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REGULARITY AND LONG-TIME BEHAVIOR OF NONLOCAL
HEAT FLOWS

STANLEY SNELSON

ABSTRACT. This article considers nonlocal heat flows into a singular target
space. The problem is the parabolic analogue of a stationary problem that
arises as the limit of a singularly perturbed elliptic system. It also provides
a gradient flow approach to an optimal eigenvalue partition problem that, in
light of the work of Caffarelli and Lin, is equivalent to a constrained harmonic
mapping problem. In particular, we show that weak solutions of our heat
equation converge as time approaches infinity to stationary solutions of this
mapping problem. For these weak solutions, we also prove Lipschitz continu-
ity and regularity of free interfaces, making use of a parabolic Almgren-type
monotonicity formula.

1. INTRODUCTION

We consider a parabolic system motivated by the following problem, which arose
in the study of shape optimization:

(P) Let Q be a smooth, bounded domain in R™, and let m > 1 be a positive
integer. One seeks a partition of Q0 into mutually disjoint subsets Q;, j =
1,2,...,m, such that Q = U;-”Zlﬁj, and Z;ﬂzl A1(825) is minimized over all
possible partitions of Q. Here \1(§;) is the first Dirichlet eigenvalue of the
Laplacian A on ;.

Shape optimization problems arise naturally in the field of structural design, when
one seeks to optimize the design of a system governed by partial differential equa-
tions. Problem (P) has been studied by many authors; see for example [213]4129]
and the references in [2]. Problem (P) also belongs to a broader class of partition
problems that have attracted interest due to connections with spectral theory, see
for example [21122/23].

To prove the existence of a minimizing partition, one must first define a class of
admissible subsets of 2 so that the Dirichlet eigenvalues can be properly defined.
Another more difficult issue is to introduce a topology on the space of partitions into
admissible subsets so that the functional 377" | Ai(€2;) possesses an absolute mini-
mum, and that the minimizer is a suitable partition of 2 into admissible subsets.
An existence theorem for problem (P) was first established by Bucur-Buttazzo-
Henrot [2] in the context of so-called “quasi-open” partitions. Later, the work of
Conti-Terracini-Verzini [I1,[12}[14], which considered (P) and various generaliza-
tions, developed in particular an existence proof for open partitions solving (P),
making use of an equivalence between (P) and a constrained energy minimization
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problem for functions on . A similar equivalence was proven by Caffarelli and
Lin [6] for quasi-open partitions. We now describe their formulation of this equiv-
alence, which is essential for the present study. Consider the constrained harmonic
mapping problem

min{/ |VU|2d:v’U€H§(Q,E),/v?d;vzlforjzl,...,m} (P*)
Q Q

where ¥ is the singular space

= yeRm’ Syt =0y>0fork=1,....mp,
7k
a union of m perpendicular line segments meeting at the origin. Problems (P) and
(P*) are equivalent in the following sense: there exists a solution u of problem (P*)
such that u is Lipschitz in Q, and such that the open sets Q; = {z € Q|u;(z) > 0}
for j = 1,...,m form a partition of Q. That is, Q = U;”Zlflj, and 9(Q; \ ;) are
C?P in Q away from a relatively closed singular subset of €, which is of Hausdorff
dimension at most n —2 for j = 1,..., m. Furthermore, the partition of 2 given by
Al =Qp, Ag =D\ Ay, A = Q0 \ U;-’:llAj is admissible in the sense defined
in [2], and this partition solves problem (P). Conversely, for an optimal partition

A1, ..., Am, let u; be the normalized eigenfunctions on A;:
AUJ' + A1 (Aj)Uj =0 in /olj,
Uj; = 0 on Q \ /Dlj,

with u; € Hj(Q), u; > 0, and [, |u;|*dz = 1. Then u = (u1,...,up) : @ - X
solves problem (P*). This equivalence leads to a proof of the existence of an optimal
partition (a solution of problem (P)), see [6] for the details.

Now that the optimal partition problem has been reformulated in a variational
setting, it is natural to study the corresponding gradient flow. Because of the con-
straint [, |u;|> = 1 in problem (P*), the heat flow we are interested in should
preserve the L2 norm of each component. Another hint about the proper way to
formulate a gradient flow corresponding to problem (P*) is provided by the body
of work relating problems such as (P) to limiting problems of singularly perturbed
elliptic systems (see [7[9[10]). In particular, Conti-Terracini-Verzini [TT}12}13]15]
related singularly perturbed systems to optimal partition problems for nonlinear
eigenvalues and Nehari’s problem, and established Lipschitz continuity of the limit-
ing solutions, as well as regularity of the free interfaces in two dimensions. Caffarelli-
Lin [7] studied the minimization problem

min {/ [[Vul® + 2F¢(u)] dx ‘ u€ Hy(Q,R™),ulpq =f €N, fj > 0} (1.1)
Q

where F¥(u) =31, icm e72(u;)*(uj)?. In [7], the existence of minimizers u® of
(1) was established, and it was found that as € — 0, the components of the limit
of these minimizers are harmonic in the interiors of their supports, and that the
supports become disjoint in the limit. (In particular, the limit maps into the space
¥ defined above. Note that ¥ = (F¢)~1(0) N {y; > 0, = 1,...,m}.) Lipschitz
regularity of the limiting solution and free interface regularity for arbitrary target
dimension were also established in [7], and problem (P) was seen as a special case
of a larger class of limiting systems that also includes (ILT)). (Later, non-minimizing
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critical points of (1)) were analyzed by Tavares-Terracini [30] and Dancer-Wang-
Zhang [18].)

It is therefore natural to look for a heat flow that preserves the L? energy of
solutions and that arises as a limit to a singularly perturbed system analogous to
the stationary problem (II)). In this regard, Caffarelli and Lin [§] considered the
following nonlocal, nonlinear heat flow:

Opus — Auf = N5 (t)u§ — BF;E?E) inQxRy,1<j<m,
us(t,x) =0 on 90 x Ry, (1.2)
u®(0,z) = g(z) in Q,

with the constraints

|u§|2d3: = c?,j =1,...,m.
Q
Here F=(u) = 3" cicjcm e %(u;)?(uj)* as above, A5(t) is free, and

g€ Hj(Q,%), gj(z) >0 ae. in Q,
= [y g3(x)dz >0,1< 5 <m.

