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ON A CLASS OF STOCHASTIC DIFFERENTIAL EQUATIONS
WITH JUMPS AND ITS PROPERTIES

ARI ARAPOSTATHIS, ANUP BISWAS, AND LUIS CAFFARELLI

ABSTRACT. We study stochastic differential equations with jumps with no diffusion part. We
provide some basic stochastic characterizations of solutions of the corresponding non-local partial
differential equations and prove the Harnack inequality for a class of these operators. We also
establish key connections between the recurrence properties of these jump processes and the non-
local partial differential operator. One of the key results is the regularity of solutions of the Dirichlet
problem for a class of operators with weakly Holder continuous kernels.
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1. INTRODUCTION

Stochastic differential equations (SDEs) with jumps have received wide attention in stochastic
analysis as well as in the theory of differential equations. Unlike continuous diffusion processes,
SDEs with jumps have long range interactions and therefore the generators of such processes are
non-local in nature. These processes arise in various applications, for instance, in mathematical
finance and control [21182] and image processing [24]. There have been various studies on such
processes from a stochastic analysis viewpoint concentrating on existence, uniqueness, and stability
properties of the solution of the stochastic differential equation [I1[8,19,20,27,29], as well as from
a differential equation viewpoint focusing on the existence and regularity of viscosity solutions
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[BLI6LI5]. One of our objectives in this paper is to establish stochastic representations of solutions
of SDEs with jumps via the associated integro-differential operator.

Let us consider a Markov process X in R? with generator A. Let D be a smooth bounded domain
in R%. We denote the first exit time of the process X from D by 7(D) = inf{t > 0: X; ¢ D}. One
can formally say that

(D)
u(z) = E, {/ f(Xs) ds} (1.1)
0
satisfies the following equation
Auv = —f inD, uw =0 inD°, (1.2)

where [E, denotes the expectation operator on the canonical space of the process starting at  when
t = 0. An important question is when can we actually identify the solution of (L2]) as the right
hand side of (II]). When A = A+, i.e., X is a drifted Brownian notion, one can use the regularity
of the solution and It6’s formula to establish (II]). Clearly then, one standard method to obtain a
representation of the mean first exit time from D is to find a classical solution of ([2]) for non-local
operators. This is related to the work in [9] where estimates on classical solutions are obtained
when D = R?. The author in [9] also raises questions concerning the existence and regularity of
solutions to the Dirichlet problem for non-local operators. We provide a partial answer to these
questions in Theorem

One of the main results of this paper is the existence of a classical solution of (L2)) for a fairly
general class of non-local operators. We focus on operators of the form

Tf(a) = Wa) Vi) + [ of(wi)n(a,)de. (13)
R4
where
0f(w52) = flz+2) = f(x) = 1<y V(o) - 2, (1.4)
with 14 denoting the indicator function of a set A. The kernel 7t satisfies the usual integrability

conditions. When 7t(z, 2) = ‘kz(‘ﬁfl, with a € (1,2), and b, k and f are locally Holder in z with

exponent 3, and k(z,-) — k(z,0) satisfies the integrability condition in (B.I0]), we show in Theo-

rem B that u defined by (IIJ) is the unique solution of (L2]) in C’lisjﬁ (D)NC(RY). This result can
be extended to include non-zero boundary conditions provided that the boundary data is regular
enough. The proof is based on various regularity results concerning the Dirichlet problem, that are
of independent interest and can be found in Section [6l For the case k = 1, with continuous f and
g, we characterize the solution of

Zu = —f inD, w =g inD" (1.5)

in the viscosity framework. Theorem [3.2] which appears later in Section B asserts that

7(D) J
u(z) = E[ /0 F(X)ds + g(Xoy)| @ eRY,

is the unique viscosity solution to (I3). One of the hurdles in establishing this lies in showing that
E,[r(D)] = 0 whenever x € 9D. When X is a drifted Brownian motion, this can be easily deduced
from the fact that Brownian motion has infinitely many zeros in every finite interval. But similar
crossing properties are not known for a-stable processes. We also have to restrict ourselves to the
regime a € (1,2), so that the jump process ‘dominates’ the drift, and this allows us to establish
that E,[7(D)] = 0 whenever = € D. The proof technique uses an estimate of the first exit time of
an a-stable process from a cone [30]. These auxiliary results can be found in Section

Recall that a function h is said to be harmonic with respect to X in D if h(Xipnr(p)) is a
martingale. One of the important properties of nonnegative harmonic functions for nondegenerate
continuous diffusions is the Harnack inequality, which plays a crucial role in various regularity
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and stability estimates. The work in [I2] proves the Harnack inequality for a class of pure jump
processes, and this is further generalized in [10] for non-symmetric kernels that may have variable
order. A parabolic Harnack inequality is obtained in [7] for symmetric jump processes associated
with the Dirichlet form with a symmetric kernel. In [33] sufficient conditions on Markov processes
to satisfy the Harnack inequality are identified. Let us also mention the work in [4221[34] where a
Harnack inequality is established for jump processes with a non-degenerate diffusion part. Recently,
[25] proves a Harnack type estimate for harmonic functions that are not necessarily nonnegative in
all of R,

In this paper we prove a Harnack inequality for harmonic functions relative to the operator
Z in (L3) when k£ and b are locally bounded and measurable, and either k(z,z2) = k(z,—z), or
|7t(z, z) — m(x,0)| is a lower order kernel (Theorem E.I)). The method of the proof is based on
verifying the sufficient conditions in [33]. Later we use this Harnack estimate to obtain certain
stability results for the process. Let us also mention that the estimates obtained in Section [3] and
Section ] may also be used to establish Holder continuity for harmonic functions by following a
similar method as in [I1I]. However we don’t pursue this here.

In Section Blwe discuss the ergodic properties of the process such as positive recurrence, invariant
probability measures, etc. We provide a sufficient condition for positive recurrence and the existence
of an invariant probability measure. This is done via imposing a Lyapunov stability condition on
the generator. Following Has'minskii’s method, we establish the existence of a unique invariant
probability measure for a fairly large class of processes. We also show that one may obtain a
positive recurrent process by using a non-symmetric kernel and no drift (see Theorem [5.3]). In this
case, the non-symmetric part of the kernel plays the role of the drift. Let us mention here that
in [36] the author provides sufficient conditions for stability for a class of jump diffusions and this
is accomplished by constructing suitable Lyapunov type functions. However, the class of kernels
considered in [36] satisfies a different set of hypotheses than those assumed in this paper, and in
a certain way lies in the complement of the class of Lévy kernels that we consider. Stability of
1-dimensional processes is discussed in [35] under the assumption of Lebesgue-irreducibility. Lastly,
we want to point out one of the interesting results of this paper, which is the characterization of
the mean hitting time of a bounded domain as a viscosity solution of the exterior Dirichlet problem
(Theorem [B4]). This is established for the class of operators with weakly Holder continuous kernels
in Definition

The organization of the paper is as follows. In Section [Tl we introduce the notation used in
the paper. In Section Bl we introduce the model and assumptions. Section [3] establishes stochastic
representations of viscosity solutions. In Section [4] we show the Harnack inequality. Section
establishes the connections between the recurrence properties of the process and solutions of the
non-local equations. Finally, Section [6] is devoted to the proof of the regularity of solutions to the
Dirichlet problem for weakly Holder continuous kernels. These results are used in Section (Bl

1.1. Notation. The standard norm in the d-dimensional Euclidean space R? is denoted by |-,
and we let R? := R?\ {0}. The set of non-negative real numbers is denoted by R, N stands for the
set of natural numbers, and 14 denotes the indicator function of a set A. For vectors a,b € R?, we
denote the scalar product by a-b. We denote the maximum (minimum) of two real numbers a and
bby aVb (aAb). Welet at :=aV0and a” := (—a) V0. By |a]| ([a]) we denote the largest (least)
integer less than (greater than) or equal to the real number a. For x € R? and r > 0, we denote
by B,(z) the open ball of radius r around z in R?, while B, without an argument denotes the ball
of radius r around the origin. Also in the interest of simplifying the notation we use B = By, i.e.,
the unit ball centered at 0.

Given a metric space S, we denote by B(S) and By(S) the Borel o-algebra of S and the set of
bounded Borel measurable functions on S, respectively. The set of Borel probability measures on
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S is denoted by P(S), || - ||Tv denotes the total variation norm on P(S), and J, the Dirac mass at
x. For any function f:S — R? we define || f||o := sup,egs | f(2)].

The closure and the boundary of a set A C R? are denoted by A and 0A, respectively, and |A|
denotes the Lebesgue measure of A. We also define

T(A) = inf {s >0: X, ¢ A}.

Therefore 7(A) denotes the first exit time of the process X from A. For R > 0, we often use the
abbreviated notation 7 := 7(BR).

We introduce the following notation for spaces of real-valued functions on a set A € R?. The
space LP(A), p € [1,00), stands for the Banach space of (equivalence classes) of measurable functions
[ satisfying [,|f(2)|P dz < oo, and L>°(A) is the Banach space of functions that are essentially
bounded in A. For an integer k > 0, the space C*(A) (C°°(A)) refers to the class of all functions
whose partial derivatives up to order k (of any order) exist and are continuous, C¥(A) is the space
of functions in C*(A) with compact support, and C’f(A) is the subspace of C*(A) consisting of
those functions whose derivatives up to order k are bounded. Also, the space C*"(A), r € (0, 1], is
the class of all functions whose partial derivatives up to order k are Holder continuous of order r.
For simplicity we write C%"(A) = C"(A). For any v > 0, C7(A) denotes the space CLv17=17)(A),
under the convention C*0(A) = C*(A).

In general if X is a space of real-valued functions on a domain D, X}, consists of all functions
f such that fp € X for every ¢ € C°(D).

For a nonnegative multiindex 8 = (84, ..., B4), we let |8 := B1 + -+ + B4 and DP == 9]" - - 85‘1,

where 0; := 8%1-’
Let D be a bounded domain with a C? boundary. Define d, := dist(z,0D) and dy, :=
min(dy,dy). For v € C(D) and r € R, we introduce the weighted norm
[ulip = sup d; [u()],
€D

and, for k € N and ¢ € (0, 1], the seminorms

[[u]],:;j ;= sup sup dl;“‘Dﬁu(x)!
’ |B|=k z€D

‘Dﬁu(x) — Dﬁu(y)‘> '

|[u]|(r)_ ;= sup sup <dk+5+r
kD = ER

|8|l=k x,yeD
For » € R and v > 0, with v+ r > 0, we define the space

Cg’")(D) = {ueC’(D)n CRY) : u(x) =0 forz € DS, ||u||£f33 < oo},

where
) HZH ) ")
||u||'\/;D = I[u]lk7D + [[U]] [v]—1,v+1=[~]; D’
k=0

under the convention ||u||g33 = |[u]|(()% We also use the notation ||u||]gT3;_D = ||u||,(€25_D for 6 € (0, 1].

It is straightforward to verify that |u] ,(YT}) is a norm, under which Ggr) (D) is a Banach space.

If the distance functions d, or d, are not included in the above definitions, we denote the
corresponding seminorms by [-]r.p or [-]xs.p and define

k

lullorspy = > _[ulep + [ulksp -
/=0

Thus, ||ullcv(py is well defined for any v > 0, by the identification C7(D) = clla=bd(A).
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We recall the well known interpolation inequalities [23, Lemma 6.32, p. 30]. Let u € C%#(D).
Then for any e there exists a constant C' = C/(g, j, k,r) such that
0 0 0
[0 < Clulily +<lelihp
J=0,1,2 0<B,7v<1, j+yv<k+p.

