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QUENCHED ASYMPTOTICS FOR BROWNIAN MOTION IN
GENERALIZED GAUSSIAN POTENTIAL

By Xia CHEN!
University of Tennessee

In this paper, we study the long-term asymptotics for the quenched

moment
t
E. exp{/ V(Bs) ds}
0

consisting of a d-dimensional Brownian motion {Bs;s > 0} and a
generalized Gaussian field V. The major progress made in this pa-
per includes: Solution to an open problem posted by Carmona and
Molchanov [Probab. Theory Related Fields 102 (1995) 433-453], the
quenched laws for Brownian motions in Newtonian-type potentials
and in the potentials driven by white noise or by fractional white
noise.

1. Introduction. The classic Anderson model can be formulated as the
following heat equation:

opu(t,z) = LAu(t, ) + V(x)u(t,z),
(L) {ut(O,x):1,2

where {V (z);x € R} is often made as a stationary random field called po-
tential.

Under some regularity assumption such as Hélder continuity on V(x), the
system has a unique solution with Feynman—Kac representation

(1.2) ult, ) :Exexp{/otV(Bs)ds},

where {B;;t > 0} is a d-dimensional Brownian motion independent of V' (z),
and E, is the expectation with respect to B; given By = .
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2 X. CHEN

An important aspect in studying parabolic Anderson models is its long-
term asymptotics. There are two types of asymptotics: one is labeled as
quenched law concerning the limit behavior of the random field u(¢,z) con-
ditioning on the random potential V' (z); another is known as annealed law
with interest in the limit behavior of Eu(¢,x) and other deterministic mo-
ments of u(¢,z). In the case when {V(x);x € R?} is a mean zero stationary
Gaussian field with the covariance function

(1.3) v(z) = Cov(V(0),V (z)), xR
Carmona and Molchanov (Theorem 5.1, [5]) establish the quenched law

¢
(1.4) tlggo t\/loT logE, exp{/o V(Bs) ds} =+/2dv(0), a.s.
under the condition lim|,|_ 7(x) = 0. See [14] for the asymptotics of the
second order, and [4, 6, 16, 24] and [25] for a variety of versions in literature.

This paper is concerned with the setting of the generalized Gaussian fields,
in which the potential V' is not defined pointwise. A typical example is when
V' is a white or fractional white noise. Recall that a generalized function is
defined as a linear functional {(£,¢);¢ € S(R%)} on a suitable space S(R?)
of the functions known as the test functions. The classic notion of function
is generalized in the sense that

(1.5 €)= [ a@pla)dn,  peS®)

whenever £(x) is a “good” function defined pointwise on R%. We refer the
book [17] by Gel'fand and Vilenkin for details.

A generalized random field V' is a generalized random function. In this
paper, we consider the case when S(R?) is the Schwartz space of rapidly de-
creasing and infinitely smooth functions, and {(V,¢); ¢ € S(R?)} is a mean-
zero Gaussian field satisfying the homogeneity

(1.6)  {(Vo(- —2));0 e SR} L {(V,p);p e SRY},  zeR™

The covariance functionals Cov((V,¢), (V,1)) of the generalized Gaussian
fields considered in this work are continuous on S(R?) x S(R?). Conse-
quently, {(V,p); ¢ € S(R?)} is continuous in probability and therefore yields
a measurable version.

The classic Bochner representation can be generalized ((1), page 290, [17])
in the following way: There is a positive measure u(d\) on RY, known as
spectral measure, such that

1

@ o (@)W F W) AN)p(dA),

(L.7) Cov((V, ), (V,4)) =
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where F(¢)()\) denotes the Fourier transform of the function ¢ € S(RY).
Further, u(d)\) is tempered in the sense that (1 + |- [?)™? € L(R?, u) for
some p > 0.

In the settings considered in this paper, the notion of covariance function
~(+) defined by (1.3) can also be extended to the form

(18) Cov((Vig). (Vo) = [ A —nplevdedy. g e SR

with v(x) = dp(x) (Dirac function) or with ~(x) being defined pointwise
on R?\ {0} and satisfying v(0) = lim,_,o7(x) = co—in both cases u(d)) is
an infinite measure. As a consequence, it is impossible to make V point-
wise defined through relation (1.5), for otherwise we would have to face the
“Gaussian variable” V(z) with Var(V(z)) = v(0) = oo for every x € R%.

Nevertheless, representation (1.2) can be extended to the generalized set-
ting under some suitable condition. The generalized Gaussian potentials
appearing in our main theorems satisfy (Lemma A.2)

1
(1.9) /Rd WMCD\) <00

for some § > 0. As a consequence (Lemma A.1), the L2-limit

t ¢
/ V(By)ds ¥ lim | V.(B,)ds
0 e—=01 Jo

exists and, the time integral defined in this way yields a continuous version
as a stochastic process, where the pointwise defined Gaussian field V.(x)
appears as a smoothed version of V'; see Lemma A.1 for details. In addition,
the time integral defined in this way is exponentially integrable with respect
to E,, as pointed out in Section 3. Consequently, representation (1.2) makes
sense in our settings. According to a treatment proposed on page 448 of [5],
it solves the Anderson model (1.1) in some proper sense. The major goal
of this work is to study the large-t behavior of the quenched exponential
moment in (1.2).

In [5], Carmona and Molchanov ask what happens when the covariance
function ~(z) is defined pointwise, continuous in R%\ {0} but v(0) = co with
the degree of singularity measured by

(1.10) V(@) ~e()]e]™* (2 —=0)

for some 0 < a <2 and ¢(y) > 0. Here we point out that the restriction
“a < d” has to be added for the covariance functional Cov((V, ), (V,)) to
be well-defined. Indeed, for a nonnegative ¢ € S(R?) strictly positive in a
neighborhood of 0, there are C' > 0 and € > 0 such that

Var((V, ) > 1 /{ da dy

el <ebx{lyl<e} 17— Yl
The right-hand side diverges if a > d.
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In their paper, Carmona and Molchanov [5] conjecture that under (1.10),

t
logE, exp{/ V(Bs) ds} ~ t(log t)4=)/(2=a) a.s. (t — 00).
0
The following theorem tells a slightly different story.

THEOREM 1.1. Let the covariance function v(z) be continuous on R\
{0} and be bounded outside every neighborhood of 0. Assume (1.10) with
0<a<2Ad. Then for any x € R?,

t—o00

t
lim ¢~ (logt)~% = log E, exp{/ V(Bs)ds}
(1.11) ’

4—a o\ 2/(4
= <§> (2de(v)k(d, @) /( 70‘), a.s.,

where the constant c(v) >0 is given in (1.10), and k(d,«) > 0 is the best
constant of the inequality [see (A.18) in the Appendiz]

f2 ) 4—o « 1,2 /mpd
o <Clfll*IV£IS, feW (R
R4 x R4 yl

with WH2(R?) being defined as the Sobolev space
(1.12) Wh2(RY) = {f € L2(RY); Vf € L2(RY)}.

We now consider a special case. In light of some classical laws of physics,
such as Newton’s gravity law and Coulomb’s electrostatics law, it makes
sense to consider the potential formally given as

1
sz/ ——W(dy), z eR?
(z) [P (dy)

in the parabolic Anderson model (1.1). Here {W(z);x € R%} is a standard
Brownian sheet. The relevant Gaussian field

(1.13) <v,¢>=/Rd [/R oY) dy]W(da:), » € S(RY)

a |y —x|P

is well defined with the covariance function
(1.14) v(z) = C(d,p)|z|~*~,

provided d/2 <p < dif A d, where

P ((d=p)/2)T((2p —d)/2)
(1.15) Cldp) == SFd )
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Indeed,

cotoon- [, [, 224 £22]

L0 [ i 0

C(d.p) /R e(y)y(2) dydz.,

dxRd |y - Z‘Qpid

where the last step follows from (1.31) in [11] (with o being replaced by
2p —d).
Thus (1.10) holds with «=2p —d <2 Ad.

COROLLARY 1.2. In the special case given in (1.13) with d/2 <p <d A
a+2
2

t
lim t~(logt) ¥ Fd=2) 1og |, exp{e / V(Bs)ds}
— 00 0

4+d—2p <2p _ d) (2p—d)/(4+d—2p)

(1.16) i 5

x (2dC(d, p)0k(d,2p — d))¥/ U+ g

for any 0 >0, where C(d,p) >0 is given in (1.15).

In the next theorem, the potential is a fractional white noise formally
written as

JrwH

V(JL‘) - 8951 e -8xd

(x), z=(z1,...,2q) €RY,
where W (z) (z = (21,...,24) € RY) is a fractional Brownian sheet with
Hurst index H = (Hy,...,H;). We assume that

d
1
(1.17) 5<Hj<l (j=1...d) and > Hj>d-1.
j=1

The generalized Gaussian field relevant to the problem is defined by the
stochastic integral

(1.18) (V) = /R W), peSEY.
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In this setting,

d —1
7(@) = Ci (H |xj|2—2Hj> and
j=1

(1.19) } B
w(d\) =Cy (H |Aj\2Hj1) d,

J=1

where C'y > 0 and 61{ > (0 are two constants with

d
Cu=[[H,@2H-1).
j=1
Under assumption (1.17),
d
(1.20) O<a=2d-2) H;<2Ad.
j=1

THEOREM 1.3.  Assume (1.17). For any 6 >0 and x € RY,

t ade
lim ¢ (log t)~ /=) log E, exp{o ——(By) ds}
t—o0 0 Oxy---0xy
(1.21)

4—a o\ 2/(4
_ T<§> (2dCp0%R(d, H)Y 4, as,

where k(d, H) is the best constant of the inequality [see (A.30) in the Appendix]

d

—1
Adede(x)fQ(y><H'xj‘yj‘Q_QHj> dz dy < ClF14-2 |V £,

j=1
FeWh2(RY).

In the next theorem, we take d =1. The Gaussian potential is a white
noise formally given as V(z) = W(z) where W(z) (z € R) is a two-side
Brownian motion. The relevant generalized Gaussian field is defined as

(1.22) v = [ T o@W(dr),  peSR).

In this case the covariance function 7(-) = do(+) is the Dirac function and
the spectral measure p(d\) = dX is Lebesgue measure on (—oo,00).



BROWNIAN MOTION IN GENERALIZED GAUSSIAN POTENTIAL 7

THEOREM 1.4. For any 0 >0 and z € R,

t
lim t_l(logt)_Q/?’logExexp{H / W(Bs)ds}
0

t—o0
1.23
(1.23) L\

:—<—> 94/3, a.s.

2

We now comment on our main theorems. It is interesting to see that (1.11)
is consistent with (1.4) when the latter is regarded as the case a =0, with
easy and natural identifications ¢(vy) = v(0), k(d,0) = 1, and the natural
convention that 0 = 1.

