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Abstract: We first introduce the calculus of Peng’s G-Brownian motion on a sublinear
expectation space (2, H, IE) Then we investigate the exponential stability of paths for
a class of stochastic differential equations disturbed by a G-Brownian motion in the
sense of quasi surely (q.s.). The analyses consist in G-Lyapunov function and some
special inequalities. Various sufficient conditions are obtained to ensure the stability
of strong solutions. In particular, by means of our results we generalize the one in the

classical stochastic differential equations. Finally, an illustrative example is given.
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81 Introduction

In the real world, we are often faced with two kinds of uncertainties, i.e., probabilis-
tic uncertainty and Knightian uncertainty (model uncertainty or ambiguity). Knigh-
tian uncertainty is due to incomplete information, vague data, imprecise probability
etc. Many researchers investigate the characteristics of model uncertainty in order to
provide a framework for theory and applications. Choquet [2] put forward to the no-
tion of capacity which is a nonadditive measure in 1953. Recently, Peng [23H25] gave
the notions of G-expectation and G-Brownian motion on sublinear expectation space
which provide the new perspective for the stochastic calculus under Knightian uncer-
tainty. In Hu and Peng [14], the representation theorem of G-expectations and paths
of G-Brownian motion are discussed. The stopping times and related Itos calculus
with G-Brownian motion are explored in Li and Peng [I7]. In Soner et al. [26], the
martingale representation theorem under G-expectation is proven.

The recent developments on problems of probability model with ambiguity by using

the Peng’s notion of nonlinear expectations and, in particular, sublinear expectations
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show that a nonlinear expectation is a monotone and constant preserving functional de-
fined on a linear space of random variables. A sublinear expectation can be represented
as the upper expectation of a subset of linear expectations. In most cases, this subset is
often treated as an uncertain model of probabilities. The sublinear expectation theory
provides many rich, flexible and elegant tools. We emphasize the term “expectation”
rather than the well-accepted classical notion “probability” and its non-additive coun-
terpart “capacity”. The notion of expectation has its direct meaning of “mean” which
is not necessary to be derived from the corresponding “relative frequency” which is the

origin of the probability measure.

G-Brownian motion, which has a very rich and interesting new structure, non-
trivially generalizes the classical one. The related stochastic calculus, especially It6’s
integrals and the related quadratic variation process, is set up by Peng [25]. Peng [23]
found a very interesting new phenomenon of G-Brownian motion whose quadratic vari-
ation process is also a continuous process with independent and stationary increments,
and can be still regarded as a Brownian motion. The corresponding G-It6’s formula is
obtained by Li and Peng [17] and Soner et al. [27]. Within the new framework of a sub-
linear expectation, the existence and uniqueness of solutions to stochastic differential

equation by the same Picard iterations as in the classical situation is established.

So far, there are large amounts of literature on the problem of asset pricing and
financial decisions under model uncertainty. Chen and Epstein [I] put forward to the
model of an intertemporal recursive utility, where risk and ambiguity are differentiated,
but uncertainty is only a mean uncertainty without a volatility uncertainty. The model
of optimal consumption and portfolio with ambiguity are also investigated in Fei [89].
Epstein and Ji [6l[7] generalized the Chen-Epstein model and maintained a separation
between risk aversion and intertemporal substitution. We know that equivalence of
priors is an optional assumption in Gilboa and Schmeidler [12]. Apart from very recent
developments, stochastic calculus presumes a probability space framework. However,
from an economics perspective, the assumption of equivalence seems far from innocuous.
Informally, if her environment is complex, how could the decision-maker come to be
certain of which scenarios regarding future asset prices and rates of return, for example,
are possible? In particular, ambiguity about volatility implies ambiguity about which
scenarios are possible, at least in a continuous time setting. A large literature has
argued that stochastic time varying volatility is important for understanding features

of asset returns, and particularly empirical regularities in derivative markets.

On the other hand, the importance of the study of differential equations from the

theoretical point of view as well as for their applications is well known. The classical



stochastic differential equation with Brownian motion doesn’t consider a model uncer-
tainty. Thus, in some complex environments, these equations are too restrictive for the
description of some phenomena. Recently, under uncertainty, a kind of stochastic dif-
ferential equations driven by G-Brownian motion is studied by Gao [11] and Peng [25].

Let us now look back on the stability of the classical stochastic differential equa-
tions. In real world, the problem of the stability of a system is worth studying. Since
Lyapunov [19] and LaSalle [16] obtained the stability for the nonlinear system, by
the help of Itd’s breakthrough work about It6 calculus, Hasminskii [13] first studied
the stability of the linear Itd6 equation perturbed a noise. After that, the analysis
of stability of stochastic differential systems has been done by many researchers. In
Mao [20], the exponential stability of stochastic differential equations driven by a semi-
martingale is investigated. The stabilization and destabilization of hybrid systems of
stochastic differential equations is explored in Mao et al. [2I]. Pang et al [22] ana-
lyzed almost sure and moment exponential stability of Euler-Maruyama discretizations
for hybrid stochastic differential equations. In Luo and Liu [I§], the stability of infi-
nite dimensional stochastic evolution equations with memory and Markovian jumps is
investigated.