0
[ul'

IN

0 0
Clul$)y +e[ull)

2. PRELIMINARIES

Let o € (1,2). Let b: R? — R? and 7 : R? x R? — R be two given measurable functions where
7T is nonnegative. We define the non-local operator Z as follows:

Zf(x) := b(:L")-Vf(x)—l—/ Of (z;2)m(x, z)dz, (2.1)

Rd
with 0f as in (L4]). We always assume that

/ (|z]> A1) me(z, 2)dz < oo VzeRY.
Rd

Note that (Z.I) is well-defined for any f € CZ(R?). Let Q = D([0, 00), R?) denote the space of all
right continuous functions mapping [0, c0) to R%, having finite left limits (cadldg). Define X; = w(t)
for w € Q and let {F;} be the right-continuous filtration generated by the process {X;}. In this
paper we always assume that given any initial distribution 1 there exists a strong Markov process
(X,P,,) that satisfies the martingale problem corresponding to Z, i.e., P, (Xo € A) = vp(A) for all
A € B(R?) and for any f € CZ(RY),

F(X0) — F(X0) — /0 Tf(X,)ds

is a martingale with respect to the filtration {F;}. We denote the law of the process by P,
when vy = §,. Sufficient conditions on b and 7 to ensure the existence of such processes are
available in the literature. Unfortunately, the available sufficient conditions do not cover a wide
class of processes. We refer the reader to [8] for the available results in this direction, as well as
to [2I9,20L27.29]. When b = 0, well-posedness of the martingale problem is obtained under some
regularity assumptions on 7t in [I].

Let us mention once more that our goal here is not to study the existence of a solution to the
martingale problem. Therefore, we do not assume any regularity conditions on the coefficients,
unless otherwise stated. Before we proceed to state our assumptions and results, we recall the
Lévy-system formula, the proof of which is a straightforward adaptation of the proof for a purely
non-local operator and can be found in [12, Proposition 2.3 and Remark 2.4] (see also [19,22]).

Proposition 2.1. If A and B are disjoint Borel sets in B(RY), then for any x € RY,

t
Z 1x,_ca,x.eB} — /0 /BI{XSGA}T[(XSa z— Xs)dzds

s<t

18 a Py-martingale.

3. PROBABILISTIC REPRESENTATIONS OF SOLUTIONS OF NON-LOCAL PDE

The aim in this section is to give a rigorous mathematical justification of the connections be-
tween stochastic differential equations with jumps and viscosity solutions to associated non-local
differential equations.

Recall the generator in (ZI) where f is in CZ(R?). We also recall the definition of a viscosity

solution [BLI5].
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Definition 3.1. Let D be a domain with C? boundary. A function u : R* — R which is upper
(lower) semi-continuous on D is said to be a sub-solution (super-solution) to

Zu = —f inD,
u =g in D,
where 7 is given by [21)), if for any x € D and a function ¢ € C%(R?) such that ¢(z) = u(z) and
©(z) > u(z) (p(2) < u(z)) on R4\ {z}, it holds that
To(z) > —f(z) (Zyo(z) < —f(z)), ifzeD,
while, if x € 0D, then
max (Zp(x) + f(2), g(2) — u(z)) =20 (min (Zp(z) + f(2),9(z) —u(z)) <0).

A function w is said to be a viscosity solution if it is both a sub- and a super-solution.

In Definition Bl we may assume that ¢ is bounded, provided u is bounded. Otherwise, we may
modify the function ¢ by replacing it with u outside a small ball around z. It is evident that every
classical solution is also a viscosity solution.

Let f and ¢ be two continuous functions on R, with g bounded. Given a bounded domain D,
we let

(D) J
u(z) = E, [/0 f(Xs)ds +g(Xr(py)| forxeRY, (3.1)

where E, denotes the expectation operator relative to IP,. In this section we characterize u as a
solution of a non-local differential equation. As usual, we say that b is locally bounded, if for any
compact set K, sup,cx |b(z)| < oo.

3.1. Three lemmas concerning operators with measurable kernels.

Lemma 3.1. Let D be a bounded domain. Suppose X is a strong Markov process associated with
7 in 2I0), with b locally bounded, and that the integrability conditions

sup / |z| t(z,2)dz < oo, and inf |z)*m(z,2)dz = oo (3.2)
xeK J{|z|>1} €K JRd

hold for any compact set K. Then sup,ep EL[(T(D))™] < oo, for any positive integer m.

Proof. Without loss of generality we assume that 0 € D. Otherwise we inflate the domain to
include 0. Let d = diam(D) and Mp = sup,cp |b(z)|. Recall that Br denotes the ball of radius R
around the origin. We choose R > 1V 2(d V Mp), and large enough so as to satisfy the inequality
inf / 2|2 7t(z,2)dz > 1+ 2dMp + 2d sup / |z| mt(x, z) dz .
zeD Jp, zeD J{1<|z|<R}
We let f € CZ(R?) be a radially increasing function such that f(z) = |z|? for |z| < 2R and
f(x) = 8R? for |z| > 2R + 1. Then, for any = € D, we have

Tf(@) = b(x) V() + /

of(z;2) m(x, z)dz
Rd

> <2+ [ (flo+2) = 1) = V(@) ) nla,2) s

+/ Vf(:n)-zﬂ(w,z)dz+/ (fx+2)— f(z)) n(z, 2)dz.
{1<|z|<R} Be,
Also, for any |z| > R, it holds that |z + z| > d > |z|. Therefore f(z + z) > f(z). Hence

Zf(x) > _2JMD+/{1<| n Vfi(z) zmn(x,z)dz
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[ () - 1@ - Vi@ 2 a2 e
Br

v

—2dMp — 2d /

|z|7t(:n,z)dz—|—/ |22 7i(z, 2) dz
{1<]z|<R}

Br

v

1.
Thus

B, (X)) — 1) = Ex| [ O n

E.[7(D) A t] VeeD.
Letting ¢t — oo we obtain E,[r(D)] < 8R%. Since x € D is arbitrary, this shows that

sup E,[r(D)] < 8R%.
zeD

v

We continue by using the method of induction. We have proved the result for m = 1. Assume
that it is true for m, i.e., My, := sup,ep Ez[(7(D))™] < oo. Let h(z) = M, f(x) where f is defined
above. Then from the calculations above we obtain

Euh(Xopyne)] — h(x) > Eo[Mu(r(D)AD)]  VaeD. (33)
Denoting 7(D) by 7 we have

Bl = | [ (m Dl =0 1 ]
L/ O

= E, / (m+ 1D E.[(T — )™ Lyery | Fins) dt]
L/ O

= B[ [T+ Dty B [
L/ O

< sup E,[r] E, { / (m + 1) Lgnren dt]
xeD 0

< My, (m+1) Egfr],
and in view of ([3.3)), the proof is complete. O

Boundedness of solutions to the Dirichlet problem on bounded domains and with zero boundary
data is asserted in the following lemma.

Lemma 3.2. Let b and f be locally bounded functions and D a bounded domain. Suppose Tt satisfies
B2). Then there exists a constant C, depending on diam(D), sup,cp |b(x)| and 7, such that any
viscosity solution u to the equation

Zu = f inD,
u =0 1inD°,
satisfies [l < C subyep £ (2)]
Proof. As shown in the proof of Lemma [3.I] there exists a nonnegative, radially nondecreasing
function ¢ € CZ(R?) satisfying Z¢(z) > sup,ep |f(z)| for all z € D. Let M > 0 be the smallest
number such that M — ¢ touches u from above at least at one point. We claim that M < [|{||s-

If not, then M — &(z) > 0 for all z € D¢. Therefore M — & touches u in D from above. Hence by
the definition of a viscosity solution we have Z(M — &(x)) > f(x), or equivalently, Z¢(x) < — f(x),
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where z € D is a point of contact from above. But this contradicts the definition of £&. Thus
M < ||¢|loo- Also by the definition of M we have

sup u(z) < sup (M —¢(z)) < M < [[¢]loo -

zeD xeD
The result then follows by applying the same argument to —u. O
Definition 3.2. Let £, denote the class of operators Z of the form
k(z,
Zf(x) := b(x) -Vf(z)+ /Rd of(x; z) % dz, fe CERY), (3.4)

with b: RY = R? and k : R? x R? — (0, 00) Borel measurable and locally bounded, and a € (1,2).
We also assume that z +— sup,cpa k~'(x, z) is locally bounded. The subclass of £, consisting of
those Z satisfying k(x, z) = k(z, —z) is denoted by £3™.

Consider the following growth condition: There exists a constant K such that
z-b(z) V |z k(z,2) < Ko(1+|z]?) Vz,zeRY. (3.5)

It turns out that under ([B.3)), the Markov process associated with Z does not have finite explosion
time, as the following lemma shows.

Lemma 3.3. Let 7 € £, and suppose that for some constant Ky > 0, the data satisfies the growth
condition in [BH). Let X be a Markov process associated with Z. Then
Pm<sup |XS|<oo> =1 VT > 0.
s€[0,7T
Proof. Let § € (0, — 1), and f € C?*(R?%) be a non-decreasing, radial function satisfying
fl@) = (1+|2°) for|z[>1, and f(z) > 1 for|z[<1.

k(x,z)
0f(x; 2 L dz
st T
for some constant kg. To prove ([B.6]) first note that since the second partial derivatives of f are
bounded over R?, it follows that ‘f\z\g 0f(z;2) "j‘ﬁfg dz
to verify that, provided z # 0, then

[l +21° = ||

We claim that

< ko(1+4z°)  VzeR?, (3.6)

is bounded by some constant. It is easy

26)2| |1, if || > 2|z,

IN

(3.7)

[l + 2 —|al’] < 82, if [z < 2[2],

IN

for some constant . By the hypothesis in (3.5, for some constant ¢, we have
k(z,z) < c(1+|z])  VoeR?. (3.8)
Combining B7)-(338]) we obtain, for |z| > 1,

k(ﬂ?,Z) 6—1 1
of(x;2) dz| < / 20 c(1+|z)) |z]° |2 dz
/|z|>1 ERG 1<]el <] ks

1
+/ 86(1"“1")‘2’5%(12
\z\>% |Z|

26 ¢ . 23tedc a
< w225 ol oft 1+ T 1 ol ol

for some constant x(d), thus establishing (3.0]).
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By (B.6]) and the assumption on the growth of b in ([B.5]), we obtain
IZf(x)] < Kif(x)  VaeR?,

for some constant K. Then, by Dynkin’s formula, we have,

[/ (Xinn)) = ) +Ex | [ 77X, 05
< f(2)+ K E, [ /0 ) ds]

< f@)+ K /0 Eq [f(Xarr,)] ds,

where in the second inequality we use the property that f is radial and non-decreasing. Hence, by
the Gronwall inequality, we have

E.[f(Xinr,)] < flz)eft  Vi>0, VneN. (3.9)
Since Eg [ f(Xiar, )] = f(n) Py(7, < t), we obtain by ([B9) that

P, < sup ’Xs’ > n) = Px(Tn < T)
s€[0,7T

§Lﬂ;)5eK1T VT >0, VneN,
1+n

from which the conclusion of the lemma follows. O

3.2. A class of operators with weakly Holder continuous kernels. We introduce a class of
kernels whose numerators k(z, z) are locally Holder continuous in x, and z — k(x, z) is bounded,
locally in z. We call such kernels 7t weakly Holder continuous since they have the property that for

any f satisfying fRd |Zf|§Ti)a dz < oo the map z — fRd f(z) "j‘ﬁfg dz is locally Holder continuous.

Definition 3.3. Let A : [0,00) — (0,00) be a nondecreasing function that plays the role of a
parameter. For a bounded domain D define Ap :=sup{A\(R) : D C Br+1}. Let J,(5,6,\), where
B € (0,1], 8 € (0,1), denote the class of operators Z as in ([B4]) that satisfy, on each bounded
domain D, the following properties:

(a) a € (1,2).
(b) b is locally Holder continuous with exponent /3, and satisfies

b(z)| < Ap, and |b(z)—b(y)| < Aplz—yl? Ve,yeD.
(¢) The map k(x, z) is continuous in x and measurable in z and satisfies
|k(z,2) — k(y,2)] < Aplz—y|° Vz,ye D, VzeR?
At < k(z,z) < Ap VzeD, VzeR%

(d) For any = € D, we have

o k(x,z) — k(z,0
/Rd(yz\ A1) it |i|d+a( s < Ap. (3.10)

Remark 3.1. Tt is evident that if |k(z, z) — k(x,0)| < Ap|z|?" for some ¢ > 0, then property (d) of
Definition is satisfied .
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We may view Z as the sum of the translation invariant operator Zy defined by

k
Tou(z) = bz)- Vu(z) + /]R ou(s;2) ‘Z(’%) dz
which is uniformly elliptic on every bounded domain, and a perturbation that takes the form

Zu(z) = /Rd du(z; z) k($’T2|;r§s($’0) dz.