Given an integer valued symmetric simple random walk {X;;t >0} and
an independent family {{(x);x € Z} of the ii.d. standard normal random
variables, by Theorem 4.1, [15], or by Theorem 2.2, [16],

t
tlim t~ (logt) /% 1og E, exp{ﬁ/ &(Xs) ds} =20, a.s.
—00 0

Comparing this to Theorem 1.4, we witness a highly unusual difference be-
tween continuous and discrete settings.

The almost sure limits stated in our theorems are largely determined by
the scaling or asymptotic scaling exponent « of the covariance function ~(x)
at © = 0. The restriction a < 2 in our theorems is essential. In connection to
Theorem 1.4, notice that a Dirac function on R satisfies dy(cz) = |c|%do(x).
In particular, o =d as y(z) = dp(z). To comply with the restriction o < 2,
the space dimension d has to be 1 in Theorem 1.4.

A challenge beyond the scope of this paper is the quenched long-term
asymptotics for the time dependent potential V (¢, ) in connection to The-
orems 1.3 and 1.4. Associated to Theorem 1.3 is the case when

ad-l—le N 4
Vit,g)= —(t,2), t x) e RT x R?,
(t,2) 8t8x1-~-8xd( ) (t,2)
where W (¢, ) is a time-space fractional Brownian sheet with some restric-
tion on its Hurst parameter H = (Hy, Hy,...,H;). An interested reader is

referred to the paper by Hu, Nualart and Song [19] for the Feynman—Kac
representation of the solution in this system; and to the recent work [9] by
Chen, Hu, Song and Xing for the annealed asymptotics in this and other
time-space settings.

Theorem 1.4 corresponds to the famous Karda—Parisi-Zhang (KPZ) model
which starts from a nonlinear stochastic partial differential equation and is
transformed into the parabolic Anderson equation with the potential

2

V(b z) = —V[;(t,x), (t,2) €R* xR
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by some renormalization treatment together with the Hopf—Cole transform.
We cite the references [20] and [21] for the physical background of the prob-
lem, and [1, 2, 18] for the mathematical set-up and recent progress on the
KPZ equation.

In addition, it is worth mentioning a recent work [12] by Conus et al. in
which they consider a possibly nonlinear heat equation

O =M+ V(t,2)o(u).

Here V(t,x) is a time-space generalized Gaussian field with the covariance
function

do(s —t)y(z —y), (s,2), (t,y) €ERT x RY

When the space covariance function «(z) satisfies (1.10) with 0 < a < 2Ad,
a quenched space-asymptotic law (Theorem 2.6, [12]) states that

¢ < limsup(log |z|) 4= logu(t, x) < Cy, a.s.
|x|—o00

for any fixed ¢ > 0. The exponent 2/(4 — «) seems to suggest a deep link to
(1.11). In general, going from the time-independent potential to the time-
dependent potential is a big step. We specially mention the work [25] by
Viens and Zhang for their effort beyond the sub-additivity treatment. It is
our hope that some ideas developed in the current paper may play a role in
the future investigation of this direction.

We now comment on the approaches adopted in this paper and their
relations to earlier works. As usual, the proof consists of two major steps: a
semi-group method to associate the quenched exponential moment in (1.2)
to the principal eigenvalue of random linear operator 27 ' A+ V with the zero
boundary on (—t,t)? and asymptotic estimation of the principal eigenvalue
for which a nice idea developed in [13] and [14] is adopted; see (2.27) to
control the principal eigenvalue over the large domain (—t,#)¢ by the extreme
among the principal eigenvalues over the sub-domains. On the other hand,
what sets this paper apart is the singularity of our models. The following
are some of the novelties appearing in this paper.

(1) Algorithm development. The algorithms existing in the literature of-
ten depend on the asymptotics of the generating function of V'(0). Unfor-
tunately, this strategy does not apply here as V(0) is not even defined in
our models. Indeed, the appearance of ||Vg||2 in the constants of our main
theorems is a testimony of the dynamics different from the classic settings
represented by (1.4). Our approach involves a rescaling strategy that high-
lights the role of the diffusion part of the principal eigenvalue. Some of the
ideas adopted in this paper have been used in the recent work [8] in the
setting of renormalized Poissonian potential. However, there are substantial
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differences between these two settings that demand some new adaptations.
The renormalized Poissonian potential is defined pointwise and essentially
total variational in the sense that it can be decomposed as the difference
of positive and negative parts under suitable truncation, while it is classic
knowledge that the potentials driven by white noise or fractional white noise
are not total variational.

(2) Entropy estimate. The entropy method has become an effective tool
in dealing with the tail, continuity, integrability or finiteness for the random
quantities given as supremum. In the case when V' (z) is defined pointwise,
the concern is the supremum sup,cp V' (x) over a compact D C R?, and the
problem is to count the e-balls that cover D. Not surprisingly, the entropy
number is bounded by a polynomial of £~! if the distance is Euclidean or
nearly Fuclidean. On the other hand, the entropy method in the context
of generalized potential is for the supremum supyeg,py(V; g%) over (a dense
set of ) the unit sphere of the Sobolev space over the domain D; see Proposi-
tion 2.1. Counting the covering e-balls in a functional space is much harder
and the result is less predictable due to complexity in geometric structure.

(3) Lower bound by Slepian lemma. In the classic setting, the lower bound
for (1.4) can be established by decomposing V(z) into two homogeneous
Gaussian fields such that the first field has finite correlation radius and
the second is negligible. Under the assumptions of Theorems 1.1 and 1.3,
such decomposition is not available. Our treatment is based on a famous
comparison lemma by Slepian [23] and is formulated in Lemma 4.2 below.

2. Gaussian supremum. Let D C R? be a fixed bounded open domain.
We use the notation S(D) for the space of the infinitely smooth functions on
D that vanish at the boundary of D. For convenience, we always view S(D)
as a subspace of S(R) by defining g(z) =0 outside D for each g € S(D).
Given g € S(D), for example, we may alternate between the notation

/ Vg(z)|*dz  and / IVg(z)|* da
D Rd
according to convenience. The notation ||Vg||2 is used for both spaces S(D)
and S(R?). Set
(2.1) Fa(D) ={g € S(D)|lgl3 =1},
(2.2) Ga(D) ={g € S(D):lgl3 + 5/IVgll3 =1}.
Our approach largely relies on the estimate of the supremum
2, 1 2

(2:3) sup (Vig") —5 | [Vg(@)["da .

gEF4(D) Rd

Notice that for each g € S(D), g* € S(D). Consequently, the random variable
(V,g?) is well defined and normal. On the other hand, it is not obvious
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whether or not the supremum is finite. When it is finite, the variation in
(2.3) is the principal eigenvalue of the linear operator (1/2)A + V with the
zero boundary condition over D. The main goal of this section is to show
that the supremum in (2.3) is finite when D is bounded, and to establish a
sharp almost-sure asymptotic bound as D expands to R in a suitable way.
The treatment is entropy estimation.

2.1. Entropy bounds. Consider a pseudometric space (F,p) with the
pseudometric p(-,-). For any € > 0, let N(E,p,e) be the minimal number
of the open balls of the diameter no greater than e, which are necessary for
covering E. In this section we take F = G4(D) and

p(f,9) = B[V, f2) — (VY2 f9€Ga(D).
We have that

1/2
s ={ [ -0 - )P - P dey|
(2.4)
f7g € gd(D)

Here we specially mention that «(x) = dp(x) in the context of Theorem 1.4.

PROPOSITION 2.1.  Under the assumptions of Theorems 1.1, 1.8 or 1.4,

(2.5) lim &?log N(G4(D),p,e) =0
e—0t
whenever
2d
2. 1V ——0.
(2.6) F>1V o

Noticing that the right-hand side of (2.6) is less than 2,

1
(2.7) /0 V1og N(Ga(D). p,) de < .

PrROOF. Let [(z) € S(RY) (mollifier) be a symmetric probability density
function supported on {|z| < 1} and introduce the function l.(x) (e-mollifier)
as

(2.8) l(z) = (e ), zeRe>0.
In addition, we assume that F(1)(-) > 0. Define the operator S. on S(R?) as

29 se@={[ Fe-pLwal . eent
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By Fourier transform,
BV.¢%) — (V.S:(0)) = o7 [ 1= FOENPIF) M) Pu(dy)

gec gd(D)

Notice that |1 — F(I)(e\)| < 2. By the mean-value theorem there is C5 >0
such that

1= F)EN] <271 = FO)EN <CsleAl’,  AeR%e>0,

where 0 < § < 1 is chosen by (1.9), in connection to Lemma A.2 in the
Appendix.
Thus, there is a constant C' > 0 independent of € and g, such that

1/2
sy <0 [ WFEFAWEMN} g€ D)o
Notice that

FP )N <F(@*)0)=lgll3 <1, g€Ga(D).
In addition, for any A € R%\ {0},

FHN =5 [ <\;\ Ve ))ei)‘"”dx.

Hence,
1 ., 2 _
IF (g N < S [A 1/ IVg*(x)| dz = Z |\ 1/ l9(2)|IVg(z)| dz
d R4 d R4

2. _ 2 -
< A lglla Vgl < SIA

Consequently,

IF(g*) V) < <1 + 2) (1 A #) g€ Ga(D).

By (1.9), this leads to
sup IAPIF (g (V) pl(dA) < o0
9€Gq(D) JRY
Summarizing our argument, there is a constant C' > 0 such that

(2.10) sup plg,S.g) < Ce°, e > 0.
9€G4(D)

Write ¢() =% . We have that

sup p(9,Spe)9) <Ce,  £>0.
9€Ga4(D)
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To prove (2.5), therefore, all we need is to show that for any /3 satisfying
(2.6),

(2.11) lim £’ log N(G4(D), pe,e) =0,

e—0t

where the pseudometric p. is defined as p.(f,9) = p(Sy() [, Se(e)9) (fr9 €
Ga(D)). By (2.4)

0= ([ 180 1@ - (Su ) dx)m

1/2
« (s / e = Su ) = S} ] )
zeD'|JRE
where D’ is the 1-neighborhood of D. Take

(@) = Su0 £2(@) and B = [ 2o =9)(Soo )

ze D

in Lemma A.3 of the Appendix. All we need is to exam that there are p > 1
satisfying
2p 2d

2.12 1v
(2.12) 5>2p—1> d+2

and C' >0, m > 0 independent of € > 0 such that
(2.13) |(Spe) /)2 (@) = (Spe)[)* ()] < Ce™™ |z =y,

(2.14) Tz =2) =9y = 2)}(Spe) ) (2) d2| < Ce™z —y,
(2.15) Rd\(sqs(e)f)(z)l% dz<C

and

(2.16) /R A = 2)( Sy () dz < C

for all 2,y € D’ and f € G4(D).
Indeed, by the mean value theorem

(S0 /)* (@) = (Spe) /> ()] < /R lls(e) (@ +2) = L) (y + 2)| f(2) dz

< Co(e) @D |z —y| / 7(2)

< Coe)” )z —yl.
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Thus (2.13) holds with m = (d + 1)6~!. For the same m, (2.14) follows
from (2.13), the relation

[ 6@ =2 == 2} Suo /() d:
= [ Ao = a) = (Sua /= )}

and the fact that
[ helds <o
D

for ﬁ: {21 + z9 ER 321,22 ED/}
We now come to (2.15). First, for any p > 1 and by Jensen’s inequality,

L JSanermas< [ I#G)
Rd

We claim that there is a p > 1 satisfying (2.12) and p(d —2) < d. Indeed, this
is obvious when d <2 as we can make p sufficiently large. When d > 3, our
assertion is secured by the facts that the quantity 2p(2p — 1)~! is strictly
decreasing in p, and that the supremum of p under the constraint p(d—2) < d
is b=d(d — 2)~! which solves the equation

2 2d

2—1 d+2°

By Gagliardo—Nirenberg inequality (see, e.g., page 303, [7]), for which the
restriction p(d —2) < d is critically needed,

/ (@) dz < C| 3P Vw4V < .

