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SLOWLY CONVERGING YAMABE FLOWS

ALESSANDRO CARLOTTO, OTIS CHODOSH, AND YANIR A. RUBINSTEIN

ABSTRACT. We characterize the rate of convergence of a converging volume-normalized Yamabe
flow in terms of Morse theoretic properties of the limiting metric. If the limiting metric is an
integrable critical point for the Yamabe functional (for example, this holds when the critical point
is non-degenerate), then we show that the flow converges exponentially fast. In general, we make
use of a suitable Lojasiewicz—Simon inequality to prove that the slowest the flow will converge is
polynomially. When the limit metric satisfies an Adams—Simon type condition we prove that there
exist flows converging to it exactly at a polynomial rate. We conclude by constructing explicit
examples to show that this does occur. These seem to be the first examples of a slowly converging
solution to a geometric flow.

1. INTRODUCTION

Let M™ be an arbitrary smooth closed manifold of dimension n > 3 and set N = % In this
article we study the quantitative rate of convergence of the volume-normalized Yamabe flow
99
T —(Rg —1g)g,

for complete Riemannian metrics g(¢t) on M. Here R, is the scalar curvature and r, is its average.
This is a flow on a volume normalized conformal class on M. It arises as the gradient flow of
the Einstein—Hilbert functional and thus is a fundamental tool in the study of scalar curvature
deformations, mostly in connection with the celebrated Yamabe problem. Motivated by the well-
known uniformization theorem, the problem asks whether for any given Riemannian manifold
(Mo, go) one can find a positive function w such that the conformal metric w’¥~2gq has constant
scalar curvature. An affirmative answer to this question was obtained by the combined efforts of
Yamabe [30], Trudinger [29], Aubin [2], and Schoen [23]; we refer the reader to the survey article
[18].

In unpublished work, Hamilton introduced the Yamabe flow as a possible alternative method for
solving the Yamabe problem and showed that the flow existed for all time. However, the problem
of convergence turns out to be highly non-trivial. For conformally flat metrics with positive Ricci
curvature, Chow showed that the flow converged as t — oo to a metric of constant scalar curvature
[15]. Ye removed the Ricci curvature condition [3I] and, subsequently, Schwetlick and Struwe
showed that the flow converged in dimensions 3 < n < 5 under the assumption that the starting
Yamabe energy was “not too large” [25]. The energy assumption was then removed by Brendle to
establish unconditional convergence of the flow in dimensions 3 <n <5 in [§], and convergence in
dimensions n > 6 under a technical hypothesis on the conformal class [9]. We refer to [I1] for a
survey concerning these and related results.
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Our work complements these contributions by showing that based on certain Morse-theoretic
properties of the limit metric, the rate of convergence has either exponential or polynomial upper
bounds, and in the latter case, the polynomial rate of convergence cannot in general be improved
since it does in fact occur: therefore, it gives an essentially complete description of the rate of
convergence for this flow. Perhaps the most novel outcome of this work is the result that there
exist slowly converging geometric flows.

1.1. Main Results. We now list our main results (we will define the precise terminology below),
starting with the following statement concerning general upper bounds on the rate of convergence
of the Yamabe flow. Integrability is defined in Definition [8l

Theorem 1. Assume that g(t) is a Yamabe flow that is converging in C**(M, goo) t0 goo ast — 00
for some a € (0,1). Then, there is § > 0 depending only on g, so that

(1) If goo is an integrable critical point, then the convergence occurs at an exponential rate

llg(t) — g°0||c2'“(M,goo) < Ce_ét,

for some constant C' > 0 depending on g(0).
(2) In general, the convergence cannot be worse than a polynomial rate

9(t) = goollc2.a(M,g00) < C(1 + t)7,
for some constant C > 0 depending on g(0).

The question of the rate of convergence of the flow was raised by Ye [31, p. 36]. In general, the
polynomial rate of convergence cannot be improved, as we discuss below.

Two previous results on this question are worth mentioning. First, Struwe’s method of showing
that the Yamabe flow on the 2-sphere (which agrees with the Ricci flow in this case) converges
exponentially fast [28] can in fact be extended to prove that a Yamabe flow converging to the
standard round metric on the sphere (in all dimensions) converges exponentially fast (this also
follows from the work of Brendle [I0]). We remark that this is a special case of case (1) of Theorem
[ as the round metric is integrable by Obata’s Theorem. Second, the convergence statement in
case (2) of Theorem [I] can in some sense be regarded as an implicit corollary of the arguments of
[8] (because we are assuming the metric converges, there cannot be any bubbling phenomena; thus,
one may use the remaining arguments in [8], that may be verified to apply in any dimension, to
conclude). The proof we give for Theorem [ is self-contained and applies, in a unified framework,
to both settings. Moreover, the method we use directly applies to other gradient flows (e.g., the
Calabi flow) although we do not go into the details of such applications in this article.

The integrability condition is a nearly sharp condition for exponential convergence as is shown
in the next theorem. The Adams—Simon positivity condition is defined in Definition [I0}

Theorem 2. Assume that g is a non-integrable critical point of the Yamabe energy with order
of integrability p > 3. If goo satisfies the Adams—Simon positivity condition AS,, then, there exists
a metric g(0) conformal to goo so that the Yamabe flow g(t) starting from g(0) exists for all time
and converges in C*°(M, goo) to goo ast — 0o. The convergence occurs “slowly” in the sense that

__1 _ 1
CHA+8) 72 <|[lg(t) = goollc2e(argn) < C+1)" 72,
for some constant C' > 0.

The bulk of this article is devoted to the proof of Theorem[2l Our proof is based on an adaptation
of the remarkable tools developed by Simon and Adams—Simon in the study of isolated singularities
of minimal surfaces and harmonic maps to the parabolic setting and, more specifically, to the
Yamabe flow. As stated, three conditions need to be checked for a critical point g to be a limit
point of a slowly converging Yamabe flow. Integrability and degeneracy are defined in Definition [§
and Lemma @ The degeneracy can be studied by looking at the spectrum of the Laplace operator
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Ay . For a degenerate metric, determining integrability (or lack thereof) depends on understanding
the set of constant scalar curvature metrics near g... For instance, if g, is isolated and degenerate it
must be non-integrable. Lastly, the Adams-Simon condition AS), (Definition [I0)) concerns the first
non-trivial term in the analytic expansion of the Lyapunov—Schmidt reduction F' of the Yamabe
functional at g.,, whose order we denote by p.

We give two criteria, of different nature, to check the condition AS):

e The condition ASj3 is satisfied whenever
Fs(v) = —2(N — 1)(N — 2)R,., / v3 dV,,,
M

does not identically vanish on the nullspace Ay, which is the linear span of functions v such
that (n — 1)Ay_v + Ry v = 0. Of course, this can in principle be computed once Ag is
explicitly known.

e When p > 3, the condition AS), holds if g is both degenerate and a strict local minimum
of the Yamabe functional.

The relevance of the second criterion is related to the solution of the Yamabe problem: if (M, [g])
is not the round sphere with the associated conformal structure, then the Yamabe functional, ),
is coercive and thus has a global minimum ¢n;,. As such, the existence of polynomially converging
flows is guaranteed by Theorem [2 whenever gni, is isolated but degenerate (which is simply a
condition on the spectrum of the Laplacian of gmin).

We give examples of applicability of these criteria in the following two propositions.

Proposition 3. Fiz integers n,m > 1 and a closed m-dimensional Riemannian manifold (M™, gnr)
with constant scalar curvature Ry,, = 4(n + 1)(m +n — 1). We denote the complex projective
space equipped with the Fubini—Study metric by (CP™, gps), where the normalization of grs is
fized so that S**t1(1) — (CP", grs) is a Riemannian submersion. Then, the product metric
(M™ x CP™, gy @ grs) is a degenerate critical point satisfying ASs.

We remark that any closed manifold (M, gar) whose scalar curvature is a positive constant may
be rescaled so as to satisfy the conditions of the previous proposition.

Proposition 4. Let n > 2. The product metric on S* <ﬁ> x S"1(1) is a non-integrable critical
point satisfying AS, for some p > 4.

There are not many examples of degenerate critical points of geometric functionals where non-
integrability can be checked, cf. [I, §5]. In fact, it seems that our second example is the first of
a critical point which satisfies AS, for p > 3 (cf. [I, Remark 1.19] where the authors explain a
method for checking AS3 that does not work for p > 3).

In conclusion, we may construct examples of slowly converging Yamabe flows in a range of
conformal classes and in any dimension greater than 2. For example, Proposition B yields examples
which are not conformally flat, while the metrics in Proposition [ are locally conformally flat.

Corollary 5. There exists a Yamabe flow in the conformal class of the metrics described in Propo-
sitions [3 and [] that converges to the given metrics exactly at a polynomial rate, as in Theorem [2

This seems to be the first construction of a slowly converging flow in the setting of geometric
flows of parabolic type. We expect that our methods can be adapted (possibly with the added
difficulty of a large gauge group) to produce slowly converging flows for other (possibly degenerate)
parabolic flows.

1.2. Outline of proof of Theorem [2l The proof of Theorem [2 appears in Section 4. It is rather
long and, at times, quite technical, and so we take the opportunity here to outline its structure.
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Ultimately, we would like to construct a solution u(t) to a quasilinear parabolic equation that

_1
converges at a rate O((1 +t) »=2) to the constant function 1. Intuitively, one expects the slow
convergence to be “generated” infinitesimally by the non-integrable directions, namely from Ag. At
the same time, in order to use a fixed-point argument to generate a polynomially converging flow

it is most convenient to have a guess as to what the leading order behavior of the flow ought to
1

be, and then show that the actual solution is a small perturbation (of order o((1 4 t)” 7=2) of this
guess. Fortunately, the Adams—Simon condition precisely furnishes such an ansatz: the function
©(t) of Lemma The proof of Theorem 2] thus amounts to showing that we can find u(t) solving
the Yamabe flow with

(1) u(t) — () = o (1 + ) 2.

We now explain the different steps to derive this estimate.

Step 1. Firstly, we would like to understand separately the behavior of the flow in Ag (the kernel
of the linearized Yamabe operator) and Ag (the orthogonal complement) directions. Thus, in
Proposition [I7] we prove that the Yamabe flow is equivalent to two flows: the kernel-projected flow
that takes place on Ag, and the kernel orthogonal-projected flow that takes place on A&. There
are two key points about this result that make it useful. First, the kernel orthogonal-projected
flow (see ([I2))) is a perturbation of a linear parabolic equation. In other words, (I2)) is, of course,
nonlinear, but it can be considered as a linear equation since we prove an a priori estimate on the
error term. Second, the kernel-projected flow (see (II])) is a perturbation of a system of ODEs.
Again, we have a precise a priori estimate on the error term. That these estimates are sufficiently
strong will play a crucial role in a contraction mapping argument discussed in Step 4 below.