Therefore, when we are faced with Knightian uncertainty, the stochastic differential
equation driven by G-Brownian motion (simply G-SDE) will be an important system
which provides a characterization of the real world with both randomness and ambi-
guity. Especially, it is necessary to investigate the stability of the G-SDE similar to
the stability of a classical stochastic differential equation. For this, we construct G-
Lyapunov function to prove the stability theorems which are meaningful for an analysis
of stochastic differential systems driven by G-Brownian motion. A kind of exponential
stability for stochastic differential equations driven byG-Brownian motion is discussed
by Zhang and Chen [28] where quasi-sure analysis is used. However, in this paper,
we investigate quasi sure exponential stability by G-Lyapunov functional method for
obtaining different results.

The arrangement of the paper is as follows. In Section 2, we give preliminaries and
prove a lemma. In Section 3, the quasi sure exponential stability of the solutions to

G-SDE is studied. Finally, we give the conclusion in Section 4.

82 Preliminaries

In this section, we first give the notion of sublinear expectation space (2, H,E),

where () is a given state set and H a linear space of real valued functions defined on



Q. The space H can be considered as the space of random variables. The following

concepts come from Peng [25].

Definition 2.1 A sublinear expectation E is a functional E: ‘H — R satisfying
(i) Monotonicity: E[X] > E[Y] if X > Y

(ii) Constant preserving: E[c] = ¢;

(iii) Sub-additivity: For each X,Y € H, E[X + Y] < E[X] + E[Y];

(iv) Positivity homogeneity: E[AX] = AE[X] for A > 0.

Definition 2.2 Let (Q2,7,E) be a sublinear expectation space. (X;);>o is called a
d-dimensional stochastic process if for each t > 0, X; is a d-dimensional random vector
in H.

A d-dimensional process (Bt)¢>0 on a sublinear expectation space (2, H,E) is called

a G-Brownian motion if the following properties are satisfies:

(i) Bo(w) = 0;
(ii) for each t,s > 0, the increment B;ys — B, is N({0} x sX)-distributed and is inde-
pendent from (By,, Bi,, - ,By,), foreachn e Nand 0 <t; <--- <t, <t

More details on the notions of G-expectation [ and G-Brownian motion on the
sublinear expectation space (€, H, IE) may be found in Peng [25].

We now give the definition of It6 integral. For simplicity, in the rest of the paper, we
introduce It6 integral with respect to 1-dimensional G-Brownian motion with G(«a) :=
%E[ B?] = $(5%at — o%a™), where E[B% =52, —E[-B?| =02, 0< 0 < & < .

Let p > 1 be fixed. We consider the following type of simple processes: for a given

partition mp = (tg, - ,tn) of [0,T] we get
Z Sk I[tk,tk+1 ( )
where &, € L(Q, ),k =0,1,--- ,N — 1 are given. The collection of these processes is

denoted by M%°(0,T). We denote by M%(0,T) the completion of M%°(0,T) with the

norm
T 1/p
1l o {E[/O \m\pdt]} < oo,

The definition of stochastic integral fo ntd By can see Peng [25].

We provide the following property which comes from Denis et al. [3] or Zhang and
Chen [28].

Proposition 2.3 Let £ be G-expectation. Then there exists a weakly compact family



of probability measures P on (€2, B(2)) such that for all X € #,E[X] = maxpep Ep[X],

where Ep[-] is the linear expectation with respect to P.

From the above proposition, we know that the weakly compact family of probabil-
ity measures P characterizes the degree of Knightian uncertainty. Especially, if P is
singleton, i.e. {P}, then the model has no ambiguity. The related calculus reduces to

a classical one. We now define the G-capacity by

C(A) = sup P(A), VA € B(Q).

Thus a property is called to hold quasi surely (q.s.) if it holds P-almost surely for each
probability measure P € P. A process is called predictable if this process is predictable
for each probability measure P € P.

Lemma 2.4 Let £ € H be a nonnegative random variable. Then E[g] = 0 if and only
it =0 g.s.

Proof If € =0 q.s., then there exists a measurable set A with C (A) = 0 such that
&(w) = 0, for each w € A°. Thus for each P € P, we have Ep[{] = 0, which shows
E[¢] = suppep EplE] = 0.