Since the initial condition g maps into ¥, each component g; is nonnegative, and
the supports of g; are mutually disjoint. If a solution exists, it follows easily that

1 ’U,f 2 us 2
(1) = 0_2/ (vm;ﬁuZ%)dx.

(Rl i#j
Calffarelli-Lin showed that a unique strong solution u® exists and that the singular
term in (I2) is controlled as € — 0, so that u converges in H. (2 x R;), and the
limit maps into X.

We say that u € HL (2 x Ry, ) such that u(z,0) = g € H}(2,E) N L>(Q, )

and u = 0 on 09 x R} is a suitable weak solution of the constrained gradient flow
for maps from Q2 — X if

Jo u?dm = /o gjz»da: = c? > 0,

Oy — Auy = Nj(H)u; — vi(z,t) in D'(Q xRy), (1.3)
Uj (6,5Uj — A’U,J) = )\j (t)uf n DI(Q X R+), '
fOT Jo [0vuldadt + [, |VulPdz < [, |Vg[*dz,

forall T >0, j=1,...,m, where A\;(t) = Eljg Jo IVu;|?dz, and v;(x,t) are nonneg-

ative Radon measures supported in {u;(z,t) = 0}. In [§] it is shown, using various
a priori estimates, that the solution u® of (L2)) converges strongly in HL (2 x Ry)
to a suitable weak solution as in (L3)).

The goal of the present article is threefold: First, to prove Lipschitz continuity
of suitable weak solutions w as in (I3]). Second, to study the regularity of the
interface between the supports of the components u;. The picture we have in mind
of the interface is similar to that in [7] for the limit of the stationary problem
(CI): a smooth set that locally separates two subdomains of €2, and a lower-
dimensional singular set where three or more subdomains come together. Finally,
we would like to show that, as ¢t — oo, suitable weak solutions u converge strongly in
H}(Q) to maps into ¥ that are stationary solutions of problem (P*). As expected,
the components of these stationary solutions are eigenfunctions on their mutually
disjoint supports. The Lipschitz continuity of these eigenfunctions and regularity of
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the corresponding nodal sets were established in [I4] and [22]. (See also the papers
[18/830] regarding the regularity of stationary solutions to minimization problems
like (LI and the corresponding nodal partitions.)

In [16], Dancer et. al. proved a uniform Holder estimate for a class of para-
bolic systems that are closely related to (L2 (but which lack the nonlocal term
A5(t)), using a blow-up method and a monotonicity formula of Almgren type, first
introduced by Poon [28]. The present paper uses Poon’s formula to obtain spatial
Lipschitz regularity for (I3]), the ¢ — 0 limit of (L2), but our estimate is local
rather than global.

Another type of singularly perturbed system, which is related to the Lotka-
Volterra model from population dynamics, features a term like ) ki e 2ufus in

i
place of the 37, e %uf(u5)? term found in (L) and (L2). Such a system was
treated in [5] in both the elliptic and parabolic versions, and using a viscosity
method, the authors obtained local Lipschitz continuity and free boundary reg-
ularity results for the limiting solutions similar in spirit to those proved in this
paper for (L3). A similar system of this type was studied by Dancer et. al. [I7],
who characterized the € — 0 limit in terms of differential inequalities. For ¢ > 0,
systems of this type do not have a variational structure as (I.2]) does (as a result,
substantially different methods are required), but surprisingly, the singular limit
exhibits a variational structure. As in the present study, the limiting system in the
parabolic case converges to a stationary solution of the corresponding varational
problem, and in fact, similar behavior is seen for the € system when ¢ is small;
see [17].

The gradient flow of harmonic maps into nonpositively curved metric spaces
(such as X)) was also studied by Mayer [27] using a finite difference approach, and
his methods could be generalized to the setting in [8]. However, the gradient flows
constructed in [27] are not convenient to work with when trying to establish Lip-
schitz continuity and free boundary regularity. The methods in [8] and this paper
could be applied to some of the more general classes of parabolic systems discussed
above, as well as singularly perturbed systems whose elliptic versions were studied
in [7.9].

The paper is organized as follows. In Sect. 2] we derive a monotonicity formula of
Almgren type and apply it to prove Lipschitz continuity of suitable weak solutions
in Theorem 211 Sect. [l is devoted to interface regularity between the various
components u;. Theorems and B3 characterize this interface as the union of
a C?P hypersurface and a singular set of codimension at least 2. Theorem B2
which bounds the dimension of the singular set, also makes use of the monotonicity
formula (Lemma [ZT)). The argument in Sect. [ follows a similar outline to the
proofs of free boundary regularity for stationary problems in [6] and [7], but the
time-dependence and nonlocality introduce some new difficulties. In Sect. M we
look at the long-time behavior of u(x,t) and show that u converges to a stationary
solution of problem (P*) in Theorem

The author would like to thank his advisor Fanghua Lin for suggesting this
problem and for insightful discussions.

2. LIPSCHITZ CONTINUITY

The Lipschitz continuity of weak solutions to (L3 relies on a monotonicity
formula of Almgren type. Almgren [I] showed that if v is a harmonic function
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on Bj such that v(0) = 0, then the functional »D(r)/L(r) is nondecreasing in
r, where D(r) = [ |Vo|*dz and L(r) = [,5 v*do, and used this formula to
study the growth of harmonic functions. These methods were later generalized
to solutions of general second-order elliptic equations, see e.g. [20]. Almgren-type
monotonicity for linear parabolic equations was considered by Poon [28], and his
parabolic monotonicity formula has since been applied in a variety of settings, for
example in studying the regularity of a parabolic obstacle problem by Danielli et.
al. [19], and in the works of Dancer et. al. [I6L18] on segregating species models,
as discussed in the Introduction.

Denote by Gy, (2, t) the Green’s function for the backwards heat equation at
a point (xg,to):

1 |z — 20 |?
Gz )= ——).
o) = e (i
T — X0
2(t = to)
Following Poon [28], for a function v :  x Ry — ¥ and a point (zg, to), we define
the functionals

Recall that 0:Gyy 1, = —AGgt, and VGy, 1, = Gao.to- Let G = Gop.

