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ON THE FINITE TIME BLOW-UP OF BIHARMONIC MAP
FLOW IN DIMENSION FOUR

LEI LIU AND HAO YIN

ABSTRACT. In this paper, we show that for certain initial values, the (extrinsic)
biharmonic map flow in dimension four must blow up in finite time.

1. INTRODUCTION

Let (M,g) be a closed Riemannian manifold of dimension four and (N, h) be
another closed Riemannian manifold, which is isometrically embedded in RY. The
critical points of the following functional

E(u) = /M |Aul? dv

are called (extrinsic) biharmonic maps. We also define
E(u) = / |V2u|2 + |Vul* dv
M

and notice that since the target manifold is compact, we can bound £(u) by E(u).
The associated heat flow of E(u) was first studied by Lamm [7]. In [7], the
author proved that in dimension four, the following evolution equation

(1.1) ou = —AN*u+ A(B(u)(Vu, Vu)) + 2V(AuV P(u)) — (AP(u), Au)

has a local solution for all smooth initial value. Here B is the second fundamental
form of N C RN and P(u) is the projection to the tangent space T,, N. Moreover,
the solution is global if the W22 norm of the initial value is small. Following the
famous work of Struwe on harmonic map flow [I1], Gastel [6] and Wang [15] showed
the existence of a global weak solution with at most finitely many singular times.

It is a natural question whether the flow develops finite singularity. The problem
is particularly interesting given that all weak biharmonic maps with bounded W22
norm in dimension four are known to be smooth (see [I3]). The corresponding
problem for harmonic map flow was answered by Chang, Ding and Ye [3]. After
that, more finite-time singularity examples were found by Topping [12], Li and
Wang [8] and very recently by Chen and Li [4]. The last construction shows that
the blow-up could be forced by topological reason and its proof relies on the no
neck theorem for approximate harmonic maps of Qing and Tian [I0]. In fact, it
was pointed out by Qing and Tian that the no neck theorem could be used in
showing finite time blow-up.

Recently, the authors proved the no neck theorem for the blow-up of a sequence
of (extrinsic) biharmonic maps with bounded energy. In light of [4], it is very
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natural to move the argument to the case of biharmonic map flow and this is the
purpose of this paper. Precisely, we show

Theorem 1.1. Suppose that M’ is any closed manifold of dimension m > 4 with
nontrivial ma(M') and let M = M'#T™ be the connected sum of M’ with the torus
of the same dimension. For any Riemannian metric g on M, we can find (infinitely
many) initial map ug : S* — M such that the biharmonic map flow (L) starting
from uqg develops finite time singularity.

As remarked earlier, the proof relies on the idea of [4]. However, we give a
slightly different presentation. Since we are less ambitious in proving the most
general theorems, our assumption on the topology of M enables us to be more
specific in the construction. Moreover, we define and use the concept of the width
of a biharmonic map v from S* to M. Very roughly, the idea of the proof is the
following. By a compactness argument, we show that the width of biharmonic
maps from S* to M is bounded by a constant depending on the energy of the map
(and the geometry of M of course). However, we can construct initial map ug with
bounded energy but in a homotopy class in which every smooth representation
must have very large width. If no finite-time singularity occurs, we may choose a
sequence t; — oo such that the bi-tension field of u(t;) goes to zero in L? norm.
Hence, u(t;) is a sequence of approximate biharmonic maps. u(t;) either converges
to a smooth biharmonic map in the same homotopy class, which is not possible
because the energy of the limit is smaller than that of ug, or blows up. In the
latter case, the total number and energy of each bubble, as well as the weak limit
is bounded and the no neck theorem (Theorem [ZT]) implies a contradiction as well.

The rest of the paper is organized as follows. In Section 2] we generalize the no
neck result in [9] to the case of approximate biharmonic maps. The generalization
is in two directions. The first is to involve a non-zero bi-tension field and the second
is to show the neck analysis works on round sphere instead of flat domains in R?.

Remark 1.2. For many PDE theorems, especially about regularity of geometric
PDE, the curvature of the domain is not essential. Hence, it suffices to prove the
theorem in the case of domains of Fuclidean space. In this paper, we think it may
not be very obvious that the neck analysis of biharmonic maps works on curved
space. Hence, we present a detailed proof in the case of round metric on S*, which
is needed by the proof of Theorem [ 1

In spite of the complexity caused by the round metric, we still believe that the
neck analysis works in general. However, that would require greater efforts. We
also note that this is not an issue for the neck analysis of harmonic maps, because
of the conformal invariance.

In Section Bl the width of a map from S* to M is defined and the width of
biharmonic maps from both S* and R* are bounded by the energy. Finally, Theorem
[[Tlis proved in Section (]

Remark 1.3. Recently, we notice that Breiner and Lamm [2] proved a no neck
theorem for a sequence of biharmonic maps with bi-tension fields in Llog L when
the target manifold is a sphere. In this paper, by approximate biharmonic maps, we
mean bi-tension field is bounded in L.
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2. NO NECK FOR APPROXIMATE BIHARMONIC MAPS

In this section, we show that the main result of [9] can be generalized to a
sequence of approximate biharmonic maps u; defined on S*.

We use a subscript ¢ to denote operators defined on S* with round metric, such
as Ay and V4. A and V are reserved for the Laplace and gradient with respect to
the flat metric given by normal coordinates around some point in S*. We always
take the normal coordinates x so that the scaling u(Ax) is well defined for small .
Moreover, due to the Gauss Lemma, the geodesic ball B, is the same as the ball of
radius r with respect to the flat metric given by the normal coordinates. Finally,
there is no need to distinguish the LP norm for our purpose.

We will prove

Theorem 2.1. Let u; be a sequence of approximate biharmonic maps from B* to
N satisfying

(2.1)

Agu = Dg(B(u)(Vgu, Vgu)) +2Vg - (Agu, V(P(u))) — (Dg(P(u)), Agu) + 7(u).

with

(2.2) /]é ‘V?]ui’? +|Vyui|* dvy < A and l7(ui)llLe(m) < A
1

for some A > 0 and p > %. Assume that there is a positive sequence \; — 0 such
that

u;(Ax) = w

on any compact set K C R*, that u; converges weakly in W22 to us and that w is
the only bubble. Then,

(23) %1_1{(1) ngnoo z]iglo OSCBJ(O)\B)\iR(O)ui =0.