On the other hand, let A = {w : £(w) # 0}. We have C'(A) = 0. In fact, if it is false,
then there exists a probability measure P € P such that P(A) > 0. Thus Ep[¢] > 0
since £ € H is a nonnegative random variable. So we have I@l[&] > 0, which causes a

contradiction. The proof is complete. [J

Proposition 2.5 For each 0 <t <T < o0, let the quadratic variation of G-Brownian
motion < B >;= fot vsds. Then we have

(T —t) << B>7 — < B><&* T —t) qs. (2.1)
Moreover, odt < d < B >;= vdt < 5%dt q.s. and G(a) > %avt q.s.

Proof From Theorem III-5.3 in Peng [25], we have
E[(< B>p —< B> 2T —t))t]= sup (v—0)T(T—t)=0
g2 <v<5?
and
E[(< B>p —< B> —c(T—t)"]= sup (v—0c?) (T —t)=0.

02<v<5?

By Lemma 2.4, we know that the inequality (2.1) holds quasi surely. Other claims are
obvious. [

Now, we provide a result which will be used very frequently later.



Lemma 2.6 Let N(t) = ftg nsdBs,t > 0 be G-It6 stochastic integral. Let {7} and {7}
be two sequences of positive numbers with 1, — oo. Let g(t) be a positive increasing

function on t > tg such that
(o.0]

Z(g(k‘))_e < oo for some 6 > 1.
k=1
Then for each P € P, we have that for P-almost all w € € there exists a random integer

ko = ko(w, P) such that for all k > kg
1 0
N(t) < 5w < N(#) > to log(g(k)) on tg <t < 7.
k

Proof We know that for each P € P, B; is a martingale on the classical filtered
probability space (Q, (FP)i>0, F, P). Thus it is easy to know that It6 stochastic integral
N(t) is still a martingale with respect to P. According to Lemma 2-6.2 in Mao [20],
we have that for each P € P, there exists a random integer ko = ko(w, P) such that for
all k> ko

N(t) < %yk < N(t) > —|—i log(g(k)) on 0 <t <71 P-as.

Yk
Thus the proof is complete. [

83 Quasi sure exponential stability for G-SDEs

In this section, We denote by Mg(O,T);p > 1 the completion of Mg’O(O,T) under
the norm (fOTE'[|nt|p])1/p. It is easy to prove that M5 (0,T) € ME(0,T). We consider
all the problems in the space MZ(0,T), and the sublinear expectation space (Q, H, ).
In the rest of the paper, let T' = co. We now consider the following stochastic differential
equation driven by 1-dimensional G-Brownian motion (simply, G-SDE)

dX(t) = f(X(@),t)dt+ g(X(t),t)dB:, 0 <tg <t < o0,
X(t()) = X,
where the initial condition zg € Lé(QtO;R), and f,g are given functions satisfying
f(z,),9(z,-) € MZ(0,00) for each z € R and the Lipschiz condition, i.e., |p(z,t) —
o(2',t)] < K|z — 2/|,Vt € [0,00),z,2" € R,¢ = f,g, respectively. The solution is
a process X € MZ(0,00) satisfying the G-SDE (3.1). Similar to the discussion in
Theorem V-1.2 in Peng [25], we easily know that G-SDE (3.1) has unique solution.

(3.1)

Definition 3.1 G-SDE (3.1) is said to be quasi surely exponential stable if there exists
a A > 0 such that, for some 3 > 0,

| X (t;t0, 20)| < Be™ ™ q.s. for all t > tg,



or if )
limsup - log | X (¢;t0, 20)| < —A q.s. (3.2)
t—oo 1

The left hand side of (3.2) is called the Lyapunov quasi sure exponential stability of
the solution to G-SDE (3.1).

We now introduce some new notations. Let two operators L and H acting on
C?*Y(R x Ry ;R)-valued functions as follows:
LV(z,t) = Vi@, t) + f(2,)Va(z,t) + g°(2,1)G(Vaa (2, 1)),
HV(z,t) = g*(x,t)V7 (x,1),
where Vi(z,t) = %V(az,t), Ve(z,t) = a%V(a;,t), Viz (2, 1) = aa—;ZV(x,t). Due to Proposi-
tion 2.5, it follows that

1
Vi(x,t) + f(x, t)Ve(x,t) + 592(x,t)Vm(x,t)vt < LV (x,t) g.s. (3.3)
We need now a hypothesis which, in fact, can be removed later.

(H3.1) X(t;tg,x9) #0 for all t >ty q.s. provided g #0 q.s.

Proposition 3.2 Suppose that for any n > 0 there exists a C,, such that
2z, t) + g*(x,t) < Cplz|?, if |z| <n and t > tg.
Then (H3.1) holds.

