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Abstract

For a simple Lie algebra, over C, we consider the weight which is the sum of all
simple roots and denote it &. We formally use Kostant’s weight multiplicity formula to
compute the “dimension” of the zero-weight space. In type A,, & is the highest root,
and therefore this dimension is the rank of the Lie algebra. In type B,, this is the
defining representation, with dimension equal to 1. In the remaining cases, the weight
@ is not dominant and is not the highest weight of an irreducible finite-dimensional
representation. Kostant’s weight multiplicity formula, in these cases, is assigning a
value to a virtual representation. The point, however, is that this number is nonzero if
and only if the Lie algebra is classical. This gives rise to a new characterization of the
exceptional Lie algebras as the only Lie algebras for which this value is zero.

1 Introduction

Given a simple Lie algebra, over C, we consider the weight & which is the sum of all simple
roots, and we formally use Kostant’s weight multiplicity formula to compute the “dimension”
of the zero-weight space, which we denote by m(&,0). This representation is the adjoint
representation in the Lie algebra of type A, and the defining representation in type B,;
these cases were considered by Harris in [5] and [6], respectively. In the remaining Lie types
it is a virtual representation: a representation arising from a non-dominant integral highest
weight.
Our main result in this paper is a new characterization of the exceptional Lie algebras.

Main Theorem. Let g be a simple Lie algebra over C and let & denote the sum of all simple
roots. Then m(&,0) = 0 if and only if g is an exceptional Lie algebra.
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Table 1: Summary of main results

In fact, we prove that if g is a classical Lie algebra then m(&, 0) is a positive integer. To
prove our Main Theorem we define two subsets of the Weyl group: the Weyl alternation set
and the collapsed Weyl alternation set, which we denote A(&,0) and CA(&,0) respectively.
These subsets describe particular elements of the support of Kostant’s partition function.
We show that in the classical Lie types, the cardinality of these sets can be enumerated using
only Fibonacci numbers]. Then for each respective Lie type, we provide new closed formulas
for the value of Kostant’s weight multiplicity formula (m(&,0)) and its g-analog (m, (&, 0)).
Table [ provides a summary these results.

2 Background

The following Lie-theoretic notation will be used throughout this manuscript, for further
references see [4, [9, 10]. Let G be a simple linear algebraic group over C, 7" a maximal
algebraic torus in G of dimension r, and B with 7" C B C G, a choice of Borel subgroup.
We take g, b, and b to denote the Lie algebras of G, T', and B respectively. We let ® be the
set of roots corresponding to (g,h) and &+ C P the set of positive roots with respect to b.
Let A C &7 be the set of simple roots. We denote the set of integral and dominant integral
weights by P(g) and P, (g), respectively. Finally, we let W = Normg(T)/T denote the Weyl
group corresponding to G and T, and for any w € W, we let ¢(w) denote the length of w.
Recall that that the Weyl group is generated by the simple reflections sy, ..., s,, where s;
denotes the reflection associated to the simple root «; [9, Chapter 9].

The theorem of the highest weight, due to Cartan [2], establishes that a finite-dimensional
complex irreducible representation of g is equivalent to a highest weight representation with
dominant integral highest weight A\. We denote such a representation by L(\). Furthermore,
to find the multiplicity of a weight p in L()), one can use Kostant’s weight multiplicity

Let n € Z>o. As is standard, we let F), denote the n*" Fibonacci number, which is defined recursively
by F,, = Fr—1 + Fn—o, with Fy =0 and F; = 1.



formula, [11]:

mA ) =Y (1) Ppa(A+p) = (1 + p)), (1)

where o denotes Kostant’s partition function and p = %Zae¢+ a. Recall that Kostant’s

partition function is the function p : h* — Zs¢ with p(§) = m, where m is the number of

ways the weight £ € h* may be written as a nonnegative integral sum of positive roots.
Additionally, we define as in [13], the g-analog of Kostant’s weight multiplicity formula:

mg(\, 1) = Y (1) (0 (A +p) — (n+p)), (2)

ceW

where g, denotes the g-analog of Kostant’s partition function. That is, for any weight £ € b*,
04(€) is a polynomial valued function defined by p,(€) = co + c1q + c2¢®* + c3¢> + - - + g,
where ¢; is the number of ways to write £ as a sum of exactly ¢ positive roots.

Observe that for any weight £ € b*, ©,(§)|,=1 = ©(§). Thus, when the g-analog of
Kostant’s weight multiplicity formula is evaluated at ¢ = 1, we recover the original weight
multiplicity formula. Therefore, for any weights A and p in h*, we have that

Mg(A, 1) lg=1 = m(A, ).

In practice, when A and p are fixed, it is often the case that given ¢ € W, the value of
Kostant’s partition function on o(A+ p) — p—p evaluates to zero, i.e., p(c(A+p)—p—p) = 0.
With this in mind we define the Weyl alternation set to be the support of Kostant’s partition
function:

Definition 2.1. For A\, u integral weights of g define the Weyl alternation set (of A and p)
to be

A ) :={oceW: p(a(A+p) — (n+p)) >0}

Even when Kostant’s partition function is nonzero for an element o of the Weyl group,
namely o € A(&,0), we will encounter cases where there exists a simple transposition s; € W
such that p(a(A+ p) —p — ) = p(os;(A+ p) — p — p). Given that the lengths of o and
os; have opposite parity, these two terms cancel each other out in the alternating sum of
Kostant’s weight multiplicity formula (Il) and its g-analog (2]). For this reason, we define the
collapsed Weyl alternation set to be the subset of the support for which this cancellation
does not occur:

Definition 2.2. For \, u integral weights of g define the collapsed Weyl alternation set (of
A and p) to be

CA\, 1) :={o € A\, u): Ps; €W such that p(o(A+p) —p— p) = p(osi(A+p) —p—p)}.



