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1 Introduction

Since the discovery of apparent cosmic acceleration [1-4] there has been an explosion
in the number of dark energy [5, 6] and modified gravity theories [7] constructed in
an attempt to describe these observations. The route model builders usually go down
is to write a Lagrangian at background order according to some phenomenological or
physically motivated principles, obtain constraints at background order on the theory,
perturb it and obtain further constraints from the perturbations. This entire process
is model dependent, with the results and constraints obtained being limited to the
theoretical prejudices which were imposed by the functional form of the Lagrangian
which was written down. The proliferation of models has prompted recent interest
in looking for ways to phenomenologically parameterize theories [8-29]. Constructing
a good set of phenomenological tools and probes of perturbations in the dark sector
is particularly pertinent given the recent data releases from CFHTLenS [30], Planck
(31, 32] and in the future, the Dark Energy Survey [33], LSST [34], and Euclid [35].

The formalism we introduced in [36-40], and develop in the current paper, does not
require a Lagrangian for the theory to be presented for useful and consistent information
about the dark sector to be extracted from observations. Our formalism can be thought
of as a way to phenomenologically parameterize deviations of the gravity theory realized
by nature from General Relativity. This can be done with specific theories in mind, or
by studying the signatures of generic theories. The important point is that we obtain
consistent cosmological perturbations from a model independent formalism: we are
able to remain agnostic about the functional form of the Lagrangian.

The way in which the problem is tackled is caught between a tension of “theoretical
generality” and “experimental feasibility”. From a theorists perspective, generality is
key; however, this usually results in a system with more freedom than it is reasonable to
expect observations to be able to constrain. Our strategy is therefore to study general
theories which are imposed with (often well motivated) restrictions, whilst retaining
important features of the general theory.

The key aspect to our approach is how we “package” the parameterization. The
new “PPF” approach, outlined in [13, 20, 26], provides the general modifications to
the gravitational field equations. The free functions in the modifications are called the
PPF functions. There are a large number of “free” PPF functions for a general theory,
but particular theories may severely restrict the form and freedom of the coefficients.
In spirit, our approach is similar since we identify all the PPF functions for modified
gravity theories satisfying various restrictions. Our additional contribution to this is to
provide a useful way to package the modifications, by characterizing equations of state
for dark sector perturbations.



Our aim in this paper is to extend the formalism we introduced in [36-39] for
parameterizing dark sector perturbations to encompass substantially broader classes of
theories (see also [41]). This paper also acts as companion to [39]: here we explain,
justify, and prove the claims made in that short paper. Our particular aims can be
summarized as

e Present general modifications to gravitational field equations that are relevant for
“high derivative” scalar field theories, in a model independent way.

e Understand how to impose reparameterization invariance.

e Obtain an understanding of how different field contents of theories affect observ-
ables, via equations of state for dark sector perturbations.

e Motivate these modifications from an action for perturbations. This action for
perturbations can be calculated from an explicit theory.

The idea is to modify the Einstein-Hilbert action with a term which contains all
non-standard gravitational physics; we call this term the dark Lagrangian. This modi-
fied action is written as

R
S = /d4£l'f —dg [W _ﬁmatter_ﬁd . (]_]_)

Varying the action with respect to the metric g, gives
G = 87G [Ty + U |. (1.2)

All contributions due to the dark Lagrangian L4 are contained within the dark energy-
momentum tensor U,,. We assume that the energy-momentum tensor that comes from
the matter Lagrangian is conserved, V,T" = 0, which immediately implies that the
dark energy-momentum tensor is also conserved

V,U" =0. (1.3)
The field equations for perturbations are
066G = 87G 05T, + 05U, ], (1.4)

where “05” is the relevant perturbation operator (we will explain why it has the “E”
subscript later on). The perturbed conservation equation is

5u(V, UM = 0, (1.5)



The goal of this paper is to elucidate how different field contents of the dark Lagrangian
can influence the gravitational field equations at perturbed order, whilst assuming an
absolute minimum of theoretical structure for the Lagrangian of the dark sector; this
will tell us how to construct the perturbed dark energy-momentum tensor dxU,,. We
are able to obtain a “usefully small” number of free functions which can be constrained
with current observational data.

Setup of the background and motation We will assume that the geometry of
the background space-time is spatially homogeneous and isotropic, this is described by
a spatially flat FRW metric. This is written in conformal coordinates as g,, = a*(7)n,,
where 7, = diag(—1, 1, 1, 1) is the Minkowski metric. The symmetry of the background
enables us to use a (3 + 1) decomposition: we foliate the space with 3D hypersurfaces
whose metric is 7,,. The 3D surfaces are peirced by a time-like unit vector u,. The
metric is thus decomposed as g,, = v, — uyu,, where u, and v, are subject to the
conditions that

uuuu = -1, UHV;W =0, Vv = V(w)- (16)

An orthogonal vector V), is a vector that satisfies u#V,, = 0. We will make use of the
transverse-traceless orthogonal projection operator,

J—OCBMV = ,yau,yﬁu _ %’YQB'VW/- (17)
This operator satisfies
u' 1%, =0, 1o, =0, 198, = 1% (1.8)

The space-time covariant derivative of u,, defines the extrinsic curvature tensor K, of
the 3D sheets,

KNV = ’yau’yBVKaB = K(/Jl/) = vuul/ = %K,}/UV’ K = KMN = ’)/MVKMV. (19)

We use an overdot to denote derivative along u,, and an overline above the derivative
to denote spatial differentiation. That is, for some quantity X,,

X, =u'V,X,, VX, =9"V.X,. (1.10)

2  Fluid language

Rather than follow the usual route and cast the parameterization in terms of “fields”,
we use the more physically intuitive “fluid” description. This is a useful way to collect



all modifications to each component of the gravitational field equations. For instance,
only certain derivatives and combinations of fields in the underlying dark sector theory
will go into modifying the sources of given components of the perturbed gravitational
field equations.

This approach is already commonly used at the level of the cosmological back-
ground. The dark energy momentum tensor U, has just two components: the density,
p, and pressure, P, of the dark fluid. These macroscopic fluid quantities contain the
observationally relevant parts of the microscopic dark sector Lagrangian (if the back-
ground spacetime is FRW). The dark energy-momentum tensor is simply written as

U = puyuy, + Py, (2.1)

and satisfies the conservation equation V,U", = 0, whose only component is p =
—3H(p + P). The system of background field equations is not yet closed, unless the
pressure P is specified in terms of field variables which have evolution equations. The
most common way to do this is to write the equation of state P = wp, where in general
w = w(a). With this equation of state the background field equations close. This is
the only piece of freedom at the background which a dark sector theory can modify.

At the level of linearized perturbations, the components of the (Eulerian) perturbed
dark energy-momentum tensor can be parameterized as

o0xU*, = dputu, + 2(p + P)v(“u,,) + 0Py, + PII*,. (2.2)

The perturbation operator “dy” will be explained in the next section, but for now it
should just be understood to be the relevant perturbation for the perturbed gravita-
tional field equations. The components dp, v*,d P and I1#, are the dark sector perturbed
density, velocity, perturbed pressure and anisotropic stress: these are the perturbed fluid
variables of the dark sector. Explicitly, each of the perturbed fluid variables can be
found from a given expression for dy,U*, by applying projectors along various directions,

dp = u,u’6xU",, (2.3a)

(p+ P)v® = —uuy®,0:U"y, (2.3b)
OP = 37, 05U",, (2.3¢)

PII* = 1°8 V5,U",. (2.3d)

Most commonly, 6;U*, will be computed or given in terms of perturbed field variables
(such as metric or scalar field perturbations); (2.3) can be used to determine how these
field variables combine to construct the fluid variables — we will give explicit examples
later on.