The proof of Proposition [[7] involves some rather tedious computations. First, in Lemma [T6] we
reduce the Yamabe flow to the situation of a gradient flow. Indeed, the Yamabe flow is certainly
a gradient flow on the level of metrics but that is not quite the case of the level of conformal
factor. After this preparatory step, we project the flow onto Ag and its orthogonal complement,
and try to reduce the resulting equations to (I2]) and (II]). This is essentially a consequence of
multiple applications of Taylor’s theorem, the Lyapunov—Schmidt reduction (Proposition [7]), and
the estimates on D3) (Appendix [A)). It also uses the fact that the ansatz ¢(t) allows for an
important cancellation that considerably simplifies the kernel-projected piece and thus allows to
reduce it to a system of ODEs.

Step 2. We obtain a solution to the kernel-projected flow in a weighted Hélder norm in Lemma T8
This norm precisely captures a polynomial rate of decay of this solution.

Step 3. We obtain a solution to the kernel orthogonal-projected flow, again in a weighted norm, in
Lemma Here some care is needed since we must again work with parabolic Hélder norms.
Step 4. Finally, in Proposition 20, we set up a fixed point argument in a Banach space that uses
the two different weighted norms (on Ag and Ag). Here one needs to be quite careful with the
order of decay of the error terms collected in the previous three steps, in order to show that the
map is a contraction. Once we have shown that the map is a contraction, we have existence of a
Yamabe flow. Moreover, the flow satisfies the estimate (II) because we define the weighted norms
so that any function which is a perturbation of ¢(¢) in the given norm will fall off at a rate faster
than ¢(t).

1.3. Structure of the article. Section [2] is devoted to fixing the notation and recalling some
basic facts about the (volume constrained) Yamabe functional, its analyticity and the Lyapunov—
Schmidt reduction near a critical point. In Section [B, we use the Lojasiewicz—Simon inequality
to prove Theorem [II Then, in Section (] we study polynomial convergence phenomena for non-
integrable critical points and in Section [l we prove Propositions [B] and @ The computation of
the third variation of the reduced Yamabe energy (namely of the formula for F3 given above) is
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contained in Appendix [Al Appendix [Bl contains a proof of a technical lemma needed for the proof
of Proposition @

2. DEFINITIONS AND PRELIMINARIES

The Yamabe functional is defined by
W) = Vol(i,9)"F [ Ry,
M

where dV} is the Riemannian volume form associated to g, R, denotes the scalar curvature of g

and
2n

n—2

If g = w2 g for some positive w € C%(M) and smooth metric g, then an alternative expression
g [Y

for the Yamabe functional (restricted to the conformal class of g) is
[y (N 42wl + Ry u?) Ve
N 2

(SyrwN Vg, )™

since Ry,n-2, = w N (Rg w — (N +2)Ag w).
Consider the unit volume conformal class associated to the metric g

Y(w)

9

[goo]1 := {wN_2goo cw e CPY(M),w > 0,/ deVgoo = 1} .
M

In order to avoid ambiguities, we define the following notation: for k£ € N, we denote the k-th
differential of the Yamabe functional on [goo]1 at the point w in the directions vy, ..., vy by

DFY(w)[vy, ..., vg).
As we will see from (B]), the functional v + D*Y(w)[vy,...,vx_1,v] is in the image of L2(M, gso)
under the natural embedding into C*%(M, go,)". Therefore, we will also write

Dky(w)[vlv s 7Uk—1]

for this element of L?(M, g»,). When k = 1, we will drop the (second) brackets, and thus consider
DY(w) € L*(M, gx).
We may write the differential of ) restricted to [goo]1 as

1
§Dy(w)[v] = / [—(N +2)Ag w+ Ry w — rwwfzgwwN_l] vdVy,,
M

= / (Rwazgoo — Twazgoo)wN_lv avy..,
M
for v € C?%(M, go). Here,
ry = Vol(M, g) ™ / R,dV,.
M
Regarded as an element of L?(M, g,), we have that

2) %Dy(w) = (N + 2) At + Ryt — -2, w1,

As above, we have associated the metric w"¥ ~2g,, to the function w. This is clearly a bijection,

so we will continue to do so throughout. Thus, a unit volume metric g, is a critical point for the
Yamabe energy Y restricted to [goo]1 exactly when g has constant scalar curvature.
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We now fix g, to be a unit volume, constant scalar curvature metric. We denote by C'SC;
the set of unit volume, constant scalar curvature metrics in [goo]1 and further define the linearized
Yamabe operator at goo, Loo, by means of the formula

(V=) [ WV = 3DV (g o] - S| DY+ 50) g ),

S ls=
for v € C?(M). A computation shows that
Loov = (n—1)Ag v+ Ry v.

We define Ag := ker Lo, C L?(M, goo).
Spectral theory shows that Ag is finite dimensional (it is the eigenspace of the Laplacian for

the eigenvalue }sg_"i’ ). We will write Ag- for the L?(M, goo)-orthogonal complement. It is crucial
throughout this work that the Yamabe functional is an analytic map. Here, we will mean analytic
in the sense of [32) Definition 8.8].

Lemma 6. Fir a metric goo. The Yamabe functional is an analytic functional on {u € C*%(M, gso) :
u > 0} in the sense that for each wy € C%*(M, goo) with wo > 0, there is € > 0 and bounded multi-
linear operators for each k > 0

YO O (M, goo)* = R,
so that if |w — wo||c2.e < €, then S oo [V - Jw — onlég,a < 00, and

o0

y(w) = Zy(k) (w — wWo,wW — wWo,...,W _wO) mn C27Q(M7goo)’
k=0

k times
It is not hard to verify this, by simply expanding the denominator of ) in a power series around

N
( i) M wi dVgoo)_ 2 and noting that the numerator is already a bilinear function in w. Now, by
a standard Lyapunov—Schmidt reduction [32], Theorem 4.H], [27, §3]), we may use the Implicit
Function Theorem to show the following.

Proposition 7. There is € > 0 and an analytic map ® : Ao N {v : ||v]|2 < €} = C2%(M, goo) N AF
so that ®(0) =0, D®(0) =0,
(3) sup  [[D®(v)[w]]|2 <1,

[[v]l ;2 <e

l[wll2<1

and so that defining ¥(v) = 1 +v + ®(v), we have that ¥(v) > 0, Vol(M, ¥ (v)VN2g,.) =1 and

proju L [DY(¥(v))] = projyt [(qu(v)wzgoo - T\I/(U)N*Zgoo) ‘I’(U)N_l] = 0.

Furthermore,
o[ DY (W(0))] = proin, [(Rur-20 — ragv-2,. ) @)V | = DF
Proja, v Projp, T (v)N-2g., T\D(v)N 2900 v )

where F': AgN{v : ||v]|z2 < €} — R is defined by F(v) = Y(V(v)). Finally, the intersection of
CSCy with a small C*%(M, go)-neighborhood of 1 coincides with

So = {¥(v) : v € Ao, ||vll 2 < &, DF(v) =0},

which is a real analytic subvariety (possibly singular) of the following (dim Ag)-dimensional real
analytic submanifold of C**(M, gso)-

S:={V(v) :v €Ay, ||v||f2 <€}

This follows in the usual way from the analytic implicit function theorem, cf., [32] Corollary
4.23]. We will refer to S as the natural constraint for the problem.
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Definition 8. For g, € CSC1, we say that g is integrable if for all v € Ag, there is a path
w(t) € C?((—e,€) x M, goo) s0 that w(t)N"2gs € CSCy and w(0) = 1, w'(0) = v. Equivalently, g
is integrable if and only if C.SC] agrees with S in a small neighborhood of 1 in C%%(M, o).

For our purposes, the following equivalent characterization of integrability is crucial:

Lemma 9 ([I, Lemma 1]). Integrability as defined above is equivalent to the functional F (as
defined in Proposition [7, the Lyapunov-Schmidt reduction) being constant on a neighborhood of 0
inside Ag.

We remark that if Ag = 0, i.e., if L, is injective, it is standard to call g, a non-degenerate
critical point; if this holds, g is automatically integrable in the above sense. On the other hand,
if Ag is non-empty, then we call g, degenerate; we emphasize that there are many examples of
degenerate metrics, see e.g., [0].

Now, suppose that g, is a non-integrable critical point. Because F'(v) is analytic (it is the
composition of two analytic functions), we may expand it in a power series

F(v) = F(0)+ Y Fj(v),
jzp
where F} is a degree j homogeneous polynomial on Ag and p is chosen so that F}, is nonzero. We
will call p the order of integrability of go.. We will also need a further hypothesis for non-integrable
critical points, introduced in [I].

Definition 10. We say that g satisfies the Adams-Simon positivity condition, AS, for short (here
p is the order of integrability of g ), if it is non-integrable and F,|gx attains a positive maximum
for some © € S¥ C Ag. Recall that F}, is the lowest degree non-constant term in the power series
expansion of F(v) around 0 and S* is the unit spherd] in Ag.

The Adams—Simon positivity condition is ultimately needed for the construction of the function
¢ in Lemma [T5] that serves as an approximate solution to Yamabe flow converging at a polynomial
rate. It is an interesting question whether or not AS), is a necessary condition for the existence of
slowly converging examples in the elliptic and parabolic settings.

An important observation is that when the order of integrability, p, is odd, the Adams—Simon
positivity condition is always satisfied. Moreover, the order of integrability (at a critical point of
V) always satisfies p > 3 as we recall in Appendix A. Furthermore, we show there that

(4) Fs(v) = —2(N — 1)(N - 2)R,, /M 03 dV,, .

3. THE LOJASIEWICZ—SIMON INEQUALITY AND RATE OF CONVERGENCE

One of the tools for controlling the rate of convergence of the Yamabe flow will be the Lojasiewicz—
Simon inequality. This was first proven for a certain class of geometric functionals by Simon [26],
who showed that the classical Lojasiewicz inequality for analytic functions in finite dimensions
could be extended to a Banach space setting.

Definition 11 (Lojasiewicz—Simon inequality). Suppose that & is a Banach space and U C & is
an open subset. Fix a functional E € C?(U,R) and denote by DE € CY(U, %') its first derivative
(here %' is the dual Banach space to #). We will additionally fix a Banach space # with a
continuous embedding # < %’. For xy € U a critical point of E, i.e., DE(xg) = 0, we say
that E satisfies the Lojasiewicz—Simon inequality with exponent 6 € (0, %] near xq if there exists a
neighborhood z¢g € V C U as well as constants C' > 0 so that

|E(z) — E(z0)|*™? < C|DE(z)|y, forallz e V.