Remark 2.2. In Theorem[2]], we assume that there is only one bubble. The same
result holds in the case of multiple bubbles. The proof is routine argument by now
and hence is omitted.

The proof is similar to the proof of Theorem 1.1 in [9], which we outline below.
We first recall some definitions and results, which are modified only slightly.

2.1. minor modifications. The following is a modified version of e—regularity,
proved in the Appendix of [9].

Theorem 2.3 (gg-regularity). Let u € W4P(By)(p > 1) be an approzimate bihar-
monic map. There exists e > 0 such that if [ [V?ul* + |Vu|*dz < e then

lu =@l wan (s, ) < CUIV?ullL2s,) + IVl Las,) + 7wl Lrs))),
where W is the mean value of u over Bi.

Remark 2.4. We may very well use V4 in the above lemma. It is the type of result
that Riemannian metric does not make any difference.

Next, we modify the definition of n—approximate biharmonic map as follows.
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Definition 2.5. Let u be a smooth function defined on By, \ By,, u is called an
n—approzimate biharmonic function if it satisfies

(2.4)A§u(r, 0) = a1Vglhgu—+ agvgu +asVgu+ agu
1

+W b1V Agu+ baViu+ bsVgu + byudo + h(z).
T OB,

where a;,b; and h are smooth functions satisfying, for any p € [r1,12/2],
(a) lgi;(px) = 0ijll ga g\ By < M- Namely, the metric after scaling to By \ By is

close to the flat metric in C* norm.

(b)
(2.5) 2" b Lo 5,0\ B,,) <1

and

(c)

4

Z ||a”i||L4/i(sz\Bp) + ||biHL4/i(B2p\BP) S T]
i=1

Remark 2.6. One can check that if u is an n—approximate biharmonic function
on By, \ By, then w(z) = u(%) is another n—approximate biharmonic function on

B>\T2 \ B}\’I‘l'

The following is a version of interior LP estimate for approximate biharmonic
function. It is used in the proof of three circle lemma.

Lemma 2.7. Suppose that u : By \ By — R is a n—approzimate biharmonic func-
tion(for small n) with

4

Z Hai||L4/i(B4\Bl) + Hbi||L4/i(B4\Bl) <n and HhHLP(BAL\Bl) =C.
=1

Then, for any p > 1, we have

Hu||W4,p(BB\BQ) < O(Hu||LP(B4\Bl) + ||hHLp(B4\Bl))-

Proof. Without loss of generality, we assume the metric g is the standard Euclidean
metric. The main idea is similar to the lemma 3.3 in [9], but the assumptions on
a; and b; are different from [9]. Next, we sketch the proof here.

For 0 < o <1, set A, = B3j, \ Ba—» and AL = Bg+HTo \B%HTU. Let ¢ be a
cut-off function supported in A} satisfying: (1) ¢ = 1 in A,; (2) [Vie| < oy
for j =1,2,3,4 and some universal constant ¢; (3) ¢ is a function of |z|.

Computing directly, we have

AN (pu) = AN(pAu+2VeVu +ulp)
OA*u 4+ AV AUV p + 4AV2uV2p + 20ul @ + AV ApVu + Apu
= a1 VAU + pasV3u + pazVu + pagu + oh

+o—— b1V AU+ by VU + b3Vu + byudo
|8BT| OB,

+4AV AUV @ 4+ 4V2uV? @ 4 2Aulg + AV ApVu + A2 pu.
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Next, we estimate the LP(p > 1) norm of the right hand side of the above equation.
By our choice of ¢ and the assumption of a1, we have

C
VAUV o4y < 11— ||v3uHLP(A )

and
H‘PfllVAUHLp(A;,)
< larVA@eu)ll pear) + Halvzuv‘%’”mm;) + HalV“VQ‘P”Lp(A;) + HC““VB@HLP(A;,)
C C
S Ha1||L4 ||V3 HLW E HCL1V2UHLP(A,U) + (1 — 0)2 ||a1quLP(A;)
C
+m HaluHLp(A/)
192l ey NV el
< 77H<PUHW4,p(A;,) +C 1—0o (1—0)2 + (1-0)3
<

looul LC HVBUHLP(A;,) HVQUHLP(A’U) IVullpoary  ullpocar)
ietliwer ) 1-o 1-0)? 1—o) 1—o) |
the last interpolation is from Sobolev embedding (Theorem 5.8 in ﬂIﬂ)

94l a5, ., < Ul + 75000

where the constant is independent of o.
Moreover, Jensen’s inequality implies that

J s (], o)
I u X
A, [0B:" \ Jas, '
1
gop—</ bVAup>dx
1,2 a1 (s, e

C’/ wp‘b1V3u‘pdx.

IN

Now, the same estimate used for ||<pa1VAu||LP(A;) can be used again to get the
same upper bound.

Similar argument applies to the remaining terms and gives an estimate of L”
norm of A%(pu), if we choose 1 sufficiently small, by which the LP estimate of
bi-Laplace operator implies

vauHLP(A’) HVQUHLP(A’) IVull poary lllpocar)
wwWMMDSC( o (R e s LY B
In particular, we have
1 - o) |V n, < C((l—0)3HV3uHLp(A;)+(1—g)2HV2uHLp(Ag)
(1= )| Vullag) + llgnagy + A1z )
By setting

\I/jzoiugl(l—a HVJU’HLP A,)
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and noting that
1+o )
2 )

AZ,:AHTU and 1—-0=2(1-
we obtain
(2.6) Uy < O3+ Wy + Uy + g+ ||| ).