Proof For each P € P, similar to the discussion of Proposition 4-2.1 in Mao [20],
we know X(t) # 0 for all ¢t > ty P-a.s. provided zgp # 0 P-as. Thus we prove
X(t;to, z0) # 0 q.s. The proof is complete. [

We are now in a position to obtain the theorem of quasi sure exponential stability.

Theorem 3.3 Let (H3.1) hold. Assume that there exists a function V (z,t) € C*(R x
Ry;R) and positive constants p, A such that

|z|P < V(x,t) and LV (x,t) < =AV(x,t) (3.4)
for all © # 0,t > to. Then we have

1
limsup - log | X (¢;to, x0)| < —A/p q.s.

t—00 t



Proof From Lemma 3.3 (It6’s formula) in Fei and Fei [10], we have
dV(X(t),1)
= ‘/t(X(t)7 t)dt + Vx(X(t)7 t)dX(t)
+ 1V (X (1), £) g% (X (8), t)vdt.
Noticing
dlog V(X(t),t)
= vxopdV (X 1.t - svrxmsn (dV (X (2),1)*,
combining (3.1), (3.3) and (3.4) we get
log V(X (¢ ) t) = 10g V(xo,0)

+fto [v (X(5),5) X(s),s)
Frisise! L vx<X< >, $)F(X(s),s

( s
< log V(a;o,to) + N(t) — At —tg) — %ft %vsds a.s.,

where

N(t) = / mvxm(s),s)gm(s),s)d&

which is a continuous real-valued martingale under probability measure P € P.

Let k=1,2,--- . For each probability measure P € P, by the inequality in Lemma
2.6 with g(t) = t, 7, = k,v, = 1 and 6 = 2, we can select kg = ko(w, P) being sufficiently
large such that

1
N(t) < 2logk + 5 < N(t) >, to <t<k, k>ky P-as.

Noting
"HV(X(s),s)

R A Ee o)

vsds,
we have ' V(X (s). )
N(t) < 2log k‘—l— 2 ), stds,
for tg <t < k,k > ko P-almost surely. From (3.5), we know

log V(X(t),t) <logV(xo,tg) — At + 2logk,
for tg <t < k,k > ko P-almost surely.

Together with the condition (3.4) we have

Flog |X(t)] < &log V(X (t),t)
< pi (log V(xg,t) — At + 2log k)
1 A log k
< rlog Vi(zo, to) — & + 2,050



fortg <k—1<t<kk>k P—almost surely. Thus we deduce
hmsup log | X (t)] < —% P-ass.
which shows that N
hmsup log|X( )| < > q.s.,
since P is arbitrary in P. ThlS completes the proof. [

Theorem 3.4 Let (H3.1) hold. Assume that there exists a function V (z,t) € C*(R x
R4 ;R) and let ¢(t) be a nonnegative predictable process, and assume that p > 0,p >
0,k >0, < a?p/2. Assume that for all x # 0,t > tg

) P < V(x,t),

ii) LV (x,t) < Ap(t)V (x,t),
i) HV (z,t) > pp(t)(V (z,1))?,
iv) liminf ft o(s)ds > Kk q.s.

—~ = — —

Then the solution of equation (3.1) satisfies

1
lim sup 7 log | X (¢;to, x0)| < —g(gzp/Z - A) q.s., (3.6)

t—o0
whenever xg # 0 q.s.

Proof From It6’s formula, combining with (ii) and (iii) we get
log V(X (t),t) = log V (z0, to)
+ Ji [V(X(s), s V(X (), 5)
+V(X(s 75y Ve (X (s),5)f(X(s),5)
+2 V(X 3) Vm(X(S)as)f X(s), s)vs
2V2(X(s (Va(X(s),s)
T fto V(X(s),5) Vm(X(S)
)

<10gV(x0,t0)+N(t +/\ft<,08)d8 L[t HV(X(5):5),, g

2 Jtg V2(X(s),5)
where

N(t) = / mvxa(s),s)g(ﬂs),s)d&

which is a continuous real-valued martingale under probability measure P € P.

Let k£ = 1,2,--- . Take arbitrarily ¢ € (0,1 — 2)\/(¢?p)). From the inequality in
Lemma 2.6 with g(t) =t,7 = k,vx = € and 6 = 2 we get that, for P-almost all w € ,
there exists an integer kg = ko(w, P) such that

N(t) <27 lloghk +ie < N(t) >

=2"1logk + Efl; %@gvsds
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for all tg <t <k, k > ko. Using condition (iii) and Proposition 2.5, we have
log V(X (¢), ) <log V(xo, to) +2e71logk
—[3(1—e)pa® = A [, (s
for tg <t < k,k > kg P-almost surely.

