
S | Zu, Zi2, Z1s S({=},{y})
S| Wi Wi S{a}, {y})

Proor or THEOREM [I9l We give different proofs for the parabolic, the hy-
perbolic, and the exceptional cases as indicated in Table [2]

In each case, let T1 and T5 be subtypes of the same main type T, and for u € C
let ¢ € Autc(Cl[x,y]]) be a coordinate transformation which takes f := NF (71 (u))
to NF(T5(v)) for some v € C.
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Parabolic cases. The normal forms of both Xg and Jy¢ are quasihomogeneous
with weights w := (1,1) and w := (2, 1), respectively. Let us first consider the case
T = Xg9. We have

o(f) =6 (f) + (¢ — o5)(f) = ¢’ (f) + R

with R € E¥,. This implies ¢(f) = ¢y (f) because ¢(f) = NF(I>(v)) is homo-
geneous of degree 4 w.r.t. the weight w. So any possible value of v which can be
reached via some ¢ € Autc(C[[z,y]]) can also be obtained by ¢f € S({x,y}, {z,y}),
ie, S{z,y}, {z,y}) is a sufficient set of coordinate transformations for the pair
(NF(T: (a)), NF(T3(a)).

Let us now consider the case T' = Jyg. Again we have ¢(f) = ¢¥(f), but in
this case ¢¥ is of the form ¢¥ (x) = ax + By +vy?, ¢¥ (y) = dy with «, 8,7, € C.
Comparing the coefficients of ¢(f) = NF(Tz(v)) and ¢@(f) = 8%y> + (other terms)
yields 3 = 0 and therefore ¢ € S({x, 3}, {y}) as expected.

Hyperbolic cases. We present a proof for the main type T' = Jig+, the proofs
for Xo41 and Y, ¢ are similar. For Y, ; with r = s, we have to take the special shape
of S into account, cf. Table [2]

It does not matter for the arguments below whether we assume T = JfB 4 OF
Ty = Jyg,y, the same holds for T5. We write & whenever the sign can be either
plus or minus in order to prove all cases at once.

The Newton polygon of f = NF(T}(u)) = 2® + 22y? + uySt* has two faces
defined by fi := 2% £ 2%y? and fo = +22y? + uy®*. Let wy be the piecewise
weight given by the two weights wy := (12+ 2k, 6+ k) and ws := (124 3k,6). Then
f is piecewise quasihomogeneous of degree d := 36 + 6k w.r.t. wp.

We now proceed in three steps: In the first two, we show ¢y* € S({z},{y})
and ¢y? € S({z}, {y}). Finally we conclude that ¢(f) is equal to ¢;°(f) and that
¢o° is an element of S({z}, {y}) which proves the claim.

The transformation ¢y* is generically of the form

G (z) = ax + Py + Bay?,

w1

0 (¥) =y
with coefficients «, 51, 82,7 € C. With these notations we have

o(f) =g  (f) + (¢ — &6 )(f)
= B39° + (3082 £ 2aB27?)zy* + (B3 £ 527%)y® + (other terms)
on the one hand and
¢(f) = NF(Ty(v)) = 2® £ 2%y + vyot*

on the other hand. This implies (in this order) 51 = 0, « # 0, 82 = 0 and hence
¢o" € S({z}, {y}).

The second step is a proof by contradiction. Let m be the largest integer which
is not greater than g + 2. Then similar as above, the automorphism ¢g? is of the
form

0% (2) = ax + Bry + oy + ... + Bmy™

0° () =y
with «, 81,...,Bm,y € C and a,v # 0. We have already shown g1 = [ = 0.
Assume S # 0 for some s € {3,...,m} and let s be minimal with this property.

Then the coefficient of xy**2 in ¢(f) = ¢ (f) + (¢ — ¢2)(f) is £2aBsy* which
implies 8; = 0 in contradiction to the assumption. Hence 83 = ... = 3,, = 0 and

¢o° € S{z}, {y}).
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For the last step, we consider the following equations:

o(f) =5 (f) + (0 —d5")(f)
—_———

=R € E;Ué
o(f) =95 (f) + (o —¢5°)(f)
—————
=Ry € E:Z
o(f) = d6°(f) + (& — d5°)(f)
R

Note that it is not a priori clear that Ry lies in EYY if we only consider these
equations, cf. Remark . Nevertheless, this can be shown if we take into account
the results of the two previous steps: By definition of the piecewise weight wg, any
term in ¢g°(z) also appears in ¢y (x) or ¢g?(x) (or both), analogously for ¢g°(y).
Therefore we have ¢y°(x) = ax and ¢;°(y) = vy, hence ¢3° = ¢p* = ¢p? and
¢3° € S({z},{y}). This implies
Ry=Ri =Ry € E:bﬂE:; :Egg

Since ¢(f) = NF(Tz(v)) is piecewise quasihomogeneous of degree d w.r.t. wpy, we
finally get Ry = 0 and ¢(f) = ¢4 °(f). This proves the claim.