1Here we are using the inner product induced on A¢ coming from the L? inner product on Ti[geo]1.
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Notice that if Z = # = R", this reduces to the classical Lojasiewicz inequality [20]. The
Lojasiewicz—Simon inequality has recently received much attention; we will apply the following
general result to show that it holds in our setting:

Proposition 12 ([I3, Theorem 3.10]). Fiz 8, U C #, E € C*(U,R), # — %' and xg € U
with DE(x¢) = 0 as in the previous definition. We also define the second derivative ¥ := D*E €
C(U,B(#A, %)), where B(B,AB') is the space of continuous maps between the Banach spaces # and
#B'. We will suppose that the following hypotheses are satisfied:
(A) The kernel ker £(xg) C B is complemented in B, i.e., there exists a projection P €
B(#,2) so that range P = ker £ (xg). It follows from this that B = ker £ (x¢) @ ker P is
a topological direct sum. Denote by P' € B(%#', B') the adjoint map.
(B1) The map # — A’ is a continuous embedding.
(B2) The adjoint projection P’ leaves # invariant.
(B3) The map DE € CY(U,#).
(B4) We have range £ (xo) = ker P’ NH .
Under these hypothesis, we may find a neighborhood Uy of 0 in ker £ (x¢) and a neighborhood Uy
of 0 in ker P as well as a function H € CY(Uy,Uy) parametrizing the natural constraint, i.e.,

{x € Up+ Uy : DE(zo +z) € (ker £(20))'} = {z + H(z) : z € Up}.
Recall that the natural constraint is then
S:={xo+z+ H(x):xz € Up}.
Finally, suppose that

(C) The function E(xo+ -) satisfies the Lojasiewicz inequality on the natural constraint S with
exponent 0 € (0, %] More precisely, we assume that

|E(z0 +z + H(x)) — E(x0)|' ™’ < C|IDE(zo + 2+ H(x))lly,  for all z € Up.
Then the functional E satisfies the Lojasiewicz—Simon inequality near xg with the same exponent
0 € (0,1].
Proposition 13. Suppose that g is a unit volume constant scalar curvature metric. There are
0 € (0, %], € > 0 and C > 0 only depending on n and goo so that for u € C**(M, gs) with
lu =1l c2aarg.) < € and Vol(M, uN2g.) =1, then

‘TuNfzgoo - Tgw’1_9 < CHDy(uN_2g°O)”L2(M7900)'

If goo s an integrable critical point then 6 = % If goo is non-integrable, then 0 = % where p is the
order of integrability of goo-

Proof. To verify this, we will show that the hypothesis of Proposition[I2]are satisfied for the Yamabe
energy V. We work with the Banach spaces % := C*%(M, g,) and # = L*(M, g ), and fix U a
small enough ball around 1 in C%*(M, go,) so that Proposition [7lis applicable in U.

Hypothesis (A) is the statement that Ag = ker L, is complemented in C%%(M, go,), which is
immediate by the following argument. One first checks that the L2-projection map proj A, Testricts
to a continuous map from C?%(M, goo) onto Ag (since of course C*%(M, goo) «— L%*(M, goo) as a
continuous embedding); from this, it follows (cf. [I3 p. 580]) that Aj, is complemented (by the map
projy O) in the dual space C?%(M, go,)’, and its complement A6L may be canonically identified with
(Ag)"-

Hypothesis (B) is satisfied as follows: consider the map

W= L*(M, goo) — C*(M, goo)’

) [ <cp = /M fcpdVgoo> .
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(B1) This map is continuous.

(B2) The map projy, € B(C**(M, gs)') leaves L?(M, goo) invariant (of course, here we are con-
sidering the composition proj,, : C?Y(M, goo) — Ao = C>%(M, goo)).

(B3) That DY € CY(U, L*(M, g~)) follows from the explicit form of DY given above.

(B4) Finally, we must verify that range Lo, = A" N L2(M,g). That range Lo, € A§- N L2(M,g)
is obvious because Lo is formally self-adjoint on L?. The other inclusion follows from the
L?-spectral decomposition of L.

Thus to prove the Lojasiewicz—Simon inequality with exponent 6 € (0, %], it is enough to check
(C), i.e., that the Yamabe energy restricted to the natural constraint satisfies the Lojasiewicz—Simon
inequality with exponent 6 € (0, 3]. Recall that in Proposion [ we have defined F(v) = Y(¥(v)).
In the integrable case, clearly F'(v) = F(0), so F satisfies the Lojasiewicz—Simon inequality for
6=1.

Inzgeneral, F' is an analytic function whose power series has its first nonzero degree p, by defini-
tion. Thus, we may conclude (cf. [13, Proposition 2.3(b)]) that F' satisfies the Lojasiewicz—Simon
inequality with exponent 6 = %.

The claim follows from this—we have replaced Y(u) with r,~—2,  in the left hand side of the
inequality by using the assumption that u"~2g,, has unit volume. O

Now, we show how the Lojasiewicz—Simon inequality yields quantitative estimates on the rate
of convergence of the Yamabe flow.

Proof of Theorem[d. We consider a Yamabe flow g(t) = u(t)V2gs which converges to goo in
C?(M, goo) as t — co. We may assume without loss of generality that g, and thus g(¢) have unit
volume. In Proposition [I3] we have shown that there is a Lojasiewicz—Simon inequality near g, for
some 6 € (0, 3]. We emphasize that if we are regarding DY(g(t)) as an element of L?(M, g), i.e.,

DY(g(t)) = 2 (Rys) — ro(r)) u(®t)V "
Choose g so that for ¢ > to, ||u(t) — 1[lcom

d 2
7 o — 7o) = 5 /M (Rye) = 7o) ult)N dVy..

2 —
< —c /M (Ro(ty = o) u()* V.,

—e| DY (9172 (a1 gy

< —c(rg) — Tge)” .

g00) S % We then have that

where ¢ > 0 is a constant depending only on n and g, (that we let change from line to line). Let
us first assume that the Lojasiewicz—Simon inequality is satisfied with # = %, i.e., that we are in
the integrable case. The previous inequality yields 7y — 7g,, < Ce=2 for § > 0 depending only
on n and go, and C' > 0 depending on g(0) (chosen so that this actually holds for all ¢ > 0). On

the other hand, if the Lojasiewicz—Simon inequality holds with 6 € (0, %) then the same argument

1
shows that ) — g, < C(141)20-1.
Recall that the evolution equation for the conformal factor u = u(t) is given by

ou n

9 N_2 (Ry(t) = o))
Thus, exploiting the fact that the flow converges in C? we may use the Lojasiewicz-Simon inequality
to compute

d 0 9—1 d
o (Tg(t) - Tgoo) =0 (Tg(t) - Tgoo) at (Tg(t) - Tgoo)
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6—1
< —cf (rg@) — ) DY 22 019
< =B DY (g(0) |22 (M,900)
< —ch @ .
ot L2(M,go0)

Thus, if 0 = § (recall limy_,oc u(t) = 1),
ds

>l Qu
Jt) ~ Uzeas g < | H—
( g ) t 68 LQ(M7goo)

< _C/t | (rg(e) =) ] s

= (g — o) S O

A similar computation if 6 € (0, %) yields |ju(t) — Ulz2(a,ge) < C(1+ t)_ﬁ.
To obtain C? estimates, we may interpolate between L%(M, g) and W*2(M, g) for k large enough:
interpolation [5, Theorem 6.4.5] and Sobolev embedding yields some constant n € (0,1) so that

lu(t) = Ulgza(arg) < Nult) = o (ap oo 1) = Ll a0
(M,goo) (M,goo)

Because u(t) is converging to 1 in C%® (and thus in C* by parabolic Schauder estimates and
bootstrapping), the second term is uniformly bounded. Thus, exponential (polynomial) decay of
the L? norm give exponential (polynomial) decay of the C>® norm as well. O

Remark 14. The assumption in Theorem [ that u(t) converges in C*% to the constant function
1 can be weakened to assuming merely that the Yamabe flow converges in L™ (M, go). Indeed, it is
possible to show that the latter already implies the flow has a smooth limit to which it converges
in C%“. The LY convergence is equivalent to saying that the flow converges in the Ebin L? metric
on the space of Riemannian metrics, restricted to the conformal class [3] §4].

4. SLOWLY CONVERGING YAMABE FLOWS

In this section, we show that given a non-integrable critical point g, which satisfies a particular
hypothesis, then there exists a Yamabe flow g(¢) so that g(¢) converges to g at exactly a polynomial
rate. This shows that the conditions in Theorem [ are nearly sharp. We will do so by modifying the
arguments of Adams—Simon [I] to the parabolic setting (in [I, §6], the authors remark that their
results should extend to the parabolic setting, but this requires some serious work. Moreover, the
Yamabe functional does not completely fit into their framework because of the volume normalization
term).

4.1. Projecting the Yamabe flow with estimates. The goal of this subsection is to obtain
an equivalent formulation on the Yamabe flow in terms of two flows: one taking place on the
finite-dimensional space Ag (the “kernel-projected flow”), and the other on the infinite-dimensional
complement Ag (the “kernel orthogonal-projected flow”). The a priori estimates of Proposition [Tl
make this possible.

The next lemma will provide a function which approximately solves the Yamabe flow. The
remaining parts of this section will be devoted to perturbing it to an exact solution of the flow.
Here and in the sequel we will always use f’(t) to denote the time derivative of a function f(¢). The
constant 7' should be thought of as a large, but fixed, parameter. Because none of the constants
in the bounds that we will derive in Proposition [I7] depend implicitly on T', we will be allowed to
take T large in the final step of the proof of Theorem 2
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Lemma 15. Assume that g satisfies AS, as defined in Definition [Il, i.e., Fp|ge-1 achieves a
positive mazimum for some point ¥ in the unit sphere S*=1 C Ag. Then, for any T > 0 fized, the
function

_1 2(N —2) p—2
6 o(t) == (t,T) = (T +t) »2 <—> o
(6) (1) = (e, T) = (T 1) 77 (s
solves 2(N — 2)¢' + DF,(¢) = 0.
Proof. Assume that Fj|gk-1 achieves a positive maximum at 9. Then for any A € R,

(7) DF,(A) = p]AP~"E, ().

The reason for this is that F}, is p-homogeneous, so it is some function on SF=1 times rP. The SF1
part has zero gradient at © by assumption, so the gradient must be radial. The exact form follows
from differentiating the rP part along with scaling. Thus,

2N —2) \ 't )

DE() =p(r+ 05 (-2 = 0
=2+ (0.

Since ¢'(t) = —p%z(T +t)7Lp(t), the claim follows. O

In the next result and subsequently in this section we will always denote by ||f(t)||cr.« the
parabolic C*® norm on (¢,t + 1) x M. More precisely, for a € (0, 1), we define the seminorm

s1,21) — f(s2,x
F(B)lon = sup |/ (s1 1)2 (52, 32)| |
(ss)e(ti+1)x M (g, (T1,22) + [t —t2])2
(s1,21)#(s2,t2)

and for £ > 0 and a € (0,1), we define the norm

(8) IfOllcra =Y sup [DIDIfl+ > |DID]flcoe,

18l +25 <k (LAHDXM |Bl+2j=k

where the norm and derivatives in the sum are taken with respect to go,. When we mean an
alternative norm, we will always indicate the domain.

The reason that we have chosen these norms is that they will be needed to close the fixed-point
iteration argument in Proposition 20} showing that a certain map is a contraction map will use
parabolic Schauder estimates (shown in Lemma [T9]), which require the chosen norms. As such, we
will use these norms throughout this section.

First, we prove a preliminary lemma, which allows us to estimate the difference between D) (u)
and the term v~ DY(u) that appears on the right hand side of the evolution equation (I3) for
the conformal factor under Yamabe flow. This will allow us to reduce this evolution equation to a
gradient flow. Intuitively, this is clear since u is approximately 1, but the point is to show that the
difference (u?>~ — 1)DY(u) is sufficiently small with respect to certain weighted norms that will
be used in the proof of the contraction mapping argument (§4.4]).