Thus, we have proved (2.15).
It remains to establish (2.16). In the context of Theorem 1.3, by (A.29),

/ (i — 2)(Syie) )2 (2) dz
Rd

By Jensen inequality, ||Sg) fll2 < [/f[l2 <1. From (2.9)
IVSs(e)f ()]

—1/2
([ oot Pa-ndy) | [ o=V
R4 R

: {/Rd Loy W)V fz—y) dy}%,

< ClISse) fII3 VS f1I5-
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where the inequality follows from Cauchy—Schwarz inequality. Hence, by
Fubini’s theorem and translation invariance,

210 IS/ < [ too )] [ IV =o)Pds] ay= V113

The right-hand side is bounded by 1. Thus (2.16) holds.
In the context of Theorem 1.1, (2.16) follows from the bound |y(z)| <
C(1+ |z]7%) and a similar estimate [with (A.29) being replaced by (A.17)].
In the context of Theorem 1.4,

A= S £2) 2 = (S (@) <10 ).

yeR

Hence, (2.16) follows from the estimate

o)

) <2 / |F(u) £ (u) du

—00

00 1/2 00 1/2
<2{/ f2(u)du} {/ |f’(u)\2du} <3, yeR

2.2. Consequences of the entropy bounds. According to the classic the-
ory on sample path regularity (see, e.g., Appendix D, [7]), under (2.7) the
supremum in (2.3) is finite, integrable and {(V, ¢g?); g € G4(D)} has continu-
ous sample paths with respect to the pseudometric induced by its covariance.
By the linearity of V' and a standard extension argument, such sample con-
tinuity is extended to S(R?).

Given a generalized function ¢ on R? that is, a linear functional on
S4(RY), set

1

219 0= sw {les - [ [Va@Pac).
gefd(D) D

For any € > 0, let D, be the e-neighborhood of D. By the obvious mono-

tonicity of A¢(D) in D, the limit

(2.19) A (D) = lim A¢(De)

always exists at least as extended number. It is not clear to us whether or

when )\g(D) = Xe(D).

Let the e-mollifier I.(-) be given in (2.8) and define the pointwise random
field V-(-) as

(2.20) Vo(z) = (V,lc(- —x)), xeR”
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LEMMA 2.2.  Under the assumptions of Theorems 1.1, 1.3 or 1.4
(2.21) lim E sup (V,¢*)=0

e=0"  geg,((—e0)?)
and

(2.22) Ay (D) < liminf Agy, (D) < limsup Mgy, (D) < Ay (D), a.s.

e—07F e—0+
for any 6 >0 and bound domain D C R,
PROOF. In our view, Gg((—¢,¢)?) is a subset of Gg((—1

the continuity of the Gaussian field {(V,¢?);g € G4((—1,1)
to its covariance function established by Proposition 2.1,

Jim Esup{(V,%); 9 € Ga((=1,1)) and E(V, g°)* <6} =0.
!

1)4) ase < 1. By
)Y with respect

To establish (2.21), it suffices to examine that
(2.23) lim sup  E(V,¢*)*=0.
e0T geGa((—2.0))

Indeed, in the case of Theorem 1.1,

E(V,¢%)* = /Rd vz —y)g*(x)g*(y) dz dy

2 2 2 2

<o [ C@IW 40 < oo —a/ @5 W) 4 gy
R |T—yl® R [T —yl®

where the constant C' > 0 is different in each step but independent of g. The

constant ' is chosen by the principle that a < o/ < 2 A d. Consequently,

20,2

g \r)g- Yy —a /

[ 5T rdy < Calgl 19915 < Core g€ Gul(—2)"),
Rd |2 — Y|

where Cy is given in (A.18) with « being replaced by «'. Hence, we have

(2.23).

This argument applies also to the settings of Theorems 1.3 and 1.4. For
Theorem 1.3, we use (A.29) instead of (A.17) and pick 2H; — 1< <1
(j=1,...,d) with a1 + - + ag < 2.

As for Theorem 1.4, we first apply in (A.2), [3] [with p=d=1, 0 =1/2
and f(z) = g*(x)] that gives

oo 4
X
/ g(lgdﬂfﬁc\lgllé g€ Ga(R),
o ‘x| /

where C' > 0 is independent of g. The right-hand side is uniformly bounded
over g € G4(R) according to the Gagliardo—Nirenberg inequality (see, e.g.,
(C.1), page 303, [7])

lalls <Clg 155 191P® <C,  g€Ga(R).
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We now come to (2.22). Let g € Fy4(D) be fixed but arbitrary.

M (D) 20 [ Vi) (e)do =3 [ Vgla)da.

By linearity,

) [ V@@= [ Vi —a)ge) o = V(S0P

In addition, by (2.10) and a proper normalization one can see that S.g con-
verges to g under the covariance pseudomatric p given in (2.4). By the sample
path continuity of the functional (V, ¢?) resulting from Proposition 2.1,

lim (V,(8.9)%) = (V,¢°),  as.
e—0t
Hence,

1
liminf/\gVE(D)29<V792>—§ / Vg(x)|dz,  as.
]Rd

e—0t

Taking supremum over g on the right-hand side, we establish the lower
bound needed by (2.22).

As for the upper bound, first notice that for any g € F4(D), f =
|S2gll3 ' S=g € Fa(D.). By (2.24) and linearity,

2 1 2
(D)< sup (V8.0 =5 [ V(o)) 0

<( s solt) s {00 [ 195

gE€F4(D) feFa(De
< )\GV (Ds ) ;

where the last step follows from the fact ||S:g|l2 < |lg|l2 =1 [see (2.17)] for
any g € Fq(D).
Letting € — 0™ leads to the upper bound needed by (2.22). O

In the rest of the section, we demonstrate how Proposition 2.1 (or Lem-
ma 2.2, more precisely) is used to bound the principal eigenvalue given in
(2.3).

The principal eigenvalue over a large domain can be essentially bounded
by the extreme value among the principal eigenvalues of the sub-domains,
according to a nice strategy developed by Gértner and Kénig [13]. Let r > 2.
By Proposition 1 in [13], also by Lemma 4.6 in [14], there is a nonnegative
and continuous function ®(z) on R? whose support is contained in the 1-
neighborhood of the grid 2rZ?, such that for any R > r and any generalized
function &,

(225> )‘E*qﬂ‘ (QR) < zGQ%gﬁQR )‘E(Z + Qr+1)> Y € Qr,
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where ®Y(z) = ®(x + y), and we use the notation Qr = (=R, R)? for any
R>0.
In addition, ®(z) is periodic with period 2r,

O(x+2rz) =P0(z), zeRY 2 €7,

and there is a constant K > 0 independent of r such that

1 K
(2.26) W/QT O(z)dr < o

It should be pointed out that originally, (2.25) was established for the or-
dinary function £&. However, it can be extended to the generalized function
without any extra effort, due to the linearity preserved by the form (&, )
(v € S(RY)).
Write
(@) 1/<I>(+)d 1/@y()d cRA
nw) = ——— r+y)dy = r)dy, x :
(2r)? Jq, (2r)? Jg,

By periodicity, n =n(x) is a constant with a bound given in (2.26). Hence,

K K 1
MQW S 7A@ S+ g [ A wn @)y

(2.27)

K
<—+ max  Ae(z+Qri1),
r 2€2rZ4NQr

where the last inequality follows from (2.25), and the second inequality fol-
lows from the following steps:

_ 1 _ &Y 2 _1 2 }
Ae—n(QR) ge]S::l(IZQR){(QT)d /QT<£ Y, g7) dy Q/QR\VQ(»%‘)\ dx
1 1
_ _—_ —oV, Py [ |V Qd}d}
QE%R){(%)C[ /Q r [<f 0 dy & /Q Vo) | dy

1 1
— oY gNdy—~ [ |V Zd}d
§<2r>d/cgrgeiE%R>[<f #) dy 2/QR| g(@)[2de] dy
1
:W/Q )\g—éy(QR)dy-

In the next lemma, we not only show that the principal eigenvalue in
(2.3) is finite for any bounded domain D, but also provide sharp asymptotic
bounds for the almost-sure increasing rate of the principal eigenvalue as D
expands to R? in a proper way.
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LEMMA 2.3.  Under the assumptions of Theorems 1.1 or 1.3, for any
0>0,

(2.28)  limsup(log t)~ 2“4~ \gy (Qy) < 0¥~ (d, ), a.s.,
t—r00

where

4 2
in the setting of Theorem 1.1,

_ o/(4-a)
= (%) (240 (d. H))Y ),

in the setting of Theorem 1.3.

B o/(4—a)
4—“(9) (2de(y)re(d, )2/,

(2.29)  h(d,a)=

Under the assumption of Theorem 1.4, for any 6 >0,

2/3
2.30 limsup(logt _2/3)\9‘/ —t,t §1 3 94/3, a.s.
2\ 2

t—o00

PRrROOF. Let u > 0 be fixed, and write

Vu(log )/,
in the setting of Theorems 1.1 or 1.3,

Vu(log t)/3,

in the setting of Theorem 1.4.
For each g € S(RY), write
(2.32) g (@) =a®)?g(a(t)z), xR
By rescaling substitution g+ g,
239 av(@)=a? s foate 2wt -5 [ Voo,
9€Fa(Qta(r)) Qta(t)

Let {(V}, 0); ¢ € S(R?)} be the generalized Gaussian field defined as (V;, ¢)) =
(V,p), where ¢(z) = a(t)%p(a(t)r) [notice that this is different from the def-
inition in (2.32)]. Then we have (V,¢?) = (V;,¢?). Taking & = fa(t)~2V; in
(2.27), by (2.33) we have that

(2.31) alt) =

(2.34) /\gV(Qt)ga(t)Q{E—k max Xz(t)}

r ZGQTZdﬂQta(t)

for any r > 2, where, by homogeneity of the Gaussian field {(V,p);p €
S(RY)}, the stochastic processes

_ 1
x0= sw  foay vt -5 [ Waaef,
9E€EFa(z+Qr+1) 24+Qr+1

S QTZd N Qta(t)
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are identically distributed. Thus

< d
P{zezrlzrzli%}égm(t) Xa(t) > 1} < H{2rZ7 N Qua(r) P{ X0 (t) > 1}.

