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Abstract

In the present article, we consider a thermoelastic plate of Reissner-Mindlin-Timoshenko type
with the hyperbolic heat conduction arising from Cattaneo’s law. In the absense of any additional
mechanical dissipations, the system is often not even strongly stable unless restricted to the ro-
tationally symmetric case, etc. We present a well-posedness result for the linear problem under
general mixed boundary conditions for the elastic and thermal parts. For the case of a clamped,
thermally isolated plate, we show an exponential energy decay rate under a full damping for all
elastic variables. Restricting the problem to the rotationally symmetric case, we further prove
that a single frictional damping merely for the bending compoment is sufficient for exponential
stability. To this end, we construct a Lyapunov functional incorporating the Bogovskii operator
for irrotational vector fields which we discuss in the appendix.

MOS subject classification: 35L55; 35Q74; 74D05; 93D15; 93D20

Keywords: Reissner-Mindlin-Timoshenko plate; hyperbolic thermoelasticity; second sound; exponen-
tial stability; rotational symmetry

1 Introduction

Let Q C R? be a bounded domain with a boundary I' := 9. We consider a thermoelastic Reissner-
Mindlin-Timoshenko plate of a uniform thickness A > 0 such that its midplane occupies the domain 2
when being in a reference state free of any elastic or thermal stresses. The heat propagation is modeled
by means of the Cattaneo’s law (viz. [5]). With w denoting the vertical displacement of the midplane,
¥, @ the after-bending-angles of vertical filaments being perpendicular to the midplane in the reference
state, 0 the thermal moment and ¢ the moment of the heat flux, respectively, the symmetrized form
of Reissner-Mindlin-Timoshenko equations reads as

P1Ws — K(wl‘l + ¢)£B1 - K(wm + @):BQ in x £
Ptht - (wxlarl 2 T2X2 + I;u@xlmz) + K(w + w$1) + ’Yeﬂil =0in

(0, 00)
(0,00) x
P20t — D(Puyzs + 5200101 + 5E010,) + K (9 + wyy) + 70z, = 0 in (0,00) x
(0,00) x
(0,00) x

)

)

P30y + Kdiv g + B0 + v(Ytay + Ptay) =0 in
709t + 0qg + kKVO =0 in

)
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A physical deduction of the model can be found in [26] Kapitel 1]. See also [I7, Chapter 1| for the
case of purely elastic Reissner-Mindlin-Timoshenko plates or thermoelastic Kirchhoff-Love plates with
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parabolic heat conduction. Note that, in contrast to the heat equation in uniformly thick bodies,
[0-term naturally arises in the model since 6 is the thermal moment and not the temperature.

Structurally viewed, Reissner-Mindlin-Timoshenko Equations (LI)-(3) can be interpreted as a 2D
Lamé system (L2)-(L3) for the filament angles (v, )" coupled to the wave equation (LI for the
bending component w and the Cattaneo system ([L4)—(L3]) for the thermal moment 6 and the moment
of the heat flux ¢. Since neither mechanical, no thermal dissipation due to the lack of a direct coupling
to the Cattaneo system is present in Equation (LIJ), one expects the decay properties of (LI])—(LH)
to be not better than those of classical or hyperbolic 2D thermoelasticity. The latter have been
investigated by numerous authors. Whereas the thermal dissipation arising from the parabolic heat
equation leads (with “few” exceptions) to the strong stability when coupled with a Lamé system in
a bounded domain of R™ — as shown by Dafermos in [6], no uniform decay can usually be expected
(cp. [20]). Reducing the problem to the case of rotationally symmetric solutions, Jiang and Racke [14]
Theorem 4.2| showed an exponential decay of the second-order energy, also in the nonlinear situation
(cf. |14} Theorem 7.3]). A similar result was latter obtained by Racke in [28] for the linear 2D and 3D
hyperbolic thermoelasticity.

As a matter of fact, Reissner-Mindlin-Timoshenko plates and Timoshenko beams have a certain de-
gree of similarity with Kirchhoff-Love plates and Euler-Bernoulli beams. The latter also describe the
bending of an elastic plate or a beam under the assumption that the linear filaments remain perpen-
dicular to mid-plane even after the plate’s deformation. This model can be shown to be a limit (in a
certain sense) of the Timoshenko model as the shear correction factor K — oo (cf. [I6]). Numerous
mathematical results on Kirchhoff plates are known in the literature. In his monograph [16], Lagnese
studied various boundary feedback stabilizers furnishing uniform or strong stability for the Kirchhoff-
Love plate coupled with a parabolic heat equation in a bounded domain with or without assumptions
on the geometry. Avalos and Lasiecka exploited further in [I] a multiplier technique, interpolation tools
and regularity results to obtain exponential stability of a thermoelastic Kirchhoff-Love plate without
any additional boundary dissipation in the presence or absense of rotational inertia. Another impor-
tant development in this field was made by Lasiecka and Triggiani (see, e.g., [19]) who showed the
analyticity of underlying semigroup for all combinations of natural boundary conditions. Implying the
maximal L2-regularity property, this became an important tool for studying nonlinear plates, e.g., the
von Kéarman model, which was done by Avalos et al. in [2]. It should though be pointed out that this
approach is not directly applicable to the case of coupling with the hyperbolic Cattaneo’s heat conduc-
tion system which destroys the analyticity of the semigroup. Nonetheless, in an analogous situation of
a partly hyperbolic systems such as the full von Karman one, Lasiecka [I§] obtained the existence of
weak and regular solutions and showed their uniform stability in the presense of a mechanical damping
only for the solenoidal part for the in-plane displacements. A similar study has then later been carried
out in [3] by Benabdallah and Lasiecka for the full von Karman model incorporating rotational inertia.

Turning back to Reissner-Mindlin-Timoshenko plates, we once again refer to the monograph [16] of
Lagnese in which he addressed the question of uniform (in particular, exponential) and strong sta-
bilization of purely elastic plates by the means of boundary feedbacks. For the following choice of
stabilizing feedbacks on a portion I'y # () of the boundary

w=1=p=0 1in (0,00) x I,

K(8 + 19 + vap) = my in (0,00) x I'y,

D1, + 11Pay + 52 (Vs + Py )v2) = ma in (0,00) x T,
D(Vapa, + 2ty + 52 (e + @ay)v1) = mg in (0,00) x T,



the purely elastic Reissner-Mindlin-Timoshenko plate
prwy — K(wg, + 1)y — K(wgy + @)z, =0 in

(
ptht - D(wmlxl + 1_TM’IJZ)ZL'QZL'Q + HTMSD:BL’L'Q) + K(¢ + w:lil) + 79331 + dﬂ/)t =01in (
P21t — D(Pagey + kTﬂ(lexl + HTﬂwmwz) + K (¢ + wgy) + Y02, + d2py = 0 in (0,

) %
) %
00) X

was proved to be strongly stable (i.e., the energy was shown to vanish as t — o0) if I'y # & und
(m1,ma,m3) = —F(wg, ¥y, p¢)" where F € L>®(I';,R3*3) is a symmetric positive semidefinite matrix
function which is additionally positive definite on a connected nontrivial portion of I'y, etc. Under the
geometric condition stating that (2,9, ') is “star complemented—star shaped” and some additional
assumptions on [, even uniform stability has been shown.

0,00
0,00

Similar results were also obtained by Munoz Rivera and Portillo Oquendo in [23] auch for the boundary
conditions of memory-type

w=1=¢=01in (0,00) x Iy,

t
w —i—/ g1 (t — S)K(%—f + 119 + o) (s)ds = 0 in (0,00) x I'y,
0
t
(0 +/0 gl(t - S)D(Vlwm + p1pg, + PT“(wm + (le)(s)ds =01in (0,00) x I't,

¢
o+ / 91(t — 8)D(vops, + prothy, + %(1/@2 + ¢z )v1)(s)ds = 0 in (0,00) x 'y
0

with exponential kernels g1, g2, g3.