Lemma 16. There exists Ty > 0, ¢g > 0 and ¢ > 0 all depending on g~ and U so that the
following holds: Fiz T > Ty. Then, for o(t) as in Lemma I3 and w € C**(M x [0,00)), defining
uw:=U(p+w')+wk, then the term

By (1) := projs, (DY(w)u?~N — DY(u))
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satisfies

(T -1-1 T L -1
1Ey (w)llgoe < e((T+1) 772 + |Jw Hcoa+Hw le2e) (T +1) 772 + [Jw|c2)

1Eg (wi) = Eg (ws)]|gow < (T +1)7""

7 4 o] Pron + llws [Poe + llwi o2 + [lwg | c2a)
X ||ZU1 — ’LUQHCZQ

1
+e((T+ )72 + Junllgza + [walleze) (lwf [fon + lwg [Fo)

X le — Wy Hcova

{ +c((T+18) 772 + lwrllcze + [[walc20)llwr — w2 |2

Identical estimates hold for Ey(w) = projAé(Dy(u)u%N — DY(u)). Here, we are using the
parabolic Hélder norms on (t,t+1) x M as defined above; the bounds hold for each t > 0 fized, with
the constants independent of T and t.

1
d
2-N
=1 —
U +/0 ds

1
= 1+(2—N)/ (14 s¢)' ™ pds
0

Proof. First,

(1+s@rw +a(p+uw) +wL>>)2‘N] ds
=6

So, letting Eg(w) := DY(u)u*N — DY(u), we have that

T T
1Eo(w)llgo.e < ellDY(w)llgo.a ([lllgoe + [lw looa + [@(0 +w " )lgoe + [lw' o)
1
-1 T
< e[ DY ()llgo.e (T +)" 72 + [[w [|gow + [l || o)

We have used the fact that ®(0) = 0 and <I> Ay — C% O‘(M Joo) is a differentiable map. Taylor’s
theorem shows that for 1, ;= 1 +r(p+w’ +®(p+w') + swt),

DY(u) = DY(¥(p +w') /qu/)sl Llds
= DY(U(p+w')) = 2(N — 2)Loow
+ /0 /0 D?’y(zps,g)[wL, pt+w' +®(p+w')+ swhdsds
= projy, DY(¥(p+w')) = 2(N - 2)Locw™
/ / D3Y (W) [wh, o +w' +®(e+w') + swh)dids
Flo+w') —2(N —2)Low"
/ / D3V (s s)wh, o +w + ®(p+w') + swhdsds.
In the last line, we used the bound (7)) on D3) discussed in Appendix [Al Now, observe that
DF(0) = D*F(0) = --- = DP~1F(0) = 0, by definition of p, the order of integrability. As such,
Taylor’s theorem shows that

S D S
IDF(p+w)l|con < g+ w|[foa < e((T+67772 + w [[Zo.)-
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Bounding the other two terms in the above expression for DY(u) (using the bound @27) on D3Y
discussed in Appendix A), we have that

S D S —
(10) IDY (W)l cow < (T +6)7 772 + [l [fon + [wc2e)-

We define

Eq (w) := projy, Eo(w), Ey (w) = projy s Eo(w).

The asserted bounds for E, (w) follow from the bound (@) on Ey(w), the estimate (IQ), and the
continuity of the map proj,, : CYY(M, goo) — Ag:

[ Proja, fllco.e gy < cllProja, fllz2(ar,g.)
< el fllz2(aM,goo)
< el fllcoa(ar,ge)s

where the first inequality follows because of the finite dimensionality of Ag. Note that this is a
spacial bound bound, so it does not include the ¢z-Holder norm, but the desired space-time norm
bound follows easily from the bound: if f is time dependent,

I(proia, £)() = (roia, tllcnn ot = | Pro1ay (F(12) = 2D lcnn ot
<c|f(t1) = f(t2)llcoe (i,900)

Dividing by [t; — t2|2 and taking the supremum over all such ¢;,¢; € (¢,t + 1), the asserted bound
follows. The bound for Ej (w;) — Ey (ws) follows similarly. This, combined with the estimate on
Ep(w) (@) together with the estimate (I0), implies by the triangle inequality that the identical
estimates hold also for Ej (w). O

The next result reduces the Yamabe flow to two flows, one on Ay and the other on A&.

Proposition 17. There exists Ty > 0, g > 0 and ¢ > 0 all depending on go, and © so that the
following holds: Fiz T > Ty. Then, for ¢(t) as in Lemma I3 and w € C?>*(M x [0,00)), there are
functions E' (w) and E*+(w) so that v := ¥(o+w") +wt is a solution to the Yamabe flow if and
only if

(11) 2N = 2)(w") 4+ D?Fy(p)w' = E (w)
(12) (wh) = Loow® = EH(w).
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Here, as long as |w||cz2.a < €y, the error terms ET and E* satisfy

1——L1_ R
72 4 o o + [wtllo2a) (T +6) 7772 + [|wllg2e)

T —_
|1E" (w)]|coe < c((T +1)
__p_ _p—1 _p=3
(T +1) 72 + (T +) 72w lgoe + T+ 72w [Zon
T __1
+ellw P +c((T+t) 72 + wllgza)Jwt || o2

1-

T T
1B (wn) = ET (ws)loe < (T +8)7 757 + [[w] [k + 0] B + 1o oz + g 20)

X [Jwr — wal|c2.a
+e((T+ )77 + wnoza + llwalloze) (o[22 + [[w] [262)

X ||w1 — Wy ||00»a
+e((T 48772 + iz + fwzllgze) i — wi|cz.o

p—3
(T +6)" 72 (Jwy llgoe + [l [lgoa) + wy [Fon + [lws [Fos)

X le — Wy ||00»a

_p—=1
+o(T 4+ 52 w] = w) o
and

1B (@)l gow < (T +)7"

_1 1
=2 ! ”(j(m +llwtlloze) (T + )72 + [lw]|cza)
+e(T +1)772 + wlze) [t 2o
__1 S D
+ (T +1)7772 + [[wlc2a) (T + )7 7772 4 [[u ] co.)

1-

|+ (un) = B4 (ws)con < (T +)7 7572 + ] Bk + g [Zak + ot 2o + w3 [lcan)

X [Jwr — wal|c2.a
+e((T+ )77 + Jwrloza + llwalloze) (g 262 + o] [262)

X ||w1 — Wy ||00»a
+e((T 48772 + w2 + fwzllgze) i — wi]|cz.a

1
+c((T+1) 72 + [Jwi]|cze + |lwa]|c2e)|w) — wh|co.

J R S
+e((T+1)7 772 + [whllooe + whllcoe)wr — wal|co.a.

\

Here, we are using the parabolic Hélder norms on (t,t + 1) x M as defined above; the bounds hold
for each t > 0 fized, with the constants independent of T and t.

Proof. Recall that u is a solution to the Yamabe flow if and only if

ou
ot
where, as always in this article, ) is defined on the unit volume conformal class and D(-) is the

corresponding constrained differential. We now project the Yamabe flow equation onto Ag and A&,
so u solves Yamabe flow if and only if the following two equations are satisfied

1
(13) (N —-2)— = —§Dy(u)u2_N = (N 4+ 2)u> N Aju — Roou®™N + TyN-24 U,

2(N —2)(p +w') = —projy, [Dy(l to+w +0(p+w')+ wL)u(t)2_N] + Ej (w)

2N = 2)(@(p+w") +wh) = —projyy DY +p+w’ +@(p+w) +whu)? | + B (w).
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Here, we emphasize that (as in the previous section) we are considering DY (w) as a function on
M, via the L?(M, goo) pairing. In other words, we are using ([2)). Now, we claim that we may use
Taylor’s theorem to show that

projy, DY(1 + ¢ + w' + O+ wT) +wh) = projy, DY(1 + ¢ + w' + D(p+ wT)) + Er(w),
with the following bounds
{ 1] @)llcon < (T +8)772 + [[wlleze) [ o2
1B (w1) = By (ws)llcoe < e([willeze + [wallc2e) |wt — wy||goe
These follow from the integral form of the remainder in Taylor’s theorem. Defing s, := 14+ 7(p +
w' +®(p+w") + swh), we have

El (w / —prOJAODy(1+cp+w +B(p+w') 4 swh)ds
1 d
= in —D s.1)d
/0 Projy, 7= DY(¥s1)ds
1
:/0 proj, DY) goc) wh]ds
1 1 s
. . d _ ~
:/ prOJAOD2y(goo)[’wJ‘]d8+/ / projy, ?DQy(ngV 2900 ) [wh]d5ds
0 0 Jo S
1 1 s
. . d _ ~
:—2(N—2)/ projs, £oodes+/ / proja, ﬁDQy(zp;Yg 2900 ) [wh]d5ds
0 0o Jo
b d o N-2 L
= [ [ proin, DY@ 2 gt Jdsds
o Jo s ’
1 s
:/0 /0 projAODgy(q/}gg_2goo)[wl,cp+w—r+<I>(<p+wT)+swL]d§ds.

The C% norm of D3y(¢§’g2goo)[wi, o4+w' +®(p+w')+ sw'] is uniformly bounded by

1
(T +1)" 772 + [wllgza) [t g2

(as long as we choose T' > Ty large enough, and ||w|/g2.c < € small enough to ensure that v 5
is sufficiently close to 1 in C%®). This is discussed in the end of Appendix A, along with the
corresponding bound for B\ (wy) — E] (wy).
Recall that F(v) := Y(¥(v)), and using the Lyapunov—Schmidt reduction (Proposition [7])
projy, DY(1+ ¢ +w' +&(p +w')) = DF(p +w').

Furthermore, by analyticity (Lemma [0l and Proposition [7) DF has a convergent power series repre-
sentation around 0 with lowest order term of order p— 1. Thus, as long as ¢+ w ' is small enough,
we may write

DF(p+w') = DF(p) + D*F(p)(w') + E; (w').
where
_p=3
1B (w)]|gow < (T +1t)" 72 + HwTHcM)HwTHCM

1B (w]) = B ] )llcon < e((T +1)752 (o] lcom + l1w] lona) + o] 22 + o] [22)

X le — Wy ”CO»Q-
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We prove this in the case that Ay has dimension equal to one, namely for k = 1; the higher
dimensional case follows from a similar argument using multi-index notation. We have that

[e.e]
— § : o
= cjz’.

J=p—1
Thus
[o¢]
1B (@ T)llcow = || 32 ¢ [(e+wTy = = j 0]
j=p-1 C0.a
o0 ] .
-2 Ya(])ewy
j=p—11=2 0,
o

*SM

J
:
- e (D)t o
=
J .
T J
i 3 S lel(7) (el + T2

'—p—l 1=2

IN

<l o 3 lel2? (el + T2
_p 1

<227l o o Z e 27 Pl o

j=p—1
o0

+ 2P w T |Pon D el P lw TSR
j=p—1

Because DP~1F(z) has an absolutely convergent power series for every z sufficiently close to 0,
choosing ¢y small enough, Ty large enough, and using Lemma [I5] we may guarantee that both
sums are bounded above by 1. The asserted bound on E; (wT) follows. A similar argument yields
the other bound.