By linearity, for any g € Fg(Qr+1),

_ 1
balt) 2 (Vegt) ~ 5 [ |Vgla)fdo
Z+Qr+1

_ 1 1
<oa()*(_sw .2 (14 51V012) - 51Val3
F€94(Qry1)

Here we recall that the class G4(D) is defined in (2.2). Taking supremum
over g,

X< sy Joa (s i) (14 51008) - 519l

9EF4(Qr41 J€Ga(Qria

Consequently,

Ko =11c{ s (V,f2) =077},

1€Ga(Qr+1)
Summarizing our argument,
P{ max X, (¢t) > 1}
ZGQTZdﬂQtQ(t)

(2.35)

<H2ZINQuIP{ sw (V.gh) >0 a()?}.

9€Ga(Qr+1)

Notice that for each ¢ € Gq(Qr4+1), (1 + a(t)?|Vgl3) " %g:(-) €
Ga(Q(r+1)a(t)-1)- By linearity,

E  sup (V7)< (1+a(t))E sup (V. f?)
9€G4(Qr+1) fegd(Q(T+1)a(t)fl)
=o(a(t)®)  (t—o0),

where the last step follows from (2.21) in Lemma 2.2.
By the concentration inequality for Gaussian field (see, e.g., (5.152), The-
orem 5.4.3, page 219, [22], in connection to Corollary 5.4.5, page 224, [22]),

IP’{ sup (V,gt2>>9_1a(t)2}
gng(Qr+1)

(236) =P{ sw (V,g)-E sup (Vig})>(1+0(1))6  a(t)?}
9€G4(Qr+1) 9€G4(Qr+1)

<ep{-(1+o) sl ).

20207
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where

of = sup Var((V,g7)).
9€Ga(Qr+1)

In the setting of Theorem 1.1, by (1.10) and other assumptions on ~(x),

o= sup / Y(x = y)gi (x) g7 (y) da dy
0€G4(Qr 1) JRIXRA

— s / Y(a(t) " (& — 1)) (@)g? () dx dy
9€Gq(Qr41) JRIXRE

2 2
~c(y)a(t)®  sup / g (@)9"y) (Ozl/) dx dy (t — 00).
9€G4(Qr41) JRIXRE ‘m_y‘

Notice that

21\ 12
sup / g (@)g" ) dxdy < o*(d,a)
RIxR4

9€G4(Qri1) |z —yl@
4— o (4—a)/2 o a/2
- (—4 ) (5) w(d, ),

where o(d,a) is the variation defined in (A.21) and the last step follows
from (A.23) of Lemma A.4 in the Appendix.
In view of (2.31),

P{ swp  (Vigh) >0 la(t)?}
9€Ga(Qr+1)

(2.37) gexp{_(1+o(1))<ﬁ><4a)/2<§>a/2%}

<exp{—(d+v)logt}
for some v > 0, whenever ¢ is large and the constant u [appearing in (2.31)]
satisfies u > %= h(d, o).

The asymptotic bound (2.37) also holds in the setting of Theorem 1.3
by the same calculation of o7, where (A.23) in Lemma A.4 is replaced by
(A.35) in Lemma A.6.

By (2.35), for large ¢ there is v/ > 0 such that

IP’{ max X.(t) > 1} < exp{—v'logt}.
2€2rZANQa¢a(t)+2r

Consequently,

;P{ max X, () > 1} <0

2€2rZNQaty a(ty,)+2r
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for t, =2F (k=1,2,...). By Borel-Cantelli lemma,

lim sup max X, (ty) <1, a.s.
k—oo 2€2rZNQas a(ty)+2r

In view of (2.31) and (2.34),

lim sup(log tk)_2/(4_°‘))\9v(th) < (g + 1>u7 a.s.

k—o0

for any u > 0%~ n(d, ). Thus, (2.28) follows from the facst that Agy (Q;)
is monotonic in ¢, K > 0 is independent of r, r can be arbitrarily large and
u can be arbitrarily close to 8%~ h(d, a).

Based on the same argument, to establish (2.30) all we need is to show
that

(2.38) ]P’{ sup  (V,g?) > 9_1a(t)2} <exp{—(1+wv)logt}
9€91(Qr+1)

for some v > 0, whenever ¢ is large and and u > %(%)2/394/3.
Indeed,

r+1 ) 5% 3/1 3/2
= sw [ @iz sw [T a@a=3(35) a0,
9€G1(Qrs1) J—(r+1) 9€G1(R) J—o0 4

where the last step follows from (A.37) in Lemma A.7. By (2.36), therefore,

P{ sup  (Vig)) 20 la(t)?]
9€G1(Qr+1)

< exp{_u +o(1)) (;) 23/29—%@)3}

= exp{—(l +o(1)) (g) 23/2972y,3/2 logt},
which leads to (2.38). O

REMARK. Clearly, (2.28) and (2.30) still hold when Agy (Q;) is replaced
by )\;V(Qt). Further, they can be improved into equalities where the limsup
can be strengthened into limit. The needed lower bounds will be given in
Lemma 4.1 below.

3. Upper bounds. In this section we establish the upper bounds needed
for Theorems 1.1, 1.3 and 1.4. Thanks to the homogeneity of the potential,
the distribution of the quenched moment in our theorems does not depends
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on By. Therefore, we may take By =0 in the proof. In other words, we prove
that for any 6 > 0,

t
limsupt ! (log )% 4= 1og K exp{H / V(Bs) ds}
t— 00 0

(3.1)
< 0= p(d, o), a.s.

in the context of Theorems 1.1 or 1.3, where h(d, «) is defined in (2.29) and

t
limsupt~*(log t)~%/® log Eg exp{ﬁ/ V(Bs) ds}
0

t—o00

2/3
< %(g) 94/3, a.s.

(3.2)

in the context of Theorem 1.4.
First, in all settings,

t
(3.3) E®E0exp{9/ V(Bs)ds} < 00, t>0.
0

Consequently,

t
Eo exp{@/ V(By) ds} < 00, a.s. t > 0.
0

Here we recall our notation that “E,” “P” are used for the expectation and
probability with respect to the Gaussian potential, and that “Egy,” “Py”
are used for the expectation and probability with respect to the Brownian
motion starting at 0.

Indeed, by the (conditional) Gaussian property stated in Lemma A.1,

¢ 2 ot
E®Eg exp{@/ V(Bs) ds} :Eoexp{%/ / v(By — Bv)dudv}.
0 0 Jo

Therefore, (3.3) follows from Theorem 4.3, [5] in the setting of Theorem 1.1;
from (A.28) below in the setting of Theorem 1.3; and from Theorem 4.2.1,
page 103, [7] in the setting of Theorem 1.4.

For any open domain D € R?, set the exit time

Tp =inf{s > 0; B; ¢ D}.

Recall the notation Qp = (—R, R)%.
In light of Lemma 2.3, our strategy for both upper and lower bounds can
be roughly outlined by the following asymptotic relation:

(3.4) Eo exp{@/o V(BS) ds} ~ eXp{t)\gv(QR(t))},
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where the principal eigenvalue is introduced in (2.18), and square radius R(t)
is nearly linear and carefully chosen according to the context. To implement
the upper bound, we consider the decomposition

Eoexp{H/OtV(Bs)ds}
~E, [exp{H/OtV(Bs)ds};TQRl >t]

o0 t
—i—ZEO [exp{@/o V(Bs)ds};TQRk <t<TQRk+1:|

k=1

t
<Eq exp{@/ V(Bs)ds};TQR1 zt]
0

+i(PO{TQRk <t})1/2{E0 [exp{ze/otV(Bs)ds};TQRk+l > t] }1/2,

k=1
where
(Mt(logt)/ (=),
in the context of Theorems 1.1 or 1.3,
= % k=1,2,...
(Mt(logt)'/?)",
in the context of Theorem 1.4,

and the constant M >0 is fixed (for a while at least), but arbitrary.

The first term in the above decomposition is the dominating term and is
estimated in the following. Let p,q > 1 with p~ + ¢~ ! =1 with p close to 1.

By Lemma 4.3 [(4.5), with 6 =1 and («, ) being replaced by (p,q)] in [8],
we have for any € > 0,

Eo [exp{a/tVE(BS)als};TQRl zt}
0 1 1/q
< (Eoexp{Hq/ VE(Bs)ds}>
1 O t—1 1/p
X {W/cle E, [exp{PH/O Vg(Bs)ds};TQRl Zt—l} dx} ’

where the Gaussian field V(-) is defined in (2.20).

The purpose of taking the above steps is to localize the Brownian range
and to re-shuffle the starting point of the Brownian motion uniformly over
@R, - The Brownian motion reaches anywhere of a super-linear (in ¢) distance
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from the origin with a super-exponentially small probability which is neg-
ligible in comparison to the essentially linear deviation scales shown in our
main theorems. The reason behind re-shuffling is the explicit bounds (see,
e.g., Lemmas 4.1 and 4.2 in [8]) between the principal eigenvalues appear-
ing in Lemma 2.3 and the exponential moment of the Brownian occupation
time, in the case when the Brownian motion has a uniformly distributed
starting point. Indeed, according to Lemma 4.1 in [8],

t—1
/ E, [exp{p@/ VE(BS)dS};TQRl Zt—l} dx
QRl 0

< |QR1 ‘ eXp{(t - 1))‘p9Vs (QR1)}

Hence,
t

Eo [exp{@/ Vz(Bs) dS};TQRl > t} dx
0

- (2_Rf>d/(2p) <E0 exp{qe /O LBy ds}> Y p{(t Dy (Qr, )

s

The reason for considering V instead of V' is that Lemmas 4.3 and 4.1 in
[8] were designed only for the pointwise defined functions. To pass the above
inequality from V. to V, we let € — 0" on the both sides. First notice that
for any fixed ¢, by comparing the variance between V. and V', we have that

t
E®Eq exp{@/ V-(Bs) ds}
0

t
<E®Eq exp{@/ V(Bs) ds}
0

and by (3.3), the right-hand side is finite for arbitrary € > 0. Hence, a stan-
dard argument by uniform integrability together with Lemma A.1 leads to

exp{H/OtVE(BS)dS} —exp{@/otV(Bs)ds}‘ =0.

