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COMPLETE M»-HYPERSURFACES OF WEIGHTED
VOLUME-PRESERVING MEAN CURVATURE FLOW

QING-MING CHENG AND GUOXIN WEI

ABSTRACT. In this paper, we introduce a definition of A\-hypersurfaces of weighted
volume-preserving mean curvature flow in Euclidean space. We prove that A-
hypersurfaces are critical points of the weighted area functional for the weighted
volume-preserving variations. Furthermore, we classify complete A-hypersurfaces
with polynomial area growth and H—\ > 0, which are generalizations of the results
due to Huisken [I9], Colding-Minicozzi [II]. We also define a F-functional and
study F-stability of A-hypersurfaces, which extend a result of Colding-Minicozzi
[11]. Lower bound growth and upper bound growth of the area for complete and
non-compact A-hypersurfaces are also studied.

1. INTRODUCTION

Let X : M — R™"! be a smooth n-dimensional immersed hypersurface in the (n+1)-
dimensional Euclidean space R"1. A family X (-,¢) of smooth immersions:

X(,t): M — R
with X (-,0) = X(-) is called a mean curvature flow if they satisfy
X (p,t)
ot
where H(t) = H(p,t) denotes the mean curvature vector of hypersurface M; =
X(Mm™t) at point X (p,t). Huisken [17] proved that the mean curvature flow M,
remains smooth and convex until it becomes extinct at a point in the finite time.

If we rescale the flow about the point, the rescaling converges to the round sphere.
An immersed hypersurface X : M — R**! is called a self-shrinker if

H+ (X,N) =0,

where H and N denote the mean curvature and the unit normal vector of X :
M — R"L respectively. (-,-) denotes the standard inner product in R*™L. Tt is
known that self-shrinkers play an important role in the study of the mean curvature
flow because they describe all possible blow ups at a given singularity of the mean
curvature flow.

For n = 1, Abresch and Langer [I] classified all smooth closed self-shrinker curves
in R? and showed that the round circle is the only embedded self-shrinker. For

= H(p, 1),
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n > 2, Huisken [19] studied compact self-shrinkers. He proved that if M is an n-
dimensional compact self-shrinker with non-negative mean curvature in R*™!, then
X (M) = 5"(y/n). In the remarkable paper [11], Colding and Minicozzi have classi-
fied complete self-shrinkers with non-negative mean curvature and polynomial area
growth (which is called polynomial volume growth in [11] and [20]) in R™***. We
should remark that Huisken [20] proved the same results if the squared norm of the
second fundamental form is bounded. Colding and Minicozzi [I1] have introduced a
notation of F-functional and computed the first and the second variation formulas of
the F-functional. They have proved that an immersed hypersurface X : M — R*+!
is a self-shrinker if and only if it is a critical point of the F-functional. Furthermore,
they have given a complete classification of the F-stable complete self-shrinkers with
polynomial area growth.

On the other hand, Huisken [18] studied the volume-preserving mean curvature flow
0X(t
PO — (N )+ HG),
where X (t) = X (-, t), h(t) = W and N (t) is the unit normal vector of X (t) :
M AHE

M — R™*!. He proved that if the initial hypersurface is uniformly convex, then the
above volume-preserving mean curvature flow has a smooth solution and it converges
to a round sphere. Furthermore, by making use of the Minkowski formulas, Guan
and Li [16] have studied the following type of mean curvature flow

0X (t)

ot
which is also a volume-preserving mean curvature flow. They have gotten that the
flow converges to a solution of the isoperimetric problem if the initial hypersurface

is a smooth compact, star-shaped hypersurface.
In this paper, we consider a new type of mean curvature flow:

(1.1) %%Lrﬂ@N®+H®,

— —nN(t) + H(t),

with "
b L FOOV@, Ve
fM(N(t),N>e‘Tdu
where N is the unit normal vector of X : M — R"*!. We define a weighted volume
of M, (see, section 2) by

_1x)?

V@%:AAXQLNﬁ‘TdM

We can prove that the flow (1.1) preserves the weighted volume V(). Hence, we
call the flow (1.1) a weighted volume-preserving mean curvature flow.

The properties of solutions of the weighted volume-preserving mean curvature flow
(1.1) will be studied in Cheng and Wei [9].

This paper is organized as follows. In section 2, we give a definition of the weighted
volume and the first variation formula of the weighted area functional for all weighted
volume-preserving variations is given. As critical points of it, A\-hypersurface is
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defined. Self-similar solutions of the weighted volume-preserving mean curvature
flow is considered. In section 3, the basic properties of A\-hypersurfaces are studied.
In section 4, we give a classification for compact A-hypersurfaces with H — A >
0. In sections 5 and 6, we define F-functional. The first and second variation
formulas of F-functional are proved. Notation of F-stability and F-unstability of
A-hypersurfaces are introduced. We prove that spheres S™(r) with r < \/n or
r > +/n+ 1 are F-stable and spheres S™(r) with \/n <r <+/n+ 1 are F-unstable.
In section 7, we study the weak stability of the weighted area functional for the
weighted volume-preserving variations. In section 8, a classification for complete
and non-compact A-hypersurfaces with polynomial area growth and H — A > 0
is given. In sections 9 and 10, the area growth of complete and non-compact \-
hypersurfaces are studied.

Acknowledgement. A part of this work was finished when the first author visited
to Beijing Normal University. We would like to express our gratitude to Professor
Tang Zizhou and Dr. Yan Wenjiao for warm hospitality.

2. THE FIRST VARIATION FORMULA AND A-HYPERSURFACES

Let X : M™ — R""! be an n-dimensional connected hypersurface of the (n +
1)-dimensional Euclidean space R"™!. We choose a local orthonormal frame field
{e4}t] in R with dual coframe field {wa}!, such that, restricted to M™",
e, -+, e, are tangent to M™. Then we have

dX = E W;€;, de,-: E wijej+wm+1en+1
p -

J

and
deny1 = E Wn41i€i-
i

We restrict these forms to M™, then
n
i1 =0, woriy = = Y higwy, hig = h,
j=1

where h;; denotes the component of the second fundamental form of X : M" —
R H =377 hjjenyr is the mean curvature vector field, H = [H| = 7", hy; is
the mean curvature and I/ = ZZ i hijw; ® wjen4q is the second fundamental form of
X i M™ — R Let

f,i = Vif, f,ij = Vjvifv hijk = thij and hijkl = vlvkhija

where V; is the covariant differentiation operator.The Gauss equations and Codazzi
equations are given by

(2.1) Rijri = hihji — hahjp,

(22) hijk - hikj>
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where R;;i; and h;j, denote components of curvature tensor and components of the
covariant derivative of h;;, respectively. Furthermore, we have the Ricci formula:

(2.3) hijra — hijik = Z Pim Ronjra + Z Ponj Rkt -

m=1 m=1

For a constant vector a € R™"!, one has

(X,a);=(ei,a), (N,a);= —Zhij<€j>a>
(X, a)i; = hij (N, a),

— Z hiji{ex, a) — Z hichjp(N, a).
2 2

We call X (t) is a variation of X if X(t) : M — R t € (—¢,¢) is a family of
immersions with X (0) = X. For X, € R™™ and a real number ¢y, we define a
weighted area function A : (—e,e) — R by

1X (t)— X2

A(t):/ e 2o duy,
M

where dy; is the area element of M in the metric induced by X(t). The weighted
volume function V' : (—e,¢) — R is defined by

V(t) = /M (X(t) — Xo, NYe™ 0 dp.

