arXiv:1311.7564v1l [math.SG] 29 Nov 2013

CURVES

YOEL GROMAN

CONTENTS
1. Introduction
1.1. The main result
1.2.  Curves with boundary
1.3.  The non-compact setting
1.4. Relation to Gromov compactness
1.5. The thin part
1.6. Idea of the proof
1.7.  Acknowledgements
2. Preliminaries
2.1. Annuli
2.2.  Collars
2.3. Cleanness
3. Thick thin measure
4. Preparation
4.1. Choice of spherical metric
4.2.  Admissible annuli
4.3. Topological relatedness
4.4. Essential disjointeness
4.5. Long annuli
5. Construction of bubble decomposition
6. (p, h)-adaptedness
7. Proof of Theorems [[6], .11, and 141
References

ABSTRACT. We show the existence of a thick thin decomposition of the
domain of a pseudo holomorphic curve with boundary. The geometry
of the thick part is bounded uniformly in the energy. Furthermore, in
the thick part, there is a uniform bound on the differential which is
exponential in the energy. The thin part consists of annuli of small
energy the number of which is at most linear in the energy and genus.
The decomposition can be seen as a quantitative version of Gromov
compactness which applies before passing to the limit.
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1. INTRODUCTION

A basic tool in the study of the moduli space M of compact Riemann sur-
faces of genus g > 2 is the thick thin decomposition of hyperbolic structures.
Namely, for ¥ € My, let h be the unique conformal metric h of constant
curvature —1. For x € ¥ denote by inj(X, z; h) the radius of injectivity of
(X, h) at z. Write

Thick(X;h) := {x € B|inj(Z, x; h) > sinh (1)}
Thin(X;h) == {z € |inj(X, z; h) < sinh~(1)}.

Then T hin consists of at most 3g—3 disjoint cylinders and the components of
Thick have geometry that is bounded uniformly in g. Among other things,
the thick thin decomposition provides an intuitive picture of the Deligne
Mumford compactification of M.

This paper is concerned with an analogous construction for the moduli
spaces My (M, J; A) of J-holomorphic curves of genus g in a symplectic man-
ifold (M,w) representing A € Ho(M;Z) with J an w-tame almost complex
structure J. Namely, for

(u:X = M)e My(M,J; A),
we construct a decomposition
Y = Thick(3;u) U Thin(3;u).

Thin(X;u) consists of disjoint annuli and cylinders whose number is pro-
portional to g + fz uw*w. With respect to the standard cylindrical metric
on Thin(X;u), |du| decays exponentially in the distance from 0T hin(X;u).
The components of Thick(3;u), once properly normalized, have uniformly
bounded geometry with the bounds exponential in the energy of u. Fur-
thermore, on Thick there is a bound on |du| which is exponential in the en-
ergy. We construct an analogous decomposition for bordered J-holomorphic
curves with boundary in a Lagrangian submanifold L. This time, it is the
complex double of the domain which is decomposed. Our thick thin decom-
position is related to Gromov compactness in the same way the hyperbolic
thick thin decomposition of Riemann surfaces is related to the Deligne-
Mumford compactification.

1.1. The main result. To formulate the result more precisely, we introduce
the following definitions.

Definition 1.1. Let X be a closed Riemann surface and let ~ be a conformal
metric of constant curvature on . A geodesic annulus in X is a doubly
connected subset of the form

A(T177‘27p; h) = {y € E|T’1 < dh(y7p) < T2}7

for some p € ¥, and 0 < r; < r9 < inj(p; h). For a simple closed geodesic
in ¥, let R, be the width of a geodesic tubular neighborhood of 7. Suppose
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~ is oriented with unit normal v. A geodesic cylinder in ¥ is a doubly
connected subset of the form

C(ri,r2,7:h) ={y = expruy|p € 7,7 € (r1,72)},
for some
—Ry<ri<ra <R,

A bubble decomposition of 3 is a collection of geodesic annuli and geo-
desic cylinders in X with pairwise disjoint closures. Write

Thin(B) := | J I,
IeB
Thick(B) := X\ Thin(B).

FiGURE 1.

For a bubble decomposition B, let Vi denote a finite set with a bijection
Vg — mo(Thick(B)), v X,
Here, m(+) denoting the set of connected components.

Definition 1.2. Let X be a closed Riemann surface, let h be a conformal
metric of constant curvature on 3. Denote by v, the volume form on 3.
Let 1 be a measure on % which is absolutely continuous with respect to any
smooth volume form on 3, and denote by

dp
th
the Radon-Nikodym derivative of p with respect to v,. Let a,b,d > 0. A

(1, h)-adapted bubble decomposition B with constants a, b, d, is a bubble
decomposition satisfying the following estimates.
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(a) Exponential decay in the thin part. For any I € B, denote by
Mod(I) the modulus of I and by hg the unique conformal metric
such that (I, hg) is isometric to (0, Mod(I)) x S'. Then for any
pel,

dp “bdy_, (p,01
1 < hgt \P> )

(b) Bounded geometry and derivative. For any v € V3 let g, be
the genus of X, and d, its diameter with respect to h. Let n, :=
|m0(0%,)] and g, = p(X,). Let

_ 2(91} + 1)
Sy 1= 7
and define h,, := s2h|y,. Then the following hold.
(i)
dp

2 sup ——(p) < ae?tme),
(2) sup thv( )

(ii)
inf inj(3,,p; hy) > ae bl tno)ff
PELy

(iii) For any component «y of 93,
U(7; hy) > aeblrotne),

(iv) For any two distinct components v; and 7, of 0%,

dp, (71,72) > aeblotmo)

(c) Stability. For any v € Vi we have either
Ho = 0,

or
2genus(¥,) + |mo(0%,)| > 3.

Remark 1.3. Note that because of the restriction to constant curvature met-
rics, only in the genus 0 case does the property of (u, h)-adaptedness depend
on h. In the other cases it would be more proper to talk of u-adaptedness.

Remark 1.4. Note that the stability condition implies

(%)
5

|mo(Thick(B))| < 2g + 2 -3,

and a similar estimate for |mo(Thin(B))|.

1See Remark [6.4] below for the definition of inj for surfaces with boundary.
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Remark 1.5. Fix an £ > 0 and a g € N. The bounds |(ii){(iv)| of Defini-
tion imply that in the space of Riemannian manifolds with bound-
ary equipped with the C°° topology, there exists a compact subset K =
K(g,E,a,b,d) with the following significance. For all measured Riemann
surfaces (X, u) with genus(X) < g and p(X) < E, any constant curvature
metric h on X, and any (u,h)-adapted bubble decomposition B of ¥, the
components of Thick(B) belong to K. This follows from Theorem 3.3.1 in

.

We now state the main result. Let (M,w) be a compact symplectic man-
ifold and J an w-tame almost complex structure. For a Riemann surface X
and a J-holomorphic curve

u:X— M,
and for any subset U C X, write

pu(U) = /UU*w-

Theorem 1.6. Let M be compact. Let F be the family of closed non-
constant J-holomorphic curves in M. Then for every (X,u) € F there is a
conformal metric h of constant curvature on ¥ and a (py, h)-adapted bubble
decomposition B, of ¥ with constants depending on F only.

Remark 1.7. If we were to allow an arbitrary constant curvature metric in
the genus 0 case, a simple counterexample to the theorem could be obtained
as follows. Let h be the standard metric on S? = C U {oo}, let u: S? — M
be a non-constant J-holomorphic curve, let 1, : S? — S? be given by
Y(z) = nz for any z € C C S? and let u, = u, o 1,. Then there are no
uniformly (u,, h)-adapted bubble decompositions for this sequence.

1.2. Curves with boundary.

Definition 1.8. For any Riemann surface ¥ = (X, j), write ¥ := (X, —j).
The complex double is the Riemann surface

¢ :ZZUE,

where the surfaces are glued together along the boundary by the identity.
The complex structure on ¢ is the unique one which coincides with j
and with —j when restricted suitably. ¢ is endowed with a natural anti-
holomorphic involution and for any z € ¢ we denote by Z the image of z
under this involution.

Definition 1.9. Let X be a conrgacted Rigmann surface. A subset S C ¢
is said to be clean if either S =S or SN .S = 0.

Definition 1.10. A bubble decomposition of ¢ is said to be conjugation
invariant if and only if all I € B are clean and

IeB = I eB.
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Theorem 1.11. Let F be the family of non-constant J-holomorphic curves
m M with boundary in a compact Lagrangian submanifold L. Then for
every (3,u) € F there is a conjugation invariant conformal constant cur-
vature metric h on ¢ and a conjugation invariant (p,, h)-adapted bubble
decomposition B, of Y¢ with constants depending on F only.

1.3. The non-compact setting.

Definition 1.12. For any Riemannian manifold X with sub-manifold Y
and € > 0, we say that Y is e-Lipschitz if

dX(xay)
> Y Y.
min(Ldy(z.g)] ¢ 7 YE

We say that Y is Lipschitz if there is an € such that Y is e-Lipschitz.

Denote by g the symmetrization of the positive definite form w(-, J-).
Denote by R the curvature of gy, by B the second fundamental form of L
with respect to gy and for any tensor 7" on M or L let ||T||,, denote the C"
norm of T" with respect to g;.

Definition 1.13. Let S be a family of compact Riemann surfaces, possibly
with boundary. We say that the data of S together with (M,w, L, J) com-
prise a bounded setting if M and L are complete with respect to gy and
one of the following holds.

(a) L =10 and
max { IR 1l e b < o0
T inj(M; gg) .
(b) L is Lipschitz and
1
max 4 ||Rllo, |||s, | Blle, ——— ¢ < 0.
{111 130
(¢) Each connected component L' of L is Lipschitz and
1
max § ||[Rllo, |||s, || Blle, ———— ¢ < 0.
{1801 131,

Furthermore, there is an € > 0 such that for each (u,X) € F, there is
a conformal metric h of constant curvature 0, &1, of unit area in case
of zero curvature, such that 9% is totally geodesic and e-Lipschitz.

Theorem 1.14. Let F be the family of non-constant J-holomorphic curves
m M with boundary in L and domain in a set S of Riemann surfaces such
that S and (M,w, J, L) comprise a bounded setting. Then for every (X,u) €
F, there is a conjugation invariant conformal constant curvature metric h
on X¢ and a conjugation invariant (fu,, h)-adapted bubble decomposition B,
of Xc with constants depending on F only.
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1.4. Relation to Gromov compactness. Fix an £ > 0 and a g € N.
Then for all u such that genus(X) < g and p,(X) < E, the components of
Thick(B,) are elements of K, where K is as in Remark Furthermore,
by Remark [[L4] |7o(Thick(B,)| is bounded uniformly in the set of all such
u. By conformality we have that |du|? = ?TZ' Together with estimate
@) and elliptic regularity, we obtain C'*° compactness of the restriction of
J-holomorphic curves to their thick parts.

To see what happens in the thin part, let us elaborate on the geometric
meaning of Definition Let I be an open cylinder, let w: I — M be

J-holomorphic and Let
Y :Ip:=(—L,L)xS" =T
be a biholomorphism. Let
heone = Vae= 2 Dng,.

Then for r # 0, heone is a conformal metric on I; whose shape is as an
approximate cone as in the left of Figure 2l By inequality (),

(3) dﬂuow _ dﬂuow thSt <1.
dyhcone thst thcone

As L — oo the approximate cones converge to an actual cone. See Figure 2
Gromov’s compactness theorem is a consequence of this discussion, of elliptic

W
P

regularity and of removal of singularities. Use of convergence theory of
Riemannian manifolds in the context of Gromov compactness appears also

in [5] and [6].

1.5. The thin part. The specification of the thin part of a J-holomorphic
curve u : X2 — M is more involved then that of a hyperbolic surface. Fur-
thermore, as a subset of ¥ it appears to involve some choices which have
to be made for each u. However, the combinatorial structure of the thick
thin decomposition, e.g. the number of components of T'hin, is independent
of any such choices. For simplicity we describe the thin part of a closed
J-holomorphic curve u : ¥ — M.

We recall the cylinder inequality [4, Lemma 4.7.3]. Let I, := [—a,a] x S.
The cylinder inequality states that there are constants ¢ and ¢ such that for

—_—

FIGURE 2.
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any J-holomorphic map w : I, — M we have

(4) ,Uu([a) <9 = p(La—t) < e_CtNu([a)a
for t € [log 2, al.