We are not assuming that the numerator k is symmetric, as in the approximation techniques
in [I3L[16,28]. Moreover, these operators are not addressed in [I7] due to the presence of the drift
term.

For operators in the class J,(53, 6, \), we have the following regularity result concerning solutions
to the Dirichlet problem.

Theorem 3.1. Let T € J,(B,6,)), D be a bounded domain with C? boundary, and f € CP(D).
We assume that neither 5, nor 2s + 3 are integers, and that either 5 < s, or that B > s and

|k(z,2) — k(z,0)| < Aplz|? VreD,VzeRe,

for some positive constant A\p. Let E, denote the expectation operator corresponding to the Markov
process X with generator given by Z. Then u(x) := E, UOT(D) f(Xs) ds] s the unique solution in
CB(D)NC(D) to the equation

Tu = —f in D,
u =0 1inD°.
Proof. For € > 0, we denote by D, the e-neighborhood of D, i.e.,
D. = {zeR%: dist(z,D) < ¢}. (3.11)

Note that for ¢ small enough, D, has a C? boundary. Then by Theorem there exists u. €
CotB3(D) N C(D) satisfying

Tu. = —f in Dy,
ue = 0 in Df.
In the preceding equation f stands for the Lipschitz extension of f. We also have the estimate
(recall the definition of | - ||(5T)D in Section [I])

lu-130 0. < Collfllos .y -

with r some fixed constant in (0, %) As can be seen from the Lemma and the proof of
Theorem [6.1] we may select a constant Cp, that does not depend on ¢, for € small enough. Since
ue = 0 in D¢, it follows that

[uellor@ay < a ||u€||£jfﬁ);DE

for some constant ¢, independent of ¢, for all small enough €. Hence u. — u as € — 0, along some
subsequence, and u € C**#(D) N C(D) by Theorem By It6’s formula, we obtain

(D)
us(z) = Ep|ue(Xp(py)] + Ee [/ f(Xs) ds} .
0
Letting € \ 0, we obtain the result. Uniqueness follows from Theorem O

Theorem B.1] can be extended to account for non-zero boundary conditions, provided the bound-
ary data is regular enough, say in C3(R%) N Cy,(RY).
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3.3. Some results concerning the fractional Laplacian with drift. In the rest of this section
we consider a smaller class of operators, but the data of the Dirichlet problem is only continuous. We
focus on stochastic differential equations driven by a symmetric a-stable process. More precisely,
we consider a process X satisfying

dX;, = b(X,)dt +dL,, (3.12)

where L; is a symmetric a-stable process with generator given by
o 1 2 mod
AV f(a) = cldoo) [ of(eis) s, e GHRY.

with o € (1,2), and ¢(d, a) a normalizing constant. Then the solution of (3.12)) is also a solution
to the martingale problem for Z given by
Tf(z) == —(=A)f(z) +b(x) - V(z), a€(1,2).
The following condition is in effect for the rest of this section unless mentioned otherwise.
Condition 3.1. There exists a positive constant M such that
b(x) —b(y)| < Mlz—y| Va,yeR?,
Iblloe < M.

Under Condition Bl equation (8.12]) has a unique adapted strong cadldg solution for any initial
condition Xy = z € R%, which is a Feller process [2]. We need the following assertion whose proof
is standard, and therefore omitted.

Lemma 3.4. Assume Condition [31] holds and T > 0. Let x,, — x as n — oo and X", X denote
the solutions to (B.12) with initial data X = z,, Xo = x, respectively. Then

lim E

n—o0

sup | X7 — X,[*| = 0.
s€[0,T

The rest of the section is devoted to the proof of the following result.
Theorem 3.2. Let D C R? be a bounded domain with C* boundary, f € Cy(D), and g € Cy(DC).

The function u(-) defined in [B1) is continuous and bounded, and is the unique viscosity solution
to the equation

Tu = — mn D,
r (3.13)
u =g in D°.

The proof of Theorem [B.2]relies on several lemmas which follow. The following lemma is a careful
modification of [34] Lemma 2.1].

Lemma 3.5. Let D be a given bounded domain. There exits a constant k1 > 0 such that for any
x €D andr e (0,1)

Pw<sup | Xs — x| >r> < gitr @ VeeD,
0<s<t

where X satisfies BI12), and Xo = x.

Proof. Let f € CZ(R?) be such that f(z) = |z|? for [z| < 1, and f(z) =1 for |z| > 1. Let ¢; be a
constant such that

IV flloo
f(z+2) — fl&) = V(@) 2| < ezl Va,zeR,

IN

C1,

A
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Define f,(y) = f({=2%) where x is a point in D. For y € B,(x), we obtain

s

1 1
/Rd 0fr(y; 2) P dz

/ (B4 2) = ) = VI 2) e ds

1
i ‘ /|Z|>T(fr(y +2) = ) e 02

1
< |z|24=2 d2+2/ |27 dz
T Jlz1<r |z|>r
C2
= o

for some constant cy. Since o > 1, we have

Zf(y)| <

where c3 is a positive constant depending on ¢y and M. Therefore using It6’s formula we obtain
C3 —
o Ey [T(Br(fp)) A t] > Ey [fT(XT(BT-(x))/\t)] .

Since f, =1 on BE(z), we have P, (7(B,(z)) < t) < cgr~*t. This completes the proof. O

= WyeB),

Remark 3.2. Tt is clear from the proof of Lemma 3.5 that the result also holds for operators Z € £,.
However, in this case, the constant k1 depends also on the local bounds of k£ and b.

We define the following process
Y, == o+ L. (3.14)

In other words, Y is a symmetric a-stable Lévy process starting at x. It is straightforward to verify
using the martingale property that for any measurable function f : R* — R, we have

E:[f(Y)] = Ez[f(aYe-a)]. (3.15)
We recall the following theorem from [30, Theorem 1].

Theorem 3.3. Let § € (0,7). Let G be a closed cone in RY, d > 2, of angle § with vertex at 0.
For d =1 we let the cone to be the closed half line. Define

n(G) = inf {t >0:Y; ¢ G}.
Then there exists a constant p,(0) > 0 such that
E,[(n(G))] < oo forp <pa(0),
E,[(n(G))!] = oo forp>pa(0),
for all z € G\ {0}.

The result in [30] is proven for open cones. The statement in Theorem follows from the fact
that every closed cone is contained in an open cone except for the vertex of the cone and with
probability 1 the exit location from an open cone is not the vertex. The following result is also
obtained in [19] for d > 2, using estimates of the transition density. Our proof technique is different,
so we present it here.

Lemma 3.6. Under the process X defined in [BI2), for any bounded domain D, satisfying the

exterior cone condition, and x € 0D, it holds that P,(7(D) > 0) = 0.
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Proof. Let xy € 0D be a fixed point. We consider an open cone G in the complement of D at
a distance r from the boundary 9D, such that the distance between the cone and the boundary
equals the length of the linear segment connecting xy with the vertex of the cone at x,.. In fact,
we may choose an angle § and an axis for the cone that can be kept fixed for all » small enough
and the above mentioned property holds. It is quite clear that this can be done for some truncated
cone. So first we assume that the full cone G with angle 6 and vertex z, lies in D¢. Let n(G°)
denote the first hitting time of G. Since a translation of coordinates does not affect the first hitting
time, we may assume that z, = 0. Then from Theorem B.3] there exists p € (0,pq(0)), satisfying

B [(1G9)"] = ool B 2o [(1(G9)"] < o0,
where we used the property (BI%]). Since G is open, by upper semi-continuity we have
sup {E.[(n(G))"] : z € G, || =1} < 0.

Therefore we can find a constant x > 0 not depending on r (for r small) such that

B [(n(G9))"] < alr|*P. (3.16)
Let o € (1,a). Then by ([BI4), for any £ > 0, we may choose r small enough so that
Py (n(G°) > ro‘l) < grle=alle < ¢ (3.17)
Using Condition Bl and (312), (B14), we have
sup | X, — Y| < M, (3.18)
s€[0,re’]

with probability 1. Hence on {n(G¢) < r®} we have Yoy — Xyeyl < Mr® by BI8). But
Yyae) € G and dist(zg,G) = r. Since Mr® < r for r small enough we have X,y € (D) on
{n(G°) < r®'}. Therefore from ([BI7) we obtain

Py (7(D) > ro‘/) < €

for all r small enough. This concludes the proof for the case when we can fit a whole cone in D¢
near xo. For any other scenario we can modify the domain locally around zy and deduce that the
first exit time from the new domain is 0. We use Lemma [3.5] to assert that with high probability the
paths spend r® amount of time in a ball of radius of order . Combining these two facts concludes
the proof. O

Remark 3.3. The result of Lemma still holds if X satisfies (BI2]) in a weak-sense for some
locally bounded measurable drift b (see also [20]).

The following corollary follows from Lemma [3.0]

Corollary 3.1. Under the process X defined in ([B.12), for any bounded domain D with C' bound-
ary, P, (7(D) =7(D)) =1 for all z € D.

Lemma 3.7. Under the process X defined in B.12)), for any bounded domain D with C' boundary,
and x € D, we have

Pm(X—r(D)— € dD, XT(D) S DC) =0,
]P’x(XS_ €0D, X,eD, X, €D forallte [0,3]) = 0.

Proof. We only prove the first equality, as the proof for the second one follows along the same lines.
Condition Bl implies that X; has a density for every ¢ > 0 [14]. We let

Dgp = {z e D: dist(z,D) > R}.
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It is enough to prove that P, (XT(D)_ € 0D, X;(p) € 153) =0 for every R > 0. For any ¢t > 0, we
obtain by Proposition 2.1] that

A

P&(A;AND}—e‘avagAﬂD)e~DR)

IN

Ey

Z 1{X568D7XSG[)R}:|

s<t

t
1
= c(d E, 1 ————dzd
cl-e) [/0 {XSEE)D}/[)R X, =2

K t
< Ta E, [/0 lix,cony dS]

for some constant k. But the term on the right hand side Qf the above inequality is 0 by the fact
the X, has density. Hence P, (XMT(D)_ € 0D, Xyrr(p) € DR) = 0 for any ¢ > 0. Letting ¢t — oo
completes the proof. O

Proof of Theorem[32. Uniqueness follows by the comparison principle in [I8, Corollary 2.9]. Since
f and g are bounded, it follows from Lemma [3.1] that u is bounded. Also in view of Lemma [3.0]
u(x) = g(z) for x € D¢. First we show that u is continuous in D. Let z,, — x in D as n — co. To
simplify the notation, we let 7" denote the first exit time from D for the process X" that starts at
Zp. Similarly, 7 corresponds to the process X that starts at . From Lemma [B.4] we obtain

E| sup |X"—-X,*| — 0.
s€[0,T+1] n—00
Passing to a subsequence we may assume that

sup | X — X, — 0 as n — 00, a.s. (3.19)
s€[0,T+1]

Recall the definition of D, in ([BII]). It is evident that, for any ¢ > 0, (319) implies that
liminf 7" AT < 7(D;) AT

n—oo
Since 7(D,) —\—‘0—> 7(D) a.s., we obtain
1>

liminf 7" AT < 7(D)AT. (3.20)

n—o0

On the other hand, 7(D) = 7(D) a.s. by Corollary B.Il and thus we obtain from (3.20) that
liminf 7" AT < 7 AT a.s.

n—oo

The reverse inequality, i.e.,
liminf 7" AT > 7 AT as.,
n—oo
is evident from (B.I9). Hence we have
lim 7" AT = 7AT, (3.21)

n— oo

with probability 1. It then follows by (.19) and [B.21]) that

n—oo

TNT TAT
E[/O f(Xs)ds—/O f(XS)ds] — 0  VYT>0.