We claim that for j = 1,2, 3, the following interpolation inequality holds for any
e >0,

. C
\Ifj S 647J\IJ4 + —4\110.
€J
In fact, by the definition of ¥;, for any v > 0, there is o5 € [0,1] such that
W< (=) [Vl e+

p— O
< (1 -0y Hv4u||LP(A<m) * = HUHLP(A‘W) T

. C
< Uy 4 — o+ .
€

Here we used the interpolation inequality

- ; C
4 4 3
(27) HVJUJHLP(AU,Y) <n JHV UHLP(AU,Y)_FT]_JHUHLP(AUW)
with n = €(1 — o). We remark that the constant in the above interpolation

inequality are independent of o € [0,1] (see the proof of Lemma 5.6 in [I]).
By sending v to 0 and choosing small €, we obtain from (20

Wy <C (Yo [IAlls)

from which our lemma follows. O

For the universal constant L > 0 given in Section 3 of [9], set

Ai = Be—(i—l)L \Be—iL

1
E(U):/A x—|4u2daj.

7

and

Remark 2.8. Here is a technical issue. We use dx instead of dvy in the definition
of F;(u). The advantage is that F;(u) is invariant under the scaling x — Ax. Since
g 1s close to Euclidean metric, this difference does not matter when we use Fy(u)
as a control of L? norm.

Theorem 2.9. There is some constant ng > 0 such that the following is true.

Assume that u: A;_1UA;UA; 1 — RY is an ng—approximate biharmonic function
in the sense of ([2-4]). Suppose

(28) a2 VPRI, ) < noFi ()

and

(2.9) / udf = 0
0B,

forr e [e il e=(2=DL] Then
(a) if Fiiq(u) < e LF(u), then Fi(u) < e TF;,_y(u);
(b) if Fi_1(u) < e LF;(u), then Fi(u) < e LFiyq(u);
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(c) either Fy(u) < e FF;_1(u), or Fy(u) < e L Fiq(u).

Proof. (The proof is almost the same as Theorem 3.4 in [9]. For reader’s conve-
nience, we repeat it below.)

The exact value of ¢ does not matter, because F; is invariant under scaling.
Hence, we consider only the case of ¢ = 2. Assume the theorem is not true. We
have a sequence of n; — 0 and a sequence of uy defined on A; U Ay U A3 (and a
sequence of gi defined on A1 UA3U A3 as required in (a) of Definition 25]) satisfying

(2.10) Agkuk(r, 0) = ar1 Vg, Dy up + akzvgkuk + ars Vg, Uk + agauy

+® o, br1 Vg, Dgoup + bkgvgkuk + b3V g, uk + bpaug + hi(x)
with
2.11) s Nl 0P 2,0 < o)
and
4
(2.12) Z lakill Lari gy m,) + W0kill Laricp, 0\ B,) < ks
i=1

for any sz \ Bp C AT UA> U A;.
By taking subsequence, we assume that one of (a), (b) and (c) is not true for uy.
If (a) is not true, then we have

Fy(ug) > e F3(uy) and  Fy(ug) > e “Fy(uyg).
If (b) is not true, then
Fo(uy) > e Fi(uy) and  Fy(ug) > e L F3(ug).
If (c) is not true, then
Fy(ug) > e F max{F (ug), F3(ug)}.
In any case, we control Fy (ug) and Fs(ux) by Fa(ug). Multiplying by a constant to

uy, if necessary, we assume that Fy(uy) = 1 for all k. The above discussion shows
that

||uk||L2(A1UA2UA3) S C'
Lemma 2.7 shows that (by passing to a subsequence) we have
Up — U weakly in L*(A; U Ay U A3),
up —>u strongly in  L*(Ay).
By (&I0), (ZII) and [ZI2), we know that w is a nonzero biharmonic function
with respect to the flat metric defined on Ay U As U As satisfying ([2.9]), because

g converges strongly in C® norm to the flat metric. The three circle lemma for
biharmonic function (Theorem 3.1 in [9]) implies that

(2.13) 2Fy(u) < e L (Fy(u) + Fs(u)).
If (c) does not hold for uy, we have
2F2(uk) > e_L(Fl (uk) + Fg(uk)).

By the strong convergence of uy in L?(Az) and weak convergence in L?(A;UA3UA3),
we have
2F(u) > e~ " (Fi(u) + Fs(u)),
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which is a contradiction to ([ZI3). Similar argument works for other cases. O

2.2. estimate the tangential energy. Let u; be the sequence in Theorem 211

Assume that
I

Y =Bs;\Bxgr = U A
1=lo
and for any € > 0, by choosing ¢ small and R large, we may also assume (by an
inductiona argument of Ding and Tian [5])

(2.14) / ‘Vzui‘Q + | Vu|* dz < e* < g9
Ay

for I =1lg, -+ ,1;. Set u;(z) = u;(e~'Fx), by go-regularity Theorem B3, we have
[ di—wilwar(ag) < CUIVEillL20a_,0a00a0) H IVl L3, uaguan 7@ Lra_,ua0uan),

where 4, is the mean value of 4; over Ag.
Scaling back, if § is sufficiently small, we will get

4
D 4P (s — @)l o ay)
k=0

—1L4(1—-1/p) ||T(u1)

C(IV?uill2a,_yuauary) + IVuillLaa,_uaua,) +e lzr(a,_sua0A40))

Ce.

Let r = ef, then as a function of (¢,6), we have

IN N

(2.15) s — @llwar(—1r,—(1-1)p)x 53 < CE,
for any Iy <1 <1;.
The theorem is equivalent to the statement that for any € > 0, we can find §
small and R large such that
0SCB4\ By, n i < Ce

for i sufficiently large.

Set
1

r) = —— (., 0)do.
w; (r) 9B, (’)BTU(T7 )do

The Poincaré inequality and ([2I4) imply
1
/ — |ui — wt|? de < Ce?.
A 2|

Lemma 2.10. There exists some €1 > 0 such that if € < €1 in [2.14) and 6 < 1,
w; = u; —ul is an no—approxzimate biharmonic function defined on Bs\ By,gr in
the sense of (2-4), where ng is the constant in Theorem [Z.9

Remark 2.11. Although the proof is parallel to Lemma 4.1 in [9]. We reproduce it
because (1) we now uses the sphere metric instead of the flat one; (2) the definition
of n—approximate biharmonic function is different.