Exceptional cases. The normal forms of all the exceptional cases in Table [2| are
semi-quasihomogeneous polynomials, i.e., in these cases f = NF(T}(u)) is of the
form f = fo+ f1 where fy is quasihomogeneous of degree d € N w.r.t. some weight
w = (Wg, wy), f1 has weighted degree d+ 6 > d, and the Milnor number u(fy) of fo
is finite (for the definition of the Milnor number, see Marais and Steenpafs, [2015]).
In all the cases, f; consists of the term which contains the parameter and we have

O(f) = 05 (fo) + 06 (f1) + (& = ¢5) (fo) + (¢ — &) (/1)
= w-jet(¢5 (fo), d+0) + o5 (f1) + R

with R € B, 5. As above, ¢(f) = NF(Tz(v)) implies R = 0. If we show

(%) ¢5 € S({z} {y}),

then it follows that ¢ is equal to ¢f and therefore

o(f) = w-jet(og (fo), d + 6) + o5 (f1)
= ¢4 (fo) + &g (f1)
=05 (f)-
This, together with (x), proves the claim.

The statement (x) can be shown separately for each of the eight cases by some
easy computations. We carry out the proof for W73, the other cases follow similarly.
The normal forms of the subtypes of W13 are 2% +2y*+ay®, so in this case we have
w = (4,3), d = 16, and 6 = 2. The +-sign does not matter for the computations
which follow, but we carry it along in order to prove all subcases at once. The
transformation ¢§ is generically of the form

0§ (x) = ax + By + vy°,

o5 (y) = ez + Cy
with «a, 8,7,¢,( € C because any other term would raise the weighted degree by
more than §. With these notations, we now successively compare the coefficients
of ¥ (f) and ¢(f) = NF(T2(v)) = £a* + 2y* + vy®. The coefficient of y* in ¢¥(f)
is £3%, therefore we have 8 = 0. The remaining coefficients of zy*, 223>, and 23y?
are now a(?, 4ae¢?, and +4ay + 6ae?(?, respectively, which shows that (in this
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order) a¢ # 0, ¢ = 0, and v = 0. Hence ¢y is in fact of the form ¢¥ (z) = auz,
¢¥ (y) = Cy which proves (x) for Ty, T» € {Wi5, W5}
([

5. On the Computation of the Results

Based on the previous section, the results presented in Section [6] can be com-
puted using SINGULAR for all those singularity types which are covered by Theo-
rem The main tools for these computations are elimination, Grébner covers,
and primary decomposition. For details on these topics, we refer to|Greuel and Pfis-
ter| (2008). For each pair of singularity subtypes Ty, T5, the computation follows
the same structure: One can first compute the set P; (T, T5) using elimination and
factorization. The set Py(T7,7T%) can then be derived from this as the intersection
of Py(Ty,T») with R x R. In order to determine P5(7},T5), one finally has to check
for each point or branch in P»(T},T5) whether or not there is a real transformation
which changes the parameter in such a way. Grobner covers and primary decom-
position are convenient tools to simplify the often complicated ideals which occur
in this last step.

Although our approach is almost algorithmic, we do not present it as an al-
gorithm here because each case requires slightly different means depending on the
intermediate results. Especially the computation of Ps(Ty,T5) is rather straight-
forward in some cases whereas it requires careful considerations in other cases.

However, writing down every detail of the computations for each case is beyond
the scope of this section. Instead, we present the general framework and give explicit
SINGULAR commands for T} = Th = Xg+ * which is one of the more complicated
cases (cf. Theorem [29).

The singularity type ?T does not appear in Table [2|and thus needs special care.
The structure of the equivalence classes of this type can be computed on the basis
of the data for the type Y., cf. Section [5.4]

5.1. How to Compute P;(T1,T:). We denote the parameter occurring in
NF(T1) by a and the one in NF(T5) by b. The computation is done in four steps:

Step 1. Set up a generic transformation using Theorem [19:
Let S = S(My, M,) C Autc(Cl[z,y]]) be the sufficient set of Cl[z,y]]-automor-
phisms for (NF(T1(a)),NF(T2(a))) given in Theorem Let ¢1,...,t,. be coeffi-
cients for the monomials in M, and M, and let ¢ be a generic element of S with
these coefficients, i.e. let ¢ be of the form ¢(x) = t; - = + (other terms) (or of the
form ¢(x) = t1-y+ (other terms) in case T and T» are subtypes of Y, , with r = s).

Step 2. Set up a system of equations for the parameters:
By comparing the coefficients in ¢(NF(T1(a))) and NF(T(b)), we get a set of
equations in a,b,t1,...,t, which is equivalent to ¢(NF(T1(a))) = NF(T2(b)). Let
I c Cla,b,t1,...,t.] be the ideal generated by these equations. Then the vanishing
set V(I) describes completely which transformations take NF(T}(a)) to NF(T»(b))
for which values of a and b.

Step 3. Use elimination to obtain an equation in a and b only:
We can now eliminate the variables t1,...,t. from I and thus obtain an ideal
I' C Cla, b] which is in all cases generated by one polynomial g. This elimination
geometrically corresponds to the projection AZ™" D V(I) — V(I') C AZ.