Observe that Definition 2.2 of the collapsed Weyl alternation set CA(\, p) further reduces
the computation of m(A, ) (or my(A, 1)) to a smaller subset of the Weyl group than the
Weyl alternation set A(A, ). Namely, when computing m(A, i) (or my(A, p)) one need
only compute the value of Kostant’s partition function (or its g-analog) for elements in the
collapsed Weyl alternation set CA(\, p).

Given a simple Lie algebra g of rank r, we will describe and enumerate the setdd A, (a,0)
and CA,(&,0) of & and 0, where & = ), o is the sum of the simple roots of g. The sets
CA,(&,0) will be particularly important when we consider the exceptional Lie algebras, as
we will see in Section Bl Then for any o € CA,(&,0), we will provide (new) closed formulas
for the value of Kostant’s partition function and its g-analog on the expression o(a+ p) — p.
This will allow us to provide a proof to our main result:

Main Theorem. Let g be a simple Lie algebra over C and let & denote the sum of all simple
roots. Then m(&,0) = 0 if and only if g is an exceptional Lie algebra.

We begin with some general background on Weyl groups acting on root spaces. Section
2.1, will develop the foundation needed for the computations in the remaining sections.

2.1 Weyl groups acting on root spaces.

It is widely established throughout the literature that the finite Lie algebras are classified
by the Dynkin diagrams in Figure [T [9].

o 0O---0—0 A c%o G
Qp Q2 a3 Q4 OQpog Qp " Qq ay 2
o o--- o%:o B o—o%:o—o F
o oy a3 g oy ooy " o1 Qo as ooy 4
o o--- O_TAO C e : o E
o iy g Qg QN Q" a3 g oy o O
Tan—l TOQ
o o---0——0 Dy o : o F
aq &) a3 Oy Ap—2 Qp aq a3 Oy a5 Qg ar
o : o Fy

(@51 a3 Oy Q5 Qg ar Qg

Figure 1: Dynkin Diagrams

2When we want to specify r, the rank of the Lie algebra considered, we use the notation A, (A, 1) and

CA(A, ).



Moreover, the action of a simple reflection s; € W on the set of simple roots A is
also characterized by these Dynkin diagrams. We will now recall a short synopsis of this
classification and refer the reader to [I] and [3] for more on the combinatorics of Weyl
(Coxeter) groups and their actions on roots.

By the definition of a simple reflection, for any two simple roots o; and «; we have
si(ag) = —ay, sj(o) = —ay, si(aj) = a; + ¢y and s;(o;) = a; +c¢j5. The integers ¢;; and
c;; are in the set {0,1, 2,3}, and their particular values are determined by how many edges
(and their direction) connect the nodes a; and «; in the Dynkin diagrams as summarized in
Figure 2, [3]. It is then a simple exercise to show that s; permutes the remaining positive
roots [I, Lemma 4.4.3].

o 0 cij = 0 = ¢ji
4 Q;
o 0 Cij = 1= Cji
a; Q;

o%::o cij =2and ¢;; =1
(67 Q;
o%o ¢y =3 and ¢j; = 1
a; Q;

Figure 2: Three cases for the values of ¢;;

3 A(a,0) for the classical Lie algebras

Before identifying the alternation sets A(&, 0) for each classical Lie type, we classify which
elements o € W are never in any alternation set A(«, 0), where « is a positive root. Lemmas
3.3 and 3.4 in [8] allow us to identify a set of Weyl group elements which are not in the Weyl
alternation set A(q, 0) for any root o € ®* and any classical Lie type.

Lemma 3.1. Let 0 € W be a Weyl group element in any classical Lie type. If o contains a
subword of the form
SiSi+15i+2, Si+2Si+1Si, OT Si415;S;42

or any product of four consecutive simple reflections s;, Si11, Sive, Sivs (in any order) then o
is not in the Weyl alternation set A(«a,0) for any a € T,

Proof. In the classical Lie types, the highest root @ is of the form a = Z ciay; with co-
a; EA
efficients ¢; € {1,2}. Every ¢ € W permutes the roots in A, and so for any root a, we
have o(a) < @ in the weight lattice. Thus the weight o(a) = Z d;c; has coeflicients d;
a; EA
from the set {—2,—1,0,1,2}. It follows that if an element o € W acts on the weight p by
a(p) = p — ca; with ¢ > 3 for some simple root a;, then o(a+ p) — p < @ — 3a; will have a
negative coefficient when written as a linear combination of positive simple roots. Lemmas



3.3 and 3.4 in [§] showed that any ¢ € W containing one of the subwords listed above acts
on the weight p by

alp)=p— <Z ciozi> with one of the ¢; > 3.

Hence any o containing one of the listed subwords is not in the alternation set A(c,0) for
any positive root «. ]

Next we classify how the simple reflections s; act on the sum of simple roots a.
Lemma 3.2. Let a = Z a=a;+ -+ a.. Then the simple root reflections act on & in

acA
the following way:

For all other cases: s;(&) = a.

