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ON THE CONVERGENCE OF OUTPUT SETS OF QUANTUM CHANNELS
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ABSTRACT. We study the asymptotic behavior of the output states of sequences of quantum
channels. Under a natural assumption, we show that the output set converges to a compact con-
vex set, clarifying and substantially generalizing results in [3]. Random mixed unitary channels
satisfy the assumption; we give a formula for the asymptotic maximum output infinity norm
and we show that the minimum output entropy and the Holevo capacity have a simple relation
for the complementary channels. We also give non-trivial examples of sequences ®,, such that
along with any other quantum channel =, we have convergence of the output set of ®, and
®,, ® E simultaneously; the case when = is entanglement breaking is investigated in details.
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1. INTRODUCTION

Quantum channels are of central importance in Quantum Information Theory, and in the
meantime, many mathematical quantities that are associated to quantum channels are still not
very well understood. This is the case, for example, for the maximum output infinity norm,
the minimum output entropy and Holevo capacity. These quantities as well as other important
quantities turn out to actually depend only on the image of the collection all possible output
states. Incidentally, the output set - a compact convex subset in the set of all state - turns out to
be an interesting geometric object that has nice interpretations in the theory of entanglement,
statistics, free probability and others. However, identifying the output set for a given channel
turns out to be a difficult task. So, instead, we analyze sequences of quantum channels which
have nice asymptotic properties. Recently, research on random quantum channels in terms
of eigenvalues has lead to important advances in the understanding of quantum channels, in
particular in relation to the problem of additivity of the minimum output entropy, see for
example [I1], [3] and [4].

In this paper we elaborate an axiomatic and systematic study of properties of sequences of
quantum channels that ensure the convergence of the output set towards a limit. It turns out
that the sufficient conditions that we unveil are not of random nature, although all examples
available so far rely on random constructions. The main results of this paper are Theorems [3.8
and 3.9 The idea underlying these theorems was already available in [3], but we considerably
simplify and conceptualize the argument, and we remove all probabilistic considerations from
our main argument. We start with examples of deterministic quantum channels (or projections)
which fit our axiomatic framework. Then, we treat random quantum channels and random
mixed unitary channels as examples of this axiomatic approach. To do so, we rely on recent
results of [9] and [I7] where the strong asymptotic freeness of Haar unitary matrices and constant
matrices or extension of strong convergence to polynomials with matrix coefficients is proved.

Our paper is organised as follows. Section [2] contains definitions and reminders about quan-
tum channel and quantities associated to them. Then, our main result is stated and proved
in Section Bl Then, in Section [ our main result is applied to the convergence of entropies.
Section [l introduces some results from random matrix theory and free probability. A subclass
of entanglement-breaking channels is investigated in Section [0, then we discuss in Section [1
examples of our main result: random Stinespring channels (subsection [.J]) and random mixed
unitary channels (subsection [T.2]). Finally, in Section [§ we discuss tensor products of channels,
and especially entanglement-breaking channels are discussed in details.

2. QUANTUM CHANNELS AND THEIR IMAGE
2.1. Notation. Following the quantum information theoretic notation, we call quantum states
semidefinite positive matrices of unit trace
Dy={Ae M, : A>0and TrA =1}, (1)
where we write My = My(C). A quantum channel is a completely positive and trace preserving

linear map ® : My — Mj. Following the Stinespring’s picture [31], we view any quantum
channel ® as an isometric embedding of CV into C*¥ @ C”, to which we apply a partial trace.

v:cV s chocn (2)
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That is,
= (idy®@Tr,)oFE (3)

where E(-) = V-V* is a non-unital embedding of My in M} ® M,,. We define the complementary
channel of ® by

d = (Tr, ®idy) o E (4)
Note that for a pure input, its outputs via ® and ® share the same non-zero eigenvalues, but it
is not the case in general for a mixed input. We also define the adjoint channel ®*, which is the
adjoint of ® with respect to the Hilbert-Schmidt scalar product in Mp:

Tr[®(X)"Y] = Tr[ X 0" (Y)]. (5)
If @ is defined via a Stinespring dilation using an isometry V' as in (8], then
PY) =V (Y ®@1,)V. (6)

In Quantum Information language, C" is called the environment. In this paper, we are
interested in a sequence of quantum channels, that we will index by the environment n, ®,, :
Mpy — M. From now on, our setting is as follows: k,n, N € N are such that k is fixed and
N € N is any function of n € N. Importantly, a quantum channel is defined, up to a unitary
conjugation on the input, by P, = V,,V;¥, which is the unit of My embedded in My ® M,,.

Let Dy be the collection of states in My, and Dﬁ, C Dp be collection of extremal (pure)
states, i.e. rank-one (self-adjoint) projections. We are interested in L,, = @n(DfV), which is the
image of all the pure states under the quantum channel ®,,. One can see that L, is a compact
subset of Dy, but not always convex, although so is K,, = ®,(Dx).

The task to classify all the possible sets K,, and L, arising from this construction seems to
be out of reach. Instead, we focus our attention on possible asymptotic behaviours of K, and
L, as n — oo.

In Section Bl we identify some assumption with which K,, and L, converge to some well-
described compact convex set as n — oo. Then, we present examples of sequences of random
projections {P, },en which satisfy this assumption with probability one.

2.2. Entropies and Capacities. We introduce three quantities associated with quantum chan-
nels.
Firstly, the maximum output infinity norm of channel ® is defined as

) = P
191100 = masx [[© ()]0 (7)
where 1 and oo represent norms used for the input and output spaces respectively.
Secondly, the minimal output entropy (MOE) of channel ® is defined as
S™n(®) = min S((p)) (®)
pEDN

Here, S(-) is the von Neumann entropy.
Thirdly, the Holevo capacity (HC) of channel @ is defined as

X(®) = [pax, S(®(p) - ZP@S (®(pi)) (9)

0P
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Here, {p;} is a probability distribution, {p;}; C Dy and p =), p;p;. Note that
SM (D) = S™(D) (10)
but
X(®) # x(®) (11)
in general.