Step 4. Compute the zeros of this equation:
After factorizing g € Cla, b] into irreducible factors g1, ..., gs, we compute the roots
in b of each factor (over C(a) or suitable extensions thereof if necessary). We thus
get roots of the form b — f(a) where f(a) can be considered as a function in a.
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These functions explicitly determine the possible values of b for each given a and
their joint graph is exactly Py (71, T5).

ExaMmpPLE 20. We compute Py (X,;"", XS'JF) with Singular, following the steps
above.

Step 1. Set up a generic transformation using Theorem [19:
For convenience we work over Q(a, b, t1,t2,t3, t4)[x, y]:

> ring R = (0,a,b,t1,t2,t3,t4), (x,y), dp;
> poly f = x"4+a*x"2%y~2+y~4;

According to Theorem
S ={¢ € Autc(C[[z,y]]) | ¢(z) = iz + tay, ¢(y) =tz +tay, t1,...,ts € C}

is a sufficient set of automorphisms for Xg:
> map phi = R, tl*x+t2*y, t3xx+td*y;

Step 2. Set up a system of equations for the parameters:
> matrix C = coef(phi(f), xy);
> print(C);
x"4, X"3%y, Xx"2%y~2,xxy"3, y~4,
cl2,11,c[2,2],c[2,3], C[2,4],C[2,5]
> C[2,1];
(axt1~2%t3°2+t1°4+t374)

Now the second row of the matrix C contains the coefficients of phi(Xg *(a)),
C[2, 1] for instance is the one belonging to z*. Using the corresponding coefficients
of XS (b) = 2* +b-22y? + y*, we can define the ideal I as above:

> matrix D[1][5] = 1, 0, b, 0, 1;
> ideal I = C[2,1..5]-D[1,1..5];

Step 3. Use elimination to obtain an equation in a and b only:
As the next step, we map this ideal to Q(a)[b, t1,t2, t3, t4] and eliminate the vari-
ables t;:

> ring S = (0,a), (b,t1,t2,t3,t4), dp;

> ideal I = imap(R, I);

> ideal g = eliminate(I, t1*t2*t3*t4);

> g;

gl1]1=(a~4-8*a~2+16) *b~6+(-a~6-720%a~2-1152) *b~4
+(8*a~6+720%a~4+20736) *b~2+(-16*a~6+1152*%a~4-20736*a~2)

Step 4. Compute the zeros of this equation:
Factorizing the single generator of this ideal finally yields the functions f11 1o, f61 1
defined in Theorem Note that a® # 4.

> factorize(gl1]);

[1]:
_[11=1
_[2]1=b+(-a)
_[3]1=b+(a)
_[4]1=(a-2)*b+(-2%a-12)
_[5]=(a+2)*b+(-2xa+12)
_[6]=(a+2)*b+(2*a-12)
_[71=(a-2)*b+(2*a+12)
[2]:

1,1,1,1,1,1,1
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5.2. How to Compute P(Ty,T>). Given P;(T1,Tz), it is easy to compute
P5(Ty,T3) even “by hand” because we have

PQ(Tl,TQ) = P1<T1,T2) N (RXR)

EXAMPLE 21. Continuing the example above, the values of f{"'(a),. .., f61’1(a)
are clearly real for a € R, cf. Theorem The set P (X‘(;H', Xg'+) is thus the joint
graph of these functions over R\{—2,2}.

To give another example, for Ty = To = X4~ the set P(Ty,T) is the joint
graph of ffl, cee féz over C\{—2i,2i}. The values of ffz(a) and f;l(a) are clearly
real for a € R, but those of fa*(a), ..., fo(a) are not except at some exceptional
points which are already covered by f1” and f;l So in this case we have

Po(Xs™,Xd) = FR(ﬁ',i’ 51) — FR( L1 211> .

5.3. How to Compute P;3(Ty,T>2). We do the computation in two steps:

Step 1. Reduce the problem to a finite number of branches and exceptional

points:
Since P3(Ty,T») C Py(T1,T3) by definition, we can determine P3(77,7%) by check-
ing for each pair (a,b) € Py(T1,T>) whether or not there is a real coordinate trans-
formation ¢ € Autg(R[[z,y]]) which takes NF(T}(a)) to NF(T5(b)). This can be
reduced to a finite problem as follows: Let g;, j € {1,...,s}, be the irreducible
factors of the polynomial g as in Section Then in all the cases, Py(T1,T») is a
finite union of “branches” of the form V'(g;) and some exceptional points. We can
check whether a branch V' (g;) or an exceptional point (¢4, g») in P»(T1,T3) belongs
P5(Ty,T) by simply adding appropriate relations to the ideal I and looking at the
real solutions of the resulting ideal. In other words, we define J := I + (g;) or
J =1+ (a— qa,b— @), respectively, and investigate Vg(J). Note that we have
I C Rla,b,t1,...,t,;] and g; € Ra,b] and thus J C Rla,b,?1,...,%,] in all the cases.