By Lemma [3.I] we can take limits as T — oo to obtain,

E[/()Tnf(XS")ds—/on(Xs)ds} — . (3.22)

n—o0
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Since g is bounded, by Lemma B.I] we obtain
E [1>7y [9(X5) — 9(Xr)|] < 2gllec P(2T) —— 0.

T—o00
From now on we consider a continuous extension of g on R?, also denoted by g. We use the triangle
inequality

E [1{T<T} |9(X77—L") - g(XT)H

IN

E [1{7—<T} |g(Xﬂr—L") - g(XT")H +E [1{T<T} |9(XT") - g(XT)H
< E [1nerieylirery |9(X ) — 9(Xm)|]

+2/lgllsc P(7" > 7+ &) + E [1irary [9(Xm) —g(X7)|] . (3.23)

The second term on the right hand side of ([8.23]) tends to 0 as n — oo, by (32I]). The first term
is dominated by

E [( sup  |g(XP) - g(Xtﬂ) U crselpery |
0<t<T+e

so it also tends to 0 as n — oo, by (B.19), and the continuity and boundedness of g. For the third

term, we write

E [1{rery [9(Xm) — g(X)|] < E[1rery [9(Xenar) — 9(XrnT)|]

+E [1{7—<T} |9(XT") - g(XT”/\T)H . (3'24)

The first term on the right hand side of ([3:24]) tends to 0, as n — oo, by [B.2I)), Lemma B7 and
the continuity and boundedness of g. The second term also tends to 0 as T" — oo, uniformly in n,
by Lemma B.Il Combining the above, we obtain

E[lg(X%) — 9(Xr)|]] —— 0. (3.25)

T—o00

By @BI), B22) and B23), it follows that u(z,) — u(z), as n — oo, which shows that u is
continuous.

Next we show that u is a viscosity solution to ([BI3]). By the strong Markov property of X, for
any t > 0, we have

T(D)At
o) = Bl [ ) s+ uCEppn)] (3.26)

Let ¢ € CZ(R?) be such that ¢(x) = u(x) and ¢(z) > u(z) for all z € R\ {z}. Then by (Z26)
and Ito’s formula we have

=]f T(Dwmxs)ds} = Eu[o(Xone)] - 2(@)

> Eu [w(X-(pyne)] — u(z)

T(D)AE
= —Ew[/ f(XS)dS].
0
Dividing both sides by ¢ and letting ¢ — 0 we obtain Zp(z) > — f(x) and thus w is a sub-solution.
Similarly we can show that w is super-solution and so is a viscosity solution. O

The following theorem proves the stability of the viscosity solutions over a convergent sequence
of domains.

Theorem 3.4. Let D,,, D be a collection of C' domains such that D,, — D in the Hausdorff
topology, asn — oo. Let f, g € Cy(RY). Then u, — u, as n — oo, where u,, and u are the viscosity
solutions of BI3) in D,, and D, respectively.
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Proof. We only need to establish that for any 7' > 0, 7(D,,) AT — 7(D) AT with probability 1, and
that X, (p,) = X7(p) on {r(D) < T}, as n — co. This can be shown following the same argument
as in the proof of Theorem O

4. THE HARNACK PROPERTY FOR OPERATORS CONTAINING A DRIFT TERM

In this section, we prove a Harnack inequality for harmonic functions. The classes of operators
considered are summarized in the following definition.

Definition 4.1. With A as in Definition B3] we let £,()\), denote the class of operators Z € £,
satisfying

b(z)] < Ap, and Ayt < k(z,2) < A\p  VazeD, zeR?,
for a bounded domain D. As in Definition 3.2] the subclass of £,()\) consisting of those Z satisfying
k(z,2) = k(z,—z) is denoted by £a™()\). Also by J, (0, ) we denote the subset of £,()\) satisfying

k —k
/d(|z|0‘_0 A1) | (%T)Z’Ha(x’())’ dz| < A\p Ve e D,
R

for any bounded domain D.

A measurable function h : R4 — R is said to be harmonic with respect to Z in a domain D if for
any bounded subdomain G C D, it satisfies

ha) = Eh(X,q)] Vo€,
where (X,P,) is a strong Markov process associated with Z.

Theorem 4.1. Let D be a bounded domain of R® and K C D be compact. Then there exists

a constant Cg depending on K, D and A, such that any bounded, nonnegative function which is
sym

harmonic in D with respect to an operator T € L5 (X\)UT4(0, ), 6 € (0,1), satisfies
h(z) < Cgh(y) forall z,y € K.

We prove Theorem [ T1by verifying the conditions in [33] where a Harnack inequality is established
for a general class of Markov processes. We accomplish this through Lemmas . THZ.3] which follow.
Let us also mention that some of the proof techniques are standard but we still add them for
clarity. In fact, the Harnack property with non-symmetric kernel is also discussed in [33] under some
regularity condition on k(-,-) and under the assumption of the existence of a harmonic measure.
Our proof of Lemma [ZT|(b) which follows holds under very general conditions, and does not rely
on the existence of a harmonic measure. In Lemmas IIHAL3] (X,P,) is a strong Markov process
associated with Z € £3™(\) U J4(0, ), and D is a bounded domain.

Lemma 4.1. Let D be a bounded domain. There exist positive constants ko and rg such that for
any x € D and r € (0,79),

(a) infocp, (o) Belr(Br(2))] = K3 ',
(b) sup.ep, (z) Ez[7(Br(2))] < ro7r?.
Proof. By Lemma and Remark there exists a constant x«; such that
P.(7(By(x)) <t) < Kitr™ @, (4.1)

for all t > 0, and all x € D9 := {y : dist(y, D) < 2}. We choose t = % Then for z € B (), we
obtain by (I that

E:[m(Br(2))] = E.[r(B5(2))]

> ™ p, <T(B§(Z)) > —a>
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This proves the part (a).
To prove part (b) we consider a radially non-decreasing function f € CZ(R?), which is convex in
By, and satisfies
flx42)—f(x) —2- Vi) > |z for |z] <1, |2| <3,

for some positive constant ¢;. For an arbitrary point z¢ € D, define g,(z) := f(*==2). Then for

x € B(xg) and Z € £3™(\) we have

iz k(z,2) z = z+2)— g (x) —z- x Kz, 2) z
Jpred s = [ e+~ o) -2 Vo) R

k(x,z)
[ Ot ) o) e 0

1 \— _d—
= )\Dl/ ’2‘2 d adz
r |2|<3r

32—a
9 _
for some constant co > 0, where in the first equality we use the fact that k(z,z) = k(z,—z), and

for the second inequality we use the property that g(z + z) > g(z) for |z| > 3r. It follows that we
may choose rg small enough such that

Zgy(x) > c3r @ for all r € (0,79), « € B.(z9), and zg € D,

\Y]

ALy
oD

:(32

. 2—a |
with c3 1= ¢ %_a /\Dl.

To obtain a similar estimate for Z € J, (6, \) we fix some 6 € (0,0 A (o — 1)). Let k(z,z) :=
k(x,z) — k(z,0). We have

k(x, z) k(x,2) k(x,z) — k(z,0)
0gr (25 2 dz = / g, x;zidz—/ z- Vg, (x dz
/]Rd ( ) ’Z‘a—i_d |z|<3r ( ) ’Z‘a—i_d 3r<|z|<1 ( ) ‘Z’d—i_a

A e

\Y k
> C1 2/ ’2‘2—d—o¢dz_ ” f”OO/ ‘Z" (Zij«)‘dz
AD T )1z 1<3r r sr<lzl<1 12

2—« R
(2 — a) ADT r 3r<|z|<1 |z|
32—a - ]% ’
> o R I G st <=L
(2 — a) >\D r r 3r<]z|<1 |z|
2—a
2 Co 3 - R(d)ga—el‘f‘lr—a-ﬂgl )\D ”vf”oo

(2—a)A\pre

> cyr @ Ve By (xg),

for some constant ¢4 > 0 and r small, where in the third inequality we used the fact that ; < a—1.
Thus by It6’s formula we obtain

E. [7(Br(0))] < e | flloo V€ By(xg).
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This completes the proof. ]

Lemma 4.2. There ezists a constant k3 > 0 such that for any r € (0,1), z € D and A C B,(z)
we have

B.(r(A%) < 7(Byy(2)) > ms—A— Vi€ By(x).

= "B, ()]

Proof. Let 7 := 7(Bs,(x)). Suppose P,(7(A¢) < 7) < 1/4 for some z € By, (x). Otherwise there
is nothing to prove as % < 1. By Lemma and Remark there exists ¢ > 0 such that

Py (7 < tr®) < 1/a for all y € By, (x). Hence using the Lévy-system formula we obtain

P,(r(A°) <7) > E, Z 1{XS¢XS,XSGA}]

Ls<T(AC)ATNAtr™

T(AC)ATAEre k(X s— X )
/o /A [z = X[t }

I rr(AS)ATALr™ )‘Bl
> -z
> Ey_/o /A(4T)d+adzds]
! —« |A| c ~ «
> K3T Bl Ey[T(A°) AT A tr?] (4.2)

for some constant x4 > 0, where in the third inequality we use the fact that | X —z| < 4r for s < 7,
z € A. On the other hand, we have

Ey[T(A) AT Atr®] > tr® Py(7(A°) > 7 > tr?)

= tr® [1 =Py (7(A°) < 7) — Py(7 < tr®)]

t
2 5 7,04 . (43)
Therefore combining (£.2)—(Z£3]), we obtain P, (7(A°) < 7) > % |B‘:?L)|' =

Lemma 4.3. There exists positive constants ki, i = 4,5, such that if x € D, r € (0,1), z € By(x),
and H is a bounded nonnegative function with support in BS_(x), then

k(z,y —x)

EZ[H(XT(BT-(:L‘))] < kg E.[7(B,(2)] H(Z/)W Y,

Rd
and
EL[H (Koo, 0)] = s B [r(B,(0)] [ )Ly

The proof follows using the same argument as in [33, Lemma 3.5].

Proof of Theorem [{-1 By Lemmas 1] 2] and 3] the hypotheses (A1)—(A3) in [33] are satisfied.
Hence the proof follows from [33] Theorem 2.4]. O

5. POSITIVE RECURRENCE AND INVARIANT PROBABILITY MEASURES

In this section we study the recurrence properties for a Markov process with generator Z € £,
(see Definition 3.2l and .T]). Many of the results of this section are based on the assumption of the
existence of a Lyapunov function.
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Definition 5.1. We say that the operator Z of the form (B4]) satisfies the Lyapunov stability
condition if there exists a V € C?(R?) such that inf,cga V(2) > —o0, and for some compact set
K c R? and € > 0, we have

IV(z) < —¢ Ve KC. (5.1)
It is straightforward to verify that if V satisfies (5.1I) for Z € £,, then
1
V(z)|—7—=dz < 0. 5.2
J VO (52)

Proposition 5.1. If there exists a constant v € (1, ) such that
b(x) -z

|27 sup,epa k(z,2) V1 |2|—o00

then the operator I satisfies the Lyapunov stability condition.

Proof. Consider a nonnegative function f € C?*(R%) such that f(x) = |z|Y for |z| > 1, and let
k(z) := sup,epa k(z, z). Since the second derivatives of f are bounded in R?, and k is also bounded,

it follows that Kz 2)
x,2 _
of (52 : dz‘ < k1 k(x
‘/|z|<1 (=:2) |z|dt+e (=)

for some constant k1 which depends on the bound of the trace of the Hessian of f. Following the
same steps as in the proof of (B.6)), and using the fact that & is bounded in R? x R, we obtain

k(x, — _ )
/ 1(|:17 + 2|7 — |z|7) 7|Z(|md+i) dz' < kKo k(z) (1 + |=[7™%) if |[x] > 1, (5.3)
z|>

for some constant ko > 0. Since also,

k(z,z)
1 —d
/]Rd B (z+2) o z
for some constant kg3, it follows by the above that

k(z,
/Rd 0f(z;2) ’§@+'i) dz

for some constant k4. Therefore by the hypothesis and (5.3, it follows that Zf(z) — —oo as
|x| — oc. O

< k3k(z)(z] —1)"° for |x| > 2, (5.4)

< kak(z)(1+ |27  VoeRe, (5.5)

Lemma 5.1. Let X be the Markov process associated with a generator T € £4(\), and suppose
that T satisfies the Lyapunov stability hypothesis (51I) and the growth condition in [B35]). Then for

any © € K¢ we have

E,[r(K°)] < ; (V(@) + (infV)").