The components of (2.2) are constrained by the perturbed conservation equation
0u(V,U",) = 0. (2.4)
This has two independent projections, which, using (2.2), respectively become

0p+ K (6p+0P) + (p+ P)V,0" + pu®SI*,, + u’U"0:1%, =0, (2.5a)

(p+ P)io+[p+ P+ 2K (p+ P)vg + VadP + Py° V,II'5
+Py 06T 5, — U567, =0, (2.5b)

where the perturbation to the Christoffel symbols is given by

opl™®,, = %gaﬁ (VMCSEQVB + Viougus — VBCSEQW)' (2.6)

jn%

What we see, therefore, is that the perturbed conservation equation (2.4) provides
evolution equations for two of the perturbed fluid variables: the density perturbation
dp and the velocity field v (the perturbed metric variables which will come out from the
perturbed Christoffel symbols (2.6) are evolved via the gravitational field equations).
However, the set of perturbed fluid equations (2.5) are not closed since there is no
evolution equation for the perturbed pressure 0 P or the anisotropic stress I1#,. This
is highlighted much more clearly in the synchronous gauge and Fourier space and for
scalar perturbations only, since (2.5) becomes

— ) == - sh| — ——wl 2.
<1+w) [ — k*0 + 1] ol (2.7a)
. dpP dpP
(1+w)d = —H(l+w) (1-3—)0——=—0—wl+ 2w, (2.7b)
dp dp
where the gauge invariant entropy perturbation
orP dP
r=—-— 2.
v <5p dp)5 (28)

is used to package the pressure perturbation. We have defined the scalar velocity field,
0, via @ = ik - v/k?. The scalar metric perturbations, h (and below we will use n) are
defined as in [42]. Notice that this fluid is general, in the sense that we have allowed
for non-zero entropy perturbations, anisotropic stress, and w # 0.

It should now be clear that all that needs to be specified is the entropy perturbation
wl" and the anisotropic stress II#, of the dark fluid: these are the two “physical”



pieces of freedom which a dark sector theory will end up specifying. Once these are
provided in terms of variables whose equations of motion are already specified, the
system of equations closes and can be solved. These will be key in the packaging of our
parameterization, and will form what we call the equations of state for perturbations.
Schematically, these equations of state for perturbations look like

wl = A0+ As0 + Ash + ..., Il = Bi6 + Bol + Bsn + . ..., (2.9)

where {A;, B;} represent the free functions which control the precise form of the equa-
tions of state for perturbations. If the underlying theory is reparameterization invari-
ant, these functions must form a gauge invariant combination (since wI" and II are both
gauge invariant by definition).

The key point which will come out of our analysis is that wl' and II#, are con-
structed from dynamical fluid and metric components in different ways depending on
the field content and symmetries of the dark sector theory. The most pertinent ques-
tion our approach is able to answer is precisely which of these dynamical components
are required to construct the gauge invariant entropy perturbation and the anisotropic
stress to describe broad classes of modified gravity and dark energy theories.

3 Perturbed EMT from field content

We will now describe how knowing the field content of the dark sector is sufficient
for obtaining the perturbed dark energy-momentum tensor from the Lagrangian for
perturbations. We then discuss issues of reparameterization invariance and provide
field equations.

3.1 The Lagrangian for perturbations

We will start off with a very general theory, where the field content of the dark sector
includes the metric g,, and a scalar field ¢, as well as the partial derivatives of these
fields. The dark sector field content that we study is

L= 'C(g/u/a aag;wa ¢> aoz¢> aaaﬁ¢)~ (31)

Note that we have not included the second partial derivative of the metric: it is clear
how to extend the framework presented here to include such field contents. The La-
grangian for perturbations in this theory is given by everything quadratic in the first



perturbation to these field variables, yielding

Loy = Ab.¢* + B'6,6V 606 + 1CH'V 6,6V, 0,0 + DM 6,6V V0.0
+EMPN 5.0V oV 6 + SF PV V6.6V o V 010
+IP'N 1019010 + TV 161G,V aOr)
F NP 51 G,V oV 5010 + S MO PN 1610,V 561 G
+ 1V 0L00L g + V019V abd + 201,905V WV 01O
AW S, 6,01 Gas + UM N 1610101 Gas] - (3.2)

The perturbation operator “0,” in (3.2) will be explained shortly, but for now it should
simply be taken as a perturbation operator. There are 15 tensors {A, ..., 2/} in
the Lagrangian for perturbations, each describing couplings between perturbed field
variables. For this reason, we call the tensors coupling tensors. The coupling tensors
are functions of background field variables only; in the cosmological background, this
means that the coupling tensors are functions of time and not position. In addition,
they have a number of symmetries which can be deduced from the objects that they
are contracted with. For example, since 6.9, = d.g(u) and V,V,0.0 = V(,V,)0.0,
one can deduce that

DIV — D(/W)’ ywrval _ () (ab) — WQBMV’ zwaB _ z(w)(ab) (3.3)

This is not an exhaustive list, and symmetries of the other coupling tensors can be read
off from (3.2).

Providing the Lagrangian for perturbations is sufficient for calculating the lin-
earized field equations,

0.G = 887G Ty, + 0.U,,, (3.4)
where the perturbed dark energy momentum tensor 6,U,, is calculated from L, via

1[4
5LUMV = —5 475{2} + qugaﬁ(;Lgaﬁ . (35)
LYuv

Here, “5” denotes functional variation. Clearly, L,, contains more information than
is needed for the linearized gravitational field equations. The perturbed dark energy
momentum tensor of all theories with field content (3.1) can be constructed from (3.2)
by using (3.5), and subsequntly written as

S UM = Y™ 6.6 + WG, gos, (3.6a)



where Y# and W8 are derivative operators that are given by

T = AW 4+ BV, + COPV, Vg + DPORY Y, Vg, (3.6b)
Wrab = el o Faweby, | Grmety v, (3.6¢)

where we have defined

AH = %[V}W VAV _’Z'PMV} (37&)
B = _%[ya;w . Ia;w N v jPHVa)} (37b)
Cofm = _L[Zebm _ g(ghme g Norves)) (3.7¢)
Dpaﬁuu = QNPMVOCB’ (37d)
E,uuaﬁ = _% [Wuuaﬁ + U,ul/gaﬁ _ Vpuﬁﬂl’aﬁ}’ (376)
Frrvas — _% [upaﬁ;w — YPrreB _ 4V€MEWPO‘5L (3.7f)
Gpa/u/aﬁ = QMPMVUOB. (37g)

The expressions (3.7) provides us with an understanding as to how the coupling ten-
sors in the Lagrangian for perturbations combine to construct the perturbed energy-
momentum tensor; these relationships will prove to be crucial when it comes to under-
standing the structure of its components.

In the subsequent analysis we will restrict ourselves to a subset of these theories:
only those which are linear in d,¢,,. This has the consequence of removing all quadratic
couplings of the derivative of the perturbed metric in the Lagrangian for perturbations.
That is, it sets M = 0 in L, and therefore G = 0 in 6,U*”. There is no reason
in principle to prevent the inclusion of such tensors, but this restriction significantly
simplifies the algebra. Notice that a corollary of this is that from (3.7f) we see that
[ruvel — ey - Ap anti-symmetry of this type could not have been realized without
having the underlying structure of the Lagrangian for perturbations from which the
perturbed energy-momentum tensor was derived.

We call the bold-face tensors {A, ..., G} used in (3.6) the EMT expansion tensors.
The indices in the EMT expansion tensors in W are structured so that the last two
are contracted with 0,g,s (and so are symmetric), the next two are the same indices
on 6, UM (and are still symmetric), and the first indices are contracted with covariant
derivatives (and have no symmetry). In general, the EMT expansion tensors have the
following symmetries in their indices:

AHY — A(MV)’ B — Ba(w)’ B — @(aﬁ)(w)’ DraBuy ]Dp(aﬁ)(w)’ (3.8a)

FoBry — E(Oﬂﬁ)(ﬂl/)7 FraBuv — Ipp(aﬁ)(w)7 GroeBur — polab)(uwv) (3.8b)



Note that E has the same symmetries as C, and F has the same symmetries as . In
backgrounds with “arbitrary” symmetry these tensors have a very large number of free
components; later on we will impose the background to be spatially isotropic, which
substantially reduces the number of independent components of these tensors.

To show that a given explicit theory (e.g. one written down from a background
Lagrangian) fits into a particular flavour of our formalism, it suffices to show that its
Lagrangian for perturbations is of the form (3.2), and that is guaranteed if its field
content is given by (3.1). The theory (3.2) will contain Lorentz violating theories
and theories which do not satisfy reparameterization invariance. Omne of our aims
is to identify the maximum possible freedom in theories of the type (3.2). We will
then identify the freedom for reasonable subsets of theories, since retaining too much
generality yields a highly intractable set of equations; we are constantly keeping in
mind the desire to use observationally obtained data to constrain the space of allowed
theories. This will yield expressions from which we can extract the “dark sources” to
the linearized gravitational field equations.

3.2 Reparameterization invariance

As it stands, the perturbed dark energy-momentum tensor (3.6) will be able to de-
scribe very wide classes of theories, including those which are usually deemed to be
theoretically unattractive. One of the properties we might like a theory to possess is
an invariance under reparameterization,

at — xt 4 ¢ (3.9)

Linearized gravitational theories, of the types considered in this paper, are not a prior:
reparameterization invariant (RI). For example, under (3.9) the metric perturbation
0g,u transforms as

59;111 — 59;11/ + QV(ugu) (310)

One common tactic is to build gauge invariant cosmological perturbation theory by
constructing the theory from gauge invariant perturbed field variables.