In [7], Fernandez Sare studied a linear Reissner-Mindlin-Timoshenko plate with a damping for both
angle components

prwe — K(wzy + ), — K(wg, + @)z, = 0 in (0,00) x Q, (1.6)
p2¢tt - D(¢$11’1 + 1_5&¢x2x2 + 1_—’2—&90331332) + K(T/) + wl’l) 7911 +d1Yy =0 in ( ’OO) x €, (17)
P2Pte — D(‘Pmm + PTH‘:OJCNM + HTuwmm) + K((P + wﬂﬁz) '76002 + dQ@t =0in ( ) x . (1-8)

He proved that the system is polynomially stable under Dirichlet boundary conditions on all three
variables. For a particular choice of boundary conditions in a rectangular configuration Q = (0, L1) x
(0, Lo), a resolvent criterion was exploited to show that the system is not exponentially stable.

Muitioz Rivera und Racke considered in [24] an nonlinear Timoshenko-beam coupled to a parabolic
heat equation

P1Ptt — U(‘p$7w)$ =0in (07 OO) X (07 L)7
p2¢tt - bwa:a: + k(‘ﬁx + ¢) + 7696 =0in (07 OO) X (07 L)?
p30y — KOy + y1h, = 0 in (0, 00) x (0, L)

subject to mixed boundary conditions ¢ = 1 = 0, = 0 or ¢ = ¢, = 0 = 0. Both in the linear case, i.e.,
o(r,s) = kr + s, and the nonlinear case, i.e., for a smooth stress function o satisfying Vo = (k, k),
V20 =0, but in the latter case only for sufficiently small initial data, the energy was shown to decay
exponentially if the condition 5t = £2 holds true. For the linear situation, this condition was even
shown to be necessary for the exponential stability. It should though be pointed out that the latter

proportionality condition, being mathematically fully sound, is physically not possible.

Surprisingly, this result could not be carried over to the case of Cattaneo heat conduction. Namely,



Fernandez Sare and Racke showed in [§] that the purely hyperbolic system

P1Pe — k(()@x + w)ar =01in (07 OO) X (07 L)? (1'9)

p2ts — blboa + k(pg + 1) + 702 = 0 in (0,00) x (0, L), (1.10)
P30 + Kqz + Y = 0 in (0,00) x (0, L), (1.11)

70t + 0q + k0, = 0 in (0,00) x (0, L) (1.12)

is not exponentially stable even under the assumption 48 = £2. This motivated Messaoudi et al. to
introduce a frictional damping for the bending component. In [22], they replaced Equation (L9) with
the damped equation

P1Ptt — U(@xﬂb)x + ppr =0 1n (O’OO) X (O’L)

for some g > 0. Under this additional mechanical dissipation, they proved that both linear and
nonlinear systems are stable under the boundary conditions ¢ =% =¢=0und ¢, =% =¢ =0
independent of whether the relation £t = £2 holds or not.

The impact of thermal coupling on the strong stability of a Reissner-Mindlin-Timoshenko plate has
also been studied by Grobbelaar in her papers [10], [II] and [12]. In [I0], the author considered a
stuctural 3D acoustic model with a 2D plate interface and proved a strong asymptotic stability for
the radially symmetric case. A similar result was later obtained in [I1] for a rotationally symmetric
Reissner-Mindlin-Timoshenko plate with hyperbolic heat conduction due to Cattaneo. To this end,
both articles employed Benchimol’s spectral criterion. The arguments can be directly carried over to
the case of classical Fourier heat conduction being a formal limit Cattaneo’s system as the relaxation
parameter 7 — 0. In her recent article [I2], Grobbelaar proved a polynimal decay rate of /% in
the rotationally symmetric case for the Reissner-Mindlin-Timoshenko system coupled to the classical
Fourier heat conduction under Dirichlet boundary conditions on w and 6 as well as free boundary
conditions on ¥ and (.

In the present article, we consider the linear Reissner-Mindlin-Timosheko plate equations (LI)—(LE5)
in a bounded domain. The paper is structured as follows. In the first section, we exploit the semigroup
theory to show that the initial-boundary value problem (LI)—(LE) subject to corresponding initial
conditions as well as homogeneous Dirichlet and Neumann boundary conditions on both elastic and
thermal variables on different portions of the boundary is well-posed. In the second section, we prove
the lack of strong stability for this problem provided I' is smooth for a particular set of boundary
conditions. We further show that a mechanical damping for all three variables w, ¢ and v leads to
an exponential decay rate under Dirichlet boundary conditions for the elastic and Neumann boundary
conditions for the thermal part of the system. Restricting the domain 2 and the data to the rotationally
symmetric case, we prove that a single mechanical damping on w is enough to exponentially stabilize the
system. This is a generalization of Messaoudi’s et al. stability results from [22] to a multi-dimensional
situation. In the appendix, we finally present a brief discussion on Bogovskii operator for irrotational
vector fields and show its continuity.

2 Existence and uniqueness of classical solutions

In the following, unless specified otherwise, we assume the boundary I' to be Lipschitzian and satisfy
I =T1Ul'y=T3Ul'ywith'y # @, I'1NI'y =0, 3Ny =@ and 'y, k = 1,...,4, being relatively open.
Let the plate be clamped at I'y and hinged at I's. Further, let it be held at the reference temperature



on I's and be thermally insulated on I'y. Then, the boundary conditions read as

w=1 =¢=0on (0,00) xI'y, (2.1)

K(%—‘l‘j + 119 + v99) = 0 on (0,00) x I'y, (2.2)

D1y, + p1pz, + lfT“(i/)m + @z, )v2) —¥0v1 = 0 on (0,00) x I'y, (2.3)
D(vopg, + pothey, + 1_7“(%;2 + gy )1) — Y09 = 0 on (0,00) x Iy, (2.4)
6 =0 on (0,00) xI's, (2.5)

g-v=0on (0,00) x I'y, (2.6)

where v = (v1,15) denotes the outer unit normal vector to I' and (-)" stands for the usial matrix
transposition.

Using the standard notation from the Theory of elasticity (cf. [14, p. 8|), we introduce the generalized
gradient and the corresponding boundary symbol

81 0 121 0
D = 0 0 |, N:= 0 v |,
82 31 Vo9 11

respectively. With this notation, we can easily conclude

1— 1
D < wl‘ll‘l + 1TM1/}1‘21‘2 + JTMQOmlxg > _ DISD’U
Prozo + _2&9033112 + _2&1%31332

1—
D ( Vlwxl + p1o, + j(zpaﬁz + (le)VQ ) _ N/SDU,
VZ()OIIQ + MV2¢$1 + T(wxg + (le)Vl

where v := (¢, )" and

With p satisfying p € (—1,1), the symmetric matrix S is positive definite since o(S) = {DSE, D(1 —
w), D(1+ p)} due to the fact

det(S — \I) = (D52 — N)((D — \)? — 42D?) = (D54 — A\)(D — A\ — uD)(D — A + uD).

By the virtue of physical condition p € (0, %), the latter is not an actual restriction. Throughout this
section, we assume S to be an arbitrary symmetric, positive definite matrix, i.e., S € SPD(RR?).

