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OVERTWISTED DISKS AND EXOTIC SYMPLECTIC STRUCTURES

ROGER CASALS

ABSTRACT. The symplectization of an overtwisted contact (R3,£0¢) is shown to be an exotic sym-
plectic R%. The technique can be extended to produce exotic symplectic R?” using a GPS-structure
and applies to symplectizations of appropriate open contact manifolds.

Let (R?™,wp) be the standard symplectic structure on R?". A symplectic structure w on R?" is exotic
if there exists no symplectic embedding

P (R2",w) — (R2",w0).

The non-existence of embedded exact Lagrangians in (R?",wg) and the h-principle for immersions
imply that R?" admits an exotic symplectic structure for n > 2. See Exercise b. in page 344 in [G1].

A symplectic structure on R? is symplectomorphic to the standard symplectic structure. In the case
of R* and R® exotic symplectic structures are provided in and respectively. The articles
[SS] contain an approach to exotic Stein structures. Note that a finite type Stein manifold diffeo-
morphic to R* has to be symplectomorphic to (R*,wp). The detection of exotic symplectic structures
often relies on symplectic arguments, such as the study of embedded Lagrangians. See also [Zu].

The aim of the present article is to show that techniques in contact topology can also be used to
construct and detect exotic symplectic structures. In particular the exotic symplectic structures we
describe are simple and explicit. The arguments we provide use known obstructions to fillability. See
[Ni,INP]. The proofs in these articles require pseudo—holomorphic curves. This is the only place where
non—elementary contact topology is invoked. The main result is the following

Theorem 1. Let (R3,£,;) be an overtwisted contact structure, then the symplectization SS(R3,&y)
endows R* with an exotic symplectic structure.

Example 2. Let (p, ¢, 2) € R3 be cylindrical coordinates and (R?, ;) the contact structure defined
by the kernel of the contact form

a1 = cos pdz + psin pdp.
Consider the symplectic 2-form w; = d(e'a;) on R* = R3 xR(¢). Then (R*,w;) is an exotic symplectic
structure. O

The arguments we use apply to several open contact manifolds. For instance:

Theorem 3. Let (M,€) be an exact symplectically fillable contact 3—fold and (U,§) C (M,€) an
open contact submanifold. Consider an overtwisted contact structure (U,&yt). Then SS(U,E) is not
symplectomorphic to SS(U, &t ).

The same techniques allow us to prove similar results in higher-dimensions. In particular we prove
that the exotic symplectic structures obtained in Theorem [I] are stable.

Theorem 4. Let (R?,&,) be an overtwisted contact structure and (SS(R3,&ut), wor) its symplectiza-
tion. Then (SS(R3,&,¢) x R?" 4wy +wp) endows R*™ with an exotic symplectic structure.

The appropriate analogue of Theorem [3 also holds for higher dimensions.

I have been informed that Y. Chekanov may have a different argument for Theorem[Il K. Niederkriiger
explained to me that one can use bLobs as a generalization for the GPS—structure. The paper is or-
ganized as follows. Sections [1l and 2] introduce the ingredients used to prove the above results. The
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proof of Theorem [ is detailed in Section Bl Section Ml contains the proof of Theorems Bl and A .
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1. PRELIMINARIES

1.1. Contact structures on R3. The study of contact structures in R? yielded to foundational work
in contact topology. The first step towards an isomorphism classification was the distinction between
the standard contact structure on R3 and the overtwisted contact structure described in Example
This is the work of D. Bennequin in [Be]. The isomorphism classification of contact structures on R3
is completed after the seminal work of Y. Eliashberg in [E1l [E2] [E3].

The standard contact structure & on R3(p, ¢, 2) is defined as the kernel of the contact form
ap = dz + p*de.

This is a normal form of any contact 1-form in a sufficiently small neighborhood of a point in a
contact 3—fold.

The contact structure £; induced by the contact form «; = cos pdz+ p sin pdp contains an overtwisted
disk A = {(p,,2) : p < m 2 = 0}.The arguments in [Be| imply that (R3 &) and (R3,£;) are not
contactomorphic.

Consider the 3-sphere S®. The main result in [E1] implies the existence of a unique overtwisted
contact structure in each homotopy class of plane distribution on S3. There are H3(S3, m3(RP?)) = Z
homotopy classes. Denote by (i the overtwisted contact structure in the homotopy class identified
with k € Z. Then (j, restricted to S\ {p}, p € S?, defines an overtwisted contact structure on R3. It
will still be denoted (. The classification result in [E3] is the following

Theorem 5. Each contact structure on R3 is isotopic to one of the structures &, &1 or (i, for k € Z.
These structures are pairwise non—contactomorphic.