Proof. For simplicity, we omit the subscript ¢. Recall that u satisfies
(2.16) Nlu = a1 (u) VA gu#V gu + a(u)Vau#Viou
+a3(u)V§u#Vgu#Vgu + () V gu#V gu#V gu#V gu + 7(u).
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Here a;(u) is a smooth function of u and # is the contraction of tensors with respect
to g, for which we have for example,

[V A gu#Vgu| < C|\VaAgul [ Vaul.

Since Ay = 86—; + 3;27% + ?nlg—rASS and fsg Ags fdfd = 0 for any f, we have
1
N2u* = — N2ud
Ju”(r) 5] S, yudo
1
= — o1 () Vg Agu#V gu + o (u) Vau#Vau

0B, 3B, | ’

+a3(u)V§u#Vgu#Vgu + s (w)V gu#V gu#V gu#V gudo

L
|0B:| Jop,

T(u)do

= I+I1T+1IT+1V + (u)do.

1
.
|6BT| 0B,

Remark 2.12. Here we make essential use of the symmetry of spherical metric to
simplify the computation in the first line above. This is partially the reason that we
work on round S*.

Computing directly, we get
1
1 = —/ a1 () Vg Agu#V gu — a1 () VA u#tVau
0B:| Jp,

+a1 (U VA gu#V gu — ar (W) VA u* #V u
+a1 (U Vg Ay #V gu — aq (0" )V g A gu*#V gu*do
+a1 (u)VgAgu*#V g u*
1
= — Balul(u —u*) + B1[u]V, A4 (u — u™)
|(9BT| OB, e
+53[ulVg(u —u)do + a1 (u*) Vg Agu " #Vau*.
Here (;[u] is some expression depending on u, v* and their derivatives. Those 3;’s
may differ from line to line in the following. However, thanks to Theorem 2.3 we
have
IBill Lasi (B \m,) <m0 for p€[NiR,6/2],
if £ in (ZI4) is smaller than some £;. We shall require the above holds for all §;
and ] below by asking ¢; to be smaller and smaller.
The same computation gives

1 * * * * *
7 = OB, /BT Balu](u —u )—l—ﬁg[u]vg(u —u*)do + as(u )Vgu #Vgu ,
1171 = L Balu](u —u™) + ﬂg[u]vg(u —u") + B3[ulVy(u —u*)do
0B,| Jos,
o3 (u)Vour #V gu #V gu*
and
v = ! Balu](u — u*) + Ba[u]Vy(u — u™)do + as(u" )V u* #V u* #V u* #V gu”.

|8BT| OB,
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In summary, v* satisfies an equation similar to (ZI6) except an error term of the
form

1
0B, Jog,

Subtract the equation of u* with (2.16) and handle the terms like v (u) VA gu#V gu—
ar(u*) VA gu*#Vu* as before to get

Br[ulVgAgw + Bo[u] Vaw + Bs[u]Vyw + Baulwdo.

Nqw = Bi[u]VyAgw + B3[u]Vaw + B3[u] Vyw + Bilulw
1
+ims Bi[u]V g A gw + Ba[u] V2w + B3[u]V yw + Ba[ulwdo + h,
|6BT| OB, g
where
1
h=r71(u)— T(u)do.
0B,| Jos,
To see that h satisfies (b) of Definition 2.5, we notice that 4(1 — %) > 0 and
4(1—1 _1 -1
a5 iy < TP Ml a5y gy < OO () o, -

Since 7(u;) is uniformly bounded in LP, the lemma follows by choosing 6 small. I
Now we apply Theorem to the function w;.

Lemma 2.13. For any 0 < € < &1 and sufficiently small 6 > 0, we have

(2.17) Fy(w;) < Ce? (e— min{8(1-1/p),1}(I=lo)L 4 .~ min{8(1—1/p),1}(li—l)L) 7

forly <l <.

Proof. Let the set of I(ly < I < I;), for which the condition (Z.8)) is not true, be
denoted by {j1, - ,jn, } and we assume that

lo<ji<jgo<- <jn <l
By definition, for each | = jy,

(2.18) e [ YO h ) = o).

Then we have

F 4(1-21)
(w;)) < C max |||z] v h,;
1—1,0,0+1 Lr(Ap)
< Ce—S(l—l/p)lL
< 0§80-1/p)—8(1-1/p)(—lo)L
< Ce2e—801=1/p)(I=lo) L

)

if we choose d small.
By the choice of ji, the condition ([2-8]) holds for ji <! < jry1, k=1,...,i—1. By
an application of Theorem 29 (see also Lemma 4.2 in [9]), we have, for ji <1 < jr41

IN

O (efL(l*jk)ij (wz) —+ eiL(j)H»lil)Fj)H,l (wl))

C2 (e— min{8(1—1/p),1}(l—[0)L) '

AN
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So, if j1 =lop+ 1 and j,, = [; — 1, the inequality (ZTI7) follows immediately. If
not, assuming j; > ly + 1, by Theorem 2.9 again, we have, for Iy <1 < ji,
F(w) < C(e M0 R, (wy) + e X0 (w)

C (e—L(l—lo)FlO (w;) + e2e~ min{S(l—l/p),l}(l—lg)L)

IN

05267 min{8(171/p),1}(l7lg)L'

IN

Similarly, if j,, < l; — 1, we have, for j,, <l <l; —1

Fiw) < C (MR, () + e M ()
< C (8267 min{8(1-1/p),1}(I~lo)L efL(zfz)Fl_(wi))
< Ce2 (e—mm{S (1=1/p),1}(1—~lo)L 4. —L(li—l))
< Ce2 (e min{8(1—1/p),1}(I~lo)L 4 ,—min{8(1-1/p).1}(l; 7l)L)

O

Since w; satisfies (2.4]), we may use Lemma[27]to get estimates for the derivatives
of w; and the tangential derivatives of u;. In the following, (r,6) is the polar
coordinates where § € S? is a point of the unit sphere. A function u(r,6) is also

considered a function of (Z,6), where r» = . We denote the gradient operator on
52 by Vgs and the Laplacian on S3 by Ass.