With the notations above, Equations (LI)-(LH) can be equivalently written as

prwy — Kdiv (Vw 4+ v) =0 in (0, 00) X 2, (2.8)
p2vy — D'SDv + K (v + Vw) +vV0 =0 in (0,00) x €, (2.9)
p30; + kdiv g+ 0 + vdive, = 0 in (0, 00) x €, (2.10)
T0¢t + 0q + kVO =0 in (0,00) x Q (2.11)
with the boundary conditions (ZI)—([2.0) transformed to
w = |v] =0 on (0,00) x I'y, (2.12)
(Vw+v)-v=0o0n (0,00) x I'g, (2.13)
N'SDv —40v =0 on (0,00) x Ig, (2.14)
6 =0on (0,00) x I's, (2.15)
q-v=0on (0,00) xI'y (2.16)



and initial conditions
w(0,-) = w?, we(0,) = wh, v(0,-) = WY, ve(0,+) = vt 0(0,-) = 0°, q(0,-) = ¢, (2.17)

where 19 = (10, oY), v = (1, o1

2.1 Well-Posedness

We further exploit the semigroup theory to obtain the classical well-posedness of Reissner-Mindlin-
Timoshenko equations. To this end, we transform Equations (Z8)—(2ZI7) into the Cauchy problem
—V(t) = AV (t) fir t € (0, 00),

V(0)=V°

on a Hilbert space H. According to [25] Theorem 1.3], the latter is well-posed if and only if A is an
infinitesimal generator of a strongly continuous semigroup on .

We set V' := (w, v, wy, vy, 0,q)" and formally define the differential operator

0 0 1 0 0 0
0 0 0 1 0 0
A ! KA Kdiv 0 0 0 0
' —~KV D'SD-K 0 0 -V 0
0 0 0 —~vdiv —p8 —kdiv
0 0 0 0 -,V =0

with p := diag(1, 1, p1, p2, p3, 70). To introduce the functional analytic settings, we consider the Hilbert
space
M= (Hp, ()% x (L2(Q))° x (L2 (9))°

equipped with the scalar product
(VW o= pr (V2 W) 129y + p2 (VL W) (12(0)2 + K(VV + V2 VW + W?) (12(0)2+
(DV?,SDW?) (12 + p3(V>, W) (122 + 70V, W) 2.
Here, we define for a relatively open set I'g C T’
HE () = ol ({u € C®(Q) [supp(u) NTo =0}, || - |51 ()) -

Note that due to the Lipschitz continuity of I', there exists a linear, continuous operator 7: H'(2) —
HY2(I"). Thus, the notation u|p, = 0 is also legitimate.

The following theorem implies that (-, )3 is equivalent with the standard product topology on H, i.e.,
H is complete. The proof is a direct consequence of an analogous result in [I7] (cf. also [2I] for the
case of domains with a strict cone property).

Lemma 1. There exist constants Cx 1,Cx 2, Cic > 0 such that

Creallvll oz < IVSD| 12y < Cr2llvllm o)

and
H\/§DUH?L2(Q))2 + K[[Vw + UH%L2(Q))2 2 C’C(HUH%Hl(Q)P + HwH%{l(Q))

holds for any (w,v) € (H (Q))>.



We introduce the operator
A: D(A)CH —H, V+— AV,

where

D(A)={V € H| AV € H,V satisfies the generalized Neumann boundary conditions (2.I8])—(220) }
={VeH|V V® e H] ),V Ve (H} ) AV € L*(Q),DTSDV? € (L*(9))?,
V® e HE,(Q),divV° e L*(Q),
V satisfies the generalized Neumann boundary conditions (2ZI8])-(220]) }

with the generalized Neumann boundary conditions given by

(AVE+div V2, d) o) + (VV 4+ V2, V) (12(q))2 = 0 for all ¢ € Hy () (2.18)
(DTSDV? —yVV?, ) 122 + (SDV, D) 1210y
—y(V®,div ¢) 120y = 0 for all ¢ € (Hf, (€2))* (2.19)

(div VO, é) 20y + (VE, V) (12()2 = 0 for all ¢ € Hp, (). (2.20)
Obviously, D(.A) is a linear subspace of H.
Thus,
Vi=AV, V(0)=V° (2.21)
is a generalization of (2.8))—(21I7) since any classically differentiable solution to (2.8)—(2I7) solves the

abstract Cauchy problem (Z2I). Here, VY := (w?, 0%, w!, v!,0° ¢") is assumed to be an element of

D(A).

The following theorem characterizes A as an infinitesimal generator of a strongly continuous semigroup
of bounded linear operators on H.

Theorem 2. The following statements hold true for A.

1. D(A) is dense in H.
2. A is a closed operator.
3. im(A — A) =H for any A > 0.

4. A is dissipative.
Proof. 1. The fact that D(A) is a dense subspace of H is a direct consequence of the inclusion
(C>®(Q)? NH c D(A).
Note that the generalized Neumann boundary conditions (2.I8))—(220]) are satisfied per defintion.

2. The proof of the closedness of A is also standard. We select an arbitrary sequence (V},)nen C
D(A) such that V,, — V € H and AV,, - F € H as n — oo and show that V € D(A) and
AV = F (cf. [26] for the case I'y =T's = 0).

Taking into account ((L?(£2))?)" C H’, the strong convergence in H implies the weak convergence
in (L?(Q2))?, i.e.,

<AVn, ¢>(L2(Q))9 — (F, (I)>(L2(Q))9 as n — oo
for any ® € (L*(Q))°. With a proper selection of ®, the problem can be projected onto a
corresponding component. The proof will be made by means of a proper selection of ®.



There generally holds for V € D(A)

V3
V4
KAV + KdivV?
—KVV! 4+ D'SDV? - KV? —AVV?
—~div V4 — BV — kdiv VO
—kVV? — V6

AV =pt

We consider the following cases:
i) First, we select ® = (¢,0,0,0,0,0)’, ¢ € H{ (Q) to obtain
(FL )2 () = (F, @) 2y + (AVi, @) 120 = 2= (Vies ) 12(0) = (V> 02
Therefore, —V3 ! ie, (AV)! = F!. Taking into account F' € H} (Q), we conclude
V3e Hlll(Q)
i) Letting ® = (0,¢,0,0,0,0), ¢ € (Hf (), we similarly get (AV)? = F? und V* €
(Hf, ()%
iii) Further, we choose ® = (0,0, ,0,0,0)", ¢ € H%l(Q) This yields
(F?,0)12() ¢ KAV, + Kdiv V7, 6)12(0
= — E(VV,, Vo) 2 + (Kdiv Vi, d) 120
—>p—[f<VV1, Vo) (1202 + (KdivVZ,6) 12

implying AV?! € L?(Q) and - (KAV1 + KdivV?) = F3 ie., (AV)3 = F3
iv) For ® = (0,0,0,0,0,9)", ¢ € (H%B(Q)) , we obtain

(F°,0) (12 ()2 = (—KVV, = 3V,0, ) L2(Q £V, div §)r20) — 2 (Vi d)(12(9)
<V5 div ¢) 120y — ( ,¢>(L2

Hence, V° € H}, () and %(—/{VV5 —6V0) = Fb e, (AV)6 =
v) Selecting now ® = (0,0,0,¢,0,0), ¢ € (H} (€2))?, we find

(F*, ) (12 ()2 L(—vanl +D'SDV;? — KV} = yVV2, 6) (12(0))2
(SDV,, Do) (1203 + o5 (K VYV, = KV =9VV,), 6)(12(q))2

K
P2
K(SDV Do) (r2@) + o < KVV! — KV? —yVV?, ®)(12(Q))2-

Thus, D'SDV? € (LX(Q))? and L (~KVV! +D'SDV2~KV?—7VV%) = F4, ie., (AV)* =
F*,
vi) Finally, we let ® = (0,0,0,0,$,0) mit ¢ € H%S(Q) and deduce
(F?, ) p2(q) 55 (—ydiv V) = BV — kdiv V2, 6) 12(q