Thus, the above arguments show that the Ag-component of the Yamabe flow may be written as

2(N —2)(¢' + (w')) = =DF(p) = D*F(¢)(w") + B (w) — By (w").
Now, expanding F' in a power series, F' = F'(0) + E;iij, we may write the above expression as
2(N =2)(¢' + (w')') = =DF,y() = D*Fy(p)(w ") + B (w) — Ej (w') + EJ (w),

=E T (w)

where

Ej(w)= Y (DF;(¢) + D’Fi(p)w").
j>p+1

By analyticity, this converges in, e.g. C%%, for ||¢[/c2.0 and ||w| c2.« small enough. Because each
term in the sum is a homogeneous polynomial, and using the formula for ¢, the error is bounded
as follows:

-1
1ES (w)]|con < (T +1)" 72 + (T +1) 72 |lw’ | coa)

T T =2 T T
15 (w1) = B3 (wa)|[co.e < e(T +1) 777 [wy —wy [go.e.
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Therefore, by Lemma [13] w' needs to satisfy the equation
2N —2)(w') + D’Fy(p)w’ = E (w),

where ET (w) satisfies the asserted bounds.
Now we turn to the Ay portion of the Yamabe flow. First, recall that by Proposition [T

projys DY(W(p +w')) = 0.

Combined with the fact that D proj At DY at 1 equals —2(N — 2) proj AL Lo (this follows because
D and proj, L commute), we thus may use Taylor’s theorem to write (using the fact that Lo is
linear)
projar DY(¥(p +w') +wh) = —2(N - 2)Locw’ — Ef (w),
where )
IET (w)llgo. < (T +1)" 772 + [[wllgz.a) [ [|2a

1B (w1) = i (w2)llcoe < c(fwilloza + [walloza) [wi — wy [lo2a

+e(fJwt ez + [z lloze)[lwr — w2l coe.
To check this, we write

projas DY(¥(p +w') +wh)

1
d
= projy: DY(U(p+w')) + / T projyr DY (¥ (¢ + w') + swh)ds
0
1
_ / projys D*V(W(p+w') + swh)fwds
0

1
= —2(N - 2)Loow™ +/ [projAOL DXY(U(p+w') + swh)[wh] — Projas D?Y(1)[wt]] ds.
0

Given this, we may control the asserted C%® bounds by the C%® norm of ¢ and w, by an argument
similar to EI (the derivative of ¥ is uniformly bounded near 0 by Proposition [7]).
We also consider ®(¢ +w')" := E3 (w) as an error term, as it satisfies

_1 J P
15 (w)lleo.a < (T +1)772 + wloea) (T +6) 7772 + ]l coe)
__1
15 (wr) = By (w2)lcoe < (T +)7772 + [[wif| ez + [walloze)lwh — w)l|coe
S D S
+c((T+1)77 772 + [wiflcoo + [lwslcoe) [wr — w2

Here we have used (B) and have controlled ||w| 2 by the C? norm. Thus, the kernel-orthogonal
component of Yamabe flow is

(wh) = Loow™ + B+ (w),
where E+(w) satisfies the asserted bounds. Combining the Ag equation with the Ag equation
finishes the proof. O

4.2. Solving the kernel-projected flow with polynomial decay estimates. In this subsec-
tion we solve the kernel-projected flow (III). First, from the definition of ¢ in (@) and the fact that
D2Fp is homogeneous of degree p — 2,

_ 2(N —2)
D?Fy(p) = (T +1)~! <—> D*F,(0).
p(‘P) ( ) p(p—Q)Fp(v) p( )
Diagonalize the Hessian term, and denote by pu1, ..., ug the eigenvalues of

Mlﬂpp(@).
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Let e; be an orthonormal basis in which this Hessian is diagonalized. Thus, the kernel-projected

flow is equivalent to the following system of ODEs forfd vi=w! e,
(14) (N—z)vg+T’iitvi=EI:=ET-ei, i=1,... .k
Fix for the rest of this subsection a number ~ satisfying v & {2(]61_2),...,2&’6_2)}. Define the

following weighted norms:
o — !
[ull oo = Sup (T + ) lu@llgoa],  Nullgoa = llullgoa + Wl go.e .

We recall that these Holder norms are space-time norms on the interval (t,¢+ 1) x M, as defined
in (8).
Given 7y as above, let [Ty = IIy(y) denote the linear subspace of A generated by the eigenvectors of

2(N—-2) 2
- 2h® D 1
be the corresponding linear projector.

The next lemma concerns the system (I4)).

(0) whose eigenvalue, say p, satisfies u > 2(N —2)~. Moreover, let projy, : Ag — Il

Lemma 18. For any T > 0 such that HETHCO,Q < o0, there is a unique u with u(t) € Ag,t €
Tty

0,00), satisfying ||u|lco < oo, proj, (w(0)) = 0, and such that v; == u - e; solves the system .
v o
Furthermore, we have the bound
-
«@ < Q.
HUHC%“/ — C”E ”C’?;W
Proof. Letting
"
wj = (T+ t)z(N—J’z)'Uj,

the system (I4)) is equivalent to
1 Mg
r_ - T R
wj = 72(N_2)(T—|—t)2(1\’ DE;, j=1,.. 0k
Suppose that j is such that v > % Then, we claim that we may solve the j-th ODE as
[e.e] Hj T
w;i(t) = a; — (2(N — 2))_1/ (T + 7)20-2) E; (T)dr.
¢

which would give

o L TR o

uj(t) =(T'+t) ¥ Da; — (2(N—-2)) (T+1t) 22 (T'+7)*=2 B, (1)dT.
t

This amounts to checking that the integral converges under our assumptions on E ' :

Hj 0 Hj
'(T )TN / (T + 1) D ] (r)dr
t

¥}

— ] T © M
<@+ DN oy, [ ()T e

N -2
AT
= (T + ) 1B ey,

. -1 __H K
- (- stg) @I g, (T

The previous estimate also shows that, since by assumption vy > SN e 5> to have |ul[ 0.0 < 00 it
Yy
must hold that a; = 0.

2Using, as above, the natural L? inner product on Ag regarded as a subset of T1[geo]1-
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On the other hand, if v < %, we may solve the ODE as

w;i(t) = a; + (2(N — 2))~ ! /t(T + T)%EJT(T)dT.
0

By requiring projp, u(0) = 0, we see that a; = 0. As such, the bounds for ”Uj”cg follow from a
similar calculation as before.

Combining these two cases proves existence, uniqueness and the Hu||co bound. It thus remains to
show the inequality HuHCo o« <C HETHCO o . By finite dimensionality, the (spatial) C%%(M)-Holder

norms of each basis element in Ag are umformly bounded. Thus, it remains to show that the desired
inequality holds for the Holder norm in the time direction, along with the same thing for «/(¢) (the
general space-time norm will then be bounded by the triangle inequality). Suppose that j is such
that v > % Then, we have seen above that

™

0 Wi
wi(®) =~V =) T+ [T+ D E] (r)ar,
t
Notice that

w(0) = (T + 07 [T 4 D] () - 2V - )7 E] o).

Thus,
-
+ CIE; ()llco
Cl

+CIE] (1)]oon
CO

Hj © ]
Il o < CH(TH)_%N—JZ)_I/t (T + )72 E] (r)dr

Ky S K
<C H(T + t)‘m—Z/ (T +7)"=2 E] (7)dr
t

Ay T
<C@+8) B o -

We may use the C°-bound on u; to obtain a Hoélder estimate for w;. From this, the claimed
inequality follows. 0

4.3. Solving the kernel-orthogonal projected flow. Define the weighted norms
lullz = sup [(T + ) [u(®)l[L2(ar)),

t€[0,00)
where the L2 norm is the spatial norm of u(t) on M and is taken with respect to g, and

lullgz.e = supl(T + )T u(®)ll=.);

where the Holder norms are the space-time norms defined in (&). Also, let

Ay :=span{p € C°(M) : Loy + dp = 0,6 < 0},

2
Ay = span{p € C°(M) : Loy + p = 0,6 > O}L

From the spectral theory of the Laplacian, L?(M, gs) = A @ Ag ® A and Ay and Ag are finite
dimensional. Write the non-negative integers as an ordered union N = K; U Ko U K|, where the
ordering of the indices comes from an ordering of the eigenfunctions of the Laplacian, A, and the
partitioning of N corresponds to which of A, Ag, or Ay, the k-th eigenfunction of A, lies in.

Lemma 19. For any T > 0 and ¢ < oo such that ”EJ_HLE < oo, there is a unique u(t) with
u(t) € Ag,t € [0,00), satisfying HUHLg < 00, projy, (u(0)) =0, and

(15) U = Loou+ E*L.
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Furthermore, HU”Lg < CHELHLg, and Hu”cga < CHEH]CS,Q.
Proof. Recall that
(16) (N—=2)Lo = (N +2)Ax + (N — 2)Re.

Let ¢; be an eigenfunction (with eigenvalue ¢;) of %Eoo which is orthogonal to the kernel Ag. The
flow equation (I3]) reduces to the system

(17) uj + Su; = B

where E = (E+, ¢;), and u; = (u, ;). This is equivalent to
/

(18) <e‘5itu,~> = Ol

Thus, we may represent the components of the solution as

t
u(t) = Be 0%t 4 7%t / T B () dr
0

fori € K| or
o
u(t) = Bie %t — e_‘sit/ T B (T)dr
t
for i € K4. In particular, we have that

t 0o
u(t) = Z <ﬁje_5ft + e_5jt/0 eéjTEjJ"(T)dT> 0; + Z <ﬁje_5jt - e_5jt/t €6jTE]J-'(T)dT> ©;

j€K$ jGKT
This sum is in an L? sense (but then elliptic regularity guarantees that the sum converges uniformly
on compact time intervals). We note that for i € Ky, if ||ul £z < o0 then necessarily 5; = 0.
Furthermore, by requiring that proj, . u(0) = 0, then we also have 5; =0 for i € K 1

We can write the following integral bounds for wu:
2

2100 =% (/0 e TVES () d7>2

jEK, 12 J€K,
t 2
<y ( / nin(D B L (7) m)
jer, 0
t 2
< /e‘smin(T_t)EJ‘(T)dT
0 L2

where dmin = minjek d; and in the second to last inequality made use of the Parseval identity.
Taking square roots,

S | < ‘
L2

jEKJ/

t
/ Omin(7=1) gL (1) dr dr

0

t
< / (enin(7—1) H EJ_‘
0

and hence we can finally make use of our decay assumption on E+ to get

L2 L2

¢
> ity <IEH, [ 0@ ) ar
j6K¢ 12 0

We bound the integral as follows

¢ t/2 ¢
/ Hmin(T=(T 1)~ = / Hmin(TO(T 4 1)~y 4 / Hmin(T(T 1 1)~ dr
0 0 t/2
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t/2 t
< T4 / Omin(T=8) g 4 (T +1t/2)71 / eOmin(T—1) -
0 t/2

<o T (e“*min“ 2 e—5mint) + 6 (T +t/2)71 (1 — ¢ Omint/ 2) :
From this we see that

> ui)e;| < CIUEH (T +1)7°

jEKi 12
A similar argument holds for the K terms. From this, the asserted bounds for ||u| 12 follow readily.