Remark 2.14. Since we have only LP norm of bi-tension fields bounded, we may
not prove pointwise decay bound for tangential derivatives. Hence we need the
following lemma as a replacement.

Lemma 2.15.
(2.19) / (|A53ui|2 + |(95V53ui|2) dtde
(—IL,—(I-1)L)x S3
< Ce2 (67 min{8(1—1/p),1}(I-lo)L | o~ min{8(171/p),1}(lifl)L) '

Or equivalently,

/[gg 188 (|A53Ui|2+|a{v$‘3ui|2) dtNde
JEH1] XS

< (2 (e— min{8(1-1/p),1}(log6—%) | ,— min{8(1—1/p),1}(f—log)xiR)) _

Proof. Setting
() = wy(e~ D),
we have
o072 aoaons < CEF-1(wi) + Fi(ws) + Frya(w;))
Oc? (e— min{8(1-1/p). 1}(I=lo)L 4 .~ min{S(l—l/p),l}(li—l)L) _

A

IN

By scaling, w satisfies
(2.20) N2(r,0) = a1V Agh + a2 Vo + a3V + asd
1

SR b1V g Ayt + by V24D + b3V g1 4 bybdf + h(x).
|0Br| Jop, 7 I '
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Here
iL(:E) _ 674(l71)Lh(67(l71)L5E)
and
ha) = 7lus) - (ue)d
=T\U;) — T\U;)a0o.
[(0B;)| Jas,
Letting A = e~ (=D we have
(2.21) Hﬁ‘
LP(A()UAlLJAg)

= (/ |/\4h(/\a:)|pd3:);
AgUAUAS

= [ h(e) P da)'
A 1UAUA

Co—(1-1/p)(1-1)L

54 1=1/p) ;~4(1-1/p)(1~1o)L

Cee~40-1/pP)(=lo)L

IAINCIA

if 0 is small.
Lemma 2.7 and the Sobolev embedding theorem imply that

/ (1D gsuil® + 05V gous|?)didd
(—IL,—(1—1)L)x S3

IN

C/ (|V2a|* + |Va|*)dz
Ay

IN

2 (e— min{8(1-1/p).1}(I=lo)L 4 .~ min{S(l—l/p),l}(li—l)L) '
O

2.3. proof of Theorem [2.Il With the preparations of previous subsections, we
may now prove Theorem 2]l For the rest of the proof, we require p > % and hence
min {8(1 -~ 1, 1} - 1.

The rest of the proof is some type of Pohozaev argument. It follows the same
line of Section 5 of [9]. However, the proof there made use of the explicit expression
of bi-Laplace operator in polar coordinates of R*. Since we are now using the
round metric on S*, we think it is necessary to justify the reason why the proof
still works. As can be seen from below, this is not obvious and the proof depends
on some detailed computation.

To begin with, we define a function (for r < 1)

"1
t(r) = —ds.
1 sins
Obviously, ¢(r) = ==—. One may want to compare it with (r) = logr. In fact, we

have

0<t(r)—tlr)<C for r<l1



finite time blow-up 13

and #'(r) is comparable with #'(r). As a consequence, the result of Lemma 215 can
be further rewritten as (noting that p > 4/3 here)

(2.22) / (|A53ui|2 + |(9tvssui|2> dtdl
[t,t+1]x S3
< e (e—<t<6>—t> 4 e_u_t(m))) _

Recall that the metric is given by g = dr? + sin® rdf?. (Here df? is the standard
metric on the unit sphere.) To simplify the notations, we write f(r) = sinr and f’
is the derivative of f with respect to . The Laplace operator is

3f
Agu= 0%+ Z-0wu + — A 3.
! f 2o
By using 0; = f0,, we may compute

DNgu = [} +2f' 0+ Dgs)u
Writing Ayu = f~?w, we obtain
Nou = [ +2f'0 + Dgs) (fPw)
= f- (82+2f8t+A53)w
2 (7w + 20,(f %) 0w + 210, (f 2 w)
)

1"

— f_ ( —2f8t+A53 w—2f—w

By the definition of w and f” = —f, we have
N2 = 07 =2f'0+ Dgs) (OF + 210 + DNgs) u+2f w

= S0+ Dss)? = A(f'O0)(f'00)) u
+17H(0F + Dgs)(2f'0r) — (2f/0¢)(0F + Dge)) u+ 2f 2w

In comparison with the case of flat metric, f causes some extra terms. It is the
primary goal here to show that we can handle these extra terms properly.

A(f'0)(f'0r) = A(F")?0} — 4120,
where we used 9; = f'0, and f"” = — f because f(r) = sinr.
Note that Ags commutes with f’9; and we compute
07 (2f'0%) — (200}
7 (2f")0% +20:(2f")0;
= —4f%f'0, — 4f?07.

In summary, we have
(2.23) Nou= f71((0F + Dga)® —407) u+ 2f 2w,

where we used (f')? + f? = 1.
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Remark 2.16. The first term in the above formula is almost the same as the flat
case. The importance of the computation is to show the error caused by the round
metric is just f~2w. Since w involves only first and second order derivatives, it can
be controlled by the energy. If there is a third order derivative term here, then the

proof below would fail.

By the definition of 7, we have

f4A§u - Orudf = fAr(u) - Opudo.
g3 g3

By ([223), the above is equivalent to

/ ((0F + Dgs)? — 407) udyudf = / (fi7(u) — 2f%w)drudd.
54 g3

The left hand side is now completely identical to the form which is dealt with in
Section 5 of [9]. For simplicity, we set

F(u) = 1(u) — 2f 2w = 7(u) — 20 4u.