=2V, Vo) 12(0) — 7 (Vdiv V! + BV, 6) 2o

—>£<Vf, Vo)ra) — p—lexﬁdiv Vi + BVO, ) 120
implying that divV® € L?(Q) and é(—’ydiv V4 — BV — kdivV%) = F? hold true, i.e.,
(AV)> = F°



There remains to show that V satisfies the generalized Neumann boundary conditions (ZI8])—
[220). To this end, we proceed as follows.

i) Let ¢ € H%I(Q) Then
(AVE+div V2, d) 2 (q) (A, +div V2 ¢)12q)
= —(VV) + V2, V) 22 = (VV + V2, Vo) (12(0))2-
ii) For ¢ € (H} (€))%, we get
(D'SDV? —AVV°, ¢)(12(0))2 «(D'SDV;} = yVV;2, 6) (1202

= — (SDV;?, D) (12())2 + ¥{Vi7, div ) 12(q)
— — (SDV?,D¢) (12(0)2 +7(V°, div @) 12()-

i117) Choosing an arbitrary ¢ € H%B(Q), we finally obtain

(div VO, @) r2(0) «(div Vi, 8) (12022 = (Vit, V) r20) = —(V°, V) (12(0))2-
Alltogether, we have shown that A is a closed operator.
. Next, we show im(\ — A) = H for all A > 0. To this end, we prove that the equation
A-AV =F (2.22)

is solvable for any F' € H. Since D(A) is a dense subset of H and A is closed, we can select
F € D(A). Thus, for F' € D(A), we are looking for solutions of
AVE—v3 = FY
A\VZ_vi = F?
AV — KAV — KdivV? = p F3,
AVA 4+ KVVI —D'SDV? + KV? +4VV? = po F?,
AP 4 4div VA + BV + kdiv VE = ps FP,
AV + kVV? 4+ 6V0 = 7 FS.

To eliminate V3, V4, we substitute
V3 =\VI—-F! Vi =V2 - F2 V6 — %M(—Favvf’—i—mFﬁ)

and obtain

AMA+d)VE— KAV — KdivV? = Gy,

NV2 L KVVE - D'SDV? + KV? +4VV® = Gy, (2.23)
AV 4 andiv V2 + BV° — B AVE = Gy

with

G1=p1F? + AF', Go=poF' + \F?, G3 = p3F® + ydiv F? + 25 div FO.

To solve the elliptic problem ([Z23]), we exploit the lemma of Lax & Milgram. We consider the
Hilbert space
V= Hi, (@) x (Hp, () x Hi, ()

9



equipped with the standard norm and introduce the bilinear form a: V x V — R via
a(V,W) =23 (VE W) 12 0) + X2 (VW) (120002 + (A + BV, W) 12(q
KXVV 4+ V2 YW+ W?) (1202 + MSDV?, DW?) 121y + (2.24)
T (VVE, VW) (1202 + YMVVE, W) 120y + Y AMdiv VW) 12 ().
After multiplying the equations in ([Z23) scalar in L?(2), (L?(2))? and L?(Q) with AV, AV?2

and V3, respectively, summing up the resulting equations and performing a partial integration,
we obtain a weak formulation of Equation (Z23) in the form: Determine V' € V such that

a(V,W) = MG W 2q) + MG*, W) (12002 + (GF, W) 120

for any W € V.

The bilinear form a is continuous and coercive on V due to the boundary conditions and the
Korn’s inequality from Theorem [Il The functional

VoW )\(Gl, W1>L2(Q) + )\<G2, W2>(L2(Q))2 + <G3, W5>L2(Q)

is linear and continuous on V. Applying now lemma of Lax & Milgram, we deduce the existence
of a weak solution V' € V to (224 which, in its turn, solves (Z23)), too.

Letting

VE=avi— P V= AVE - P2 VO = 5(—kVV° + 7 FP),

we conclude that V = (V1 ... V) solves Equation (222).

Thus, we have shown that D(A) C im(\A — A). Since D(A) is dense in H and im(.A) is closed in
H, we finally obtain im(\ — A) = H.

O

We can now apply the theorem of Lumer & Phillips to the Cauchy problem (221]) to obtain the
following existence result.

Theorem 3. Let Vy € D(A). There exists then a unique classical solution to Equation (Z21) satisfying
V e C!([0,00), 1) NCO([0,00), D(A)).
Moreover, if Vo € D(A®) for a certain s € N, then we additionally have
Ve [)C"([0,00), D(ATF)),
k=0

where D(A®) := H.

3 Exponential stability

In this section, we study the stability properties of Equations (2.8])—(2I1]) subject to Dirichlet boundary
conditions for the elastic part and Neumann boundary conditions for the thermal part in two situations.
First, we look at the case of a frictional damping on all elastic variables. Second, we restrict ourselves to
the rotationally symmetric situation but retain only the frictional damping for the bending component
w.

10



R3><3

For a number d > 0 and a symmetric, positive semidefinite matrix D € , we consider thus the

problem
pwy — Kdiv (v + Vw) + dwy = 0 in (0, 00) x Q, (3.1)
povy — D'SDv + K (v + Vw) + V0 + Dv, = 0 in (0,00) x Q, (3.2)
p30; + kdiv g+ 6 + ydivo, = 0 in (0,00) x €, (3.3)
Toqt + 0q + kVO =0 in (0,00) x Q (3.4)
subject to the boundary conditions
w = |v| =0o0n (0,00) x T, (3.5)
g-v=0on (0,00) xT
and the initial conditions
’I,U(O, ) - U)O, wt(07 ) - U)l, U(Oa ) — an Ut(07 ) - U17 0(07 ) - 007 Q(07 ) = q07 (37)

Despite of the notation abuse, the matrix D € SPD(R?) should not be confused with constant D > 0
consituting the matrix S. The natural first order energy associated with (BI)-(34) reads as

E(t) = B lwillF 20+ B villf Loy +3 IV SDUIF 2 0y +5 04+ Vwllf 2 e+ 210172 0)+ 3 Nall 202

3.1 Full mechanical and thermal damping

First, we address the case of a full mechanical and thermal damping, i.e., d > 0, D € SPD(R?), 3 > 0.
Analogous results for the equations of thermoelasticity with a mechanical damping were proved by
Racke in [27] for the case of parabolic heat conduction and by Ritter in [29] for the case of hyperbolic
heat conduction due to Cattaneo.

Theorem 4. Let the parameters satisfy pi, p2, p3,70, K, k,6,v,d > 0,8 > 0, S € SPD(R?), D €
SPD(R?). There exist then positive constants C and o such that

E(t) < CE(0)e 2t

holds true for all t > 0. The latter depend neither on the initial data, nor on t and can be explicitely
estimated based on the parameters and the domain €.

Proof. To prove the theorem, we want to construct a Lyapunov functional F. Multiplying Equations
1) and B3) in L(Q) with w; and 6, respectively, as well as Equations (32) and (4] in (L%(Q))?
with vy and ¢, respectively, and exploiting the boundary conditions ([B.1), (3.0]), we find after a partial

integration
0E(t) < d/ wide — A / v dx—ﬁ/ 02dx—5/ |q|?da (3.8)

with A := mino (D) > 0 denoting the smallest eigenvalue of D. The function F has thus to be con-
structed in a way such that 0;F contains a negative multiple of £, in particular, the terms fQ |Vwl|?dz,

Jo |V SDv|?dz and [, |0|>dz. We define

Fi(t) :== pl/wtwdx, Fo(t) == pl/ vy - vdx
)

Q

11



with - denoting the standard dot product on R? and exploit Equations (3.1, (82) und B3) to find
after a partial integration

O F1(t) = /Q(Kdiv (Vw + v) — dwy)wdz + py /wadm

= / —K(Vw +v) - Vwdz — dwgw + pywide,
Q
O Fa(t) = /(D'SDU — K(v+ Vw) =V, — Dv;) - vdx + ,02/ EARSE
Q Q

_ / —|VSDu|* = K (v + Vw) - v+ v8;div v — Dvy - v + palvg*da.
0

Using now Young’s inequality, the first Poincaré’s and well as Korn’s inequality, we can estimate for
arbitrary e, > 0 the functionals in (39)) as follows:

OFi(0) < [ ~KIVul + £I9uf + Kol + §0? + (3 + pr)utde
§/Q—(%——QLE)\Vw\Q—i-%]vlz—i-(2—5+p1)wfdx,
K(1+€' .
0T (t) < /Q—yﬁmy? — Klof2 + KD o2 1 w4 2 fdiv of?