Step 2. For each branch and each exceptional point, check if a real transforma-

tion exists:
P3(Ty,Ty) is the image of Vg(J) C AZ™" under the projection AZ™™ — AZ, i.e.
we have (pg,pp) € P3(T1,T3) if and only if there is a coordinate transformation
with real coefficients (py,,...,p:,.) such that (pe,pp, Ptys--.,Pt.) is an element of
Ve(J) C AR

It turns out that the ideal J is quite complicated in some cases and that it can
be difficult to determine Vg(J) by just computing a Grobner basis of J. One way
out is then to consider J as a parametric ideal J C R(a)[b, t1,...,t,] and to compute
a Grobner cover thereof by using the SINGULAR library grobcov.1lib (Montes and
Schonemann) 2015)). A Grobner cover completely describes the possible shapes of
Grobner bases of J for different values of a. It contains a generic Grobner basis of
J, i.e. one which is a Grobner basis except for finitely many exceptional values of
a, and additionally Grobner bases of J for each of these exceptional values. The
ideals in a Grobner cover of J typically have a much easier structure than J itself.
We can thus treat them one by one and determine their real solutions. We will
often find generators such as (¢;)* + 1, indicating that the vanishing set over R of
this ideal is empty.

If any of the ideals in the Groébner cover of J are still to complicated and if
their vanishing set over R cannot be easily read off, another trick is to compute
a primary decomposition of these ideals with the SINGULAR library primdec.1lib
(Decker et all [2015b). Typically, it is then easy to see that some of the primary
components have no solutions over R whereas the real solutions of the remaining
components can be easily determined.
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EXAMPLE 22.

Step 1. Reduce the problem to a finite number of branches and exceptional
points:
We have already seen in Example that Ps (Xg+ JF,XQ+ +) is the joint graph of
fll’l, ceey fé’l over R\{—2,2}. We now have to check for each of these functions
whether their graph is also contained in P;3 (Xgr+, X;"L).

Step 2a. Check if a real transformation exists for fgl’l:
This is clearly the case for f"' = id. To check this for f;'', we continue the
SINGULAR session from Example 20, add the corresponding relation to the ideal T
and compute a Grébner cover of the resulting ideal J:
> ideal J = I, (a-2)*b+(-2%a-12);
> LIB "grobcov.lib";
> grobcov(J);
The output of the last command is too long to be printed here. We will find
that the Grobner basis of J for generic a contains the generators (¢2)? + (t4)? and
(t3)? + (ta)? which imply to = t3 = t4 = 0 for any real solution of this ideal.
But this is a contradiction to phi € Autgr(R[[z,y]]). The exceptional cases for the
parameter a are a +2 =0,a—-2=0,a>4+12=0,a+6 =0, a—6 = 0, and
a = 0. The first two cases are excluded by the definition of the singularity type
XS, a? 4+ 12 = 0 would imply a ¢ R, for a + 6 = 0 and a = 0 the corresponding
Grdébner bases of J contain generators similar to those mentioned above, and finally
a — 6 = 0 implies b — 6 = 0 such that this case is already covered by the graph of
A

Step 2b. Check if a real transformation exists for f;l
To give one more example, let us consider f51 o1,
> J =1, (a+2)*b+(2%a-12);
> grobcov(J);
The crucial generator of the Grébner basis of J for generic a is now the polynomial
(a +2)(t4)* — 1 which has a real root if and only if a > —2. Considering the other
generators, it is easy to see that given t4 € R, t; = t5 = t3 = —t4 is a real solution.
The exceptional values of @ in this case are the same as above and again, we do
not have to consider a +2 =0, a —2 =0, and a® + 12 = 0. The relation a + 6 = 0

implies b + 6 = 0 which is already covered by f111 Finally, t; = to = t3 = %,
ty = 7% and t; =ty = t3 = 4%/57 ty = ,4%/5 are real solutions for the cases a =0

and a — 6 = 0, respectively. To sum up, the graph of fé’l over R” 72 belongs to
Ps (X;'Jr, XéH'), but not the part over R<72.

Step 2c. Check if a real transformation exists for the other branches:
Continuing in this manner, one can show that f21 1 i 1 and f61 ' do not contribute

any additional points, so we get
Py(X§, X5) = Twr (A7) Ul (£37)
where R" := R\{-2,2}.

REMARK 23. With the above notations, the irreducible factors g;, 7 =1,...,s,
of the polynomial g are luckily of degree 1 in b in almost all cases. If one of those
factors, say g1, has degree in b greater than 1, and if additionally the corresponding
ideal J = I + (g1) has both real and complex solutions, then an extra calculation
is needed: Let fi(a),..., fx(a) be the roots of g; in b as above, i.e. g1 = (b —
fi(a))...(b— fr(a)) (over C(a) or over a suitable extension thereof if necessary).
Then we have to check which of these roots fi(a),..., fr(a) belong to the real
solutions of J and which of them can only reached via complex transformations.
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This is especially crucial for the singularities of type Jig in order to distinguish
between f57, f77, fo'*, and f§*, cf. Theorem

REMARK 24. The hyperbolic singularity types listed in Table [1| are actually
infinite series of types. One might argue that the computations described in Sec-
tions to must be carried out for each single k& > 0 (for Jip4r and Xgi)
and for each pair r,s > 4 (for Y, ;) in order to check the results presented in The-
orems [32] to 34 This is, of course, impossible in practice. But it turns out that
the results are periodic in k and r, s, respectively. Hence it suffices to carry these
computations out for sufficiently many values of k£ and r,s. If we closely examine
the intermediate steps, then we can easily check that the results are indeed periodic.