Since u has finite energy, 7(u) is also uniformly bounded in LP for p € [4/3,2].
The same computation as in [9] gives

S8 S8

1 t
= / 2 |Agsul” + |0,V gsul” +/ F47(u) - udsdo.
g3 —oo0 J 83

We will integrate the above inequality from ¢(\;R) to ¢(d). We estimate the right
hand side first. Thanks to (2222, we have

t(d) 1 ) )
/ / 5 1Bsouf® + 10,V soul* df < €2
tOuR) J st

Transforming back to x—coordinates by 0t = for and do = f3d6, we get

t(5)
47 (u) - Opudfdsdt
53

t(5)
< / / u)| | fOru| drdt
B
< / / w)| [Vul| dxdr
AR
<

C6 ||7(u )||L4/3(Bl) IVullpacs,) -



finite time blow-up 15

In summary, the integration of (Z24)) yields (by taking o small with respect to )

t(6) 3 5 )
(2.25) / / = |0Fu|” + 20l dbdt
tOuR) J 53 2

C (/ |0yudfuld + / |0;udFu|dl + 52>
{t(6)}x53 {t(\ir)}xS3

CllOeull Lo (ge(syy x 52 HaEUHL2({t(6)}><S3)

IN

IN

+C10eull L2 (ge0rs ryy x 52 H6752uHL2({t()\iR)}><S3) +Ce?
< Ce?,
where the last inequality comes from the ([ZI5]) and Sobolev embedding and trace

theorem. In fact, we have W*P(Q) embeds into W32(Q), which in turn embeds
into W22(99).

Remark 2.17. We remark that in fact, the argument above gives an independent
proof of the energy identity in the blow up analysis of biharmonic maps with tension
field in LP for some p > %.

For some fixed to € [t(\R),t()], set

fott 13 2 2
F(t):/ / = |0Fu|” + 2[0pul” dbd.
to—t JS3 2

F is defined for 0 < ¢ < min {tg — t(\;)R, () — to}. Integrating (Z24) from to — ¢
to tg + t, we obtain

1 3 2 2
F(t) < —= / +/ = |0Fu|” + 2 |0pul” do
2V/3 ( {to—t}x 53 J {tot+t}xS3 2| vl '

to+t 1 ¢ ~
+/ </ —= |Agoul® + |8Nssu|2d9+/ fF(u) - 3tud5d9> dt.
t 53 2 —o0 /53

o—t

With the help of (Z22]), we can have
to+t _

/ 71 |Agaul® + |0,V gau|® dods < Ce? (e_(t(‘s)_to) + e_(to_t()‘iR))) el.
S3

to—t

On the other hand,

tot+t ot ~
/ A7 (u) - Oyudsdfdt
t()—t —0o0 S3
to+t B
< [ ] rwlIVal|fldedi
to—t BT(E)
1
< Cez(tott) ||7'(U)HL4/3(31) ”VUHL4(31)
< 051/2671/2(10g57t0)6t/2
< O§Y/2em1/2(1(0)~t0) ot

Remark 2.18. Note that since 1’/ (t) = sinr and %r <sinr <r forr <1, we have

et <r(t) <et/?
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fort <.
Hence, if § is small, we obtain
F(t) < %&F(t) + Ce? (e‘%“(‘”‘to) + e‘%(tO‘tWR”) e,
Multiplying e =% to both sides of the inequality, we have
(e 2F(t)) > —Ce? (e—%(t(é)—to) n e—%(m—t(&R))) ot

We assume without loss of generality that t(0) —tg < to—t(A\;R). Then, we integrate
the above inequality from ¢t =1 to ¢t = t(§) — ¢ to get

F(1) < e 2O 0R2P(y(5) — tg) + Ce? (73O 0] 4 =30t
< Ce2 (67%@(5)40) + efé(tgft(AiR))> '

Here we used (2.27]).
Together with ([2.22)), we obtain

to+1
0 / IV2ul? + |Vu|?dodt < C<? (e*%(t(‘s)ft") + eﬁ(t"*t(’\iR))) :
53

to—1

Here V is the gradient of [t(\;R), ()] x S* with the product metric. Recall that
’t(r) — t(r)’ is bounded by some universal constant and 0; and 0; are comparable.
Hence, we can translate the above decay estimate into a decay with respect to

t=logr.
fo+1 ~ ~ ~ 1 7 1(F
/ [V2ul? + [Vul?dodi < Ce? (e 30800 4 = 3Eo-los))
to—1 JS3
Direct computation shows that
1 to+1 B ~ 5
/ |V2ul* + — |Vul?dz < c/ |V2ul? + |Vul*dodi
B ig+1\B -1 |22 to—1 /3
< 082 (e—%(10g6—t~0) + e—%(fo—log)\iR)) .

Then by Sobolev embedding and the eg—regularity (Theorem [Z3]), we have

O5C((g—1/2,f0+1/2)x 53) U

1 o (1—
< C(/ |V2u|2 + —2|Vu|2d:17)1/2 4 e4t0(1 1/2”)“7'(’&)”[,;7(3 £0+1\B 6071)
BGEO+1\BG£071 |$| ¢ ¢
S C&_ (e—i(10g6—t~0) + e—%(fg—log)\iR)) .

It is easy to derive the no neck estimate from here. Hence, we complete the proof
of Theorem.

3. BOUNDING WIDTH BY ENERGY

Let M be the manifold in the Theorem [T and g be any Riemannian metric on
M. Since M = M'#T™, there is an embedded sphere S of dimension m — 1 in M
which separates M into M; and Ms and M /M, is homeomorphic to M’ and M /M;
is homeomorphic to T™. Here M /M; is the quotient topology space by identifying
all points in M; as one point.
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Let M be a cover of M and § be the lift of g. For a map u : S* — M, we define
the width of u as

W(u) = ;22)5(4 d(y1,5) (@(z), a(y))

for a lift @ of w. Since the lift is unique up to the action of the deck transformation
of M, the definition is independent of the choice of .

Remark 3.1. [t is perhaps more natural to use the universal cover. Theoretically,
any cover will make the proof work. Since the main purpose is to construct exam-
ples, we use the definition which is convenient for our purpose. Of cause, the width
depends on the choice of the cover.

Similarly, we can define the width of u from R* to M by
W(u) = sup dy g (u(x),a(y))

z,yeR4

for a lift .