(3.10)

+21692_|_ ||D||6|v|2 (||D|| +,02)|Ut| dz

Ke' +[ D) 2 K 2 2
< [0 s~ P VEDOR £+ ity T
+ 107 + (”D” + p2) v *d,

where C'p denotes the Poincaré’s constant and Ci 1 stands for the Korn’s constant from Lemma[Il We
let
F(t) := Fi(t) + Fa(t) + NE(t)

and combine Equations (B.8) and (BI0) to obtain
OF(t) < th/wtdeert/ \vt]2dx—i—C,9/ vﬂfdx+(}q/ |q|?da+
Q Q Q Q

CW,/ \Vw\dwrcﬁm/ IV SDv|*dz,
Q Q

where
Cuy = Nd— L + py, Cp = Nx— 121y ) —
Cg:Nﬂ—%—i-pg, Cq:]\f(')-7 (3.11)
_ K K Cpd _ Ke' (1D
Cyw = [7 o 2(1+5’)] -3 = C\/EDU - [1 o 20,21] o V2C,C,1 =

Now, we select £/ > 0 to be sufficiently small such that the terms in the brackets from Equation (BI1))
become positive. Further, we fix a small £ > 0 to assure for C'y,y > 0 and C /55, > 0. Finally, we pick
a sufficiently large N > 0 such that all constants in (B.I1]) become positive. Thus,

Cmin = min{th, Cvm C@, an CVU)? C\/gDy} > 0.
Using now the Korn’s inequality from Lemma [I we obtain

min {l,C;c }
n’lax{l,pl,pg,pg,TO}

O F(t) < —2Cmin - E(t) = —CE(t). (3.12)
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Taking into account

max 4 1,p1,p2 N
7+ F))] < mlbenmbeq) e

we conclude

BIE() < L(t) < Bo&(t) for t >0

with 81 = N —C, By = N+C. If neccessary, we increase N to make f3; positive. Gronwall’s inequality
now yields

C
E(t) < £L(t) < EE(0)e P2 = CE0)e ™ for all t > 0
with C,a > 0. This means that F decays exponentially. O

Remark 5. As a matter of fact, the constant 5 must be positive in physical settings. Assuming

/(90(11':0
Q

and using the functional Fy from the proof of Theorem [d, our arguments can easily be carried over to
the case 5 = 0. In contrast to Ritter’s approach in [29], no second order energy is required.

3.2 Lack of strong stability in smooth domains

To justify the necessity of a frictional damping for both w and v, we prove next that Equations (B1)—
([B1) even lack a strong stability for d > 0 and D = 0 when considered in a bounded domain 2 with a
smooth boundary I'. In this case, the domain {2 contains a ray of geometrical optics perpendicularly
reflected from I' and one could theoretically perform constructions similar to those in [6] or [20] to
prove a non-uniform decay rate even for a bigger class of domains. For simplicity, we restrict ourselves
to the case of a smooth boundary allowing for the definition of Helmholz projection. We will namely
show the imposibility of stabilizing the solenoidal part of v.

To avoid a trivial null space, we impose for simplicity the following boundary conditions:
w=|v]=0on (0,00) x T, (3.13)
6 =0on (0,00) xTI. (3.14)

It should though be pointed out that a similar result would also hold under any natural boundary
conditions on w, 6 and ¢ provided Dirichlet boundary conditions are imposed on v on the whole of I'.

Theorem 6. Let the boundary T be of class C* and let D = 0. Problem (31)-(34), (33), (313),
(5-14) is not strongly stable, in particular, not uniformly stable.

Proof. Equations BI)-B4), (1), BI3), BI4) can be rewritten in the evolution form. Theorem
yields then the existence of unique solution V = (w,v,wy,v4,6,q) given as an application of the

strongly continuous semigroup of linear bounded operators to the initial data.

Now, we want to select the initial data such that the solution component v remains solenoidal, i.e.,
dive = divey, = 0. Since I' is smooth, there exists the Helmholtz-projection (cf. [30])

P: (LX) = L3()
into the Hilbert space
L2(Q) = {u € (L*()?] (u, V)22 = 0 for all p € LL.(Q) such that Vi € (L*(Q))%}.

P is an orthogonal operator and L2(2) is closed.
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Applying the operator P to Equation ([32]) and exploiting the representation
D'SDv = D51 Av + DEEEVdivo,
we obtain an equation for u := Pv

P2y — DPT“PAu + Ku=0 in (0,00) x £,
u=0 in (0,00) x T, (3.15)
u(t") = Ug ‘= P’UQ, ut(t,‘) = Uy = PU1 in €.

Equation (3.I5]) has a strong resemblance to the Klein-Gordon-Equation with an unbounded selfadjoint
Dirichlet-Stokes-Operator DP/\. We define the operator

A: D(A) € LA(Q) — L2(Q), u+ DSEPAu+ Ku,

where

D(A) = (H*(Q) N Hy())* N L3 ().

It is known (see, e.g., [I5]) that the spectrum o(DEPA) of DPA purely consists of a discrete point
spectrum

o(D55EPA) = 0, (DI PA) = (| k € N}

with the eigenvalues A\, £ € N, of finite multiplicity satisfying 0 < A\; < A\ < A1 — 00 as k — oo.
Hence, 0(A) = 0,(A) = {p | k € N} with p, = A\, + K for k € N.

Let v* € 0(A) and let u* € D(A) be the eigenfunction corresponding to v* with [[u*[|z2(q)2 = 1. We
set ug := u*, w1 := 0 and find that

u(t) := cos (\/gt)v*, t eR,

is a solution of ([3.I5]). The energy associated with u reads as

51(t) = p2||th(L2(Q))2 + DHVUH(LQ(Q))Q =* COS2 (\/Z—ft) + Dv* COS2 (\/Z—ft)
=v*(1+ D) cos? (\/Z::t) - 0 for t — oo.

Thus, (w,v,0,q) = (0,cos (,/’;—;t)v*,0,0)’ is a solution of the original problem BI)-B7), BI3),
(BI4) for the initial conditions
w=w=0, =u"0l=0 06°=0 ¢"=0,

which satisfies

E(t) = pallvellr2 ()2 + Dvalu%LQ(Q))Q + DHVUQH%LQ(Q)P + DHT“”diVU”%%Q)
= p2llvell 22 + DIVULlltzyz + DIIVealltiaqyz = Ei(t) = 0 for t — oo,

where v = (v1,v2)". Hence, £ does not decay. O
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3.3 Exponential stability for rotationally symmetric plates

As we have seen before, a single frictional damping for w is not sufficiently strong to stabilize a
thermoelastic Reissner-Mindlin-Timoshenko plate (BI)—([34]) for general data. Motivated by Racke’s
result in [28], we reduce the problem to the rotationally symmetric case making thus the vector field v
irrotational. Though arguments similar to those of Jiang and Racke in [14, Theorem 4.2] and Racke in
[28] made for the system of classical or hyperbolic thermoelasticity could be adopted in our case, we
decided to propose our own approach incorporating the Bogovskii operator and, to some extent, being
a generalization of the method applied by Messaoudi et al. in to a one-dimensional Timoshenko-
beam. In addition to its technical novelty, a direct benefit of our approach lies in the fact that we only
need to consider a first and not a second order energy. We would like to mention that the spectral
approach of Grobbelaar (cf. [I1] [12]) seems also to be applicable to our problem. At the same time,
we do not require the assumption of simple connectedness on €.