I(v,z0,t0, R) = Rz/ |V, )2 Gy 1o (7, 1) de,
t=to—R2
Hv,zo,t0 )= [ db(o(e,1), (w0, 10))Gay.t (0. 0)
t=to—R?
21(“5 Zo, tOv R)
N to,R) = ———" "~
(U,Io, 05 ) H(U,Jfo,to,R) ’

where the integrals are taken over the time slice Q x {tc — R?}. The distance in
the singular space X is given by dx(p,q) = |p — ¢| if p and ¢ are in the same line
of ¥, and dx(p,q) = |p| + |g| otherwise. For functions v that map into R™, we will
slightly abuse the above notation by writing H (v, zo,t0, R) = [,_, g [v(z,t) —
v(z0,t0)]?G dx. We will often write N(u, R) or N(R), etc., when the dependence
on u and/or (xg,tg) is clear.

For a solution w of the vector heat equation w; = Aw, it can be shown (see [28])
that N(w, R) is monotonically increasing in R. In our situation, with « a suitable
weak solution as in ([L3]), we can only obtain that N(u, R) plus a monomial term
is increasing, but this modified monotonicity will be sufficient to prove that u is
Lipschitz.

Lemma 2.1. For u a suitable weak solution of [L3)) and (zo,t0) € Q x Ry, there
exists a constant C independent of (xq,to) such that the quantity

N(u,fbo, to, R) + OR4

is nondecreasing in R for 0 < R < Ry, where Ry is the parabolic distance from
(20,t0) to the parabolic boundary Op (2 x Ry).

Remark 1. Since u is a Sobolev function, N(u, R) is defined on (0, Ry) only up
to a set of measure zero. We interpret the monotonicity of N(u,R) + CR* as
follows: there exists a nondecreasing function that agrees with N (u, R)+CR* almost
everywhere on (0, Rp).
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Proof. By translation, we may assume our equations are defined on Q x [—R3, 00),
and that (zo,%0) = (0,0) and «(0,0) = 0. We will work with the solution u® of the
approximating system (L2) and study the derivative in R of

2R? [,_ o [[VUf|? + 2F¢(uf)] da
ft:_R2 |us|2G dx

N<(u®,0,0,R) =

It will be convenient to write (I2)) in the vector form
Ot — Auf = A° ou® — VF*(u), (2.1)

where A°(t) is the vector with j-th component A5(t), and o denotes the entrywise
product. Here, the gradient of F¢ is taken with respect to u® € R™.

To simplify the notation, we set u = u®. For 0 < R < Ry, we will now define
I*(R) = R? [,__ . [|Vu* +2F¢(u)] Gdz, so that N° = 2I°/H. Integrating by
parts and using (1) and and VG = £ G, we have

I°(R) = R? /t_Rz [[Vul® + 2F¢(u)] G d
=—R? /t:_R2 {u (ut —A(t)ou+ VEF(u)+ Vu- %) - 2F€(u)} Gdzx
= _R? /tRz [u : (ut X () ou+ Vu- %) + 2F€(u)} G dz. (2.2)

The last equality comes from the fact that

1 1
u-VF(u) = ZulE_Z Z2uiu§ = 42 g(uiujf = 4F*(u).
i=1 j#i i<j

Using G; = —AG, we differentiate H(R):

H'(R) = —2R/ [2u- wG + |ul’Gy] da
t=—R?

T
- —4R/t:_R2 u- (ut +Vu- %) G dz. (2.3)

We will need the following consequence of (Z2) and ([23]) in the proof of Theo-
rem 211

H'(R) = % (IE(R) R /t 0 o) 2P (w) de) 249
We now rewrite ([2.2)) and (23] as
I°(R) = —R? /t:_R2 u - (ut +Vu- % - %)\S(t) ou— %)\a(t) o u)Gd:E

- R? / 2F¢(u)G dz,
t=—R?

H'(R) = —4R/t_ R2u. (W-i—Vu-i — %)\E(t) ou+ %Xs(t) ou)de,
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Thus,

H'(R)I°(R) = AR? (/t__R2 - (ut +Vu- % - %/\E(t) ° u) de>2

- R? </t_R2u- (NS (t) ou)de)2

Next, we differentiate I°(R), using the properties of the heat kernel:

(IF)(R) = 2R/t_R2 [[Vul® + 2F¢(u)] G d

- 2R3/ [2Vu: Vu, G — |Vu?’AG + 2VF® (u) - w,G — 2F°(u)AG] dz,
t=—R?

where A : B = tr(A'B). Integrating by parts and using VG = %G again, we

obtain
(I°)Y(R) = 2R [[Vul® + 2F¢(u)] G dx
t=—R2
m s
—4R? /t:_R2 [Vu : Vg + Z Vu; - D?uj- o
Jj=1
+ VF*(u) - us + VF*(u) - Vu - %} Gdz

= 2R/ 2F¢ (u)G dx
t=—R?

T

—4R? /t:_m [Vu: 9 (e + V- ﬂ) +VF(u) - (up+ Vu- )| G

2t

The term 2R [ 2F¢(u)G dz > 0 will not be needed in the final estimate. Integrating
by parts again and using ([2.I)), we have

(I°)/(R) > 4R° /

. (Au+vu : % - VFs(u)) . (ut V- i) G du

:4}%‘0’/16:_1%2 (ut+Vu-£—)\8(t)ou) . (ut—i—Vu-;)de

2t
=4R3 /
t=—R2

- R3/ IA°(t) o ul?G da. (2.6)
t=—R2

v E - L er
u U — — = ou XL
¢ 20 2
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Combining (Z1) and 26), we get
(1) (R)H (R) — H'(R)I*(R)

2
> 4R3 (/ ut—|—Vu-£_1)\€(t)ou} Gdaj) </ |U|2Gda:>

t=—R? 2t 2 -

- R? (/ (1) ou|2de) (/ |u|2Gd:17>
t=—R?2 —_R2

x 1 2
- ’ . R ¥
4R (/t__R2u (ut—i-Vu T 2)\ (t)ou>de)

2
+R? (/ u-()\s(t)ou)Gd:v>
t=—R?
4R / u- (ut +Vu- 3) G dx / 2F()Gdx ). (2.7)
t=—R? 2t t=—R?
By the Cauchy-Schwarz inequality,

T 1 2
4R? (1_R2u- (ut+vu'§_§)‘s(t)0u)Gd$>

2
§4R3</ ut+w-3—1x‘(t)ou\ de> (/
e 2 2 t:

It can be shown that > 7", [A5(t)| < Mo for some My uniform in ¢ and e. (See [8,
Remark 3.2].) Thus,

lu?G dw) . (2.8)
R2

- R? (/t_Rz |A€(t)ou|2Gda:> (/t_Rz |u|2Gd:1:> > -MIR}(H(R))®. (2.9)