The rest of the proof is devoted to showing that the 03 "“ bounds follow from the Lg bounds. By
interior parabolic Schauder estimates [19, Theorem 4.9], we have that for ¢ > 1,

[u@)llc2a < C ( sup lu(s, z)| + HEJ_”CO’Q((t—l,t-i-l)xM)) :
se(t—1,t4+1)x M

We emphasize that the C** norm on the left hand side is the space-time norm on (¢, + 1) x M,
as defined in ().
We claim that for € > 0, there exists c(e) > 0 so that for any function ¢ € C%*(M),

sup |o(@)] < e(@)lellz2an) + ellelicos an-

This follows immediately from an argument by contradiction in conjunction with Arzela—Ascoli.
Using this in the Schauder estimate yields (bounding the supremum of the spatial C%®(M) norm
over t € (t —1,t + 1) by the space-time Holder norm on (¢ — 1,£+ 1) x M)

[u(t)[[cze < C( sup |Ju(s, )| L2ar) + HELHCO’O‘((t—l,t—i—l)xM)) + Cellu(t)]|coo((t—1,t+1)x 1)
s€(t—1,t+1)
Multiplying by (7" + ¢)? and taking the supremum over t > 1 yields
sup [(T' + t)?[u(t)[|c2.0]
t>1

e (sup (T + 0)7Ju(s, )| 2] +sup (T + t)LIHElHco,a((t,mxm})
t>0 t>0

+ Ce sup (T + )7 u(t) | co.o (t—1,441)% M)
= C (Ilullzg + 1B+l o ) + Cellul oo
< C (1B iz + 1B g ) + Cellul e
< C|| B o + Cellul| oo

To finish the proof, it remains to extend the supremum up to t = 0, because then we may absorb
the second term back into the left hand side of the inequality by choosing e sufficiently small. This
may be achieved via global Schauder estimates [19, Theorem 4.28]

[u()ll 2o (0,1)x 2y

<C < S?OPD (s, @) 2y + €llullco(o.1)xary + 1B lco.a(0.2)xar) + ||u(0)||02»a(M)> :
se(0,
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Note that

u(0) =— Y (/OOO e‘szEj‘(T)dT> 0;.

jEKs
The space A4 is finite dimensional, so there must be a uniform constant C' > 0 so that ¢ ||c2.e ) <
Cllejllz2ary for all j € Ky. Using this we have that

o) 2
8Os <€ 5 ([ B0 sl

jEKT

') 2
ey ( /0 eéﬂEjl(T)dT) 512

Using the Lg bound obtained above, we may extend the supremum to ¢ > 0, and conclude the

desired Holder bounds (absorbing the C%® norms of u into the left hand side, by choosing e
small). O

4.4. Construction of a slowly converging flow. To proceed further, we define the norm
171 = 1 px0in, Fllgge + 1 proiag Flze
Recall that
lull 0. = sup [(T + ) [u(t) | co.e] + sup [(T+ )|l (t) | o ]
T 420 >0

and
[ull g, = sup (T + ) |Ju(®)]| c2a] -
+v t>0

We emphasize that these Holder norms are the space-time Holder norms, defined in (§]). For + to
be specified below, we define X to be the Banach space of functions f with || f[|} < oc.

Proposition 20. Assume that go satisfies AS,. We may thus fix a point where Fy|sk-1 achieves
a positive maximum and denote it by 0. Define
1

o =+ (R ) e

as in Lemma[Id Then, there exists C >0, T > 0, ])%2 << ])%2 and u(t) € C*°(M x (0,00)) so
that u(t) > 0 for all t > 0, g(t) := u(t)N"2gw is a solution to the Yamabe Flow, and

lw T (#) + @(() +w (1)) +wh (O3 = Jult) - (t) - 1|5 < C.

Proof. We fix ﬁ << 1%2 so that v ¢ {2(N“1_2) e 2(](?’“_2)}. By Proposition [I7, it is enough to

solve
2N ~2)(w"Y + D*Fy(p)u| = E (w)
(wh) = Lot = B-(w),
for w(t) with [Jwl[|% < C. To do so, we will use the contraction mapping method. We define a map
Si{we X fwl; <1} = X = {w: |w|} < oo},
by defining u := proj,, S(w) to be the solution of
2N — 2’ + D*Fy(p)u=E (w),
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and v := projy L S(w) to be the solution of
v — Logv = B (w).

From this, we have defined the map S(w) by its orthogonal projection onto Ay and A&. These solu-
tions exist, in the right function spaces, by combining the bounds for the error terms in Proposition
7 with Lemmas I8 and M9 Furthermore, we have the explicit bound

roj,. S(w ,a<cETw @
I pr0js, Sl cos < BT ()l cos

1 1

< T v (T “l-35 = L T =
Scsup(T+ ) (T +1) 72 + lw ' [[goa + [w™lle2e) (T +8) 772 + [[w]lc2a)

t>0

y——2 — LT
+esup((T+t)  r2 +(T+1t)" 2w [[g2a)
>0

1
+esup(T+ )" 72 o' o + (T +6) o |70
t>0
+esup(T + ) wt[Ze.
t>0

<e (T"‘p% + (T‘ﬁ + T(”‘”(plf”)) ||w||i§> .

Here, we have absorbed powers of (T +t) into the various w norms, and bounded this by |w]3.
Note that the w' terms in [w||5 are multiplied by (7" + )7, but the w' term in [w]]3 is only
multiplied by (7" + t)”, so we cannot absorb as high of a power of (T + t) into it (fortunately, the
w! terms are all raised to a large power, or already multiplied by an appropriately decaying power
of (T +1t), as is easily checked). In the last step, we have used the bound

lw o2 (ger1yxay < € <HwTHCOvO‘((t7t+1)><M) + ”(wT)/”CO»“((t,t-l—l)xM)> :

This is a consequence of the fact that Ag is finite dimensional (so any two norms on it are uniformly
equivalent) and that the parabolicE C?> Holder norms only contain at most one time derivative
(which does not come paired with any spatial derivatives). Similarly,

. 1
[ projg Sllgze < 1B ()l

B P — S
< esup(T+ ) (T +8) 7772 + ol + llot oz ) (T + 87772 + [luwlloze)
t2

1
+esup [(T 407772 + (T 40 Jull o) o
t>0

1 1
+esup [((T+ 07777 + (T + 0wl o) (T + 17777 + /o)
t>0

<c <T"‘p% + (T‘ﬁ + T(”‘”(plf”)) ||w||i§> .

])%2’ pé?)’ by choosing T' large enough, we can ensure that S maps {w : [Jw][} <

1} C X into itself. Finally, we check that we can guarantee that S is a contraction mapping by

Thus, because v € <

3We emphasize that the space-time C*“-norms on Ag are not all uniformly equivalent. This is due to the fact
that (as usual) the time dependence of the functions turns the space into an infinite dimensional vector space. In the
asserted inequality, we have used the fact that the spatial C**-norms of any element in Ag are all equivalent to any
other C*¥+*". The asserted inequality follows from this, along with the fact that in the space-time C%“-norm, there
is at most one single time derivative (which does not come with any spatial derivatives).
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taking T even larger if necessary. The following inequalities are proven by the same argument we
have just used

. . 1 —9)(L1_— "
|| proj,, S(w1) — projy, S(wg)HcgW <c (T -2 4 7 )<p72 V>> lwy — w2||V

: : —Lz (P_2)(%2_'Y) *
I projag S(wr) — projyy Sw)lgae < e (1777 + 7027 oy — w2

Thus, by enlarging T if necessary, we have that S is a contraction map. This finishes the proof. [

We now show how the previous proposition yields solutions converging at exactly a polynomial
rate.

Proof of Theorem [2. From Propostion [I7], we have constructed ¢(t) and u(t) so that

() = (T +1)72 <1#;1§,)(17)> =M

u(t)N"2g. is a solution to the Yamabe flow, and
u(t) =1+ @(t) +o(t) =1+ ¢(t) +w' (t) + S(p(t) +w' (1)) +wh(t),

where w(t) satisfies (in particular) ||[@]co < C(1 +¢)™7 for some C' > 0 and all t > 0. We have
arranged that v > ])%2’ which implies that ¢(t) is decaying slower than w(t). Thus

lu(t) — Lleo > C(1+ 1) 72

as t — oo. From this, the assertion follows. O

5. EXAMPLES SATISFYING AS),

In this section we provide explicit examples of metrics which satisfy AS, for both p = 3 and
p > 4. This allows us, via Theorem 2] to conclude the existence of slowly converging Yamabe flows.

5.1. Examples which satisfy AS3. In this subsection we prove Proposition Bl Suppose that
we are given integers n,m > 1 and a closed m-dimensional Riemannian manifold (M™, gps) with
constant scalar curvature Ry, = 4(n + 1)(m +n — 1). We denote the complex projective space
equipped with the Fubini-Study metric (our normalization of the Fubini-Study metric is as follows:
we define CP" to be the metric induced by the Riemannian submersion from the unit radius sphere
St — CP") by (CP™, grg). We will show that the product metric (M™ x CP", gy @ grs) is a
degenerate critical point satisfying AS3. Recall that this implies that the metric is non-integrable,
by Lemma [

Write g := gu @ grs. Because Ry, = 4n(n + 1) [22], p. 86] it follows that the scalar curvature
of g satisfies Ry = 4(n + 1)(m +n —1) +4n(n + 1) = 4(n + 1)(m + 2n — 1). The dimension of
M™ x CP"™ is m + 2n, so Ay consists of eigenfunctions of A, with eigenvalue % =4(n+1).
Because A\ (grs) = 4(n + 1) [4, Proposition C.II1.1], we see that (M™ x CP", g) is degenerate; for
any first eigenfunction v on CP", the function 1 ® v on M™ x CP" will be an eigenfunction of A,
with eigenvalue 4(n + 1).

The eigenfunctions of Ay, may be explicitly constructed by considering polynomials on C"
which are homogeneous of degree k in both z and Z and which are harmonic. These polynomials
restrict to S?* ! and are invariant under the natural S' action, so they thus descend to the quotient.
This is described in detail in [4, Proposition C.III.1]. By a recent observation of Kroncke, [17, p.
25], the harmonic polynomial h(z,Z) := 21Za + 20%1 + 2273 + 23%2 + 23Z1 + 2123, defined on C"*!
for n > 2, descends to a first eigenfunction v of Ay, for which [ p, v3dV, s # 0. The function
1 ® v is an eigenfunction of A, with eigenvalue 4(n + 1), so it is an element of Ag. Moreover,
by Fubini’s theorem, mex(CP"(l ® v)?’dVg = vol(M™, gnr) f(CP" v?’dVgFS # 0. Thus, we see that
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(M™ x CP", g) is degenerate and by (@), the function F3 is not everywhere zero on Ag. This shows
that (M™ x CP"™, g) satisfies ASs3, as claimed.