It is a rather direct observation that Sy, and x depend only on the output of the channel.
Therefore, for any convex set M C Dy, it is natural to define

Smin(Nf) = min S(X) (12)

xX(M) = {gag}s (ZPJQ) - ZpiS(Xi)- (13)

where X; € M.
For those quantities one can think of additivity questions:
?
X(® @ Q) = x(®) + x(©) (14)
Smin(q) ® Q) ; Smin(q)) + Smin(Q) (15)

for two quantum channels. These equalities are not true in general; additivity of MOE was
disproved by Hastings [I8] and this non-additivity can be translated to be the one for HC [28].
In terms of information theory, the additivity of HC is important. Suppose in particular that

X (297) = rx(2) (16)

for some channel ®, then the classical capacity over this channel ® has a one-shot formula:

lim lx (@®7) = x(®) (17)

r—oo r
Additivity of MOE itself is also interesting because it measures purity of channels, but caught
more attention when Shor proved the equivalence between the two additivity questions [28].
Moreover, a breakthrough was made by disproving additivity of MOE [I8] with a use of random
matrix theory as MOE concerns eigenvalues of matrices whereas HC depends on the geometry
of output states. By contrast, our paper sheds light on not only MOE but also HC because we
consider geometry of output states (at least, of single channels).

3. MAIN RESULT - LINEAR ALGEBRA AND CONVEX ANALYSIS

3.1. Preliminary. For a sequence of sets {S},ecn we use the following standard notations of
lim-inf and lim-sup:

lim S, = J (]S, and lim S, = () |J Sn (18)
n—roo NeNn=N oo NeNn=N

If S is a subset of a topological space, we denote the interior of S by S° and the closure S°.
Suppose we have a conver set K in a real vector space; any line segment joining two points of
K is included in K. Then, we have the following two definitions:
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(a) A point x € K is an extreme point if x does not lie in any open line segment joining two
points of K.

(b) A point x € K is an exposed point if there exists a supporting hyperplane which intersects
with K only at one point.

We also use the following notation:

hull ({z;}7,) {Zml. >0 and iAi:1} (19)
=1

which is called the convex hull of {x;}" .

Theorem 3.1 (Steinitz [30]). Suppose we have a convexr and compact set K C R%. Then, for
any interior point of K we can choose at most 2d extreme points of K whose convex hull includes
the point within the interior.

Theorem 3.2 (Straszewicz [32]). For any closed conver set K, the set of exposed points is dense
in the set of extreme points.

We define conditions which ensure the limiting convex set of output states.

Definition 3.3. A sequence of projections P, C My, is said to satisfy the condition C,, if for
all A € Dy, the following m infinite sequences in n € N:

AM(Po(A@ L)), ..., An(Pa(A® I,)Py) (20)

converge to a common limit, which we denote f(A). Here, \;(-) is the i-th largest eigenvalue.
Note that C,, = C; forl < m.

Let (®,,) be a sequence of quantum channels associated with the sequence of projections (P,),
that is ®,, is defined by @) and P, = V,,V,*. One can then define the function f in terms of the
adjoint channels @ defined in ([5):

Proposition 3.4. Let ® : My — M, be a quantum channel defined by an isometry V : CN —
CF ® C", and put P = VV*. Then, for any A € Dy, the non-zero eigenvalues of the matrices
P(A® I,)P and ®*(A) are identical. In particular, a sequence of projections (P,) satisfies
condition Cy, if and only if, for all A € Dy, the m largest eigenvalues of ®}(A) converge to

f(A).
Proof. We have

PA®IL,))P=VV* (AR I,)VV* = Vo (A)V*. (21)
The conclusion follows from the fact that V' is an isometry, hence the matrices V®*(A)V* and
®*(A) have the same non-zero eigenvalues. O

Les us start by recording an obvious upper bound:

Lemma 3.5. If a sequence of projections P, satisfies the condition C1, then for any sequence
z, € CF @ C" such that xnz) < P, we have

IL_m Tr[X,A] < f(A) VA€ Dy (22)

where X, = Tren[zpz)].
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Proof. For all n € N,
Tr [ X, A] = Tr [zp2 (A® I,)|] < max (v,(A® I,)v) = ||P,(A® ;)P = f(A)

vv* < Py

Next, we prove existence of sequence of optimal vectors:

Lemma 3.6. If a sequence of projections P, C My, satisfies the condition Cp,, then for any
A € Dy there exists a sequence of m-dimensional subspaces W, C range P, for large enough
n € N such that any sequence of unit vectors x,, € W, satisfies

Tr[X,A] — f(A) asn— oo (23)
Here, X,, = Tren [xp2)].

Proof. Let v; be eigenvectors of \; in (20)), and define W,, = span{v; : 1 < i < m}. Then, for
any unit vector x, € W,, we have

Am <25 (AR L)x™ = Tr[X, Al <\
where the both bounds converges to f(A). O

If C,;, holds with large enough m with respect to k, we can have a sequence x; in Lemma
with orthogonal property in C™, which is useful in proving Theorem B.9t

Lemma 3.7. Given two subspaces W C CF®@C" and T C C" such that dim W > kdim T, there
exists x € W having the following Schmidt decomposition:

T

T = Z\/)Tiez‘@)fi, (24)

=1

Here, {e;} and {f;} are orthonormal in C¥ and C" respectively and moreover f; L T, for all
1=1,...,r.

Proof. Define T =CF®T. Since dimT = kdim T, there exists a unit vector # € W such that
x L T. Consider the Schmidt decomposition of z, as in the statement, with A; > 0, for all <.
For any f € T, we have

(i) =N lei® fLa) =0, (25)

sincexJ_ei@)fGT. O
If the condition C; is satisfied we define a compact convex set:

K ={Be€ Dy :Tr[BA] < f(A) VA€ Dy} (26)

In the following sections, we prove that both of images of mixed input states and pure input
states converge to this convex set K. Especially, the latter statement is interesting because the
set of pure input states itself is not a convex set.
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3.2. Limiting image for mixed input states. Our first result is as follows:

Theorem 3.8. If a sequence of projections P, C My, satisfies the condition Cy, then
K°C lim K, C Tm K, C K (27)
n—o0

n—oo

Here, as before, K, is the image of all the mized states by the quantum channels defined by P,.

Proof. Firstly, we show that lim, oo K, € K by showing lim,, oo L, € K because K, =
hull(L,,). Fix X € lim,, o, L, and there is a subsequence {n;}; such that X € L,,,. Since X is
an output of the channel F,;, there exists the unit vector x;; lives in the support of P, such
that Tren; (2,27, ] = X. By Lemmal35] we have Tr [XA] < f(A) proving the result.