In this paper, we only consider compactly supported variations. By a direct calcu-
lations, we have the following first variation formulas of A(t) and V' (¢):

Lemma 2.1.

BX(t ) xof?
o) LU [ (O Rea) g@0 wi) ) e

29) T e

agt) = W (t). Then the vector field 8);t(t li—o = W(0) = W is called a variation
vector field. Set f(t) = (W (t), N(t)), where N(t) is the normal vector of M;, N(0) =
N. In this paper, we only consider the normal variation vector field, which can be

expressed as wéft) li=o = fN. We say a variation of X is a weighted volume-preserving
variation if V(t) = V(0) for all ¢, that is

dV( ) 8X( ) _\th?éo\2
0= —/M( pm ,Ne du

/f Ne -t dp.

We can prove the following lemma using the same method as that of the lemma 2.4
of [3].

(2.6)
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‘ —
Lemma 2.2. Given a smooth function f : M — R with fM fe 2fo du =0, there
exists a weighted volume-preserving normal variation such that its variation vector

field is fN.
Let

1 X - X _1x=Xo?
A= /(( O N)+ H)e %o dp,
M to

2 |

with

and define J : (—¢,¢) — R by

for constant A. Then, one has

Proposition 2.1. Let X : M — R be an immersion. The following statements
are equivalent with each other:

(1) <X;OX0,N) +H =\
(2) For all weighted volume-preserving variations, A’ (0) = 0.
(3) For all arbitrary variations, J (0) = 0.

Proof. From Lemma 2.1} we have (1)=- (3) and (3)= (2). We next prove (2)=- (1).
Assume that at a point p € M, we have ((X Xo NY+H—M\)(p) # 0. We can assume

that ((F5X2, N) + H — X)(p) > 0. Let

X —-Xp
0
— X,

0

T={geM:({

N) + H = A)(p) > 0},

o fgem: (X

Let ¢ and % be non-negative real smooth functions on M such that

,NY+ H —)\)(p) <0}.

p € suppp C M™,  suppy C M,

and
IX X2

[ R w1 - e R =
M 0

1X —Xq|?
Since [,,((2322, N)+H—\)e” 20 dp = 0, we know that such a choice is possible.

to
X —Xg|2

\
Let f = (go—l—ib)((X X0 N) + H — \), then [, fe~ 2T dp = 0. By Lemma [2.2]
we get a weighted Volume preserving Varlatlon such that its variation vector field is
fN. From our assumption,

A(0) = /M(—W ~H)fe e dp=0.
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Hence, we have

X-X X—Xg|?
0= | f(=F—"N)+H=Xe ™0 du

M to
2.7 X - X _1X-Xof?
7 :/«ow)« CN) A+ H = N)%e 2 dp

M to

>0

It is a contradiction. It follows that <X;0X°,N> +H=\ O

Definition 2.1. Let X : M — R"* be an n-dimensional immersed hypersurface in
the Buclidean space R, If (X=X0 N) 4+ H = X\ holds, we call X : M — R ¢

to
A-hypersurface of the weighted volume-preserving mean curvature flow.

Remark 2.1. If A = 0, then the \-hypersurface is a self-shrinker of the mean curva-

ture flow. Hence, we know that the notation of the A-hypersurface is a generalization
of the self-shrinker.

Theorem 2.1. Let X : M — R" be an immersed hypersurface. The following
statements are equivalent with each other:

(1) X : M — R 4s a X\-hypersurface.
(2) X : M — R 4s a critical point of the weighted area functional A(t) for all
weighted volume-preserving variations.

(3) X : M — R" 4s a hypersurface with constant weighted mean curvature
X —Xgl?
H, = X\ in R with respect to the metric gag = e "o dap, where the

weighted mean curvature and the mean curvature H are related by H,, =
_1x=xg|?

e 2ntg H 3

Example 2.1. The n-dimensional sphere S™(r) with radius r > 0 is a compact \-
hypersurface in R™™ with X = % —r. It should be remarked that the sphere S™(y/n)
is the only self-shrinker sphere in R™*1,

Example 2.2. For 1 < k < n — 1, the n-dimensional cylinder S*(r) x R"™* with
radius v > 0 is a complete and non-compact \-hypersurface in R with \ = % —r.

We should notice that the cylinder S*(vV/E) x R"™* is the only self-shrinker cylinder
in R*HL

From [7], Chang has proved there exist a lot of complete embedded A-curves I' in
R2. Hence we have

Example 2.3. The n-dimensional hypersurfaces I' x R"~! are complete embedded
\-hypersurfaces, which are not self-shrinkers, in R+,

Remark 2.2. For 1-dimensional self-shrinker in R?, Abresch and Langer [1] proved
the circle is the only compact embedded self-shrinker. But for A\-curve in R?, Chang
[7] has proved, for A < 0, there are many compact embedded \-curves other than
the circle. From the above examples, we know that there are a lot of examples of
complete embedded \-hypersurfaces, which are not self-shrinkers, in R,
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Proposition 2.2. Let X : M — R*" be a A-hypersurface in the Euclidean space
R™*L. If the mean curvature H is constant, then X : M — R is isometric to
Sk(r) x R"% 0 < k < n, locally.

Proof. Since X : M — R™"! is a A-hypersurface, we have (X, N) + H = \. If H is
constant, we get, for any 1 < i < n,

VZ<X, N> = —)\Z<X, €i> = 0,

where ); is the principal curvature of the A-hypersurface. If \;; # 0 at a point p for
some iy, there exists a neighborhood U of p such that \;, # 0 in U. Hence, we know
(X,e;,,) =01in U. Thus,

X =) (X,ej)e; + (X, N)N.
J#io
We obtain
i, = Vie X = — (X, N)A\j €y,
that is, A\;;(H — A) = 1 is constant. Thus, on U, \;, is constant. Therefore, the

A-hypersurface is isoparametric. We obtain that X : M — R"*! is isometric to
Sk(r)y x R*=* 0 < k < n, locally. O

Definition 2.2. A family of n-dimensional immersed hypersurfaces X (t) : M —
R™*! in the Euclidean space R™™ is called a self-similar solution of the weighted
volume-preserving mean curvature flow if X(t) = S(t)X holds, where B(t) > 0.

Proposition 2.3. A family of n-dimensional immersed hypersurfaces X (t) : M —
R™*L in the Euclidean space R™! is a self-similar solution of the weighted volume-

preserving mean curvature flow if and only if X(t) = /1 + BotX, where By is a
constant.