Definition 1.15. An L-long neck is a geodesic cylinder or annulus I C X
such that Mod(I) > 4L, p,(I) < /6 and each component A of ¥\ I is
stable in the sense that one of the following conditions holds:

(a) p(A) = 0;

(b) 2genus(A) + |mo(0A)| > 3.

For L large enough we define an equivalence relation on the set LN of
L-long necks as follows. Suppose I1,Is € LN. Then I; ~ I if and only if
there exists an annulus I, not necessarily geodesic, such that I; and I» are
nontrivially embedded in I and p(I) < /2. That ~ is indeed equivalence
relation for L large enough follows from the cylinder inequality and the
stability condition. See Lemma below. Furthermore, each equivalence
class is shown to contain an element of maximal modulus.

Pick an element A. of maximal modulus from each ~-equivalence class ¢
and let L. = %M od(A.). There is a biholomorphism

fet Ac = Iiproaa,) = [=Le, Le] St

unique up to automorphisms of the cylinder. The components of the thin
part are the annuli f.!(Iz,_1). These are shown in the text to be disjoint
for L large enough but chosen independently of the curve. There does not
appear to be a unique maximal element in each equivalence class. Hence
the choices referred to at the beginning of the subsection.

1.6. Idea of the proof. Let B be the set of components of the thin part
as outlined in the previous subsection. In the text we show that Thick(B)
contains no long necks. It turns out that when genus(X) > 0, this implies
that B is (j,, h)-adapted. Let us sketch for example how to obtain the
derivative estimate in Thick(B).

For this, recall the gradient inequality [4, Lemma 4.3.1] which says that
there is a constant ¢’ > ¢ such that for any ball B,(p) C ¥ we have

dfty, 1

pa(Br(p)) <0 = (p) < —5#u(Br(p))-

dvy,

Let v € Vi. Suppose for concreteness that X, is a geodesic disk D =
Bi(z;hy) C X. In this paragraph all quantities are measured with respect
to hy, so we omit it from the notation. Let p € X, be a point where
the derivative obtains its maximum. Using the gradient inequality and the
construction of B there is an a priori bound on the derivative in the annulus
B1(z) \ Bia(z). Suppose p € By/y(z) and let d = gy%(p). Suppose d > 4
and consider the annulus A = By /5(p) \ B1/q(p). Then ¥\ A is stable in the
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sense appearing in Definition [LTI5l Indeed, the gradient inequality implies

(5) pu(Bija(p)) = 0.

The component X\ By /5(p) is clearly stable by the assumption on the genus.
Since D is free of long necks, for any é <rp <ry < % such that

logry/r > L,

we must have

piu (Bry (p) \ Bry (p)) > 6/6.

In particular,
L L
logd < %Nu(A) < %uu(zv),

which is just inequality (2)).

1.7. Acknowledgements. The author would like to thank his PhD advisor
J. Solomon for countless valuable comments and suggestions and for helpful
criticism. The author is grateful to the Azrieli foundation for the award of

an Azrieli fellowship. The author was partially supported by ERC Starting
Grant 337560.

2. PRELIMINARIES
2.1. Annuli.

Definition 2.1. A standard annulus [ is a surface of the form K x S!
with K C R an interval which may be open, closed or half closed. We denote
by hs: the product metric on I which assigns to S' the length 27. We let jg
be the complex structure induced on I by hg and the product orientation
on I. We take Mod(I) := |K|, where | - | denote the Lebesgue measure. An
Annulus (I, j) is a doubly connected surface with complex structure j. Up
to translation it is bi-holomorphic to a unique standard annulus Iy. We
define Mod(I,j) := Mod(Ils). When the complex structure is clear from
the context we omit it.

Let (I,j) be an annulus and let h be a conformal Riemannian metric on
I. We call global cylindrical coordinates (p,#) on I, with

a<p<hb, 0<86<2m,
axially symmetric if
(6) h = dp® + hg(p)*db>.

We say h is axially symmetric if I has axially symmetric coordinates. In
this case, the conformal length of I is given by

b

dp.
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Definition 2.2. Let I be an annulus and let L = Mod(I). Suppose L <
0o. Then there is a biholomorphism f : K x S' — I with K an interval
whose infimum is the origin. The map f is unique up to a rotation and a
holomorphic reflection. A sub-cylinder of I is a subset of the form

f(K' xS,
with K’ C K an interval. For a < b € K we write
S(a,b; 1) := f([a,b] x ST) C I.

We also define
C(a,b;I):= S(a,L —b;1),

for a, b in the appropriate range. Note that composing f with a holomorphic
reflection of K x S* replaces S(a,b) with S(L —b, L —a). When applying the
above notations we shall be careful to remove this ambiguity. On the other
hand, the notation C(a, a;I) is well defined. Denote by K¢ the closure of K
and by 1€ the closure of I. It is convenient to extend the above definitions to
a,b € K¢ by defining S(a,b; I) := S(a,b; I°)NI and C(a,b; I¢) := C(a,b; I)N
Ic.

Definition 2.3. Let U be a Riemann surface biholomorphic to the unit
disk D;. Let h be a conformal metric on U and let z € U. Then there is
a biholomorphism ¢ : U — D; with ¢(z) = 0, unique up to rotation. The
conformal radius of U viewed from z is defined to be

Tconf(Uaz;h) = 1/Hd¢(z)Hh

Note that r¢on (U, z; h) is not conformally invariant, since it depends on

the metric at z. However, let v, denote the volume form of h, let p be an

dp(z) .2
dvy, " conf

absolutely continuous measure on U. Then the expression
conformally invariant.

The cases of interest for us will be conformal radii of geodesic disks with
metrics of constant curvature K, viewed from their center. In these cases,
the metric can be written in polar coordinates as

(®) h = dp® + hi(p)db?,

where

(z) is

sinh(p), K = -1,
9) ho(p) = { P, K =0,
sin(p), K =1.

So, the conformal radius of B, (p) viewed from p is given by

Teconf = eXp(f(T))
where f is the function defined by

f(r) =log(r) + O(r) as r — 0.
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More explicitly,

" 1 1
10 f(r) =log(r —I—/ <———>d.
(10) ) =tog(r) + [ (5 2) do
It follows from equation (I0]) that

(11) Tconf >, K = 07 17
and for any x there exists a constant ¢ > 0 such that

(12) Teonf = CT, K=-1,r<xs.

2.2. Collars. For later reference we include a statement of the thick thin
decomposition for surfaces of genus g > 1. In the following we assume the
surfaces are endowed with their unique metric h of constant curvature —1.

Theorem 2.4. [2] 4.1.1] Let ¥ be a compact Riemann surface of genus
g > 2, and let v1, ..., Ym be pairwise disjoint simple closed geodesics on 3.
Then the following hold:

(a) m < 3g—3.
(b) There exist simple closed geodesics Ym+1,...,V3g—3, which, together

With Y1, ..., Ym, decompose X into pairs of pants.
(¢) The collars

C(vi) = {p € E|dist(p,vi) < w(vi)}
of widths

w() = sinh ! <1/sinh <%€(%)>>

are pairwise disjoint fori=1,...,3g — 3.
(d) Each C(v;) is isometric to the cylinder [—w(~;), w(v;)] x St with the
Riemannian metric

(?(;) cosh®(p)

e
7

dp* +

Denote by inj(p; h) the radius of injectivity of ¥ at p € X3, i.e. the supre-
mum of all r such that B,(p) is an embedded disk.

Theorem 2.5. [2, 4.1.6] Let (1, ..., Bk be the set of all simple closed geodesics
of length < sinh™'1 on X. Then k < 3¢ — 3 and the following hold.

(a) The geodesics P, ..., B are pairwise disjoint.
(b) inj(p; h) > sinh™ 1 for all p € ¥ — (C(B1) U ... UC(BL)).
(c) If p € C(B;),and d = dist(p,0C(5;)), then

(13) sinh(inj(p; h)) = cosh %K(ﬂi) cosh d — sinh d.
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Definition 2.6. Let X be a closed Riemann surface. Let h be a metric of
constant curvature 0,+1 on 3. Let v C X be a simple closed geodesic in
Y. In Theorem [24] C(v) was defined when genus(X) > 1. We extend the
definition to the case genus(X) < 1 by letting

max — Max d 5 )
P e (p,7)

and
C(v) = {p € Eld(p,7) < Pmaz}-

When genus(X) = 0, this is the sphere with two antipodes removed. It is
also easy to verify that when genus(X) = 1, this is a torus with a geodesic
parallel to v removed. Global cylindrical coordinates p and 6 are defined
on C(v) in the same way as for genus(X) > 1. Namely, p(p) = d(p,~;h)
for any p € C(7) and @ maps lines of constant p to S! isometrically up to
multiplication with an overall constant.

2.3. Cleanness.

Lemma 2.7. Let ¥ be a Riemann surface and let Iy and I be clean subsets
of Xc. Then Iy U1y is clean if and only if at least one of the following holds:

(a) I and Iy are conjugation invariant.
(b) ENIj=0 forl1<ij<2.

(C) Il :IQ.

(d) ILZhCIrorl, CIL.

Proof. If condition @ holds then I7 U I5 is conjugation invariant and there-
fore clean. If condition holds then

LUulLnNnhul, = U Iiﬂjj:@.
1<ij<2

So, I; U I is again clean. That conditions and @ imply cleanness of
I, U I5 is obvious.

Conversely, suppose I; U Iy is clean. We divide into the case where Iy
is conjugation invariant and the case where it is not. If I; is conjugation
invariant then in particular I; U Is NIy U I # (). So, by cleanness, I U Iy =
I, U I,. Now, if condition @ holds we are done. So we may assume that
I\ #0. Let p € I\ I;. Then, since Iy = I}, p€ LU \I; C I. In
particular, Iy N 1o # (. By cleanness of Iy this implies I5 is also conjugation
invariant, so condition @ holds.

Next we consider the case where [ is not conjugation invariant. If I
is conjugation invariant, exchanging the roles of I; and I in the previous
paragraph we deduce that condition @ holds and we are done. Suppose
now that I is not conjugation invariant and consider Iy U Io. If 11 U I5 is
conjugation invariant, cleanness and non conjugation invariance of I; and
Is imply that

I C 72 \I_l - 72
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and, similarly, Io C I;. By conjugation invariance of the inclusion of sets,
this implies Condition If, on the other hand, I1 U I5 is not conjugation
invariant, cleanness implies that I; U Is, N [; Ul = (. So Condition @
holds. O

Lemma 2.8. Let X be a connected Riemann surface with non-empty bound-
ary. Let g = genus(Xc) and let v C X be a simple closed geodesic in 3¢ .
(a) For g > 2, C(’y)ﬁ is clean if £(y) < 2sinh ™ (1).
(b) For g <1, C(v) is clean if and only if either v C 9%, or

YN OX #
and vy 1L 0%.

Proof. (a) Since conjugation is an isometry we have that 7 is also a
simple closed geodesic, £(y) = £(7) and C(vy) = C(¥). From Theorem
24(c)|it therefore follows that C(7) NC(v) # 0 if and only if yNF # 0.
Thus it suffices to prove that « is clean for v short enough. Suppose
~ N7 # (. If v # 7 then v intersects 7 transversally. Therefore, by
2, 4.1.2], £(y) > 2sinh (1),

(b) By definition of C(7y) for this case, it is open and dense in . There-
fore, we always have C(y) N C(y) # 0. Thus, C(v) is clean if and
only if C(y) is conjugation invariant. That is, since conjugation is
an isometry, if and only if v = 7. We claim that this is equivalent
to the condition of the Lemma. For this it suffices to show that if
v ¢ 0%, then v =7 if and only if yNIX # 0 and v L 9%.

Indeed, if y N OX = (@, then since v is connected it is contained in
one component > \ 9% and is thus not conjugation invariant. So we
assume vy NI # . Let p € yN I and let v be a vector tangent
to v at p. Since p is fixed under conjugation and since both v and
7 are geodesics, we have that v = 7 if and only if T is also tangent
to v at p. But «y intersects 9% transversally since they are distinct
geodesics. Therefore v # . Since T, is one dimensional it follows
that 7 is tangent to  if and only if ¥ = —v. That is, T is tangent
to v if and only if v points in the direction of the imaginary axis in
T,%c. Since T,0% is the real axis, the claim follows.