Applying Fatou’s lemma and (2.22) in Lemma 2.2 to the inequality,

(35) lim E®E,

e—0t

t
Eo [exp{@/ V(Bs)als};TQRl zt] dx
0

o R2\ %/ (2p) 1 1/q
< <—1> <E0exp{q9 ; V(Bs)d5}> eXP{(t_1)/\317\/(@1*31)}7

™
a.s.
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By a similar argument with p=¢ =2,

t
Eo [exp{29/ V(Bs)ds};TQRk+l >t]
0

- <%>d/ ' <E0 exp{4e / VB d}) 7 el = DN (@)

m
a.s.

for k=1,2,....
Summarizing our estimate,

Eoexp{H/OtV(Bs)ds}

< <ﬁ>d/@p) (E exp{eq / VB, d}) " el = DAy (@)}

™

+ (Boexp{as | 1 V(Bs)ds}>1/2

- 2Ri+1 4/4 1/2 o +
X Z (PO{TQRk < t}) exp{(t 1))‘46V(QR1€+1)}7 a.s.
k=1

™

By the classic fact on the Gaussian tail,
(Po{rqn, <t})'"? <exp{—cR}/t} = exp{—cM* 1>~} (logt)2/(=2)},

Consequently, (3.1) and (3.2) follow from Lemma 2.3. Indeed, by (2.28)
or (2.30) (depending on the context), the second term (in the form of infi-
nite series) on the right-hand side of the established bound is almost surely
bounded when M is sufficiently large, and the first term contributes essen-
tially up to the bound given in (3.1) or (3.2) as p > 1 can be made arbitrarily
close to 1.

4. Lower bounds. In this section we establish the lower bounds needed
for Theorems 1.1, 1.3 and 1.4. In other words, we prove that for any 6 > 0,

t
liminft ! (log t) =2/ (4= log By exp{@/ V(Bs) ds}
t—00 0

(4.1)
>0Y=Yn(d,0),  as.

in the context of Theorems 1.1 or 1.3, where h(d, «) is defined in (2.29) and

t
liminft ! (logt)~?/%log Eq exp{/ V(Bs) ds}
0

t—00
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2/3
> % <g> 04/3, a.s.

in the context of Theorem 1.4.

Our treatment consists of two parts: Implementation of (3.4) for its lower
bounds and establishment of the lower bounds for the principal eigenvalues
which correspond to the upper bounds given in Lemma 2.3.

All notation used in Sections 2 and 3 is adopted here. Let p,q > 1 satisfy
p~!4+¢ ! =1 with p being close to 1, and let 0 < b < 1 be close to 1. For each
e > 0, let the pointwise defined potential V.(z) be given as (2.20). Taking
a=pand ¢=f, 6§ =t° in (4.6), Lemma 4.3, [8] we have

Eoexp{o [ Vi) is)
(ol [ vinae))
x (/thptb(@Exexp{g/;_tb%(Bde})p
:(eof4o [ inau]))
(et [, menf? [ vm)e)

where pu () is the probability density of Bye.
Taking § = t again and replacing t, a and 8 by t—t°, p and ¢, respectively,
in Lemma 4.2, [8],

0 t—tb
/ Exexp{—/ VE(BS)}dJ:
Qv PJo

> (Qﬂ)Pd/Q (t N tb)db/2 (t _ tb)pd/(2q) (t . tb)*?db

(4.2)

X eXp{—g(t — "X /0v (th)} exp{ptAgy. /p(Qu ) }-

Noticing that Agy. (@), Ap/qpev. (@) = 0, and replacing e=’ by e Ot
for a larger C' to absorb all bounded-by-polynomial quantities,

t . q tb -p/q
Eoexp{ﬁ/ VE(BS)ds} > Ot <E0exp{—59/ V;-(Bs)ds}>
0 0
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2
X eXp{ —%Itb>\(p/q)9vs (Qup) } exp{tAgv. /p(Qw)}-

Letting € — 0" and taking the relation V' 2 _V into account, by (3.5)
and (2.22) in Lemma 2.2,

t
Eoexp{H/ V(Bs)ds}
0
. q tb —r/q
> e ¢ (Eoexp{—EH/ V(Bs)ds}>
0

2
p
X exp{ — ?tb)\é/q)w(th) } exp{tAgyp(Qp)}, a.s.

Here we try to explain the strategy used in the above steps. The Brownian
motion is allowed to re-shuffle its starting point uniformly over (), within

the affordable price e~ We take b < 1 to make sure that the energy spent
by the Brownian motion during the “relocation period” [0,#?] is insignificant.
Indeed, replacing V by —V and ¢ by * in (3.1) or in (3.2),

tb
1ogEoexp{—€9/ V(Bs)ds}:o(t), a.s. (t— 00).
P Jo

In addition, by Lemma 2.1,

2

p—tb)\z;/q)gV(th) =o(t), a.s.
under b < 1.

On the other hand, we make b close to 1 to give the Brownian motion
a decent, chance to reach any location (within the period [0,#%]) up to the
distance t® ~t where the energy is rich to the degree requested by the lower
bounds in (4.1) and (4.2).

By the fact that p > 1 and b < 1 can be made arbitrarily close to 1 [In par-
ticular, Ay /(@) = Agv (Q¢).], the lower bounds (4.1) and (4.2) follow from
the next lemma which states another side of the story stated in Lemma 2.3.

LEMMA 4.1.  Under the assumptions of Theorems 1.1 or 1.3, for any
0>0,

(4.3) litrginf(log )72/ X (Qy) > 0 U= 0(d, o), a.s.,
o0

where h(d, ) is given in (2.29).
Under the assumption of Theorem 1.4, for any 6 >0

2/3
(4.4) 1ig£f(1ogt)2/3A9V((—t,t))2%<g> 043, as.
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PrROOF. Recall that a(t) and g¢;(x) are defined in (2.31) and (2.32),
respectively. Let the constant r > 0 be fixed but arbitrary, and set N; =
2rZNQy_,. By (2.33) and by the monotonicity of Agy (D) in the set D C R,

1
Mv(Q) > altPmax sup {ea<t>—2<v, -3 \Vg<x>|2dx}.
2€N: ge Fyla(t) 4Qr) 2 Jat)z+Qr

For any g € G4(Q,) and z € N, notice that g*(-) = g(- —a(t)z) € Fy(a(t)z+
Q@,), and by translation invariance,

[ Ne@la= [ Vew)tds  zenn
a(t)z+Qr Qr

Consequently,

(45 Aav(Qu) = a(0*{ alt) (v / V(o) s}

z€N}

for any g € F4(Q,). In the following argument g € F4(Q,) is fixed but arbi-
trary. Set ¢, = 2% (k=1,2,...). Our next step is to show that

. -2 2
(4.6) hknigfa(tk) ZIéle\i/i (V. (g%),) = o(9), a.s.
whenever

< (2dc(’y))2/(470‘), in the context of Theorem 1.1,
(4.7) u < (2dCp )%/ (=2, in the context of Theorem 1.3,
w < 2%/3, in the context of Theorem 1.4,

where

RGIRO P
RixRd Y

in Theorem 1.1,

(/
o(g) = (/ s’ (Hm yil*~ QH) ldfdy)l/27
(/.

in Theorem 1.3,

)1/2

in Theorem 1.4.

The proof of (4.6) in the setting of Theorem 1.4 is easy due to the fact
that the sequence

Vi(g)D),  zeN
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is an i.i.d. family with the common distribution N(0,a(t)o?(g)). Conse-

quently,
PtV (601 <P ([~ st io) 1/2}

- (1w {wi s aer( [ owa) )

By the classic tail estimate for normal distribution,

Pl > a0? ([ o was) 1/2}

_ exp{_u +o(1)) a(;)g } - exp{—(l +o(1)

By the fact that #(N}) ~ (2r) "1t as t — oo, we have

48 Pl () <a? ([ o) 1/2} < exp{ %)

zeN} —00
for some 3 > 0, whenever u < 22/3. Consequently,
00 1/2
Sop{ g (v et ([ trae) <o
A zEJ\[tk k —00

Hence, (4.6) follows from Borel-Cantelli lemma.

In the settings of Theorems 1.1 and 1.3, the proof of (4.6) is harder due to
lack of independence. Our approach relies on the control of the covariance.
Write &,(t) = (V, (g7)?). For each 2,2’ € N,

COV(&Z, gz’)

R xR d
]RdX]Rd

= [ ) =)+ - P @ W dedy, 2 €N
Rd xRd
Taking z = 2’ in the setting of Theorem 1.1,

Var(o(®) = [ el o =)o @)g (o) dady
(4.9)

~e(yot(ga)®  (t—o0),
where the last step follows from (1.10).
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Using (1.19) instead of (1.10), we can see that in the setting of Theo-
rem 1.3,

(4.10) Var(&o(t)) = Cro®(g)a(t)® (t>0).
We now claim that in both settings,

(@11)  Ri= max [Cov(&(0), &(0)| = olal®)®)  (t=o0).

z#£z!

By the assumption that v(z) is bounded on {|z| > 1}, Cov(£.(t), &, (t)) is
bounded uniformly over the pairs (z,2") with z # 2’ and over ¢ in the setting
of Theorem 1.1. In particular, (4.11) holds.

The proof of (4.11) is a little trickier when it comes to Theorem 1.3. That
is the reason why we cannot have a constant bound for Cov(&,(t),&./(t))
with z # 2’. More precisely, Cov(§;(t),€./(t)) — 00 as t — oo when z; = 2]
for some 1 < j <d. Here we use the notation z = (z1,...,24). Write

J(z,2") ={1<j <d;z =2}, 2,7 € Ni.
By (1.19),

/ Aa(t) H( —y) + (2 — 2))g?(2)g (y) duc dy
RIxRd

-1
~en( TL l-5l) aee

T (2,2")
—1
<[ 92<x>92<y>( I |a:j—yj\“Hj) drdy (1 o0),
RéxRY jEJ(2,2")
where
a(z,)= > (2-2H)).
JjEJ(2,2")

By the fact that [2; — 27| > 2r for j ¢ J(2,2), the above asymptotic equiva-
lence can be developed into the uniform bound

max |Cov(&.(t), & (1)] < Ca(t)
2,2 ENy
z#£z!
where

[ /
o = max a(z,2') < a.
2,2 €Ny

z#z!
So (4.11) holds.
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Given a small but fixed v > 0, taking A = o(g)a(t)? and B =vo(g)a(t)?
in Lemma 4.2 below,

]P’{maxfz(t) < U(g)a(t)2}

2€N;

2R, + Var(&(t)) }) #Ne

2
< <P{£o(t) < (1+v)o(g)a(t) \/ Var(§o(t))

+P{U 2 vo(g)a(t)/v/2R,},

where U is a standard normal random variable.
For the second term on the right-hand side,

20() 402
PIU 2 volg)a(t)*) =exp{ (1 + o(1) LT
t
for large t, where the last step follows from (4.11).
As for the first term, by (4.9) and (4.10) the algorithm used in (4.8) shows

that it is bounded by e~ for some £ >0 when t is large, v is small and u
satisfies (4.7).
Summarizing our computation, we obtain a bound that leads to

>~ P{ max & (6) < o(g)a(t)? | < oo.
k k

} <exp{—2logt}

So (4.6) follows from Borel-Cantelli lemma.
In view of (4.5), (4.6) implies that for every g € F4(Q;),

lim inf (log t,) =%/ (=) \gy, (Qn,)

k—o0

/
(4.12) > (2de(y)) 7 {9< /]R . 792‘;”29;%/) dz dy) -

1
——/ |Vg(x)|2dx}, a.s.
2 Rd

in the setting of Theorem 1.1, that
lim inf (log £x) =~ \gy(Qy,)
k—o0

d -1 1/2
> (2dCy)* =) {9 ( /R o 9 (x)g* (y) (H |z — yj\Q‘QHf> dx dy)
X

(4.13) o
- %Ad|v9<m>\2dx},

a.s.
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in the setting of Theorem 1.3, and that

lim inf(log t) "2/* Aoy (Qy,)
k—o0

> 22/3{9(/294(33) dx>1/2 — %/Z\g'(x)ﬁdx}, a.s.

in the setting of Theorem 1.4.