Proof. Let Ry > 0 be such that £ C Bg,. We choose a cut-off function x which equals 1 on Bp,,
with Ry > 2Ry, vanishes outside of Bp, 41, and |x[lcc = 1. Then f := xV is in C2(R%). Clearly if
|r|] < Rpand |z+ z| > Ry, then |z| > Ry, and thus |z + z| < 2|z|. Therefore, for large enough
R, we obtain

k(x,z) k(z,2)
/Rd (fla+2)=V(e+2) |2|dHe dz‘ = 2/{w+z|ZR1} Vi +2) |z|dFe 4

< 2d+a+1)\ / )Y )
— Br, {\$+2|2R1}‘ (.Z' +Z>‘ |$+Z|d+a

IN

% V:EEBRO.
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Hence, for all Ry large enough, we have
Tf(z) < —% Vz € Bp, \ K.
Let 7Tr = 7(K¢) A 7(Br). Then applying It6’s formula we obtain
E.[V(Xz, )] - V(@) < —% E.[7r,] V€ Br \K,

implying that

~ 2 . _
E.[Tr,] < . (V(z) + (inf V) 7). (5.6)
By the growth condition and Lemma B3] 7(Br) — oo as R — oo with probability 1. Hence the
result follows by applying Fatou’s lemma to (5.6]). O

5.1. Existence of invariant probability measures. Recall that a Markov process is said be to
positive recurrent if for any compact set G with positive Lebesgue measure it holds that E,[7(G°)] <
oo for any = € R?. We have the following theorem.

Theorem 5.1. If 7 € £,()\) satisfies the Lyapunov stability hypothesis, and the growth condition
in B3, then the associated Markov process is positive recurrent.

Proof. First we note that if the Lyapunov condition is satisfied for some compact set I, then it
is also satisfied for any compact set containing K. Hence we may assume that K is a closed ball
centered at origin. Let D be an open ball with center at origin and containing /C. We define

71 = inf {t>0: X, ¢ D}, 7o = inf {t >7 : X; € C}.
Therefore for Xg = = € IC, 79 denotes the first return time to IC after hitting D¢. First we prove

that

sup Eg (7] < o0. (5.7)
zek

By Lemma B0 we have E,[r(K°)] < 2[V(z) + (inf V)~] for # € K°. By Lemma Bl we have

sup,cx Ez[71] < oo. Let P; (x,-) denote the exit distribution of the process X starting from
x € K. In order to prove (B.7)) it suffices to show that

sup / (V(y) + (inf V)7) Pz, (x,dy) < oo,
ek c
and since V is locally bounded it is enough that
sup [ (Vo) + (EV)7) P, (o) < o0 (58)
e B%
for some ball Bg. To accomplish this we choose R large enough so that
— 1
[ Z|>— for |z2| >R, z € D.
2] 2
Then, for any Borel set A C B, by Proposition [2.T] we have that

Py (X3 nt € A) = Ex[ Z 1{XSED7X56A}]

s<T1INt

TN E(Xs, 2z — Xs)
= Ew[/o\ l{XSED}/A—|XS—z|d+a dZdS:|

it T1INAL 1
297\p E,. [/ / —dzds]
0 A lz[dte

IN
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d ~
= 27 \p B, [f1 At] u(A),

where y is the o-finite measure on R? with density Wﬁ' Thus letting t — oo we obtain

ol 4) < 250 (sup Eafr]) )
el
Therefore, using a standard approximation argument, we deduce that for any nonnegative function
g it holds that
/ 9(y) Pz (z,dy) < R / 9(y)u(dy)
B BS,

for some constant £. This proves (5.8]) since V is integrable on Bf; with respect to 1 and p(B§) < oo.

Next we prove that the Markov process is positive recurrent. We need to show that for any
compact set G with positive Lebesgue measure, E,[7(G¢)] < oo for any = € R%. Given a compact
G and x € G¢ we choose a closed ball K, which satisfies the Lyapunov condition relative to V, and
such that G U {x} C K. Let D be an open ball containing K. We define a sequence of stopping
times {7, , k=0,1,...} as follows:

c
R

o =0

Topt+1l = inf{t > Ton @ Xy ¢ D},

7A'2n+2 = inf{t>7°2n+1: XtEIC}, n=0,1,....
Using the strong Markov property and (5.8]), we obtain E,[7,,] < oo for all n € N. From Lemma [35]
there exist positive constants ¢ and r such that

1
sup P, (7(D) <t) < sup P (7(Br(z)) <t) < —.
zek zek 4

Therefore, using a similar argument as in Lemma 2] we can find a constant 6 > 0 such that
inf P,(7(G°) <7(D)) > 0.
el

Hence

p = sup Py(7(D) <7(G°)) < 1-4§ < 1.
zek

Thus by the strong Markov property we obtain
]P’x(T(GC)>7A'2n) < p]P’x(T(GC)>7A'2n_2) < ... < pn Vo e kK.
This implies P, (7(G¢) < o0) = 1. Hence, for x € K, we obtain

E.[r(G%)] < ) B [Fonl sy, acr(Ge)<tm})

n=1

= Z ZEB [(Far = To1-2) L4y _p<r(Go)<ion}]

n=1[=1

= YD B [(Far — Far-2) Ly <r(Ge) <o)

=1 n=Il

= D Eu[(Fur — Fa1-2)1ia_y<r(cey]
=1
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(e e}

< > plsup Bl
=1 zelkl

1
= sup E;[72] < 0.
1-p zek

Since also E,[7(K¢)] < oo for all z € RY, this completes the proof. O

Theorem 5.2. Let X be a Markov process associated with a generator T € £ (A\)UT4(0, ), and
suppose that the Lyapunov stability hypothesis (B.)) and the growth condition in ([BX5]) hold. Then
X has an invariant probability measure.

Proof. The proof is based on Has'minskii’s construction. Let K, D, 71, and 75 be as in the proof of
Theorem 5.1} Let X be a Markov process on K with transition kernel given by

A~

Px(dy) = ]P)x(Xf'z S dy) .

Let f be any bounded, nonnegative measurable function on D. Define Qf(x) = E,[f(X3,)]. We
claim that Q is harmonic in D. Indeed if we define f(r) = E;[f (X (xe))] for z € D¢, then by the

strong Markov property we obtain Q¢(x) = E.[f(X% )], and the claim follows. By Theorem [41]
there exists a positive constant Cp, independent of f, satisfying
Qr(z) < CuQply) Vzyek. (5.9)

We note that Q1, = 1. Let Q(z, A) := Q1,(x), for A C K. For any pair of probability measures
and p/ on K, we claim that

/ (1(da) — 4/ (d2)) Q(z, )
K

This implies that the map u — f,c Q(z, - )u(dz) is a contraction and hence it has a unique fixed
point fi satisfying i(A) = f,c Q(z, A)ji(dx) for any Borel set A C K. In fact, i is the invariant

probability measure of the Markov chain X. Next we prove (5.10). Given any two probability
measure 4, ¢’ on K, we can find subsets F' and G of K such that

[ (o)~ @)@ )| =2 [ (u(de) - ' (do) Qe ),
K K

< Cyg—1
TV Ch

I = flrv - (5.10)

TV
o —pllov = 2(p— 1) (G).

In fact, the restriction of (1 — i) to G is a nonnegative measure and its restriction to G° it is
non-positive measure. By (5.9), we have

inf Q(z,F) > sup Q(z,F) (5.11)
xeGe ze@

Hence, using (5.11]), we obtain

\ [ (utao) (@) Qo

= 2 [ (u(de) ~ (@) Q. F) +2 | (ulde) ~ 4(d2)) Q. F)
G

c

TV

< 2(p—p)(G) sup Qz, F) +2(u = p)(G°) mf Q(z,F)

20— 1)) sup QU F) = o~ ( — 1)(G) sup Q. F)
zeG H zeG

(1—=Cy)lp— 1|t -

IN

IN

This proves (G.10).
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We define a probability measure v on R? as follows.

fo) vida) = Sl X )ds] MAT)  p e o).
R4 f;c )

It is straight forward to verify that v is an invariant probability measure of X (see for example, [3],
Theorem 2.6.9]). O

Remark 5.1. If k(-,-) = 1 and the drift b belongs to certain Kato class, in particular bounded, (see
[14]) then the transition probability has a continuous density, and therefore any invariant probability
measure has a continuous density. Since any two distinct ergodic measures are mutually singular,
this implies the uniqueness of the invariant probability measure. As shown later in Proposition [(.3]
open sets have strictly positive mass under any invariant measure.

The following result is fairly standard.

Proposition 5.2. Let T € £,, and V € C*(R?) be a nonnegative function satisfying satisfying
V(x) = 00 as |z| = oo, and TV < 0 outside some compact set K. Let v be an invariant probability
measure of the Markov process associated with the generator Z. Then

/ V()| v(de) < 2 / T V()| v(da).
R4 K

Proof. Let ¢, : Ry — R4 be a smooth non-decreasing, concave, function such that

() = x for x <n,
o) = n+1/2 forx>n+1.

Due to concavity we have ¢, (z) < |z| for all x € R4. Then V,(z) := ¢, (V(z)) is in CZ(R?) and it
also follows that ZV,,(z) — ZV(x) as n — oo. Since v is an invariant probability measure, it holds
that

/ TVo(2) v(dz) = 0. (5.12)
Rd
By concavity, ¢, (y) < pn(z) + (y — 2) - ¢, (z) for all 2,y € R;. Hence

IVp(z) = /Rd oV (x5 2) ]r,z(ﬁlf“) dz + ¢, (V(z)) b(z) - VV(x)

/ . k(z,z) / . z
< [ V@) ave:s) T e+ o (V) ba) - V()

= 0, (V(x))IV(2),
which is negative for z € K¢. Therefore using (5.12]) we obtain

/]Rd |ZVy(z)|v(dz) = /}C]IVn(a:)]V(da:) —/ICCIVn(a;)u(dx)

— /|1Vn(;p)|u(dx)+/KIVn(:v)V(dw)

IN

/\IV )| v(dz). (5.13)

On the other hand, with A,, ;= {y € R?: V(y) > n}, and provided V(z) < n, we have

k
ZV,(z)] < |ZV(x)] +/ V(x+ 2) = Valx + 2)| (:Z’j«) dz
1‘+26An ’Z‘
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k(x,z)

[T dz.

< |IV(:17)|+/ V(x + 2)
fB"l‘ZGAn

This together with (5.2]) imply that there exists a constant s such that
IZV(z)] < k+|ZV(z)] Veell,

and all large enough n. Therefore, letting n — oo and using Fatou’s lemma for the term on the left
hand side of (5.I3]), and the dominated convergence theorem for the term on the right hand side,
we obtain the result. g

5.2. A class of operators with variable order kernels. It is quite evident from Theorem [(5.2]
that the Harnack inequality plays a crucial role in the analysis. Therefore one might wish to
establish positive recurrence for an operator with a variable order kernel, and deploy the Harnack
inequality from [10] to prove a similar result as in Theorem

Theorem 5.3. Let : R? x R — R? be a nonnegative measurable function satisfying the following
properties, for 1 < o < a < 2:
C1

(a) There exists a constant c1 > 0 such that 1, >1y7(z, 2) < e for all x € RY;

(b) There exists a constant co > 0 such that
m(x,z —x) < com(y,y —z), whenever |z—x|A|lz—y|l>1, |z—y| <1;
(¢) For each R > 0 there exists qg > 0 such that

q dr
’Z‘d% < m(w,z) < W VwGRd,VZGBR;
(d) For each R > 0 there exists Ry >0, 0 € (1,2), and k; = ks(R, R1) > 0 such that
~1
/{0' /{0'
|z|d+‘7 < 7'[(3572) < W Vo € Br, Vz € th;

(e) There exists V € C*(R?) that is bounded from below in R, a compact set K C R and a
constant € > 0, such that

/ V(x;2)m(x,2z)dz < —e Va e K.
Rd

Then the Markov process associated with the above kernel has an invariant probability measure.