O

Lemma 2.9. Let ¥ be a Riemann surface. Let 11 and Is be doubly connected
and clean subsets of X which do not contain a component of 0%. Suppose
I, < Is homologically nontrivially. Then Is is conjugation invariant if and
only if Iy is conjugation invariant.

Proof. First we claim that I; is conjugation invariant if and only if each
component of I \ 9% is simply connected. Assume I; is not conjugation
invariant. Then since I; is clean, we have I \ 93 = I;. So, I; is the only

2See Definition
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connected component and is not simply connected. Conversely, assume Iy
is conjugation invariant. Suppose by contradiction that for one component
A of ¥¢ \ 0%, there is a component of I; N A that is not simply connected.
Since I; N A is isometric to I; N A, it is homotopy equivalent to it. Since
I; does not contain any component of 0%, each component of Iy N 9% is
contractible. Thus the Mayer Vietoris sequence implies that I is at least
two connected. This is a contradiction.

Now we prove the lemma. Assume [y is not conjugation invariant. Then
since I; is clean, we have I NI = (). Since I C Iy, this implies Io N T = 0.
Conversely, assume by contradiction that I; is conjugation invariant and I
is not. Let A be the connected component of ¢ containing I. I is then
contained in I; N A which by the previous paragraph is simply connected.
This contradicts the fact that I5 is embedded non-trivially in I7. O

3. THICK THIN MEASURE

For the rest of the discussion, fix constants ¢y, co, c3,d1,d2 > 0 such that
c3 < 1 and that dy < %51.

Definition 3.1. Let (X,7) be a Riemann surface, possibly bordered. Let
1 be a finite measure on ¥ and extend p to a measure on ¢ by reflection.
That is,

u(U) = (),
for U C ¥ a measurable set. Suppose further that y is absolutely continuous
and has a continuous density jT‘:, where h is any Riemannian metric on .
The measure p will be called thick thin if it satisfies the following two
conditions.

(a) gradient inequality. Let U C Y¢ be biholomorphic to the unit
disk such that U N 0% is connected, and let z € U. Then for any
conformal metric h on (X¢, j),

d_u(z) <e w(U)

1 )
dvy, rgonf

(14) ,u(U) <4 =

where Tconf = Teonf(U, 23 h).
(b) cylinder inequality. Let I C Y¢ be clean and doubly connected
such that Mod(I) > 2c. Then for all t € (c2, $Mod(I)) we have,

pI)<d = w(O@ 1) < e ='u(l).

A family of measured Riemann surfaces which are thick thin with respect
to given constants ¢;, 9; will be referred to as a uniformly thick thin family.

Remark 3.2. Let p be a thick thin measure on 3, and let A be a conformal
metric of constant curvature K = 0,£1 on X¢. By inequalities (III) and (I2I),
there is a constant ¢} depending linearly on ¢; such that for any z € ¥ and



A THICK-THIN DECOMPOSITION OF J-HOLOMORPHIC CURVES 15

r € (0, min(sinh~1(1),inj(2; h, 2))),

(15) (B (23 h)) < 61 :>d—'u(z) < ci%ﬁ’h))
dvp, r

Let X, u and h be as in Remark B2l For any point z € X¢, let d = C?T’i(z)
and let

(16) rqd ‘= —_.

Lemma 3.3. Suppose
rq € (0, min(sinh ™' (1),inj(2; h, 2))).
Then

Moreover, we have

d B,(z:h
Up, r

Proof. This is immediate from the gradient inequality. O

To simplify our formulas, we scale u so that ¢jd; = 1.
We denote by M = M(eq, ¢, ¢3,01,02) the family of measured Riemann
surfaces (X, 7, ) such that p is thick-thin.

Lemma 3.4. There is a constant a with the following significance. Let
(X,1u) € M. Let I C X¢ be clean and doubly connected, and let h = hg.
Suppose u(I) < do. Let z € C(cg + m,co + m; 1) be a point with cylindrical
coordinates

1 1
(p,0) € —§M0d(f)+CQ+7T,§MOd(I)—CQ—7T x St
Then,

(17) d_/‘(z) < e~z Mod(=lol) ().

dvy,
Proof. Combining the gradient inequality and the cylinder inequality,
dp
dvy,

(2) < Su(lo—mp+a] x5

C
—3i([=lol =7 |pl + 7] x 5%)

< %6_03(%Mod(l)—w—lpl)ﬂ([),

(18)

IN

O

Definition 3.5. Let (X, ) € M. A connected compact sub-manifold with
boundary A C Y¢ is said to be p-stable if one of the following holds:

(a) p(A) = 01/2;
(b) #mo(0A) = 2 and p(A) > 62/6;



16 YOEL GROMAN

(c) 2genus(A) + #mp(0A) > 3.

A compact sub-manifold with boundary A C ¥ is said to be p-stable if
each of its connected components is u-stable.

4. PREPARATION

4.1. Choice of spherical metric. As explained in Remark [[.7] the genus
0 case requires a non-trivial choice of Fubini-Study metric. This is done in
the following lemma.

Lemma 4.1. There is a constant Ko with the following property. For each
(3, ) € M with genus(Xc) = 0 and u(Xc) # 0, there exists a conjugation
invariant unit curvature Fubini-Study metric, h, on ¢ such that one of the
following conditions holds.

(a)
d
sup il < Kj.
se dvp
(b) There is a point q € ¥ such that

(Br/a(q; b)) > 61

and
A
dvy, 1B, s (q;h)
Furthermore, if 0% # (), then q € 0%.
(c) 0% # 0. Use h to identify ¢ with the standard sphere in such a
way that 0% is identified with the equator and let ¢ be the north pole.
Letting d := jT‘:L(q), we have rq < w/4, and

< K.

d
sup —M(x) < Kod.
2€B,,(q) Wh

Furthermore, for any disc D C X¢ of radius min{ %,ﬂ/él}, the com-
plement Xc\D is stable.

Remark 4.2. When 0% = () we have that Y¢ has two components: ¥ and
3. The conjugate component is if no interest. In the sequel we shall avoid
talking about ¥¢ in the closed context.

Remark 4.3. The three cases are correspond to the quantitative counterparts
of the possible behaviors of the Gromov limit of a sequence of genus 0 curves:
(a) No bubbling.
(b) Bubbling off of spheres or disks without the boundary degenerating.
(c) Bubbling in which the boundary degenerates to a point.
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Proof. Choose initially any conjugation invariant unit curvature metric hg
on Y¢. Let p € ¥ be a point where the maximum of ddV—iL is obtained, and
0

let

dp
do = .
0 dvng (p)
If r4, > 7/6, then the estimate
du - 36 ,
tho — 2
holds globally. Thus, condition @ holds with Ky = %%.
Assume
(19) rd, < /6.

If 09X = 0, let p; := p. Otherwise, let p; be the midpoint of a length
minimizing geodesic which connects p and p. Let ps be the antipode of py
with respect to hg. With respect to hg, let

(p,0) : Xc\ {p2} = C

be geodesic polar coordinates centered at p;. In case X = (), assume further
that 0% \ {p2} is given by {6 = 0}. Let ¢ : ¢ \ {p2} — C be stereographic
projection. Explicitly, in polar coordinates ¢ is given by

(20) (p,0) — tan gew.

Note that p and p are mapped by ¢ to the imaginary axis.
Let r = d(p, p1; ho). Suppose first that

(21) < 2rg,.
We prove that condition holds. Let x : C — C be the map
Z = i

o ()
Let 9 : ¥¢ — X¢ be the holomorphic map defined by
Ulsope =67 0X00,

and let hy := ¥*hg. Note that the change of metric from hgy to hy scales the
disc of radius r + r4, around p; to become the hemisphere centered at p;.
In particular, By, (p;ho) C By/2(p1;h1). So, by Lemma[3.3]

t( By ja(p1; hi)) > 61

We show now that the energy density is bounded on the hemisphere centered
at pp, uniformly in M. First note that for any z € Y¢,

du _dp dvp, B _9 du
(22 (2 = () () = Wl ) o)
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A computation gives

r4rq
tan s

23 Ao () = i '
(23) ¥ llna (@) cos?(p(z)/2) tan? +2d° + sin®(p(z)/2)

Assumptions ([I9) and (1)) imply that Hd?/)HfLOl increases with distance
from p; on the ball B /(p1;h1). In particular,

(24) sup Hdegol = sin(r + rq, ).
By 2(p1;h1)

Using equations (2I]), ([22]), and the definition of r4,, we get

sup < Ko,

By ja(prihn) Wha

for an appropriate constant Ky which is independent of p. This is condi-
tion@with h=hy and g = p;.
Now suppose

(25) r > 2rg,.
Let x : C — C be the map
Z =

tan(%)
Let ¥ : ¥¢ — YX¢ be the holomorphic map defined by
_ 1
T’Z)‘EC\{I?Q} =¢ oxod,
and let hy := 1*hg. Write dy := dg’: (p), A:= B,,, (p; h1), and
1
Ll )
infyea l|d|7, (w)

Then we have the bound

W | < g,
th1 A

Note that ||di||p, is obtained by substituting = in place of r + rg, in
equation (24)), and that r < 7/2. Therefore, ||dy||p, is decreasing for p(x) €
[0,7]. Let ¢ be the point which maximizes p(x) on A. One computes that

cos2(p(w0)/2) | sin?(plao)/2)
2cos?r/2 2sin’(r/2)

C =

To bound C it suffices to bound the ratio 2Z2), By direct computation,

T
/2 +7”d2>

p(xg) = 2tan™! <tan g tan 5

Note now that rg, = ~%_ Using assumption ([2H) and the fact the function

sinr’
7+ 52— is monotone increasing for 0 < 7 < 7 and that r < /2, we

conclude that rg, < m/4. Thus, @ < (" for some uniform constant
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C’'. There is therefore an a priori constant Ky bounding C. This gives
condition with h = hy and ¢ = p.

We prove the last part of the claim. Suppose condition @ holds. As is
well known, the gradient inequality implies

p(Xc) # 0= pu(Ec) = o1

It is straightforward to verify that u(D) < ¢6;/2, implying the claim. If
condition @ holds, one similarly verifies that

(D N Brjalgih)) < 61/2.
So, for each component] ¥ of Y¢,
w(X"\ D) > pu(Brja(g; h) \ D) > 61/2.

Suppose now that condition holds. Then D meets at most one of the
discs By = By, (q;h) and By = B,,(g; h). By Lemma B3] p(B;) > 0, for
i=1,2. O

4.2. Admissible annuli. From now to Section [ we fix a (X,p4) € M.
However, all constants are that appear in the sequel are independent of X
and p. Let

s[5 om=0,
Yc, 0% #0.

If genus(X') > 2, let h be the unique conformal metric of constant curvature
—1lon Y. If genus(X') = 1, let h be the unique conformal metric of constant
curvature 0 and of unit area. Finally, if genus(X') = 0, let h be a conformal
metric of constant curvature 1 which satisfies the property of Lemma [£.11

Our goal in the following three sections is to construct a (u, h)-adapted
bubble decomposition of ¥.¢. We make the following assumption

Assumption 4.3.1. (X, u) satisfies one of the following:
(a) genus(X') =0 and h does not satisfy condition [(a)]in Lemma 1]

(b)
genus(X') =1, and u(¥') > ds.

()

genus(¥') > 1.

The cases not covered Assumption [.3.1] are referred to as the trivial
cases. The genus 0 trivial case automatically admits a (u, h)-adapted bubble
decomposition and requires no treatment. The trivial genus 1 case will be
treated separately in the proof of Theorem

We need to partially break the symmetry in the cases of genus 0 and
1 in Definition B4 below. For this we introduce some notation. Suppose
genus(X') = 0. If in Lemma 1] condition [(b)| holds for &, let ¢ be the point

3See remark
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given there and let 3 := '\ {¢}. If, instead, conditionholds, let ¢ be the
point given there and let ¥ := %'\ {q,g}. For genus(¥X') > 1, let ¥ := ¥

Suppose now genus(i) = 1. Our normalization of h implies there is at
most one element of H 1(2; Z) which is represented by a simple geodesic of
length less than 1. Suppose such a class exists, and denote it by A. Pick
closed geodesics g and o7 representing A as follows. If 9¥ # () and the
components of 9% represent A, let o and «1 be the components of 0.
Otherwise, let Iy be a sub-cylinder maximizing the modulus among all the
subcylinders I such that p(I) = d2/6 and each component of OI represents
A. Fix a biholomorphism

1 1
I 1= | =5 Mod(Io), s Mod(ly)| ,

and let ag := f~1 ({0} x.S1). Let oy be the geodesic whose image is $\C(ay).
Iy will play a role in the construction of the bubble decomposition. We
therefore define it also when 03 # (). In this case, define Iy C C(ag) to be
a conjugation invariant sub-cylinder containing ag and satisfying u(ly) =
92/6.