Proof. If X(t) : M — R"! is a self-similar solution of the weighted volume-
preserving mean curvature flow, we have X (t) = 5(¢)X. Hence, the mean curvature
H(t) of X(t) satisfies

H
H(t) = zo5-
Thus, 2 2
g = IMH<t><N<t>,N>e—fdu _ fMHe—ngzlu |
LN, Nye™ 5 dp Bt [y e dp

From the equation of the weighted volume-preserving mean curvature flow, we have

9B(t) 1 _ 1
(2.8) 5 X+ = 50 (—a(0)N + H).
. 0B(t)? .
We obtain Erani Bo = constant. Since 3(0) = 1, we have 5(t) = /1 + [Bot.
The inverse is obvious. U

Proposition 2.4. Let X : M — R"" be a A-hypersurface in the Euclidean space
R If X(t) = 1+ BotX is a self-similar solution of the weighted volume-
preserving mean curvature flow, then X : M — R is isometric to S*(r) x R**,
0 <k <mn, locally or V(0) =0 and By = —2.
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Proof. Since X : M — R""! is a \-hypersurface, we have (X, N) + H = X\ and

V(t) = /M(X(t),N)e‘X;d,u — V11 3tV (0).

Since X (t) = /1 + BotX is a self-similar solution of the weighted volume-preserving
mean curvature flow, then 5y = 0 or V(0) = 0. If 5y = 0, then H is constant from
(28). According to the proposition 2.2, we know that X : M — R™"! is isometric
to S¥(r) x R*=* 0 < k < n, locally. If By # 0, we have V(0) = 0 since V(t) is
constant. The (2.8)) gives Sy = —2.

0

Definition 2.3. If X : M — R"*! is an n-dimensional hypersurface in R*™!, we
say that M has polynomial area growth if there exist constant C' and d such that for
all r > 1,

(2.9) Area(B,(0) N X (M)) = / dp < Cre,
B (0)NX (M)

where B,(0) is a standard ball in R™™ with radius r and centered at the origin.

3. PROPERTIES OF A\-HYPERSURFACES

In this section, we give several properties of A-hypersurfaces. We define an elliptic
operator L by

(3.1) Lf=Af—(X.V]),

where A and V denote the Laplacian and the gradient operator of the A-hypersurface,
respectively. We should notice that the £ operator was introduced by Colding and
Minicozzi in [I1] for self-shrinkers.

By a direct calculation, for a constant vector a € R**!, we have

L(X,a) = A(X,a) — (X, V(X, a))
= Z(X, a);i — > (X, a) (X, e)

— (HN,a) — Z(ei, a) (X, e;)

= (HN,a) — (X,a) + (X, NN, a)
= AMN,a) — (X, a),
L(N,a) = Z(N, ay i — Z(N, a) (X, e;)

= (—H,e; — SN,a) + Z(X, ei)(z hije;j, a)y
= (X, N) (e, a) — (SN, a) + Z(X, e,.><z hije;, a)

= _S<N>a>>
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where S =}, . h; is the squared norm of the second fundamental form.

(2

SEOXP) = (AX, X) + S 0(X0 X = X e (X, e

=n— | X+ MX,N).
Hence, we have the following

Lemma 3.1. If X : M — R*"! is a A\-hypersurface, then we have

(3.2) L{X,a) = ANN,a) — (X, a),
(3.3) L(N,a) = —S(N,a),
(3.4) %£(|X|2) =n—|X|?+ MX,N).

The following lemma due to Colding and Minicozzi [11] is needed in order to prove
our results.

Lemma 3.2. If X : M — R""! is a hypersurface, u is a C*-function with compact
support and v is a C*-function, then

2
\

(3.5) /Mu(ﬁv)e_xjdu:—/]\/Vu, Vv)e_‘XTd,u.

Corollary 3.1. Let X : M — R" be a complete hypersurface. If u, v are C?
functions satisfying

(3.6) / (JuVo| + |Vul||Vu| + |U£U|)€_%d/,l/ < 400,
M

then we have
1x|2

(3.7) /M w(Co)e S dp = — /M (Vau, Vo)e 2 dp.

Lemma 3.3. Let X : M — R""! be an n-dimensional complete A\-hypersurface with
polynomaial area growth, then

(3.8) /M((X, a) — MN, a))e 5 dy = 0,
(3.9) /(n— XP A N e o =0,

| ctaxpe ¥ au
(3.10) M »
= /M <2n)\(N, a) + 2MX,a)(A — H) — AN, a>|X|2) e” 2 du,

_1x)?

(3.11) /M(X,a)Ze_X;d,u:/M<|aT|2+)\(N,a)(X,a))e 2 dp,
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where a’ =Y, < a,e; > e;.

2 2
[N G E = P
M

A2 12

(3.12) :/M{(__1)(>\—H)2—|—2n—H2+)\2}e—XTdM-

4

Proof. Equations ([B.8) and (B9) just follow from the corollary Bl and equations
B2), and ([3.4). Since X : M — R™"! is an n-dimensional complete \-hypersurface
with polynomial area growth, by making use of u = | X|?, v = (X, a) in the lemma

[B.2] we have

/ (X, a)| X P dy
/ LY, a)| X[ dﬂ+/ NN, a)| X [2e™ % dps
M M
(X, a) L] X|e 2 du+/ AN, a)| X e dy
M M
/2 a)[n+ MX,N) — |X|2}e—xzdu+/ AN, a)| X [2e= 2 d
M M

2

2/ (X,a)| X e _2d,u—2n/ (X, a) —2)\(X,a)(>\—H)e_%d,u
M M
/ (N,a)|X e %du.
Hence, it follows that
/(X,a>|X|26_X2d,u
M
= / (Qn)\(N, a) + 2M(X,a)(A— H) — X(N, a)|X|2) e‘%du,
M

Taking v = v = (X, a) in the lemma 3.2] we can get (B.II)). Putting u = v = |X|?
in the lemma [B.2] we can have

_L
[ a0 mixee
M
1 2

:/ (IX]" = n|X P + S |XPLIX e d

M

2 1 ,

:/ (|X|4_n|X|2)6_)(2du_/ _<v|z|2’v|x|2>e_%du

M v 2

- /M(iX\“ — (0 IXP + 20— H))e " dn,
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that is,

/M{\X|4 — [+ AN—H))|X]* =2/ X +2(\ - H)2}6‘X72d,u = 0.

Thus, we have

o 4 ()‘_H))‘ 2 2
o_/M{pq o+ P X - )

—2n =2 XA —H)+2(\— H)Q}e_){?du

= /M{[|X|2 — (n+ A(A;H))}Q—AQ(A;H)Z +2(A— H)?

\X\Q

—2n—2)\()\—H)} 2 dp

— 2 o
:/ {(\X|2—n— M)Q_()‘_ _ 1)()\—H)2—2n+H2—)\2}e_Td,u7
M 2 4
namely,
2 2
[ (e —n =22 o,
M 2

2 X2
= / {(AZ —~1D(A—H)*+2n— H*+ Az}e‘Td,u.
M

4. A CLASSIFICATION OF COMPACT A-HYPERSURFACES

In this section, we will give a classification of compact A\-hypersurfaces. First of all,
we give some lemmas.

Lemma 4.1. Let X : M — R™"! be an n-dimensional \-hypersurface. Then, the
following holds.

(4.1) LH=H+ S\ —H),
(4.2) —LS > e+ (1= 8)S+ Afs,
1,5,k
9 1
(4.3) LVS = — (Z hi, —|VVS )+J§(1 - 9) + TSAfg,

1,7,k

(4.4) Llog(H—-X)=1-5+

where f3 =3, hijhjihi.