By the monotonicity of gy (Q;) in ¢, the liminf along the sub-sequence
tr in (4.12), (4.13) and (4.14) can be extended into the liminf along the
continuous time t.

Recall that W12(R9) is the Sobolev space defined in (1.12). Consistently
with (2.1), we define

(4.14)

Fa®?) ={ge W (R [lgll2 = 1}.

We now prove that the functions g on the right-hand sides of (4.12), (4.13)
and (4.14) can be extended from Fy(Q,) to F4(R?), and complete the proof
of Lemma 4.1.

We start with (4.12). The right-hand side can be extended to all g €
F4(R?) for the following two reasons: First, the infinitely smooth, rapidly
decreasing and locally supported functions are dense in the Sobolev space
W1L2(R?) under the Sobolev norm

gllw2@ey = /llgll3 + 511V gll3

and r > 0 in (4.12) is arbitrary. Second, by (A.18) the functional

Flg) = (/]Rded %dmc@)m - %/}Rd\vg(m)‘? dx

is continuous under the Sobolev norm || - [|yy1.2(ra)-

Taking supremum over g € F4(R?) on the right-hand side of (4.12) we
obtain the lower bound

lim inf (log 1)~/ = Ay (Q1)
— 00

> (2de(~)) U7 My,(9)

)

d—a (a\YH 2/(4
== <§> (2de(1)0%k(d, )4 as.

in the setting of Theorem 1.1, where M, (6) is defined in (A.20), and the
last step follows from the variation identity (A.22).
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Using (A.34) (with a; = 2—2H;) instead of (A.22), by the same argument,
from (4.13) we derive that

liminf(log ) =% 4= \gy (Qy)
t—o00

> (2dCy)* =) My ()

o @/ (4-a) »
<§> (2de(y)0%&(d, H)Y 4™ as.

_4—a
4

in the setting of Theorem 1.3.
In the same way, by (A.36) and (4.14) we have

liminf(log t)2/3)\9v(Qt)
t—00

%) 1/2 00
>2%/3 S‘;:ll()R){9</ g4(m)da:> - %/ \g/(a:)|2da:}
g&es1 —00 —0o0

2/3
= %(g) 6*/3, a.s.

in the setting of Theorem 1.4. [
We end this section with the following lemma.

LEMMA 4.2, Let (&1,...,&,) be a mean-zero Gaussian vector with iden-
tically distributed components. Write

R = max|Cov(&;,&;)]
1#]
and assume that Var(&1) > 2R. Then for any A, B >0,

2R 1 Var(¢,)
Var(&1)

where U is a standard normal random variable.

P{r]?ggkgA} < <IP’{§1 < (A+B)}>n+]P>{UzB/\/ﬁ},

ProOF. Let my,...,7n, be an i.i.d. sequence independent of U. Assume
that n; 4 &1 and write

Var (&)

m(mﬁ@@.

Ck =

With the assumption Var(£;) > 2R, it is straightforward to exam that
Var () = Var(¢;) and Cov(&;,&;) < Cov((, (), hL,j,k=1,...,n.
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By Slepian’s lemma ([23], see also Lemma 5.5.1, [22]),
p{ <a}<p{ <4},
et = Ay =P =

Notice that

- 2RVar(§1) Var(ﬁl)
max G = \/2R varen’ T \/QR FVar(€r) ken

By the triangle inequality,

R + Var(€,)
Var(&1)

The conclusion follows from the symmetry of U and the independence of {7 }.
O

P{r]?gffk < A} < ]P’{rl?gazcnk < (A+B)}+]P>{U < —-B/V2R}.

APPENDIX

A.1. Brownian integral as a limit. In this subsection, (V) (¢ € S(R?))
is a mean-zero generalized Gaussian field with homogeneity defined in (1.6).
Let u(dx) be the spectral measure of (V,¢) and let the pointwise defined
Gaussian field V(z) (z € R?) be given in (2.20). The main goal here is to
prove

LEMMA A.1. Assume that

1
Al ———u(dA .
(A1) /Rd 1—1—\)\‘2”( ) < o0
Under the product law P ® P,, the £2-limit
t def t
(A.2) / V(B ds ™ tim [ Vi(B,)ds
0 e—=01 Jo

exists for every t > 0. In addition, there is a modification of the limiting
process in (A.2) that is (3 — u)-Hélder continuous for any u > 0. Further,
conditioned on the Brownian motion, the process

(A.3) /OtV(BS)ds, >0

is mean-zero Gaussian with the (conditional) variance

(A.4) E{/(:V(Bs)ds}:ﬁ/w /Ote“'Bs ds

2
w(dN), t>0.
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PrRoOOF. First notice that conditioned on the Brownian motion, the pro-
cess

t
L(t) = / V.(By)ds, >0
0

is Gaussian with the conditional variance

(A.5) EI2(t) = (27lr) / /Ot NBu) gy,

We claim that there is a constant C' > 0 such that

¢ 2
(A.6) / Egg/eM'B(")du 1
R4 0

Indeed,
gg/ iAB(u) du // A (Bu=Bv) doy dy
0

/ / exp{——\u - v\} dudv.
The right-hand side is equal to

4 2 —t|A[2/2
red G

which yields a bound 4t/|\|? for |A| > 1. As for |[A\| <1, we use the trivial

\f( D)(eN)p(dN).

(d\)<C(tvit?), t>0.

bound
//exp{——|u—v|}dudv<t2.
Thus
t 2 1
/ E, / B qul p(d)) < 4t / —p(d\) + ¢ / w(dN).
Rd 0 A1y A2 ESH!

Hence, (A.6) follows from (A.1).
To prove the £2-convergence described in (A.2), all we need is to establish

the existence of the limit lim, ./_,o+ E, ® E(L/(t)I(t)).
Indeed, similar to (A.5),
1 s
E, @ E(I./(t)I.(t)) = _/ E, / N B g0,
2m)? Jra | Jo
By (A.6), the fact that
|IF(D)(eA)] <1 and lim F(I)(eX) =1,

e—0t

2
FOENFOEN u(dN).
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and by the dominant convergence theorem we obtain

t
/ GNB) g,
0

Write Io(t) = lim._,o+ I-(t) as the £2(P, ® P)-limit. Recall the classical
fact that the £2-limit of Gaussian process remains Gaussian. Conditioned
on the Brownian motion, {Iy(¢);t > 0} is Gaussian with zero mean and the

1

conditional variance

t
A7 EI3(t) = —— B g
(A7) 0= | [ e

Strictly speaking, {Ip(t);t > 0} exists as a family of equivalent classes. In
the following we try to find a continuous modification of this family. For any
s,t >0 with s <, notice that Iy(t) — Iy(s) is conditionally normal with the

2
lim B, @ B(L(8)L(1) = —— / E, ().
]Rd

e,e/ =0Tt (27T)d

2
p(dX).

variance
2 1 LB ’
B{Io(t) ~ )" = 553 L e aul s
a 1 =5 B |
Thus, for any integer m > 1,
E, @ E[Io(t) — Io(s)]*™
(A.8) )
t—s m
=(2m - 1IE, </ / B gy, u(dA)) .
Rd|Jo

To estimate the right-hand side, we consider the nonnegative, continuous

process
t

Zy = {/ / M BW gy
R4 |Jo

By the triangle inequality,
(A.9) Zsst < Zy + ZL, 5,t>0,

t+s 2 1/2
Zl = {/}Rd /t e B gy, u(d)\)}

is independent of {B,;0 <wu <t} and equal in law to Z,. By (1.3.7), page
21 in [7], for any ¢,a,b> 0,

2 1/2
,u(d)\)} , t>0.

where
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Consequently,
Po{Z; > Mn\t} < (P {Z; > MVt})", n=12,....
By (A.6), one can take M > 0 sufficiently large so

sup Px{Zt > M\/E} < e 2
0<t<1

Hence,

(A.10) sup Egexp{M~1Z;/Vt} < .
0<t<1

Replacing t by t — s and applying it to (A.8), we obtain
E®E[lh(t) — Io(s)|*™ < Clt —s|™  for all s,¢>0 with |t —s| < 1.

By the classic result on chaining (see, e.g., Lemma 9, [10]), there is a mod-
ification of {Iy(t);¢t > 0} that is (3 — u)-Holder continuous for any u > 0.
O

LEMMA A.2.  Under the assumptions in Theorems 1.1, 1.8 or 1.4, (1.9)
holds for some § > 0. In particular, the Brownian integral in (A.3) is well-
defined as stated in Lemma A.1.

PrOOF. We first consider the setting of Theorem 1.1. By the fact that
w is tempered, all we need to show is

/{ ! —1u(d\) < 0.

=1} A2

Let ¢ be the density of the standard normal distribution on R?. By Fourier
transform

—ky|2
24 [ et = o [ enf -2 uay
> ep{2M1 <A <27}

On the other hand, by (1.10)

kd k _ ka ) dx
2 [ s@payde = [ @ )

~ c(v)2k /R () dx (k — 00).

a |l
Hence, there is a constant C' > 0 such that

p{2F P <N <2F <020k k=1,2,....
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Thus

! (1-6)(k—1) k—1 k
/{A|>1} PRGN #ldA) <CZQ JED {2t <A <2} < o0

for any 0 < Q_TO‘

In the setting of Theorem 1.4, where p(dX\) = d\ is the 1-dimensional
Lebesgue measure, the validity of (1.9) can be directly verified with any
o<1

As for the setting of Theorem 1.3, by (1.19) and spherical substitution,

—1
1 _ 1
J e pman =Cn [ (H‘A I ) e
d*l
_C/ 1—1—7“2) TS

as<5<2_Ta. O

A.2. Counting the covering balls. Let D, D’ C R¢ be two domains in R?
and Q(D) be a class of functions on D. Assume that D’ is bounded. For
each € >0, let p-(f,g) be a pseudometric on Q(D) such that

1/2
i) < ([ 1)@ - gyl ) (suplB)e) - Bula))l)

zeD’

where A, and B. are two (possibly nonlinear) maps from Q(D) to the space
Lip(D’) of Lipschitz functions on D’. Assume further that there are con-
stants C' >0, p>1, m > 1 such that

[B(9)(x)] <€ and

(A.11)
|Be(g9)(x) — Be(9) ()| < Ce ™ M|x—y|,  xz,yeD,
/ |A:(9)(z)|Pdx < C and
(A.12)
|Ac(9)(z) — Ac(g)(w)| < Ce ™™z —y|, zyeD

uniformly for all g € Q(D) and sufficiently small £ > 0.
LEMMA A.3. Under the above assumptions,

log N(Q(D), pere) = o(s%/@p“ 1og§) (e - 0%).
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Proor. Notice that
p-1,9) = [ 1A(D(@) - Adg)(a)ldo and
D/

pi(f.9) = ;élg\Ba(f)(fc) — B-(g)(2)|

define two pseudometrics on Q(D). We now claim that for any u,v > 0 with
Vuv =¢,

Indeed, we first cover Q(D) by N(Q(D),pk,u) pi-balls with the diam-
eter smaller than wu. For each such ball, it can be covered by at most
N(Q(D), pe,v) of pe-balls with the diameter smaller than v. In this way,
the set Q(D) is covered by at most N(Q(D),p*,u)N(Q(D),pe,v) of its
nonempty subsets. For f,¢g coming from same subset, p-(f,g) < u and
pi(f,g9) <v. Hence

pe(f,9) < p(fr9)p*(f,9) < Vuv =e.