Definition 4.4. An admissible annulus is a doubly connected clean open
I C ¥ of one of the following forms:
(a) There is a point z € ¥ and positive reals 7 € (0, %inj(i‘,; h,z)] and
1" € (0, 2r] such that I = A(r,r’, z; h). Furthermore, I is contractible
in 1.
(b) In case genus(
assume 0% # ()

{(y) < 2sinh™(1), genus(¥) > 1,

) = 1 assume o is defined. In case genus(¥) =0
There is a simple closed geodesic v C X satisfying
)

v = o, genus(X) =1,

v = 0%, genus(X) =0

such that I is an open sub-cylindef] of C (7)@

If I is of the type @ it will be referred to as a trivial admissible annulus.
Otherwise, it will be referred to a non trivial admissible annulus. We will
also use the term admissible cylinder for nontrivial annuli. We denote by
Ay, the collection of admissible annuli both trivial and non trivial.

When genus(X) = 1 and ag is defined, we will also use the notation Ap,
for the union of A;, with the set of sub-cylinders of C(ap). In all other cases,

fth = Ay

Remark 4.5. Note that an admissible trivial annulus is uniquely repre-
sentable as the difference between two discs in . Henceforth, whenever

4This is of course redundant when genus(3) > 0.
5See Definition
6See Definition
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we represent an admissible annulus I as the difference I = B\ B, it is
intended that B’ C .

Remark 4.6. Recall our notation C(a,b;I) for an annulus I and reals a, b.
When a # b this notation is well defined only up to a holomorphic reflection
since it depends on the choice of holomorphic parametrization

(p,0) : [0, Mod(I)] x S* — I.

We adopt the convention that for a trivial annulus I = B\ B’, p increases
as the distance to the center of Bj increases. For nontrivial annuli we as-
sume that for each simple closed geodesic we fixed a choice of holomorphic
parametrization of C(v) by

[0, Mod(C(v))] x S*

once and for all. This induces a choice for all the admissible nontrivial
annuli.

4.3. Topological relatedness.

Definition 4.7. Let I, Iz € A,. We say that I} and I3 are topologically
related if there exists a doubly connected clean I C 3 such that both I;
and I» are nontrivially embedded in 1.

Theorem 4.8. Let I1,1s € Ay. Iy and Is are topologically related if and
only if one of the following holds:

(a) There is a simple closed geodesic «y such that C(7y) is clean and both I

and Iy are sub-cylinders of C(vy). Furthermore, when genus(X) =1,
we have that oy is defined and that v = ;. When genus(X) = 0,
we have that 0% # () and v = 0%.
(b) There are concentric geodesic discs B C B; C Y such that I; =
B;\B., for i =1,2. Furthermore,
(i) By By 0,
(ii) I, U Iy is clean.

To prove Theorem [A.8 we first prove the following Lemmas some of which
will also be used later.

Lemma 4.9. Let I = B\ B’ be an admissible trivial annulus. Then both
B and B’ are clean. Furthermore, I is conjugation invariant if and only if
both B and B’ are.

Proof. If INT = () there is a component A of ¥\ 0% such that I C A.
Suppose by contradiction that B ¢ A then BN9Y # (). Since 0B C OI this
implies there is a component of 9% contained in B. When genus(X) > 0
this is a contradiction since B is contractible whereas each component of 9%
is a closed geodesic. When genus(i) = ( it is straightforward to verify by
definition that I cannot be admissible. Thus B N B = (). Since B’ C B the

same is true for B’.
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If I = I then OI is conjugation invariant. Thus, either each component
of dI is conjugation invariant, or each component of OI is contained in
different component of ¥\ 9X. But this latter case is ruled as in the previous
paragraph. In particular we get that OB and OB’ are each conjugation
invariant. So, the same is true for B and B’. Thus we have proven the first
part of the lemma and one direction of the second part. The other direction
is obvious. (]

Lemma 4.10. Let p; € X and r; € (0,%inj(i;h,pi)) and write B; =
B, (pi;h) fori=1,2. If B1 N By # 0, then

(a) By U By is contained in a geodesic disc.
(b) The closure of By N By is homeomorphic to the closed disc.
(¢) The closure of By U By is homeomorphic to the closed disc.

Proof. Let
r = inj(%; b, p1),

and without loss of generality assume

r = inj(%; h, p2).
Then ry < %7’ and so, since d(p1,p2) <11+ 712 < %r, we have
BiUBy C BT(pl).

This gives part @ Since the curvature is constant, the sizes of the r; imply
that the balls B; are geodesically convex. Thus, By N By is geodesically con-
vex and therefore simply connected. It follows from Van Kampen’s theorem
that By U By is also simply connected. Clearly, the closures of By U By and
B1N By are topological surfaces with boundary. Parts @ andfollow. O

Lemma 4.11. Let I; = A(r;,7};pi) € Ay, fori=1,2. Suppose
By (p1) N By, (p2) # 0.

Let
T= By, (p1) U Bry(p2) \ BS (1) 0 BE (02).

Then I is doubly connected. Furthermore, if Iy U I is clean, so is I.

Proof. Write B; = By, (p;) and B] = B¢ (p;) for i = 1,2. By Lemma 10
parts|[(b)] and B N B is homeomorphic to the closed disc and By U By is
homeomorphic to the open disc. Denoting by I¢ the closure of I, the Mayer
Vietoris sequence implies that H;(I¢;Z) = Z. The only orientable surface
with boundary satisfying this is the annulus.
To see that I is clean if Iy U I5 is, distinguish between the possibilities for
I and Iy according to Lemma 270
(a) I; is conjugation invariant for ¢ = 1,2. By Lemma[£9] so are B; and
B/ and therefore, so is I.
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(b) ;NI =0 for i,j = 1,2. By Lemma {9, B, N B; = 0. Since
Bi N By # 0, By and By belong to the same component of ¥ \ 0%.
Therefore, I C B; U By belongs to one component of \ 0¥, In
particular, I N1 = (.

(¢) I = I,. We claim that I; is conjugation invariant and so I = I; =
I. Indeed if I; is not conjugation invariant, then Lemma .9 implies
B is clean and not conjugation invariant. So, B{ﬂ?ll = (). But since

I, = I, E; = B). We thus get a contradiction to the assumption
B} N By # 0.

(d) Without loss of generality I; C Ip. In this case it is clear that
B) C By, so I =1I.

O

Proof of Theorem[{.8§ Assume Condition @ holds. Then C(v) plays the
role of I in Definition .7l Assume Condition @, holds and let

I:BlLJBQ\(BiﬁBé)

By Lemma [4TT] I is clean and doubly connected. Clearly, I; is nontrivially
embedded in [ for ¢ = 1,2. Thus [; and I, are topologically related.

Conversely, let I; and Is be embedded nontrivially in a clean I C 3. I
and I, are homologous in I to a homology generator of I. This implies that
I and I3 are either both trivially embedded or both nontrivially embedded
in X. These correspond to the cases where I is embedded trivially and
nontrivially respectively. B

In the first case, if genus(X) < 1 the only non-trivial annuli are the sub-
cylinders of C(a;) and C(9%) which are clean. If genus(X) > 1, there are
simple closed geodesics v;, for i = 1,2, such that I; is a sub-cylinder of C(v;).
We have that ~; is freely homotopic to any component of 9I; which in turn
is freely homotopic to any component of dI. So 7 is freely homotopic to
~2. Since there is a unique simple closed geodesic in each free homotopy
class, this implies ;1 = 7. Clearly, £(vy) < 2sinh™!(1) since C(y) contains
admissible cylinders as sub cylinders. Therefore, by Lemma 28 C(v) is
clean.

Now consider the case where I; are trivial for ¢ = 1,2. Then I must be
trivially embedded in ¥. Since ¥ is not a sphere, % \ I has exactly one
component A with the topology of a disc. Clearly, A C B} N B). This gives
the first part of@ Now, if I N1 = () then clearly I; UI, C I is clean. If I
is conjugation invariant then by Lemma 2.9 so are I; and I5. This implies
that so is 11 U I, giving the second part of @ O

Let I and I be topologically related. We associate with I; and Iy two
clean doubly connected sub-surfaces M (I, I5) and m(Iy,I3) in which both
are non-trivially embedded. One should think of M ([, I5) as the minimal
annulus in ¥ in which I; and I are nontrivially embedded. On the other
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hand, m(ly, ) should be thought of as the maximal admissible annulus
which is nontrivially embedded in M (I3, I3).

Formally, the definitions are as follows. When [} an Is are sub-cylinders
of C(v) for a simple closed geodesic 7, suppose that I; is given in (p,0)
coordinated] by

Ii:=={z € C(v)|po; < p(2) < p1,i}-
Let pg = min {po1,p02} , p1 = max{p1,1,p1,2}, p = max {|pol, |p1|}. Define

ML) = {zeC)|—p<pz) <p}, 7COZand0 € [py,p1],
b {ze€C(v)|po < p(z) < p1}, otherwise.

When I; and I are trivial, write I; = B; \ BZ( and take
M(Iy,I,) == By U By \ B, N B,
We now define m([y,1I3). If I} and Iy are nontrivial take m(Iy, I) :=
M (I, I3). Otherwise, suppose I; = By, (pi) \ Bfg (pi) and assume without
loss of generality that ro < ry. Then define

m([la 12) = A (d(p27 8B17 h)7 Téup% h) .
Lemma 4.12. M (I, 15) and m(I,Is) are clean and doubly connected.

Proof. That M (I, I5) is clean and doubly connected follows from the def-
inition, from Theorem 8] and from Lemma [£TIIl To prove the same for
m(I1,I3) we may assume [; and [y are trivial as otherwise m([y,I3) =
M (I, I). Clearly, m(Iy,I2) is doubly connected. We show that it is clean.
If m(Iy,Is) N m(Iy,I5) = 0, we are done. Otherwise, let I; = B; \ B} for
1 =1,2. We claim that B; and By are each conjugation invariant. Indeed,
since m(Iy,Is) C By U By, we have that By U By meets 0X. Without loss
of generality, By meets 0%. Since by Lemma By is clean, it must be
conjugation invariant. Thus, I; meets 0%. So, [ is conjugation invariant.
By definition of topological relatedness and by Lemma 291 I is also con-
jugation invariant. By Lemma again, Bs is conjugation invariant. In
particular, the centers pi,ps of By and Bs lie on 0X%. It is now clear by
construction that m(Iy, I3) is conjugation invariant. O

Lemma 4.13. Suppose the pairs (11, I3) and (12, I3) are topologically related.
(a) If I; is trivial for i = 1,2, 3, then
M([l, [3) C M(Il, IQ) @] M([Q, [3).
(b) If I; is nontrivial for i = 1,2,3, then one of the following holds.
(Z) M(Il, 13) C M(Il,é) U M(Ig, 13),
(ii) M([l, [3) C M([l, Il) and M(IQ, Ig) = M([Q, [3).
(ii1) M(Iy,I3) C M(I3,T3) and M(Iy, Is) = M (I, I3).
Proof. (a) This is straightforward set theory.

7See the discussion subsequent to Definition
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(b) By Theorem there is a simple closed geodesic « such that

Ii={z € C(Y)lpoi < p(2) < pri}
for i = 1,2,3. Suppose without loss of generality that

Po,1 < po,3-
Assume
(26) M(Iy,I3) ¢ M(Iy,I3) UM(I3,I3).