Proof. Type A,: For 1 <i <r, s;(a;) = —cy, and s;(a;) = sj(c;) = o; + «j, whenever ¢ and
J are consecutive integers. Hence

si(@) = —a1 + (g + ) +ag+ -+, = a— ay,

(@) =14+ o+ (1 +a,) —a, =a— a,.
For 2 <7 <r — 1 observe that
si(@) =1+ +aio+ (w1 + o) —a; + (0 + aip1) + Qo+ -+ = @

Type Bri For 1 <i1<r— 1, Si(Oéi) = —Qy, si(ai_l) = o1 + oy, Si(OéH_l) = o + Q4. If
i =r, then s,.(a,) = —a, and s,(a,—1) = a,_1 + 2c,.. Notice that

si(@)=—ar+ (a1 +a)taz+-+a=a+- - +a =a—a,
s2(@) = (a1 +az) —a+ (a2 +ag) +as+ -+ a, =a

For2<:<r—1,
si(@)=ap 4+ +ai_o+ (i1 +a;) —a; + (v + Qip1) + Qo + -+ + a, = a.

Finally,
sp(@)=a;+ -+ oo+ (1 +20;,) — a, = @



Type C,: For 1 < i < r we have s;(o;) = —au, si(@;—1) = a1 + ;. For 1 <7 <r—2,
si(aiy1) = a; + ayq, while s,._1(a,.) = 2,1 + .. Observe that

si(@)=—a1+ (a1 + o) +as+-+a,=a—a;.
For2<:<r—2,
si(@) =014+ a2+ (o + ;) —a; + (v + Q1) + Qipa + -+ + . = @
Finally observe that

Sp_1(@)=a1+ -+ a3+ (ot a,—1) —ar_1+ (20,1 + ) = &+ a,_1, and

sp (@)

Oél—|—"'—|—Oér_2+(Oé7«_1+Oé7«)—OKT:&—OéT.
Type D,: For 1 <i<r, sj(a) =—ay. f1<i<j<r—1lwithl|i—j|=1orifi=r—2
and j = r, then s;(o;) = s;(o;) = a; + 5. Fori =r—1 or i = r we have that s,_;(a,) = o,

and s,(a,_1) = a,_1. Observe that

Sl(d):—Oz1+(0é1+oz2)—|—a3_|_..._|_ar:d_al’and
so(@) = (a1 + ) —as + (g +a3) +as+ -+, = a.

For3<:<r—3,
32(55> :Oé1+"'+04i_2+(04i_1+04i) —Oéi—i‘(Oéi+04i+1)—|—04i+2+"'+OAT = q.
Finally observe that

Sr—l(&) =o1+ -+ o3+ (ar—2 + ar—l) — Qg t o= — 1, and

sr(@)

al+"'+ar—3+(ar—2+ar)+ar—1_ar:&_ar-
0

Given the above results we now proceed through an analysis of A(a&, 0) for each classical
Lie algebra.

3.1 Types A, and B,

In this section we consider the Lie algebras of type A, and B,, that is s, (C) and s0s,,1(C),
respectively. We consider the representation with highest weight @ = o + - - - + ;. in each
case. This representation is the adjoint representation in Lie type A,, and it is the defining
representation in Lie type B,. In these cases we have the following results.

Theorem 3.3. Let r > 1 and & denote the highest root of sl..1(C). Then o € A,(&,0)
if and only if 0 = s;,8i, - 8i,, Where i1,..., 1 are non consecutive integers between 2 and
r—1.



Corollary 3.4. If r > 1 and & is the highest root of sl,1(C), then |A,(&,0)| = F,.
The above results are Theorems 1.2 and 2.1 in [5]. For type B, we have the following:

Theorem 3.5. Let v > 2 and & denote the sum of the simple roots of $09,.1(C). Then
o € A.(a,0) if and only if 0 = 1 or 0 = 54,8, -+ -5, for some nonconsecutive integers
,...,% between 2 and r.

Corollary 3.6. If r > 2 and & denotes the sum of the simple roots of $09,.1(C), then
[A-(A, 0)] = Fr.

Theorem and Corollary are Theorem 2.1 and Theorem 1.1 in [6], respectively.

3.2 Type C,

In this section we consider the Lie algebra of type C,, sp,,.(C), the symplectic Lie algebra of
rank 7. We begin by listing some elements of W, the Weyl group of sp,,, which are not in
A, (&,0), where & = a3 + -+ + a,.

Notice that by Lemma 2.2 in [8] and Lemma 3.2 we can see that for 2 <i <r —3

sisip1(@+p)—p=a+p—A4a; — a1 — p =& — 204 — 0441,

Sip18i(@+p) —p=a+p—20; — 2011 — p =G — 0 — 2041,

and
8;8ip15i(a+p) —p=a+p—20; — 2041 — p = & — 205 — 20641

Hence s;418; and s;s;,1 are not in A,(&,0).
By Lemma 2.6 in [8], when ¢ = r — 1 we have that

Sp_1sp(@+p)—p=a+a,_1— 2o, 1+a,)+p—3a,1 —a, —p=a&—4da,_1 — 20,

and
Sp$p_1(@+p)—p=a+p—a,_1—3a, —p=a—a,_1 — 3aq,.

Hence s,_1s, and s,s,_1 are not in A,(&,0).
These statements imply that A,.(&,0) cannot contain any elements with consecutive
factors, other than those listed below.

Proposition 3.7. The following elements of W, are in A,.(&,0)
o (r>2): 1, i.e the identity element of W,
o (r>3):s; forany2<i<r-—1

i (T 2 4) Sr—28r—1, Sr—15r-2 and Sr—28r—18r—2-



Proof. Since 1(&+p) —p = a1 + -+ + «,, it follows that 1 € A,.(&,0). By Lemma 2.2 in
[8] we know exactly how a simple root reflection acts on p. Then using Lemma we have
that for 2 <i<r —2

sil@+p)—p=a+(p—a)—p=ar1+ -+ 1+taa+ -+
and
sS—i(@+p)—p=a+a_1+p—o_1—p=ad.