We are able to impose reparameterization invariance on the theory, which cor-
responds to imposing constraints and relationships between the components of the
EMT expansion tensors (3.8). To do this we need to understand the role that the
reparameterization-field &* plays in the system. This is done by writing all expressions
in their “reparameterized” form which involves relating the perturbation operators ¢,
and dz. These correspond to perturbations in Lagrangian and Fulerian coordinate
systems respectively. For a field variable X say, these perturbations are linked via

5.X = 0. X + L£eX, (3.11)

— 10 —



where £¢ is the Lie derivative along £ (the vector which generates coordinate reparam-
eterizations). For the current purposes it is useful to think of £# as being a Stuckelberg
field, whose role is to restore reparameterization invariance, and therefore to think of
0.9, as being the Stuckelberg-completed (and thus RI) metric perturbation. For the
scalar field and metric perturbations, and the perturbed dark energy-momentum tensor

one has

5L¢ = 5E¢ + ££¢a (3.12&)
5Lguu = 5Eg;w + £§g;w7 (312b)
o U" = 0, UM + £.UM, (3.12¢)

where the Lie derivatives are
Lep = E"'V,0, (3.12d)
£§guu = QV(ugu)a (3126)
LUMW = €0V, UM — 20y &7, (3.12f)

Putting these expressions together, and using (3.6a) to provide the Lagrangian per-
turbed dark energy-momentum tensor, the Eulerian perturbed dark energy-momentum
tensor which sources the gravitational field equation is

SuUM = YH 6,0 + W”W%Egag + AU, (3.13)
where the contribution due to the Stuckelberg field &* is
Ay 0sUM = XM Lep+ WHOP Logos — L UM (3.14)

Applying the projectors (2.3) onto (3.13) provides expressions for the perturbed fluid
variables in terms of perturbed field variables. Explicitly, one obtains

op = uu, 05U — putu’ g, (3.15a)

(p+ P)v* = —u,y* 05U + py™Hu” Op g, (3.15Dh)
0P = %fyu,,éEU‘“’ + %Pw’“’éEgW, (3.15¢)

PII*? = 1986, U" + PL" 5,95, . (3.15d)

The extra terms on the right-hand-side are due to the fact that the variation operator
does not commute with index raising and lowering.

A priori all components of the Stuckelberg field £# are dynamical and couple to
the perturbed gravitational field equations via Agyd,U*. We will shortly provide

— 11 -



their equations of motion. Only when A 0,U"" is independent of a given component
of &" is the theory invariant under reparameterizations of that relevant space-time
coordinate. That is, if £ does not appear in any components of Agd,U* then the
theory is SO(1,0) invariant (i.e. under time reparameterizations), and if £ does not
appear then the theory is SO(0, 3) invariant (i.e. under spatial reparameterizations).
Finally, if neither £° nor &' appear in Ay 0,U*, then the theory is fully SO(1,3)
reparameterization invariant. Later on we will show precisely how the components of
the EMT expansion tensors can be arranged to make each of these invariances manifest.

3.3 Perturbed conservation equation

Providing the perturbed dark energy-momentum tensor is only part of the story. We
also require that 6,U" satisfies a conservation equation,

5u(V, U™ = 0. (3.16)

Using (3.13) for §,U", this can be written schematically to show the contributions to
(3.16) from the perturbed scalar field, F"”, from the perturbed metric, J¥, and from the
¢-field, BV,

FY = J" + E”, (3.17)
where
F¥ = V,(Y*™6,0), (3.18a)
TV = — [V (WHBs,gag) + 2006, 1), ], (3.18b)
E" = V,u(£eU™) = V(Y Leg) = Vu(WHP Legyp). (3.18c¢)

We now see that (3.16) constitutes the equation of motion of the Stuckelberg fields. It
should be clear that constraints must be placed on the components of ¥ and W (and
therefore on the EMT expansion tensors) to keep these equations of motion at most of
second order.

4 The perturbed fluid variables

In this section we provide the perturbed fluid variables as functions of the perturbed
field variables for a “generic” theory. This will tell us exactly how time and space
derivatives of field variables combine to construct the fluid variables; remembering
that it is actually the fluid variables which source the gravitational field equations
governing the evolution of the perturbed metric variables.

- 12 —



In the appendix we provide detailed descriptions of the calculations performed to
obtain the perturbed fluid variables for a subset of the theories described by (3.6). The
subset is the set of theories which

(a) have second order field equations,
(b) are at most linear in d,g,,, and
(c) are reparameterization invariant.

Whilst condition (a) is not likely to be relaxed, conditions (b) and (c¢) can be relaxed,
but we won’t explicitly do so in this paper (for the sake of “simplicity”). Condition (b)
means that the perturbed dark energy-momentum tensor is given by (3.6) where the
W tensor is expanded to

Wrrab — mrrel | Fpuvocﬁvp. (4.1)

Demanding reparameterization invariance translates into the requirement that the
gauge fields contribution to the perturbed fluid variables vanishes, that is,

UMUVA{G(;EU‘W = O, uuval,A{g}dEU‘“’ = O, (4.2&)
’)/M,,A{g}(SEU”V = O, J_QBM,,A{G(SEU’W = O, (4.2b)

where Ay d0,U" is given by (3.14).

To resolve these conditions to such an extent that the perturbed fluid variables
can be written down as known functions of the perturbed field variables requires very
dense and involved calculations and is presented in Appendix A. The calculation is
formulated entirely in tensorial notation, and so one can obtain a clear and unambigu-
ous understanding of the geometrical meaning of reparameterization invariance and
precisely how to impose second order field equations.

The result of the calculation is that the perturbed fluid variables for the subset of
the theories described by (3.6) which satisfy conditions (a-c) above, are given by

0 — A14h All A12 0 6¢
0 = Agl A22 0 5¢ , (43)
opP A31 A32 A33 5¢

and all have zero scalar anisotropic stress, II° = 0 (in addition, the vector and tensor
anisotropic stresses vanish). One finds that all Aj; are scale independent (that is,
they just depend on time and not scale k). The matrix [Ay] is called the activation
matriz. We reiterate that we have not specified the functional form of the background
Lagrangian: only its field content and various symmetry requirements.

- 13 —



There are other classes of theories which have non-vanishing I8, ITV and II" that
are constructed in this model independent way, notably the elastic dark energy theory
[41].

5 Equations of state for dark sector perturbations

At the level of the cosmological background, despite their complexity, all dark theories
boil down to specifying the time dependence of a single function, which is commonly
thought of as the equation of state parameter, w(a). Clearly, different theories predict
different values and functional forms of w(a), but that is all they do: there is nothing
else to be measured at the background that will tell us about the nature of the dark
sector. An obvious question then arises: how many functions need to be measured to
characterize perturbations in the dark sector?

In [36] we showed that the cosmological perturbations of all reparameterization
invariant single derivative scalar field theories (i.e. scalar field theories of the type
L= L(¢,X), where X = —%g“’jvuqﬁquﬁ is the kinetic scalar) are encoded by a single
function, which we called « (this function is, in general, time-dependent). This func-
tion arose as a single parameter in an equation of state for dark sector perturbations
(similar “closure relations” have also since been given in [43]). In analogue to w(a)
at background order, wide varieties of theories may well give rise to the same values
of a, in which case these theories will be indistinguishable at the level of linearized
perturbations. The point is that observationally all we can hope to do is constrain the
values of a (at the level of linearized perturbations). A series of questions naturally
arise. For instance: what do the equations of state for dark sector perturbations look
like for more general theories? Which fluid and metric variables appear in the equations
of state? Specifically, those theories containing more than one derivative of the scalar
field and/or derivatives of the metric.

The contributions to the fluid variables (4.3) from d¢, 8¢ and 8¢ in 0 P will introduce
terms which a priori require another equation of motion and are thus not-closed. To
remove these non-closed terms we derive equations of state. We will now show how to
compute the equation of state for perturbations from the activation matrix (4.3).