Secondly, we prove that K° C lim K,. Take X € K°. Since K is a compact and convex

n— 00
set embedded into Rk2_1, writing 7 = 2k% — 2, by Theorem 3.1}, there exist r extreme points of
K, say, (F1,..., E,) such that

X € (hll{Ey,...,E.})° (28)
Also, by Theorem B.2] there exists r-tuple of exposed points of K, say, (F1,..., F;) such that
X € (hl{Fy,...,F})° (29)
Note that since each F; is an exposed point of K, there exists A; such that
Tr[FA;] = f(A)
Tr[YA] < f(A) VY € K\ {F} (30)

On the other hand, by Lemma B.6] for each A;, there exists a sequence X i(n) € K, such that
Tr [Xi(n)Az} — f(4) as n — 0o (31)

We claim that Xi(n) — F; as n — oco. Take a converging subsequence Xi(nj Y] Then, the

first statement: lim,, ,o, K, C K implies G € K because K is closed. Moreover, (BI)) implies
that Tr[GA;] = f(A;). Hence, the equation (B0]) implies the above claim.
Therefore, for large enough n, we have

X ehul{X™:1<i<r}CK, (32)
Here, the first inclusion follows from (29) and the second holds because K, is convex. Therefore,
K° Clim, . K,. O

3.3. Limiting image for pure input states. The second theorem we prove is about the image
L, of the set of pure states.

Theorem 3.9. If a sequence of projections P, C My, satisfies the condition Cy,, with m =
(2k? — 3)k? + 1, then

Kogh_angangK (33)
n—00

n—oo

Here, as before, Ly is the image of all the pure states by the quantum channels defined by P,.
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Proof. Since condition C,, is stronger than Cp, the second inclusion follows from the proof of
Theorem B.81 We shall now show that the first inclusion holds.

Comparing this statement to the one in the proof of Theorem B.8] we see that the difficulty
comes from the fact that L, is not always a convex set. As before, for a fixed X € K°, choose
a set of 7 exposed points Fy,..., F, of K, with r < 2k? — 2 such that X € (hull{Fy,...,F.})°.

The main idea here is to build approximating sequences L,, > Xi(n) — F; with an additional

orthogonality property with respect to C™. More precisely, we want sequences xz(n) e CkFeC,
such that

XM = Tren [m(.")xz(")*] S F, (34)

3 (2

and their Schmidt decompositions:

have the additional property that the families { féi’n)}w are all orthogonal to each other for
large enough n.
Taking advantage of this orthogonality condition, we claim that, for n large enough,

hull{X™ : 1<i<r}C Ly (36)

Indeed, for X =37 | t; X i(n) in the hull, the orthogonality condition implies that the unit vector
T
r = Z \/Exz(n) € rangeP, (37)
i=1

turns out to give Tren [x2*] = X. Then, as before, for large enough n,
X ehul{X™:1<i<r}CL, (38)
proving L° C lim L

m—>o0 M
To finish the proof, we shall construct the approximating sequences (B5]), inductively, for

1 =1,2,...7. The first step is identical to the one in the proof of Theorem B.8 since P, satisfies
Cy; choose a sequence xgn) such that an) = Tren {x&n)xgn) ] satisfies an) — F}. Suppose now
(n)

we have constructed the first s approximating sequences x;
B0l provides us with an m-dimensional subspace W,, C CF ® C™ of vectors verifying equation

23) for A = As11. As before, one can show that for all sequences x,, € W,,, the reduced states

X, = Tren [zp2)] converge to Fyyi. Define now T = spanw{féi’n)} with 1 <4 < s, the span

of all vectors f € C" appearing in the Schmidt decompositions of the vectors xgn), e ,xﬁ") (see
equation (33))). Since dim T < sk and m = (2k? — 2 — 1)k? + 1 > sk?, by Lemma 37, one

can find a sequence of vectors xgi)l € W, such that the vectors f appearing in the Schmidt

)

decompositions are orthogonal to TS(" .

, 1 <1 < s. For each n, Lemma

To summarize, we have constructed a sequence xgi)l with the following two properties:

e The reduced states Xéi)l converge to Fyy1;
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e The vectors f; appearing in the SVD of x(:i)l are all orthogonal to Ts(n).

S
In such a way, one constructs recursively a family of approximating vectors with the required
orthogonality condition.

O
4. ASYMPTOTIC BEHAVIOUR OF SOME ENTROPIC QUANTITIES
4.1. The S1 — S norm. Our first result is as follows
Proposition 4.1. Let (®,,), be a sequence of channels satisfying condition Cy. Then,
1@n]1,00 = aEC?}ﬁi&}ﬁ2:1 f(aa®) as mn — oo. (39)
Proof. Since it is easy to see from the definition in (&) that
1Pnll1,00 = 1711100 (40)
The fact that f(-) is convex and Proposition 3.4 complete the proof. O

4.2. The minimum output entropy and the Holevo quantity. The following proposition
is a rather direct observation.

Proposition 4.2. Let (P,), be a sequence of orthogonal projections satisfying condition C;.
Then, one has

lim Sp(®,) = Sy(K), (41)
Tim x(®n) = x(K). (42)

Proof. By theorem [B.8 and continuity of the von Neumann entropy, the first statement is proved.
For the second, note that Carathéodory’s theorem implies that optimal ensemble can always
consist of 2k? + 1. Therefore, the first statement also implies the second. O

The following proposition gives a necessarily and sufficient condition for the Holevo capacity
to be written nicely:

Proposition 4.3. We have
X(K) =logk — S™(K). (43)
if and only if the limiting convex set K has the property that
I/k € hull (argmin S), (44)
where X € argmin S if and only if S(X) = S™*(K),

Proof. The first and second terms in (I3]) have the upper bounds respectively log k and —S™1(K)
for the convex set K. So, our assumption let ® achieve the both bounds. The converse is obvious
from this argument. O
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Suppose f is G-invariant for some group G and its unitary representation {U,}seq, i-e.,
f(U,AU;) = f(A) for all g € G and A € Dy. Then K is invariant with respect to those
rotations: U, KUy = K for all g € G. This, in particular, implies that the set of optimal points
argmin S is also invariant. In addition, if the unitary representation {Ug}geq is irreducible so
that [ Uy AU; = I/k for all A € Dy, [20], then we get the formula (@3)). For example, consider the
additive group Zj X Zj and define unitary operators, which are called discrete Weyl operators,
by

Wop = XY? (45)

Here, (a,b) € Zj x Zj, and X and Y act on the canonical basis vectors {¢;}F_, of C* as follows:
o

Xe;=¢€41 and Ye =exp {% -l} (46)

This is an irreducible unitary adjoint representation of the group Z; x Zj; on C*. Although
this argument only gives a sufficient condition, it turns out to be useful. We have proven the
following corollary.

