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OPTIMAL STRATEGIES FOR A LONG-TERM STATIC
INVESTOR

LINGJIONG ZHU

ABSTRACT. The optimal strategies for a long-term static investor are studied.
Given a portfolio of a stock and a bond, we derive the optimal allocation of the
capitols to maximize the expected long-term growth rate of a utility function
of the wealth. When the bond has constant interest rate, three models for
the underlying stock price processes are studied: Heston model, 3/2 model
and jump diffusion model. We also study the optimal strategies for a portfolio
in which the stock price process follows a Black-Scholes model and the bond
process has a Vasicek interest rate that is correlated to the stock price.

1. INTRODUCTION

In this article, we are interested in the long-term optimal strategies for a static
investor. The investor starts with a known initial wealth V; > 0 and the wealth at
time t is denoted by V;. The investor decides what fraction of wealth «a; to invest
in a stock S; and the remaining 1 — oz in a bond r¢, i.e.

(11) dv‘f = atd?s;t + (1 - O[t)Ttdt.

For a static investor, we assume that a; = « is a constant between 0 and 1, i.e.
a € [0,1].

We consider a hyperbolic absolute risk aversion (HARA) utility function u(c)
with constant relative risk aversion coefficient v € (0, 1), i.e.

(1.2) u(c)

We are interested in the optimal strategy to maximize the long-term growth rate,
ie.

=

= , 0<y<1l
1—v

.1
(1.3) omax lim -log B[u(Vy)] = max A(a),
if the long-term growth rate A(a) := limy o 1 log E[u(V;)] exists for any 0 < o < 1.
For the convenience of notation, let § := 1 —~ € (0,1) and thus we are interested
in
.1 0

(1.4) omax lim > log E{(VA)"].

The optimal long-term growth rate of expected utility of wealth has been well
studied in the literatures. Usually, the optimal strategy is taken to be dynamic and
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some dynamic programming equations are studied, see e.g. Fleming and Sheu [§].
In this article, we only concentrate on the static strategies for the simplicity. This
set-up allows us to gain analytical tractability for some more sophisticated models
like Heston model and 3/2 model.

The problem of maximizing the long-term expected utility is closely related to
maximizing the probability that the wealth exeeds a given benchmark for large time
horizon, i.e. maxp<q<1 lim_yoo %1og P(V, > Vhe*t), where x is a given benchmark.
In a static framework, an asymptotic outperformance criterion was for example con-
sidered in Stutzer [13]. An asymptotic dynamic version of the outperformance man-
agment criterion was developed by Pham [I1]. To find the optimal strategy for the
long-term growth rate, the first step is to compute the limit lim;_,oo + log E[u(V;)].
Under most of the standard models, the wealth process V; has exponential growth
rate and the existence of a logarithmic moment generating function plus some addi-
tional conditions can be used to obtain a large deviation principle for the probability
that the wealth process outperformances a given benchmark, which is exponentially
small. The connection is provided by Gartner-Ellis theorem, see e.g. Dembo and
Zeitouni [5]. For a survey on the applications of large deviations to finance, we
refer to Pham [12].

In this article, we study in detail the optimal strategies for a static investor
investing in stocks of two stochastic volatility models, i.e. the Heston model (Section
), the 3/2 model (Section [3)

The Heston model, introduced by Heston [9] is a widely used stochastic volatility
model. The volatility process is itself a Cox-Ross-Ingersoll process, which is an affine
model and has great analytical tractability. The 3/2 model is another popular model
of stochastic volatility. It has been applied to interest rate modeling, e.g. Ahn and
Gao [1]. Carr and Sun [3] used the 3/2 model to price variance swaps and Drimus
[6] used it to price options on realized variance.

Next, we study the optimal long-term static investment strategies when the
underlying stock process follows a jump diffusion model (Section M) assuming the
alternative investment bond has constant short-rate. Finally, we study the case
when the stock follows a classical Black-Scholes model while the bond has a Vasicek
interest rate (Section [H).