Thus s; € A.(&,0) whenever 2 < i <r — 1. Observe that
srasr—1(@+tp)—p=a+(vata_1)+p—20 93— _1—p=0a—a, o,
Sp_15—2(@+p)—p=a+ a1 +p—_2—20,_1 —p=0&— Qg — p_1, and

Sp_0Sp_18ro(@+p)—p=a+ (a1 +a.)+p—20,1 =20, —p=a&— Qg — Q1.

Thus s,_28_1, Sy—1Sr—2, Sy_28,_18,_2 are in A,(&,0), whenever r > 4. O

We call the subwords described in Proposition [3.7] the basic allowable subwords of Type
C.

Theorem 3.8. Let 0 € W. Then o € A.(&,0) if and only if o =1 or if o is a commuting
product of the basic allowable subwords of Type C,.

We now defined the following recurrence relation:

Definition 3.1. Let n > 2. Then the sequence F, of positive integers is defined by the
recurrence relation

Fy=F, 1+ Fn—27 (3)
where Fl =2, ﬁ’2 = 6.

It is easy to see that if Fy = 0, then for n > 1 we have that F, = nio +3F, 1.
Theorem 3.9. Let r > 3. Then |A,(&,0)] = F,_,.

Proof. We begin by defining a family of subsets of A,(&,0). For & > 2 let

(4)

If k£ < 2, then let N}, = (). It is a standard combinatorial argument to show that |Ny| = Fi i1,
whenever k > 2. Therefore if we let

Ny = {0’ € A,.(a,0) :

0 = 8 8i, -+ 8, for some nonconsecutive
integers i1, t2, ..., %; between 2 and k

Nr—4(3r—1sr—2) = {UST—1$T—2 10 € Nr—4}
Nr—4(5r—25r—1> = {UST—2ST—1 10 & Nr—4}

Ny_4(Sr—28r_15r—2) = {0S,_28,_15,—2 1 0 € N,_4},
we have that
A (@,0) = Npoy U Npoy(sro18,-2) U Neoa(Sp—28r1) U Npu(sp-28,-18,2). (D)
Thus [A,(&,0)] = |N,—1| + 3|Ny—a| = F + 3F,_5 = F,_». ]



3.3 Type D,

In this section we consider the Lie algebra of type D,, s05,.(C), the special orthogonal Lie
algebra. We begin by listing some elements of W,., the Weyl group of s0,,(C), which are not
in A.(&,0), where & = ay + -+ + .

Lemma 3.10. The following words are never subwords of any element in the Weyl alterna-
tion set A.(&,0) in type D,.:

® S51,Sr-1,5r
® 5:Sii1, Sip1S; for2<i<r—4
® 5. 95,1, S,_15,_2, 5;Sr—2, and 5,25,
® S;_98,1Sr—2 and S;_25,5,—2.
Proof. Notice that by Lemma 2.2 in [§] and Lemma [B.2] we can see that
sifa@+p)—a=a—a1+p—ag—p=a-—2u,
Sp—i(@+p)—p=a—0p1+p— 1 —p=0a&—20,_1,

and
sp(a+ p)

Hence s; and s, are not in A, (&, 0)
If2<i<r—4,then

p=a—a,+p—ao, —p=ac— 2.

$iSi41(a+ p) p—20; — iy — p=a— 205 — iy,

sit18i(@+p) —p=a+

a
a+p—a; =201 —p=a—a; —2041.
Hence s;s,41 and s;41; are not in A,.(&,0) for any 2 < i <r — 4. Also notice that

sr—asp1(@+p)—p=a+ta, 2~ (4ot 1) +p—20 20— 1 —p=a—20_3— 20,1,
( )—p=a -1+ (gt ap_1)+p—r9—20_1—p=a—20_,
SpSra(@+p)—p=a—a,+ (W2t a)+p— a9 —20, —p=a-—2aq,,
( )—p=da+ta 2+ (ata)+tp—20_—a —p=a—20_2— 2.
Thus $,_28,-1, Sy—15r—2, SrSy_2, and $,_ss, are not in A,(&,0). If 2 < i <r — 4, then
8;8ip15i(a+p) —p=a+p—20; — 2041 — p = & — 204 — 20641
Hence s;8;115; is not in A, (&, 0) whenever 2 < i < r — 4. Finally notice that
Sp—2Sr—15r—2(@+p) —p=0a+p—20,_9— 20,1 —p=0a— 20,3 — 2044
and

Sr_28:Sro(@+p)—p=a+a, o+ (@, 2+ a)—a, 2+ (ot a,)+p—20,_2— 20, —p
=a— QOZT_Q — 2@7,.

Hence s,_98,_18,_2 and s,_s5,5,_o are not in A,(&,0). O

10



Lemma [B.I0/ implies that A,(&,0) cannot contain any elements with consecutive factors,
other than those listed below.

Proposition 3.11. The following elements of W,. are in A,.(&,0)
o (r>2): 1, i.e the identity element of W,
o (r>4): s; forany2<i<r-—2
o (r>05): 8,_35_2, S,_25,—3, and S,_35,_25,_3

Proof. Since 1(&+p) —p = a1 + -+ + «,, it follows that 1 € A,.(&,0). By Lemma 2.2 in
[8] we know exactly how a simple root reflection acts on p. Then using Lemma we have
that for 2 <i<r —3

si@+p)—p=a+(p—a)—p=a—o;

and
Spo(@+p)—p=a+a_2+tp—o_o—p=ad.
Thus s; € A.(&,0) whenever 2 < i < r — 2. Observe that
Sr3sr2(@+p)—p=a+(q_3+ar2)+p—20_3—_9—p=0a—a,s,
Sp—28p— 3(& + p) P = a+ oo+ P — Qp_3 — 2069 — pP= a— Qp_3 — Qip_g,
Sr—35r—25p— 3( + /)) pP = (ar—3 + ar—2) +p—= 2Oé7«_3 — 20,9 — pP = a — Qp_3 — Qp_2,
hence s,_35,_2, 8,-25,_3, Sr_35,—25,—3 € A, (&, 0). O

Theorem 3.12. Let 0 € W. Then o € A,.(&,0) if and only if o = 1 or if o is a commuting
product of the basic allowable subwords of Type D,..