Thus the overtwisted disk A C (R?,£;) is the local model in a neighborhood of any overtwisted disk.
That is, any small ball containing an overtwisted disk in a contact 3—fold is necessarily contactomor-
phic to (R3, ay).

The symplectic structures we consider in this article are constructed with a contact structure. The
procedures we use to obtain a symplectic manifold from a contact manifold and viceversa will be
explained in the following subsections. This material can be found in [AG].

1.2. Symplectization. Let (M,¢{) be a contact manifold and SS(M, &) be the subbundle of the
cotangent bundle 7 : T*M — M whose fibre at a point p € M consists of all non—zero linear func-
tions on the tangent space T}, M which vanish on the contact hyperplane £, C T,M and define its
given coorientation. Giving SS(M,¢) as a subbundle of the cotangent bundle T* M is tantamount to
endowing M with a contact structure.

Consider the Liouville 1-form A on T*M, the 2-form d\ restricts to a symplectic structure on

SS(M,¢).
Definition 6. The symplectization of (M, &) is the exact symplectic manifold
(SS(M, &), dNss(ar,e))-

In our perspective the primitive is not part of the data, only the symplectic structure is. In the
study of Liouville domains the primitive is also part of the structure of a symplectization. This is
not the case. The bundle 7 : SS(M,£) — M is a trivial principal RT-bundle. The sections of
7 are contact forms for the contact structure . A choice of contact form « defines a trivialization
SS(M,€) = M x R*(t). In terms of this splitting A[sg(ar,e) = ta. In case a contact form « has been
given to (M, €), its symplectization SS(M,&) will also be denoted by SS(M,a). Contactomorphic



OVERTWISTED DISKS AND EXOTIC SYMPLECTIC STRUCTURES 3

contact manifolds yield symplectomorphic symplectizations.

In this article R?"*+2 is identified with the total space of SS(R?"*! «). This is done with the diffeo-
morphism e : R(t) — R (¢), e(t) = e'. The use of t € R" is more convenient since we consider ¢ to
be a radius in certain polar coordinates of an annulus. The coordinate ¢! € R shall sometimes be
used, as in the following example.

Example 7. Consider R*"*! with coordinates (1,91,.-,Tn,Yn,2) = (01,01, PnsPn,2) and
endowed with the contact form

ag =dz + Zp?dcpi.
i=1

Its symplectization is the symplectic manifold (R?"*! x R(t),d(efap)). This is symplectomorphic to
the standard symplectic (R2"+2, wo) where wy = Z?:l dx; Ndy; +dt Ndz. Indeed, consider the contact
form &g = dz =Y, yi-dz; on R*" "1 It is readily seen that (R***! kerag) = (R*"*! ker &p). Then
the diffeomorphism

f : R2n+2 — R2n+27 f(xlu Yiy- -+ Tns Yn, Z7t) = (.’I]l, etylu sy Ty etyna etZ,t)

pulls—back the standard symplectic form to

r* <Z dx; A dy; + dt A dz> = Z (e'dx; A dy; + e'y; - das A dt) + e'dt A dz =

i=1 =1

n
=d <etd2 — Zetyi . dI'L)) = d(etao)
i=1
Hence SS(R?"*1 ag) = (R?"*+2 wy). The permutation in the variables (z,t) has its geometric origin
in the dichotomy between convexity and concavity. Confer Section [[.4l

Remark 8. The contact structure £y = ker oy on R?"*1 extends to a contact structure (S?"+1 &)
via the one point compactification.

It is a natural question whether SS(R3,ap) and SS(R3 ;) are symplectomorphic. A symplec-
tic topology proof could be finding exact Lagrangian tori in SS(R3, a1), since these do not exist in
SS(R3, ag). Such a Lagrangian tori would also distinguish the symplectomorphism type of SS(R3, ag)
and SS(R3,(y), k € Z. Instead, we shall use contact topology.

Note also that the classic symplectic invariants such as volume, width and symplectic capacities are
necessarily infinite in the symplectization of a contact manifold.

1.3. Contactization. Let (V, ) be an exact symplectic manifold with a Liouville 1-form A.
Definition 9. The contactization C(V, ) of (V, ) is the contact manifold (V x R(s), A — ds).