Considering the definition of M(-,-), this assumption implies that
~v C 9% and that

(27) po,1p1,3 < 0.
We claim, further, that

(28) P01 < po2 < pr2 < P13

Indeed, if p12 > p1,3 then combining the definition of M(-,-) and
inequality (27) it would follow that M (Iy, I3) C M(Iy,I5). Similarly,
if po2 < po1 we would get that M([y,I3) C M(Iz,1I3). Now, if
lpo,i| > |p13|, inequality (28) implies condition Indeed, the
first part of condition is immediate. Furthermore, we must have
in this case pp2p1,3 < 0 for otherwise we would have M (Iy,I) =
M(I1,I7). By the first part of condition this would contradict
equation (26). Thus M (Iy, I3) meets 0X. Since M (I, I3) is clean,
this implies M (I3, I3) is conjugation invariant. If |po 1| < |p1,3| we
get condition by switching the roles of I; and Is.

O

Lemma 4.14. Suppose 11 and Is are topologically related. Then I is con-
jugation invariant if and only if Is is.

Proof. If I is conjugation invariant then by Lemmas and it follows
that M (I, I2) is conjugation invariant. Again applying Lemma2.9]it follows
that I is conjugation invariant. The converse is obtained by exchanging the
roles of I; and Is. O

Lemma 4.15. Fori = 1,2,3 let I; be admissible annuli. Write I; = B; \ B
where Bl is a clean closed disc, B; a clean open disc and B\ is concentric with
B;. Suppose that the pairs (I1,12) and (I2,I3) are topologically related. If
B} ¢ M(I3,I3) and By & M(I,15) then I and I3 are topologically related.

Proof. We show first that I; U I3 is clean. If I is conjugation invariant then
by Lemma [£14] so is I3. If I; is not conjugation invariant then there is a
component A of ¥\ §X which contains ;. By Theorem EL8(b)] By B} # 0.
Since I, is not conjugation invariant it follows that I C A. By repeating
this argument, I3 C A. Thus I; U I3 is clean.
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We now wish show that Bj N Bf # (). For this we show first that either
B{ C ByUBsor By C BiUBs. By Theorem[.8, B{NB) # () and B4NBY, # 0.
That is,

d(p1,p2) <71+ 715
and

d(pa,p3) < 75 + 15
Let now x € B}. Then

d(z,p2) < d(w,p1) +d(py,p2) < 2ry + 75,
and
(29) d(ﬂf,pg) < d(:pvpl) + d(p17p2) + d(p27p3) < 27'/1 + 2ré + ré-
Suppose x ¢ By U By then 21} + 1}, > ro > 5r4. This implies
1

(30) rh < 57“&
Combining estimates ([29) and [B0) and the estimate r3 > 5r%, we get
3

On the other hand, for any x € Bf we have
d(z,p1) < d(x,p3) +d(p1,ps3) < 75+ d(p1,p3).
Therefore, combining estimates ([B0) and (31),

3
d(p1,ps) < i +2rh + 1 < (2+ Z)Ti <ri—7h,

That is, B} C By C By U By as claimed.
We use this to show that Bf N Bj N B} # (. Suppose by contradiction

(32) BN By B, = 0.
Then in case B] C Bs U Bs, assumption ([32) implies B C M (I, I3). Simi-
larly in case B C By U By, assumption ([82)) implies By C M(I,I2). In any
case we get a contradiction to the assumptions of the lemma. O

4.4. Essential disjointeness.

Theorerp 4.16. There is a constant Ky with the following significance. Let
L,I, € Ay. Suppose C(Kq1, K1;11) N C(Ky, Ky1;13) # 0. Then either X is a
torus covered by Iy and I, or

bl(fl U IQ) <1.
Here for a topological space X, bi(X) denotes the first Betti number of X.

The proof of Theorem [A.16] spans this subsection.
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Definition 4.17. I} and I are said to be essentially disjoint if
C(Ky1,K1;11) NC(Ky, Ky 1) = 0,

where K7 is a constant satisfying Theorem [A.16] that is fixed once and for
all. In later uses it will be convenient to assume further that Ky > ¢y + 7.

Lemma 4.18. Let 11 and Iy be admissible nontrivial annuli. If
LNl #0
then each COmponenE of I N I is a sub-cylinder of I; for i =1,2.
Proof. By definition 4] there are simple closed geodesics 7; such that I;

is a sub-cylinder of C(v;) for ¢ = 1,2. First assume genus(X) > 1. The
assumption
LN #0

and Theorem imply that 1 N9 # 0. If v intersects 75 transversally
in a nonempty set then by [2, 4.1.1] there is an i € {1,2} such that £(v;) >
2sinh~!(1). This is contrary to the definition of admissibility. Since v; and
o are geodesics which intersect non transversally, v; = 2. The intersection
of sub-cylinders of a given cylinder is a sub-cylinder. Thus the claim follows.

Assume now that genus(X) = 0. Then by definition 8% # () and I; are
both sub-cylinders of the C(0X). So, the claim follows as before. Finally,
assume genus(i‘,) = 1. We claim that v; is parallel to 72. Indeed, the
alternative is that 1 intersects 7o transversally. But then

((y1)(y2) > Area(X;h) = 1 > sinh (1),
contradicting the admissibility of I1 and I5. This implies the claim. O
Lemma 4.19. Let I and B be a geodesic annulus and a geodesic disc,

respectively, in the hyperbolic disc, in the Riemann sphere, or in the flat
plane. Then by (I U B) < 1.

Proof. Suppose by contradiction otherwise. Then, by the Meyer Vietoris
sequence, I N B has at least two components. In particular, there is a
boundary component of v C 01 such that v N 0B consists of at least four
points. On the other hand, any two geodesic circles are also circles with
respect to the flat metric on the disc. Any two such circles intersect in at
must two points. A contradiction. O

Lemma 4.20. There is a constant K with the following significance. Let
I and Iy be admissible trivial annuli. Assume that by(I; U I2) > 2 Then

C(K,K;)NC(K,K;I5) = 0.

Proof. Write I; = A(ry,7;pi), Bi = Br,(pi), and Bj = BS (p;) for i = 1,2.
First assume B] N By = (. Note that the assumption on I U I implies
(33) B; §Z Bi mod 2+1-

8The possibility of more than one component appears when genus(f]) =1.
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Indeed, suppose for example that B] C By \ B then
LUl =1,UB;.

By Lemma this would imply by (I3 UI3) < 1 contradicting the assump-
tion.

It follows that 71 < d(p1,p2) + 75 and ro < d(p1,p2) + r}. The combi-
nation of these inequalities with the condition 7 < %ri in the definition of
admissibility implies that

(34) d(p1,p2) > %(7‘1 + 7).
Let now s; = % for i = 1,2. Write J; = A(s;,7};pi). By equa-
tion (34)),
S; > éri > rl.
In particular, J; # (. We have s1 + s2 < d(p1,p2), so
(35) TN Jo = 0.

It thus suffices to show that there is a universal constant K such that
CK,K;I;) C J; for i = 1,2. Write L; := A(rq,s;;p:i). L; is a sub-
cylinder of I;, so I;\L; = C(0,Mod(L;);I;). Note that J; = I; \ L;, so
C(Mod(L;),Mod(L;);I) C J;. It therefore suffices to uniformly bound
Mod(L;). We have

dr

(36) Mod(L;) = / e

We have either hy(r) = sin(r) and r; < 7/2, or hg(r) = r, or hg(r) = sinh(r),

so we need only verify the boundedness of expression ([36]) when s; — 0. But
si/ri > %, so this is obvious.
Now assume Bi N Bj # (. First note that the assumption on I U I

implies that either B} ¢ By or By ¢ By. Indeed, otherwise
LUl :BlLJBQ\BiﬂBé.

By Lemma [£.11] we would then have that by(I; U I3) = 1 in contradiction
to the assumption of the Lemma. Thus we may, without loss of generality,
assume B{ ¢ Bp. Since B N B # 0, d(p1,p2) < rj + 5. On the other
hand , since B ¢ Bs, r2 < d(p1,p2) + r]. The combination of these two
inequalities implies that ro < %r’l We thus have

5
d(p1,p2) + 1o < 1] + 75+ 57‘3 < 4r.

Therefore, letting J = A(4r],7];p1), we have (I3 \ J) NIy = (). On the other
hand

C(Mod(J),Mod(J); 1) C I \ J.
We have that Mod(J) is bounded from above by some constant K which is
independent of r}. The claim follows. O
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Lemma 4.21. There is a constant K wz’zﬁh the following significance. Let
Iy = A(r1,r};p) € Ay, be trivial and Iy € Ay, be nontrivial. Suppose Iy ¢ I.
Then I NC(K, K; I3) = 0.

Proof. First assume genus(X) > 1. By definition, there is a simple closed
geodesic v such that Iy is a sub-cylinder in C(y). Recall the definition of
(p,0) coordinates on C(v). Write pg = inf{p(z)|z € I} N Iz} and p; =
sup{p(z)|z € I1 N Is}. Let I C C() be given in (p,0) coordinates by

{(p,0)]po < p < p1}.

Denote by f; the components {p = p;} of 9I for i = 0,1. Now note that
since By, (p1) is a disc of radius r < %inj(i;pl), we have
(37) p1 — po < supinj(X; 2).

zel
Indeed, this is obvious if p; € I. Otherwise, suppose without loss of gen-
erality that 3y lies between p; and (31, and let p’ be the intersection of the
perpendicular from p; with fy. Then B, _, (p') C B,(p1). In particular,
p1 — po < inj(X;p). This establishes inequality (B7).

Now, inj(%,) is either constant or has no local maximum in I. When
genus(X) > 1 this can be seen from relation (I3). Else inj is constant.
We may therefore assume without loss of generality that inj(i, -) attains
its supremum at py (we no longer make the assumption from the previous
paragraph about ). By the assumption on the genus, (3 is not contractible.
Therefore,

inj(3; (po, 0(-))) <

Thus, we have the estimate

Mod(])g/pO ho(n)’

The last expression is bounded by a universal constant K. Indeed, in case
genus(X) = 1, hy is constant and the bound is obvious. Otherwise, using
Theorem ZZ[(d)] the last expression is estimated by Cef(1)70sh(po) for an a

priori constant C'. Using the definition of py and C(v) we have
{(~)m cosh(po) < £(y)7 cosh(w(v)) < C".
Here w(7) is as defined in Theorem and C" is an a priori constant.

When genus(X) = 0, C(7) is an annulus in 3 and the claim follows with
slight modification in the same way as Lemma O

Proof of Theorem [{.16] Let K; be a constant as in Lemmas and [£.27]
Suppose C(K1,Ky;11) N C(Ky,Ky; 1) # (. If I; and Iy are both trivial
annuli, the theorem is just a restatement of Lemma If both I; and
I, are nontrivial and ¢ is not a torus covered by I; and I, Lemma 1§
implies I7 and I, intersect in a sub-cylinder I. So, I U5 is a sub-cylinder of

%5(50) = mhe(po).

po+1he(po) dp
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C(~y) for some simple closed geodesic 7. In particular by (I UI2) = 1. Finally,
if I is trivial and I is nontrivial. Then by Lemma d2T] Iy U, = I,. [

4.5. Long annuli.

Lemma 4.22. There is a constant Ko with the following significance. Let
L > Ky and let I, Is € Ay, be essentially disjoint. Suppose Mod(I;) > 4L
fori=1,2. Suppose further that Iy and Iz are topologically related. Then

(38) Mod(m(Iy,13)) > max{Mod(Iy), Mod(I3)} + 2L.

Proof. When I and I are cylinders, it is straightforward to verify that the
claim holds whenever Ky > K where K is the constant from Definition
EI7 Otherwise, for i = 1,2, write I; = A(r;,rj,p;) and B = BS(p;).
Assume without loss of generality that 75, < rj. Then Theorem ELF(D)|
implies

d(p27aB1) 2 ry — 27’/1,
and admissibility implies py € By. Let r = d(p2, 0B1) and write

I:= m(Il,Ig) = Br(p2)\Bé

Let "
A= ar_
ri—27 ho(r)
Then, applying equation ([T),
" dr
Mod(I) = /T /2 W
r-2rl g
- / o)
[ dr
= ., W _

> Mod(Iy) + Mod(Iy) — 2K; — A.
The claim of the lemma will follow if we find a K5 such that
A+2K; <2Ks.