Theorem 3.13. Let r > 4. Then |A,(&,0)| = F,_s.

Proof. We begin by defining a family of subsets Ny of A,.(&,0)as in the proof of Theorem 3.9
For k > 2 let

(6)

If k < 2, then let Ny = (). We again note that |Ny| = Fjy1, whenever k > 2. Therefore if we
let

N, = {O’ c Ar(&,O) :

0 = S, Sip -+ 8;; for some nonconsecutive
integers 41,12, ...,%; between 2 and k

NT—S(ST—38T—2) = {UST—SST—2 S NT’—5}
Nr—5(3r—23r—3) = {UST—2ST—3 IS Nr—5}
NT—S(ST—38T—2ST’—3) = {UST—3ST—2ST—3 10 € NT’—5}

then
Ar(da O) = Nr—2 G Nr—5(£r—3sr—2) G NT—5(ST’—2ST’—3) G Nr—5(£r—3sr—2sr—3)- (7)

Thus |Ar(0~é,0)| = |Nr—2| + 3|N7,_5| = Fr—l + 3Fr_4 = Fr_g. ]
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4 CA(&,0) for the classical Lie algebras

We now describe and enumerate the collapsed Weyl alternation sets C.A(@&, 0) for the classical
Lie algebras, where & = a; +- - -+« is the sum of all simple roots. Recall that the collapsed
Weyl alternation set allows us to further reduce the computation for finding the value of
m(a,0) and m,(&,0), since for any element o € A(&,0) \ CA(&,0) there exists a simple root
reflection s; such that o(a+p)—p = os;(ad+p) —p. Thus p(a(a+p)—p) = p(os;(a@+p)—p)
and similarly p,(o(& + p) — p) = pq(0s:(& + p) — p). Since {(c) = {(os;) £ 1, we know that
their corresponding terms in Kostant’s weight multiplicity (and its g-analog) have opposite
signs. Thus the sum of these two terms will be zero.
We begin by observing the following results for the classical Lie algebras.

Theorem 4.1. Ifr > 1 and g = sl,1(C), then |CA(&,0)| = F.
Theorem 4.2. Ifr > 2 and g = 509,41(C), then |CA(&,0)| = F,41.

Theorems .1l and follow from the fact that for any o € A(&,0) and for any 1 < ¢ < r,
o(la@+p) —p+#osi(a+p) —p. Thus A(a,0) = CA(&,0) and the theorems hold.

Theorem 4.3. If r > 4 and g = sp,,.(C), then |CA,(&,0)| = 2F,_;.
Proof. In Section we noticed that for Lie type C, we have
Sr_18r—o(Q 4+ p) — p = Sr_28r_18,—2(a+ p) — p. (8)

Now we note that s, 28, _18,_2 = $,_18,_25,_1. Hence Equations (Bl and () along with the
definition of CA(&,0) imply that the collapsed Weyl alternation set CA,(&,0) for Lie type
C, (r > 4) is given by

C.Ar(d, 0) = Nr—l L Nr_4(87»_287»_1). (9)

The theorem follows directly from Equations (@) and the fact that |N,| = Fjy1, whenever
k> 2.

U
Theorem 4.4. Ifr > 5 and s04,(C), then |CA.(&,0)| = 2F,_s.
Proof. In a similar way we recall that in Section for Lie type D, we have
Sr—25r—3(d + p) —pP= Sr—35r—25r—3(d + ,0) - p- (10)

Now we note that s, 38, 25,_3 = S,_28,_38,_2. Hence Equations Equations () and (I0)
along with the definition of CA(&, 0) imply that the collapsed Weyl alternation set C.A,.(&, 0)
for Lie type D, (r > 5) is given by

CAT(&, 0) = NT_Q Q) NT_5(ST_38T_2). (11)

The theorem follows directly from Equations (II]) and the fact that |Ny| = Fi.1, whenever
k> 2.
U
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5 The g-analog of Kostant’s weight multiplicity formula

The g-analog of Kostant’s weight multiplicity formula was defined in Equation (2). We recall
it here for ease of reference. The g-analog of Kostant’s is given by

mg(\ 1) = D (=)o (oA +p) = (u+p)),

where @,(£) denotes the g-analog of Kostant’s partition function. This polynomial valued
function is defined on h* by p,(£) = co+c1q+c2q® +c3¢° + - - - + cxg*, where ¢; is the number
of ways to write £ as a sum of exactly i positive roots.

In this section, we let & = o + - - - + o, and compute m,(&, 0) in all classical Lie types.
We begin begin by noting that type A, was considered in [5], where combinatorial arguments
were used to prove:

Theorem 5.1. Let r > 1 and & = ay + - - - + . denote the highest root of sl,.1(C). Then
my(&,0) =q+¢*+---+¢".

This provided an alternate proof of a result of Kostant related to the exponents of the
Lie algebra sl,.1(C), [12]. Type B, was considered in Theorem 3.1 of [6], which we state
below using our notation.

Theorem 5.2. Let r > 2 and & = a1 + -+ + «, denote the sum of the simple roots of
509,41(C). Then my(&,0) =q".

In this section we provide proofs of the analogous results for Lie types C,. and D,..