We start off by writing down the following part of the activation matrix which
contains the known fluid variables:

5 — Auh (A Ap d¢
( 0 ) a (Am A22) (5¢) (51

We obtain expressions for d¢,d¢ and 6¢ by inverting and differentiating (5.1) and

— 14 —



isolating the combination 6 — 3H(1 + w)é. This process yields

5¢ = %[AQQ((S - A14h) - Alge}, (52&)
(S(b - %[AHH - Agl ((5 - A14h)}, (52b)
54— 1 [5 3H(1 +w)f — Aigh — Auuh — Fop — Goo), (5.2¢)

where we defined the denominators as

D = A11A22 — A12A21, (53&)
8 = A12 — 3?‘[(1 + ’UJ)AQQ, (53b)
and the numerators as
F = Ay —3H(1 +w)Ay, (5.4a)
g = AH + Alg - 37‘[(1 + U))(A21 + Agg). (54b

We now insert (5.2) into 0 P’s row of the activation matrix (4.3) to obtain the following
schematic form of the pressure perturbation:

0P = A6 + Ao + Ash + Ash + As [0 — 3H (1 + w)d]. (5.5)

The A; are defined in terms of the Ajj as

1] F g

A = D _A22 <A31 - §A33) A (A32 - §A3s)] (5.6a)
1] G v

Ay = D An <A32 - §A33) A (A31 - —A33)] (5.6b)
1] G F Do

Az = D _A21A14 <A32 - EA?’?)) — Ay As <A31 - gA?,s) - gA33A14}7 (5.6¢)

1

Ay = —§A33A14, (5.6d)
1

As = EA33- (5.Ge)

We then use the perturbed fluid equations (2.7) to replace the “6 — 3H(1 + w)@”
combination in (5.5). After doing this, one obtains the following schematic form of the
entropy perturbation

wl' = B16 + Bob + Bsh + Byh, (5.7)
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where the B; are given by

pBl = A + 37‘[11]./45 - %—];p,
pBa = Ay + (1 +w)[3H*(1 = 39) + K] A5,
pBs = As — 1(1+ w)As, (5.8¢

We now see that the only B; with scale dependence is By, and that can be written
as By = B(t) + B (1)k®. The entropy perturbation (5.7) now needs to take on
gauge invariant form. In order to impose this, we recall that the fluid and metric

variables transform from the synchronous to the conformal Newtonian gauge, defined
as ds? = a®(7)[ — (14 20)dr? + (1 — 2@)dx?], via

5 =64 3H(1 +w)C, (5.9a)
0 =0+, (5.9D)
n =&+ HC, (5.9¢)
h=—6(+HT)+ [2k* — 6(H — H?)]C. (5.9d)

Here, ( is the gauge transformation parameter and all gauge independent quantities
need to be independent of (. Additional transformations can be computed, making use
of ( =0 — HC.

We have a function, wI, constructed in the synchronous gauge in (5.7), which we
wish to put into gauge invariant form. To do this, we use (5.9), to write wl in the
conformal Newtonian gauge:

wl' = B1d + Bol) — 6B5(d + HT) + By — 6(S + HP) + 2k* — 12H + 6H?]
+C[BH(L +w)By + By + 2By (k* — 3[H — H?))
+B4(—6H + 18HH — 61> — 2k*H)]. (5.10)
The last term in brackets multiplying ( is required to vanish for wI' to be gauge

invariant. We will pick particular forms of B; which will satisfy this requirement and
will yield a useful form of wI'. From the outset we will define

Bi=a-—. (5.11a)

Suppose we had B3y = B, = 0, then the choice By = —3H (1 + w)B; would yield a gauge
invariant function wI'. This motivates us to define for the general case Bs # By # 0,
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Similarly, from working out the required value of B; in the case B, = 0, we are motivated
to define

3?‘[(1 + w)Blﬁ2
—6(H —H?)

By =— (5.11c¢)

In the full case where all terms are present, the only value of By which yields a gauge
invariant combination is

_ SH(1 +w)Bi(1 — 1 — B2)

- - . 5.11d
6H + 6H3 — 1I8HH + 2k*H ( )

Using (5.11), the entropy perturbation (5.7) becomes

e C3H( +w)Bs
wl = (a =) {5 3H(1 4+ w)Bq0 26— M)

SH(1+w)(1 = 51 — ) h]
6H + 6H3 — 18HH + 2k2H |

(5.12)

In the conformal Newtonian gauge, (5.12) becomes

IH(1 + w)ps
k2 — 3(H — H?)
3(® + HW) + (6H — 3H? — k)T

3H 4 3H3 — OHH + k*H

(®+ HD)

wl = (o — %) [5 —3H(1 + w)Bif +

~3H(1 + w) -6 5] 619
Equation (5.12) is the gauge-invariant entropy perturbation which closes the perturbed
fluid equations (written in the synchronous gauge). There are three free dimensionless
functions: {a, 81, 52}. In a future paper [44] we will confront the parameters in the
equations of state with observational data.

One should note that the combinations (5.11) end up imposing

SH(1 +w) A + Ay + (2k% — 6[H — H?]) Ay — (6H + 6H® — I8HH + 2k*H) A4y
+3(1 4 w) (H + 3H[w — L)) A5 = 3H(1 +w)4Ep (5.14)

on the A; (5.6), and

3H(1 + w)By + By + (2k* — 6[H — H?)) Bs

B, = / :
! 6F + 6H3 — 18HH + 2k*H

(5.15)

on the B; (5.8). This corresponds to non-trivial relationships between the Ay (4.3). In
the simple case where A4 = A3z = 0, the condition (5.15) becomes By = —3H(1+w)By,
which can be verified to hold precisely for k-essence theories.
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The important thing we have done is to compute the equations of state for per-
turbations without specifying the functional form of the dark sector Lagrangian. The
equation of state (5.12) truly is model independent. It does depend, however, on the
assumptions (a)-(c) outlined at the beginning of section 4.

We will conclude this section with a short example which does not satisfy repa-
rameterization invariance. In previous work [38, 41| we studied the elastic dark energy
theory, or equivalently a time-dependent massive gravity theory. In that theory, the
dark sector Lagrangian is composed of the metric only, and spatial reparameterization
invariance is explicitly broken since they correspond to the deformations of an elastic
medium. The equations of state for perturbations are given by wl' = 0 and

(5.16)

W = 3w — &) x { [6 —3(1 4 w)n) synchronous gauge,

: [6 — 3(1 4+ w)®] conformal Newtonian gauge.

The (gauge invariant) combination “§ — 3(1 + w)n” arose naturally from the theory,
even though spatial reparameterization invariance is explicitly broken, and c? is the
sound speed of the elastic medium. More general theories could lead to the inclusion
of higher time-derivatives of 7.

6 Examples

The results we presented in the previous sections were for “general” Lagrangians, where
we only imposed the field content and reparameterization invariance and we never
proposed a functional form of the Lagrangian. This yields expressions which hold for
a very broad range of theories — this could be percieved as a weakness. What we can
do, however, is to start from a more familiar standpoint, and write down the functional
form of the Lagrangian.

In this section we show that there is a relatively quick and easy way to compute
the equation of state for perturbations for a theory with a specified Lagrangian, and
indeed these are included within the general case (5.12).

6.1 Minimally coupled scalar field theories

As the first and simplest example, we will take the dark sector Lagrangian to be that
for minimally coupled scalar fields:

L=L(p,X), (6.1)
where X = —1V*¢V ,¢. The energy density and pressure are given by

2

p=2LxX—L, P=CL (6.2)
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which are functions with the following dependancies:
p=p(¢,X),  P=PX) (6.3)
The first variations of these functions is then given by
0p = ps00p+ proX, 0P =Py + ProX. (6.4)

For this theory it is simple to obtain # = b;d¢ (where by = —(2X)~/?) and II° = 0.
The activation matrix is thus

op P Px
o | =0 o (;ﬁ). (6.5)
opr Py Py

The perturbed field variables d¢, 0 X can be eliminated in favour of the perturbed fluid
variables dp, 0 to give

1 P
Sb=—0, Xx=—gp—L2¢ 6.6
¢ by p.x P bip.x (6.6)

The perturbed pressure can then be written in terms of “known” perturbed fluid vari-
ables,

P P P
5P:i5p+@{—’¢——)(]9 (6.7)
P.x by Po pP.x

It is simple to show that the gauge invariant entropy perturbation is
wl = (a — ‘é—};) [6 — 3H(1 + w)d], (6.8)

with

Py ( 2X£XX>*
a="%—-[1+ ) . 6.9
Py Cx (6.9)

This has provided us with a well known result: the perturbed fluid equations for mini-
mally coupled dark energy models close with a single parameter, a.