Together with the condition (i) we obtain
% log| X (t)] < th log V(X (¢),t)
< th log V (20, t0) + 2 ' log k — [3(1 — 5)02p -] ftt ©o(s)ds
< 3 (log Vw0, t0) — [5(1 = 2)pe® = N [, w(s)ds) + ks
for k—1<t<k,k>ky P-almost surely. Thus from condition (iv) we have
limsup 1 log | X (t)]
t—00 .

< —3l3(1—e)g®p — Alliminf § [ o(s)ds

< —%[%(1 —¢e)a?p— A P-as.

Letting € — 0 in the above inequality, we obtain
hmsup log\X( )| < —E[g2p/2 - Al as.,
t— p

which proves the claim. D

Next, we shall remove hypothesis (H3.1) for an investigation of the P-almost sure

exponential stability.

Theorem 3.5 Let V € C?>'(R x Ry;R) and v(t) be a polynomial with positive

coefficients, and let p and A be positive constants. Assume that for all x € R
(i) [z < V(z, 1),
(ii) LV (x,t) < =AV(x,t) + v(t)e ™,
(iil) HV (x,t) < v(t)e NV (2,1),
(iv) v(t) > t.
Then the solution of equation (3.1) satisfies

1 A
limsupzlog\X(t; to, o) < —— q.s.
p

t—00
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Proof From Ité’s formula and (3.3), conditions (ii) and(iv) we have quasi surely

MV (X (t),1) = MoV (wo,t0) + A [, eV (X(s),5)ds

+ [ V(X (s), )+f( (5),)Va(X(s), ) + 59%(X (), 5)Vaa (X (s, 8)vs]ds + N(t)

< e)‘tOV(xo,to )+ ft s)ds + N(t)

< MOV (w0, to) + ((V(t))2 = (1(t0))?) + N(t) < V(zo,t0) + (v(t))* + N(t), .
3.7

where .
N(t) = / AV, (X(s), 8)9(X (s), 5)dBs.
Let q/2 be the degree of the polltoynomial v(-) and k = 1,2,---. Fix 6 > 1 arbitrarily.
An application of Lemma 2.6 with g(t) = t, 7, = 0%, v, = 679 gets that, for P-almost
all w € Q, there exists an integer ky = ko(w, P) such that for all k > kg
N(t) < 0%+ lloghk + 20~ < N(t) >
< 0%t og k 4 50~ ft'; e HV (X (5), 8)vgds
< 09t og k 4 £0~ %52 ftf) v(s)eMV(X(s),s)ds
for tg < t < 6%, where condition (iii) has been used. From (3.7), we have
MV (X (t),t) < V(xo,to) + (v(6%))?
+09 1 log k + 6% 5> fti v(s)eMV(X(s),s)ds
for all tg < t < 0%,k > ko P-almost surely. Since v(t) is a polynomial function with
positive coefficients, by Gronwall-Bellman Lemma (e.g. see Lemma 1.2 in Hasminskii
[13]), we get
AMV(X(1),t) < [V(mo,to) + (v(6%)) + 091 1og k|
x exp (352079 (v(6%))?) < CH*Hlogk
for all tg <t < 9’“ k > ko P-almost surely. Thus, if -1 <t < 9’“, k> ko

AtV(X (t),)
€ ALY < ogrttiog k/(log(k — 1) + loglog 8) P-ass.
t?loglogt ¢ ogk/(log(k — 1) +loglog §) P-a.s
which shows N
X(¢
lim sup M C0q+l P-a.s.
t—oo tlloglogt
Since 6 > 1 is arbitrary,
MV(X(t
hmsupM<C P-as.

tsoo tlloglogt
Finally, by conditions (i) and ( v), we get
lim Sup +log | X (t)| < lim sup i 7 log V(X (1),1)
t— t—00
= lim sup i L og ( _’\t%tq log log t)
t—00
< —% P-a.s.

which easily shows our claim. Thus, the proof is complete. [
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Theorem 3.6 Let V € C*'(RxR,;R) and ¢(t) be a nonnegative predictable process.
Let p, \,n,q be positive constants and € [0,1). Assume that for all x € R

(D) Nzl < V(z,t),
(i) LV (2,t) + (1 + )" HV (z,t) < o(t) [1 + (V(z,1))°],

(iii) lim sup;_,o 1 log (ftl; cp(s)ds> <0 qgs.
Then the solution of equation (3.1) satisfies