Corollary 4.4. Suppose, as is in [20), a convex set K is defined by a function f which is
invariant with respect to the discrete Weyl operators:

fWap AW5,) = f(A) VA € Dy, Y(a,b) € Zi X Zy. (47)
Then, the formula [@3)) holds.

5. FREE PROBABILITY

A x-non-commutative probability space is a unital x-algebra A endowed with a linear map
¢: A — C satistying p(ab) = p(ba), p(aa*) = 0,¢(1) = 1. The map ¢ is called a trace, and an
element of A is called a non-commutative random variable.

Let A4,..., Ar be subalgebras of A having the same unit as A. They are said to be free if
for all a; € A;, (i =1,...,k) such that ¢(a;) = 0, one has

as soon as j1 # jo, jo # Ja, .-, Jk—1 # jr- Collections S1, S, ... of random variables are said to
be x-free if the unital x-subalgebras they generate are free.

Let (a1, ..., a) be a k-tuple of self-adjoint random variables and let C(X1, ..., Xj) be the free
x-algebra of non commutative polynomials on C generated by the k self-adjoint indeterminates
X1,..., Xg. The joint distribution of the k-tuple (ai)le is the linear form

/’L(al,...,ak) : (C<X17 v 7Xk> — C
P p(P(a,...,a)).

Given a k-tuple (ay,...,ax) of free random variables such that the distribution of a; is p;,
the joint distribution g, . is uniquely determined by the pg,’s.

-0)
Considering a sequence of k-tuples (agn))le in *-non-commutative probability spaces (A, ©n),

we say that it converges in distribution to the distribution of (aq,...,ar) € (A, p) iff ool
1 @y
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converges point wise to fi(q, .. q,)- Likewise, a sequence is said to converge strongly in distribu-
tion iff it converges in distribution, and in addition, for any non-commuytative polynomial P,
its operator norm converges

1P@”,....a)| = | P(ar,....a)]-
In this definition, we assume that the operator norm is given by the distribution, i.e.

1P@”,...af) = tim | P(af”..af")]|

and
|P(ay,...,ax)| :li;nHP(al,...,ak)Hp (48)

For the purpose of this paper, let us record two important theorems which extend strong

convergence. l.e., let (agn))le be a sequence of n X n matrices, viewed as elements of the
non-commutative probability space (M,,,n~'Tr) and assume that it converges strongly in dis-
tribution towards a k-tuple of random variables (a1, ...,ax) € (A, ¢), then we have the following

extension theorems.

Theorem 5.1. Let U, be an n x n Haar distributed unitary random matriz. Then the family
@\",...,d" U, U

almost surely converges strongly too, towards the k+2-tuple of random variables (ay, ..., ax,u,u*),

where w,u* are unitary elements free from (ay,...,ax)

Historically, the convergence of distribution is due to Voiculescu, [33]. A simpler proof was
given by [8]. The strong convergence relies on [9] - it relies heavily on preliminary works by [17]
and [24].

Actually, although this is counterintuitive, Theorem [5.1]is equivalent to a stronger statement
where, in the conclusion, the non-commutative polynomial is not taken with complex coefficients,
but with any matrix coefficient of fixed size. This follows from the “Linearization Lemma” as
proved by Haagerup and Thorbjgrnsen [I7]. We state this result below, as it will be useful to
widen our range of examples.

Theorem 5.2. Let P be a non-commutative polynomial in k variables with coefficients in M;(C)

instead of C. Then the operator norm of P((az(n)))’;?c:1 € M;® M, still converges as n — oo. The
limit is obtained by taking the limit as p — oo of the limit as n — oo of the p-norms.

6. EXAMPLE OF NON-RANDOM PROJECTIONS

In this section we consider some elementary examples of deterministic sequence of projections
which satisfy the condition Cj,.
Let’s start with the completely depolarizing channel ®,, : My — M:

B(p) = Trlp] - In/k (49)
Its adjoint channel is written as
®*(0) = Tr[o] - In/k (50)

This immediately implies via Proposition B.4] the following result:
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Proposition 6.1. The depolarizing channels defined in [@9)) satisfies the condition C,, for all
m > 1.

Note that the above example is trivial, since the image of the channels ®,, consists of a single
point, {I/k}, so the convergence result is obvious.

We now generalize the above example by considering a subclass of entanglement-breaking
channels. In general, any entanglement-breaking channel has the Holevo form [21]:

l
E(X) =) Tr[X Mo, (51)
i=1

where {M;}; are positive operators which sum up to the identity and o; are fixed states. Note
that the set of the operators {M;}; is called Positive Operator Valued Measure in quantum in-
formation theory and p; = Tr[X M;] constitute a probability distribution. As the name suggests,
those channels break entanglement through measurements.

Proposition 6.2. Let ®,, be a sequence of entanglement-breaking channels:
1
u(p) = Y To[M plo (52)
=1

where | > 0 and (0;)!_; € D do not depend on n, and, for all n € N, (M(n))£:1 is a POVM

K]
such that HMZ(n)H =1 foralli=1,...,1. Then, the sequence of projections P, associated to P,
satisfies the condition C,, where

m = liminf min dim; M > 1. (53)
n—oo 1<Kl

Here, for a given operator X, dim; X denotes the dimension of the eigenspace corresponding to
the eigenvalue A =1 of X.

Proof. A direct computation shows that the adjoint channel of ®,, is

l
®:(A) = > Tr[Aoy M. (54)
i=1
First, note that the operator ®}(A) has eigenvalue Tr[Ac;| with multiplicity dim; Mi(n). Define

now

f(A) = max Tr[Ag;]. (55)

1<i<l
It follows that @ (A) has eigenvalue f(A) with multiplicity at least
m, = min dim; Mi(n) > 1 (56)
1<i<l
Also, we claim that ||®} (A)|| = f(A):
! !
@3(4) = Y Trldo | M < 37 FAM = F(A)ly. (57)
i=1

i=1
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We conclude that f(A) is the largest eigenvalue of ®*(A) and that it has multiplicity at least
my; the conclusion follows by Proposition [3.41 O

Remark 6.3. The condition HMZ(n)H = 1 ensures that the image of the channel ®,, is precisely
hull(ai)ézl, and thus the convergence to the limiting set K is again obvious.