Theorem 5.3. Let r > 5 and & = ag + --- + «, denote the sum of the simple roots of
5Py, (C). Then my(a,0) = q+2¢> +3¢* +3¢* + -+ 3¢" 3+ 3¢ 2 +2¢" ' +¢".

Theorem 5.4. Let r > 7 and & = ag + --- + «, denote the sum of the simple roots of
509,(C). Then my(&,0) = q+4¢* + T¢* +8¢* +8¢° + -+ -+ 8¢" 3+ T¢" >+ 4¢" ' + ¢".

Before proving Theorems [5.10/ and [5.11], we recall a couple of lemmas that will be needed
in the proofs. Recall that when computing m,(&,0) it suffices to evaluate the alternating
sum over those elements in the collapsed Weyl alternation set CA.(&,0), as we noted in
Section 4l Tables 2l and [B] show that the theorems hold for some low rank cases in Lie Types
C, and D,, by giving the data associated to these cases. For every o € CA,(&,0), the tables
include the expression of o(&@ + p) — p as a sum of simple roots, as well as the value of
Kostant’s partition function and its g-analog on o (& + p) — p.

13



1 0 ar+as + az (¢+1)%qg 2
S9 1 ay + az q> 1
my(a,0) = ¢+ ¢* + ¢* and m(a,0) = 3

1 0 |omt+tastaz+a|(g+1)
53 I |Jatata (¢+1)q
my(a,0) = q + 2¢* + 2¢° + ¢* and m(&,0) =6

[}
oo

)
A}

Table 2: Data for Type C, for ranks 3 and 4.

1 0 a1+ ag+ a3+ oy 8
S92 1 a1 +az 4+ ay 2
my(a,0) = g+ 2¢* + 2¢° + ¢* and m(&,0) =6

1 0 a1+ o + ag + ay + aj (q+1)4q 16
1 ap + ag + ay + as (¢ +1)% 4
my(a, 0) = g+ 3¢* + 4¢° + 3¢* + ¢° and m(&,0) = 12

1 0 ar+as+as+ag+as+ag | (¢+1)°q 32
S9 1 a1 + as + ag + as + og (g +1)3¢* 8
S4 1 a1 + ag + as + as + og (g +1)3¢* 8
5984 2 ) + a3 + a5 + o (q + l)q 2

3
my(a, 0) = g+ 3¢* + 5¢° + 5¢* + 3¢° + ¢° and m(a, 0) = 18

)

e

Table 3: Data for Type D, for ranks 4, 5 and 6.

We now recall the following lemmas that will be used in the proofs Theorems [(5.10] and
B.I11. We note that the proofs of Lemma and as well as Propositions 5.7 and

follow from an analogous argument as those used in the Type A, case found in Lemma 3.1
and Proposition 3.2 in [5].

Lemma 5.5. In type C, (r > 5):

J if 0 contains S,_1S,_o OT Sp_9S,_1
max{l(c):0 € A.(a,0)} = LﬁJ if o contains S,_9S,_18,_2

L%J otherwise

14



and

‘ {U € A.(a,0) : l(o) = k+2 and o contains S,_1S,_2 OT Sy_28,_1 } ' = (T —4- k)

k
. _ r—4—k
} {0 € A.(a,0) : U(0) = k+ 3 and o contains S,_28,_1S,_2 } } = L
= ' —-1-k
‘ {0 € A(a,0) l(0) =k and o does not contain $,_1,_2, } ' _ (7’ )
Sp—28r—1, NOT Sp_2Sr_15r-2 k

Lemma 5.6. In Type D, (r >7):

[%J if o contains S,_38,_g OT Sp_25,_3
max{{(c) : 0 € A.(a,0)} = ¢ |Z2| if o contains s,_35,_28,_3
|52 otherwise

and

Sp—35r—2, but not Sp—35r—25r-3

'{a e A.(&,0) :6(0) =k +2 and o contains s,_a5,_3 or }‘ (r—i— k:)
r—5—Fk
k
r—3—k

1 .

} {0’ € A.(&,0) : l(0) = k+ 3 and o contains Sr_gsr_gsr_g} ‘

) {U € A.(a,0): l(o) =k and o does not contain } ‘

Sr—25r-3, Sr—35r—2, OT 5,_35,-25r-3

Proposition 5.7. Let o € A,(&,0) for Lie type C,.. Then

q"@ (1 4 g)r 124 if o contains s,_o8,_1
"1 4 q) 22O if o contains Sy_g5,—15r—2
"1 4 q)r 172 otherwise.

Proposition 5.8. Let 0 € A,.(&,0) for Lie type D,. Then

¢" (1 4 g)r1-21@) if o contains S,_3S,—2
(0(@+ p) — p) ¢ (14 )2 if o contains S,_2S,_3
o\ — =
. ey "1+ q) 3@ if o contains s, 35, 25,3
(o)

T (1 + q) 172 otherwise.

In the proofs of Theorems and BIT] we will make use of the following identity
[Proposition 3.3 in [5]]:

155)
Proposition 5.9. Forr > 1, Z (—D)Fg" ™ (1 g% Zq
k=0

15



With these results in hand, we are now ready to prove the two main results of this section:

Proof of Theorem[5.10. By Equation (@) we know that

me(@,0) = Y (=1)"p,(o(a+p) —p)
c€CA(&,0)
= Y (-D)"ga(@+p) —p) + (=) py(a(d@+p) — p).