1 A
limsup;log|X(t; to,o)| < —= q.s.
p

t—o0

Proof From It6’s formula and (3.3), similar to the discussion in (3.7) we have quasi
surely
V(X(t),t) < V(xzo,to) + ftz LV (X(s),s)ds + N(t) (3.8)

where

N = [ VaX(6),900(X(6), ).
Let k=1,2,---. By Lemma 2.6 V&Z)th g(t) =ty = 2n(1 +2F)"9, 7, = 2F and 6 = 2 we
have that, for P-almost all w € 2, there exists an integer ky = ko(w, P) such that for
all k > ko
N(t) < 2(1 428 log k + (1 +25)77 [ HV (X (s), s)vsds
for 0 <t < 2. Plugging this into (3.8) and using condition (ii) we have
V(X(t),t) < V(xo,to) + (1 +2%)"logk
+n(L+2%)79 [§ HV(X(s),s)ds + [, LV(X(s),s)ds
< V(xo,to) + (1 + 2F)91og k
+ft 1+s) THV(X(s),s) + LV(X(s),s))ds
< V(xo,to) + (1 + 2F)alog k
+ fto [1 + (V(X(s),s))] ds
for all tg <t < 2% k > ko P-almost surely. By Corollary 1-7.5 in Mao [20], we get

V(X(t),t) < ([V(:po,to) + - (1 +2k)q10gk‘—|—ft ds] 7
—ﬂuﬁw<w§”“w

for all ty < t < 2%,k > ko P-almost surely. Now let £ > 0 be arbitrary; by condition
(iii) there exists a random integer k1 = ki(w, P) such that for all & > kq,

2k
/ o(s)ds < 2" Pas.

to
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Therefore, if 251 <t <28 k> ko V Ky,
Flog[eMX(OPP] < log V(X (t),1)
< ((1 =825~ log ([V (2o, to)
+1(1+25)0log k + eeﬂ Tia- 5)6621“) :
where condition (i) has been used too. Thus we have
limts_lg)o % log [e)‘t|X(t)|p} <2/(1-pB) P-as.

Since € > 0 and P € P are arbitrary, we get

lim sup %log [eM]X(t) ]p] <0 gs.

t—o0
Finally, we deduce

lim sup 1 log | X (t)]
t—o0
= lim sup 1% log [e~Me M| X (¢)[7]
t—o0
A
< -5 a4s

which easily shows our claim. Thus, the proof is complete. [

Theorem 3.7 Let V € C>'(RxR;R) and ¢ (t), p2(t) be two nonnegative predictable
processes. Let p, A\,n,q be positive constants and /3 € [0,1). Assume that for all x € R

(i) eMzfP < V(a,1),
(ii) LV (2,t) + 52ne " THV (z,t) < ¢1(t) + pa(t) (V(2,1))°,

(iii) limsup,_,, 1 log (ft'; gol(s)ds) < ¢ and limsup,_, ., 1 log <ftz gpg(s)ds) <q(1-
B) as.

Then the solution of equation (3.1) satisfies

1 A—
lim sup = log | X (¢; o, zo)| < A4 q.s.
t—oo U p
Proof Note that (3.8) still holds. Let k = 1,2,---. By Lemma 2.6 with g(¢) =

t,yie = 2ne” % 1, = k and 6 = 2, we get that, for P-almost all w € €, there exists an
integer ko = ko(w, P) such that for all k > kg
N(t) < %eqk log k + G%ne=* ftf) HV (X (s),s)ds
for ty <t < k. Plugging this into (3.8) and using condition (ii) we have
V(X(t),t) < V(xo,to) + ye™logk
+ iy [£1(3) + 02(5)(V (X (s), 8))°] ds
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for all tg <t < k,k > ko P-almost surely. By Corollary 1-7.5 in Mao [20], we get
1-p
V(X(t),t) < <[V(xo,to) + eqklogk—i-ft v1(s ds}

1/(1-p)
+(1 L va(s dS)
for all tg <t < k,k > ky P-almost surely. Now let ¢ > 0 be arbitrary; by condition

(iii) there exists a random integer k1 = ki(w, P) such that for all k > ky,
k
/ o1(s)ds < etk p_a,

to

and
k

©o(s)ds < e=Alatelk p_g g
0
for all £k > ki P-almost surely. Hence, if k — 1 <t < k,k > ko V k1,

1-p
V(X(t),t) < <[V($0, 0) + %eqk log k + e(q-l—e)k]

+(1 = Bet=-Aarar) V=D p o
which shows .
lim sup 7 logV(X(t) <q+¢e P-as.

t—o00
Letting € — 0, we have

1
lim sup 7 logV(X(t) <q P-as.

t—o0
Therefore, we deduce

lim sup +log | X (2|
t—o00
= lim sup Llog [e MV (X (t),1)]

t—00
< — qu P-a.s.

which easily shows our claim. Thus, the proof is complete. [

Finally, in order to discuss the quasi sure exponential unstability, we define the

functions

and
LV (2,t) := Vi(w,t) + f (2, )Va(z, 1) + ¢° (2, )G (Ve (2, 1))
<

Noticing G(a) < 3av; q.s., from Proposition 2.5 we deduce that

LV (2,1) < Vi t) + f (o, 1)Va(z, t)—l—;g (@) Va2 )00 5. (3.9)

Theorem 3.8 Let (H3.1) hold. Assume that there exists a function V (z,t) € C*(R x
R4;R) and ¢(t) be a nonnegative predictable process, and let p > 0,p > 0,k > 0, A >
52p/2. Assume that for all x # 0,t >t
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i) [P = V(x,t),

ii) LV (x,t) > Ap(t)V (x,t),

iii) HV (z,t) < pcﬁ( )(V(x,1))?,

iv) liminf 1 ft (s)ds > Kk q.s.