6.2 Kinetic gravity braiding

The second example we consider forms the first three terms of Horndeski’s theory [45-
47], and is called the Kinetic Gravity Braiding (KGB) theory [48-51]. This theory
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represents a useful example of theories which end up introducing perturbed metric
variables into the equation of state. The KGB Lagrangian is

L= A6, X)06 + B(o, X). (6.10)

where X = —% 9"V, ¢V, ¢ as usual, and Up = V#V 0. The energy-momentum tensor
(EMT) is given by

Uw = L2V, 3V, 0 + 2V, AV, 6 + Pg,,,  P=B-V'V, A (6.11)

From (6.11), the density p and pressure P for a spatially isotropic and homogeneous
background are given by

p=—-B+2A,+Br)X —2AXV2X K, (6.12a)
P=B+2A,X+AxV2X )Y, (6.12Db)

where K = K*, = 3H,Y = X '. From (6.12) we see that p and P have the following
dependancies:

p=pl6, X, K), P=P(X,Y). (6.13)

Since the fluid equation is p = —K(p + P), p can only be constructed from first time
derivatives of fields and so there is nothing else that p could be a function of, while
remaining at most of first order in time derivatives. The fluid equation is thus

paX +pob+ K(p+P+%Epr)=0. (6.14)
We now want to derive the perturbed fluid variables. It is simple to use (6.13) to obtain
dp and 0P in terms of d¢, 0 X, 0K and 0). In the synchronous gauge,

5K — %h, SX = 356, 6V = 466+ d6b. (6.15)

The perturbed velocity ¢ and anisotropic stress II° must be computed from direct
perturbation of the EMT. One finds that II® = 0, and we can write the perturbed fluid
variables in the form of an activation matrix,

1p, P, P,
0 —35ch T R
0P Py (Px¢ + Py¢) Pyd 0

IThese expressions correct two typos which are present in equations (12a) and (12b) of [39].
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where we defined the coefficients in 0’s row as
(p+ Py = —V2X (Bx+2A 45— KV2X Ay), (p+ P)by=—AxV2X.(6.17)

All components of this activation matrix are scale independent. We have now shown
that the KGB theory has an activation matrix which is of precisely the same form as
that we derived from a model independent approach in (4.3). This means that the
gauge invariant entropy perturbation is given by (5.12).

7 Discussion

In this paper we completed our goal of proving the claims made in our previous paper
regarding the form of the equation of state for perturbations. We did this in a model
independent way, using the geometrically enlightening tensorial notation. We also
showed how models with a given functional form of the Lagrangian fall into our category.

One of the clear advantages of our approach is that we are able to compute con-
sistent cosmological perturbations in a model independent manner. Our approach
provides complete transparency as to how to relax the restrictions of reparameteriza-
tion invariance or how to include more fields and/or their derivatives. However, this
generality leads to a highly complicated set of equations (which we presented in the
appendices of this paper).

The result of the calculations — equations of state for perturbations — yields a set
of modifications to the gravitational field equations which are very easy to incorporate
into numerical codes, such as CAMB [52]. The modifications hold physical significance,
and, for the broad class of theories we presented in this paper, yield a small enough
number of parameters that we are able to meaningfully constrain their values with
current observations. This is the subject of future work.
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A Calculation of the perturbed fluid variables

Here we present details of the calculation leading up to the activation matrix (4.3)
for a general reparameterization invariant scalar-tensor theory with second order field

- 921 —



equations. We begin by introducing some useful technology, before moving on to the
explicit calculations and results.
A.1 The Fourier decomposition

There are a number of spatial derivatives within the energy-momentum tensor (EMT):
we find that working in Fourier space significantly simplifies calculations, and allows
tensorial notation to be maintained throughout. The advantage of this approach is
that all constraints and conditions can be formulated via geometrical projections of the
“free” tensors in the theory.

Let us begin with a space-time vector field A,, whose time-like and space-like
components can be explicitly isolated via A, = —au, + b,, where u*b, = 0. Then, the
covariant derivative of A, is given by

VA, = —u,V,a—aK,, + 7%, V,by + b K% u,. (A.1)
Similarly for a symmetric orthogonal space-time tensor field B, =+ ufyBVBaﬁ,
VB =77, VaBag + 2K*\7” ) Bag. (A.2)

Since this will be useful later on, the second covariant derivative of the vector field is
given by

VBVMA,, = —UVV5VMCL + ’VQVVBVM[)OC — QK,,(MVB)G — CLVBK/W
F2K 1,V bo, + 1, K,V gbo + b, VK + K, K, 5ba.  (A.3)

We now move to Fourier space, by expanding each space-time field in Fourier
modes,

B, = / &°k Bgywe™™, b, = / Chbgye™,  a= / Pk agye™,  (A4)

where kx = k*z, and kFu, = 0. We will always leave out the integral sign to avoid
clutter. The Fourier modes are only time-dependent, and the complex exponential e**
only has space-like derivatives,

V,.e* = ik,e*". (A.5)

For example, using an obvious notation for a scalar field /' and its Fourier mode F{;),
we have

Vil = Vu(Fye™)

= | — F(k)uu + ik‘uF(k) eikx, (A6)
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while for a vector field we obtain

VMAV = —u,,VM(a(k)e““) — a(k)eikaW + ’Va,,vu(b(k)aeikx) + b(k)aKaMu,,eikx
= luuuu%) =7 tbiga = iku(wwaw =1 baa) = aw K + bpak auuu} et
(A.7)
and for the orthogonal tensor field,

VAB;W = ’yau’yBVV)\(B(k)ageikx) + QKO‘A’)/B(uu,,)B(k)aﬁeikx

_ { — 7% Biyastn + k37,07 Bigas + 2K°37 (,10) Biiyas ] oA

We now proceed by evaluating some useful examples.

First, we will evaluate the Lie derivative of the metric g, along the vector field &,
given by £Legu = 2V (,€,). We parameterize the components of £, as §, = (—xu, +
o uw,,)ei’“, where x and w, are the Fourier modes, and we find

LeGu = 2 [)’(uuu,, — (Wa — %Kwa)VQ(Muu) — %KX%W — ikgunyx + ik(uvau)wa} ek,
(A.9)

A second useful example is evaluating the covariant derivative of the (Eulerian) per-
turbed metric in the synchronous gauge; the tensor field here is of the symmetric
orthogonal type. Writing the Fourier mode as dzg,, = H,,€**, we find that

V)\(SEg;u/ = [ - HWU)\ + ik‘)\HW + %KH)\(MUV)} ke (A.l())

Finally, the Lie derivative of the spatially isotropic energy-momentum tensor UM =
putu” + Pvy* along & is given by LU = {4V, UM — 20UV £, and evaluates to

Ll = [[2px — pxJu e + 2Pk — p(&a — §Kwa) ]y Hu?)

—[P — 2PK]xy" — QiPkEwwE(”v”)A} e, (A.11)
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For reference, the covariant derivative of £¢g,, is

Vsdegu = 2 [ — Ul Uy X + UBU(u’yaV)CJa + (K,wu5 + 2K ,uy) + ikgu,u, + iuBk:(Hu,,)) X
- (WﬂK Sty + K™y +iughy®,) + ikma(uum) Wa
- <VBKW — kgkguuy) kg K, + iKB(ukV)) X
- (KO‘(MK,,)B + ik K ) — kg (k) + 30, VK, + %uyvgl{au) wa} ek,
(A.12)

A.2 Perturbed EMT

Here we lay out the Fourier decomposition of the perturbed EMT. This is performed
by writing

osU", = dputu, + (p + P)v(“u,,) + 0P~*, + PII*,. (A.13)

Note that the mixed EMT is obtained from the contravariant EMT via

5EUH1/ = gau(SEUua + UQH(SEgya- (A14)

The perturbed fluid variables can be obtained from 6;U*" by application of various
“projectors”,

0p = uyuu, 0,UM, (A.15a)

v = —pJ%PuM%O‘éEUW, (A.15b)

0P = %fyu,,éEU“”, (A.15c¢)

PII* = 1°F 5.0 . (A.15d)

We made use of the transverse-traceless orthogonal projection operator, 1% v, defined
in (1.7).
We note that the Lie derivatives are given by

Led=EVod, LG =2V,  LUM = VUM — 200V €. (A.16)

The Fourier decompositions of the scalar field d¢, gauge field £# and metric per-
turbation are given by

Opg = dpel”, §u= Cueikxa OpGuw = ijeikm’ (A.17a)
v, = Vet 11, =1,k (A.17Db)
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where it is to be understood that {6¢, (,, H,., V,, 7, } are the Fourier modes (and as
such, only have time-like derivatives). In the synchronous gauge, the metric perturba-
tion is only space-like, and so satisifies

Hyy =77, Hag. (A.18)

We isolate the time-like and space-like parts of the Fourier mode ¢, of the gauge field
&, by writing