In other words it suffices to bound A uniformly from above. By the restric-
tions on the range of r; in the definition of admissibility, hy is monotone
increasing. See equation (8]). Therefore,

A< 2} ] ‘
- h@(’r’l — 27‘3) - hg(?)’f’ll)
But whether the curvature of h is positive, negative or vanishing,
r

lim —— = 1.
r50 hig (1)
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Relying again on equation (8) we get that A is uniformly bounded from
above whenever the curvature is non-positive. When the curvature is posi-
tive, we still have that A is uniformly bounded in the range of admissibility

' 1
1 S (07 15]

O
Lemma 4.23. Let I; = A(ry,rl;pi) € Ap, fori =1,2. Suppose ro < 11, I
is topologically related to I, and M (Iy,1s) # Iy U Is. Then
(a)
d(p1,p2) <71+ 79,
(b)

5,
T2 < §T1,

(c)
M([l,fg) =1L U m(Il, IQ).

Proof. Write B; = By, (p;), Bj = B¢ (p;) and J = M(I1,I3). By Lemma
E15
(39) B, N B, # 0.

Part @ is an immediate consequence. To prove part @ verify using J =
By U By \ (Bi N Bé) that

(40) J\ ([1 U IQ) C (Bi \ Bg) @] (Bé \ Bl) .
On the other hand, relation (39), admissibility, and the assumption ry < 7,
imply B C Bj. Indeed, we have for any ¢ € B)

2 1 3
d(q,p1) < 2r 415 < 571 + 572 < =7 < 7.

So, by relation ([@Q), B} \ Bz # 0. Let ¢ € B} \ Ba. Then d(q,p1) < r} and
ro < d(g,p2). Combining these inequalities we get

(41) ro < d(q,p2) < d(g,p1) + d(p1,p2) < 21} + ).

Since I is admissible, ), < %7‘2. Thus, inequality ([AI]) implies part @

We prove part By definition, I1 and m(I, I3) are subsets of M (I, I2).
We prove the reverse inclusion. Using part @ and admissibility, one verifies
that By C Bj. Therefore,

M(Iy, 1)\ Iy = By \ ((By N By) UTh) = By \ By.
Write r = d(p2, 0B1). We need to show that
Bi\ By C m(I1,I2) = Br(p2) \ By.
For this it suffices to show that B} C B,(p2). That is,
d(p1,p2) +7] <.
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But by parts @ and we get

r = d(p2,0B)
> d(p1,0B1) — d(p1,p2)
>y — 1) — 1)
> 37‘&
> d(p1,p2) + 71
|

Lemma 4.24. There is a constant K3 with the following significance. Let
I; = A(ry,rlspi) C Ap, fori=1,2. Let L > K3 and suppose

Modl; > 2L.

Suppose Iy is topologically related to Iy and let I = m(Iy,13). Then

(a) M([l,fg) :IlLJIQUC(L,L;I).
(b) I\C(L,L:I) C I, U L.

Proof. Write B; = By, (p;), Bj = B (ps), and J = M (I, I3). If
J=15LUlI

there is nothing to prove. We thus assume J # Iy UI,. We first show that for
some fixed K3 chosen large enough, part holds. Let J; = I\ C(0,L;1)
and Jo = I\ C(L,0;I). Assume without loss of generality that ro < r;.
Then I is centered at po. Since, furthermore, Mod(I3) > L, it follows that
Jo C IQE. It remains to show that J; C I;. Let r = d(p2,0B1). There is a
real number r’ such that J; = A(r, 7/, py). Clearly, B,.(p2) C By. Therefore,
to show the inclusion J; C I it suffices to show that Bfi (p1) C BS&(p2).

That is, it suffices to show that
v — ) > d(p1,p2).

By parts [(a)] and [(b)] of Lemma 23] it suffices that r’ > 3r{. Considering
the definition of 7/, this is equivalent to the claim

Mod(A(r,3r];p2)) > L.
Let L' := Mod(A(r,3r;p2)). Since By N Bl # 0, it is clear that

r>ry—2r].

9See remark
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So,
L' > Mod (A(ry — 2}, 3r; p2))
= Mod (A(rl — 27, 37‘&;171))

> Mod <A <%r1,37‘£;p1>>
1
= Mod(I;) — Mod <A (7‘1, §r1;p1>> — Mod (A(3ri,r'1;p1))

w/3 /3
o [ [
a6 sinr o Jog sinr

For the last line, see equations (1), ([8) and the definition of admissibility.

Choosing
w/3 /3
K3 =/ .dr +/ .dr ;
x/6 Sinr x/9 ST

we thus get J; C I;. This establishes part @ We prove part @ The
inclusion

M(Ii,I) D LU, UC(L, L;I),
follows from definitions. The reverse inclusion is an immediate consequence

of Lemma and part
U

5. CONSTRUCTION OF BUBBLE DECOMPOSITION

Let Ly > max{cy,log3/cs3}. It follows from the cylinder inequality that
for any (X, 1) € M and any clean I C X¢ with u(I) < d9 and Mod(I) > 2Ly,
we have

I
42) p(O(Lo, Lo 1)) < )
Let Ly satisty, further, Ly > max{K;, Ko, K3}. Here, K1, K3 and K3 are the
constants from Definition .17, Lemma and Lemma [£.24] respectively.

Definition 5.1. A neck is an I € Aj, with the property that & \ I is p-
stable. Write L1 = 4Ly. A long neck is a neck I which satisfies p(I) < d2/6
and Mod(I) > L.

When genus(3) # 1, let LN denote the set of long necks. Otherwise,
recall the definition of Iy appearing in the definition of «g. Define LN to
be the set of long necks contained in X\ Iy. If Mod(Iy) > Ly, let LN :=
LN U{Iy}. In all the other cases, whatever the genus, define LN := LN.

Definition 5.2. A maximal u-decomposition is a bubble decomposition
B with the following properties.
(a) There exists a set B of pairwise essentially disjoint elements of LN
such that
B:={C(2K1,2K;I)|I € B}.
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(b) For any v € Vg, %, is p-stable.
(¢) For any v € Vi, ¥, contains no long necks.

Theorem 5.3. For any (X,u) € M satisfying Assumption [{.3.1], there
exists a mazximal p-decomposition.

To prove Theorem B3] we define a relation ~ on LN as follows. For
I1,I, € LN, I ~ I if and only if I; and I5 are topologically related and
/L(M([l,fg)) S (52/2.

Lemma 5.4. Let Iy € LN be trivial. Write I = By \ By for appropriate
concentric discs in . Let Iy € LN. Then B} ¢ Iy. Furthermore, if
I3 € LN and I ~ I3 then Bi ¢ M(Iy,I3).

Proof. The component Bj of ) \ I is p-stable. That is,
1(By) > 61/2 > d2/6.
On the other hand, u(lz) < d2/6, and, by ~-equivalence,
(M (12, I3)) < 02/2 < 61/2.
Both parts of the claim follow. O
Lemma 5.5. The relation ~ is an equivalence relation.

Proof. Symmetry and reflexivity are obvious, so we need only establish tran-
sitivity. Let I; € LN for ¢« = 1,2,3, and suppose I; ~ Iy and Iy ~ I3. It
follows from Theorem that either the three annuli are all trivial or all
nontrivial. Suppose all are non trivial. Observe, using that I and
I3 are topologically related.

Let now J = M (I, I3). We show first that

(43) u(J) < 6.
Let I' = M(I1,15) and I” = M (I, I3). If J C I' U 1" we have
() < p(I') + p(I") < 62/2 + 62/2 = b5.

Otherwise, by Lemma we may assume without loss of generality that
JC M(I,Iy)and I” =I". Let J' = JN¥ and J"” = J'. Tt is easy to verify
that J' C I’ U I". So, u(J'") < d9. Similarly, one verifies that

J’ \ C(LQ,L(); J/) clLu C(LQ,L(); [”).
Applying inequality ([42]) we get
3
/L(J,) < 5((52/6 + (52/6) = (52/2.

Similarly, u(J") < d2/2. Inequality ([@3) follows.
Applying inequality [@2]) again,

(44) p(J) < Sp(T\ CLo, Lo; ).
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Now note that by definition of J, J \ C(Lo, Lo;J) is contained within one
the following sets: Iy U I3, Iy U I, or I3 U I3. But

P
pli) = p(l;) < 5

for i = 1,3. Thus in any case we get that

=9

u(J\ C(Lo, Lo; J)) < —;.
Therefore by inequality (44)
02
< 2z
wJ) = 5

as was to be proven.

Let now I; all be trivial. Write I; =B; \ B, where B; = B, (p;), B, =
B¢ (p;) for some p; € 3, rh <7 € (0,00), and i = 1,2,3. By Lemmas EI5]
anall')ZL I and I3 are topologically related. Let J = M (I, I3). We need to
show that u(J) < d2/2. By Lemma [£.24],

J=1LUI3UC(Ly, Lo; 1)

where I = m(1y,I3). Thus, pu(J) < 02/3 + p(C(Lg, Lo; I)). To finish the
proof we need to show that pu(C(Lg, Lo; I)) < d2/6. Then

ICJC M, L) UM, I3).
So, u(I) < d2. On the other hand, by Lemma [£.24],
I\C(Lo, Lo;I) C I, U T,
Therefore, by definition of Ly,

WO (Lo, Lo 1) < 5(u(hy U Ts) + (O (Lo, Los ).

So,

2

6

as required. O

1(C (Lo, Lo 1)) < spu(I1 U I3) <

N | —

Lemma 5.6. For every ~-equivalence class c¢ there is an I € ¢ such that
Mod(I) is maximal in c .

Proof. Write LNy for the set of trivial long necks, and LN; for the set
of nontrivial long necks. Let R := max,ex inj(3, z;h). To give a trivial
element of Ay, is to give a point and two real numbers rq, 79 subject to some
restrictions. This induces on LNy the topology of a subset of the compact
bordered manifold
Xo=%Xx |0 1R 0 L R
" X[’:% ]X[’w ]



36 YOEL GROMAN

To give a nontrivial element of Aj, is to give a simple closed geodesic and
two real numbers subject to some restrictions. Thus, when

genus(X) > 1,
LN; can be assigned the topology of a subset of the compact bordered

manifold
1 1 2
X = U —5Mod(C(7)), 5 Mod(C(7))
{yle(y)<sinh =" (1)}

X1 is indeed compact since the number of simple closed geodesics v for which
((7) < sinh™*(1) is finite. See [2]. When genus(¥X) = 0 we have that LN,
can be thought of as a subset of

[—, 7]2.

Finally, when genus(3) = 1, LN; is a subset of
1 1
X1 = —EMod(C(ao)), §Mod(C(a0))

We show that LN; is closed in X;. The conditions of stability, length and
cleanness are closed conditions. However, admissibility alone is not a closed
condition for trivial annuli because the inner radius of a trivial annulus must
be positive. For nontrivial annuli it is not closed when genus(¥) = 0, since
C(0Y) is not closed in this case. We show that the intersection of the set of
admissible annuli with those having stable complement is closed.

First we show this for trivial annuli. The non-admissible points of X in
the closure of the trivial admissible annuli are points of the form (p,r,0).

That is, annuli with internal radius 0. Let

r = inf {r’ c [0, 1—101%] ‘p €%, u(By(p) > 51/2} .

Since ¥ is compact, 57‘2 is bounded. So, r > 0. Thus, any trivial element
of LNy has internal radius no less than r. The claim follows. For nontrivial
annuli the claim follows in a similar manner.

Now we need to show that on LN, the condition of equivalence is closed.
The only non trivial point is to show that topological relatedness is a closed
condition. By Theorem [£8]it suffices to show that there is an a > 0 such that

for any two equivalent trivial long necks of the form I; = B, (p;) \ B (p:),
i =1,2, we have

(45) A= AT’B(I(B% (pl) N Bﬁé (p2); hcan) > a.
Write B; = By, (p;) and B = B (p;). We have p(Bj) > 1/2 and
p(ByU By \ By N By) = p(M(I1,12)) < 62/2.

Therefore,
w(Br (p1) N By (p2)) = 61/2 — 62/2 = b2/2.
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Since ¥ is compact, ddT}Z is bounded on X by some constant d. Clearly,
52/2 < u(BS (p1) N B, (pa) < Ad.

Inequality (@3] follows.
Finally, equation () shows that Mod : LN — R is continuous with
respect to the topology on LN. O

Lemma 5.7. Let I; € LN fori=1,2. Suppose I1 ~ Iy and I is essentially
disjoint from Iy. Write I = m(Iy,I3). Then C(Lo, Lo;I) is a long neck
which is ~-equivalent to each of the I;.