7y — [Vlog(H = VPP, if H—X>0,
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Proof. Since (X, N) + H = ), one has

(4.5) H; =Y hiy(X,e;),
J
H, = Z hiji (X, e;) 4 hi, + Z hijhje(X — H).
J J
Hence,
(4.6) AH =Y H;=Y HiX,e)+H+S\-H)
and

LH=AH-Y (X.e)H;=H+S(\—H).
By a direct calculation, we have from (23))
,Chij = Ahw - Z<X’ ek>hijk

k

= (1= S)hij + A hiphy;.
k

Then it follows that

%LS — %(Athj — Z<X7 €k>(izj h?j),k)

=> hl+ S)S + Afs.
i,k
Since
(4.7) LS =2|VVS|? +2VSLVS,
we have

1 IVVS)?
Ef—T S — 7

) 1
=7 (Z hi, —|VVS )+¢§(1 - 9) + ﬁ)\fg.

Llog(H — \) = Alog(H — \) — Z<X, ei)(log(H — ),

7

= —— LH—|Vlog(H — \)|?
T LH ~ [Vlog(H ~ )

=1-5+

— |Viog(H — )2

H—
We complete the proof of the lemma.
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Theorem 4.1. Let X : M — R"™! be an n-dimensional compact \-hypersurface in
R IfFH—-X>0 and N(f3(H —\) —S) >0, then X : M — R""! is isometric to
a round sphere S™(r) with A = = —r.

Proof. Since
LH=H+S\—H)
and
H—-X2>0,
we have
LH—H <O0.

If A <0, we conclude from the maximum principle that either H = X or H — X\ > 0.
If H= )\, ([A0]) gives that H = A = 0 and M is a self-shrinker, it is impossible since
M is compact; If A > 0, we have f3(H — A) —S > 0. In this case, if H — A =0
at some point p € M, then S =0 and H = XA = 0 at p, that is A = 0 and M is
self-shrinker, it is also impossible since M is compact. Hence for any A\, we have
H—-X\>0.

From the lemma [4.1] we can get

1 1 1
L= =2t —ap 24X M=)

and

s S
Ca—e = 2=y 24X, wm)ﬂ.

— ﬁcs +2(VS, V(ﬁ» + Sﬁ(ﬁ>

_ ﬁ (Z B2, 4 (1—9)S + )\fg,) +2(VS. V(ﬁ»

i7j7k

+S<ﬁ|V(H—)\)|2 -

2

oyl ST - )\)]).

2
By multiplying S e=2 in the above equation and using

x| S _IxP?

S _
/N[Sﬁme 2 du:—/M(VS,V(m))e 2 du,

one has
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S X
2/ T Z|hwkH A) — hiyH*e™ 2 dp

(4.8) / V(g A 2 )R(H - N2 dp

S S _ﬂ
w2 [ g ) a=o

Then it follows from A(f3(H — \) —S) > 0 that

S S
(49) (fg — ﬁ) = 0, m = Constant, h”k(H — )\) = hin7k.

We next consider two cases.
Case 1: A =0

In this case, we know M is isometric to S™(y/n) from Huisken’s result [19].
Case 2: A #0

In this case, one gets

S
fg - ﬁ - O h”k(H - )\) - h,”H7k

If H is constant, then h;j, = 0, thus M is S"(r) by the result of Lawson [22].

If H is not constant, then there exists a neighborhood U such that |[VH| # 0 on
U. We can choose eq,--- , e, such that e; = It follows from h;j; = hi;; that
hin’k = hikHJ' and

IVHI

O - Z |hin7k - hikH,j|2

i7j7k

— 2S|VH> -2 Z h2|VH|?

—2|VH*(S Zh

that is,

S ohhi=S=n%+2> hi;+ b
i=1 j#1 kel >2
Therefore, S = h?, = H* on U. On the other hand, we see from (HS)\)2 = constant
that H is constant on U. It is a contradiction. The proof of the theorem [4.1] is
completed.
O

Remark 4.1. The assumption A(fs(H — X) —S) > 0 in the theorem[].1] is satisfied
for self-shrinkers of the mean curvature flow, automatically. When X > 0, this
condition 1s needed in order to prove H > X\ since the maximum principle does not
work for this case. We think that the assumption is essential. In particular, for case
of complete and non-compact A-hypersurfaces, this condition is essential in section
8. In fact, T x R"! are counterexamples since H — X\ > 0, where I' are compact
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embedded \-curves other than the circle (see Remark 2.2). It is a very interesting
problem to construct counterexamples for compact case.

5. THE FIRST VARIATION OF F-FUNCTIONAL

In this section, we will give another variational characterization of A-hypersurfaces.
Let X(s) : M — R™! be immersions with X (0) = X. The variation vector field
2 X (8)]s=o is the normal variation vector field fN.

For X, € R"! and a real number t,, the F-functional is defined by

Fxota(8) = Fx, 0, (X(s))
_n X)X _n,toy1 ek
= (47Tts) 2 / e s dps + )\(471-t0) 2 (t_>2 / <X(S) — XS,N>€ % du,
M s M

where X, and t, denote the variations of X, and ;. Let
oty 0X, 0X(s)
88 - h(8)7 88 - y(S), 88 - (S)N(S)a

one calls that X : M — R™"! is a critical point of Fx,,,(s) if it is critical with
respect to all normal variations and all variations in X, and t.

Lemma 5.1. Let X(s) be a variation of X with normal variation vector field

a){;‘is)‘szo = fN. If X, and t, are variations of Xy and ty with 88)43'5 s—0 = Yy and
% s=0 = h, then the first variation formula of Fx, +,(s) is given by
f;(a,to(o)
n X - X -Xg|?
= (47Tt0)_5/ ()\_ (H+< 07N>))f6_x X du
M to
5.1 0 X —-X X2
>y +(47Tto)‘5/ << %.9) —MN,y))e‘X = dp
M to
n X - X 2 h _ 2
+ (4rto)~ % / (u = MX — X, N)) N
u to 2t

Proof. Defining

_ | X(s)—Xs

(5.2) A(s):/Me Tﬁdus, V(s):/M(X(s)—XS,N>e_ % dp,

then

! n / n t 1 ’
Froa(5) = (4mts) "2 A (s) + Mdmte) 2 (-2)2V'(s)
_n N _n to.1 h
— (4rts) Q—tShA(s) — A4mto) (E> Q_tSV(S)
Since . R " ‘2
/ X S —Xs X S Xs X s _Xs
A(S)—/M{—< =X 020 8y X XL,
0X(s) _ X (5)=Xs|?
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V'(s) = /M (OXU) 0% By,

0s os '
we have
f;(S,tS(S>
n X(s) — X, _X(5)=Xs[?
— eyt [~ (I Ny e
n _1x-xq1%
+ (4rty) 2,/t0/ AN e T dy
X, 1X(2) Xs|?
+ ) [ (= FE= ey,
n [t |xX—Xol?
+ (47to) RV ° / -y, N %0 dp
n X X 2 s)— 52
+ (4mts)” 2/ ——+M)h6_%dus
" 212
" |x -2
b (drty) 5y ) / — X, NYe T d.
M
If s =0, then X(0) = X, X, = X, ts:to and
‘F;((),to(o)
n X — X, 2
—(47rt0)_5/ <)\—(H+( 0 N>))f =0 0
M to
n X —X \ |
# i)t [ (EE ) - e
M 0

\ X — X, h e
+(4me0)—z/ X=Xl x = x| ey,
M 2ty

O

From the lemma 5.1, we know that if X : M — R"! is a critical point of F-
functional Fx, ¢, (s), then

X — X
H+ 0
0

We next prove that if H + <X;—OX°, N) = A, then X : M — R™" must be a critical
point of F-functional Fx, ¢ (s). For simplicity, we only consider the case of Xy =0
and to = 1. In this case, H + (XZOXO,N) = \ becomes

(5.3) H+ (X,N) = .