Then the solution of equation (3.1) satisfies

(
(
(
(

hmlnf log|X(t to, zo)| > p( —a%p/2) qs., (3.10)

whenever xg # 0 g.s. In thls case, equation (3.1) is said to be quasi sure exponentially
unstable.

Proof From It6’s formula and (3.9), combining with conditions (ii) and (iii) we get
log V(X (t ) t) = log V(zo, to)
I [ V(X (9), )
+V(X%S)7S) V(X (s),5)f(X(s),s)
7R Vo (X (6): 9167 (X (5), s
—1 V2( o) V2(X(s),8)g*(X(s),s)vs]ds
+ fto va(X(S)’ $)9(X(s), s)dBs
> log V(zo,t0) + N(t) + (A — 52p/2) ftg ©o(s)ds
where N (t) is the same as before.

Let k = 1,2,--- . Take arbitrarily e € (0,2)A/(5%p) — 1). Applying Lemma 2.6 to
the martingale —N (t) with ¢g(¢) = t, 7, = k, 7, = € and 6 = 2 we get that, for P-almost
all w € , there exists an integer kg = ko(w, P) such that

—N(t) <2 llogk+ z—:ft stds
<2 llogk + 35 psfto
for all toc <t <k, k> ko.
Using condition (iii), we have
log V(X (t),t) > log V(a;o,to) —2e7togk
+(A = (1+¢)5%p/2) ft s)ds
for tg <t < k,k > ko P-almost surely.

Together with the conditions (i) and (iv) we obtain

hgégf%log]X( )| =2 - (1 +¢)a%p] P-as.

Letting € — 0 in the above inequality, we easily obtain the claim. [
We now give an illustrative example.

Example 3.9 Let the state of a stochastic system with ambiguity X (¢) satisfy the
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following G-SDE
dX(t) = —aX(t)dt + X (t)dB:, t>tg (3.11)
with initial value X (t9) = ¢ and a > 0.

Taking Lyapunov function V(z,t) = |z|?, we have
G(Vaa(2,1) = %,
LV (z,t) = —2a2? + B%6%2% = —(2a — B262)V (¢, z).
In Theorem 3.3, letting p = 2, A\ = 2o — 3262 > 0, we have
lim sup ! log | X (t;to, x0)| < —M/p q.s.

t—00 t

Therefore, if 2a — 3262 > 0, then by Theorem 3.3 the trivial solution to G-SDE (3.11)

is quasi surely exponentially stable.

84 Conclusion

In the real world, since random experiments whose outcomes are not exact, we are
faced with two type of uncertainties, i.e., randomness and ambiguity. When we are
concerned with the misspecification of a model, we can solve the problem of model
uncertainty by using the notions of sublinear expectation space, the related G-normal

distribution and G-Brownian motion in Peng [23].

In many real systems including control engineering, economy and finance, we can use
the stochastic processes to describe our random phenomena with ambiguity on Peng’s
sublinear expectation space. Moreover, we may consider G-expectation, G-Brownian
motion and G-SDE. In this paper, we study the a kink of It6 stochastic differential
equation driven by G-Brownian motion, and the quasi sure exponential stability is
discussed. By the method of G-Lyapunov function and It6 formula under sublinear
expectation, several theorems of stability are proven, and a theorem of unstability is
also proven. In a word, our results are useful for the analysis and design of certain
random systems with ambiguity. Another, further analyses of stability of solutions to
the stochastic differential equations driven by G-Brownian motion with non-Lipschiz

coefficients will be studied in future.

Acknowledgements: The work is supported by National Natural Science Foun-
dation of China (71171003, 71210107026), Anhui Natural Science Foundation (10040606003),
and Anhui Natural Science Foundation of Universities (KJ2012B019, KJ2013B023).



1]

[12]

[13]

17

References

Chen, Z. and Epstein, L. (2002). Ambiguity, risk and asset returns in continuous
time, Econometrica 70(4), 1403-1443.

Choquet, G. (1953). Theory of capacities, Annales de Institut Fourier 5, 131-295.

Denis, L., Hu, M. and Peng, S. (2008). Function spaces and capacity re-
lated to a sublinear expectation: application to G-Brownian motion paths, see
arXiv:0802.1240v1 [math.PR] 9 Feb, 2008.