As an illustration, let us first consider a toy model. Assume that the stock
price follows a geometric Brownian motion with constant drift 4 > 0 and constant
volatility ¢ > 0 and the bond has constant short-rate » > 0. We can write down a
stochastic differential equation for the wealth process V;,

(1.5) dV; = apVidt + acVidBy + (1 — a)rVidt,

where By is a standard Brownian motion starting at 0 at time 0 and therefore
1

(1.6) Vi _Voexp{<a,u+(1—a)r— 504202) t—i—ozaBt}.

Hence, we can compute that

(17) E[(Vt)e] _ Voeee(a,qu(lfa)rf%azaz)te%ﬁazazt'

Therefore, we are interested to maximize

1 1
(1.8) Ala) =16 {oz,u +(1—-a)yr— §a202] + 59204202, 0<a<l
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It is easy to compute that
(1.9) AN(a) = (Ou — 0r) — (0 — 6%)0%a.

Hence, A'(a) =0 if a = %. Therefore, the optimal o* is given by

0 if <,
1 if p—r>(1-0)02

The financial interpretation is clear. When p < r, it is optimal to invest in the bond
only because the yield of the bond r exceeds the mean return of the stock. When
@ > 7, it is not always optimal in only invest in stocks. The reason is although the
mean return of the stock exceeds the yield of the bond, stocks are volatile and a
large volatility can decrease the expected utility of the portfolio. This is consistent
with the mean-variance analysis, which says that given the mean, the investor has
the incentive to minimize the variance.

In general, for any wealth process V;, assume A(a) exists and is smooth and
strictly concave, If A’(0) < 0, then the optimal «* is given by a* = 0. Otherwise,
A(a) achieves a unique maximum at some af € (0,00). Then the optimal a* is
given by

1 ifaf>1
1.11 * = -
(L111) “ {oﬁ if af € (0,1).

This is the general method behind analyzing all the models in this article.

2. HESTON MODEL

Let us assume that the stock price follows a Heston model, namely, the stock
price has a stochastic volatility which follows a Cox-Ingersoll-Ross process,

{dSt = puSydt + /7 S,dB;,

2.1
(2.1) dvy = k(y — vp)dt + 0\ /vedWr,

where W; and B, are two standard Brownian motions and (W, B); = pt, where
—1 < p <1 is the correlation. Assume that p, k,7y,d > 0. The volatility process vy
is a Cox-Ingersoll-Ross process, introduced by Cox et al. [4]. We assume the Feller
condition 2kv > 6% holds so that v, is always positive, see e.g. Feller [7].

The wealth process satisfies

22) {th = auVidt + a/7VidB; + (1 — a)rVidt,

dvy = K(y — vp)dt + 6/ dWy.
Then, we have
1 t t
(2.3) Vi = Vo exp {aut - Eaz/ vsds + (1 — a)rt + a/ \/z/_sst} .
0 0
Hence, we get

(24)  E[u(W)] = Vg0t [oflo ff vrmas g ffvaan)].
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Lemma 1. For any v > 0,

(2.5) 1irn E log Ey=v [69(0‘ Jo V7sdBs—30® [§ "sds)}
= 5 \/ 2 —620%02(1 — p?) + 6%20a? — 20kapl) — 9a5pf<a

Proof. Write By = pW,; + /1 — p2Z;, where Z; is a standard Brownian motion
independent of W;. Let F} = o(vs,0 < s < t) be the natural sigma field of the
volatility process up to time t. It is easy to compute that

(2.6) Epyes [e"(“ [t vsdB.—Lta® [! l,sds)]
=Ey -0 _69(o¢f[f VUspdWsta [f\/rs\/1—-p2dZ—La? [} usds)}