Remark 3.2. Since R* is non-compact, it is possible that W (u) is not finite. For
application in this paper, we shall only be interested in the bubble map v : R* — M.
There are several ways to see that for a bubble map with finite energy this width
is finite. First, one can compose u with the stereographic projection and prove a
removable singularity theorem for a PDE system similar but not identical to the
biharmonic map equation as Wang did for quasi-biharmonic maps in Lemma 3.4
[14]. Second, the proof of removable singularity theorem in [9] can be applied in this
case. Finally, since all such bubble maps come from the limit of some biharmonic
map sequence, as remarked near the end of Section 2 of [9], this is a consequence
of the main theorem in [9].

The main result of this section is

Lemma 3.3. For any Cy > 0, there is another constant Cy depending on Cy and
the geometry of M such that any biharmonic map u from R* (or S* ) to M with
E(u) < Oy satisfies that W(u) < Ca.

The proof uses the compactness properties of biharmonic maps (taking the bub-
bling into account). The non-compactness of R* causes some technical problem.
We need the following lemma to control the energy decay at the infinity.

Lemma 3.4. There is a constant e > 0 depending on M. If u : R* — M is a
biharmonic map satisfying

2
/ |V2ul” + \Vul' do < e,
R4\ By
then u is uniformly continuous at the infinity in the sense that for any e > 0, there
is R > 0 independent of u such that
0SCRa\BrU < €.

Proof. The proof is just another version of Section 6 of [9]. The only difference is
that for a removable singularity theorem, we study B; \ {0}, which is

Bl\{o}:UAi

i=1
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where
Ai = Be—(i—l)L \Be—iL,

while in this lemma, we study the asymptotic behavior of v on

0
R\ B = ] A

i=—00

In the proof of the removable singularity theorem, we prove exponential decay as
i — oo (x| — 0), while here we prove exponential decay as i — —oo (Jz| — o0).
We need €5 to be small, so that we can use Theorem on A;—1 UA; UA; for
1=—1,-2,---.

This lemma follows from the exponential decay of |Vgsu| and |0pul. O

Proof of Lemmal[3-3. We only prove the case for R* and the case for S* is simpler.
If the lemma is not true, we can find a sequence of biharmonic maps uy : R* — M
with &(uy) < C1, but

lim W (uy) = 4o0.

k—o00

Since &(ux) and W(uy) are invariant under the scaling, we may assume without
loss of generality that

(3.1) / |V2uk‘2 + |Vug| dz < es.
R4\ By

() implies that the bubble points are restricted to Bj.

Let 1o be the weak limit. Since there is no bubble outside By, wuy converges
t0 Uoo on Bg \ Bz uniformly for fixed R. Together with Lemma B4 and (B1), the
convergence is uniform on R*\ By.

The bubbles are described as follows. Assume that there are I bubbles (including
ghost bubbles, which is just trivial map), w;(i = 1,---,1) and there are m(m <)
blow-up points p;(i = 1,--- ,m) with p; C Bs. Each w; is the limit of

wi g (x) == up( N g + Ti ).

Since there could be bubbles on top of w;, the convergence is strong on the domain

Qi = Br \ (U B5(yk,s)> ;

where we use s to parameterize the bubbles on top of w;. Moreover, for each bubble
wi, there is a neck region of the form B,,(x) \ B,,(*), which we denote by N; .
There is no need to be precise about 71, ro and the centers of the balls, it suffices
to notice that the no neck theorem implies that

(3.2) klg{)lo oscy, , ur = o(d, R),

where o(d, R) goes to zero when 6 — 0 and R — occ.
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By definition, if uy is a lift of ug, we have
(33) W) = sw dyy g (in(y), (=)
y,z€R
l

< Z sup  d iy 5 (Ue(Niky + @ig)s Uk (N gz + k)

i—1 Y,2€0 k

T osup dyg g (), i(2)

y,zENi,k

T s @), @),

y,2€RNUIL, Bs(pi)
Now we give an upper bound for the left hand side of the above equation. For
the first line, since w; j converges strongly to w; on €2; 5, we have

. . < .
ylél&%i(k d(Myg) (wz,k(y)7 wl(y)) = 0(1)

Here o(1) goes to zero as k — oo. Noticing that @y (A px + x; 1) is a lift of w; (x)
(defined on €; 1), we can find a lift of w;, denoted by w; such that

max dyy ) (@ (Niky + zik), @i(y)) < o(1).

Therefore, we have

(3.4) liin sup sup  dy7 5 (Wi gy + @ig), te(Ni gz + zig)) < W(wi).
—00  Y,2€80; &

For the second line, we need some general fact from Riemannian geometry as
follows. There is some small ¢ > 0 depending on both (M,g) and (M, g) such
that for any geodesic ball B C M of radius o and its lift B C M, we have that
(B, d(,g)) is isometric to (B, dy; 5)) as metric spaces.

Thanks to ([B2), for small 6 and large R so that the image ug(N; ) lies in a
geodesic ball of radius o, we have
(3.5) li]rcnsup sup  dyy o (Ur(y), @k (2)) < Co(d, R).

—o0  Y,zEN; &

To bound the last line in &3], it suffices to note that uy converges uniformly
on R*\ U, Bs(pi) to us. To see this, we note that u, converges strongly on
B \ UB, (p;) and uy, converges strongly on R*\ By as remarked earlier. Hence,
(3.6) lim sup sup d 5z ) (Wr(y), ik (2)) < W(uoo).

k—oo y,zeRN\UL, Bs(pi) ’

B4), 1) and @3.6) add up to give an upper bound for W (uy,), which contradicts

the assumption that limy_,oc W (ux) = 0o and hence proves the lemma. O

4. PROOF OF THE MAIN THEOREM

Let u(t) be a solution to (L)) with u(0) = ug. Along the flow,

d
th (u) <0.
Hence, E(u) is uniformly bounded (before the possible blow-up at least). Since the
target manifold is compact, u is bounded and hence &(u) is also uniformly bounded.
The key observation to the proof is that for some C; > 0 and arbitrarily large
(5, we can choose ug with £(up) < C7 and any smooth v’ homotopic to ug satisfies

W(’U/) > (.
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Assuming that such wug is found, we claim that «(¢) must blow-up in finite time
and hence Theorem [[.T] is proved. If otherwise, the solution exists for any ¢ > 0.