0€EN;—1 O'ENT74(57“725T71)

Now by Propositions (5.5, 5.7 and we have that

=] "
- r—1—k . ;
SN SIICCET R RS Y (R VA (RS e O
oEN, 1 k=0 i=1
and
L%J r—4—k r—3 '
S ) Opotarn-p = 3 (T Tt g T
O'GN,,«,4(S7«,257«,1) k=0 =1
Therefore
r—3
Zq tal+a)) d = Zq +Zq +Zq
=1
:q+2q +3¢° + 3¢* +-~-+3q’“ 3+3q7” 2+2q7" "
0
Proof of Theorem[5.11. By Equation () we know that
me(a,0) = Y (=1)"Dg,(o(a+p) - p)
oeCA(a,0)
= Y ()" p(cl@+p) —p) + (=) py(0(a+p) — p)
0EN;_2 O-ENT'75(ST'73$T'72)
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Now by Propositions [5.0], (5.8 and we have that

S~—
Il
—~
|
—
S~—
Bl
VRS
=3
|
> W
w
~__
<
-
+
Bl
YamS
—_
+
<)
S~—
<
_
[\~
el

> (=) Dpy(ola+p) —p

0EN,_9 k=0

Y (D) po(a+p) —p) = Y

OENy—5(8r—35r—2) k=0

Therefore

ﬁ
|
N

—4
me(@,0) = (1+9)* ) ¢' +q(1+4q) Z
i=1

=1

r—2 r—1 r—2
—Zq +22q +Zq +Zq +22q +Zq

=q+4q +7q +8¢* +8q +---+8 - 3+7q7’ 2+4q7’_1+q’".

The results below follow from Theorems [5.10/ and [5.11] and the fact that g = @,|,=1-

Corollary 5.10. Let r > 5 and & = a1 + - - - + «,. denote the sum of the simple roots of
sp,,.(C). Then m(a,0) = 3r — 6.

Corollary 5.11. Let r > 7 and & = a3 + - -+ + «, denote the sum of the simple roots of
609,(C). Then m(a,0) = 8r — 24.

6 Exceptional Lie algebras

In the previous sections we have shown that if g is a classical Lie algebra and & =) A «
is the sum of the simple roots, then m(&,0) > 0. We now shift our attention to the value
of m(&,0) in the case where g is an exceptional Lie algebra, for further information on the
exceptional Lie algebras we point the reader to [10].

Main Theorem. Let g be a simple Lie algebra over C and let & denote the sum of all simple
roots. Then m(&,0) = 0 if and only if g is an exceptional Lie algebra.
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Our Main Theorem will follow directly from the next result:
Theorem 6.1. If g is an exceptional Lie algebra, then CA(a,0) = ().

To prove Theorem we compute the Weyl alternations sets A(&,0), for each of the
exceptional Lie algebras G, Fy, Eg, Fr, and Es. Then we confirm that the collapsed
Weyl alternation set is empty in each case. We do so by using the same techniques as
in the previous sections. For the sake of brevity, and the fact that these finite calcu-
lations are analogous to those in the previous sections, we omit the proofs of Proposi-
tions [6.2] 6.3, [6.4, 6.5 and However, the computations in SAGE are accessible at
https://sites.google.com/site/erikinskosite/hi2014code.

Proposition 6.2. If & denotes the sum of the simple roots of Gy, then A(&,0) = {1, s;}.

Proposition [6.2 is part 25 of Theorem 2.6.1, in [7]. Now observe that
{a+p)—p=ay+as=s1(a@+p) —pand {(1) ={(s;) — 1.

Therefore CA(&,0) = (), which confirms that Theorem [6.1] holds for the Lie algebra G5. We
now summarize the results for the exceptional Lie algebras Fy, Fg, Fr, and FEs.

Proposition 6.3. If & denotes the sum of the simple roots of Fy, then A(&,0) = {1, sq, s3, $253}-

Proposition 6.4. If & denotes the sum of the simple roots of Eg, then
A(&,0) = {1, 53, 54, 55, 5354, 5453, 5455, 5553, 5554, 535453, 545554, 555354}
Proposition 6.5. If & denotes the sum of the simple roots of E7, then

A(@,0) = 1, 83, 84, S5, S6, $354, 5483, 5455, $553, S554, S653,
) e .
5654, 535453, 545554, S55354, 565354, 565453, 56535453

Proposition 6.6. If & denotes the sum of the simple roots of Eg, then

1, 83, 84, 85, S6, S7, 5354, 5453, 5455, 5553, S554, 5653, 5654, 5753, 5754,
A(a, 0) = 8785, 535453, 545554, 555354, 565354, 565453, 575354, 575453,
575485, 575553, S75554, 56535453, 57535453, 57545554, S7555354

Tables [, Bl 6 [, and 8] list the Weyl alternation sets A(a,0) for each exceptional Lie
type. In addition, we provide the value of Kostant’s partition function and its g-analog on
o(a@+ p) — p, for all 0 € A(a&,0). However we note that these value are unnecessary since,
based on the following observations, it is evident that C.A(&,0) = (). From Tables [ B [6], [7],
and [8 note the following.

e In Lie type Gy: For every o € A(&,0), we have that o(a&+ p) — p = os1(a+ p) — p.

e In Lie type Fy: For every o € A(&,0), we have that (& + p) — p = os3(a+ p) — p.
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e In Lie types Eg, Er, and Eg: For every o € A(&,0), we have that
o(@+p) — p=osi(a+p)—p.

These observations imply that Theorem holds, which completes the proof of our Main
Theorem.