Noting that, by @3), —4R? [,__ g u- (us + Vu - &) G dx = R*H'(R), we conclude
from 27), (238), and (29) that
2R2H'(R)
(N®)(R) > —2MEZR? + =~ / 2F°(u)G d.
’ (H(R))? Ji=—pre

It is clear from (24) that H'(R) > —4R [,_ . u- (X°(t) ou)G dx > —4MyRH(R),
which gives

e\/ 8R3 I3
(N®)(R) > —2MZR? — HR) /t:_R2 2F°(u)G dx. (2.10)

To pass to the limit as ¢ — 0, we must first integrate in R. This is because we
only have convergence of u® to u in Hg (2 x R.), and (2I0) holds only for a time
slice. For 0 < Ry < Ry < Rp, we have

2 8R?
N¢(Ry) — N°(R;) > —C(R3 — R}) — — / 2F¢(u)G dz dR.
Ry H(R) Ji——ge

In [8l Corollary 3.4], it is established that as & — 0,

ta
/ F*(u®)dzdt — 0 (2.11)
t1 Q
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for any t; < t5. Because [, [u®(x,t)|* dz =1 for all t, we can bound H(u®, R) from
below on the interval [R;, Rs], uniformly in e. This implies

lim [N*(u®, Rp) — N°(u", Ry)] > —C(R3 — R}). (2.12)
e—>

It remains to show that the left hand side of (Z.12)) converges to N (u, Ra)— N (u, R1),
where u is a suitable weak solution of (I3]). By the strong convergence of u to

win Hp, (Q x [~R3,00)), it follows that [* H(u®, R)dR — [* H(u, R)dR and
that f}ff IF(uf, R)dR — fgz I(u,R)dR. Letting t; = —R2,i = 1,2, we see from
23) that

Ro d to T
—H(u®*,R)dR =2 o (ug ¢ —)Gdxdt
/R1 TR (u®, R) /t1 /Qu (ut—i—Vu 2t) x

Ro T
—>—4/ R/ u~(ut—|—Vu~—)de
Rl t:*Rz 2t

Ro d
= 2 H(u,R)dR.
/Rl i 1w R)

Similarly, we can conclude from (2.6) and ([2.12) that [ 151 ® - I*(uf, R) dR converges

to f}ff - I(u, R) dR. Noting again that H(u, R) is uniformly bounded from be-
low for R € [R1, R2], and that H and I are uniformly bounded from above, it is

straightforward to check that

[ (At in [ D IO )

r, AR\ H(u,R) R (H (u, R))?

and we obtain N(u, Ry) + CR3 > N(u, R1) + CR}.

O

By Lemma [ZT] the frequency N(u,xzg,to) := limpg_o N(u,zg,to, R) exists, and
we have N(u,xo,t0) < N(u,zo,t0, R) + CR*. Sometimes we will write N (z, o)
when the dependence on u is clear. When u(xg,tg) = 0, the frequency N (u, xq, to) is
equal to the parabolic vanishing order of w at the point (xg,to). In other words, if as
(z,t) = (z0,t0), u(w,t) is in the class O(y/|x — 2|2 + [t — to|*) but the quantity
u(z,t) /|7 — 20|21 + |t — o]~ — 0, then N (u,zq,t0) = k. We will also use
the fact that for a solution of vy = Aw, the frequency exists, and N (v, z,t) gives the
degree of the first term in the Taylor expansion of v in caloric polynomials around
(x,t). Since N(z,t, R) is continuous in x and t, and N(x,t) < N(x,t,R) + CR*,
we have that N(z,t) is upper-semicontinuous in (z,t).

Let T = {(x,t) € Q@ x Ry |u(z,t) = 0}. Because u maps into X, the free interface
I divides ©Q x Ry into m mutually disjoint sets {u;(x,t) >0}, j=1,...,m.

Theorem 2.1. A suitable weak solution u(x,t) of ([L3)) is locally Lipschitz in x.

Proof. On the interior of each set {u;(x,t) > 0}, we see from (L3) that u, satisfies
Oyu; — Auy = Aj(t)u; in D' ({uj(x,t) > 0}). Since A;(¢) is in L (R4 ), the standard
parabolic estimates (see, e.g., [24, Chapter 7]) imply that u is locally Lipschitz in
x on the interior of {u;(x,t) > 0} for each j =1,...,m.

We will now use Lemma 2.1l to show that u grows linearly from the free interface.
Because u € Hlloc(Q x Ry ), we have that u is L?-approximately differentiable in z,
that is, |B(x,r)| 7! fB(I)T) r2|u(y, t) — u(z,t) — Vu(z,t)(y — z)[*dy — 0 as r — 0,
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for L7 ae. (x,t) € Q x Ry. (See [26], page 36.) At any such point where u is
approximately differentiable, the frequency N(z,t) > 1. By upper-semicontinuity,
N(z,t) > 1 everywhere in £ x R.

Fix a point (zg,t9) € . As above, let Ry be the distance from (zg,%y) to
the parabolic boundary of 2 x Ry. For the approximating heat flow u®(z,t), we
conclude from (24) that

d 4

—H(u®,R) > — ( I*(u, R) — R*M, °12G, d

R > g (e R =M [ PG, ) i
for 0 < R < Ry. This implies

d . 2
> €(, € _ ) .
= log H(u®, B) = =N*(u, R) — CR (2.13)
From the proof of Lemma 2], it is clear that fR2 N¢(u®,R)dR — fR2 N(u,R)dR

for 0 < Ry < Ry < Ry. Then, integrating (ZI3) from R; to R and taking the
limit as € — 0, we obtain
H(u, Ry) _ Rz 9

Z N(u,R)dR — C(R3 — R?)

lo
SHu,Ry) = Jp, R

Ro 2

> [ (Vlusn o) ~ ORY) dR ~ C(F - 1),
Ry

with C independent of (zg, ). Since N (u,xo,ty) > 1, we conclude

2

Ry
H(u,Ry) < H(u,Rz)R2

Choosing R = Ry and renaming Ry = R, this implies

exp (C(R3 — R1 + R3 — RY)) .

/ d3, (u(z,to — R?),0) Guq 1o (. to — R?) dz = H(u, R) < CoR>.
Q

for 0 < R < Ry, where Cy depends on Ry. Making the change of variables x =
o + Ry, we obtain

1
o [ (oo + Ruto — B),0) Gooly Dy < Co. (214)
]Rn

where we have extended u(z,t) by 0 for z ¢ .