Since
/ / |0yul® dvdt < oo,
0o Jst

we may choose a sequence of t; going to oo such that

lim [0 te) — 0.
Jm (|Geul| 2 (t) —

For simplicity, we denote u(tx) by ug.

Since &(uy) is bounded and the e—regularity (Theorem [2Z3]) holds, the usual
blow-up analysis works. Assume that there are [ bubbles w;(i = 1,--- 1), which is
the limit of ug (N k@ + 24.%) and m(m < ) blow-up points p;. Let Q; ;, and N; ; as
before. We still have

W(u,) < Z Sll]@;2 d(M@)(ﬂk(/\i,ky"'$i,k>,ﬁk()\i,k2+$i,k)>
i—1 ¥r2E8L

+ sup d(M,q) (r(y), (=)
y,zENi,k :

+ sup d(]\?[,g) (i (y), g (2))-
y,2€RNUIL, Bs(pi)

By Theorem 2], we can bound the right hand side by

l
> W(wi) + W(us) + 1.
i=1
By Lemma B3 each W(w;) and W (us) is bounded by a constant Cy depending
on (. Moreover, the number of bubbles is also bounded by a constant depending
on (. Hence, there is a constant Cy4 such that
lim sup W (uy) < Cy.
k— o0
This would be a contradiction and hence proves Theorem [[L1]if Cy < Cs.

Now let’s show how to construct ug.

Recall that M = M'#T™. There is a natural cover of M, which is obtained
by modifying R™. R™ is the universal cover of 7™, with the deck transformation
group G = Z™. Let pg be any point of R™ and let the orbit of the action of G
containing po be {p;};-,. Suppose U; be a small neighborhood of p; diffeomorphic
to the ball of dimension m and V' C M’ be an open set diffeomorphic to a ball.
For each ¢ = 0,1, -, we remove U; from R™ and identify the boundary of U; with
the boundary of a copy of M’ \ V, which we denote by W;. The new complete
non-compact manifold is denoted by M. G acts on M naturally and the quotient
is M. If M is equipped with a Riemannian metric g and g is the pull back metric,
then the projection 7 : M — M is isometric map.

Since m4(M') is not trivial, there is a smooth map h : S* — M’ which is
not homotopic to constant map. Since m > 4 and h is not surjective, assume by
deforming it smoothly that

(1) h(S*) c M'\ V;

(2) h maps the entire southern hemisphere to a single point ¢ € M’ \ V.

Let h; be the copy of h from S* to W; and ¢; be the copy of ¢ in W;.



finite time blow-up 21

For any Cj, pick ¢ such that
d(]\}[yg)(WmWi) > 03.

Let W(®) be the stereoprojection from R* to S*, which maps the infinity to the
south (north) pole and maps 0B; to the equator. Consider the map w : R* — W;
defined by
w(z) = h; o U(x).
w is a constant map outside By. Set
Cy = E(w)+ E(h)+ 1.

We claim that for o very small, we can find smooth wug satisfying

(1)

7o ho(z) xr € S*\ B,(9);
=9 1o w(q);;/(;)) z € By2(9).

(2) E(UO) < (.

By the above definition, we observe that uolap,(s) = qo and uolop_,(s) = -
The first observation follows trivially from the definition of hy. For the latter, we
notice that |®~*(x)| is almost o for every 2 € 0B,2(S), because ® is almost an
isometry near S and o is going to be small.

Since the energy is scaling invariant and ¢ is almost isometric in small neigh-
borhood of the south pole, we have

1
/ +/ |Aug|® dv < E(h) + BE(w) + =.
SN\B,(5) JB,a2(8) 2

It suffices to show that we can define ug on B, (S) \ B,2(S) so that ug is smooth
and the contribution to the energy on this part is smaller than % By choosing o
small, the metric of S* on B, is close to the flat metric. Hence, it suffices to check
this with flat metric.

Let v : [0,1] — M be the shortest geodesic in M connecting gy to ¢;. Let
¢ :[0,1] = [0, 1] be a smooth function satisfying

(1) ¢" >0

(2) p(z) =0forall 0 <z < % and p(z) =1forall I <z <1;

(3) |¢'| + || < C for some universal constant C.

Set

B (10g0—10g|x|>
uo(r) =moyop | ——=—|.
—logo
For simplicity, we write L for d(Myg)(QOa gi). Note that
|(mov)| = L.
Since v and 7 o v are geodesics, we have

(ro7)"+ B(moy)((moy),(moy))=0
where B is the second fundamental form of N. Therefore,
(o) = CL.
We estimate the derivative of ug as follows.

CL

R —
[0ruo] < r(—logo)
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and
CL

2
)

Hence,

/ | Aug)? dx:
BG\BU2

o 3 2
< C/ 8T2u0+—8Tu0 rdr

o2 r

2 o
< o / 1

(logo)? Jyo r

- CL?
= (~logo)

For any L, we can choose o so that the above is as small as we want. Hence,
we check that ug satisfies E(ug) < C;. It remains to check that for any map o’
homotopic to ug, W(u') > Cs. Let @' be the lift of u/, which is homotopic to the
following lift of u,

ho () x € 8*\ B,(S);
o= vop(l BTl e B,(S)\ By (S);
w(T5) z € By (9).

We claim that u/ N Wy # 0 and w/ N W; # §. To see this, consider a continuous
map 7 from M to M’ (precisely, a manifold homeomorphic to M’), which maps
any point in M \ Wy to one point. If @' N Wy is empty, then 7 o @’ is a constant
map. However, 7 o @ is homotopic to hy and hence is nontrivial. The proof for
w' NW; # 0 is the same.

In summary, we have constructed a map ug such that E(up) < Cy and W(u') >
Cj5 for any u' homotopic to ug. This finishes the proof of Theorem [Tl
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