Note that a different choice of primitive A for the symplectic structure dA on V' may lead to a different
contact structure on V' x R. In case there exists a function f: V — R such that A\ — A1 = df, the
map

F:C(V,ho) — C(V,\1), F(p,s)=(p,s— f(p))

is a strict contactomorphism. Note that for V = R?" or more generally H!(V;R) = 0, such a poten-
tial f exists.

The coordinate s € R in V x R(s) can be considered to be an angle s € S'. In particular, the
contactization C(V, \) can be compactified to V x S!(s). This compactification is also referred to as
the contactization of (V, \).
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1.4. Contact fibration of CSS(M, &) over D?. Let (M, ) be a contact manifold and « an associated
contact form. The symplectization SS(M, a) = (M x R*(¢),d(tx)) is an exact symplectic manifold.
Thus CSS(M, €) is defined, the choice of Liouville form in this case is A = ta. The underlying smooth
manifold M x RT(t) x R(s) can be compactified to M x R*(¢) x S!(s). Then the coordinates (¢, s) can
be considered to be polar coordinates on R? \ {0} and projection onto the latter two factors defines
a smooth fibration
7 M x RT(t) x S'(s) — R?\ {0}.

A smooth fibration p : X — B is said to be contact for a codimension—1 distribution £ C TX if
restricts to a contact structure on any fibre. The map p = 7 satisfies this condition for the natural
contact structure on CSS(M,§).

Proposition 10. The smooth fibre bundle
7 M xR xS — R*\ {0}, (p,t,s) — ().
is a contact fibration for & = ker{ta—ds}. There exists a diffeomorphism G between contact fibrations
such that
(M x R* x (0,27), ker{o + r2d6}) S—s (M x R* x R, ker{ta — ds})
| |
R* x (0, 27) = Rt xR

is commutative, the map p being in both cases the projection onto the rightmost two factors.

Proof. The first statement is readily verified. For the second statement, consider the following change
of coordinates

(r,0) € RY x (0,27) L (t,5) e Rt xR, 1/t = —4cos®(0/4)-1%, s=rtan(0/4).
The map g defines a contactomorphism
G = (id,g) : (M x RT x (0,27),ker{a + r?df}) — (M x R" x R, ker{ta — ds})
since G*(av — (1/t) - ds) = a+ 72df. The map G commutes with the projections. O
From the viewpoint of differential topology the projection 7 from M x RT x S' is appropriate.
Nevertheless from a symplectic perspective the two ends M_ = M x {0} x {so} and M} = M x

{00} x {so} are quite different, for any fixed s € S'(s). The negative end M_ of a symplectization
is concave and the positive end M is convex. Consider polar coordinates (r,6) € R? restricting to

(r,0) € RT x (0,21) = R?\ L,

where L = {(r,0) : > 0, 6 = 0}. Then the convexity of the boundary at infinity leads to the change
of coordinates in Proposition This is a more natural symplectic coordinate system: the binding
of the natural open book in CSS(M,¢) induced by polar coordinates on the disk D?(r, §) lies above
the origin of the disk. It is then natural to compactify not only smoothly, but in a contact sense, the
contact manifold (M x R x (0, 27), ker{a + r2df}) to the contact manifold (M x D?, ker{a + r2df}).

2. OVERTWISTED DISKS AND GPS
The concepts and results of this Section are part of the content of [Ni, [NP].

Definition 11. Let (M5, €) be a contact 5—fold and & = kera. A GPS-structure is an immersion
t: St x D?(r,0) — M conforming the following properties
- a= f(r)df, for f >0 and f(r) =0 only at r =0, 1.
- There exists € > 0 such that the self-intersection points are of the form
p1 = (s1,71,0) and p2 = (s2,72,0), 11,72 € (6,1 —¢).
- There exists an open set with no self-intersection points joining S x {0} and S* x OD?.

The existence of a GPS—structure partially restricts the fillability properties of the contact manifold
(M, ker @). In particular, we can use the main result in [NP]. It implies the following

Theorem 12. Let (M, ker o) be a contact manifold with a GPS-structure. Then (M, ker «) does not
admit an exact symplectic filling.
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The construction of a GPS-structure through the use of a contact fibration was introduced in [Pr].
In Section 4 of [NP] details for the following result are provided.