The first three assumptions guarantee the Harnack property for associated harmonic functions
[10]. Then the conclusion of Theorem follows by using an argument similar to the one used in
the proof of Theorem

Next we present an example of a kernel 7t that satisfies the conditions in Theorem We
accomplish this by adding a non-symmetric bump function to a symmetric kernel.

Ezample 5.1. Let ¢ : R? — [0, 1] be a smooth function such that
1 for |z| < 3,
plx) =
0 for|z|>1.
Define for 1 < o/ < ' < a < 2,

y(w, 2) = 90<2 vz

1+ |z

)(1 o))~ B),

and let
1

n(z,z) = [ @)
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m(x, 2) + 7(x, 2) .

= EGE
We prove that 7t satisfies the conditions of Theorem Let us also mention that there exists a
unique solution to the martingale problem corresponding to the kernel 7 [26,27]. We only show
that conditions (b) and (e) hold. It is straightforward to verify (a), (c) and (d).

Note that o — 8’ < y(x,2) <0 for all z,z. Let x, y, 2 € R? such that |z — 2| A |y — 2| > 1 and
|r —y| < 1. Then |z —y| < 1+ |z — x|. By a simple calculation we obtain

d+B' +v(z,z—x)
( y< (14t !
S N PR [z — y[FF =)

1

od+p'
|z — y|d+5l+7(y72_y)

IN

|Z _ y|—ﬁ’(m,z—w)+’y(y,z—y) .

Hence it is enough to show that
|2 _y‘—*/(x,z—x)-i-v(yvz—y) <0 (5.14)
for some constant ¢ which does not depend on x, y and z. Note that if |z| < 2, which implies that
ly| < 3, then for |z| > 4 we have y(z,z —x) = 0 = v(y, z — y). Therefore for |x| < 2, it holds that
|z — y| Y@t way) < Bl (5.15)

Suppose that |z| > 2. Then |y| > 1. Since we only need to consider the case where y(x,z — ) #
Y(y, z — y) we restrict our attention to z € R? such that |z| < 2(1 + |z|). We obtain

2|z[(B" — o)

(1 + |2[)(1 + |y[)
A1+ |z)) (8" = o)
(1 + [2[)|]
Since the term on the right hand side of (5.I6) is bounded in R?, the bound in (5I4) follows by

G.15)-(E.14).

Next we prove the Lyapunov property. We fix a constant 7 € (o/, 8'), and choose some function
V € C?(RY) such that V(x) = |z|" for || > 1. Since 7i(z,2) < for all z € R% and » € RY, it
follows that

log(lz =y (=@, 2 = 2) +v(y, 2 —y)) < log(3(1 +z])) ']l

< log(3(1 + |z]) [l¢lloo (5.16)

1
|2+
x = ‘/ WV(z; z) M(x, 2) dz
zl<1
is bounded by some constant on R¢. By (5.3,

/ 0V (z;z) m(x, z) dz
Rd

for some constant ¢y. Therefore, in view of (54), it is enough to show that for |x| > 4, there exist
positive constants ¢; and co such that

< o (1+|z["%) Ve e RY,

/|| (la 2l = o) Fw, )z < 1 = cafal (5.17)
zZ|>
By the definition of ~ it holds that
~ 1 3
iz, z) = P if |z + 2| > 1 |z|, and |z| > 2, (5.18)
while
~ 1
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Suppose that |z| > 2. Since |z + z| < % implies that 3|z| < |z| < 2|z|, we obtain by (5IJ) that

~ d+ao’ 1
/|+ |<lel | |>1(|$+Z|n_ 2l") 7z, 2)dz < _/|+ |<lz! (1= ) [ (%) ’ Wdz
TT2IS7 1% 2| <

/ 7 d
<@ [ &
el < 2l [2]

< —my 27, i || > 2, (5.20)

for some constant mj; > 0, where we use the fact that the integral in the second inequality is
independent of  due to rotational invariance. Also, |z + 2| < 2|z| implies 1|z| < |2| < Z|z[, and
in a similar manner, using (5.I8]), we obtain

1 |
|z + 2|" — |2|") ——= dz > —/ |74 — dz
/|m+zs3%,|z|>1( ) T Lja|<|2|<Z x| |42

> —ma ", if x| > 2, (5.21)
for some constant my > 0. Let Ay := {z : 1|z < |2 + 2| < 3|z[}. Since 7 is positive, we have
/ (j2 + 2| — |2") (2, =) d= < 0.
{lz1213n4,

Thus, combining this observation with (5.3]) and ([B.21]), we obtain

- 1
/|+ Sl 1(]a:+z]"— \x!”) mi(x,z)dz
THz|>, 2>

|z + 2|7 — |2|") —% dz
/|:c+z>;°;x,z>1( ) 2|7+

1
= gl T 1)

IN

1
— |z + 2|7 — |2|") —= dz
/|_< ) e

< mg (1 + |z (5.22)
for some constant mgz > 0. Combining (5.20)) and (5.22)), we obtain

/ (|z + 2|7 = |2|") 7A(z, z)dz < mz(1+ 277 = my x| if |x] > 2. (5.23)
|z]>1

Therefore, (517)) follows by (5.23]), and the Lyapunov property holds.

Proposition 5.3. Let D be any bounded open set in R and X be a Markov process associated
with either T € £, or a generator with kernel 7t as in Theorem [5.3. Suppose that for any compact
set K and any open set G, it holds that supyer Pr(7(G°) > T) — 0 as T — oo. Then for any
invariant probability measure v of X we have v(D) > 0.

Proof. We argue by contradiction. Suppose v(D) = 0. Let zyp € D and r € (0,1) be such that
By, (z9) C D. By Lemma 35 and Remark 2] (see also [I0, Proposition 3.1]), we have

sup  Pu(7(Br(z)) <t) < kt, t>0,
z€Br(x0)

for some constant x which depends on r. Therefore there exists ty > 0 such that
1

i > > =,
xElBr:fmo) Px(T(BT(m)) - t()) - 2
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Let K be a compact set satisfying v(K) > % By the hypothesis there exists Ty > 0 such that

sup,c g Po(7(Bf(xg) > T) < 1/2 for all T > T. Hence

0 =v(D) > L

To+to
dx)P(t, x; Boy dt
> [ Pl Baa)

1 To+to
/0 1By, (20)} (Xs) dt

= dz) E,
To + to /Rd v(dz)

1
dz) E,
To + to /K V( x)

v

Lir(Be(@0)<To} BX (me (ap) [1{T<Bzr (w0))>t0}

To+to
/ 1By, (20)} (Xs) dt]

(Br(x0))

1
> K) inf P,(7(By < T inf P, (7(Ba > o)t
> 7, V) jnf (7(Br(x0)) < Tp) ot (7(Bar(w0)) = to) to

1 v(K) .
> f P (r(Br(2)) > to) t
-~ To+ty 2 xelBI:(:co) (T( (33)) 0) 0
< to  v(K) 0.
— To+ty 4

But this is a contradiction. Hence v(D) > 0. O

5.3. Mean recurrence times for weakly Holder continuous kernels. This section is devoted
to the characterization of the mean hitting time of bounded open sets for Markov processes with
generators studied in Section The results hold for any bounded domain D with C? boundary,
but for simplicity we state them for the unit ball centered at 0. As introduced earlier, we use the
notation B = Bj.

For nondegenerate continuous diffusions, it is well known that if some bounded domain D is
positive recurrent with respect to some point & € D¢, then the process is positive recurrent and its
generator satisfies the Lyapunov stability hypothesis in (5 [3, Lemma 3.3.4]). In Theorem [5.4]
we show that the same property holds for the class of operators J, (3,6, \).

Theorem 5.4. Let T € J4(8,0,)\). We assume that T satisfies the growth condition in (3.5]).
Moreover, we assume that E,[T(B¢)] < oo for some x in B. Then u(x) := E,[T(B°)] is a viscosity
solution to

Tu = —1 in B,
w=20 inB.
In order to prove Theorem [5.4] we need the following two lemmas.

Lemma 5.2. Let Z € J,(3,0,)), and G a bounded open set containing B. Then there exist positive
constants rog and My depending only on G such that

1 My
E.[7(B°)] ——dz < — E,[r(B°)]
/Ezc(x) |z|dte re

for every r < dist(z, B) Arg, and for all x € G\ B, such that E.[1(B¢)] < co.
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Proof. Let ¥ := 7(B¢), and 7, := 7(B,(z)). We select o as in Lemma ] and without loss of
generality we assume rg < 1. We have

E, [1 et Exs. m} < E,[7]. (5.24)

By Definition we have
k(y,z) > Ag' > 0 VyeBy(x).
Let A C BE(z) N B¢ be any Borel set. Using Proposition 211 we have

Po(Xnne € A) = Eo | Y Lix, eB,(@) x.ca)

s<TpAt

Tr At
= Ez‘ |:/ 1{Xs€Br }/ 87 —Xs)dZdS:|
1 Tr At
E,
TR RETRY

1
> AL E, [Tr/\t]/A e -

v

Letting t — 0o, we obtain
_ . 1
P,(X; € A) > )\Gl Em[’]’r]/ |z|d+°‘ dz. (5.25)

By Lemma 1] it holds that E,[7,] > k17 for some positive constant x; which depends on G.
Hence combining (5.24)) and (5.25]) we obtain

1
Aoty r® / E.[7] —— dz
¢ Be (z) | 2] d+e

IN

E:[1(x, ey Exs, [F]]
where the first inequality follows by the standard approximation technique using step functions.
This completes the proof. O

Lemma 5.2 of course implies that if E,[7(B¢)] < oo at some point 2 € B¢ then E,[r(B¢)] is finite
a.e.-x. We can express the bound in Lemma without reference to Lemma [£.]] as

1 Ee[7(B°)]
E.[7(BY)] ——dz < \g ———.
o BN .15

Now let 2’ be any point such that dist(z/, ) A dist(z’, B) = 2r. We obtain
My

i nt (B9 < 10 B (r(ze)].

Therefore for some y € B,(z), we have E,[7(B°)] < Cy E,[7(B°)]. Applying Lemma [5.2]once more

we obtain .

Eyio[T(BY)] ————dz < CyE.[7(B°)],
| Besslr(B) e 42 < CoBelr(5)
with the constant Cj depending only on dist(x, B) and the parameter \, i.e., the local bounds on
k. We introduce the following notation.

Definition 5.2. We say that v € L'(R?, s) if

|v(2)]
/]Rd (1+’Z‘)d+adz < 00.
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Thus we have the following.
Corollary 5.1. If E, [7(B¢)] < oo for some xog € B¢, then the function u(z) = E,[r(B)] is in
LY (R%,s).

In what follows, without loss of generality we assume that 3 < s. Then, by Theorem [B.1]
up (2) 1= Eg[7(B, N B)] is the unique solution in C**#(B,, \ B) N C(B, \ B) of

Tu, = —1 in B, N B¢,
(5.26)
u, = 0 in B, UB.

The following lemma provides a uniform barrier on the solutions u, near B.
Lemma 5.3. Let Z € 3,(5,0, ), and
Tni=71(B,N B, necN.

Then, provided that sup,ep E.[T(B¢)] < oo for all compact sets F C BE, there exists a continuous,
nonnegative radial function ¢ that vanishes on B, and satisfies, for some n > 0,

E;[7n] < ¢(x) Ve e B, \B, Vn>1.

Proof. The proof relies on the construction of barrier. Let k(z, z) = k(x, z)—k(z,0). By Lemmal62,

for ¢ € (a=1/2,0/2), there exists a constant ¢y > 0 such that for p,(z) := [(1 — |z])T]? we have
(—A)py(z) > co(1—|z))9™* VzeB.

We recall the Kelvin transform from [31]. Define $(z) = |2|* 9o, (z*) where z* := rrz- Then

by [31, Proposition A.1] there exists a positive constant ¢; such that
(—A)Pp(x) > e (ja] - 1) Vae B\ B.