Furthermore, we know that (M, Xy,to) is the critical point of the F-functional if
and only if M is the critical point of F-functional with respect to fixed Xy and ¢.

Theorem 5.1. X : M — R™™! is a critical point of Fx,.(s) if and only if
X — Xy

0

N) = A,

H+(

N) = A,
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Proof. We only prove the result for Xo = 0 and ¢; = 1. In this case, the first
variation formula (5.I]) becomes

If X : M — R" is a critical point of Fy;, then X : M — R™"! should satisfy
H + (X,N) = X. Conversely, if H + (X, N) = X is satisfied, then we know that
X : M — R is a A\-hypersurface. Therefore, the last two terms in (5.4)) vanish for
any h and any y from [B38) and (39) of the lemma 3.3 Therefore X : M — R"*!
is a critical point of Fy ;. O

Corollary 5.1. X : M — R""! is a critical point of Fx,.(s) if and only if M is
the critical point of F-functional with respect to fired Xy and ty.

6. THE SECOND VARIATION OF F-FUNCTIONAL

In this section, we shall give the second variation formula of F-functional.

Theorem 6.1. Let X : M — R" be a critical point of the functional F(s) =
Fx.1.(s). The second variation formula of F(s) for Xo =0 and ty =1 is given by

(47T)7§Lf//(0)
. / fLie s / (—lyP + (X, 50 e dp
M M

X2

- / {2<N’ y) + (n+ 1= | X[)Ah = 2hH — 2X(X, y>}fe_leu
M

1x |2

"‘/M{)‘<va>_(”+2)<X=y>+(X,y>\X|2}he— = du

242 2 X% 3\ 2
[ 2 B B0 m e 5,
L 4 2 4

where the operator L is defined by

L=L+S+1-)\%
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Proof.
F'(s)
= (mt)” /M ~(H,+ (=2 oy fe ™5,
+ (o) 7y [ MAf’<N<s>,N>e—Xzé§“2 p
war) s [ B (R N e g,

+ (4nt,)8 /M (HS+<X(S)t: Xs N(s)x
(<X(8)ts_ Xs’ 8)228) a 8;§S> +Hsf)fe_‘x(2‘§sxs‘2dus
0X(s) _0Xs _
+(47rt8)—%/M—<dOZS (B V() — (X=X

n, nh X(s) — X, _1X(9)-X|?
s amt) g [ (R ey,
S M s
n [t h _1xX-Xg?
+anto) 3 250 [ A d
to 2t Ju
0X(s) 00X,
_n e T s X(s) — X; _IX(5)=Xs)?
samt® [ () (KR e g,
M S s
o [, X(s) = X X(s) = X; 0X(s) 0X, LX) 2
#lany® [ GO (IR BT e

_n n |X($) — Xs|2 ’ _\X(S)*Xs\z
Amt) "3 | (—— 4 2 " sl s dy,
+ (4nt,) /M< T ”

0 [t h' A _ X=X
+(4m0)—a/t—°/M—2t (X(s) = X, Ny~ 50 dy

S
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n X —X 2 S)— 32
nh)/ (_ﬂ+| (s) — X e

Lhs
v 2t 2t2

n h h _IX—Xg?
4 (dmty)~3 t—o(——)/ _ X () = X, NYe S
M

ts 2t 2t
u [ onh X(s) = X2, (X(s) - X, B 09Xy
+ (4nt,) Q/M(z_tg_ h : )
‘X(S;tsxﬁdﬂ
+ (47to)~ ,/t0 / 2t2 — X,, N)Ah
1 ,0X(s) 00X |X—Xo/?
S kSl NYAh)e™ 7o d
2t5< 0s 0s ' JAh)e H
_n no|X(s) = Xf?
+ (47ts) 2/A4(_2_ts+2—if)h(_H8f
X(s)—Xs 0X(s) 0Xs,, _1xXe)-x2
_ — 2ts d s
( 0 95 )¢ 1t
N X(s) — X, X(s) — X,|?
Rl B A e e
M s s
_IX(9)-Xs|?

X € 2 dpg

n X - XS X - XS 2 S)—Xs 2
+ (47Tts)_2/ < (S> ’y>‘ (S> | he_\X( %tSX | d,u,s
v ts 2t2

X () = X,2. |X(s) = X2 _ixe)-xa2

3

n
ant) % [ (- Dy he S5y,
+ (4nts) /M( TR Toa— 212 ° a

Since X : M — R"*! is a critical point, we get

X —Xo

0

H+ (

aN>:)‘>

/(n+)\(X—X0,N) Je T dy = 0,
M to

On the other hand,

H =Af+Sf, N =-Vf.

19
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Using of the above equations and letting s = 0, we obtain

/!

(4to)2 F(0)
/ —fLfe ‘ijé =

2h X — X, —1
/<<Mm+ ARy
to to to to

X - X0|2)\h X=X _x-xgf?
0 0

n+2 X —X A
M 0 0 0

X — Xo
+< tO 7y> t%
+/(n2 L n+2| 2 +|X—X0|4
o X, Lkl
aw At 2t 2t}
3N, X — X XX

‘2
- N A2 i d
+ 4t0( — Nh'e 2o du

1 X—-X X~ XoF
+/ (——(y,y) +( C e dp,
v to to

X — Xol?. _1x-xq?
| 0| )he 2t00 dILL

where the operator L is defined by L = A+ .S + % — (XZOXO , V) — A2 When ty =1,
Xo=0,then L=L+S+1—- )\

4m)EF(0)

/ —fLfe it

/ (2(N,y) + 2A\h + (n — 1)A\h — 2hH

1x |2

— [ XP2AR = 2M(X, ) fe~ 2 dp

+/M(A<N’y>_(n+2)<X’y>+<va>\X|2)he_XTZdu

249 2 X
+/W+” 2k BE B e
4 4

-y@—mﬁ—wwwf%wM
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= | —fLfe = dp
M

+/ [2(N,y) + (n+1— | X))Ah — 2hH — 2X\(X, y)] fe~

1x—|2

dp

—i—/M(MN,y) —(n+2)(X,y) + <X=y>|X\2)h6_¥du

242 2 X4 2
+/(” ton_ nd 2 XD B G e gy
v 4 2 4 4

2
[X]

X
+/ (—ly|* + (X, y)%)e” 2 dp.
M
O

Definition 6.1. One calls that a critical point X : M — R"*! of the F-functional
Fx.1.(s) is F-stable if, for every normal variation fN, there exist variations of X,
and ty such that F"x,+,(0) > 0;

One calls that a critical point X : M — R"™ of the F-functional Fx, ;,(s) is F-
unstable if there exist a normal variation fN such that for all variations of Xy and
to, f//XO,tO(O) < 0.