1 0 a1+ Qg (¢g+1)q 2
51 1 o1+ ay (g+ 1)q 2
T10(60) = oenaty (D" 9a(0(@ + ) — p) = 0 and m(&,0) = 0

Table 4: Data for Go

1 0 ar+as+as+ay | (g+1)3q 8
S5 1 ar+as+as+ay | (g+1)3q 8
So 1 o+ a3+ oy (g +1)¢* 2
5983 2 o + as + o (g +1)qg* 2
12008 0) = e (- 5a(0(@  2) — p) = 0 and m(@,0) = 0

Table 5: Data for F}

1 0 ar+as+as+ag+as+ag | (¢+1)°¢ 32
Sy4 1 a1+ Qo + a3+ g+ s + o (q+1)5q 32
S3 1 oy + ag + ay + as + ag (g+1)3¢* 8
5354 2 a1+ o + ay + a5 + o (q T 1)3q2 8
S 1 aq 4 ag + as + oy + ag (g+1)3¢° 8
S5S4 2 a1+ Qo + g+ ay + Qg (q + 1)3q2 8
S483 2 o +as+ a5+ ag (g+1)¢? 2
545354 3 o +as+ a5+ ag (g+ )¢ 2
S4S55 2 a1 + Qo + a3 + g (q + 1)(]3 2
848554 3 a1 + Qo + a3 + g (q + 1)(]3 2
S5S3 2 a1 + Qg + oy + (q T 1)(]3 2
858354 3 a1 + Qg + oy + (q aF 1)q3 2
my(@,0) =" c a0 (1) p4(0(a@+ p) — p) = 0 and m(a,0) =0

Table 6: Data for Fg



AT I LCIGCEDET, A GCEDEDI
1 0 a1+ o +as+ag+as+ag+ar | (¢g+1)% 64
S4 1 a1+ o+ as+ag+as+ag+ar | (¢g+1)% 64
S3 1 ap + ag + ag + as + ag + ary (g +1)*¢? 16
5354 2 ) + Qg + g + a5 + o + Q7 ((] I 1)4q2 16
S 1 a1+ ag + as + ay + o + ay (g + 1)%¢? 16
S5S54 2 ) + g + g + oy + g+ Q7 (C] + 1)4612 16
S 1 o1+ oy +as+ag+as+ar (g+1)%? 16
S6S4 2 ap + ag +az + ag+as + ay (g+1)%¢? 16
S453 2 aq + ag + as + ag + ay (g +1)%¢ 4
548354 3 aq + ag + as + ag + ay (g +1)%¢ 4
8485 2 a1 + o + ag + ag + ar ((] I 1)2q3 4
848554 3 a1 + o + ag + ag + ar (q T 1)2(]3 4
S5S3 2 a1+ o + oy + ag + ar (C] + 1)2613 4
555354 3 g + o+ oy + o + ay (g +1)%¢ 4
S6S3 2 o + oo+ ay+ a5+ ar (¢ +1)%¢ 4
565354 3 o +ag+ay+as+ar (¢g+1)%¢ 4
565453 3 a1 + o + as + ay qt 1
S6545354 4 a1+ ag + as + ar qt 1
m08.0) = S yeaa D 0yoa + ) ) =0 and m(@,0) =

Table 7: Data for E-
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7 € A5,0) [40) [ oGt 7 =7 A GCEDEDI =
1 0 ar+ast+az+ag+as+ag+art+ag | (g+1)7q 128
54 1 ar+as+az+ag+as+ag+art+ag | (g+1)7q 128
S3 1 oq + ag + ay + as + ag + ar + ag (g +1)°¢2 32
5354 2 a1 + g + ay + a5 + ag + ar + ag ((]+ 1)5q2 32
S5 1 a + ag + ag + ay + ag + ar + ag (g +1)°¢> 32
5554 2 oy + g + s + oy + ag + ar + ag (g +1)°¢> 32
S 1 o1+ oy + a3+ ag + as + ar + ag (g +1)°¢? 32
S6S4 2 o +ag+asz+ag+as+ ar+ ag (¢ +1)°¢? 32
Sy 1 aq + g+ g+ ay +as + o+ ag (g +1)°¢° 32
S754 2 g + g+ oz + ay + as + ag + ag (g +1)°¢* 32
5453 2 ) + Qg + a5 + g + 7 + Qg ((] T 1)5q2 32
545354 3 ) + a9 + a5 + g + 7 + Qg ((] T 1)3(]3 8
5485 2 ap + s+ a3+ ag + ar + ag (q+1)3¢3 8
545554 3 ap + as + as + ag + ar + ag (q+1)3¢° 8
S5S3 2 ay + ag + ag + ag + ar + ag (g +1)3¢3 8
$58354 3 ay + ag + ag + ag + ar + ag (g +1)3¢3 8
5653 2 ap + as + ag + as + ar + ag (q+1)3¢ 8
565354 3 o1 + g+ ay + a5 + a7 + ag (¢+1)7°¢ 8
S783 2 ) + Qo + oy + a5 + Qg + Qg ((] T 1)3(]3 8
875354 3 ) + Qo + oy + a5 + Qg + g ((] T 1)3(]3 8
5755 2 ap + as + as+ ay + ag + ag (q+1)3¢° 8
575554 3 ap + as + as+ ay + ag + ag (q+1)3¢3 8
565453 3 o + ag + a5 + ar + ag (g +1)¢* 2
86545354 4 a1 + ag + as + a7 + ag (q aF 1)(]4 2
575483 3 o + g + a5 + ag + ag (¢ + 1)¢* 2
87545354 4 a1+ g + a5 + ag + ag (q + 1)6]4 2
875485 3 a1 + ag + az + ag + ag (q aF 1)(]4 2
S7545554 4 o + ag + as + ag + ag (g +1)g* 2
575553 3 g + g+ oy + ag + ag (g + 1)g* 2
57555354 4 aq + g+ oy + ag + ag (g + 1)g* 2

mg(

[oN

,0)

= ZaeA(&,O)(_l)Z(U) pq(o(a+p) —p)

Table 8: Data for Ey
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