Let (z1,t1) € Q x Ry be such that u(xy,t1) # 0 and ¢1 < tg, and suppose
that (zg,to) is the closest point in I" to (z1,%1) in the parabolic distance. Let
s = tg—t1, and let p = dp((xo,t0), (x1,t1)) = \/$+ |xo — 21]%. Since u maps
into X, we have wj,(z1,t1) > 0 for some 1 < jo < m, and thus uj, > 0in Q =
B, s(x1) % (t1 — p?/4,to) and u; = 0 in Q for all other j. By (L3), u;, satisfies

8tujo - Aujo = )‘jo (t)ujo >0 in D/(Q)
Assume that for some point (z2,t1) € @, there holds
ujo (IQ, tl) Z MT

with 7 = p/2 and M large. Define the cylinders Q1 = B,(z1) x (t1 — 12, t1 + s/4)
and Q2 = B, (z1) X (to — $/4,t9). By the parabolic Harnack inequality,

iélfujo > Cysupuj, > CrMr.
2

1
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We observe ds;(u(x,t),0) = |uj, (x,t)]. It is clear that s =ty — t; = a®r? for some
fixed a < . Taking R = ar/4 in (ZI4), so that R? < s/4, we see

: 4,to — ar2/16)|
CO Z / ’,U’JO (‘TO + a/r'y/ 0 a=r / )’ G070(y, 1) dy Z C(n)c&M,

(ar/4)?
a contradiction if M > Cy/(c(n)Ch). O

Lemma 2.2. The free interface T' C Q X Ry has zero (n+ 1)-dimensional Lebesgue
measure.

Proof. The lemma follows from a much stronger result controlling the size of the
nodal set of solutions to (I3]) that could be concluded from the Almgren mono-
tonicity formula, see [25] for the details. O

3. REGULARITY OF FREE INTERFACES

We now study the regularity of the free interface I' = {(z,t) € Q@ x Ry|u(z,t) =
0}, where u is a suitable weak solution of (L3)).

First, we want to establish a gap in the values of the frequency function N(z,t)
for (x,t) € T. As noted above, the smallest possible value of N(z,t) is 1, corre-
sponding to degree-1-homogeneous behavior of each component of u near (z,t). We
will show that the next possible value is N (x,t) = 14§, for some positive constant
0, depending on the dimension. For this, we need the homogeneous blow-ups of u
for points in I':

Lemma 3.1. Assume (xg,t9) € I'. Then for any pr, — 0, there is a subsequence of
Up, = u(zo + pr,to + pit) that converges weakly in HL (R™ x R_) to a function
a(z,t) defined on R™ x R_. Moreover, @ satisfies uy — Au =0 in D'(R™ xR_) and
u(pz, p*t) = p®u(x,t) for p >0, where a = N(zo,t0).

Proof. For any p > 0, it is straightforward to check that u, = u(zo + px,to +
p*t) satisfies N(u,,0,0,7) = N(u,xo,to, pr). Thus, as px — 0, u,, are uniformly
bounded in Hlloc(R" x R_) and converge weakly up to a subsequence to some
u:R™ x R_ — 3. By writing the equation satisfied by u,, and taking px — 0, we
see that @(x,t) solves 4y — At = 0 in the sense of distributions.

We now demonstrate the parabolic homogeneity of @. Note that, for all R > 0,

N(u,0,0,R) = lim N(u,xo,to, prR) = N(u,x0,t0) > 1.
pr—0

That is, N (@, R) is constant in R. Looking at the calculations for «® in the proof of
Lemma 2] we can integrate (2:2)) in R and pass to the limit as ¢ — 0. (As above,
this can be justified using the strong H{ (€ x R4 )-convergence of u¢.) We obtain

R2 R2 €T
/ I(u,R)dR:—/ 32/ u~(ut—/\(t)ou—|—Vu~—)Gd:1:dR.
R, Ry t=—R2 2t

Evaluating this expression for u,, (z,t) = u(pyz, pit) and taking the limit as u,, —
% in HY(R™ x R_), we conclude

R2 R2 x
/ I(@,R)dR = —/ R2/ i (aww- —) G dz dR. (3.1)
Ry Ry t=—R2 2t
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Applying the same procedure to ([Z3]) and (Z.0]), we obtain
Rz g x
C H(,R)dR=— | 4R i (- Vi - —)Gd dR, (3.2
J, awt / foop (v g) Garar, 2)

Ro d 3
4 r@ryar= [ 4R /
‘/I%l dR Rl t=—R?2

for any 0 < Ry < Ry. We want to show u(pz, p*t) = p®u(x,t), with a =

2
iy + Vi - %‘ GdzdR, (3.3)

d u %t
N(u,zp,tg), i.e. that d—w = 0 for all p > 0. By a rescaling, it suf-
p  p”
d T ¢
fices to demonstrate that d—‘ alpw, p71) = 2tu; + - Vi — ot = 0. Using 3.1,
plp=1  p®

B2), and BF3), we compute

R>
/ / |2t + Vi - x — au|*G dr dR
R2

Ro —

= / (RM —4al(a, R) + o*H (a, R)) dR. (3.4
R dR

Since N(R) = N(u, R) is constant, we have N'(R)H(R) = I'(R) — «H'(R)/2 = 0.

Thus, we conclude from B and (B2) that

/R2 d ( a Ro d ) Ro
R I(a,R)dR =2 / R H(u, R)dR = / 201(a, R) dR.
Because a?H(R) = 2al(R), B.4) implies 2tu; + z - Vi — ot = 0.

(]

The function @ : @ x R_ — 3, which depends on the base point (zo, to), is called
a blow-up or tangent map of u. We are now ready to show a gap in the values of
N(’U,, o, to).

Lemma 3.2. Let (zg,t0) € I'. Then either N(u,xo,t9) =1 or N(u,xg,to) > 140y
for some constant 0,, depending on the dimension.

Proof. Let @ : R" XxR_ — X be a blow-up with base point (zg, tg) and homogeneity
a = N(u,xzg,tg) > 1. The image of @ lies in d lines of ¥ for some 1 < d < m.

First suppose d = 1. In this case, @ is a scalar-valued caloric function, and the
parabolic frequency o = N (u, g, to) is either 1 or at least 2.

If d = 2, we may assume that @ = (41,us2,0,...,0). Let A; C R™ be the set
where @; > 0,7 =1,2. (It is clear that A; will not change with ¢.) Define a function
U onR” xR_ by

U( t) Uy, T € A1
:E, = —
—Ug, I € As.