_ EIJ():V E |: fo \/_deS-l-afO Vs 1—p?dZs— a fo vsds)

|

2,.201_,2y_ 2 - <
9§¢pyt+(9 a“(1 2p )—6a ergcpe) fot Usd5:| eietgpyieocspm’yt7

_ Eu 5 _690¢fg \/usdeS+%02a2(1—p2) f; usds—%0a2 fot usds}
0=

=FE,- |e

where the last step was due to the fac;c(tha‘j Vet -1y = fo (v —vs)ds+ fo O/VsdWs.
fa a(1 a2 »@a
Let u(t,v) := E,y=y |€ “revet( ~ =520) Jo ”Sds}. Feynman-Kac for-
mula implies that u(¢, v) satisfies the following partial differential equation,
2 2 2 2
{a_ = ly = )3 + ot 4 (TEU g0 v
)

(2.7) ve
u(0,v

=e 5 Y,

Let us try u(t,v) = eAM+BOY and it is easy to see that A(t), B(t) satisfy the
following system of ordinary differential equations,

A'(t) = ryB(1),

(2.8) B(t) = ~rB(t) + $02B(t)? + (Loolgr=tel y sang)
A(0)=0, B(0)= %2

We claim that there are two distinct solutions to the quadratic equation

1 92 21_ 2_92
(2.9) 552172—11:174—( o 2p) @ +%9)_0,

and B(t) converges to the smaller solution of (Z.9)).
We can compute that

2.2 2N 2
(2.10) A= K% — 252 (904(1 2p) ba —i—%ﬁ).

If « =0, then A = k2 > 0. If a # 0, then,
(2.11) A = (k* +0%0%a%p* — 20kaph) + 62 (0 — 6?)
= (k — 80ap)® + 622 (0 — %) > 0,

since 6 € (0,1). Hence (29) has two distinct solutions. B’(t) is positive when B(t)
is smaller than the smaller solution of (2.9) or larger than the larger solution of
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@3). B'(t) is negative if B(t) lies between the two solutions of (23). Therefore,
B(t) converges to the smaller solution of ([29]) if B(0) = %% is less than the larger
solution of (29). When oo = 0, B(0) = 0 and the large solution of (Z9) equals to
%—’S > 0. Hence, we can assume that o > 0. Let

2.2 a2y 2

It is easy to check that
0 6% — 0)a?
(2.13) H (%) - % <0,

since 6 € (0,1) and a > 0. Therefore, we conclude that B(0) is less than the larger
solution of (Z9)) and

ko1 02a2(1 — p?) — 02 kap
D2 k2952 kap
(2.14) B(t) — 25 \/FL 26 ( 5 + 3 0,
as t — oo and hence
(2.15)
¢
@ = %/vy/ B(s)ds — (5—2 — — VK2 —8260%202(1 — p?) + 62002 — 20kapb,
0

bap bapr

as t — oo. Recall that E,,—, {ee(afot VVsdBs—3a® [§ "Sds)} = u(t,v)e” s V=5 7L

Hence, we conclude that

(216) thm llogEy(,:y |:69(af0t VsdB.—La? [} vsds)}
- ? — — VK2 —0%20%02(1 — p?) + 62002 — 20Kkapl — bapr
O
Theorem 2.
(2.17) Ala) = lim 1logE[u(V})]
= (5 \/ 2 —6202a2(1 — p?) + 62002 — 25Kkapl
- eaTv—l-Gau—H?(l—a)

Let us define

Co = % +0r,

Oy = 535520 — 620%(1 — p?)),

2.2

(2.18) Cy = 5/;&/)29- 5

C?) = %7

Cy = —%“7 +0(pu—r).
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When C4 + F > +/Cq, the optimal o* = 1.

Finally, if — 02 < C4 < (Y,

(2.19) o — ol ifal <1,
' 1 otherwise,
where
CC5 - C2
2.20 f= — Oy + Cyy | ———2
( ) o o 2+ Cy Cr — 042

Proof. Recall that E[u(V;)] = $Vfeflant-antp [e(’(‘lfot VVsdB:—3a’ [fvsds) | By

Lemma [I we have

(2.21) A(a) = lim %10gE[u(Vt)]

t—o0
2
_ f€627 _ %\/ K2 — 620202(1 — p?) + 02002 — 286kapl
_ 90?%7 + Oap +0(1 — a)r

= —\/Cla2 —2Ca + C3 + Cya + Cy.