7. EXAMPLES OF RANDOM PROJECTIONS

In this section we look at random projection operators and we show how Theorem [3.8 together
with Theorems [5.1] and give interesting examples.

7.1. Random Stinespring channels. Let us first study channels coming from random isome-
tries. Such random channels were used by Hayden and Winter [19] to show violations of additiv-
ity for minimum p-Rényi entropy, for p close to 1. Following Hastings’ counterexample (see the
next subsection), it was shown that they also violate additivity for the von Neumann entropy
(p=1) [15, 16, 2]. More recently, the output of these channels has been fully characterized using
free probability theory [3] and macroscopic violations (or order of 1 bit) for the additivity of the
MOE have been observed [4].
We construct the channel from the Stinespring dilation

@, (X) = [id® Tr)(VXV*), (58)

where V : CV — CF ® C" is a random Haar isometry. In particular, the operator P, = V,,V,*
projects onto a random Haar N-dimensional subspace of C¥ @ C™. The asymptotic regime is as
follows: we fix a parameter ¢ € (0,1), and N is any function of n that satisfies N ~ tnk.

Under these circumstances, the convex set K defined in (26) is renamed Kj; and it was
studied at length in [3] and [4].

Proposition 7.1. Consider the free product M of the von Neumann non-commutative prob-
ability spaces (Mg (C),tr) and (C2,t6; + (1 — t)d2). The element p = (1,0) of C* in M is a
selfadjoint projection of trace t, free from elements in My(C). For any A € My(C), we de-
fine fi(A) = ||pApl||. Then, the sequence of projections P, defining the quantum channels (GS])
satisfies condition Cp, for any m, with limiting function f;.

A proof can be deduced from the next section on mixed unitary channels. We also refer the
reader to [3| [4] for the proof of the following theorem, gathering some of the most important
properties of the set K}, ;. As an original motivation, let us state the following theorem, in which
the element with least entropy inside K} ; is identified.

Theorem 7.2. The convex set K has the following properties:

(1) 1t is conjugation invariant: A € Ky, <= UAU* € Kyy, for all U € U(k). In
particular, one only needs the eigenvalues of a selfadjoint element in order to decide if
it belongs to Ky or not.

(2) Its boundary is smooth iff t < k~1.

(8) Any self-adjoint element with eigenvalues

A= (a,b,b,...,b),
N——

k—1 times
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where
I R R ift+1<1
1, ift+3>1
and b = (1 —a)/(k — 1) is a joint minimizer for all the p-Rényi entropies on Ky, for
all p > 1.

7.2. Random Mixed Unitary Channels. In this section, we are interested in random mized
unitary channels, namely, convex combinations of random automorphisms of M,,(C) (note that
that deterministic incarnations of these these channels are also known in the literature as “ran-
dom unitary channels”; in this work, we prefer the term “mixed”, since the unitary operators
appearing in the channel are themselves random). After the setup, we argue that this class of
channel has the property C,, for all m. Based on this result, we identify the limiting maximum
output infinity norm of this class. This section ends with the assertion that this class satisfies
the property ([@3]), which gives a simple relation between MOE and HC.
To set up our model, we recall that these channels can be written as follows

&) : M, (C) = My(C)

k
M) (X) = w U XUy,
i=1

and we are interested in the complementary channels; ® = ®. Here, {Ui}f:1 are i.id. n X n
Haar distributed random unitary matrices and w; are positive weights which sum up to one
(we shall consider the probability vector w a parameter of the model). Here, N = n and the
corresponding isometric embedding is the block column matrix whose i-th block is /w;U;. Then,

the corresponding projection P e M, (C) ® My(C) is given by

k
P =" Jww; esef @ UiU7, (59)
ij=1
where {e;} is the canonical basis of C*. Our model of this paper corresponds to the complemen-
tary channel of this channel <I>1(1w,3 : M, (C) — My(C), such that the matrix entries of its output
are as follows

(@&‘j’g (X))ij — Jww; Tr [UiXU?] (60)

Firstly, we claim that these sequences of channels almost surely have property C,,, with m > 1,
and moreover, the limiting function can be written explicitly as follows. Let L(F}) be the free
group von Neumann algebra with k free generators uq, ..., u,. Consider the algebra My (L(Fy)).
This algebra contains My (C) in a natural way, and for A € Dy with respect to this inclusion,
define

Fu(4) = | P APM, (61)

where, for all 1, 7, Pijw) = wiwjuiu;f. Then, our first claim is:
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(w)

Proposition 7.3. The sequence of orthogonal projections Py
Cm for all m with limiting function f,, defined in (G1]).

almost surely satisfies condition

Proof. First, notice that P,E“’)(A 24 In)P,gw) can be understood as polynomials of P,’s with coef-
ficients in Mj,. Indeed,

P,(Lw) (A® In)Pr(Lw) = Z Wi W WsWy (eie; Aese;‘) ® U;U;UUf (62)
4,7,8,t=1

Hence, Theorem implies that, for any fixed matrix A € My, the operator norm of P,&“’) (A®
I )P(w) converges to the operator norm of P(*) AP(*) because it follows from Theorem [E.1] that

k independent random unitary matrices (U, (n )) ", strongly converges to a k-tuple of free unitary
elements (u;)¥_; almost surely.

We have thus shown that, for every matrix A € Dy, almost surely, HPT(Lw)(A ® In)P,gw)H —
fuw(A). To conclude that the property C; holds, we have to show the above convergence simulta-
neously, for all A. To do this, consider a countable set (A;) C Dy with the property that for all
A € Dy, and for all € > 0, there is some i such that ||A — A;|| < e. By taking a countable inter-

section of probability one events, the convergence HP,&“’) (A; ® [n)P,gw)H — fw(A;) holds almost
surely, for all 4 > 1. Since the function f(-) is continuous from the definition, the above chosen

sequences of projections show the convergence HPr(lw)(A ® In)Pr(lw)H — fw(A) for all matrices
A€ Dy.