Theorem 6.2. If r < \/n orr > «/n+1, the n-dimensional round sphere X :
S™(r) — R 4s F-stable; If \/n < r < v/n+ 1, the n-dimensional round sphere
X : S"(r) — R is F-unstable.

Proof. For the sphere S™(r), we have

2
X=—rN, B=" s=C_" g =",
T n T T
and
(6.1) Lf:£f+(5+1—)\2)f:Af+(%+1—)\Z)f.

Since we know that eigenvalues p; of A on the sphere S™(r) are given by

K%+ (n— 1)k
k:/r—2

(6.2) :
and constant functions are eigenfunctions corresponding to eigenvalue py = 0. For
any constant vector z € R"*! we get

X 1 n
(6.3) — Az, N) = Az, —) = (2,-HN) = — (2, N),

r r r
that is, (z, V) is an eigenfunction of A corresponding to the first eigenvalue p; = 5.
Hence, for any normal variation with the variation vector field f N, we can choose
a real number a € R and a constant vector z € R""! such that

(6.4) f=Jot+a+(zN),
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and fj is in the space spanned by all eigenfunctions corresponding to eigenvalues
(k> 2) of A on S™(r). Using the lemma 3.3 we get

(0)
_ —(fo+a+ (z, N))L(fo + a+ (2, N))du

2

(Zl7r)%e%./T

/!

[ RN 04 L )0 2 2NN, ) ot (2, V)
Sm(r)

—l—/sn(r)(—r)<N, y)(r*—n —1)hdu

n+2n n+2, 3, 3
_ U YR
+/S"(r)( 1 5 " + 1 +47’ 471) I

2
> [ {EE e - G- - D b
Sn(,,.)

—l—/sn(r){Q(l—l—)\T’xN,y)(N,z) +[(n+1—r )A—Q;]ah}du

1
+ / it —(@2n+ D)r* +n(n — 1)|R%du
S”(T) 4

T / (—lyP + (X, 9)*)du.
Sn(r)

From the lemma [3:3] we have
(6.6) Joo Gl o= = [ A
Sn(r Sn(r

Putting (6.6) and A = 2 —r into (6.3)), we obtain

4 2 a  h,
+/Sn(r)[r —2n+1)r +n(n—1)](;+§) dp
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If we choose h = —27“, then we have

2

(4m)2eT F'(0)

( 2—n——>2+§}f3du

[ e
- Sn(,,.) T2 2

57 (r)

2(1 4+ Ar){N,y)(N, z)du

—(1+ \r){N,y)*dpu.

(6.9) + /SH(T){V — 1421+ M)k —(1+ Ar)k2}<z, N)%dp

+/ {>\2+)\7’—(1+)\T)(1—]€)2}<Z,N>2d,u.
Sn(r)
We next consider three cases:

Case 1: 7 < /n

In this case, A > 0. Taking k£ = 1, then we get
F'(0) > 0.

Case 2: r > Hivzlﬂn.
In this case, A < —1. Taking k£ = 2, we can get
F (0)>0.

Case 3: Vn+ 1 < r < HV/itin V21H".

In this case, —1 < A < 0, 1 + Ar < 0, we can take k such that (1 — k)? > ’\1(3\:;:),
then we have

F'(0) > 0.



24 QING-MING CHENG AND GUOXIN WEI

Thus, if 7 < y/n or r > v/n + 1, the n-dimensional round sphere X : S™(r) — R™*!
is F-stable;

If vVn < r < +/n+1, the n-dimensional round sphere X : S"(r) — R is F-
unstable. In fact, in this case, —1 < A < 0, 1 + Ar > 0. We can choose f such that
fo =10, then we have

F (0)= o )()\2 — 1){z, N)?du

—I—/ 2(1 4+ Ar)(N,y)(N, z)du
Sm(r)

(6.10) # L A

= (N + Ar)/s ( )(z, N)2dy

) [N =

< 0.

This completes the proof of the theorem O

According to our theorem 6.2, we would like to propose the following:

Problem 6.1. Is it possible to prove that spheres S™(r) with r < y/norr > +/n+1
are the only F-stable compact A-hypersurfaces?

Remark 6.1. Colding and Minicozzi [10] have proved that the sphere S™(\/n) is the
only F-stable compact self-shrinkers. In order to prove this result, the property that
the mean curvature H is an eigenfunction of L-operator plays a very important role.
But for A-hypersurfaces, the mean curvature H is not an eigenfunction of L-operator
in general.

7. THE WEAK STABILITY OF THE WEIGHTED AREA FUNCTIONAL FOR
WEIGHTED VOLUME-PRESERVING VARIATIONS

Define

X (9)-Xs|?

(7.1) T(s) = (4mt,)~3 / T T

M
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We compute the first and the second variation formulas of the general T-functional
for weighted volume-preserving variations. By a direct calculation, we have

X (9)-Xs|?

 N(s))) fe = dus

_ o X2
+(47rts)_g/ <—X(S>t X—s,y>6_‘X( = dp,
M S

i no 1 X(s) = X2, _Ix(e)-xsP2
drt, RS Rl e g,

X(s) — X, f_1X(s)=Xs|?
X =X nafe X dp,

X - X s)—Xs 2
O ot (e N g

X(s)— X 0X(s) 0X; X ()= Xs[?

e ) T

_» dH, B& _ 2X X(s) — X,
wlanny s [ (G e e - (EOE
X(s) — Xs dN(s) X ()= Xaf?

ts " ds ))fe o dus

n X _XS / _ S)— 32
+(47rts)_2/ <%,y>e T,
M s

+

X(s) — Xs,y)e_‘X(S%;XS‘zdus

X ()~ Xs|?
2

cyyh)e” 2 dp

X(s) — ijy> (_<X(s)ts— Xs’ 8);23) a;?)

_1X(9)—Xs|?

— Hsf>€ 2ts dlus

_n no 1 X(s) — X2 _xe)-x?
drt, LG/ AN T

w, nh n X(s) — X2 _1x(s-xa2
s amt) 3 [ (g + EIDE by ey,
M s s
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" S X2 (X(s) - X, B ox
+(47rts)_2/ (h  X(e) — Xl poy X X T =)

28 s 2 )
X (9)-Xs|?
he 2 dyg
1 ,0X(s) 0X, X 2

_n no o [X(s) - X
wamt) [ (g g
X(s)— Xy 0X(s) 0X, |X ()= X2
< te " Os Os e oA
— _ 2
—l—(47rt5)_%/ —(H, <M,N(s)>) Mh
M ts 2ts
_IX(9)-Xs|?
X e s dg

n X — X, X X, 2 5)—Xs|2
+ (4rt,) 3 / ( (s) ,y>‘ () = X[7 ) - ixtoxer® dys
v ts 212

X() = X2 1X(s) = Xl e
h he™ 2 dy,
/M( TR Y ) 212 a

[NIB]

+ (4mts)™

Lemma 7.1.