From the definition in ZI8), it is clear that Cy, Cy,Co,C3 > 0. But Cy may or
may not be positive.
It is easy to compute that

Cia — Cy
2.22 A -y — ,
(2.22) () 4 a0 G
and
(2.23) N'(a) = — C1VCi(C1C5 = CF)

((Cra — C2)2 + (C1.C5 — C3))3/%

On the other hand, since 6 € (0,1), we have

52,}/2 54,}/2 4 4
(2.24) 105 = 3 = "= (5% — °0°(1 = 7)) - 82k2p202 L 58
6.4
= %(529 — 820%(1 — p?) — §%p%0°)
6.4
= (6 -6%) >0

Hence, we conclude that A”( ) < 0 for any a, i.e. A(a) is strictly concave in a.
Note that A’(0) = Cy4 + F If Cy + r < 0, since A(a) is strictly concave,

the maximum must be achieved at o* = 0. Now assume that C4 + F > 0. When

Cy > +/C1, it is easy to check that A'(a) ~ (Cy —/C1) as a — o0, and since A(«)
is strictly concave, it yields that A(«) is increasing in a > 0 and the maximum is
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achieved at of = 1. If Cy, = /C1,
Ci/Cia2 = 2050+ C5 — Cha+ Cy
- VCraZ — 2050 + C;
V/(Cra—C2)? + (C3C = CF) — Cra+ Oy
VCia? —2C5a + Cs
_ V(Cra — C)2 + (C3C1 — C3) — (Cra — Cs)
VCia2 —2C5a + C4
since C3C; — C% > 0. Thus, a* = 1 when Cy = /Cj.
Now assume that —$2 < C; < /C;. Then A(0) = Cy + %= > 0 and

VCs VCs
A(a) = —o0 as @ — oo. Thus, there exists a unique global maximum on (0, c0),

given by af. So that

(2.25) N (e)

>0,

04 _ (C’laT — CQ)
VCi /(Cial —C3)2 + C1C5 — C3

Ch1a’ — C5 has the same sign as Cy which is positive. Hence, we can solve for af
and get

(2.26) N(ah) =/Cy

1 C1C5 — C2
2.27 = — 1O+ Oy | 2] .
(227) Y=o |t e e
The optimal o is given by
af if ol <1,

1 otherwise.

(2.28) ot = {
3. 3/2 MODEL
Let us assume that the stock price follows a 3/2 model, namely,
51) {dSt = uSydt + /7 5,dB;,

dvy = kg(y — ) + 5Vf/2th,

where B; and W; are two standard Brownian motions, which are assumed to be
independent for simplicity.
Therefore, the wealth process satisfies

{th = apVydt + oy /7VidBy + (1 — a)rVidt,

3.2
(3:2) dvy = k(7 — v)dt + v} 2dWy,

Then, we have

1 t t
(3.3) Vi = Vo exp {aut — 5042 / veds + (1 — a)rt + a/ \/V_SdBS} .
0 0

Hence, we get
(3.4) Elu(Vy)] = %VO%‘)(W“-&)WE [eew Jg vFdBi—30® [ wds)}

1

Voeee(aw(pa)r)tE [ef%az(efez) It ysds:| '
0



8 LINGJIONG ZHU

The volatility process v4 is not an affine process but it is still analytically tractable.