5.4. The Special Type T’T Theorem does not give any sufficient set for
subtypes of Y, and indeed it turns out that there is no degree-bounded sufficient
set for this case, cf. Remark 28

But since }7} is C-equivalent to Y. ,, we can use the structure of the equivalence
classes of Y, (cf. Theorem to determine Py (T1,T%), Po(Th,Ts), and Ps(T1,Ts)
for T1,T» € {T/T“', T/T_} To do so, let us first define the principal part of a power
series.

DEFINITION 25. Let f € K[[x1,...,x,]] be a power series, let 'y be its Newton
polygon, and let fo be the sum of those terms of f which lie on I'y. Then we call
fo the principal part of f.

The following result is due to |[Arnold| (1974, Corollary 9.9).

LEMMA 26. Let f € C[[z,y]] be a power series whose principal part is of the
form fo = 2 4+ Ax?y? + yb, where 0 # X € C, a > 4, and b > 5. Then f and its
principal part fy are C-equivalent, i.e. f ~ fo-

Based upon this lemma, we can now specify an explicit equivalence between
the normal forms of Y, and Y, .

LEMMA 27. For any r > 4 and any a € C\{0}, we have
(a’ (%)Ta?) eh (ﬁ"+’yr+7’+) NP (Yr 7Yrr ) .

PRrOOF. Let ¢ € Autc(C[[z,y]]) be the coordinate transformation defined by

o(x) == (x +y) and ¢(y) := %z(x —1vy). Then the principal parts of QS(NF (TN/T* (a)))

and ¢(NF(Y,”(a))) are of the form (1)"a 2" + Aa?y® + (1) a-y" with A = 1 and
A=—1, espectlvely, so the result follows from Lemma O

Section tells us how to compute Pi(T1,T3) for Ty, T € {Y,} 7, Y, *}, cf.
Theorem We can use this data and the above lemma to compute Pl(Tl, T5) for
T, T, € {TJF, Tff} Let us consider the case P; (?ﬁ, T’j), the other cases follow
similarly. According to Lemma 27, NF (Tfﬁ (a)) is C-equivalent to NF (Y, (ca?))
with ¢ := (1)" for any r > 4 and any a € C\{0}. This in turn is C-equivalent to
NF (Y1 (¢ca?)) for any ¢ satisfying ¢! — 1 = 0 where | = ged(2,7 + 1), cf. Theo-
rem Applying Lemma [27 again leads to NF (Y, (Cca?)) £ NF (?ﬁ (£v/Ca)),
and we thus get the diagram shown in Figure

This proves NF (Y, (a)) £ NF (Y;+ (£\/Ca)) for ¢ as above, and since the dia-
gram is commutative, there are no equivalences for other values of the parameters
than these. Hence

P(VHY) =o(x* - 1)
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FIGURE 1. Equivalences between NF (Y,*) and NF(Y;5*) (c:= (1))

NF (17,+ (a)) > NF (37; (i\/za))

| o ]

NF (¥4 (ca)) s NF (V5 (ea?))

with [ as above. The set P (37;*‘, ffﬁ) can now be determined as in Section H In
fact it is easy to see that

PV Y) = R(X* - 1).

We clearly have (a,a) € P3 (}7T+, 17;*‘) for a € R\{0}, and also (a, —a) € P3 (}7T+, }7;*‘)
if r is odd. For the case where r is even, let us consider NF(Y’T"’(a)) as a func-
tion in z and y over R? and let the parameter a be positive. In this case the
function NF (f/ﬁ‘ (a)) = (mQ + y2)2 + az” takes only non-negative values whereas
NF (}N/ﬁ(—a)) = (x2 + y2)2 — ax” attains also negative values. Hence there is no

real coordinate transformation which takes NF (ﬁf (a)) to NF (?j(fa)). The ar-
gument is similar for ¢ < 0. To sum up, we have

P, <ﬁ+7}~/r+) _ R(X?—1), ?f r %s odd,

R(X —1), ifriseven.
REMARK 28. Let r > 8 be a multiple of 4 and let ¢, € Autc(Cl[z,y]]) be a
coordinate transformation which takes f := NF(Y,"(a)) to NF(Y,"(—a)). Assume
that the degree of both ¢.(x) and ¢,.(y) is less than 7 and let f = fo + f1 be

decomposed into its principal part fy := (m2 + y2)2 and f; = az”. Then we have

o(f) = o(fo) + o(f1) = (x2 + y2)2 —ax"”

where the degree of ¢(fo) is less than 7. Therefore ¢(fo) = ¢o(fo) = (22 + y2)2
and ¢(f1) = ¢o(f1) = —az”. If ¢ is given by ¢o(x) = az + By, do(y) = vz + oy
with «, 3,7,6 € C, the second of these two equations implies § = 0 and o” = —1,
but the first one in turn implies v = 0 and o* = 1 which is a contradiction.

So the degree of either ¢,(x) or ¢,(y) must at least 7. This shows that a degree-
bounded sufficient set of coordinate transformations for (NF (}7;*‘ (a)),NF (}7;4‘ (a)))
and for arbitrarily high r does not exist.