5.2. Examples satisfying AS, for p > 4. This subsection is devoted to the detailed study of
the Yamabe problem on S'(R) x S"~1. Our goal is to obtain examples in any dimension n > 3 of
a non-integrable critical point of )} which satisfies the condition AS), for some p > 4, as defined
in Definition [0l The study involves properties of a certain period function 7(a) defined below.
Here, we start by giving an overview of Schoen’s discussion [24], supplying detailed proofs. The
main new observation is that these facts imply the existence of a constant scalar curvature metric
satisfying the assumptions of Theorem 2l We observe that the same ODE which we analyze has
been considered, from a different perspective, in [21I] where the authors analyze moduli spaces of
singular Yamabe metrics.

5.2.1. An ODE parametrizing all solutions of the Yamabe problem. We consider a one-parameter
family of conformal classes [g7] on S' x S"~! represented by the natural product metric S*(7/27) x
S"1(1) (here S¥(r) is the k-sphere of radius = in R*+1). We will write ¢ for the coordinate on
SY(T/27).
n—2
Proposition 21 ([24]). Let up = (%2) 7 = (%)ﬁ Then, exists a map T : (up,1) — Rsg
which parametrizes solutions to the Yamabe problem on S' x S"~! in the following sense: For a
given T > 0, up to scaling the conformal factor, the complete list of constant scalar curvature
metrics in [gr] is (1) the product metric and (2) a metric of the form u(t)N~2gr where u(t) solves
the ODE
n+2
4" — (n —2)%u+n(n — 2ur—2 =0,

with initial conditions (u(ty),u'(ty)) = (a,0) for some ty € SY(T'/2xw). Here, a € (ug,1) is any
solution of T(«a) = % with k an arbitrary positive integer.

Proof. We will follow Schoen and look for solutions to the Yamabe problem with constant scalar
curvature n(n—1) (equal to that of the unit sphere), and in doing so we drop the volume constraint.
A crucial observation is that by a result of Caffarelli-Gidas—Spruck (following the classical work
of Gidas—Ni—Nirenberg), a constant scalar curvature metric in [g7] must have conformal class only
depending on the S'-variable ¢ (see [16], [12]). As such, this reduces the problem to studying an
ODE rather than a PDE.

It will be convenient to lift the analysis to the universal cover R x S*~! and use (¢,£) € R x R”
with |£] = 1 as coordinates. In particular, we will forget about gr for now, and consider instead
the metric g = dt® + gsn-1(1) on R x S"~1. Then, a solution to the Yamabe Problem in [g7] will
correspond to a function u(t) on R x S*~! (depending only on the first factor) with period 7" in ¢

4
for which u(t)"=2¢ has constant scalar curvature n(n — 1).

4
Now, u(t)»—2 g having constant scalar curvature n(n — 1) is equivalent to the ODE
+2

(19) a” — (n—2)*u+n(n —2un2 =0,
as Rg = R = (TL — 1)(71 — 2) and TL(TL — 1) = RuN*Q = —(N + 2)U_Z_t§ (u// _ ﬁRgu) ]

Isn—1(1) g

There is one obvious solution to (I9) given by the constant u(t) = uy = ("T_z)nTz This simply
corresponds to the rescaling of gr so that it has scalar curvature n(n — 1), as desired.

There is a second explicit solution to (IJ) obtained by considering R x S*~! as the coordinate
patch of S given by S™ — {N, S}, the sphere minus two antipodal points. The restriction of the
standard metric on S” to " —{N, S} (which has scalar curvature n(n—1)) then produces a solution
to (I9) as long as we can check that this metric is conformally related to g. To see this, notice that
the map ¥ : (R x S"7 1, g) — (R" — {0}, gruc), (t,&) — €€ is conformal, because

U gpuc = U7 (dr2 + ngS"*I) =e*dt* + €2tg§n71 = e2t97
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where ggye denotes the Euclidean metric on R™ \ {0}). On the other hand, by stereographic
projection the spherical coordinate patch on R™ — {0} has the metric

4 uc 1
gsn = ( 9B where r = |z|, with z € R\ {0}.

1+ 1r2)2

Thus U*(gsn) = %g = (cosht)™2g. Therefore, we have another solution to (IJ) given by

ui(t) = (cosht)=(=2/2_ Of course, the metric u;(t)* ™2 g does not descend to the quotient
SY(T/27) x S*~! (and it is not even a complete metric on R x S?~1) but it will prove useful in the
sequel.

By setting v = %, (@) can be converted to a first order system

d
(20) E(’LL,’U) = X(’LL,’U),
n+2
where the vector field X on the uv-plane is defined by X(u,v) = (v, (n_2)2"_n4(n_2)"m . We

note that the second component of X is negative when u > wug and positive when u < ug. From
the above analysis, we know that

= (1) = S ﬁ) L“)

@ (), (0) = (), 5(0) = ((eosht) ™% (G - ) s

is a solution to (20)). Letting ¢t = 0, we see that (1,0) is on this integral curve. Additionally, letting
t — £oo (note here that n > 3), we see that the curve tends to (0,0). Thus, the orbit associated
to uy, along with (0,0) encloses a region 2 with compact closure € and such € is invariant under
the flow since its boundary is a homoclinic cycle (i.e., a trajectory that limits to the same critical
point at t = +00).

Claim 22. Any periodic solution with u > 0 for all time must lie inside €.

Proof. By the previous comments, it suffices to consider a trajectory v(t) = (u(t),v(t)) in R?\ Q.
Observe that

(22) 4 (t) = n(n — 2)u(u) 2 —ulN72);

thus, whenever u(t) > ug then v/(¢t) < 0. We divide the proof into two cases.

Case 1: u(0) > ug. In this case, since () is defined globally for ¢ € R and is periodic we claim
that there exists Og such that w(Ogy) = ug, and v/'(t) < 0 for t € (0,0p). Indeed, if it were not the
case monotonicity of the second component of v should immediately imply that the corresponding
trajectory of v(-) be unbounded, contradicting the periodicity assumption.

As a result, clearly v(Op) < 0 hence the system implies u/(Op) < 0 and thus it follows that
v(t) > v(Op) for t > Op. Since 7 is global, must remain in the right half space (as u > 0) and by
monotonicity of the second component it follows that v must approach (0,0) as t /* co. But then
it is not periodic. (Note that in fact, by time-reversal symmetry, v should be a homoclinic cycle.)

Case 2: u(0) < ug. We can assume v(0) > 0 since otherwise we reduce to the last part of the
proof of Case 1. Thus v(0) > 0, therefore u/(0) > 0 and v/(0) > 0. It follows once again that ~
crosses the vertical line u = ug, and then we are in Case 1. ([l

Claim 23. Suppose that v, (t) = (u(t),v(t)) solves 20)), and that v,(0) = (a,0) € Q. Then either
Yo = (u0,0) or 4 is a smooth periodic orbit contained in Q — IQ. Furthermore, if ug < a; < g,
then vq, ts enclosed by 7vq,-

Proof. For the first statement, let us start by observing that (by compactness of ) any such
solution v, (t) must be defined for all times and 7, (t) = 74(—t) for all ¢ € R by means of a standard
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ODE uniqueness argument (as X (u,v) = X (u, —v)). To proceed further, let us recall that the flow
([20) is generated by the Hamiltonian (see [21} (2.3)])

(n - 2)*(u" — u?)
. |

The corresponding conservation law (together with the fact that H(u,0) = 0 implies u € {0,1})
rules out the existence of solutions v, such that lim; 4+ 74 (t) = (0,0) (and thus lim;—, 74 (t) =
(0,0) as well) or limi—, 400 Va(t) = (1,0) (and thus lim;_o Y (t) = (1,0)) whenever a € (0,1).
Then the first claim follows from the fact that v, for o € (0,1) must intersect the u-axis (exactly)
twice, and away from the zeros of the vector field X. Then by the time-reversal symmetry we
conclude that ~, must be periodic, hence also smooth. These arguments show in particular that
Im -y, for such « is diffeomorphic to S'. Uniqueness of solutions to ODEs then implies the last
claim. ([l

(23) H(u,v) = 2v% +

Finally, this allows us to conclude the general classification of constant scalar curvature metrics
in [g7]. Any constant curvature metric must depend only on the ¢ variable and thus lift to a solution
u(t) to the ODE (I9)) on R. The solution must periodic of period % for some positive integer k, as
the metric descends to S'(7/27) x S"~1. Thus, by the above claim, there exists « € (ug, 1) so that
u(t) solves the ODE with initial conditions (a, 0) (after possibly shifting u(t) by a rotation of S').
Of course, if k& > 1, then what we mean here is that the conformal factor on S'(7/27) x S*~! is
u(t) concatenated k times. By definition 7(«) = % This completes the proof of the claim. O

5.2.2. The period function.

Lemma 24 ([24]). The period function (&) is continuous on the interval (ug,1). Furthermore, it
satisfies (i) limg, 1 7(a) = +00 and (ii) lime o T(0) = (n — 2)7/2271 := Ty,

Proof. (i) Suppose that there is a sequence oy ,* 1 so that 7(a) < C for some constant C. By
possibly extracting a subsequence, we may assume that limy_, o 7(ag) = T < 00. Now, consider
the points 74, (Too/2). By making use of the equation H(oy,0) = H(uq, (7(ax)/2),0), we now
claim that w, (7(ag)/2) — 0 as k — oco. Indeed, uq, (T(o)/2) € [0, o], so we may assume that it
converges to some value u., by further extracting a subsequence. Thus, taking the limit as k — oo
of H(uq, (T(a)/2),0) = H(oy,0), we get that

(24) u (ulX=2 - 1) =0.

o

However, because uy < ug, the second term must be negative, so us, = 0. Thus, we see that
Yor (T'so/2) must converge to (0,0). On the other hand, by continuous dependence of solutions to
ODEs on their initial data, v, (To/2) must converge to v1(7s/2) which cannot be (0,0). This is
a contradiction.

(ii) We will show this by proving that as a \, ug, if we rescale the solutions, then they converge
to a solution of the linearized ODE around (ug,0). We shift ug to the origin and blow up by defining

(,0) = (“_“0 . > Thus the ODE becomes

a—ug’ a—ug

@) 0.0 = %o = (MO (7 (o i) ).

dt 4 o — Ug

Notice that under the rescaling, the trajectory 7, encircles the origin and contains the point (1,0).
Moreover, as « \, ug the vector field X, converges to

(26) Xy = <f}, I 221(N - 2)uév_2ﬂ> = (3,(2 —n)a).