Next, we show C,,, property with m > 1. Remember that the infinity norm is defined by the
limit of p-norms as in ([g]), the limiting density function yields non-vanishing measure around
the limiting infinity norm. More precisely, for any ¢ > 0 there exists a ratio 0 < 7. < 1 such
that the measure of the e-neighborhood of the infinity norm is 7.. Hence, fix A € Dy, and for
large enough n, we have 7. - n eigenvalues of P,S“’) (A® In)P,gw) which are 2e¢-close to the limiting
infinity norm. As e > 0 is arbitrary, for any m > 1, the largest m eigenvalues converge to the
operator norm almost surely. Again, we can prove that almost surely all the sequences show
this convergence for all A € My. This proves C,, property with m > 1. O

Secondly, we characterize the limiting value of the maximal output infinity norm via Propo-
sition [[3l To do so, we recall the following result from [I], generalizing questions that can be
traced back to [22] (for a matricial coefficient version, see [23]):

Proposition 7.4. [Il Theorems IV G and IV K] Consider an integer k > 2 and let {uy,...,ux}
be a family of free unitary random variables and a = (ay,...,ax) a scalar vector. Then,

= min
x>0

k
E a;Uj
i=1

23:+Z( 24 i — )] (63)
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Moreover,

, 2k — 1
“arﬁllrzllw(a) =— (64)

NS
max, ¥(e) = — 7

with both extrema being achieved on “flat” vectors, i.e. vectors with |a;| = const.

(65)

Remark 7.5. In [I], the minimum in the formula for 1 is taken over all values x > 0, but one
can show, by considering the derivative of the above function at x = 0, that the minimum is
achieved at a strictly positive value x > 0 for k > 3.

Let us introduce the following notation: for a given vector b € C¥, let

Pu(b) = sup t(a.b), (66)

llall2=1
where (a.b); = a;b;. From the result above, we have that

o1, 1)) = 2YEZL

——— \/E

k times

(67)

Next, from this proposition, we can show the following results:

Theorem 7.6. For k > 3,
(1) The function f,, defined in (61)) satisfies

max f,,(4) = Pe(Vw), (68)
rk A=1
where \Jw € €2 is the vector with coordinates (\/w); = VWj. The general formula for
. (y/w) is described in the Appendiz, Proposition [A ]
(2) This implies that, with probability one, ||(I)£ka)||1,oo converges to 1, (v/w)? as n — oo.
(3) In the particular case of the flat distribution w = Wag = (1/k,...,1/k), we have

2vk —1
Ui (VWftar) = Y(Wpat) = ———— (69)
: (W) A(k—1)
Jim [1@,3 00 = =5 (70)
Proof. Since A € Dy, is a pure state, it can be written as A = aa* for some unit vector a =
(ai,...,ax) € Ck. Then, since we work in C*-algebra,
fu(A) = |P™aa* Py (nory)) = |’P(w)a”§2(L(Fk)) (71)

k k

k
=S TIPWalll gy = S IV Y a2 (72)
=1

i=1 j=1
k

=D il
=1 7

k

k
ajywiusl® =11 ajy/amju|)? = yla/w)?. (73)
1 j=1
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Taking the supremum over all a € C* with ||a||2 = 1 proves the first claim. The second one is a
consequence of Proposition 1] and the third is shown by Proposition [7.4l O

Remark 7.7. Note that the function f, is not “spectral”, i.e. it does not depend only on the
spectrum of its input, as it is the case for the function fi from Proposition [71] Indeed, notice
that, with the choice of the unit vectors

oM =(1,0,...,0) (74)
a? = /VEAVE, ... 1VE), (75)

one has

= (0 (@) ) 2 o (4)) = 2 ™

although the matrices A; = a;a; are isospectral.

Thirdly, we claim that, in the limit, the minimum output entropy and the Holevo capacity of

the channel (5.2]) identify each other:

Theorem 7.8. The convex set K for ") has the property ([A3]).
Proof. Take the Weyl operators W, as defined in (43]) and calculate

| PaWasdWs, @ P = || (VA® 1) (Way © 1) P(Wap @ L) (VA® L) (77)
*)
while we have
k
) = Woel)| Y voawee @UUS | (Wop 1) (78)

s,t=1

Z:mexp{—b(t—s)}es a€i_q @ U U/ (79)

k *
2 2
Z VWswies_q€f_, & (exp { bs%l} US> <exp { bt%} Ut> (80)

s,t=1

This implies that (W7, ® I,,) P,(We ® I) have the same law for all (a,b) € Zy x Zj, because

{U}E_, are i.i.d. with respect to the Haar measure. Therefore, (@T) is true and then Corollary
4.4l completes the proof. O

8. IMAGE OF TENSOR PRODUCT OF CHANNELS

In this section, we investigate the image of tensor products of two channels. Section Bl
describes general theory when one channel has a nice asymptotic behavior and the other is
fixed. In Section B.2], we consider cases where the fixed channel is entanglement-breaking.
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8.1. Tensor with any finite dimensional quantum channel. Our setting is as follows. Let
¥, be a quantum channel obtained from P, a sequence of projections in My ® M, of rank
N = N(n) , namely,

\I}n My — Mk
Then,

Theorem 8.1. If the family (P,,Ei; ® I,, : i,j € {1,...,k}) converges strongly as in the
definition of section[d then, for any quantum channel Z : M, — M, there exists a convex body
K in Dy4 such that

=ZQ® \Iln(SpN) — K
as in Theorem [3.9.

Remark 8.2. In this setting, existence of the limiting convex set of output states of the tensor
products depend only on the asymptotic behavior of V,,.

Proof. First, we choose m € N such that there exists a projection P of rank p on M, ® M,
which is associated to =. This construction can be made uniquely up to an isometry between
Im(P) and CP.

Next, it follows from theorem 5.2 that the fact that (P, E;; ® I, : 4,5 € {1,...,k}) converges
strongly as n — oo implies also that

(Pn ® P, Ei1j1 ®R1,® Ei2j2 111,71 € {1, . ,k},ig,jg S {1, R qm})
converges also strongly. This strong convergence implies that for any A € Mj,® M, the sequence
P, ® PA® 1y, P, ® P satisfies the condition C; (see Definition B.3)) for any [. Note that in the

above equation, we viewed A ® 1,,, an an element of M}, ® M, ® M, ® M,.
Finally, the proof then follows from Theorem [3.9] O

We want to point out that it remains difficult to analyze the limiting outputs sets K of
Theorem Bl in general. For example, even in the simple case where Z is the identity map, we
are unable to describe the collection of limiting output sets.