6. Results

In this section we present the sets P;, Py, P3 in table form for every unimodal
real singularity type up to corank 2.

THEOREM 29. The structure of the equivalence classes of the Xg singularities
is as shown in Table |3 where for j =1,...,6 and p,o € {1,i}, the function fjp’U 1s
defined as follows:

e = +20a + 12po = —20a + 12po
7%(a) == +po-a, fI(a) ::ﬁ, £ (a) 3:T2pa
= e +20a — 12po = —20a — 12po
57 (a) == —po-a, 17 (a) izwa 6 (a) 5:(1_7%'
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Furthermore, we use the following notations:

"= C\{-2,2}, R :=R\{-2,2}, C" = C\{—2i,2i}.

TABLE 3. Py, P> and P; for the Xg singularities

’ T ‘ 15 H P (T, T») ‘ Py(Ty,T») ‘ P3(T1,T>) ‘
XF | xg Tz (fi)
U FR/>72 (f;)l)

e | [T B | T ) [T ()
? ? U Tgi<sz(f3)
Xit | Xy Tp<-2(fi')
Xy~ XJJr FR>+2(f6 )
X5 | Xy~

X§+ X§+ 1,1 ,1,1 1,1
Xi x5+ Por(fis- 0 £6") Pe(fis f2) e (/i)
Xot | X~

X;t | X

X9++ XE;JF 1,i 1,6

X X;__ F(C’(fl a--~af6 ) {(_670)a(0a0)7(6a0)} )
X | X5t

Xi | xit

Xo | X5 1 1

Ten (F01, ..., f0 0,—6), (0,0), (0,6 o

o T T (i ) | 10.-9.0.0.0.0)

Xot | Xg~

THEOREM 30. The structure of the equivalence classes of the Jyg singularities
is as shown in Table where for j = 1,...,6 and p,o € {—1,41}, the function
[ is defined as follows:

@) = 77,

17 (a) == —\/po - a,

i +\/ pola —p-4)(a® —p-9) +ala® —p-3) /@ 54

2(a2 —p-4) ’

—po(a? —p-4)(a®—p-9)+a(a®—p-3)\/a?—p-4

2(a? —p-4) ’

12 +\/ po(a®> —p-4)(a®—p-9) —a(a® —p-3)\/a> —p-4

2(a? —p-4) ’

—po(a? —p-4)(a? —p-9) —a(a® —p-3)y/a> —p-4

2(a%2 —p-4)

£
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In each case, p and o are given by
_ )L if Th = 10; R +1, i Ty = 107
—].7 Zle = 10, ’ —].7 ZfTQ = JlO .
Furthermore, we use the following notations:
5::%, I :=]—o0, 5[ R,
(C/ ::(C\{7272}> IQ :] 5; 2[
Rl ::R\{_272}7 I3 ]+2 +€[
C" .= C\{-2i,2i}, Iy :=]+&,+o[ CR.
TABLE 4. Py, P, and P5 for the Jy( singularities
nln| PAmn) | RMD) | Py(T1, Ty) |
FR/( Ua QP’U)
U Ppoa (f5°7, f5°7) Tre (f1°7)
Jf{) Jl_‘(—J F((;/( {)’U,..., 5’0) UFR<72( sp’o, g,a> UFR>+2< 07 )
U{(())_g)) (O7+§)} U F]R<72(f5 )
U {(753 0)’ (+£5 0)}
Jio | Jro || Ter (77,5 £87) Cr(f17, f57) Tr(f77)
{(0,0)} L (f§7) UTL(f27)
Tio | Jio || Ter(F7, - fE7) | UTeswa (S5, 1) | UTL(f87) UTL (f§7)
UTr<—2(f7, f§7) | U{(=¢£,0), (+£,0)}
_— g [eg {(07 0)} ag g
Jio | I || Der(F07, . 187) - - Tr(f57, f67)
UFR(f?)’,..., 60,)

REMARK 31. In Theorem the definitions of f{7,..
roots of possibly complex values.
any complex number z = re’® € C with r,¢ € R, » > 0, and 0 < ¢ < 27, we set

V7 = reis

S I8

involve square

These square roots are defined as follows: For

In particular, Im(,/z) > 0 for all z € C\R”? and /z > 0 for all z € R”°.

THEOREM 32. The structure of the equivalence classes of the Jio4x singularities
is as shown in Table [5] where in each case, | and s are given by

- ged(6, k)’ and
e +1, ifk=2 (mod4),
o —1, else.

6
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TABLE 5. P;, P, and Pj for the Jig4k singularities

|| [P | (LT | P T) |

+ +
Jlj”’f J{O”C C(X'-1) | R(X'—1) | R(X'—1)
J10+k J10+k

Jr Ji
10+k 10+k C(Xl—s) R(Xl—s) %)
Ji Jt
10+k | Y10+k

THEOREM 33. The structure of the equivalence classes of the Xg1 i singularities
is as shown in Table [0 where in each case, | and s are given by

4

l:= m, and
. +1, ifk=4 (mod ),
o —1, else.