The Laplace tranform of fot vsds is known, see e.g. Lewis [I0].
(3.5)

o [efAf(f usds} _T(b-a) ( 2Ky ))aM (a,b, _L—l)) ,

I'(b) 02y (et — 1
where

== (42 G p) v B

(3.6) : —
bi=1+2/(5+£) + %,

and I'(-) is the standard Gamma function and M(a,b,z) = >~ E';)): Z0 is the

confluent hypergeometric function, also known as Kummer’s function (see e.g.
Abramowitz and Stegun [2]), where (¢)p :=1 and (¢),, :=c(c+1)---(c+n—1) for
n > 1. In our case,

1
(3.7) A= 5a2(9 —6%) >0,
since §# € (0,1). We are interested in the asymptotic behavior of the Laplace
transform as t — 0o. Ast — oo, —% — 0 and M (a, b, —%) — 1.
Then, it is easy to see that
(3.8)

1 2o (06" I vode
e
B 1+Ii 1+Ii +a2(9—92)
= KY 5 52 Ry 5 52 52 .
39) Ala) = lim *log E[u(V})]
(3. (@) = lim ~ log Blu(Vt)

1 1 2(9 — 2

It is straightforward to check that A”(a) < 0 and it is easy to compute that
(6 —62) !

52 1, = a2(0-0%)

\/ (3 + %) +

When p —r < 0, since A(«) is strictly concave, A(a) is decreasing for o > 0 and
thus the optimal o* is achieved at a* = 0. Now, assume that gy —r > 0. When
O(p — 1) — 50 — 62 >0, N'(«) > 0 for any a and the optimal o* is achieved at
o = 1. When 0(u — ) — 50 — 62 < 0, there exists a unique global maximum
of A(a) achieved at af € (0,00) so that A’(a’) = 0. Observe that if A’(a) = 0 in
(BI0), then « has the same sign as y—r > 0. After some algebraic manipulations,
we get

O(p —r)6> 1 &
3.11 - /1. x
(3.11) C TR0 ) P _r2eve V2 8

Thus, o = of if af < 1 and o* = 1 otherwise.

Hence, we conclude that

(3.10) N(a) =0(u—1) — Ky
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We summarise our results in the following theorem.

Theorem 3.

(3.12) Ala) = tlggo%logE[u(%)]

1 1 2(9 — 2
_90411—1-9(1—0[)7“—1-/17(54_5%)_H,Y\/(§+5£2)+a(62 )

The optimal o* is given by o* = 0 if p—r < 0 and o = 1 if O(u—r)—5v/0 — 62 > 0
and if p > 1 and O(p — ) — /0 — 0% <0, the optimal o is given by

al difal <1,

1 otherwise,

(3.13) of = {

where

O(u — r)6> 1 &
3.14 T = s+ =
(3.14) “ VEZ2(0 = 02) — 2(pn —1r)262/0 — 02V 2 02

Remark 4. For simplicity, we only considered the case when p = 0. Indeed, for
general —1 < p < 1, the joint Fourier-Laplace transform of the logarithm of the spot
price, i.e. log(S;/So) and the total integrated variance, i.e. fot vsds is also known
in the close-form, see e.g. Carr and Sun [3] and our methods can still be applied to
obtain the optimal strategy o*. But the computations would be more involved.

4. JumP DIFFUSION MODEL

Let us assume that the stock price follows a jump diffusion model. More precisely,
(41) dSt = ,UJStfdt + O'St,dBt + Stfd‘]t,

where J; = Zivz'l (Y;—1), where Y; are i.i.d. random variables distributed on (0, o)

with a smooth and bounded probability density function and Y; are independent
of N; which is a standard Poisson process with intensity A > 0. We further assume
that E[Y1] < oo.

The wealth process satisfies
(4.2) dVy = auVi_dt + aoVi_dBy + aVi—dJy + (1 — a)rV;_dt.
Then, we have

(4.3) V, = voeaufﬂl—a)erBt—%a202t+2§¥1 log(a(Yi—1)+1)
Therefore,
1
(4.4)  Ale) =0lap+ (1 —a)r] + 5(92 —0)a?0® + ME[(a(Yr —1) + 1) —1).
Remark 5. (i) If Y1 = y is a positive constant, then
1

(4.5) Aa) = Olap + (1 — a)r] + 5(92 —0)a?e® + AM(aly — 1) +1)? = 1).