Hence, (A.13) holds.
With (A.13), it is sufficient to establish

N(Q(D), pt, e/ r=1)

(A.14)
— ~2p/(2p—1) 1 1 +
=expq Ol e log — (e—=0")

9

N(Q(D), pe,e?P=1)/Cp=1))

:exp{0<€2p/(2p1) log1>} (e—0™).

€

(A.15)

Indeed, applying (A.13) with
(A.16) u(e) =?/Cr=D) and  w(e) = CP-1)/Cr=1)
and using (A.14) and (A.15) we have

N(Q(D), pe,e) < N(Q(D), pz,u(e))N(Q(D), pe, v(€))

:exp{0<52p/(2p1) logé>} (e—07).
We first prove (A.14). Let u(e) be defined in (A.16). Define the map
B! :Q(D) — (VdC)™'e™u(e)z! 0 Dy =<
as B f(z) = u(e)[u(e) "t Bo(f)(z0)] whenever
z € (zo — (2VdC) ™ u(e), xo + (2vV/dC) e u(e)]?
for some z € (v/dC)~'e™u(e)Z4 N D', where [] is the integer-part function.
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By (A.11)

sup|Bog(r) — Big(a)| < geob)
xzeD’

Consequently, for any f,g € Q(D) with B f = By,

pz(f:9) = sup |Bef(x) — Beg(x)| < u(e).
zeD’

Hence,

N(Q(D), p,u(e)) < #{((VdC) " te™u(e)zd n D'y O N=CCly
:exp{0<5_2p/(2p_1) log1>} (e —=0™).

£

It remains to establish (A.15). Let v(e) be given in (A.16), and write
M, = (8Cu(e)~Hr=D™

Define the map

AL:Q(D) — (4| D'VAC) emu(e)zt n D) BIP DT v EENEMe M)
as A2g(x) = {(S1D))~"0(e)[81D/[o(e) " Aug(wo)] A M} v (~ M), whenever

z € (zo — (8| D'|VdC) '™ (), 2o + (8| D'|VdC) e (e)]*
for some xq € (4|D'|v/dC) te™uv(e)Z N D'
By (A.12),

sup [ [Ac(g)(z) — AZ(g)(x)| du
geQ(D) J D’

<-v(e)+2 sup / |Ac(g) ()| d
9€Q(D) J{|A=(g)|>Me}

<

e N

v(e) +2M- P~ V0 < %v(s).

Consequently, for f,g € Q(D) with AXf = Alg, p-(f,g9) <v(e) for small
€. Hence,

N(Q(D), pe,v(e)) < #{((4|D'|VdC) ' e™v(e)Zd n D) BIP N EENI=Me Mcly

1
= O e=2P/Cr=D1pg = —0™).
exp{ (5 0g (e ) 0
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A.3. Variations. In this section we establish some Sobolev-type inequal-
ities and validate the variations used in the paper. Recall that W12(R9) is
the Sobolev space defined in (1.12) and

FaR?) ={g e W (R [lgll2 = 1}.
Similar to (2.2), define
Ga(R?) = {g € WH(R): [|g]I3 + 3lg1I5 = 1}-

Recall (Lemma 7.2, [8]) that for any 0 < o <2 Ad there is Cy > 0 such
that

2
wan [ P accingeivng. rewr)

A simple trick by translation invariance, show that (A.17) remains true with
the same constant C,, if the left-hand side is replaced by

2

sup / / (x)a dx.

yeR JRI |z —y|
Immediately,

foss et [P ]

< CalfllIV IS

(A.18)

for every f € W12(R?).
As a consequence, the constant

/ﬁ(d,a):inf{0>0;/ Mdmdy
RixRd |T —Y|®
(A.19)

< CIFIEIV IS V€ wm(Rd)}
is finite.

Other variations relevant to Theorem 1.1 are

gEF4(RE |z —yl®
(A.20)

1
-5/ \Vg<x>|2dx}, 050,
2 Rd

2 2 1/2
(A.21) o(d,a)= sup {/ Mdmdy} .
9€Gq(RY) L/RIxRE |z — y|*

By (A.17), one can easily show that M, ,(0) and o(d, ) are finite under the
assumption 0 < a <2 Ad.
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LEMMA A.4. Under a <2Ad,

4—afa\YE
(A22) Md7a(9) = 1 <§> H(d, a)2/(4—a)94/(4—a)’

(A.23) aw¢w::(4;a>u_®ﬂ<%)aﬂmm¢wﬂ?

PROOF. Let f € F(R?) be fixed but arbitrary, and let C; > 0 satisfy

2 2
/ Mdmy:cfnwng.
R4 xRd

|z —y|®

Given 8> 0 let g(z) = %2 f(Bz). Then ||Vgll2 = 8|V f|l2 and therefore

[ de:ﬁa/ @I 4y qy — ¢, v 1.
Rdx R4 RexR4

|z —y|* |z —y|*
By the fact that g € Fy(R),
Mga(60) > 0C) 8212V £1157 — L[[Vgl3 =00y 822V fll5"* — L6821V £13.

Notice B[]V fl|2 runs over all positive numbers. So we have

My (0) > 024002 1 9] 4-afa a/(4_°‘)02/(4—a)94/(4_a)
bl =S T Tt T T \2 / ‘

Take supremum over f on the right-hand side. Noticing that S(R?) is dense
in W1H2(R?), by space homogeneity we have established the relation “>” for
(A.22).

On the other hand, for any g € F4(R%),

20 2 1/2
9(/ Mdl‘dy) - 1/ Vg(z)|? dx
RixRe [T —y|* 2 Jpa

1 1
< On(d,0)"/|Vgll5"* - 5[ Vgll3 < sgg{emu,a)l/%a/? - 53:2}
xT

o/ (1-a)
_4-a <%> (d, )2/ 4= gt/ 4=).
1 \2 :

Taking supremum over g € Fy(R%) on the left-hand side, we reach the rela-
tion “<” for (A.22).
For any g € F;(R%) by space homogeneity,

([ £ )”2 e
= " dxd — = Vg(x)|” dz
a(d,oo( pzs Jr—gle W) T [, Vo)

1
o(d, )

<

1
o(d, @) (1+Vgll3) - §||V9H3 =1
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Taking supremum over g,

Combining this with (A.22) we have proved the “>” half for (A.23).
On the other hand, for any f € W12(R%),

( / fQ(x)fZ(y)dxdy>1/2
RixRd [T —y|*

4—a o
< r(d,a) 2| FIS 2w p 187

20 a/4 B 4— o a4
=m<d,a>“2(m) (1) ‘”“(ann%)

20 \**4-a 1
<) ( 25 ) T2 (151 + 519418 ).

where the last step follows from the Hélder inequality ab < p~'a? 4+ ¢~ b9
with p=4(4 —a)~! and ¢ =4/a. This leads to the “<” half for (A.23). O

We need an inequality comparable to the one in (A.17) for formulating
and proving Theorem 1.3, but could not find it in literature. We establish
it in the following.

Let the real numbers a1, ..., agsatisfy 0 < oj <landa=aj; + -+ g < 2.

LEMMA A.5.  For any 0 >0,

d
(A.24)  sup 9/ H|xj\_°‘j g2 (x) da:—l/ \Vg(z)|* dz p < o.
gEFq(RY) RE\ G2 2 Jre

PRrROOF. Define the function
d
K(@)=][]lzl™™,  2=(x1,...,20) €R?
j=1

The fact that K(z) blows up at every coordinate plane make the problem
harder comparing to setting of the Newtonian kernel |z|™® which blows up
only at 0. The fact that aq,...,aq are allowed to be different posts an extra
challenge. The proof provided here is probabilistic.

Let the linear Brownian motions Bj(s), ..., By(s) be the independent com-
ponents of the d-dimensional Brownian motion B, and define the process

t t [ d
j=1
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This process is well defined under our assumption on «aq,...,ay. Indeed, it
is not hard to see that for each t > 0, Egn; < co. Further, we now prove that
there is a b > 0 such that

(A.26) Eo exp{bnf/a} < o0.

We point out that (A.26) is a strengthened version of the exponential inte-
grability for 7; obtained by Hu, Nualart and Song (Lemma A.5, [19]) and
the approach for (A.26) presented here is modified from theirs.

Given the integer m > 1,

d m
EOU?Z/[ } dsy -+ dsy, | [Bo [ 1B (sk)|
0,m :

j=1 k=

d m
:m!/ d81"'dSMHE0 H‘Bl(Sk”_aj’
(0,42 i=1 k=1

where the multi-dimensional time set [0,¢]” is defined as
0,t]7 ={(s1,...5m) €[0,t]™;51 < s2--- <8 }

Let (s1,...,5m) € [0,t]2 be fixed for a while and A; = 0{B;(u);0 <u < s}
be the filtration generated by the linear Brownian motion By (). Write

Eo{|Ba(s1)] ™ | Auy_,} = / Po{|By(si)| ™ > alAs,_, } da
0

B / Po{|Bi(sy)| < a™"/%|As, _,} da.
0

By Anderson’s inequality,
Po{|Bs,| < a™ V| Ay, }
= Po{|Bi(sx-1) + (Ba(s) — Ba(sk—1))| a9 |Ay )
<Po{|Bi(sk) — Bu(sk—1)| <a V9| Ag,_ } =Po{|Bi(sk — sk-1)| " > a}.