8.2. Tensor with entanglement breaking channel. It seems difficult in general to compute
K explicitly in the tensor product case. However, when = is an entanglement-breaking channel
of certain type, we can write down the image explicitly. In this section, channels tensored with
entanglement-breaking channels are fixed and we do not use the asymptotic behavior to get
results, in the first place.

Let us start with an interesting example among entanglement-breaking channels, which is
called pinching map:

= m; g — 5i,jmi,j (81)
where m; ; is the (i, j)-element of square matrices.

Proposition 8.3. Let = : M; — M be the pinching map. Then the image K=gg can be described
as follows. B
K={aKy&®...®aKy;(a;) € At}

Proof. This follows directly from the fact that the image of S;y under Z® 1y is exactly {a1 Sy @
... ®aqSN, (a;) € Ar}. This can be readily seen by double inclusion. O
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This has an immediate corollary:

Corollary 8.4. Let V,, be a sequence of quantum channels obeying the hypotheses of Theorem
[Z8 (or Theorem[39). Then, for any integer l, the conclusion of Theorem[Z8 (or Theorem [3.9)
still holds true for &', where K is replaced by K.

The images of entanglement-breaking channels are described as follows:
Lemma 8.5. For an entanglement-breaking channel = defined in (BIl). Then, K=z = Z(S)) is
written as

!
Kz = {mei : (pi) € AE} (82)
=1

Here, we denote possible probability distributions by channel Z by A=.
A straightforward application of Lemma implies:

Lemma 8.6. Suppose we have two quantum channels = and V. Let Z be an entanglement-
breaking channel defined in (&1). Then, the set of images of all the states via = ® ¥ is given

by
l
Kzgy = hull {Za ® ¥ (BM] B*) : B € My, with Tt[BB*] = 1.} (83)
i=1

Proof. Let the input spaces of Z and ¥ be CP and C¥, respectively. Take a bipartite vector b
in CY ® CP and calculate as follows.

l
EU)®*) = > 0,0 ¥ (BMB) (84)
=1

where we used the canonical isomorphism: CV @ CP 3 b «+» B € My ,(C). Indeed,

Tre [bb*(M; ® In)] = BM! B (85)
0

Then, we define
K= ® Ky (86)

such that ® in the formula yields the smallest convex set which contains all the simple tensors.
It is easy to see that (86) C (83):
K=® Ky C Kegy (87)

These two sets turn out to be identical under some assumption:

Theorem 8.7. Suppose we have two quantum channels = and V. Let = be an entanglement-
breaking channel defined in (B1) such that ||M;|lco =1 for 1 <i < I.

Keow = K= ® K (88)
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Proof. We show K=z ® Ky 2 Kzgg. This is true if for all B there exist {ry} € Ay, {pgk)}i € Az,
p¥) € S such that

S (Zm o0 W (ot )) me BM!B") (89)

k=1
and this is true if
SV = BMIB* Wie{1,...,1} (90)
k
This can be written, by abusing notations, as
d *
A NN
P-T=| - Cl = : (91)
1 d d T p*
pl() pl() (@ BM!'B

with v®) = 7, p*). Since each M; has an eigenvalue 1, Az = A;. Hence we set d = [ and

P=1I; ~® =BMIB*

O
We think that above condition Az = A; should be close to a necessary condition too. We set
K =1 and think whether each block of
MY
P tx :
M
is positive or not. Suppose we have chosen P as
M+ (1= N)yy™
Here, 0 < A< 1and ¢ = \Lfl(l,...,l)T. Set
Q=1-P=(1-N{I -y
Then,
Pl = Z Q' = I ) (92)

However then this always give a non-positive block. Indeed, the i-th block, rescaled, will be

1l
72 =

and one of them should be non-positive.

Nl’—\



ON THE CONVERGENCE OF OUTPUT SETS OF QUANTUM CHANNELS 21

ACKNOWLEDGEMENTS

The authors had opportunities to meet at the LPT in Toulouse, the ICJ in Lyon, the Depart-
ment of Mathematics of uOttawa, the TU Miinchen and the Isaac Newton Institute in Cambridge
to complete their research, and thank these institutions for a fruitful working environment.

BC’s research was supported by NSERC discovery grants, Ontario’s ERA and AIMR, To-
hoku university. MF’s research was financially supported by the CHIST-ERA/BMBF project
CQC. IN’s research has been supported by the ANR grants “OSQPI” 2011 BS01 008 01 and
“RMTQIT” ANR-12-IS01-0001-01, and by the PEPS-ICQ CNRS project “Cogit”.

APPENDIX A. THE OPTIMIZATION PROBLEM FOR RANDOM MIXED UNITARY CHANNELS

In this technical appendix, we provide the details of the proof for the optimization problem
appearing in Theorem Let us recall it here, for the convenience of the reader. Let Sé_l be
the unit sphere of C* and define

g: SETE % (0,00) » R (93)
k
(a,2) = 2= k)z + Y Va? + |a;Pw; (94)
i=1
where k > 2 is an integer parameter and (wq,...wy) is a strictly positive probability vector:

w; > 0 and Y, w; = 1. Since only the absolute values |a;|?> appear in the above formula, we
shall assume, without loss of generality, that the numbers a; are real and satisfy >, a? =1.
In what follows, we prove the following result:

Proposition A.1. Let g be the function defined in (O3), but on Sﬂg*l x (0,00) as is described
above. Then,

(1) We have the formula:
e(Vw) = max h(J) (95)

JeJ

Here, remember that 1, (y/w) = max,cgr—1 Mingsq g(a,z) defined in (G6). In the above
formula, J is a collections of subsets of [k] = {1,...,k}, defined as

J ={J C [k : minw; > ~|#J — 2|} (96)
jeJ

elements of which we call valid subsets. Also, the function h(-) is defined on J as

h(J) = /B — (3] — 2)2 (97)

where B and vy are
1 1
=Tw -yt o
; v w;
JjeJ jeJ
Note that J contains all subsets with cardinality less than or equal to 3.