Proof. Relying on Lemma [£.22] one verifies that I € Ay, and, furthermore,
that Mod(I) > Li. We have

I C M(Il,lg),

SO
u(I) < p(M(I1, 1)) < 622,
Therefore, p(C(Lo, Lo; I)) < d2/6. We show that each component of

S\ C(Lo, Lo; I)

is p-stable. Let A be one such connected component. If I is an admissible
annulus, then, by construction, A contains a component of 3\ I; for either
i=1or¢=2. If [ is an admissible cylinder then if

genus(X) > 1,

stability is automatic. It is left to treat the exceptional cases. When

genus(X) = 0 the claim follows as in the case of trivial annuli. When
genus(i‘,) = 1, the complement of C(Lg, Lg;I) consists of a single compo-
nent and so the claim follows by Assumption 3.1l We thus showed that
I is a long neck. For the remaining part of the claim, I and each of the
I; are nontrivially embedded in M (I, I3) and so are topologically related.
Furthermore, we have M (I;,1)) = M (I, I3), so u(M(I;,I)) < d5. The claim
follows. O

Lemma 5.8. Let I1,Is € LN and suppose by(1; U Iy) = 1. Then I ~ Is.

Proof. Suppose first that I; and Iy are both trivial. Let I; = A(r;, r}; pi).
By the Mayer Vietoris sequence, the assumption implies that

bl(fl N IQ) =1.

From this it follows that Bfi (p1) C Byy(p2) and Bfé (p2) C By, (p1). It easily
follows that I; U Iy is clean. Since I7 and Iy are nontrivially embedded in
I U I, they are topologically related. Furthermore, M (I,I3) = I; U 5. In
particular

p(M(I1, I2)) < 62/3 < 62/2.
Suppose now that I; and Iy are both non trivial. If I; U I is clean then it is
straightforward that M (I, Is) = I; U I5. Otherwise, I; or I is conjugation
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invariant. Without loss of generality assume I; is conjugation invariant.
Then M(I,13) = I UIy U Iy. In any case, u(M (11, 13)) < d3/2. O

Lemma 5.9. For any I1,Iy € LN, by(I; U I3) > 0.

Proof. If I is nontrivial, this is immediate. Otherwise, the claim is a con-
sequence of Lemma [5.4] O

Lemma 5.10. Let ¢ be a ~-equivalence class. Let I € ¢ have maximal
modulus. Let Is € LN. Iy and Iy are essentially disjoint if and only if

12§Zc.

Proof. Suppose I and I, are essentially disjoint and suppose by contradic-
tion Iy € ¢. Write I := C(Lg, Lo;m(I1,12)). By Lemma 57, I € LN Ne.
By Lemma [£.22] Mod(I) > Mod(I;). This is a contradiction. Conversely,
suppose [ is not essentially disjoint from I5. Recall that we excluded the
trivial case & # Iy U Iy. Therefore, combining Theorem and Lemma
5.9 we have by (I; UIy) =1 as long as by # I, U5, we conclude I} ~ I,. [

Lemma 5.11. Let ¢ be a ~-equivalence class.

(a) The elements of ¢ are either all trivial or all nontrivial. In the first
case we say that c is trivial, in the second case we say that it is
nontrivial.

(b) If ¢ is trivial and then either all elements of ¢ are conjugation in-
variant or there is a component A of Yic \ 0% such that they are all
contained in A.

(¢) If c is nontrivial then either the maximal elements of ¢ are conjuga-
tion invariant or there is a component A of X¢ \ 0% such that they
are all contained in A.

Proof. (a) This follows from Theorem [§ since ~-equivalence entails
topological relatedness.

(b) For any I1,I5 € ¢, I} and Iy embed nontrivially in M (I, Is) which
is clean and doubly connected. Since these annuli are all trivial,
none of them contains a component of 0. It thus follows from
Lemma that I and I are either both conjugation invariant or
both contained in the same component of ¢ \ 0X.

(c) Suppose there is a maximal element I; of ¢ that is not conjugation
invariant. Since I; is clean, there is a component A of ¢ \ 0¥ such
that Iy C A. Suppose by contradiction that there is an Iy € ¢ such
that Io ¢ A. Write J = C(Lg, Lo; M (I1,12)). Then maximality of
I easily implies

J=M(I, 1I).
But then we get the contradiction J € LN N ¢ and

Mod(J) > Mod(Iy).
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Lemma 5.12. Let B be a bubble decomposition consisting of elements of
LN. Let I = %, for some v € Vg and suppose by(I) = 1. Suppose I is
bordered by ~-inequivalent elements Iy, 1o € B C LN. Then I is p-stable.

Proof. First we claim that I; and I, are topologically related. To see this
note first that Iy and I freely homotopic, so they are either both trivial or
both non-trivial. If both are nontrivial, the claim follows from Lemma
Suppose both are trivial. Write I; = B; \ B, where B; and B, are concentric
discs. Clearly we may assume with no loss of generality that By, C Bj and
so, I = B} \ By. In particular B{ N B} # (. Further, I} N I5 is clean.
Indeed, the only alternative is that Bj is conjugation invariant while By is
not, but in that case I is not conjugation invariant. Since by definition B
is conjugation invariant, this is a contradiction. By Theorem Iy is
topologically related to Io.
We now show that [ is u-stable. In case the I; are trivial,

I = M(Il,lg) \ (Il UIQ).

So, by ~-inequivalence, p(I) > d2/6. Suppose the I; are nontrivial. If I; U Ty
is clean, we have I = M (I3, I2) \ (I; U I2) and the claim follows as before.
Otherwise, without loss of generality I is conjugation invariant while I5 is
not. Then
M(Il,fg) =LUIULUIUI.

Suppose by contradiction that p(I) < d2/6. Write M = M (I, ). Then
u(M) < 8. Let N = M\ C(Lg, Lo; M). We have N C Iy UI5. In particular
u(N) < d2/3. By definition of Ly it follows that

(M) < 02/2.
That is, I1 ~ I5. A contradiction. O

Proof of Theorem [5.3. Denote by S the set of ~ equivalence classes. Pick a
component A C ¥\ 0X. For each ¢ € S whose elements lie in A or which
is conjugation invariant assign an element I. € ¢ of maximal modulus. For
any other ¢ define I, := Iz. Let now

B ={I.cc S}.

In the exceptional case where genus(X) = 1 and Mod(Iy) > Ly, we add I
to B. It is follows from Lemma [B.11] that B is conjugation invariant. By
Lemma [5.10] the elements of B are pairwise essentially disjoint. Now let

B ={C(2K,,2K;1)|I € B}.
We show that B is a maximal p-decomposition. We check the stability
condition. Let v € Vg. We distinguish between the following cases.

(a) 2genus(3,) + |m(0%,)| > 3. In this case stability is automatic.
(b) genus(¥X,) =1 and 9%, = (). Stability is a consequence of Assump-
tion 311
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(¢) genus(X,) = 0 and |mg(0%,)| = 2. Then if ¥, is bordered by two
inequivalent elements of LIV, this case is covered by Lemma
Otherwise, we must have that genus(X) = 1, and either X, is the
complement of a long neck, or 33, is bordered by I and some element
Iy of LN. In the first case, stability follows by definition of long
necks. We treat the second case. Write I = X, and suppose by

contradiction that p(I) < d2/6. Let
M=IyuuLUlulLUl,

and let N = C(Lg, Lo; M). Suppose first 9% = (). Then Mod(N) >
Mod(Ip) and u(N) < /6. This contradicts the choice of Iy. Sup-
pose now 9% # (). Then Iy C N and M\ N C I;Ul;. By assumption
(M) < 61, so
u(lo) < p(N) < 82/9.

This again contradicts the choice of Ij.

(d) |mp(0%y)| = 1. In this case ¥, is a component of the complement of
a long neck and so the claim follows by definition.

It remains to check the maximality condition. Suppose by contradiction
that ¥, contains a long neck I’. Then there is a ¢ € S such that I’ € c.
Clearly,

C(Kl,Kl;[/) ﬂC(Kl,Kl;[c) = 0.
That is, I’ and I, are essentially disjoint. Since I, has maximal modulus in
¢, this contradicts Lemma G101
O

6. (i, h)-ADAPTEDNESS

Theorem 6.1. Let F be a uniformly thick thin family. Let (X,u) € F
satisfy Assumption [{.5.1]
(a) If 0¥ = (), there is a conformal constant curvature metric h on
Y and a (u, h)-adapted bubble decomposition B of ¥ with constants
independent of (3, u).
(b) If 0% # 0, there is a conjugation invariant conformal constant cur-
vature metric h on Yc and a conjugation invariant (p,h)- adapted
bubble decomposition B of Y. with constants independent of (X, u).

For the rest of this section fix a (X, ) € F satisfying Assumption €31l
with the understanding that all constants depend only on F and not on the
particular (3, ) we chose. Let B be a maximal py-decomposition as in Theo-
rem .3l To prove that B satisfies the estimates in part @ of Definition [6.1],
we need to introduce some notation.

Associate to B a graph Gp as follows. As the vertex set of Gz take V3.
Add an outgoing half edge [ from v for each element of 7y(9%,). For any
v € Vg, denote by H, the set of half edges going out of v. For [ € H, denote
by 4; the boundary component corresponding to [. Half edges [; and [y are
connected to one another in G if and only if there is an element of I € B
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such that I = 7, U~;,. There is thus a two to one correspondence between
half edges and elements of B. For [ € H,, write I; for the corresponding
element of B.

Let v € Vp. An external boundary component of ¥, is an element v €
mo(0%,) such that v is either not contractible in 3 or satisfies

Diam(v; h) = Diam(Sy; h)H.

Let E, C H, denote the half edges corresponding to the external boundary
components of ¥, and let

F, :=H,\ E,.
For each | € F,, 7; is the boundary of a disc B; C 3. Write
Cl(%,) =%, |J B/ cc
{leFv}

Lemma 6.2. There is a constant f1 with the following significance. Letv €
Vg and let I C Cl(3,) be a neck. In case I = B\ B’ for discs B C B C X,
suppose that OB’ C ,,. Let

n(I):=|{leF,:vynI+#0}.
Then Mod(I) < fi(u(INXy) +n(l)+1).
Proof. Let L = Mod(I). For any integer 0 < ¢ < |L/L;| let
Ii == S(iLly, (i + 1)Ly I).
Since ¥, contains no long necks, we must have
wu(l;) > 92/6.

Let S denote the set of those 0 < i < |L/Lq| that satisfy I; C X, and let
So be the rest. Clearly,

T <ISi+ 15l 4 L

and
6u(l NE,)

92

To complete the proof we need to bound |Ss|.
If : € Sy, there is an [ € F, such that I; N B; # (). We show that there as

at most one j # 4 such that B; meets ;. For this, let Jy € B be the unique

element such that

1S1] <

Y C 0Jo.
There is a J; € LN such that Jy = C(2K1,2K7;J1). Let

J = S(MOd(Jl) — 3K1,MOd(J1) — Kl; Jl)

10Note that if &, is formed by removing any number of small discs from sphere, then
E, =0.
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Suppose now by contradiction that B; meets three successive sub-cylinders
I;_1, I; and I;11. By the assumption of the lemma, B; does not contain any
of the I;. Therefore, v, N C(Ky, K1;1;) # 0. But v € C(Ky,K1;J). So, J
and [; are not essentially disjoint.

On the other hand, we show that the fact that B; ¢ I; implies that J
and I; are essentially disjoint. Let k := b1(f; U J). By Theorem it
suffices to show that & > 1. Suppose by contradiction that £k < 1. If k =0
then [ is trivial and its interior disc B is contained in J. But since [ is
a neck, u(B) > 61/2 whereas pu(J) < p(Ji1) < d2/6. Suppose now that
k = 1. Since we are assuming B; ¢ I;, this is only possible if [ is trivial and
BN B # (. But then by the assumption of the Lemma we have that B; C B,
in contradiction to I; N B # (). We conclude that I; and J are essentially
disjoint. The contradiction shows that B; meets at most two sub-cylinders.
We thus conclude that

|Sa| < 2n(I).