We study Equations (BI)—(34]) subject to the boundary conditions

w=|v]=0on (0,00) x T, (3.16)
g-v=0on (0,00) xT (3.17)

and the initial conditions
w(0,-) = w?, we(0,) = wl, v(0,-) = WY, ve(0,+) = vt 0(0,-) = 09, q(0,) = q. (3.18)

For the solution given in Theorem [3] we assume the vanishing mean value for

/ Odz =0 in (0, c0) (3.19)
Q
as well as the vanishing rotation for v

rotv = dhvy — O1v2 = 0 in (0, 00). (3.20)

Theorem 7. Let Q C R? be a rotationally symmetric bounded domain. Let the parameters satisfy
01, P2, P3, 70, K, K, 0,v,d >0, B >0, D =0 and the matriz S come from Equation (27). Further, let
the data w°, w',v° v, 09 ¢° be radially symmetric in the sense of [14, Definition 4.4 and satisfy

Q

There exist then positive constants C' and o such that for the energy E
E(t) < CE(0)e 2

holds true for all t > 0. The latter depend neither on the initial data, nor on t and can be explicitely
estimated based on the parameters and the domain €.

Proof. Theorem [ applied for the case I's = I's = () yields the existence of a unique classical solution.
After a straighforward modification, [I4] Lemma 4.6] implies that the solution remains rotationally
symmetric for all times ¢ > 0.

Without loss of generality, we may assume 3 = 0. Indeed, denoting with &g the natural energy
associated with the system subject to some fixed initial conditions for a given 8 > 0 and assuming the
existence of constants C' and « independent of the initial data such that

Eo(t) < CE(0)e 2 for t > 0,
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we take into account
XE3(t) < 0&o(t) — B / 62da < 9;&y(t) for t >0
Q

as well as £3(0) = £(0) to conclude
Es(t) < E(t) < C&(0)e 2 for t > 0.

Thus, we let 5 = 0. As already mentioned, some of the following steps are motivated by the one-
dimensional proof of Messaoudi et al. from [22].

Multiplying (31 and (B3) in L%(Q) with w; and 6, respectively, as well as (32) and (34 in (L?(Q2))?
with v; and ¢, respectively, and employing integration by parts, we find

0E(t) = —d/ﬂw?dx—5/9|q|2dx.

With the solution u € H{(€2) to the Poisson equation

—Au=divov in €,
uw=0auf I,

/ \Vu|*dz = —/ v - Vudz.
Q Q
Young’s inequality further yields

/|Vu|2d:c§%/ |v|2dx+%/ |Vu|?dz
Q Q Q

/|Vu|2dx§/ lv|?dz. (3.21)
Q Q

/]Vut\deS/ lug|?da. (3.22)
Q Q

we obtain

and, therefore,
Similarly,

We define the functional
Fi(t) = /Q (prwiu + pavyw — 100q) da.

Taking into account Equation (B1]), we use partial integration to obtain
at/ prwgudr = pl/(wttu—l—wtut)dx
Q Q
= K/ div (Vw 4 v) - udz — d/ wrudx + p1/ wrupdx
Q Q Q
= —K/(Vw +v) - Vudzr — d/ wyudr + ,01/ wiugdx
Q Q Q

= K/wAudx—K/U-Vudx—d/wtudx+,01/wtutdx
Q Q Q Q

= —K/ wdiv vdzx +K/ |Vu|*dz — d/ wiudx +p1/ wyupdz.
Q Q Q Q
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By the virtue of Equation ([32]), we similarly get

3t/ p2vt - vdx = PQ/ vyt - vdw + PQ/ |ve|*da
Q Q Q

/D’SDv-vdx—K/(v—i—Vw)-vdx—’y/Vﬁ-vdx—i—pg/ v |2da

Q Q Q Q

—/ |\/§Dv|2dx—K/ |v|2dx+K/wdiv vdx—y/VG-vdx—Fpg/ PARGE:
Q Q Q Q Q

as well as

at/ —10y . gdr = — “/0/vt.qu+v_’f/v.qu+7/v-V9dx.
Q Q @ “

Finally, we conclude

Op 1 (t K/ |Vul dx—K/ |v| de —d /wtudx—l—pl/wtutdx—i—
Q

pg/ v dx—/ IV SDv|?dx — /vt qu+75/v-qu.
Q Q Q

Using now the first Poincaré’s inequality, Young’s inequality and Korn’s inequality from Lemma [I] as
well as the estimates from Equations (321 and ([3:22]), we obtain

O F1(t) < %/ (51u + wt dac—i— / eruf + - wt dx—i—pg/\vtl dz
Q
—/Q|\/§Dv|2d:c+%/ <61|vt|2+§|q| >dx+%/ﬂ(61|v|2+é|q|2> dzx
= %/Q(elc,C VSDuf” + 4 wt>d~’ﬂ+ /(C7>€1|Ut|2+%w?)d~"3+ﬂ2/|Ut|2dl“
/\\/_Dv\ dm—l—w‘)/SZ(al]vt\Z—l—é\ql dx—i— / 1]q\2) dx
< otd ; dﬂ?+[2——( 1Cp +VO)]/|Ut|2dCU

2e1

~[1- z (acp + 2)] [ 1VEPuPar + 222 [ jga

2Ke1

(3.23)

with the Poincaré’s constant Cp = Cp(§2) > 0 and an arbitrary small number €1 > 0 to be fixed later.
Here, we estimated

/|u|2dx gcp/ |Vu|?dz < cp/ v|?dz < C—C;P—l/ 1V SDv|dz.
Q Q Q T JQ

Next, we consider the functional
Fo(t) := ,01/ wywdz
Q

and use Equation ([B.J)) to find

O Fa(t) = ,01/ w?dz + K/ div (v + Vw) - wdx — d/ wpwdx
Q Q Q

:pl/wfdx—K/ |Vw|2dﬂ:—K/v-dex—d/ wiwdz.
Q Q Q Q
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The latter can be estimated as

O Fa(t) < —K/ \Vw\Qdm—i—%/ (gzvap_i_é’mz) dat
& Q

%/Q (62w2 + ézﬁ) dz + p1 /Q widr (3.24)
< - <K — el (K +d)> / Vwl?dz + K- / IV/SDu|2dz + (% +p1) / wida.
Q T JQ Q

Exploiting the fact

0:p3/9tdx—|—/@/div qdﬂ:+7/divvtdx
Q Q Q

:pgat/de—i—n/q-ydw—i—’y/vt-udx = pg@t/ﬁdx,
Q r T Q

/Qﬂ(t,x)dxz/gﬂ(o,x)dx:/QHO(x)dxzo.