The scalar function U solves U; = AU in the interiors of A; and As because %1 and
tiy do, respectively. Because the image 4(R™ x R_) lies in two half-line segments,
we see from the weak form of u; — Au = 0, with an appropriate test function, that
ouq s
v v

Hence U is a caloric function, and we conclude either a =1 or a > 2.

on 0A; N JAs, where v is the unit normal vector to 9A; N JAs.
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Finally, if d > 3, then as above we may assume 4 = (4, ...,%q4,0,...,0). We
write 4(z,t) = ﬁ(p§ p*71) = p2w(&, ), where w(€, 7) maps from S"~! x R_ into X.
Since u; — Au = 0, we see by an easy computation

— Agw = ¢(n,0)w in S" P x R_, (3.5)

with ¢(n, a) = a(a +n — 2). Define B; = {w; >0} C S"71, j =1,.
Consider the quantity H =1 fSn L Wj 2). Differentiating in 7 and using (BE) we

have
d

ia2 H </§ o ) ng” VP | ). (36)

Jon— w3

Since d > 3, B;, has Volume < 1|S"! for some j.. A simple eigenvalue estimate,
using spherical symmetrization and monotonicity of the first eigenvalue with respect
to the domain, gives A1(B;,) > n — 1+ 7, from which we conclude

d
; >n—1+g

then the right-hand side of (B6]) is uniformly negative,

&I}—*

If ¢(n,a) < n—1+2

which implies

2d

H/ ) <cre” 7.
S§n—1

However, as a solution of B3] with ¢(n,a) > 0, w(§, 7) grows exponentially in 7.
We conclude ¢(n,a) =a(a+n—-2)>n—1+ %, ora>1+0d,.
O

Define I'* C T by I = {(z0,%0) € T : N(xo,tp) = 1}. Let S =T\ I'*. We see
that S is closed in Q because N(z,t) > 1+ 6, on S by Lemma B2, and N(x,t) is
upper-semicontinuous in (z,t).

Our next step is to show that the singular set S is of parabolic Hausdorff di-
mension at most n. For any R > 0, denote the parabolic cylinders Qr(z,t) =
Br(z) x [t — R%t] and Qr = QRr(0,0). Recall that the s-dimensional parabolic
Hausdorff measure of a set £ C R™ x R is defined by

Ps(E) = sup inf {ZRS

6>0

EC UQR L, z)aRzgé}

The parabolic Hausdorff dimension of E is given by dimp(E) = inf{s|P,(E) = 0}.
Since P"*? is equivalent to the Lebesgue measure £"*! on subsets of R" x R,
Theorem B.2] identifies S as a codimension-2 set.

We now state the version of Federer’s Reduction Principle that we will need in
the proof of Theorem It is a straightforward generalization to the parabolic
setting of the version stated in [26] page 49] for Euclidean Hausdorff dimension.

Theorem 3.1. Let F C L} (R" x R, R™) be a family of functions satisfying the
following properties:
(H1) (Closure under translation and scaling) If ¢ € F and (z,t) € Qi1—,, 0 <
p <1, then ¢©tP € F, where ¢ (y, s) = ¢(x + py,t + p*s).



14 STANLEY SNELSON

(H2) (Ezistence of homogeneous blow-ups) For any (xo,to) € Q1, pr — 0, and

¢ € F, then ¢%9Px — 1) in D' (R"xR) for some ) € F, up to a subsequence.
(H3) (Singular set hypothesis) For each ¢ € F, there exists a closed set Sy C

R™ x R such that

(a) For (z,t) € Qi—p, 0 < p < 1, then Sp=to = Pyt ,(Se), where the

parabolic dilation
y—x s—1
Feoolur9) < p P > '
(b) If ¢, ¢ € F such that ¢, — ¢ in D'(R™ x R), then Sy, converges to

Sg¢ in the following sense: for any e > 0, there exists and integer K
such that if k > K,

Se, NQ1 C {(z,t) € R" X R|dp((x,t),S4) < €},
where dp is the parabolic distance.

Then, either Sy N Q1 = for every ¢ € F, or there exists an integer d € [0,n + 1]
such that dimp (S, N Q1) < d for all ¢ € F. In the latter case, there exists a i) € F
and a “hyperplane” L C R™ x Ry (i.e. a set such that Py (L) =L for all p>0)
with dimp (L) = d, such that *"? =1 for every (z,t) € L and p > 0, and Sy, = L.

Theorem 3.2. The parabolic Hausdorff dimension dimp(S) < n.

Proof. We will focus on SNQ1(zo, to) for (zo,t0) € S. Assume (zg, to) = (0,0). For
Ny > 0, define the family Ay, as follows: a pair (u, \), where u € H(Qx[-1,0], %)
and A € L>([-1,0],R™), is a member of Ay, if

uj(Ouj; — Auy) = Aj (t)uf in D'(Q x [-1,0]),
A ()l < No, ji=1,...m.
N(U,0,0, 1) S NO

Note that we do not require \;(t) = [, [Vu;|? dz in the definition of Ay, but if u is
a suitable weak solution of (L3) restricted to ¢ € [~1,0] and X;(t) = [, [Vu;|* dz,
then (u, A) € Ay, for Ny large enough.

This family is compact in the following sense. For a sequence {(u’, \!)} € An,,
there is a subsequence {(u?, X )} such that v’ — u* weakly in HL (2 x[~1,0], %),
AN = M\* weak-x in L°([—1,0],R™), and we have wi(Opuf — Auj) = N5(t)(u})? in
D' (Q2x[—1,0]) with N (u*,0,0,1) and |A\*|| L~ < Np. Since {u’} are locally Lipschitz
in the = variable uniformly in ¢, u* is also Lipschitz in z.

Consider the family F = {u|(u, \) € An, for some A}. (H1) and (H2) in Theo-
rem [B.1] are easy to verify for F, in light of Lemma 3]

For u € F, let S, = {(z,t) € Q1| N(u,z,t) > 1+ 6,}. To verify (a) of (H3),
take (u, \) € A, and consider u>**(y, s) = u(x + py, t + p*s). If (z,t) € Qg, then
u®hP solves our equation with a new A, say A?. Since 0 < p < 1, (u”, \?) belongs
to An,. Clearly, the parabolic dilation P, ,(S,) C Sur. Condition (b) of (H3)
follows from the compactness of solutions described above.