(i1) If Y1 is exponentially distributed with parameter p > 0, then

(4.6) El(a(v1 = 1)+ 1)"] = /Ooo(ay +1—a)e " pdy

= "GV (a/p)’T (9 +1,p (é - 1)) ,
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where ['(s,x) := f;o t5~le~tdt is an upper incomplete Gamma function.
It is easy to compute that
(47 Aa)=0(p—71)+(0*—0)c’a+ ME [(a(Y1 — 1)+ 1)1 (Y1 - 1)],
and
(48)  A(a)=(0—0)0> + M0 — DE [(a(Y7 — 1)+ 1) 2(y; — 1)%] <0,

since 6 € (0,1) and « € [0, 1].
In the expression of A(a),

(4.9) |E[(a(Y1 — 1)+ 1)f)| < E[(a|Y1 — 1]+ 1)°
< El(a(Y1 +1) 4+ 1)
< E[(a(Yy +1) 4+ 1)]

=a(EM]+1)+1,

since # € (0,1) and a(Y; +1) + 1 > 1 a.s. The coefficient of o? term in A(«) is
(6% — 0)0? which is negative. Thus, A(a) — —oo as a — co. Recall that A(a)
is strictly concave. Therefore, if A’(0) = 0(u — r) + M(E[Y1] — 1) < 0, then, the
optimal a* is achieved at o* = 0. If A’(0) = 6(pn — r) + AO(E[Y1] — 1) > 0, then,
there exists a unique af € (0,00) so that A’(af) = 0. In this case, the optimal a*
is given by

(4.10) a* =

1 ifaf >1,
af ifaf € (0,1).

We summarize our conclusions in the following theorem.
Theorem 6.
(411) Aa) = Olap + (1 —a)r] + %(92 —0)a%0? + AE[(a(Y; — 1) +1)7] — 1).
When 0(p — 1) + M(E[Y1] — 1) <0, o* = 0. Otherwise,

. {1 ifat >1,
o =

(412) ot ifal €(0,1),

where of is the unique positive solution to

(4.13) O —7)+ (0> — 0)o*a + ME [(a(Y1 — 1) + 1)1 (V1 —1)] = 0.

5. BLACK-SCHOLES MODEL WITH VASICEK INTEREST RATE

Let us assume that the stock price follows a Black-Scholes model with constant
drift u and volatility o and the interest rate r; follows a Vasicek model. The Vasicek
model is a standard interest rate model, introduced by Vasicek [I4]. The wealth
process satisfies the following stochastic differential equation.

(5.1) dVi = auVidt + aoVidB: + (1 — a)r: Vidt,
where B; is a standard Brownian motion starting at 0 at time 0 and
(5.2) dry = k(y — ry)dt + §dW,

where W is a standard Brownian motion so that (W, B); = pt, where —1 < p <1
is the correlation.
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Therefore, the wealth process is given by
(5 3) V;E _ %eaut+ao’Bt—%a2o’2t+(l—a) f(; rsds

Lemma 7. For any rg =r >0,

: 1 0(aoBi+(1—a) [P rsds)
(5.4) tl_l)rgo 7 log Ery—r {e 0 ]
. (1 — ) n baop n ﬁ (1 — «) n faop >
K o 2 K o
Oaokyp

1
5 + 59204202(1 —p?).

Proof. Write By = pW; + /1 — p2Z;, where Z; is a standard Brownian motion
independent of B; and W;. Therefore, we have

(5.5)
ET():T |:60(aa'Bt+(lfa) I Tsds):|

— Ero:r |:€9(o¢crth+acr\/17p2Zt+(170¢) I Tsds):|
1922, 201 2 _ t
— E’I‘():’I‘ |:629 a?o?(1—p?)t+0(acpWi+(1—a) [, rsds)}

0(1— t od faop Oaockp [t od _ baoprg _an)i‘ypt 102 2 _2 1— 2 t
— E’I‘():’I‘ |:€ (1—a) fo L e e R fo reds| g -k +50°ao (1—p*) ,
. _ t
where the last line uses the fact that W; = f5f0 — St & fo reds. O