Cu = —UuX + Wy, (A.19)
where
Wy = 7" Wa- (A.20)

We will decompose the space-like vector k, into a scalar & multiplying a unit space-like
vector k, via

ky = ikk,,  k,=7"k,  k'k,=1. (A.21)

When needed, we will decompose the Fourier modes H,,,w,,V, and m,, into scalars
via

Hup = 3qapHy, + ko L7 (s Hr, (A.22a)

wy = Wky, (A.22b)

V, = —kbk,, (A.22¢)

Tap = ];’p];‘UJ_pUQBHS (A22d)

We reiterate that we are interested in scalar perturbations in this paper.
We will relate the longitudinal, Hy,, and transverse, Hr, modes of the metric per-
turbation to the synchronous gauge variables A and 7. Note that

k(p+ P)0 = ku,0,UM, (A.23a)

VO H,y = Hy, 1" .5H,, = kky 1?7 g Hry. (A.23Db)
By using (A.14), in the synchronous gauge the mixed EMT is deduced via

6EUMV - UW(SEQW + gua(SEUua
= %P’}/MVHL + P]%P]%ULPUMVHT _I' gua(sEUua- (A24)
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A.3 Evaluating the perturbed EMT

We now use this technology to derive the activation matrix for the scalar field theory
described in section 4. Using geometric projectors we will be able to isolate the tensors
and their scale dependence which multiply the field variables that are used to con-
struct the perturbed fluid variables; we will also be able to impose reparameterization
invariance at the tensorial level.

From the Lagrangian for perturbations, the Eulerian perturbed EMT is computed
via

0cU = Y bup + W Gugag + Y Lep+ W Legos — LU, (A.25)

Note that we have included the gauge field &, explicitly: when the parameters in the
theory are arranged to make it deouple, the theory is reparameterization invariant.
For the Eulerian perturbed EMT (A.25), we take the derivative operators to be

NN + By, + Caﬁuuvavﬁ + Dpaﬁuuvpvavﬁ’ (A.26a)
Vyrred — grved  povely . (A.26b)

that is, we have set G = 0. We will write the Eulerian perturbed scalar field and the
Eulerian perturbed metric as in (A.17). After using the Fourier decompositions, the
EMT is given by

e ks UM = y(O)uv5¢ + y(l)uv5'¢ + Y(2)W5'¢ + Y(3)W5’¢5
FWOmeS pr o WOROB I o 4 e TN 0 5, UM (A.27)

where A10,U* is the contribution to the EMT from the gauge field, given by
A 6:U" = W”"“”fggw, + Y”"i’g(ﬁ — LU, (A.28)
The coefficients of each time derivative of d¢ and H,, in (A.27) are given by

YO = AP 4 ik, B — kokgCOPM — ik ko kgD (A.29a)
Y(l)MV — _uaBauu . Kaﬁcaﬁuy
ik [27 (s COP 4 K poDPH - K (DO - D]

+uzk kDA (A.29b)

Y @w — UQUBCQB‘“’ + %K(up%g + Q%(ng))]l])paﬁ””
+ike (uqugDPH 4 QUPVE(QUB)D’“W”), (A.29¢)
YO — g u gD (A.29d)
WOrvad _ guved | %Kvo‘pvﬁ(ﬂug)lﬁ‘p‘“’“ + ikapuvaB’ (A.29e)
Wmvas _ _upruvaB' (A.29f)
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Before we proceed any further, notice that (A.29d) represents the contribution of third
time derivatives of ¢ to the perturbed energy-momentum tensor (A.27). These terms
are clearly problematic, but can be remedied by setting u,u,usD*?* = 0. Thus, we
take Y®H = () in everything that follows. We have written these in such a way that
the individual terms are grouped in order of scale, k,. We now use (A.21) to explicitly
isolate the scale dependence, yielding

YO — yOOmr |y ODw 4y O 2w g2 |y O3 g3, (A.30a)
YOm0 v gy (2)w g2, (A.30Db)
Y@mr _ y @0 |y (A.30c)
WOmras _ \\O0)uvas | \\ODuay (A.30d)
Whnras _ \\(1.0)uvas (A.30e)

A glance at (A.30e) shows that any coefficient of h or 7 which may be present will
always be scale independent. Also, there is no k2 dependence of any coefficients of d¢
(this is evident from the lack of a YZ2# _term). The time-dependent coefficients of
each term in (A.30) are given by

YOO = pp (A.31a)

YO = [ B (A.31b)

YOI = kg TP (A.31c)

YOI = | ko egDrotm (A.31d)

Y(I,O),uu = _uaBauu . Kaﬁ(caﬁuv _ (VPKQB)]D)PQBHV, (A?)l@)
YD = F[29° (ugy T + K oD 4 K gD 4 K gD], (A.31f)
y12u — —uAI%EI%pD)‘E”“”, (A.31g)
YR = uqugCoM + L K (uVas + 2Yp(atis) D, (A.31h)
YU = ki (uaugD ™ + 2u,n qug D), (A.311)
WOOmval = el 4 2y 8 g Foe (A.31))

WO DpraB — _;;pr/waB’ (A.31k)

WLOuras — upruvaﬁ' (A.311)

Just to explain the labels on these objects (we will be introducing another set later on
when we look at the gauge fields influence on the system): YXY)# is the coefficient of
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the X*'-time derivative and Y*" multiple of & infront of d¢; these coefficients explicitly
only have time dependence. An obvious extension to the WXY)#ef ag time dependent
coefficients of H,s. There is also a nice structure which emerges:

3-N

y(Npr Z y (N gn N=0,1,2, (A.32a)
n=0
1-N

WNpves _ Z WNnuvabgn N=0,1. (A.32Dh)
n=0

The upper limits in these sums are set by the number of derivatives we used in the
operator expansions of YA Wb,
In a similar fashion, the gauge field contribution (A.28) can be written as

e_ikxA{g}éEUp” — @(O)WX + @(1)p0>‘< + @(2)p0>'<'

+20poey, 4 5Mroag, o 2@poag, (A.33)
where the coefficient of each time derivative is

Qps — _Y(O)paq; _ Y(l)pag'zg _ Y(2)p0'5¢' + puPu’ + [p _ %ptha

—2[V K BT 4 LKy, BPTH — kgh ) FPPoH

Fik(PyPu?) 4 K, TP 4 Ka(uvgﬁ)Fo‘p”“B + vg(guu)EP‘”‘B)} ,(A.34a)
eWrr — _Y(l)paq'g _ Qy(2)prf¢§ + 2[ _ KWW(l)p"’W + QKB(HUV)FﬁpUMV

-, u, BT 4 kg (wyu, FPPTHY — fyﬁ(uu,,)W(l)p‘”“’)} —2pufu’, (A.34b)
0@rr = 9y u, WDrerr Y 2)po gy (A.34c)

E(O)pcfa = [%K(—pfya(ﬁucr) + VQ(HUV)EPU“V) + (Ka(uKy)ﬁ + %u“vﬁKay)Fﬁpouy
ik (K ) PP 5,77 B 4 Py ey%) — kighiun®, F77],

(A.34d)

E(l)pcra = _2[ . p,ya(pucr) + fya(uuy)Epcr,uu + KB(H’YQV)FBPUWJ . Ka(“uy)vv(l)pouu
kg (7% ) B — o WP (A.34e)
=@poa = —QU(MVO‘V)W(I)””‘“’. (A.34f)
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Explicitly isolating the scale dependence of these expressions yields

@(O)pcr _ @(0,0)pcr + @(O,I)pcrk + @(0,2)pok2 + @(0’3)p01{33,

OWre — gL0)pr  g(L.Dpop. @(1,2)06%2’
O@rr — g20)pr @(271)/)0/{;’

=0)poa _ =(0,0)poa 4 =(0,)poag. 5(0,2)/)00!]{;2’
=2W)poa _ =(1,0)p0a E(lvl)pwk’

=(2)poa _ =(2,0)p00

The time-dependent coefficients in (A.35) are

Q(0,0)pa

Q0:1)pa

Q(0:2)pa
Q0:3)pa

=(0,0)poa

=(0,1)poa

=(0,2)poor

= _Y(O,O)pffa'g _ y(lvo)paé — Y (2.0)p0 qg + pulu’ + [p _ %ptho
—l—% [KVHVW(I’O)””“” — K (7, EF7™ + %KWB(MUV)FBP‘”“’)],
_yODpo i (L Dpo L g2)p0 6 _ L ~e(0y,0)

Y p—Y »+0 7 2((p + P)keyPu
—%K’}/MVW(O’DPJMV . %kaE(l,O)paa . %KkaE(ZO)paa)’