We restrict ¢ outside a large compact set so that it is bounded on R?. By 7 we denote the operator

If(z) = b(:n)-Vf(x)—l—/Rde(:E;z) TZ(T;IZ) dz.

It is clear that |V@(z)| < ea(|x| — 1)971 for all |z| € (1,2), for some constant cy. Also, using the
fact that ¢ is Holder continuous of exponent ¢ and ([BI0) we obtain

k(z, z)
0p(x; 2 d
for some constant c3. Hence

ﬁ(ﬁ(xﬂ < e (Jz] - 1)(q_1)A(q+9_a) , forze B\ B,

< 63(|x|—1)q+9_°‘ Vo e B\ B,

for some constant ¢s. Since § >0, a > 1, and T = Z — k(z,0)(—=A)*2, it follows that we can find
1 small enough such that -
I¢(x) < —4, forax e Biyy\ B.
Let K be a compact set containing Bi,. We define
P(x) = (x) 1k (v) + Eo[7(B)| 1o () -
Since the hypotheses of Lemma [5.2] are met, we conclude that 1xc(z)E,[7(B¢)] is integrable with
respect to the kernel 7. For x € By, \ B, we obtain

Io(x) < —4+ /Rd (Ezt:[T(B)] — @(x + 2)) 1ge(z + 2) m(z, 2) dz

(x,z —x)

C 7T ~
= —4—|—/CE2[T(B )] @2 ﬂ(:n,z)dz—/Rdgo(x+z)ch(:E+z)7t(:E,z)dz.
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Since the kernel is comparable to |z|~4~

use Lemma to obtain

on any compact set, we may choose K large enough and

Io(r) < —2 Va € By, \ B.
Let
1
P(x) = <1 V' sup EZ[T(BC)]> (1 V. sup ~—> o(x).
2E€K\Bi4y 2EK\B14q o(2)
Then, Ztp < =2 on By, \ B, while 9 > u,, on Bf U B. Therefore, by the comparison principle,
Up <P on By, \ B for all n € N and the proof is complete. O

Proof of Theorem[5.4 Consider the sequence of solutions {u, } defined in (5.26]). First we note that
up () < Eglr(B°)] for all z. Clearly u,4+1 — uy, is bounded, nonnegative and harmonic in B, \ B.
By Theorem [£.1] the operator Z has the Harnack property. Therefore

sup Z(un+1($) _un(x)) < 00

el n>1

for any compact subset F' in B¢. Hence Lemma_ combined with Fatou’s lemma implies that
sup,cp Eg[7(B¢)] < oo for any compact set F' C B.

We write
n—1

un = w1+ Y (g1 () — i (2)) |
m=1
and use the Harnack property once more to conclude that u, * u uniformly over compact subsets
of B¢. Since u < ¢ in a neighborhood of 9B by Lemma [5.3] and ¢ vanishes on 0B, it follows
that u € C(R?). That u is a viscosity solution follows from the fact that u, — u uniformly over
compacta as n — oo and Lemma [5.2] O

6. THE DIRICHLET PROBLEM FOR WEAKLY HOLDER CONTINUOUS KERNELS
This section is devoted to the study of the Dirichlet problem
Zu(z) = f(x) in D,

u =0 1in D, (6.1)

where Z € 3,(5,0,\), f is Holder continuous with exponent /3, and D is a bounded open set with
a C? boundary. In this section, it is convenient to use s = 5 as the parameter reflecting the order
of the kernel. Throughout this section, we assume s > 1/2.

Recall the definition of weighted Holder norms in Section [T} We start with the following lemma.

Lemma 6.1. Let D be a C? bounded domain in R, and r € (0, s]. Suppose k : R* x R* = R and
the constants 5 € (0,1), § € (0, (23—1)/\5), and Ap > 0 satisfy parts (¢) and (d) of Definition[33.
We define

k(z,2) = cd,2s) <:gg§ —1),

Hv|(z) = /Rd (s 2) f{;(;jjz dz,

where ¢(d,2s) = c¢(d, «) is the normalization constant of the fractional Laplacian.
Suppose that either of the following assumptions hold:

(i) B <.
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(ii) g€ (r,1) and % is bounded on (x,z) € D x R%, or, equivalently, it satisfies

k(z,2) — k(z,0)] < Ap|z|? Ve e D, VzeR?, (6.2)
for some positive constant A D-
Then, if v € Ggié(D), we have

25s—r—0
[y ™" < Mool
and if v € €51 4(D), it holds that H[v] € €5°~"(D), and

B0
RV P (e (6.3)

for some constants My and My which depend only on d, s, B, r, and D.
Moreover, over a set of parameters of the form {(r,3) : r € (¢,1), B € (0,1)}, constants My and
M can be selected which do not depend on B or r, but only on e > 0.

0] i

Proof. Let x € D, and define R = C{f. We suppose that B < 1. It is clear that k satisfies BI10),
and that it is Holder continuous. Abusing the notation, we’ll use the same symbol Ap as a constant
in the estimates. We have,

[ov(z;2)| < 2270 RTH0=25 [y ]];g ?QD Vzé€ Bg. (6.4)
Also, since |z| > R on B§,, we obtain

ov(@i2)| < (12 55 + 12 B 0155 ) ety + 210 lleqp) Lgemny

IN

25—60 Sr460—2s —r r
(2 A )* 7 RO ([0l + 1(D)) + 2 lollew) Loy (65)

for all z € BY,. Integrating, using 3I0), and (G4)-(E35), as well as the Holder interpolation
inequalities, we obtain

HEl@)| < e (4d) > ol V€D,
for some constant ¢;. Therefore, for some constant M, we have
2s—r—~0
[H[UHI(();D ) < Mo [v ||23 0:D - (6.6)

Next consider two points =,y € D. If |z —y| > 4d,,, then (6] provides a suitable estimate.
Indeed, if z, y € D are such 4d,, < |z — y|, then, for any r we have

270 gf [H[v](z) — H[v](y)]
|z —y|P

< 4—Bd28 "0 H[w](2) — H[v)(y)]

IN

1 S—r— 1 S—r—
5 T @) |+ = 2T ] )

2 My
< =7 1vlssop-

So it suffices to consider the case |z — y| < 4d,. Therefore, we may suppose that x is as above

and that y € Br(x). Then d;, < 4R. With t(z, 2) := é}f—fg)s, we write

F(x,y;z) := dw(z;2)mt(x, z) —dv(y; 2) 7t(y, 2)
= Fl(xvy; Z) + FQ(‘Tvy;Z) )
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with
Fi(z,y;2) = (01}(3;;2) +ou(y; z)) 7i(z, 2) ;ﬁ(y, 2) 7
By(z,y;2) = <DU(JE;Z) —dv(y; z)) iz, 2) ;—7~T(y, z) ‘

We modify the estimate in (6.4]), and write

[ov(z; 2) +ov(y; 2)| < 2]z R0 [[v]],(y;%, if z € Bp,
with 9 = (2s+ 58— 6) A (s + 1), and

[oua;2) +ou(yi )| < 2 (I 1) + 12 B ] (5)) Lainy + 4lvllom) 1ges1y
if z € B%. We use the Holder continuity of x k(z, -) to obtain

[ A ds < R -y ol ()
R4

for some constant cy. We write this as

2s—r—0 pB fRd F1($7y;z) dz 25—1r—8 pB fRd F1 33 yYs 2 )d
R R R R
|z —ylf |z — y|P

< el (6.7)
For F5, we use
1
ow(z;z) = z- / (Vo(z + tz) — Vo(z)) dt,
0

combined with the following fact: If f € C7(B) for v € (0,1] and z, y, * + 2z, y + z are points in
B and 0 € (0,7), then adopting the notation Af,(z) := f(x + z) — f(x), we obtain by Young’s
inequality, that

|Afa(2) = Afy(R)] _ v =0 [Afa(2)| +[Af ()] | 6 [Aforaly — )| + [Afaly — 2)
=5 K S +
|z[7=0 2 — g ¥ | 2|7 v lz —y|

< Z[f]’Y;B .
The same inequality also holds for v € (1,2) and § € (y —1,1). For this we use

!Ah@)—An@ﬂ<<1_5Lduﬂvﬂx+m)—Vﬂy+m»d4
-yl = 27 o=y

L o=l [ (V2 4+ 1o =) = V{y + b~ y))) dt]
2—7 2=z — |

Therefore, in either of the cases (i) or (ii) we obtain,
[Voe +t2) = Vola) = Voly +12) + Vo)] < 2020 a =y [Volay o115 Bunte)
for t € [0, 1], and

A € g P e —y PRI,y V2€Br. (68)

Concerning the integration on Bf, we use

|v () —v(y) —z- (Vv(a;) — Vv(y))l{‘z‘glﬂ

‘Dv (x;2) —ovu(y; 2
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< Ja =yl P ] + (121 A1) [ =yl dy P ]
25—0
< (A —yP RPN, Ve e B, (6.9)
for some constant c3, and
(@ +2) —o(y +2)| < [z =y (dogs Adyrs) P 0], V2 € B (6.10)

Integrating the terms on the right hand side of (G.8)—(6.9]) is straightforward. Doing so, and using
the fact that 1+ 8 < 2s + 8 — #, one obtains the desired estimate.
Concerning the integral of |v(z + 2) — v(y + z)| on BY,, we distinguish between the cases (i) and

(ii). Let 7t(z) := Wz)zw In case (i) we have
[ wta+2)=uty+ 2)|AG) as
R

<oyl 01 [ A

R

IN

2 — ylf B8 B2 [u] ) /R (12 A diam (D))~ (=) d (6.11)

where we use the fact that |z2| > R on Bf. In case (ii) the integral is estimated over disjoint sets.
We define

Zy(a) = {z €R¥: dpy, Ndyy, < a} for a € (0,R).
Since dyy. A dyy. € [R,diam(D)] for z € Z7 (R), integration is straightforward, after replacing
(dpt» A dyy)""? in (6I0) with R"=P. Thus, similarly to (G.II)), we obtain

/ (@ + 2) — vy + 2)| 7(z) dz
BN Z¢,(R)

IN

e — ol R [o]p) / () de
BN Zg,(R)

IN

& — |8 RT0--25 [y] 1) /R (el Adiam(D)* R Az, (612)

Since Z,,(R) C Bf, it remains to compute the integral on Z,,(R). Recall the definition of D, in
(BII). We also define for £ > 0,

D(e) = {z € D: dist(z,0D) > ¢}.

In other words D(g) = (D¢)¢. We'll make use of the following simple fact: There exists a constant
Cy, such that for all x € D and positive constants R and ¢ which satisfy 0 < ¢ < R and d, > 3R,

it holds that q o
/ e (6.13)
e+zeDA\D(e) 2] R

Observe that the support of |v(x + 2) — v(y + 2)| in Z;,(R) is contained in the disjoint union of
the sets

Zuy(R) = {2 € Z4y(R) : dyis Adyy, >0},

and

~

Zy = {2€R":x+2€ D, \Dory+z€D,_,\D}.
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We also have the bound |v(z +2) —v(y+2)| < |z — y|’"[[v]|£;_5) for z € ZAmy. Therefore, using (G.13)),
we obtain

/A lv(x+2) —v(y + 2)|t(z)dz < \x—y\r[[v]lf,._g)Rg_% /A ]2\28_97~r(z)d2
Zay ’

Zay
_ dz
<oyl R [
P Z,, 1219
< 2xpCo lz — y’r+1[[v]|£;—l;) RO-2s g1
< 2Xp Colw —y|? RHO-F-2 o] ) (6.14)

In order to evaluate the integral over gxy(R), we define

Gz) = lo(z + 2z) —v(y + 2)| ‘
= ol [o]5p)
By (GI0) we have
(:€Z,)(R):G(z) >h} C {zeR':ztzeD(hir)} U {zeR: y+ze D(hFr)}.
Therefore, by (G.I3]), we obtain

|29 7(2) dz

7({z € gmy(R) :G(2) > h}) < o R9—25 /
Zay

< 2Xp Cy RO-21her .
It follows that

/~ G(2)F(2) dz = /OOO 7({z € Zy(R) : G(z) > h}) dh

AN
o
>
ol
£
Iny
>
b
vl
L
T
T8
=
T
o
=

_ 281
T 14+r-p
Thus, combining (6.8))-(6.9) with (611 in case (i), or with (612), (€I4) and (6.I5]) in case (ii),

and using the Holder interpolation inequalities, we obtain

Ap Co RI72s—1 pl+r=8 (6.15)

2s—r—0 g Jra F2(7,y;2) dz (=)
" e |z —y|? < alvlison (6.16)

for some constant cy.