TABLE 6. P, P, and Ps for the Xg singularities

’ Ty ‘ 15 H Pl(TlaTZ)‘PQ(ThTQ)‘ P3(Ty,T3) ‘

Xoh | Xoih

Xs;:_k X;_+_k C(Xl_l) R(Xl—l) R(Xk+1_1)
Korh | Xoih

Xovw | Xor

Xoow | Xt

X;—:k X;_:;c C(Xl—l) R(Xl—l) 1%}
Koo | Xon

Xoww | Xorh

Kok | Xork

Yook [ Yook | xt — o) | R — o) 5
Ko | Xoih

Xovr | Xt

Koo | Xown

Xg_+_l<: X9_+-;c C(Xl—s) R(Xl—s) %)
X5t | Xoix

Xoin | Xoth

THEOREM 34. The structure of the equivalence classes of the Y, 5 singularities
is as shown in Table[7 where in each case, |, s1 and sy are given by

r
l = ———— -gcd(2 1 1
ng(T,S) gc ( 7T+ ,S+ )7

+1, ifr=0 (mod4) ors=0 (mod 4),
81 =
! —1, else,
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s
ged(r,s

+1, ifr£0 (mod2) or iy =0 (mod 2),
Sg 1=
? -1, else.

In the special case where r = s, additional equivalences occur. They are listed
in Table[8

TABLE 7. Pi, P, and P; for the Y, ; singularities

’ T ‘ 15 H P (Th,Ty) ‘ Py (T, T) ‘ P3(T,Ty)
ViR
y—+ | y—+
T c(xt-1) R(X!'—1) R(Xst! —1)
v\ Y
Vi v
y—+ | y++
7,8 7,8 I _ 1
Yr'f;_ Yoo C(X"' —s1) R(X"'—s1) @
Yoo | Y
Vi v
YooY Xt - ‘ d?2
™S 8 C(Xl _ 52) R(Xl _ 52) R( 32)a Zf?“ ié 0 (mo )
Yo |V 2, ifr =0 (mod 2)
Yoo | Yt
VY
YT‘79+ }/T‘Jrgi
YTJ’F:; }/;%‘;+ C(Xl — 8182) R(Xl — 8182) (%)
YI"_S_ YTJ’_«SJ’_

TABLE 8. Additional equivalences for the Y, ; singularities in the
special case r = s

| | | Additional elements of Py(Ty, Ty) |
Y| YT R(X+1), ifr=0 (mod 2) and a <0
Yo Yo z, else

Yo | Y R(X +1), ifr=0 (mod 2) and a >0
Y, | Yot &, else

T,8

REMARK 35. Note that there are also equivalences between subtypes of Y} g
and subtypes of Y, . which can be obtained by just swapping the variables = and y.
For r = s these are exactly the additional equivalences listed in Table[8] But equiv-

alences of this kind also occur for r # s, e.g. we have R(X — 1) C Py(Y,;7",Y;55),
but we do not consider those cases in Theorem [34l



20 MAGDALEEN S. MARAIS AND ANDREAS STEENPASS

THEOREM 36. The structure of the equivalence classes of the Y, singularities
is as shown in Table[9 where in each case, | and s are given by

l:=2-ged(2,7+ 1), and

. {—i—l, ifr=0 (mod 4),

—1, else.

TABLE 9. P, P, and Ps for the }7} singularities

n || P | (L) | Py(T1, Ty) |
YY" ) R(X2—1), ifr=1 (mod 2)
Yo | v O -1y | REXE-1) {R(X ~1), ifr=0 (mod 2)
Yr+ }77'_ 2
v C(X'—s) | R(X%2—5) %]

THEOREM 37. The structure of the equivalence classes of the exceptional uni-
modal singularities is as shown in Table[I0

TABLE 10. Py, P> and P; for the exceptional unimodal singularities

’ T ‘ Ty H P (T1,T3) ‘ Py(T1,T3) ‘ P3(T1,T») ‘
Eiy | Eyg || Co(X2' = 1) | Ro(X —1) | Ro(X — 1)
Ei3 | Ei3 || Co(XP® —1) | Ro(X —1) | Ro(X — 1)
Ef, | Efy || Co(X'2 —1) | Ro(X2—1) | Ro(X — 1)
By | By || Co(X™ —1) | Ro(X?—1) | Ry(X — 1)
Ef, | Ej, || Co(X'2 +1) 1%} @
Eq | B, | Co(X'2+1) o %)

Zi | Zin || Co(XY° —1) | Ro(X —1) | Ro(X —1)
Zha | Zia | Co(XM —1) | Ro(X —1) | Ro(X —1)
Zh 1 Z5 || Co(X°=1) | Ro(X —1) | Ro(X —1)
Ziz | Ziz | Co(X° —1) | Ro(X —1) | Ro(X —1)
Zh | Zy || Co(XP+1) | Ro(X +1) %)
Zn | 285 || Co(X°4+1) | Ro(X +1) @
Wi | Wi || Co(X'0 = 1) | Ro(X? = 1) | Ro(X —1)
Wi | Wi || Co(XP0 —1) | Ro(X2—1) | Ro(X —1)
Wi | Wiy || Co(X10 +1) 1% @
W | Wi || Co(X10 +1) %} %]
Wik | Wi | Co(X5—1) | Ro(X? —1) | Ro(X — 1)
Wi | Wi || Co(X®—1) | Ro(X2—1) | Ro(X — 1)
Wit | Wis || Co(X8+1) @ @
Wi | Wk || Co(X8+1) 1% @
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7. Interpretation of the Results