So we have

Eo [ [1B1(si)| ™ < ] Eol Bi(sk — 1) ™™
k=1 k=1

= {Eo| B1 ()|~} [[ (55 — sk—1) ™, G=1,....d.
k=1

Here the convention sg =0 is adopted.
Summarizing our computation,

d m m
Eon™ < m! (H E0|B1(1)|°‘j> 11k = se—1)™2dsy - dsp.

j=1 042 =1
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Let 7 be an exponential time with parameter 1 such that 7 is independent
of B;. By Fubini’s theorem

E™ @ Egn
m

d m
<m! (HE0|31(1)\_%)
j=1
H(sk - sk,l)*o‘/2 dsy-- 'dsm] dt

(A.27) X / et /
0 0,47 1
d m 00 m
=m! (HE(ﬂBl(l)‘_aj) (/ t_a/2€_tdt)
j=1 0

— (r(Q_?O‘) ljlxa0|31(1)|—af>m

form=1,2,....
On the other hand, notice that 7 4 t2=2)/2p So we have

9 _

E™ ® Egn = (E7r((2=)/2m)Egpm =T (1 + ?O‘m> Eon}.
Combining this with (A.27), by Stirling formula we conclude that there is a
constant C' > 0 such that

Eonf* < (m)*2C™,  m=1,2,....

This implies (A.26) with b < C~%/.
We now claim that

1
(A.28) lim sup n log Eg exp{fn:} < 00 Vo > 0.

t—o00

Indeed, by scaling,
Eo exp{fn} = Eqexp{0t?=*)/2p,}
< Eoexp{bn?/*} + Eo{exp{0t@=/2p };my < (061 @=po/2y
< Egexp{bn;’*} + exp{(06~1)*/ =1},
Hence, (A.28) follows from (A.26).
Given N >0,

v [ (K (B.) AN ds.
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On the other hand, applying Theorem 4.1.6, [7] to the bounded, continuous
function K (z) A N gives

t—o00

lim %logEoexp{/ot(K(Bs) AN) ds}
~ o ([ w@amp-} [ ot

Thus,

gefr?&d){/w”“m) AN e~ [ Vo))

1
<limsup — log Eg exp{6n, }.

t—o00 t

Letting N — oo on the left-hand side, by (A.28) we have (A.24). O

With (A.24), an obvious modification of the argument for (A.22) shows
that there is a constant C, > 0 such that the inequality

d
(a2) [ (H ij\‘“j>f2(x)dw <CallfIZIVsIg,  feWARY
j=1

holds. Recall our discussion based on the inequality (A.17). Replacing (A.17)
by (A.29) and copying the same derivation we obtain a parallel system of
inequalities and relations among variations that are summarized in the fol-
lowing.

First, we have the inequality

d
T 2 () £2 -
/Rded (1:[1|x] yil )f (w) f=(y) dz dy

(A-30) ~ 4 1,2(md
<Callfll IV LI, Fe W (RY).

Consequently, the best consequence

d
r(d; @) Zin{C> 0;/ ( |z —yjl_a]')fQ(ﬂ?)fQ(y) da dy
Rax R4 j=1
(A.31)
<ClIfIlIV s Vf € WI’Q(Rd)}

is finite.
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Second, the quantities defined through the variations

Md,aw)

1/2
= su X4 @ 2 xr
o d(pd){ (/]Rdx d(l || J ZUJ| > ( )g°(y)d dy>

(A.32)
1
_ 5/]Rd\Vg(a:)Fda:},
>0,
o(d, )
(A.33) 1/2
_ Q; 2 2 dx d
e [T o ) e
are finite

Third, these variations are co-related according to the following lemma.

LEMMA A.6. Under 0<a;<1 (j=1,...,d and oy +---+ a4 <2,

— 4—a/a\¥E)
(A38)  Mual®)=" <§> (d, )2/ 4 gt/ (4=a)

(A.35) &(d,a) = (477‘1)(4&)/4 <%)a/4/?;(d,a)1/2.

The next lemma is related to Theorem 1.4.

LEMMA A.7.

00 1/2 1 00 )
sw o[~ g@yas) -5 [TIr@pas)
geF1(R) -0 2 —o0
1/3\% ,
(2 /3
2<4) 0 (0>0),

> 3/1\%?
(A.37) sup / g4(x)da::—<—> .
9€G1(R) J —o0 4\2

PRrOOF. The identity (A.36) is given in Theorem C.4, page 307, [7]. This
theorem also claims the Sobolev inequality

£l <3 VEIA NP1, FewhA(RY)

(A.36)
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with 371/% as the best constant. A natural modification of the proof for
(A.23) leads to (A.37). O
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erees who read the first version of this paper for their insightful remarks,
critical comments and excellent suggestions.

1]

2]

3]

[4]

[5]

[6]

[7]

[8]

[9]

(10]

REFERENCES

AMIR, G., CORWIN, I. and QUASTEL, J. (2011). Probability distribution of the free
energy of the continuum directed random polymer in 1+ 1 dimensions. Comm.
Pure Appl. Math. 64 466-537. MR2796514

BALAZS, M., QUASTEL, J. and SEPPALAINEN, T. (2011). Fluctuation exponent of the
KPZ/stochastic Burgers equation. J. Amer. Math. Soc. 24 683-708. MR2784327

Bass, R., CHEN, X. and ROSEN, J. (2009). Large deviations for Riesz potentials
of additive processes. Ann. Inst. Henri Poincaré Probab. Stat. 45 626—666.
MR2548497

Biskup, M. and KONIG, W. (2001). Long-time tails in the parabolic Anderson model
with bounded potential. Ann. Probab. 29 636-682. MR1849173

CARMONA, R. A. and MoLcCHANOV, S. A. (1995). Stationary parabolic Ander-
son model and intermittency. Probab. Theory Related Fields 102 433-453.
MR1346261

CARMONA, R. A. and VIENS, F. G. (1998). Almost-sure exponential behavior of
a stochastic Anderson model with continuous space parameter. Stochastics
Stochastics Rep. 62 251-273. MR1615092

CHEN, X. (2010). Random Walk Intersections: Large Deviations and Related Topics.
Mathematical Surveys and Monographs 157. Amer. Math. Soc., Providence, RI.
MR2584458

CHEN, X. (2012). Quenched asymptotics for Brownian motion of renormalized Pois-
son potential and for the related parabolic Anderson models. Ann. Probab. 40
1436-1482. MR2978130

CHEN, X., Hu, Y. Z., SONG, J. and XING, F. (2014). Exponential asymptotics for
time-space Hamiltonians. Ann. Inst. Henri Poincaré Probab. Stat. To appear.

CHEN, X., L1, W. V. and ROSEN, J. (2005). Large deviations for local times of
stable processes and stable random walks in 1 dimension. Electron. J. Probab.
10 577-608. MR2147318

CHEN, X. and ROSEN, J. (2010). Large deviations and renormalization for Riesz
potentials of stable intersection measures. Stochastic Process. Appl. 120 1837—
1878. MR2673977

Convus, D., JoseErH, M., KHOSHNEVISAN, D. and SHIU, S.-Y. (2013). On the chaotic
character of the stochastic heat equation, II. Probab. Theory Related Fields 156
483-533. MR3078278

GARTNER, J. and KONIG, W. (2000). Moment asymptotics for the continuous
parabolic Anderson model. Ann. Appl. Probab. 10 192-217. MR1765208

GARTNER, J., KONIG, W. and MOLCHANOV, S. A. (2000). Almost sure asymptotics
for the continuous parabolic Anderson model. Probab. Theory Related Fields 118
547-573. MR1808375

GARTNER, J. and MoLCHANOV, S. A. (1990). Parabolic problems for the Anderson
model. I. Intermittency and related topics. Comm. Math. Phys. 132 613-655.
MR1069840


http://www.ams.org/mathscinet-getitem?mr=2796514
http://www.ams.org/mathscinet-getitem?mr=2784327
http://www.ams.org/mathscinet-getitem?mr=2548497
http://www.ams.org/mathscinet-getitem?mr=1849173
http://www.ams.org/mathscinet-getitem?mr=1346261
http://www.ams.org/mathscinet-getitem?mr=1615092
http://www.ams.org/mathscinet-getitem?mr=2584458
http://www.ams.org/mathscinet-getitem?mr=2978130
http://www.ams.org/mathscinet-getitem?mr=2147318
http://www.ams.org/mathscinet-getitem?mr=2673977
http://www.ams.org/mathscinet-getitem?mr=3078278
http://www.ams.org/mathscinet-getitem?mr=1765208
http://www.ams.org/mathscinet-getitem?mr=1808375
http://www.ams.org/mathscinet-getitem?mr=1069840

(23]
24]

25]

BROWNIAN MOTION IN GENERALIZED GAUSSIAN POTENTIAL 49

GARTNER, J. and MoLCHANOV, S. A. (1998). Parabolic problems for the Anderson
model. IT. Second-order asymptotics and structure of high peaks. Probab. Theory
Related Fields 111 17-55. MR 1626766

GUELFAND, I. M. and VILENKIN, G. (1964). Generalized Functions. Academic Press,
New York.

HAIRER, M. (2013). Solving the KPZ equation. Ann. Math. 178 559-664. MR3071506

Hu, Y., NUALART, D. and SONG, J. (2011). Feynman-Kac formula for heat equation
driven by fractional white noise. Ann. Probab. 39 291-326. MR2778803

KARDA, M., Parisi, G. and ZHANG, Y. C. (1986). Dynamic scaling of growing
interface. Phys. Rev. Lett. 56 889-892.

KARDA, M. and ZHANG, Y. C. (1987). Scaling of directed polymers in random media.
Phys. Rev. Lett. 58 2087-2090.

Marcus, M. B. and ROSEN, J. (2006). Markov Processes, Gaussian Processes, and
Local Times. Cambridge Studies in Advanced Mathematics 100. Cambridge Univ.
Press, Cambridge. MR2250510

SLEPIAN, D. (1962). The one-sided barrier problem for Gaussian noise. Bell Systemn
Tech. J. 41 463-501. MR0133183

SZNITMAN, A.-S. (1998). Brownian Motion, Obstacles and Random Media. Springer,
Berlin. MR1717054

VIENS, F. G. and ZHANG, T. (2008). Almost sure exponential behavior of a directed
polymer in a fractional Brownian environment. J. Funct. Anal. 255 2810-2860.
MR?2464192

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF TENNESSEE
KNOXVILLE, TENNESSEE 37996
USA

E-MAIL: xchen@math.utk.edu


http://www.ams.org/mathscinet-getitem?mr=1626766
http://www.ams.org/mathscinet-getitem?mr=3071506
http://www.ams.org/mathscinet-getitem?mr=2778803
http://www.ams.org/mathscinet-getitem?mr=2250510
http://www.ams.org/mathscinet-getitem?mr=0133183
http://www.ams.org/mathscinet-getitem?mr=1717054
http://www.ams.org/mathscinet-getitem?mr=2464192
mailto:xchen@math.utk.edu

	1 Introduction
	2 Gaussian supremum
	2.1 Entropy bounds
	2.2 Consequences of the entropy bounds

	3 Upper bounds
	4 Lower bounds
	Appendix
	A.1 Brownian integral as a limit
	A.2 Counting the covering balls
	A.3 Variations

	Acknowledgments
	References
	Author's addresses