Theorem Bl implies dimp(S,) < d for all u € F, for some integer d € [0,n + 1].
Assume that d = n + 1. Then Theorem BT gives the existence of a 1) € F with
Sy = L, a “hyperplane” of parabolic Hausdorff dimension n+41. From the invariance
of L under parabolic dilation, we see that L is a hypersurface of Euclidean Hausdorff
dimension n. Since the parabolic vanishing order of v is strictly greater than 1 at
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each point of Sy, we have that Vi) = 0 and ¢ = 0 on an analytic hypersurface
of Euclidean dimension > n. Uniqueness of the Cauchy problem implies ¢y = 0
and Vi = 0 in an open neighborhood of Sy, i.e. in a set with parabolic Hausdorff
dimension n + 2, a contradiction.
Thus, dimp (S, N Q1) < n for every u € F, in particular for u a suitable weak
solution of ([L3)).
O

Our next goal is to characterize I'* = {(x,t) € @ x Ry|u(z,t) = 0, N(u,z,t) =
1} as a C*# surface. Note that if Vu(zo,t0) = 0 at a point (zg,tp) € T, then
N(zo,t0) > 1 and (zo,%0) € S by Lemma 32l This rules out the possibility of I'*
having a horizontal tangent.

We now examine the behavior of u near a point (zo,to) of I'*. (We may assume
(wo,t0) = (0,0) and that u is defined on Q x [—2,00).) For a vector & € S" 1, let
T(€,€) be the following subset of Q;:

T(Ee) = {(x,t) te‘u.a SE},

i.e. the Cartesian product of the e-strip in the € direction passing x = 0, with the
time interval [—1,0]. Additionally, define two subsets Q¢ (0,0) and Q¢ (0,0) by

QL(0,0) ={z € Q1 [z €= 0}.

Lemma 3.3. Let u: Q x [-2,00) = X be a suitable weak solution as in (I3), and
such that (0,0) € T'* and H(u,0,0,2) = 1. Then for every € € (0,1), there is a
d(e) > 0 such that if N(u,0,0,2) < 14 d(e), then u can be well-approzimated by
functions linear in x and constant in t in Q1 \ T(€,¢), for some &€ € S*~1. By this
we mean:

lu(z, t) — € (z)| <& in C¥N(QL(0,0)\ T( €)),
Ksi(x) = asi(x - @), ag': eX withl < dg(ag':,()) 2.

Proof. The conclusion follows from a contradiction argument. If for some ¢ € (0, 1)
there exists u : Q x [-2,00) = X with N(u,0,0,2) = 1, then by the continuity of
N(u,z,t,2) in z and Lemmal[3.2] u satisfies u(xo + pz,tg + pt) = pu(zo +z,t0 + 1)
for any (zg,t9) € T NQ1, p > 0. But such a u must be given by a two-component
function linear in z and constant in ¢.

O

We can extend this flatness to a neighborhood of (0,0) in I'* as follows: Let
u: QX [-2,00) — 3 be a weak solution as above such that N(0,0,2) <1+ ¢ and
(0,0) € I'*. Then for all (x,t) € T'NQy/3, we have N(x,t,1) < 14¢(6), c() — 0 as
d — 0. Thus, for any 0 < R < 1, one has N(z,t, R) < 1+ ¢(d). This implies that
when ¢ is sufficiently small, at every point (z,t) € I'N Qy/3, and for every scale
0 < p < 1, a properly scaled version of u can be well-approximated by two linear
functions éff(x) in Qp(z,t) \ {(z,t) + T(ep,ep)}.

Next we prove a clean-up lemma stating that locally, near I'*; v maps into two
components of 3 whose supports are separated by I'*.

Lemma 3.4. Let u be as in Lemma and let (zo,to) € T*. Then u maps
Q1(xo,to) into at most two different components of .
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Proof. We may assume (g, to) = (0,0). Since N(0,0,2) < 140, Lemma[33limplies
that there are exactly two lines L1, Lo in ¥ such that u (Q3/2 \T(e, 5)) C L1 U Lo,
for some € = ¢(0) — 0+ as 6 — 0+. Moreover, for every (z,t) € ' N @Q1, one has
u(Q1y2(z,t) \ T(€¢)) C L1 U L.

Thus, to prove the lemma, it suffices to show: If (0,0) € T, N(0,0,1/2) < 1494,
for sufficiently small 8, and uw(Q1/2 \ T(€,€)) € L1 U Ly for some ¢ = £(8) and
some vector &€ € S*!, where L; and Lo are two distinct lines in ¥, then for any
r e (0,1/2),

w(Qr \T(€r,er)) C L1 ULy
for the same two lines L1 and Ls in X, and for some é,..

The above fact is implied by the following observation. For each r € (0,1/2),
there are two lines L and L} in X, such that u(Q, \ T(é,,er)) C LTULY. However,
these L] and L5 may depend on r. One easily sees that L] and L} must depend on
r continuously. There are finitely many choices of L] and L% in ¥, thus the choice
of L7 U Ly will be fixed for all 0 < r < 1 by continuity.

O

Theorem 3.3. Let u be a suitable weak solution of ([L3), and let (xg,to) € T*.
Then in a sufficiently small parabolic neighborhood Qr(xo,t0), there are exactly two
components 1 and Qs separated by the C*P surface 001 N 0Ny =T'N Qr(xo,to).

Proof. We may rescale and translate u to fit the hypotheses of Lemma 33l By
Lemma [34] we have u(Q1) € L1 U Ls for two lines Lq,Ls in ¥. Define Q; =
u™(L;),j = 1,2. By reordering our basis, we may suppose u; >0 on Q;, j = 1,2.
Define u* : Q1 — R by u* = uq on Q1, u* = —ug on Q. By (3], we have that
u; — Au* = f(u*) for a Lipschitz function f. Using again the parabolic estimates
in [24, Chapter 7], we have u* € C%# for any 8 € (0,1). Then, since the vanishing
order along I'* is one, u* = 0 defines a C?# hypersurface for any 8 € (0,1). But

the zero set of u* is @1 NIT™.
O

4. LONG-TIME BEHAVIOR OF u(z,t)

In this section, we characterize the long-time behavior of a suitable weak solution
u as a map into ¥ that is a stationary solution of problem (P*). (See the Intro-
duction.) Throughout this section, we assume the initial condition g(z) of (L3)
satisfies [, g7 dz = ¢} = 1 for each j. Recall from (L3) that u satisfies the estimate
I Jo |culPdadt + [, |VulPde < [, |Vg[2dz. Thus, A;(t) = [;, [Vu;(z,t)[?dz is
nonincreasing in ¢. Since \;(t) is nonnegative, it has a limit A\3° = lim; o0 A; ().