’ _I1x—=xol?
/ f(0)e” 20 du=0.
M

_I1x—Xg?

Proof. Since V(t) = [, (X(t) — Xo,N)e~ %o dy = V(0) for any t, we have

/M FOWN(), Ne " = 0.

i‘tzo / PN, Nye™ 0" dp
/ f _Ix ;t00\2

Since M is a critical point of 7 (s), we have
X - X

0

Hence, we get

H +

,NY = A\
On the other hand, we have

(7.2) H =Af+Sf, N =-Vf.
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Then for t5 = 1 and Xy = 0, the second variation formula becomes
(4m)3 77 (0)

2 2 , 2
=/ <X,y'>6‘X2du+/(—‘X| ~ e dp
M v 2 2
1x|2

- /M —f(Lf+(S+1= W) )e” 7 dp
+/ <2<N,y>+<n—\X|2>M+2<X7N>h

1x|2

2N, y) — 2A(X, y>)fe‘Tdu

- /M<—<n +2)(X, y) + (X, )| X[)he 5 dp

249 2 X4 2
+/(” o nt2 ey Xy
v 4 2 4

_Ix?
+/ (=[yl? + (X, y)2e” = dp.
M

Theorem 7.1. Let X : M — R™™ be a critical point of the functional T (s) for
the weighted volume-preserving variations with fived Xqg =0 and tg = 1. The second
variation formula of T (s) is given by

(7.3) (4m)5T"(0) = /M—f(£f+ (S+1- X)) T

Definition 7.1. A critical point X : M — R™ of the functional T (s) is called
weakly stable if, for any weighted volume-preserving normal variation, 7"(0) > 0;
A critical point X : M — R™™ of the functional T (s) is called weakly unstable if
there exists a weighted volume-preserving normal variation, such that T"(0) < 0.

Theorem 7.2. If r < —lhvitdn V21H" or r > itVitin V;“‘", the n-dimensional round sphere

X : S"(r) = R™! s weakly stable; If =0 < p < LVIHR Sihe podimensional
round sphere X : S™(r) — R"*1 is weakly unstable.

Proof. For the sphere S™(r), we have

X=-rN, H=" §=2 x=H-r="_,
T r r
and
(7.4) Lf=£f+(5+1—Az)f:Af+(%+1—)\2)f,

Since we know that eigenvalues p; of A on the sphere S™(r) are given by

2+ (n—1)k
k=

2 Y

(7.5)

r



28 QING-MING CHENG AND GUOXIN WEI

and constant functions are eigenfunctions corresponding to eigenvalue py = 0. For
any constant vector z € R"*! we get

(7.6) —A@AU:%@JW

that is, (z, N) is an eigenfunction of A corresponding to the first eigenvalue p; =
5. Hence, for any weighted volume-preserving normal variation with the variation
vector field fN satisfying

7‘2
fe 2du =0,
Sn(r)
we can choose a constant vector z € R™! such that

(77) f:f0—|—<Z,N>,

and fj is in the space spanned by all eigenfunctions corresponding to eigenvalues fiy
(k> 2) of A on S™(r). By making use of the theorem [T.I], we have

r

(4m) e T (0)
79 = [, U (o NDLU+ (N

2
2/ {(n; —1—|—)\2)f§+()\2—1)(2,N>2}d,u.
Sn(,,.)
According to A = % — 7, we obtain

2

(4m)2eT T (0)

1 1 7 n n
= o (G VAR e 21 ——r=1)(=—r+1){z, N)?du >
_/Sn(r) TQ{(T n 2) +4}f0d“+/3n(r)(r r )(7’ r+ 1){(z, NY*du > 0

if

—1++V4dn+1 1++v4dn+1
r < 2 or r> — 5
Thus, the n-dimensional round sphere X : S*(r) — R™"! is weakly stable.

If
—1+\/4n+1< <1+\/4n+1
,r )

2 2
choosing f =< z, N >, we have

r2
fe 2du=0.
Sm(r)

Hence, there exists a weighted volume-preserving normal variation with the variation
vector filed fN such that

(4r)5 e T (0) = /Sn( )(% - 1)(; — 4 1)(z, N)2du < 0.

Thus, the n-dimensional round sphere X : S"(r) — R™"! is weakly unstable. It
finishes the proof. O
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Remark 7.1. From the theorem[6.2 and theorem [7.2, we know the F-stability and
the weak stability are different. The F-stability is a weaker notation than the weak
stability.

Remark 7.2. Is it possible to prove that spheres S™(r) with r < =—1Hv1tin EIH" orr >

14++v/1+4n
== are the only weak stable compact \-hypersurfaces?

8. COMPLETE AND NON-COMPACT A-HYPERSURFACES

In this section, we will give a classification of complete and non-compact A-hypersurfaces.

Theorem 8.1. S¥(r) x R"* 0 < k < n, are the only complete embedded -
hypersurfaces with polynomial area growth in R™™ if H — X\ >0 and A\(fs(H — \) —
S) > 0.

Remark 8.1. The assumption A(fs(H — ) — S) > 0 in the theorem[81 is satisfied
for self-shrinkers of the mean curvature flow, automatically and the assumption is
essential. In fact, I x R"™ are counterezamples, which satisfy H — X\ > 0, where I’
are compact embedded \-curves other than the circle (see Remark 2.2).

At first, we prepare the following lemmas and propositions.

Lemma 8.1. Let X : M — R"™! be an n-dimensional immersed hypersurface in
the (n + 1)-dimensional Fuclidean space R"™. At any point p € M, we have

(81) |v\/_|2 < Zhuk < Zhuk’

4,5,k

n+3 9
(8:2) VSIS Y h+

1,5,k
Its proof is standard. See Schoen, Simon and Yau [28] and Colding and Minicozzi
[11].

Proposition 8.1. Let X : M — R™"! be an n-dimensional complete \-hypersurface
with H — X > 0 and \(f5 — %) > 0. Ifn is a function with compact support, then

_1x2 _1x?
(8.3) /M 72(S + [V log(H — NP)e" dy < e(n, \) / (VP + e dg,

M
where c(n, \) is constant depending on n and \.

Proof. Since H — A > 0, log(H — \) is well-defined. Suppose 7 is a function with
compact support, the lemma [4.1] and the corollary [3.1] give

/(Vn Vlog(H — )\))e_gdu

\X\Q

(8.4) 77 (Llog(H — \))e™ 2 du

1x|2

- (—1——+\Vlog(H )\)|) T2 dp.
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Combining this with inequality:
1
(8.5) (Vi*, Viog(H = \)) < e[Vnl* + —i|Vlog(H — A)[*

gives that
_ix?

/<n25+n< DIV log(H ~ A)P)e dy
(8.6) M

\X\Q

A
< 2 2 2 d
_/M(EIWI e 2 dp,

for € > 0. Since

A )\fg 5
. < —< <
(8.7) Tx S AVS < |>\\( 3)
for 6 > 0, we have from (8.6]) and (ISZZI)
RIS 2 1 9| _1x2
(1= oS+ 0" (1= -)|Vieg(H — A" pe™ 2 dp
(8.5) M 20 €

< / <5|V7}\2 + (1+ m5)772) e_%d,u.
M 2

By choosing ¢, § and constant ¢(n, \), we get

(8.9) /M (5 4+ [V log(H — N2)e % dpi < e(n, ) /M (v + ) dp.