Proposition 13. Let (R3 kera,;) be an overtwisted contact structure and (p,r,0) € R® x D?(rg)
polar coordinates. There exists R € RT sufficiently large such that the contact manifold (R® x
D?(R), ker{ao; + r2df}) contains a GPS-structure.

3. SYMPLECTIZATION OF AN OVERTWISTED STRUCTURE

In this section we prove Theorem [l Let (R3 kerca,;) be an overtwisted contact structure. The

idea is simple: the contactization C(R*, e'a,t) of the exact symplectic manifold (R?*, d(e*cvyt)) is not

contactomorphic to (R®, &) =2 CSS(R3,&y). Indeed, it will be proven that C(R*, e‘a,;) does not embed
into (S°, &) whereas (R®, &) does. The geometric model is that of Subsection [[4l and thus (R?*, e'cvo;)
is seen as (R3 x RT, tay).

Lemma 14. Let (p,7,0) € R3 x R? be polar coordinates and L = {(p,r,0) : v > 0,0 = 0}. There
exists a contactomorphism

®: (R? x (R?\ L), ker{a, + r2df}) — C(R?® x RT taryy).
Proof. Consider the map G in the proof of Proposition The contactization C(R3 x R¥, tay) is
contactomorphic to
C(R? x RT, tag) = (R® x RY x R(s), ker{ao, — (1/t)ds}) S (R x RT x (0, 27), ker{awos + r2d0})
which is (R3 x (R?\ L), ker{ay + r?df}). O

Lemma 15. Let (p,z,y) = (p,7,0) € R3 x R? be cartesian and polar coordinates. There exists a
strict contactomorphism

U (R? x R? ker{ay; + r?df}) — (R® x R? ker{a,; — ydzx}).
which preserves the fibres of the projection onto the second factor.

Proof. The contact form a; +r2df in Cartesian coordinates reads By = aor + %(xdy —ydz). Consider
the homotopy of contact forms

1—-1¢
B¢ = apr — yda + T(xdy +ydx), te]0,1].

It begins at Sy and ends at 81 = a, — ydz. Let us find an isotopy 7 solving the equation 773, = 0.
Suppose that 73 is the t—time flow of a vector field X;. The derivative of the equation reads
. 1
T (Lx,Be + Be) =0, ie. dix,ap + tx,doy — g(ardy + ydz) = 0.
Note that d(zy) = zdy + ydz and thus the autonomous vector field
LY
X=-—=R,
o ot
is the solution to this equation, where R,; denotes the Reeb vector field of a,¢. The vector field X is
a complete vector field in R x R2. Let 7 be its 1-time flow. Then the diffeomorphism
ViR xR? — R* < R?, ¥(p,z,y) = (1(p,2,y),2,y)
satisfies U* (qor — ydx) = o + r2df. O
Theorem 16. There exists no contact embedding CSS(R3, apt) — CSS(R3, ap).

Proof. The contact manifold CSS(R?, o) is contactomorphic to (R?, ker o). Thus it embeds via the
inclusion j into (S®,kerag). The contact manifold (S°, ker ag) admits an exact symplectic filling by
the standard symplectic ball (DS, wo|ps). Suppose that there exists a contact embedding

h:CSS(R? ay) — CSS(R?, ap).
Proposition [[3] implies the existence of a GPS—structure on the contact manifold
Nr = (R* x D*(R), ker{a; + r2df})

for R large enough. Let us show that AV'g contact embeds into CSS(R?, ap). Lemma [[4] identifies
this contactization via ® with (R3 x (R?\ L), ker{ay,; + r?df}). The contactomorphism ¥ in Lemma
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allows us to use (R3 x (R?\ L), ker{ao — ydx}).

Consider an arbitrary Ry € RT, the inclusion i : D*(Ry) — R?(z,y) as a disk centered at the origin
and the diffeomorphism fr € Diff(R?) defined as fr(z,y) = (x — R,y). The image of N, via the
contact embedding (id, fr o i) is contained in R3 x (R? \ L) if R > Ry. It is readily verified that

v :® oW o (id, far, 01) : Nr, — CSS(R?, aror)

is a contact embedding. The radius Ry can be chosen arbitrarily large. The map j o h o v endows
(S%, ker o) with a GPS-structure. This contradicts Theorem O

Proof of Theorem [Tt Suppose that symplectic structure SS(R3, o) is not exotic. Then there exists
an embedding i : SS(R?, apr) — SS(R3, ap). It induces a contact embedding

VK CSS(R?’,aOt) — CSS(R?’,ao).
This contradicts Theorem O

Note that the symplectic structure SS(R3,&,;) is never standard at infinity. It has been proven by
M. Gromov that a symplectic structure on R* standard at infinity is necessarily isomorphic to the
standard symplectic structure (R*, wp).