Theorem 4.1. lim; o u(x,t) = u™(x) exists in H(Q,X), and each component

u® is an eigenfunction of A on {u;’O > 0} with eigenvalue A

J
Proof. From the integral estimate in ([3]), we see that the family {u(-,¢)} is uni-
formly bounded in Hg (£2,¥), so we can find a sequence {t;} with ¢; — oo such that,
for ul” (z) = uj(x, t;),

ul? = u in L2(Q, %),
uy) = ue in H(9,5),

deul — [N (1) = Alul? » 0 in L2(9,3),
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as i — oo, for all j =1,...,m. By the evolution equation of (L3]), we can see that
Ol — \i(t:) — A1l = Adl? 4 aeul? —vi(a,t;) in D/(Q x Ry, and since v;
is supported in {u;(z,t) = 0}, we conclude

{AU?‘”LA?"“?"— in €2, (4.1)

u-(])O =0 on 69],

where ©; = {u%® > 0}. Since [, |ul|? dz = 1 for all i, we have that [, [u3®|*dz = 1
for each j =1,...,m. Thus, we conclude from (4I)) that A\3° = |lu$® Since

Aj(t) = A3 for each j, we have

i _ - (ts)
Hu(t )”%13(9,2) = Z H“J

j=1

2
HH%(Q)

2 2
HE(Q) HUOOHH(}(Q,Z)v

and therefore, u(*) — 4> strongly in H}(Q, ).

To show that u(-,t) — u™ in H}(Q, ) (not only along a sequence {t;}), we look
at the L2-distance between v and ©*. Since u and 4> map into ¥, for a given
(z,t) € @ x Ry at most one component u; (respectively u$°) is nonzero. For ¢ > 0,
let

Qi (t) = {z € Quj(z,t) > 0,up’(z) > 0}.

It is easy to check that ||y1 —y2|3. < d&(y1,v2) < 2|ly1 — yo||3n for any y1,ys € %,
so convergence in L?(Q2,Y) is equivalent to convergence in L?(Q,R™). It is clear
that

|Uj(.%',t) - UZO(UC)|2= in ij(t)v
(uj(2, 1)) + (up*(2))?, in Qi(t),j # k.

Thus, the distance in L?(Q, R™) can be written

lu(@, t) — u™(@)||gm = {

D) = | u(e.t) = 0 @)l da
_;/ij(t)(uj — ) de+ Y

J AR RACRrs
Gk ij(t)
Differentiating the terms individually, for j = 1,...,m we have

d

s -—90261:/ 2(u; — )y, d
dt ij(t)(uj U ) L (uJ U5 ) tUj G

Q5 (1)

! /aﬂjj(t) (5 — ujo) (U(w,t) - 1155 (z, 1)) do(x)

= / 2(uj — u3®)(Auy + \j(t)u;) dx
;5 (t)
+ / (uj — u;?o)2(17(x,t) it (x,t)) do(x), (4.2)
0955 (t)

where U(z,t) is the velocity of the moving interface at (x,t) € T', and ij;(x,t) is
the outward unit normal to Q;;(t) at € 9Q;;(t). We have used ([.3]) and the fact
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that supp(vj) C {u; = 0}. Since u; = 0 or u3® = 0 at every point of 9Q;;(t), we
can integrate by parts and write the first integral on the right-hand side as

/ 2(u;Auj + Aj (t)u? + Vuy - Vui® — A (Hujus”) de.
33 (8)
Integrating by parts again and using (.1l), this expression becomes
/ 2(u;Auj; + )\j(t) + (A5 = Aj(t))ujuie) de.
33 (8)

By a similar calculation, for j # k we have

d

— (uF + (u)?) do = / 2u;Opuj dx
dt Qi (t)

Qi (t)

] P ) (o) doo)
9. (t)
= / 2(u; Auj + Aj (t)u?) dx
Qjk (t)

] WP ) (o) doo)
Bij(t)
(4.3)

Now we would like to sum all of the terms ([@2)) and (£3)) to get an expression for
D’(t). Looking at the boundary integrals, it is clear that for each ¢ > 0, each part
of the moving boundary (the set {u(x,t) = 0} U{u>(z,t) = 0}) will appear in the
sum twice with opposite signs. For example, if (x,t) € 0Q;x(t), and u;(z,t) > 0,
then (z,t) € 0Qjy(t) for some £ # k, and i (x,t) = —iije(z,t). Arguing in this
way, we see that all of the boundary integrals in D’(t) cancel. We can therefore
write

= Z /Q ) (ujAuj + )\j(t)u? + (A7 = Aj(t))ujui”) d
J 73

+ Z/{ (ujAuj + X (t)u3) do

= (ujAu; + Aj( da:—|— /\°° ; / w;usC dz.
Z_:/{uj<mt>>0} 7 Z a; 7

33

Since \;(t) > A°, we can drop the second sum, yielding

§Z<—/ |Vuj|2d3:+/\j(t)/u?dx) =0.
j=1 @ Q

The convergence of u;(-,t;) to u® in L?(€2) for each j implies that D(t;) — 0.
Since D(t) is nonincreasing and converges to zero along a subsequence, we must
have D(t) — 0. By the observation above, this implies d%(u(z,t),u>(x)) — 0 in
L?(,%). Clearly, if any subsequence u(-,t;) converges in H(Q,3) as t — oo,
the limit must equal u*(x). The function u* is thus the strong limit of u(-,t) in
H(Q,Y). O
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For v € H}(Q,Y), define the functional

Ey(v) ::/Q|VU|2d:E—Z)\1(Qj)/QUJ2-d:E.
j=1

It is clear that a solution of problem (P*) is a critical point of Ej.

Theorem 4.2. Foru € H), (xR, ) a suitable weak solution of [L3) with [, g7 =
1, the limit u™(x) = limy_ o0 u(x, t) is a stationary solution to problem (P*) in the
sense that u™ is a critical point of Ey, in the space H} (2, X), with respect to both
target and domain variations.

Proof. The conclusion is easy to check via a direct computation, in light of Theorem
41l Since the variations must map into ¥, the variations do not alter the eigenvalues
)\1 (QJ) in E)\. O
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