~

= (0,2)po j (172)p0—é _ =(2,0)poc
Y »+0 5~ ko= ;

= _Y(0,3)p0 ¢’

= _Y(l,O)pUQ'S . 2y(2,0)p0¢§ _ 2pupua
+2[ — %K’YHVW(I’O)pU‘uV + %K’VB(MUV)FBPUuV + uuuyEm“”} ,
_Y(l,l)poqg + 2uuuyw(0,1)pcf,uu _ ]%aE(ZO)poa + 2(_)(2,1);)0%7

@(172)p0 = _Y(172)p0'¢7

2UHUVW(1,0)P0HV _ Y(2,0)p0¢;7
O2hpr — _y(271)paq'5’

@(270)p0

%K(_pva(pua) + VQ(MUV)EPUUV _I_ %K'YQ(M’VV)BFBPUMV)
%E(z’o)me + %K%K(uuvaﬁuyﬁ?ﬁp"“” + uu%ﬁuaFBWW)’
= 2k (3K () PP 4 (% EPH 4 Py oy,

= —Q@Eye(uyay)w(&l)pouv’

_|_

E(I,O)poa = _2[ . pfya(pucr) + ”YQ(MUV)EPUHV

4" F + REC0]

=(1L,)poa — (VQ(MUV)W(O,I)PUMV _i_l%we(ﬂal/)W(l,o)pouy)7
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(A.36a)

(A.36Db)
(A.36¢)
(A.36d)

(A.36¢)
(A.36f)

(A.36g)
(A.36h)
(A.361)

(A.369)
(A.36K)
(A.361)

(A.36m)
(A.36n)



E(2,0)paa = —QU(M’}/OCV)W(l’O)pUuV- (A360)

These satisfy the structure

3—N

@(N)po _ @(N,n)pokn’ N = O’ 17 2’ (AB?&)
N=0
2—N

E(N)po’a _ E(N,n)pcrozkn7 N = 07 1’ 2. (A37b)
N=0

We have now obtained all the “basic” equations required. To recap what we have
done: we have used purely geometrical projectors to isolate the scale and time de-
pendence of the extra fields d¢, H,, (these are the Fourier modes of the scalar field
perturbation dz¢ and metric perturbation dyg,, ) which appear in a dark sector theory.
We have also isolated how the gauge field components x ~ £ and w’ ~ £ (where “~”
denotes that the field is the Fourier mode) enter into the perturbed energy-momentum
tensor, again, isolating how each time and space derivative enters.

It is worth pointing out again that all tensors in the EMT can be traced back to
an effective Lagrangian for perturbation.

We now show how to impose two important theoretical priors upon the theory: (i)
second order field equations and (ii) reparameterization invariance. Between (i) and
(i) we will show how the “naive” activation matrix can be obtained — it is naive in the
sense that reparamterization invariance has not yet been imposed on the components
of the matrix.

A.4 Second order field equation constraints

The conditions for second order field equations are obtained by removing time deriva-
tives of all fields of order 2 and above from expressions for dp and 6. This amounts to
requiring

w,u, YO =0, u, YO = 0. (A.38)

A.5 Naive fluid variables

Here we show which projections of the tensors (A.27) give rise to which elements of
the naive activation matrix. We use the term “naive” since we have not imposed
reparameterization invariance at this stage; doing so is a rather complicated process
which we consign to its own section, but the net effect is to remove some components
of the naive activation matrix components. We have already imposed the second order
field equation conditions (A.38).
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Using (A.22a) to decompose the Fourier mode H,, into its longitudinal Hj, and
transverse Hr scalar modes, the Eulerian perturbed energy-momentum tensor (A.27)
is given by

e ks U = YO s L YD sg Y@ g
+%’7aBW(O)WQBHL + ]%pchJ_WQBW(O)WaBHT
g WO o 107 Wed
+e Ay 0 UM (A.39)

Using the projectors (A.15), the naive set of fluid variables will be given by

5p = H115¢ + H125¢ + H14HL + H15HL + HIGHT + /€17HT, (A40a)
k(p+ P)0 = Ka10¢ + K200 + KoaHy, + Koz Hy, + tiog Hr + ko Hr, (A.40Db)
35P = H315¢ -+ H325¢ -+ H33(5.%Z§

+ gy Hy, + kizs Hy, + kigo Hr -+ ti37 H, (A.40c)
HS = /€415¢ + /ﬁ425¢ + /€435‘.¢
+H44HL -+ H45HL -+ H46HT + /€47HT, (A40d)

where the time and space dependant naive activation coefficients xy; are given by

K] = uuuyY(O)‘“’, (A.41a)
K1y = uuuyY(l)‘“’, (A.41Db)
K4 = %uuu,ﬁa[jw(o)”mﬁ, (A.4lc)
Kis = %u“uy%ﬁwﬂwmﬁ, (A.41d)
K16 = uuuyl%p/%UJ_p"QBW(o)“”aﬁ, (A.4le)
Kir = uuu,,l%pl%aj_”aagw(l)“”o‘ﬁ, (A.41f)
Kol = lAcEvEuuVY(O)‘“’, (A.41g)
Koy = /Afgyﬁuu,,Y(l)’“’, (A.41h)
Ko4 = ];’E’}/EHUV’}/QBW(O)MVOCB, (A.41i)
Kos = IACEVEuu,,%BW(l)WO‘B, (A.41j)
Koo = kY ok 177 g WORVeS, (A.41K)
Koy = l%gvguu,,l%pl%aJ_p"QBW(l)””aﬁ, (A.411)
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ks = Y YO, (A.41m)
Kso = Y Y, (A.41n)
K3z = Y Y, (A.410)
K3 = P+ %%ﬂaﬁw(o)waﬁa (A.41p)
K3s = %’YW’YaBW(l)WaBa (A.dlq)
Kas = P+ Yukpko L7 g WOHE (A.41r)
K3y = %V;;p;;(fj_poaﬁw(l)uvaﬁ‘ (A.41s)

Note that k13 and ka3 are not present (these would made the equations of motion higher-
order). There is a clear reason we have called the xyy the naive fluid variables: since
we have not yet imposed reparameterization invariance, there should be contributions
due to the components of the ¢#-field appearing in (A.40).

We deliberatly have not written out the xy;: they will vanish in the reparameteri-
zation invariant theories we consider in this paper. The factors of P appearing in ks34
and k3 are due to (A.24). We have used (A.38) to ensure that the field equations are
at most of second order. The scale dependence of the xyj can be explicitly isolated by
inspecting (A.30) to read off the scale dependence of the Y®# and W&)res tensors.

A.6 Reparamerization invariance: decoupling conditions

In order to impose reparameterization invariance, we require that the gauge field does
not enter into the perturbed fluid variables. This requires

UMUVA{G(;EU‘W = O, uuvo‘l,A{g}dEU‘“’ = O, (A.42a)
’)/M,,A{g}(SEU“V = O, J_O‘BMVA{G(SEU“” = 0. (A.42b)

These must hold at each order in %, and so

1,1, OF YR = (), v, %Y = (A.43a)

Y OF I =0, 1P, eV —, (A.43D)
wu, BT — 0,y BRI — ), (A.43c)
YV EXYIe =g, of EXYwe — (A.43d)

where the XY and ZXY)me are defined in (A.36). We call (A.43) the decoupling
conditions; requiring that they hold is equivalent to requiring the theory to be reparam-
eterization invariance. Enforcing (A.43) upon the naive fluid variables leads to various
simplifications, which we now derive in detail.
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A.6.1 Scale dependencies

We will pick a few of (A.36) to study in detail, each of which are significant. To begin
with, we look at the set of coefficients,

O0:2)po O(0:3)po

)

7 01207 Q2o =(0,2)poa (A.44)

Applying (A.43) to (A.44) reveals that the following tensors have no non-zero compo-
nents:

Y (0,2)p0 Y (0.3)p0

)

YT yRIe e e WO (A g5)

These tensors are the coefficients of k266, k30¢, k26¢, kdp and kh, kn, respectively, in
all fluid variables (we reiterate that there was never any coefficients of kz&b, kh, kn);
and so all terms of this form vanish from all fluid variables.