Therefore, by (6.6), (67) and (6I6) we obtain (6.3]), and the proof is complete. O

Remark 6.1. Tt is evident from the proof of Lemmal[G.Ilthat the assumption in ([6.2]) may be replaced
by the following: There exists a constant Mp, such that for all x € D and positive constants R
and e which satisfy 0 < e < R and d, > 3R, it holds that

[ @2 g <o S
e+zeD\D(e) |7 R

The same applies to Theorems [B.1] and
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In order to proceed, we need certain properties of solutions of (—A)® = f in a bounded domain
D, and u = 0 on D¢ with f not necessarily in L*>(D). We start with exhibiting a suitable
supersolution.

Lemma 6.2 (Supersolution). For any q € (s —1/2, s) there exists a constant co > 0 and a radial
continuous function @ such that
(—A)p(x) > di™*, inBy\ By,
m Bl s
C()(‘x’ — 1)q m B4 \ Bl N
Co m Rd \ B4 .

—~

— O S
IN A

0
¥
¥

IN A

Proof. In view of the Kelvin transform [31, Proposition A.1] it is enough to prove the following:
for g € (s —1/2,5), and with ¢ (z) = [(1 — |z])*]%, we have

(=A)(z) > ¢ (1—|z[)77%, forallze By, (6.17)

for some positive constant ¢;. To prove (GI7) we let 29 € B;. Due to the rotational symmetry we
may assume zo = re; for some r € (0,1). Denote z = (z1,...,24). Then

~(=A) () = eld) [ (Wloo-+2) =~ vlan)) i d

= c(d, @) /Rd([(l —|rex +2))T] = (1 - T)q)]z\d% dz

IN

c(d, @) /Rd([(l —[rer + 2z )] = (1~ TYZ)W% dz

- CQ/R([O—|r+z|>+]q—<1—”q)yz\%dz

02/R<[(1—7‘—z)+]q— (1—T)q)|z|1%dz

= 02(1—7‘)‘1_25/R<[(1—z)+]q— 1>|Z|1%dz

for some constant ¢y, where in the first inequality we use the fact that (1 — |z|)" < (1 — |z1|)* and
in the second inequality we use 1 — |z| < 1 — z. Define

1 S | 0 1
. _ e _ A PO -
Alq) - /[R<[(1 2)"] 1) o[+ 2s dz /0 1 — o[i+2s dz /oo 11— 2|1+2s dz,

*© 29-1
B = ——d=z.
(q) /0 11— 22 <

We need to show that A(g) < 0 for ¢ close to s. It is known that A(s) = 0 [31, Proposition 3.1].
Therefore it is enough to show that B(q) is strictly increasing for ¢ € (s —1/2, s). We have

1 q __ o0 q _
z 1 z 1
Blq) = /0 I1— o1+ d2+/1 11— z[i+2s dz

_ /1 (29 —1)(1 — 2257179) .
0

|1 — 2|1+

IN
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Therefore, for ¢ € (s — 1/y s), we obtain

dB 1 q _ 2s—1—q
1B(q) _ / (A== Dlogz o,
dq 0 |1 _ z|1+2s
where we use the fact that logz < 0 in [0, 1]. This completes the proof. O

Lemma 6.3. Let f be a continuous function in D satisfying sup,cp do|f(z)| < oo for some § < s.
Then there exists a viscosity solution u € C(R?) to

(—A)u(z) = —f(z) inD,

u =0 1inD°.
Also, for every q < s we have
u(@)| < Cilflhd VYaeD, (6.18a)
lulleapy < C1 sup d|f (@)l (6.18b)
BAS

for some constant C1 that depends only on s, 6, q and the domain D. Moreover, since u = 0 on
D¢, it follows that the Holder norm of w on R is bounded by the same constant.

Proof. Existence of a continuous viscosity solution follows from Lemma and Perron’s method,
since we can always choose ¢ close enough to s in Lemma[6.2]so as to satisfy 2s — ¢ > §, and obtain
a bound on the solution u. From the barrier there exists a compact set K; C D such that

é

Ju(x)| < m<sup Ju(x)| + [[f]é}a) &l VreKs, (6.19)
rzeK

where the constant k1 depends only on K7 and D. Also, using the same argument as in Lemma [3.2]

we can show that for any compact Ko C D, there exists a constant ko, depending on D, and

satisfying

sup |u(z)| < ko < sup |f(x)|+ sup \u(a:)]) . (6.20)
z€K2 z€K2 €D\ K>
We choose K3 and Ky C K3 such that sup,cgenp |di| < 2,&,{2. Then from (6I9)—-(G.20) we obtain
é
sup |u(x)| < w3 [£15) (6.21)

zeKo

for some constant k3. Hence the bound in (6.I8al) follows by combining (6:19) and (621)).
The estimate in (6.18D]) is easily obtained by following the argument in the proof of [3I], Propo-
sition 1.1]. O

Our main result in this section is the following.

Theorem 6.1. Let Z € J5(8,0,\), [ be locally Hélder continuous with exponent B, and D be a
bounded domain with a C? boundary. We assume that neither 3, nor 2s + 3 are integers, and that
either 5 < s, or that 5 > s and

k(z,2) — k(z,0)] < Ap|z|’ Vee D, VzeR?,
for some positive constant Ap. Then the Dirichlet problem in (61 has a unique solution in

C=P(DYN C(D). Moreover, for any r < s, we have the estimate

loc

lul$, 50 < Collfllos o)

for some constant Cy that depends only on d, B, r, s and the domain D.
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Proof. Consider the case § > s. We write (6.1]) as

A2 (_f(z) + b(a) - Vu(@)) + Hul(z) D,

(—A)u(z) = Tul(x) = k(2. 0) (6.22)

u =0 1in D,

and we apply the Leray—Schauder fixed point theorem. Also, without loss of generality, we assume
0 < 2s — 1. We choose any r € (0, s) which satisfies

ro> (s—g>v<1—s+g>,

and let v € Gg;:)ﬁ_e(D). Then H[v] € 6(23 " 9)( D) by Lemma[6.1l Since VV € Gglsjrrﬁ)_e_l(D) and
(I—=r)A(2s—7r—0)<sby hypothe51s then applying Lemma [6.3] we conclude that there exists a

solution u to (—A)*u = T[v] on D, with v = 0 on D€, such that u € G((]_q)(D) for any ¢ < s.
Next we obtain some estimates that are needed in order to apply the Leray—Schauder fixed point
theorem. By Lemma [6.1] we obtain

r40/2)

||H "(25 r=6/2) _ ||H ||(2s (r—0/2)— < Ky ||”||2s ol

and similarly,
(2s—r—9/2) r4-0/2)
"H " < K1 ||U"28+B 0 D> (623)

for some constant x; which does not depend on # or r. Thus, since by hypothesis 2s —r — 0/2 < s
and 1 —r + 0/2 < s, we obtain by Lemma [6.3] that

T r+40
lullerasy < 1 () + 190155 + 1015 7557) (6.24)

for some constant ). Also, by Lemma 2.10 in [31], there exists a constant ko, depending only on
B, s, r and d, such that

[l Dhn < 2 (Iellor ey + 1 TS5 ) - (6.25)

It follows by (6.24)—([6.25]) that v — w is a continuous map from eé;:)ﬁ—e to itself. Moreover, since
Gg;:)B(D) is precompact in G;__:)B e(D) it follows that v +— w is compact.

Next we obtain a bound for ||u|| 5% + B p- By (6.23) we have
[R5y " < (diam(D)) " [#lo] | 5,

IN

< k1 (diam(D)) v Jv "28};;9/; D)

Therefore, since also 2s — r > 1 — r 4 /2, we obtain
2s5—r) r4-0 —r40
[0S < ms (I llonoy + 1057 + 10155 7% (6.26)

for some constant k3. By the Holder interpolation inequalities, for any € > 0, there exists C () >0
such that

6 0 ~ 6 r
[l ™" 4 1ol %0 < C@ Dl ™ + <10l 55 (6.27)
Combining ([6.24)), ([6.25), and (6.26]), and then using (6.27) and the inequality
—r40 . 0 r
ol < (diam(D) "ol Dy

we obtain
r+0 —r
[ulssp < kale) (IFlles) + I0ISHT") +2 1015 s (6.28)
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In order to apply the Leray—Schauder fixed point theorem, it suffices to show that the set of solutions

u € @é;:)ﬁ(D) of (—A)u(x) = {Tul(z), for € € [0,1], with uw = 0 on D¢, is bounded in Cé;i)ﬁ(D)
However, from the above calculations, any such solution u satisfies (628) with v = u. Moreover by
Lemma 3.2]
sup [u(z)| < k5 sup |f(z)| (6.29)
zeD xzeD

for some constant x5. We also have that

5577 < e sup fu(@) 4 sup  dy fu(a)]

|ul <
rED,dy>e €D, dy<e
< e sup fu(@)| + 72 Jully ) (6.30)
zeD

Choosing € > 0 small enough, and using (6.29)—(630]) on the right hand side of ([6.28]) with v = u,

we obtain

Wl sn < #olflleso) (6.31)
for some constant kg. Hence by the Leray—Schauder fixed point theorem the map v — wu given by
(622) has a fixed point u € el (D), i.e.,

25+
(=A)*u(z) = Tlul(z).

Hence, this is a solution to (6.1]). Uniqueness is obvious as u is a classical solution. The bound
in (63I) then applies and the proof is complete. The proof in the case f < s is completely
analogous. O

Optimal regularity up to the boundary can be obtained under additional hypotheses. The
following result is a modest extension of the results in [3I, Proposition 1.1].

Corollary 6.1. Let T € TJ4(3,0,\) with 0 > s, f be locally Holder continuous with exponent
B, and D be a bounded domain with a C? boundary. Suppose in addition that b = 0 and that k
is symmetric, i.e., k(x,z) = k(x,—z). Then the solution of the Dirichlet problem in (G is in

C*(R?). Moreover, for any 3 < s we have u € G;;?B(D)

Proof. By Theorem [6.1] the Dirichlet problem in (G.I) has a unique solution in C’i‘?p (D)NC(D),
for any p < B A s. Moreover, for any r < s, we have the estimate

luls.?) < Collfles(p) -

Fix r = 2s — 6. Then

k k
/ ‘Z’T (ﬁ;’zz dz = / ’2‘25—9 (3;;2 dz < )\D-
R<|z|<1 |2| R<|z|<1 2|

By (6.5) and the symmetry of the kernel, it follows that

k(z,2)

u(z; 2) ——
/R<z T | |dt2s
for some constant k1. Combining this with the estimate in Lemma we obtain

0 —r
[Hul]), < Molullh) < oo,

dz < ml([[u]]<jg>+||u\|0@) VzeD,

— T

implying that H[u] € L>°(D). Tt then follows by [3I, Proposition 1.1] that v € C*(R%), and that
for some constant C' depending only on s, we have

”UHCS(Rd) < CHT[U]HLOO(D)
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IN

OBt e(d,25) (1 <o) + [l ()

IN

C AL e(d, 23)(\\f\\m(p) + My IIUIli;_E)) :

Using the Holder interpolation inequalities we obtain from the preceding estimate that

[ullosray < C |1 fllz(p)

for some constant C' depending only on s, 6, and Ap.
Applying Lemma [6.T] once more, we conclude that H|[u] € C(;,)(D) for any 3 < r, and that

[#]]S) ), < M fuls -

Hence, applying [31], Proposition 1.4], we obtain

lulyly.p < Cr(lellos + 1T )

for some constant C', and we can repeat this procedure to reach u € e~ (D). O

25+
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