Let u(t,r) = Eyo_yr {69(1—00 Jo rds+ 0978w 002G [ Tsds}. Then, u(t,r) satisfies

the following partial differential equation,

98 = w(y - )9t + 1095 + (0(1 - a) + 2222 ) ru =0,
(5'6) faop " "
u(0,r)=e"3 ".
AW+B()r

Let us try u(t,r) =e Then, we get

A'(t) = kyB(t) + $6°B(t)?,
(5:7) B'(t) = —kB(t) + 0(1 — a) + 222,

It is not hard to see that B(t)%@—i—eogﬂ as t — oo and therefore
s AW —’”/th +52/tB( 12d
' ot Sy T T )
Lk 9(1—a)+9aap +f 9(1—a)+9aap 2,
K ] 2 K ]
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as t — o0o. Hence, we conclude that

. 1 ao By —a) [trods
(5.9) Jim = log By, {g)( Bi+(1—a) [y red >}
. (1 — ) n baop +f (1 — ) n faop >
K 0 2 K 0
0 1
TP L 920262 (1 — p2).
) 2
Theorem 8.
.1
(510)  Ale) = Jim + log Blu(V})
iy 9(1—a)+9aap +f 9(1—a)+9aap 2
K ] 2 K ]
0 1 1
- w + 592a202(1 — )+ Oap — §9a202.
When g%ﬁ — 59% + # — ‘772 > 0, the optimal o is given by

0 ify+28>10-1)02+p,
2
1 if’y+%<%(9—1)02+u.

(5.11) oF = {

Otherwise, the optimal o™ is given by

1 difaf >1,
(5.12) a*=qal ifal €(0,1),
0 ifalf <o,
where
(5.13) of = OO+ P — B

B 520 | o0op o020 | o2
29[—W+ . _T"'T}

Proof. Recall that V; = VyeorttaoBi—zac®t+(1-a) [{r:ds - Applying Lemma [T, we
have

.1
(614)  A() = Jim +log Blu(Vi)
. (1 — ) +9aap +f (1 — «) +9aap 2
K 4] 2 K 0
_ Oaokyp

1 1
5 + 592a202(1 —p?) + Oap — 5904202.

Thus, A() is a quadratic function of a. If the coefficient of a? in A(a) is non-
negative, i.e.

(5.15)

520 dbop o0 o
2k2 K 2 2

I P

then A(a) is convex in a and the optimal « is achieved at either « = 0 or a = 1.
Indeed, one can compute that
5202
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and
L e 2
(5.17) A1) = 5 (6% = 0)0® + Op.
520 50op o260 o2
Therefore, when §— — =22 4+ %5 — & >0

(0 - 1)02 + 1,

N[ N[

If the coefficient of a? in A(a) is negative, the function A(a) has a unique
maximum at some af € (0,00) and

1 ifaft>1,
(5.19) a*=qal ifal €(0,1),
0 ifaf <o,
where
(5.20) of o 0Ot e

o 820 | 89op 520 | o2
29[ 3zt g T"'?}

6. CONCLUDING REMARKS

In this article, we studied the optimal long-term strategy for a static investor for
the Heston model, the 3/2 model, the jump diffusion model and the Black-Scholes
model with Vasicek interest rate. It will be interesting to generalize our results to
the multivariate case, i.e. when the investor can invest in a basket of stocks S’gl),
1 <4 < d, and the wealth process is given by

v, st d
(6.1) v = Zai — +|1- ;ai redt.

= s

One can also study the Heston model, the 3/2 model, and the jump diffusion model
with stochastic interest rate. In Section [B] the interest rate is assumed to follow
the Vasicek model. A drawback of the Vasicek model is that the process can go
negative with positive probability. Our analysis in Section Bl cannot be directly
applied to the Cox-Ingersoll-Ross interest rate unless one assumes that p = 0. This
can be left for the future investigations.
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