Now consider ©(©1r7 and apply (A.43),

upua@(o’l)p" = —upuJY(O’l)p"gﬁ — upuJY(l’l)p”gB =0, (A.46a)
knttyy™ OO0 = —lru ™ YOV G — oy Y76 4 (p 4 Py = 0,

(A.46D)

%U@(o,l)po _ _%ay(O,l)pUQg _ %Uy(l,l)pffé —0. (A.46¢)

(A.46a) and (A.46¢) removes both kd¢ and kd¢ from p and 0P. If we write kg =
Y Kormk™ and Kog = D Kaom)k™, then (A.46b) tells us that roi(1) and koo satisfy

/“€21(1)€Z'S + ,{22(1)¢§ =p+ P (A.47)

A.6.2 Occurences of h and 7
Inspecting (A.36k) and applying (A.43) reveals that

upuoE(O’l)p"a = QUPUUI%E(%KVO‘(HU,,)FGWW + 7 (WY ) E), (A.48a)

u,y" =0 — 2up7”(,/%e(%K7a(Muy)FEp0“” + 7 W EFH), (A.48b)

o EOVIT — 0 (LKA L TP % BT 4 Pyey7)) (AL 48c)
J_CWPUE(O’U”"O‘ = QLC“poke(éKya(uuy)Fﬁpo“” + 7B+ PPy,

(A.48d)

Inside the brackets of each term is the coefficient of h and 7 in dp, 8,6 P and II respec-

tively, and so, by insisting that the decoupling conditions are respected, we find that

h and n are not present in any fluid variables. This means that all ky; of the form
and k;e vanish.
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A.6.3 Occurences of i and i

We now resolve the reparameterization-invariance conditions with respect to occurences
of h and 7. To illustrate what we will be looking for, we take a simple example where
the EMT given by

SUM = F#o0Y §gu,  TPes = prlim)ed), (A.49)

We will refer to the last two indices “(a, )7 on FP#*% as the “metric indices” and the
penultimate two indices “(u,v)” as the “EMT-indices”. For this discussion it is not
necessary to know whether these perturbations are Eulerian or Lagrangian. As usual,

we study metric perturbations in the synchronous gauge, d¢,, = yalﬂﬁuégag. Using
(A.10), the EMT becomes

SUM = [ = uF" Hog + ik, F7" P Hog + 2K Hyqug F% % (A.50)

It is clear that the coefficients of i and 7 in all fluid variables are given by the spatial
projection of F on the metric indices,

Up Yoy PP (A.51)

The coefficients of h and 7 in the perturbed density, velocity, perturbed pressure and
stress are found from application of the projectors defined in (A.15) on the EMT-indices.
We will now explicitly study the appearances of h and 7 in each of the perturbed fluid
variables.

Appearance of h and 7 in 6 First, we will prove that neither h nor 71 contribute to
0. The projector of interest here is that for the scalar velocity field, 6,

~

k(p+ P)0 = ke ,u,6U™. (A.52)

Hence, the coefficients of A and 7 in @ are given by the time-space projection on the
EMT indices and the space-space projection on the metric indices,

upvguu,ﬁa“%ch””aﬁ. (A.53)

We will now prove that this vanishes, meaning that there are no occurences of i nor
nin 0. We first use Wh0wes — WoLOW)(@B) = which is the coefficient of A and 7
in all fluid variables, and is defined in (A.311). We refer to the last two indices of
WEL0maB a9 the metric-indices and the first two as the EMT-indices. We will perform

an explicit (34 1) decomposition of the tensor W08 this tensor is only a function
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of background quantities and so is decomposed entirely into the time-like unit-vector
u* and the space-like orthogonal metric v, via

WO pvas _ \p\(1L,0)(u)(aB) Awu"u”uo‘uﬁ + BWu“u”vo‘B + vaxwuocuﬁ
+4DwuA @B 4 By 48 4 2 [y e~
(A.54)

where the six coefficients {Aw, ..., Fw} are background-dependant quantities. There
are no components of W-0#a8 which have time-space like EMT indices and space-
space like metric indices. That is,

Uy Yo WO — (A.55)

This completes the proof that neither h nor 7) appear in #: this means that ko5 = Ko7 =
0. The key feature of the tensor WM#% which allowed us to do the proof in this way
is that it was formed from only background tensors — there were no occurences of the
space-like vector ]%u- This observation is also true of (A.31a, A.31e, A.31h), so that

yauu,,Y(O’O)“” =0, yauuyY(l’O)‘“’ =0. (A.56)

These expressions would have been the coefficients of d¢, &ﬁ in 0 (both without preceed-
ing factors of k). Projecting these tensors (and YZO#) with 1%%  also yields zero, so
that d¢, 0¢, 0¢ do not appear in I1#,,.

Appearance of i in 6P We now look at the occurence of i in P, elucidated by
the naive activation matrix component (A.41q), and which we see is controlled by

VuV’yaBW(l)MVaB - up’YuV’YaBFpMVaB- (A57)

The F-tensor is constructed from coupling tensors in the associated Lagrangian for

perturbations via (3.7f), given by
[Frrval — _% [upaﬁwf _ upuvaﬁ]’ ( A. 58)

where we have also set M“P8 —= () since there is no G-term in the expansion of W
(A.26). Using (A.58), (A.57) becomes

upVﬂuVaﬁFpuyaﬁ = _%V,uz/yaﬁ [upupo‘ﬁ”” — upup“”o‘ﬁ} =0. (A59)

Therefore, we conclude that h does not appear in 6 P, and so k35 = 0.
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Appearance of 7 elsewhere We now proceed to study the occurences of 7 in the
rest of the EMT. We will start off by providing the (3 + 1)-decomposition of the tensor

[Fruvef — F/)(ul/)(aﬁ)7
Frrveld — ApuPuCuPutu? + BFu”u“u”vo‘B + Cpuluu® M 4 QDFVP(”u”)uauB
+2E]nyp(°‘uﬁ)u“u” + 4F]Fupu(°‘76)(“u”) + GFupyaﬁfy;w + QHva(uuV)fyaﬁ
_|_2]F7p(au5)7/w + QJFUPVQ(MVV)B + 4KF7p(°‘75)(”u”) + 4LF7p(”7u)(aum-
(A.60)

The coefficient of 7 in all fluid variables will be found from the transverse-traceless
projection on the metric indices of FP#*8  giving

J_Eﬂaﬁlppuvaﬁ =21, [J]Fupya(ufva + QKF,}/P(OCVB)(NUV)] (A.61)

Notice that there will be no occurences of 77 in dp (i.e. there are no time-time projections
on the EMT indices, which are “ur” of the above), and Ky is the coefficient of 7 in 6,
which we showed was zero in the proof leading up to (A.55). So, 7 can now only appear
in 0P or II, and will only do so if Jr # 0; we will now show that reparameterization
invariance enforces Jp = 0. Earlier on, we wrote down (A.36n, A.361), which we repeat
here, that indicate how the gauge field entered into the EMT,

SO0 = (0 WO o WO (4,62

=(0.2)p00 _ 2I%EVEMUVIQ:7TF”WW, (A.62D)
where, repeating (A.31k, A.311),

WO Dmas — _ ;;pruuaB’ WL was — UPIE‘PW“B . (A.62¢)

All projections of Z:Deoe and =020 on their first two indices must vanish for
reparameterization invariance to be manifest. We now write (A.62) using the (3+1)-
decomposition (A.60), yielding

=LA — —2];:p [(BF + EF)WP’\u”u” + (G + ]F)vp’\v’“’ +2(Jr + LF)VP(‘W”)’\},

(A.63a)
2O = 2] EpkyP utu? + Ik, v 9™ + 2Lpk, "y 7] (A.63D)

So, for reparameterization invariance we require, among other things,
L7, B0 — o, e, B0 — g, (A.64)

which implies that Ly = 0, Jr + Lg = 0, and so clearly, Jg = 0.

This, in conjunction with (A.61), that told us the coefficients of all occurances of
7 in the EMT, enables us to state that 7 does not appear in any components of the
EMT. This means that all ki of the form k;; vanish.
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A.6.4 The activation matrix

After imposing (i) second order field equations and (ii) reparameterization invariance
the naive activation matrix components xyy simplify. In some instances, some of the
k1 vanish and some lose all or part of their scale dependence. After applying all the
restrictions imposed by requiring reparameterization invariance, the naive perturbed
fluid variables (A.40) become

op — k15 Hy, = k11060 + H125¢, (A.65a)
(p+ P)O = K10 + k2200, (A.65b)
30P = k3100 + K320 + k3300, (A.65¢)

I = 0, (A.65d)

where all kp; are scale independent. In the main body of the paper we write the
components of the activation matrix as Apy, we identify

Ay = kn, A = Kia, Ay = Kas, (A.66a)
Ao = Ko, Agy = Kag, (A-66b)
Az = %fﬂsl, A = %fﬂsz, Azz = %/‘?33- (A.66¢)

These are precisely the same expressions as we presented in (4.3).
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