Denis, L. and Martini, C. (2006). A theoretical framework for the pricing of con-
tingent claims in the presence of model uncertainty, The Ann. of Appl. Probability
16(2), 827-852.

El Karoui, N., Peng, S. and Quenez, M.C. (1997). Backward stochastic differential

equation in finance, Mathematical Finance 7(1), 1-71.

Epstein, L. and Ji, S. (2011). Ambiguity volatility, possibility and utility in con-

tinuous time, preprint.

Epstein, L. and Ji, S. (2013). Ambiguity volotility and asset pricing in continuous
time, Rev. Financ. Stud., doi: 10.1093/rfs/hht018

Fei, W.Y. (2007). Optimal consumption and portfolio choice with ambiguity and
anticipation, Information Sciences 177, 5178-5190.

Fei, W.Y. (2009). Optimal portfolio choice based on a-MEU under ambiguity,
Stochastic Models 25, 455-482.

Fei, W.Y. and Fei, C. (2013). Optimal stochastic control and optimal consumption
and portfolio with G-Brownian motion, preprint, see Xiv:1309.0209v1 [math.OC]
1 Sep 2013

Gao, F.Q. (2009). Pathwise properties and homeomorphic flows for stochastic dif-
ferential equations driven by G-Brownian motion, Stoch. Proc. Appl. 119 (10),
3356-3382.

Gilboa, I. and Schmeidler, D. (1989). Maxmin expected utility with non-unique
priors, J. Mathematical Economics 18, 141-153.

Hasminskii, R.Z. (2012). Stochastic Stability of Differential Equations, Second
edition, Springer-Verlag, Berlin, Heidelberg.


http://arxiv.org/abs/0802.1240

18

[14] Hu, M. and Peng, S. (2009). On representation theorem of G-expectations and
paths of G-Brownian motion, Acta Mathematicae Applicatae Sinica, English Series
25(3), 539-546.

[15] Karatzas, I. and Shreve, S. E., (1991). Brownian Motion and Stochastic Calculus,
Springer-Verlag, New York.

[16] LaSalle, J.P. (1968). Stability theory of ordinary differential equations, J. Differ-
ential Equations 4, 57-65.

[17] Li, X and Peng S., (2009). Stopping times and related Itos calculus with G-
Brownian motion, Stoch. Proc. Appl. 121, 1492-1508.

[18] Luo, J. and Liu, K. (2008). Stability of infinite dimensional stochastic evolution
equations with memory and Markovian jumps, Stoch. Proc. Appl. 118, 864-895

[19] Lyapunov, A.M. (1907). Probléeme général de la stabilité du movement, Comm.
Soc. Math. Kharkov 2 (1892) 265-272; Translated in: Annales de la faculté des
sciences de Toulouse 9, 203-474.

[20] Mao, X.R. (1994). Exponential Stability of Stochastic Differential Equation, Mar-
cel Dekker, New York.

[21] Mao, X.R., Yin G. and Yuan C.G. (2007). Stabilization and destabilization of
hybrid systems of stochastic differential equations, Automatica 43, 264-273.

[22] Pang, S.L., Deng, F.Q. and Mao, X.R. (2008). Almost sure and moment exponen-
tial stability of Euler-Maruyama discretizations for hybrid stochastic differential
equations, J. Comput. Appl. Math. 213, 127-141.

[23] Peng, S. (2006). G-expectation, G-Brownian motion and related stochastic calculus
of It6s type, The Abel Symposium 2005, Abel Symposia 2, Edit. Benth et. al., pp.
541-567, Springer-Verlag.

[24] Peng, S. (2008). Multi-dimensional G-Brownian motion and related stochastic cal-
culus under G-expectation, Stoch. Proc. Appl. 118(12), 2223-2253.

[25] Peng, S. (2010). Nonlinear expectations and stochastic calculus under uncertainty,
preprint, see larXiv:1002.4546v1 [math.PR] 24 Feb 2010.

[26] Soner, M., Touzi, N. and Zhang, J. (2011). Martingale representation theorem
under G-expectation, Stoch. Proc. Appl. 121, 265-287.


http://arxiv.org/abs/1002.4546

19

[27] Soner, M., N. Touzi, and J. Zhang (2011). Quasi-sure stochastic analysis through
aggregation, Electronic Journal of Probability 16, 1844-1879.

[28] Zhang, D. F. and Chen, Z. (2012). Exponential stability for stochastic differential
equation driven by G-Brownian motion, Applied Mathematics Letters 25, 1906-
1910.



	1 Introduction
	2 Preliminaries
	3 Quasi sure exponential stability for G-SDEs
	4 Conclusion