For any v € Vi let n, = |F,| and p, = p(%,).
Lemma 6.3. There are constants f;, for i = 2,...,9, with the following
significance. Let v € Vg and let |l € E,.
(a)
g(fnjhv) Z f2e_f3(l/fv+nv)_
(b) For all z € %,
inj(Xy, z; hy) > fae~ Topotno),
(c) Let I" #1 € H,. Then
Ay, s he) = foe Tt
Remark 6.4. inj(3,, z; h,) is defined as the supremum of all r such that any
unit speed geodesic ray
a: [0, min {r,dp, (p,0%,)}] — Xy

emanating from p minimizes length.

Proof. Let let g = genus(X). Let
m(v) 1= 2genus(ClL(E,)) + | Ey|.
We distinguish between various possibilities for m(v) and g.

(a) m(v) = 0. In this case E, = 0, so only part @ is not vacuous. But
part @ is obvious.
(b) m(v) =1 and g = 0. By carefully inspecting the definition of exter-

nal boundary parts @ and re seen to hold. We show part
By construction, there are J, J' € LN such that

Il = C(2K1,2K1; J),
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and
Il’ = C(2K1,2K1; J/)
Let N be the component of
C(K17 K17 J) \ Il7

for which v; C ON. N is a tubular neighborhood of «;. By essential
disjointness of J; and Jp we have that N N~y = (). We have

MOd(N) == Kl.

Denote by r the metric width of N. That is, the distance between
the two boundary components. Then

1 [" dx " dx
Kl = S )
sv Jo he,rs o hors

where hy rg is Fubini Study metric in appropriate coordinates. Take
fe to be the solution of

fo g
K, = / T
o hers

f7 may be taken to vanish.

m(v) =1 and g > 0. This case is similar to the previous case.

m(v) = 2 and g = 0. In this case it can be verified that Cl(%,) =
B\ B’ for two concentric discs in X¢. Suppose first that CI(%,)
is contained in a hemisphere. Then the only additional thing to
address after the case m(v) = 1 is to estimate ¢(0B’; h,). Applying
Lemma [6.2 to Cl(X,) we have

Mod(el(S,)) < fi(u(I N Ey) +n(I) +1).

On the other hand we denote by r and 7’ the radii of B and B’ with
respect to h,, then

log(r/r") < eMod(I),

for an appropriate constant. Now note that » = 1, so the claim
follows. If Cl(X,) is not contained in a hemisphere, cut Cl(¥,) in
two along a concentric equator and repeat the same argument.
m(v) =2 and g = 1. Only part [[b)]is not vacuous. But d,, in this
case is proportional to the modulus of ¥, which is appropriately
bounded by Lemma

m(v) = 2 and g > 1. Let e € E,. Then there is a simple closed
geodesic vy such that v, C C(y). Write I = CI(X,) and let v; and g
be the components of 9I. It is easy to see that I is a sub-cylinder of
C(7). Therefore, 79 and 7; have constant p coordinates xo and z1,
respectively. For r € [xg, z1] let

Tri=A{z € Ilp(z) =1},
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and let ryin € [20, 21] be the point where £(+y,) obtains its minimum,
lmin. Without loss of generality, assume |zg| < |x1|. We have

In Emin —In hG (Tmin)

6 hy(x)
T !/
> / hy(x) da
0 h@(.ﬁl’)
> — dx
/wo The(z)
= —lM odl
v
1
> __fl(,uv + nv)-
T
Here we rely on the inequality hj(z) = £(7)sinhz/(2r) < 1/7 for
x € w(vy). On the other hand,
dy lz1 — 20| + L(y0; h)
47 < :
o k) = foeh)
But
thysh) (" _de s h)
4 — x| < = Mod(I
where for the inequality we relied on the equation
1
h =—l{p==x};h) <.
6(2) = 5 t{p=akh) < b
Combining estimates ([#6l), (A7) and (48]), we obtain
emin > exp (_%fl(ﬂv + nv))
dy ~ Mod(I) + 1
Together with Lemma [6.2] this implies part @
Part @ is a consequence of Eq. (I3]) as follows. For any p € I,
let x = p(p) and d = w(y) — |z|. We have,
1
(49) inj(p; ¥, h) = sinh ™! (cosh 56(7) cosh d — sinh d)

1
= sinh (e~ + (cosh 5@(7) — 1) cosh d)
> sinh~!(e™9)
=In(e?+ Ve 2 +1)

=e 4+ o(e™).
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Let & = |z1| — |z| € [0, |z1| — |zo|]. We have
e—d

inj(p; 3, hy) > -

h

o—d

= C@(’y) cosh z1(Mod(I) + 1)
e~ w()

= U (Mod(D) +1)°

It is straightforward to verify that there is lower bound on the ex-

pression % which is independent of v. Since £ < |z1| — |xg] <

diam(I;h), the claim follows.

Given the estimate on £(y;) the proof of part in the current
case is similar to that of the case m(v) =1 and g = 0. We omit the
details.

(g) m(v) > and g = 0. Considering the definition of external boundary
components, there is no such case.
(h) m(v) > 2 and g > 1. Decompose

Sy = (Thick(S;h) N %) U (Thin(S;h) N S,).

The components of (T'hin(X;h) N X,) behave exactly as the case
m(v) =2 and g = 1 and contain all the external boundary compo-
nents. It remains to estimate on inj and (Thick(X; h)N3,), but this
is a tautology.

O

To establish the rest of the estimates in Definition [[L2], we introduce some
further notation. For any v € Vj let

%minzem(zv) inj(Xc, z;h), genus(Xc) > 0,
™ = min {, / 27‘3—}(0, %} , genus(Xc) = 0.
Let B = B,(p; hy) C Cl(X,) be a clean geodesic disc. Define

S min{s,r,, d(p, 0Cl(3y); hy)}, p € IX,
B\ min{syry, d(p, 0CI(Sy); ho), 3d(p, s ho)}, p & OF.

Lemma 6.5. There is a constant fo with the following significance. Let
B = B, (p; hy) C Cl(X,) be a clean disc of radius v satisfying

w(B) = 61/2.
Then

r > ere—fQ(Hv‘F”v)_
-5
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Proof. Let

I=A(rp,rp).
If rg < 5r we are done, so suppose rg > 5r. It follows that I € A;. Also,
I C Cl(X,). We claim that I is a neck. For this we need to verify that both

B and ¥ := X¢\B,,(p; hy) are stable. But B is stable by assumption. In
the case where

genus(Xc) > 0,
¥ is immediately seen to be stable. When genus(X) = 0, stability of ¥’ fol-

lows from the fact that h satisfies the condition of Lemma .1l Furthermore,
I satisfies the condition of Lemma 6.2l So,

B

%7

for an appropriate constant ¢. This inequality gives the claim. O

FL(CUTD)) + n(CUI)) + 1} > Mod(CU(I)) > clog

Lemma 6.6. There are constants f;, 10 < i < 13, with the following signif-
icance. Let B = B, (p; hy) C ClU(X,) be a clean disc such that p(B) > §1/2.
Suppose

(50) d(p, ICU(Sy); hy) > foeIrlHvrm)

Then
r 2 floe_fll(/lv"l‘nv) .

Proof. By Lemma we have that
inj(w; hy) > faeSoltme)

for all x € CI(X,). So, by assumption (B0), when B is conjugation invariant
we have

1 1)
rp > min {f4e_f5("‘”+"”)a §f6€‘f7(““+"“)7 Suy/ ﬁ S”%} '

the claim now follows by Lemma
To prove the claim for any clean B we need to further bound

1
r = Sd(p,piho)

from below by an exponent in p, + n,. In fact, to prove the Lemma, it
suffices to estimate r + r’ by such an exponent. We may suppose

1
(51) r+1r < Efﬁe_f7(““+"“),

for otherwise we are done. Let p’ be the midpoint of the shortest geodesic
segment connecting p with p. Combining inequality (GBI with inequality

(HID we get
d(p’,0C1(%,)) > %fﬁe_f““ﬁ"v)
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Let B’ := B,y (p/). Then C CI(X,). Furthermore,

rg > %fGe—f?(Mv"'nv)7

By Lemma this implies

> ifGe_(f7+f2)(/Jf'u+n'u).
- 20

Corollary 6.7. (a) For anyl € F,
U(S; hy) = froe~ Tt
(b) For any ly,ly € F,, we have
A1y Vg o) > frge” F13lbotme),

47

Proof. (a) By Lemma [6.3(c)| the assumptions of Lemma hold in

particular for B = B; where [ € F,.

(b) This follows by the same proof as that of Lemma

In the following, for any v € m(0%), let Ny 1= By~ i5(uusno) (Vi ho)-

Without loss of generality we assume fi5 < fg and fi13 > f7.

Corollary 6.8. For any v € mp(0%,)
dvp,
e | —fi(potne)
o I, = Jioe

Proof. Using cylindrical coordinates on N, let

r={z € Nylp(z) = r}.

We have
thu 1

(Tv 9) = %g(’yr)

thSt
If v € F,, Lemmas [6.6 and imply

U(yr) > froe Trrlptnn),
Otherwise, this is just Lemma [6.3(a)|

Lemma 6.9. There are constants fi4, f15, such that for any p € 3,

dp
< fra(potno)
. (p) < fise

Proof. Let p € ¥, be the point where the supremum of dd—“ is obtained
Yh

and let d be its value. Let ¢ = fge 7o tm0) If d(p, 0CI(Z,); hy) < ¢
then, by construction of B, there is a long neck I so that p is contained in

C(m+ co,m+ co;I) C C(Ky,Ky;1). Thus, by Lemma B4]
claim now follows from Corollary

< a. The
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Otherwise, if d < 1/c we are done. If d > 1/¢, consider the disc B =
Bé(p; hy). Then p(B) > 6; by Remark B3] and B C X¥,, so the bound

follows immediately from Lemma O

Proof of Theorem [61]. Let B be a maximal pu-decomposition as in Theorem
Note that this B satisfies part @ of Definition Indeed, for any [
in B there is an I’ € LN such that I = C(Ky, K;;1'). But we assumed in
Definition E17 that K1 > co+m. By definition of LN, u(I') < d2. The claim
now follows from Lemma[3.4l That B satisfies partof Definition [ 2lis just
Definition The estimates of part are the content of Lemmas
and [6.6] Corollary 6.7 and Lemma O

7. ProoF oF THEOREMS [L.6], 11, AnD .14

Proof of Theorems [L.8, [L11, and[1.14 Let
M ={(E, p)|(3, 1) € F).

According to Theorem 2.8 in [3], the hypotheses of Theorems [[.6] [[TT],
and [CT4] imply that M is uniformly thick thin. If (X,u) € M satisfies
Assumption B3] the theorems follow from Theorem Otherwise, let
B = 0. If genus(Xc) = 0 we must have a metric h satisfying condition @
in Lemma [£Jl Stability follows from the fact that w is non-constant and
the rest of the claims are obvious. Now assume genus(X¢) = 1. All parts
of the theorem hold vacantly except for stability, the derivative estimate
and the injectivity radius estimate. Stability follows from the monotonicity
inequality as follows. The injectivity radius of M is uniformly bounded
away from zero by a constant r. Let p € (X). Since u represents a nontrivial
homology class u(X) ¢ B, (p;gs). By the boundedness of the curvature and
by the monotonicity inequality,

E(Xc;u) > Area(u(X) N Br(p; gy)) > cr?
for a constant ¢ > 0.
To bound the injectivity radius and derivative we need to bound
Diam(Xc; h).
For this, it suffices to bound the modulus of X¢. For any z > 0, let

|
Limeytny n{a(02+7r+:17)}’
Cc3

where the constants are as in Lemma B4l If Modl > 2L, any point p € 3¢
is at the center of a cylinder of modulus 2. Lemma [B.4] then implies that

dp 1
p) < ———
dvp,, (co+m+x)
Pick z large enough so that

1(Xc).

4L

— < 1.
Co+m+x
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We then have the contradiction

du 4L
Yo) < 2L — < —u(Xe) < pul(Xe).
p(Ec) < pseugz: Vh(P)_CQJFWJFxM( c) < pu(Xc)

The derivative estimate is an immediate consequence of Remark B3] and the
global bound u(X¢c) < d2 < d;. The radius on injectivity of h, is just the
inverse of the diameter multiplied by a suitable constant. O
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