This enables us to apply the second Poincaré’s inequality to #. Using now the definition of Bogowskii
operator Byot from Theorem [Q we introduce the following functional

we easily see

Fo(t) = paps /Q Brog - ved.
Exploiting Equations ([3.2) and ([3.3]), we obtain
O F3(t) = PQPS/ Brot: - vedx + PQPS/ Brott - vypda
Q Q
= ,02/ Brot (—rdiv ¢ — ydiv vy) - vydx + ,03/ Biot0 - (D'SDv — K (v + Vw) —yV0)dx
Q Q
= —P2ff/ (Brotdiv Q) ~vpdx — P27/ |vt|2dx —P3 / (DBrota) : (SDU)dx
Q Q Q
— pgK/ Biotf - (v + Vw)dx + pg’)// div Boif - 0dx
Q Q
= —P2ff/ (BrotdiV Q) ~vpdx — P27/ |vt|2dx —P3 / (DBrota) : (SDU)dx
Q Q Q
— pgK/ Biotl - (v + Vw)dx — p37/ 62dz.
Q Q
We would like to stress that the injectivity of Bogowskii operator was essential here for us to be able
to reconstruct vy from Byotdiv v, In general, this is not possible unless the vector field is irrotational

and vanishes on T'. Using the Young’s inequality and exploiting the continuity of Bogowskii operator,
we can estimate

C/
O F3(t) < —pQ’Y/Q]vt\de—k%/Q <53‘Ut’2+ ?;,Ot‘qP) da
N pggsn/ (c41SDoP? + p62) dz + %K/ (Shlof? + S52%202) o
Q 3 Q A
+ 2 / (5§s|vw|2 + ‘;—’592> dz + pgy/ 024z
@ Q

< —(PQ’Y—%)/Q’Ut‘de"F <P32||25||€/3 +Pszféiieg)/Q‘\/gpv‘de_i_PsTf@é/Q‘vw‘de
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C t
(p:w— sl K)Cs 321230592 /92d + B B /\qy da (3.25)

for arbitrary positive e3 and e3. The constants Cp,,, and C  occuring above come from Theorem
and Theorem [T1]

Finally, we define
Fu(t) :== —Topg/ q - Brotfdz
Q

and obtain
O Fu(t) = —ps / (—=0q — kKVO) - Byotfdz — T()/ q  Brot(—kdiv ¢ — vdiv vy)dx
Q Q
= p36/ q - Bodx — ,03/@/ 0%dx + 7'0/-;/ q - Bdiv qdx —i—T(w/ q - vedx
Q Q Q Q

since

/ V0 - Boidz = — / 0div B,oifdxr = — / 0%dzx.
Q Q Q

This yields the estimate
0. F1 < —pgﬁ/ 02da + %‘5/ <5405r0t02 + é\qP) dz
Q Q
(14 C,) [ laPde+ 32 [ (Sl + HlaP) da

< p3K +—€4p3503_rot>/92dﬂ:—|——6&;w/ |ve|*da

+ <(1+C§;mt)mn+ £30 4 T‘” / lq|*dz.

264

(3.26)

For positive N, Ny, we define the auxiliary functional F by the means of
.F(t) = Ng(t) + fl(t) + fg(t) + fg(t) + N4.7:4(t).
Using now the estimates for 9;Fy, 0y F2, 0y F3 and 9y F, from Equations (B23)—([326]), we obtain

OL(t) < — C’wt/wtdx va/ |Vw]| dx—C’Ut/ |vg dx—C’\/—Dv/ IV SD'v[2dx

—Cg/é?dx—C/\q] dz

with the constants

Cuy = AN — 5514 — <252+P1>

2e1
O = [ — 262 (K +d)] - 255,
Co, = [p2 = (mCp + 22)] + [pry — £25%] — Ny 532,
Cyspy = {1 ~ 2Cx.a <dC7> + %)] - ( 32||25||63 n pgjéiisg> ,
Co = (pon - B — ) + Ny o - 225 ]

2¢e5

. C/ T
Cy=1oN — 230 — Pt — Ny (14 O, o + 82 + 39 ).

2KkE] 2e3 2e4

Now, we select €1, €2,€3,e4 > 0 sufficiently small for all bracket terms in C /55, Cvw, Cy, and Cp to
be positive. Next, we choose €5 > 0 so small that Cy,, and C /Spp become positive. Then we fix a
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sufficiently large Ny > 0 to assure for Cp > 0. We further pick a small &/, > 0 to make C,, positive.
Finally, we choose N > 0 to be sufficiently large to guarantee the positivity of C,, and C,. Therefore,
we get
Crin := min{th,CVw,Cvt,C\/gDU,Cg,Cq} > 0.
Taking into account Young’s inequality
Vw +v]? < L(|Vw]? + [Vo]?),
Korn’s inequality immediately yields the estimate
[Vw| + |VSDu[* > |Vw| + 2Cic.1[v]* + LVSDu|* > min{2, Cx 1} Vw + v|* + 1|V SDv|?
> min{3, Cx1}(|Vw +v|? + |VSDu]?).

Hence, we get

at}_()< 2m1n{1m1n{2,0)c1} } Cg(t)

maX{LPlvPQvP&’vaK}
On the other hand, we can estimate

B Bt FotNuFl ) < 3 [ <pl<w§ T 1) + pallen]? + [of?2) + 2 (o + g)+
(9]
2 2 2 2 2 2
pr(w? +w?) + paps(1Bueehl? + [0e2) + 0p3(1al? + [Brort) >)dw
%(2P1HthL2 o) + Pillwln o) + pollvillizz ) + (o2 + Tl (@2
+ OBt (P23 + 7'0/03)”9”%2(9) + (5 + 7—0/)3)HQ||%L2(Q))2>
%(muwtup T ol Pz +

max{p1,(p2+12%)}
P Cp; (KHV’U) + UH%LQ(Q))Q + H\/EDUH%LQ(Q))Q)

+ Cota (o2 + 1o 030y + G2+ 1opa) e ) < CEC)

max{p1,p2,Cic '}
min{p1,p2,03} ’

max{p1,p2,Cic '}

Letting now o := N — AT gy

between £ and F

and ag := N+ we obtain the following equivalence

a1E(t) < F(t) < ax&(t) for t > 0.

If necessary, we increase the constant N to assure for the positivity of «y. Thus, both C, a1 and a9
are positive. Exploiting Gronwall’s inequality, we obtain the following estimate for £

C
E(t) < LF(t) < 2E(0)e 2" = CEO0)e > for t >0

= a1

meaning an exponential decay of £. O

Appendices

A The divergence problem and the Bogowskii operator

In various applications of partial differential equations, e.g., when studying Navier-Stokes equations,
there arises a so-called “divergence problem”: For a given function f, determine a vector field u such that
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its divergence coincides with f. We refer to [9] for a rather general solution of this problem in bounded
domains. It has namely been shown that the solution map B: f +— u, called the Bogowskii-operator,
is a bounded linear operator between W*(Q) and W57 (Q) for p € (0,00), s € (—2+ %, 00).

For our application, we want to additionally guarantee that the solution w is irrotational. To this end,
we exploit the following result from [I3].

Theorem 8. Let 2 C R™ be a domain with a smooth boundary and let v: 0 — R™ denote the outer
unit normal vector on 0S). There exists then a function u € H*(Q, R"™) satisfying v @u = u® v on 09
and

IVulZ2 () = Idivul7ai) + 3lIVe = (Vu)|[f2q) + (n = 1) /a . jul* H,dS, (A1)

where Hy,: 0Q — R, x — H,(x) denotes the mean curvature of 02 with respect to the outer normal
vector. Inn = 2,3, Equation (A1) reduces to

IVl ) = l[divullZa gy + otul 2z + (0 — 1) /8 P45, (A2)

where
8x2u3 - ax3u2
rotu = | Oggu1 — Oy, u3 | for n =3 and rotu = Oy, ua — Oy, ur for n = 2.
8$1u2 - al‘gul

For uw € H}(Q,R™), the second term in (A1) and (AZB) vanishes and no assumptions on O are
required:

HVUH%%Q) = || div UH%Q(Q) + [[Vu - (VU)/H%%Q)- (A.3)
In the following, we assume n = 2. We define the space
Hgor () = {u € (Hy(2))* | Vu = (Vu)'} = {u € (Hy(2))? |rotu = 0}

equipped with the standard inner product of (H}(€))?. Since H&rot(Q) is a closed subspace of
(HE(Q))?, H&mt(Q) is a Hilbert space. We prove the following theorem.