Thus, the solution to the linearized equation is 7y, := (cos((n —2)'/?t), —(n —2)"/2sin((n — 2)'/?t),
which is periodic with period given by Ty := (n — 2)~/227.
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Now, we claim first that the 7(«) are bounded as o — wug, say 7(«) < 5Tp/2. Suppose not, so
there are k — oo and ay, \, ug so that 7(ay) > 5Ty /2. Now, on one hand, by continuous dependence
on initial data and due to the explicit formula of 4,, we have that for any fixed ¢t € (Ty/2,Tp) for k
large enough the trajectory v, (t) has 0, (t) > € > 0. On the other hand (by Claim 19), because
we have assumed that Ty < 27 (ag) /5 < 7 () /2, Yo, (t) must always have 0, (t) < 0, because
T(0oy)/2 is the first (positive) time when 4,, crosses the @-axis. This is a contradiction.

That being said, because 7(«) is bounded for « close to wug, for any aj \, @, we may assume
that 7(aj) — T for some T. By continuous dependence of ODEs on their parameters, thus
limy—s 00 Yo, (T(k)/2) = Fuo (T /2). Because Ja, (1()/2) all have @ < 0 and lie on the ¢ = 0 axis,
we thus see that limy_,o0 Yo, (T(a)/2) = (—1,0) and, at the same time, necessarily T = (2 + 1)Tp
for some integer ¢ € N. But if ¢ > 0 then it were T > 37T}, contradicting our previous argument
which showed that instead T' < 5Tp/2. Hence ¢ = 0 so that T = Ty and this completes the proof
of (ii).

Continuity of 7(«) follows by a similar argument as the one used in (i). O
5.2.3. Checking AS, for p > 4. Proposition [ follows from the following result.

Proposition 25. The product metric goo on St (g—g) x S"1(1) is a degenerate critical point of the
Yamabe functional. When n > 2 it is non-integrable, a global minimum of the Yamabe energy, and
satisfies AS, for some even p > 4.

= (n —2)(n — 1) so it suffices
to show that A\1(geo) = n — 2. The eigenvalues of g, are the sums of those of each of its factors.
Therefore, A\1(goo) = min{ A (S"71(1)), A\ (S*(To/27)} = min{n — 1, (Tp/27) "%} =n — 2.
Monotonicity of the period function follows from the general result [7, Lemma 1.2] or [14]. We
review the proof in our special setting in Appendix B as it seems not to be well-known to experts.
Non-integrability is now immediate since ¢1(t) := sin(y/n — 2t) is an eigenfunction of L., while
Proposition 2I] and the fact that 7(«) is strictly increasing imply that g is the only critical point
of the Yamabe energy: because 7(«) is strictly increasing and limg~ 4, 7(a) = T, there cannot be

Proof. We start by proving degeneracy. Note that R, = R

gsnfl(l)

a € (ug,1) and integers k > 1 so that 7(«a) = % Thus, Ay is one dimensional, but 1 is the unique
critical point of ) in [geo]1, SO goo must be non-integrable. Notice that because 1 is the unique
critical point of ) in [goo]1, the solution of the Yamabe problem guarantees that it is the global
minimum of the Yamabe energy on [g];1.

Now, because g is a non-integrable critical point, the function F(v) defined on Ay in Proposition
[7 is necessarily non-constant. Furthermore, because g is a unique global minimum for the Yamabe
problem in its conformal class, we see that V(1) < Y(w) for any w™~2g,, € [goo]1 With w # 1. In
particular, this yields that if v # 0 then necessarily F'(0) < F(v). Thus, denoting by p the order of
integrability of g, it is clear that F}, must be everywhere non-negative (if it were not, we could take
v small enough so that Taylor’s theorem would imply that F'(v) < F(0), contradicting the previous
argument). From this, it is clear that p > 3 and in fact has to be even. (We remark that one can
directly check p # 3 because D3F(0)[¢1, @1, ¢1] = 0 by using the explicit form of F3(v) given in

@.) O
ApPPENDIX A. COMPUTING Fj3

In this appendix we compute the term F3 (see Proposition [7] and the subsequent discussion) at a
metric go, with constant scalar curvature. We believe this computation is of certain interest since,
as the reader may check from the sequel, the higher order polynomials F}, for p > 4 cannot be
determined explicitly since this would require stronger information on the reduction map ® (or,
equivalently, on W) at the linearization point than we actually have according to Proposition [7l

Denote by (-, -) the L?(M, g )-pairing and, without further discussion we refer to Section 2l for
the notation concerning differentials and gradients. First, we will show that Fj(v) = F>(v) = 0.
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To check this, notice that DF(w)[v] = DY(¥(w)) [D¥(w)[v]]. Thus, DF(0) = 0 as DY(1) =
as 1 is a critical point of the Yamabe functional (by assumption, go, € CSC;) and of course
U(0) = 1. Therefore, I} = 0. Similarly, D?F(w)[v,u] = D?*Y(¥(w)) [D¥(w)[u], D¥(w)[v]] +
(DY(¥(w)), D*¥(w)[v,u]) . When setting w = 0, ¥(0) = 1, DV¥(0) = Id, and

D*F(0)[v,u] = D*Y(1)[u,v] + (DY(1), D*¥(0)[v, u])
= —2(N = 2)(Loou,v) + (DY(1), D*¥(0)[v, u]) .
As before, the second term vanishes. The first term vanishes because v is in the kernel of the
linearization of L., by assumption.

As observed in [I, Remark 1.19], one may explicitly compute F3, without explicit knowledge of ¥
(and this is what typically makes ASs simpler to check than AS, with p > 3 in explicit examples).
We will use this observation and check that to compute D3F(0), one may in fact compute D3F(0)
where I : Ag — R is defined by F'(v) = V(1 +v). We first compute D3F:

D’F(w)[v,u, z] = D*Y(¥(w))[D¥ (w)[v], DY (w)[u], DV (w
+ D?Y(¥(w))[D*¥ (w)[u, 2], DY (w)[v]
+D?Y(¥(w))[DY (w)[u], D*¥ (w)]v, 2]
+ D?Y(¥(w))[DY (w)[2], D*¥(w)[v, u]

+ (DY (¥ (w)), D*T(w)[v, u, z]) .
Setting w = 0, and using similar considerations as before (in particular noting that D?Y(1)[-] is self-
adjoint), we obtain D3F(0)[v,u, 2] = D?’y(l)[y, u, 2]. Performing the same computation for D3F(0)
yields the same result Next We compute D3F(0). Recall from Section 2 that the differential of the
Yamabe energy is Dy = [u[-(N+2)Ag w+ Ry w— rwazgoowN_l] vdVy,. . The first
two terms are linear in w, so when computing the third derivative of ) at 1, they will vanish.
Let us then concentrate on the third term. Because r,~-2, = J(w) we have already shown that

the first and second directional derivatives of this express1on in directions in Ay vanish at w = 1.
Hence, we see that the following expression holds:

)[2]]
]
]
]

D3Y()[u, z,v] = —=2(N — 1)(N — 2)ry.. /M uzvdVy,,,

for u, z,v € Ay, proving ().

In this final paragraph (contrary to the rest of this section) we will use the space-time C*® norms
on an interval (t,t+ 1) x M, as in Section [l One may observe that by repeating the argument
used above for w such that ||w —1||¢2.a < 1 it is clear that the C%® norm of D3Y(w)[v, u], regarded
(via the L?(M, go,) pairing) as a function on M, can be bounded by a uniform constant times the
C?® norm of u times that of v. More precisely,

(27) ID*Y(w)[u, v]l|go.c < Cllullzalfvllcz.a
for some uniform C' > 0. Furthermore, for w;, wg such that ||w; — 1|2« < 1 (for i = 1,2), we have
ID°Y(w1)[v,v] = D*Y(wa)[u, ul|coa < Cllwilloza + [wellcze)(lullgza + [olloza) lu = vllo2a

for some uniform C' > 0. These facts are used in the proof of Lemma [T6 and Proposition [I7

APPENDIX B. MONOTONICITY OF THE PERIOD FUNCTION

Here we review the proof of [7, Lemma 1.2] in our special setting. Recalling (23)), define the
“potential energy” U(u) = H/2 —v? = (%)2@]\[ — u?). Its absolute minimum in the range
(0,1) is attained at u = wuyo. Denote by Ag(t) = (u(t),v(t)) the solution of (20) with

Ag(0) = (uo,B) € Q, with 8 € [0,4/=U(ug)) (with \g = (up,0)). This solution intersects the
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u-axis at exactly two points that we denote by (z_(8),0) and (24(5),0) with z_(8) < z+(5).
Since v = du/dt, dt = dufv = du/\/m so the half-period 7(83)/2 of Ag(t) is given by
[ 9 du)JHB)Z = Uw) — [ du/\/H(B)]2— U(u), where H(S) = 282 + 2U(ug). Note
that U(z+(B)) = H(B)/2 = ﬁz + U(up), so differentiation in B gives g—g( +(B)ZL(B) = 28.
Thus, setting a = /U(u) — U(ug)/B3, gives 7(8)/2 = f01(2+ —z_) (Bt)
this formula is its simple dependence on 3: it suffices to show now that z+ — z_ is convex in
B € (0,\/=U(ug)) (note —U(up) = 5 (%)%) Geometrically, this means that the “width” of
the domains enclosed by the image of \g is convex as a function of their “height” 23. Differentiation
in B yields 24 (8)/2 = vr_2u [% U(uo))(zi(ﬂ)) L’Hoépital’s rule applied twice immediately gives
(using that limg_,0 24 (8) = up and U'(ug) = 0) limg_o 2%(8)/2 = —U"(ug)/3U"?(up) =: A < 0.
The convexity claim follows if 2/ (8)/2 > A > 2"(B)/2, for B € (0,4/=U(ug)). Since the sign
of U'(z4) (which is the sign of the denominator of 2/ ) is £, both inequalities follow if F(u) :=
U 20" (U~U (ug))—AU" > 0onu € (0,1). Now, U (u) = (ﬁ)z(N(N—l)uNd—m is negative

on (0, (m)ﬁ) C (0,1); s0, as U" > 0, F' = —2U" (U — U(up)) — 3AU?U" <0, i.e., F does

. The advantage of

1
not increase in that range. Thus, is suffices to show that F' > 0 in ((m) N=2 1). In that regime

(where U” > 0), consider the function H := F/U"”, and compute H' = U;,,U;” [A(U' 30" /U™ —1].

Denote the expression in the brackets by K and note the sign of H equals the sign of K. Now

K = A<U” - 6U”UW§JT,;°’2U””U”2), or K' = Uf,],;, < — 50" + 3U””U”), whose sign is opposite the

sign of the expression in the paranthesis, that we denote by L. But L = —3(U ”)% (u” )_%)//, and

(U”)-% is seen to be convex on ((m)ﬁ 1); thus K’ > 0 there (as U” > 0 there). Now, K

vanishes at ug, so K >0 and H' > 0 on (ug,1). But F(ug) = H(ug) =0,s0 H >0 and F > 0 on

(ug,1). Further, K must be negative on (( 2 )ﬁ,uo) (as K' > 0 on (m)ﬁ,l) while
1

K(up) = 0). Thus H < 0 on ((

m) z,uo), so H is nonincreasing there; but H(ug) = 0, so

1

we must have H > 0 also on ((m) *Z,uo). In conclusion, F' > 0 on (0, 1), as desired.
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