(2) The function h(-) is well-defined on on 2% and non-decreasing with respect to the canon-
ical partial order. As a result, if the full set J = [k] is valid, i.e min;cpw; = vo(k — 2)
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with 751 = 25:1 w;l, then the optimum is \/1 — yo(k — 2)2. In particular, when w; is
the flat distribution, w; = 1/k, we get a; = 1/k and the optimum is 2v/k — 1/k.

Proof. Let us start by giving an outline of the proof. First, we notice that the minimization
problem in x is convex, hence a unique minimum exists. Moreover, this minimum X, depends
smoothly on a and thus we are left with a smooth maximization problem in a € Sﬂg*l. Next,
we use Lagrange multipliers to solve this problem, and we find a set of critical points indexed
by subsets J C [k] = {1,...,k}, where the coordinates a; are non-zero. Not all subsets J yield
critical points and one has to take a maximum over the set of valid subsets J to conclude.
Finally, we show monotonic property of the function h(-) with respect to the partial order in
21k,

Step 1: Let us start by noticing that, at fixed a, the function x — g(a,x) is convex, so it
admits a unique minimum X, € [0,00). Since 8—5 is negative at x = 0, we have X, > 0 (see also
Remark [T5]). The value X, is defined by the following implicit equation

dg

r=Xq

which is equivalent to F'(a, X,) = 0, for
k

F(a,x):@:2—k+z# (100)

ox
i=1 /2% + a?w;

It follows from the implicit function theorem that the map a — X, is C' because

B_F_E’“:[ 1 22 ]—Ek: du Lo o
ox pat (22 +a§w@')1/2 (2 +a12wi)3/2 g (22 +al2wi2)1/2 )
Step2: Now we want to solve

max g(a, Xg) (102)

a€Sy k=1
by introducing the Lagrange multiplier functional

G(a,\) = g(a, X,) ——Za (2—k X+Z\/X2+aw,——2a2 (103)

The criticality condition, the normahzatlon for a and the restriction of X, translate to

k
Xa a;W;

X,
%“ 2-k+) +
@i i=1 /X2 + a?w; \/ X2+ afw;
k
> ai=1 (105)
=1

F(a,X,) =0 (106)

Below, we get candidates for the solutions for this system of equations.

Vi € [k], —Aaj =0 (104)
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Firstly, (I04]) and (I06]) imply that
Vjelk], —ZZL—=2q; (107)

Let us now introduce the index sets I = {i : a; =0} and J = [k] \ I. Then, for j € J we have

wj = A\ /X2 + a5w; (108)

This implies two equations: (I06]) gives
AX,

1
0=2-k+#I+AX,» — or #J-2= (109)
jes i i

and, squaring the both sides yields
w; X2 1 (AX,)? 1 V2 (F#J — 2)?
FIETIE. AW OGS IR 2 1o

J_)\Q wj_ﬁ

Secondly, with (I05), we have
_ o_ 1 (AXa)?\ 1 2

1—;‘%—A2 (5— S >—)\2 (8= F#J -2)) (111)

This leads to

L 2(#J — 2)?
G?ZB_,Y(#J_Q)Q'@J‘—L ™ )> (112)
Also,

Xa _ 7(#‘] — 2) _ 7(#J - 2) (113)

N BT -2
Thirdly, for those candidates the function g(-,-) can be simplified:

o(0,X0) = @ #D)Xet Y0\ X2tauy = 2~ #)Xe + 5 (114)
jed
€ k) B

VB—y#T =22 B—(# -2

Since this function only depends on set .J, we redefine this function to be A(.J) as in the statement
of theorem.

Step 3: So far, we get a set of candidates for solutions, but we get the actual solutions, and

hence the precise set of critical points, by thinking positivity issues for a? with j € J. The

)2=¢5—%#J—%2 (115)

inequality between the harmonic and the arithmetic means, applied for {w;};cs reads
#J < zjeJ wj
~
Z jeJ 1/ Wy #J

hence we have that (#J)%y < f8 for all choices of J. This implies that the first factor in (I12)
is always strictly positive, except for #J = 1, when it is zero. Hence, looking into the second

(116)
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factor in (II2]), the condition that a? > 0 for all j € J is equivalent to the condition that J is a
valid subset, as in ([@6) with respect to those candidates in (I12)). Therefore, maximizing h(J)
over J gives the maximum of g(a, X,) under the normalization condition on a.

Note that when #.J = 1,2 the condition for J to be valid, min;cyw; > v|#J — 2| is trivially
satisfied. When #J = 3, the condition reads

2 3-2 _ .t 1 (117)
min;ej ws Y w1 w2 w3
which is also always fulfilled. Thus, every subset J with #J < 3 is valid.

Step 4: The mean inequality (I16) implies also that the quantity h(J) is well defined for all
subsets J C [k], even if J is not valid. Let us show next h is an increasing function of J with the
canonical partial order. To this end, consider a subset J, an element s ¢ J and put J' = JU{s}.
With p = #J, we have the following sequence of equivalent inequalities

h(J)* < h(J')? (118)
B=rp—2°<p -+ (p-1) (119)
Y 12
@ %2) < 1w, — (§+11%) (120)
11 ws (1 1 (p—1)*
2 (G ) <5 (G ) -t 21
1(2p-2) 1\ _ (p—2)°
()< 122

where the last one is true by the inequality: vab < (a 4+ b)/2 for a,b > 0. In particular, we
conclude that if J = [k] is valid, then

max h(J) = h([k]) = /1 =0 (k —2)? (123)

JeJg
(]

As an illustration of the above result, let us consider the case k = 4 and

l1—-r 1—7r 1—7r
37 37 3

wy = |1, (124)
with r € (0,1/4). For J = {1,2,3,4} to be valid, one must have r > 2¢. By direct computation,
one finds ¢ = r(1 —r)/(8 + 1), thus J = [4] is valid if and only if » € (0,1/10). We conclude
that, for » > 1/10, the optimum is h([4]) = (2r +1)/+/8r + 1.

Let us now study the other regime, where r < 1/10. There are only two distinct choices for
J with #J =3: J; ={1,2,3} and J, = {2,3,4}, both valid since they have cardinality 3. One
computes directly

h(J) = %j% < 2\3/5\/1 = h( D) (125)
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conclude that

2rel ifr> L1

b (Vaor) = § YL Y (126)
3 1-— r, lf r < 10
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