The contact structures & and &; on R?® are homotopic through contact structures. This homotopy
can be obtained by dilating the overtwisted disks off to infinity. This geometric path of contact
structures yields a path of exact symplectic forms joining the standard symplectic structure wy and the
symplectic structure on SS(R3,&;). A visual homotopy between &y and (i, can be readily constructed
using contractions to a Darboux ball. This also induces a homotopy between wy and the symplectic
form of SS(R3, (x).

4. EXAMPLES OF NON-ISOMORPHIC SYMPLECTIZATIONS

In this Section we provide details on Theorem Bl and Theorem [l

4.1. Open contact 3—folds. In Section 2] we have shown that SS(R?, ag) is not symplectomorphic
to SS(R3, ay). The procedure we used yields several examples of open manifolds exhibiting this
behaviour. In particular Theorem [ stated in the introduction.

Theorem 3. Let (M,&) be an exact symplectically fillable contact manifold and (U,£) C (M,€) an
open contact submanifold. Consider an overtwisted contact structure (U,&q). Then SS(U,E) is not
symplectomorphic to SS(U,&ut).

Proof. Consider an exact symplectic filling (W, A) for (M, ), £ = ker . Note that SS(M, &) embeds
into (W, \) as a neighborhood of the boundary. The contact 5-fold C(W,\) = (W x S!, X — ds)
has boundary M x S'. In order to obtain a closed contact 5-fold (X,Z) we glue the manifold
(M x D? a + p*dy) along their common boundary M x S!. The manifold (X,Z) admits an exact
symplectic filling.

Observe that the open contact manifold (U, §) embeds into (X, =) with an arbitrarily large neighbor-
hood. Indeed, (M, &) has an arbitrarily large symplectic neighborhood in (W, A). For instance, it can
be obtained by expanding a given neighborhood with the Liouville flow.

The open contact manifold CSS (U, &) contains a GPS-structure. Suppose that SS(U, €) is symplec-
tomorphic to SS(U, &), then SS(U, &) embeds into (W, \). Hence the contact manifold C.SS(U, &ut)
embeds into (X, E). This contradicts Theorem O

Remark 17. The manifold (X,E) used in the proof is not unique. The relative suspension using
a composition of positive Dehn twists also yields an exact symplectically fillable manifold and the
argument applies.
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4.2. Higher Dimensions. Consider an overtwisted contact structure (R3, £,;) and polar coordinates
(1,015 -5 P2, Pn—2) € R?"~4. The contact structure &, defined by the kernel of the 1-form

n—2

Oz = Qo + Z pfdsl%
i=1
contains a GPS-structure. Thus it is not contactomorphic to (R2"~1,&y). The statement of Propo-
sition [[3] also holds for the contact manifold (R?"~1 &..). That is, there exists a GPS-structure on
(R?"=1xD?(R), atex +7%df). Confer [NP] for details. The existence of this GPS—structure and the ana-
logues of Lemmas[I4land [IH prove that CSS(R?*"~!, a.,) does not contact embed into CSS(R?"~1, ).
The same argument used in Theorem [ yields the following

Proposition 18. Let (R3,§Ot) be an overtwisted contact structure, £,; = ker . Then the symplec-
tization SS(R?*" 1 ae,) endows R®™ with an exotic symplectic structure. (]

This allows us to conclude Theorem [ stated in the introduction.

Proof of Theorem [§t Consider the diffeomorphism

f : R2n — R2n7 f(p7 ©, 2,801,915+ - -5 Pn—2, gon—2) = (pu 2 z, t; et/2p17 Py 7et/2pn—27 gon—2)-
Consider the 1-forms

n—2 n—2
Aew = €0t + Y pidpi, Ao = €'0ea = €' (aor + Y prdep;)
=1 =1

The diffeomorphism f pulls-back f *Xaz = Aez. In particular
(SS(R3, &) x R4 wop + wp) =2 SS(R*™ 7L, aey)

are symplectomorphic. This concludes the statement. ([

Proposition [I8 can also be used to prove an analogue of Theorem [ in higher dimensions.
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