Theorem 9. The mapping
div: H} o, (Q) = L2(2)/{1}

is an isomorphism with an inverse div "' = Byt
Brot: L2(Q)/{1} - H(%,rot(Q)

in the sense

div Broy = idr2(q) 13 and Brordiv =idg1 (o).

Furthermore, the exists Cg > 0 such that

1Brotf | (11 ()y2 < CBeoi I fll2202)
holds true for all f € L%(Q).

Proof. The linearity of div is obvious For each u € H&rot(Q), we have divu € L?(2) and thus

/divudx:/u-udF:O,
Q T

21



meaning divu € L?(Q)/{1}. The continuity is also trivial since
div ull 2 () < V21Vl r2i) < V2lull g0y

The operator div is injective. Indeed, let uq,us € H&rot(Q). Let divu; = divug. Then, using Poincaré
inequality,

0= |divuy — divus| 2 > [Vur — Vugl|2q) > cp [ur — uzllL2(q),
i.e., up = us.

To explicitely construct the operator B, we follow the variational approach. For f,g € L?*(Q)/{1},
we consider a boundary value problem for ¢,% € H'(Q)/{1}:

—div (Ve + rot'y) = f in Q,

—rot(Ve + rot'yp) = g in
v- (Vo +rot'y)) =0on T, (A-4)
L. (Vo +rot'h)) =0 on T,

where vt = (g, —11), 1ot := (84, —0s, ). We multiply the equations with @, € H'(Q)/{1}, sum
up the resulting identities, take into account the boundary conditions and apply a partial integration

to find

— /Qdiv (Ve + rot'y)pdx —/

rot(Ve + rot’y)ipda = / (Ve +rot/sh) - (V@ + roty))da
) )

This lead to the following operator equation

Alp ) = (f,9), (A.5)

where

| ;[ —div (Ve + rot'sh)
A: DA CH—-H, (o) — <_rot(Vgp + rot’?/)))

and

D) = {(¢. ) € VI3 o € UG 0) €V Bloti o) = [ fip+ foide)

with the bilinear form
B:VxV =R, (¢,4,0,9) I—)/ Vo + rot'y) - (V@ + rotep)da

Here, we introduced the Hilbert spaces

Moo= (L)1) x (L2(Q)/{1}), V= (H'(Q)/{1}) x (H'(Q)/{1})

equipped with the standard inner products of L?(2) x L?(Q) and H'(Q) x H(f2), respectively. Since
A has a nontrivial kernel, we consider the operator given as its restriction onto the closed subspace

V= (o) € VY@, P) €V /Q Vi - otz = /Q V& - rot'vds = 0}

of V and denote it as . B
A: D(A):=DA)NYV CH —H.
Equation (A.H) reduces then to .
Alp, ) = (f.9)" (A.6)
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We multiply Equation (AG) scalar in H with (g, zﬁ)/ € V to find after a partial integration the weak
formulation of (AL6): Determine an element (p,1)" € V such that

B(p, 0 ¢,) = F(¢,9) for all (¢,9) €V (A7)

where

B: Y
F: V>R, (6,0) n—>/<pfdm+/wgdx

The bilinear form B and the linear functional F are continuous on V x V and V, respectively. The
bilinear form B is symmetrical. By the virtue of second POINCARE’s inequality, we obtain

xV =R, (¢,9,0,0) / (Ve +rot'y) - (Ve + rott))dz

IVelZ2(q) + 2(Ve, rot's) + [lrot'y[|72 o
= |Velliz + VY1720

> 31+ )0l @ + 11 o) = 30+ &) (e 13 = bl (o) I,

B(p, 1) =
= IVell72q) + lrot'd|72q)

i.e., B is coercive. The lemma of Lax & Milgram yields the existence of a unique solution (¢, )" € V

to Equation ([AT). There further holds

s )13+ g5 11(F, 9)' I3 < Sl (e ) 113

bll(w, )13 < Blp,¥) < § + a5l1(f, 9) 3,

- I, ) I < S, o) 12

Exploiting the trivial identities

div rot’p =0, rot Vo =0, etc., in (C§°(Q))

and the definition of V', we find
/ v - rf)tlzbdx = / V- rot/ihdz = 0, / v - Vedl = / rot'y - Vpda = 0, ete.
r Q r r

for all (p,1) € V and (¢,1) € V. Hence,
/ div (Viptrot'1h)@ + rot(Ve + rot'y)gda
=B(p, 15 9,%) — /F v (Vg +10t'9)g + v - (Vip + 10t')pdl
holds true for all (¢,4) € V and, in particular, the solution (¢, ) 6 V of (A1). Therefore, (4,7
D(A). Thus, we have shown that A is invertible and its inverse A~': H — D(A) is continuous:
AT (f,9) v < §1I(F:9)' 13

Let f € L?(2)/{1}. We define (¢,v) := A~(f,0), u := V¢ + rot's) and obtain by construction

divu = Ap = f in Q,

rotu = rot0 = 0 in €, (A.8)
u=Vyo+rotyp =0onT,
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ie,ue H!

ot () with divu = f. Thus, there exists a continuous inverse

Brot: L*(Q)/{1} = Hp ot (Q), fru
of div such that
1Brot 1l ez = I1Brovf Ifz2(@yy2 + IV Brot flIfpa e

= [V + rot'd[|E 2 a2 + 1div Brot.f 120

< 2/[Vollt2ayz + 200t bllEr2 2 + I1f 1720

<(G+ 1)”f”%2(9) = OB, 1 f I 2(02)-
This finishes the proof. O
Corollary 10. The operator Biot can be extended to a linear continuous operator

Brot: (H'(Q))" = (L*(2)*.

(Cp. also [{),19] for the rotational case.)

Proof. Due to the coercivity of the bilinear form B, the operator A defined in the proof of Theorem
strictly positive. According to [31], Section 3.4], it is possible to define square roots

A2 e L(H,H) and A?: D(AV?) :=im A" 5 X
of A=1 and A, respectively. Further, there exists a continuous continuation of Al
A~V e L(D(A™Y?), D(AY?Y),
where D(A~1/2) = D(AY?)'. Hence,

Brot: D(ATY?) = (LA(Q))?,  f = Vi + 1oty with (p,9) = A7 (f,0) € V

represents a continuous continuation of Byt onto D(A=Y/2). Since (H'(Q)) < D(A~Y?) and the
norms of (H'(Q))" und D(A~1/2) are equivalent, the claim follows. O

Let us now consider a vector field u € (H'(€))? with - v = 0 on I'. Unfortunately, the identity
Brotdivu = u

does not hold in general since u is not necessarily an element of H&rot(Q). Nevertheless, the following
estimate holds true.

Theorem 11. Let u € HY(Q) satisfy u-v =0 on T'. There exists then a constant Cp,.. > 0 such that
1Brotdiv ull L2 (0) < O,y lull(z2@))2
for any u € (HY(Q))2.
Proof. We can estimate
[ Brotdiv ullz2(q)y2 < OB ldiv ul| g-1(q)-
Further, we find

/Qdivufdx:—/Quwdwr/mu-ufdr:—/ﬂuv]fdx (A.9)
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for all f € H*(Q) and therefore

[divullg-1)= sup / divufdz| = sup / uV fdz
”f”Hl(Q):l Q ||f||H1(Q):1 Q
< sup ullzz@pe a9 = lullz2@)e-

||f||H1(Q):1

This yields
1 Brotdiv ull o) < Cp,., |1ull ooy for all u e H'(€2) (A.10)

with Cégmt = CB,o: - Ol
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