Looking more closely at Theorem [I9and Section[6} it turns out that the struc-
ture of the equivalence classes is quite simple for some singularity types whereas it
is very involved for others. To describe this in more detail, let us first consider the
sufficient sets given in Theorem

o It suffices to work with scalings of the form ¢(z) = azx, ¢(y) = By as
coordinate transformations to figure out the structure of the equivalence
classes of the hyperbolic and exceptional unimodal singularities. (To be
precise, for Y, ; with » = s we also have to take into account transforma-
tions of the form ¢(z) = By, ¢(y) = ax where the variables are swapped,
cf. Table[2])

e For the two parabolic types Xy and Jig, scalings are not sufficient. In-
stead, we have to consider more complicated transformations which in-
volve more terms.

e One can see from the proof of Theorem[I9]that these differences reflect the
different shapes of the normal forms: The normal forms of the hyperbolic
singularity types listed in Table [2] are weighted quasihomogeneous, those
of the exceptional singularity types are semi-quasihomogeneous. Both
shapes turn out to be very restrictive w.r.t. possible coordinate transfor-
mations. In contrast to this, the normal forms of the parabolic types are
quasihomogeneous and thus allow for more freedom in this regard.

e The singularity type Y, is an exception. It is complex equivalent to Y, .,
but it appears as a separate singularity type over R. There is no degree-
bounded sufficient set for the normal form of this type (cf. Remark ,
so the computational methods described in Sections and do not
work. Instead, we have to use other methods, cf. Section

As a consequence of the differences w.r.t. sufficient sets described above, there
are two general forms of equivalences as presented in Section [G}

e For the hyperbolic and the exceptional singularities, the equivalences be-
tween different subtypes can be described by constant factors. More pre-
cisely, if T7 and T are subtypes of the same hyperbolic or exceptional main
singularity type, then there exists a finite set of constants r1,...,7, € C
such that the equivalences between the normal forms of T} and Ty are
exactly those of the form NF(T}(a)) ~ NF(T5(r;a)) with a € C or a € R
as appropriate. Therefore we use the notations C'(p(X)), R(p(X)) and
Co(p(X)), Ro(p(X)) with p(X) € C[X] (see Definition [9)) for the hyper-
bolic and the exceptional cases, respectively, cf. Theorems [32] to

e The equivalences which occur among subtypes of the two parabolic sin-
gularity types Xg and Jj¢ are much more involved and cannot be written
down in terms of constant factors. We describe them as joint graphs of
certain functions, cf. Theorems [29) and [30}

The results presented in Section [f] have consequences for the algorithmic classi-
fication of the unimodal singularities of corank 2 over R. They are indeed intended
to be the first step in this direction. Once again, we can distinguish between dif-
ferent cases. Note that the following remarks apply to the classification over R
and therefore only deal with real coordinate transformations and real values of the
involved parameters:

e In the exceptional cases, there are no equivalences between different sub-
types of the same main type and the value of the parameter is uniquely
determined, cf. Theorem
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For the singularity types Jig4+k, Xo+x, and 17” there are no equivalences
between different subtypes of the same main type, but the parameter can
in some cases change its sign within the same subtype, cf. Theorems [32]
B3] and [36]

For Y, 5, there are equivalences even between different subtypes. Therefore
the question which real subtype a given singularity of main type Y; s
belongs to is not always well-posed, e.g., a singularity can be both of
type Y;f; and of type Y;f{. However, the first of the two signs is always
uniquely determined. The parameter can change its sign, but its absolute
value is uniquely determined, cf. Theorem [34]

The structures of the equivalence classes of the two parabolic cases Xg
and Jig are the most complicated among all the cases discussed here.
There are equivalences between different subtypes and the parameter may
change in non-trivial ways. For Xg, the possible values which a given
parameter can be transformed to can be expressed as rational functions
of this parameter (cf. Theorem 7 whereas the corresponding functions
for Jyo involve radical expressions (cf. Theorem . Note that there are,
however, no equivalences between the subtypes Xgr *, X4~ on the one
hand and X4 ~, Xy T on the other hand, i.e. the product of the two signs
which occur in the subtypes of Xy is uniquely determined.

It is a remarkable result that for any value of a € R, the normal form of
Jio(a) is R-equivalent to the normal form of Jjj(a’) for some a’ € R while
the converse is not true, cf. Theorem 30} In other words, the real subtype
Jio is redundant whereas J7; is not.

To sum up, the normal forms which are listed in the classifications of the uni-

modal singularities over C and over R by |Arnold et al.| (1985)) cover the whole
space of unimodal singularities, but some of them are equivalent. There are equiva-
lences between normal forms for different values of the parameter and also between
different subtypes, to an extend that the subtype J;, is even redundant.
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