O

Proposition 8.2. Let X : M — R™"! be an n-dimensional complete \-hypersurface
with H— X >0 and \(f5 — %) > 0. If M has polynomial area growth, then

/ (VS,Vlog(H — \))e "2 dy
M

| 2

(8.10) = —/ SLlog(H — )\)e_‘XTdu
M

A X2
_ 1 Viog(H — N[ e T
/MS(S T+ [V log(H — W) )e dy,

and
/|V\/§|26_X2du
M
(8.11) :—/ V8LV Se S dp
M

1x |2

2_6_ -2
S/M(S S —Afs)e dj.
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Proof. Taking n = ¢ in (84]), we have
2
[ (96 Flog(it = ey
M

2

(8.12) =— /M¢2(£10g(H “N))e 2 du

= / ¢ <S —1- A + |Viog(H — )\)|2) e_%d,u.
M - A

Since
(8.13) (V¢?, Viog(H — \)) < |[Vo|* + ¢°|V1og(H — N)J%,
we derive

A x|2
(8.14) / $2Se~ % d,u</ (|Ve|* + ¢ + A¢2)e—%du.

Let ¢ = /S, where n > 0 has a compact support, for a > 0, we have

/ 2S2e " dy
M

< [ {FAIVVSE + 20VE|Val[9V5
M

A 1x2
8.15 24 — 2
(8.15) + SIVnl? + (1 + 7 )\ n?Ste” 2 dp
g/ (1+a)n2|V\/§|2e_Td,u
/ S{( 1+ )| Vnl® + (1+— Q}e—&

The lemma [£.1] and lemma [8.1] give the following inequality
LS =2 hi+2(1-95)S +2)f3

(8.16) Lok

zQfo’ﬂ VVS|? - |VH|2+2S 252 + 2\ fs,

Integrating this with %7]2 and using the lemma B.2] we obtain

— 2/ nv'S(Vn, V\/§>6_—

2/{ (n+3)\V\FI2 n\VH\2+Sn 52772+>\f3772)€
M

Since 2ab < ea® + b? for € > 0, we infer

2n \2
/{n252 ——n*|IVH|* + = SIWF} 2 dp
M n+1

2/ {(n+3—e)nz\V\/g|2+Sn2+)\f3n2}e_X2d,u.
mln+1

(8.17)

1x|2

2 dy.

31
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From BI5), BI7) and A2 < Afs, by taking o and e such that &O_‘E > 0, we

n+1

have

14+« x| 2n 14+« |x|2
<o / n*S%e” 2 du + T3 / ?|VH|?e™ 2 du
€ M n — — € M

nt+l +1 nt1
1+a ,1 9 ) 1 ) Y ) ke
_ _ 1 - 1 d
+/M{Z_ﬁ,_€(€|vm n?)+( + )Vnl* + (L + 7= | Se™ = dp

" 43
n_l_l n+1 €

1+« 1 1 1+«
+/ {[Wx—+1+—]|V77|2+(1—n+37)n2
M\ g —€ € o nrl €

1 2 2 1 2
< mm [ rste Saps 2 [ pempe S

1 2
T - +a€)n2}Se_X2d,u.

=20
Using
S 1., 0
< < < — —
T < M <|ASVS < S5 ST+ SIS,

for § > 0, we obtain, by taking o and € such that 1 — 3% >0

nt+3 _
n+1 €

1+« )( |>\\)/ o o X1
11— 1—— n*S%e” 2 du
( —nf{’—e 20 ) Ju

2n 14+« _1x?
— 1 n+3 / 772|VH|26 ? d,u
n —+ el € Jm

l+a 1l 1 1+ o
+/ {(W—+1+—)|Vﬁ|2+(1—n+37)772
M n——|—1_€€ [0 — — €

n+1
1+« ) _Ix?
+ (1 - n+37_€)772§|/\|}56 2 dp.

n+1

(8.18)

Assuming |n| <1 and |Vn| < 1, choosing ¢ such that % < 1, we have

2

(8.19) / S22 dpu < C(n, )\)/ (VH? + S)e~ % dp
M M

for some constant C(n, ) depending on n and \. Since |VH| < v/S|X| holds from
(#3), one has from (8.19)

(8.20) / 252~ du < C(n, A) / S(1 + (X2 dp.
M M
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Since H — A > 0 and Af; > A2, let 7; be one on B; and cut off linearly to zero

from 0B; to 0Bj+1, where B; = X(M) N B;(0) with B;(0) is the Euclidean ball of
radius j centered at the origin. Applying the proposition BT with n = n;| X/, letting
j — o0, the dominated convergence theorem and the polynomial area growth give

2
that [, S(1+ 1X|%)e="3 dp < +oo. Thus B20) and the dominated convergence
theorem give that

/ o _Ix2

S%e” 2 du < +o0.
M

Hence, from (817), we also have

/ |V\/§|26_%d,u < 4o00.

We next prove [,, > h2]k€ =2 du < 4o00. From (4.2), one has

1,5,k

/ Z hwke 5=

4,5,k
1X 2

_ / (5 — S)e S dpu - / Mante 5 du
M M

(8:21) — / 2V S(Vn, VVS)e =

< Cofm,) [ (7% + 7S+ [VaF19VEIe ¥ dy
M
< +00,

where Cp(n, ) is constant depending on n and A. The dominated convergence
theorem gives that

(8.22) / Zhwke =N d,u<+oo

1,5,k
This shows that

(8.23) / (S+ S*+|VVS)* + thk -5 dp < +o0.

1,7,k

From (R.23), we have
/ (S% + |V\/§|2)6_%d,u < 400,
M

that is, v/S is in the weighted W2 space. Applying the proposition BI with n =
n; V'S, letting j — oo, using the dominated convergence theorem, one has

(8.24) / S|V log(H — )2~ 5 djy < +o0.
M
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It follows that

2
/ VS|V log(H — A)|e"2 du
(8.25) M

< / (VY32 + S|V log(H — N)P)e= d < 400,
M
(4.4) gives that

/ S|Llog(H — N)|e™ "2 dy
M

2
[X]

:/ 5'1—5+L—|V10g(H—)\)|2 e 2 du
M

H -\

(8.26)
1x)?

< Ci(n, )\)/ {52 + S5+ S|Vleg(H — )\)|2}6_X2du

M
< 400,

where Cy(n, A) is constant. Thus, we obtain
(8.27) / {S|Vlog(H—A)\HVSHVlog(H—A)HSElog(H—)\)\}e‘XTd,u< +o0.
M

By applying the corollary Bl to S and log(H — \), we get

| 2

/ (VS, Viog(H — \)e™ 2 dy
M

1x|2
2

(8.28) = —/ SLlog(H — Ne 2 du

1x |2

_ A 2\ X7
—/MS(S—l—H_)\—l—Wlog(H—)\)\)e du.

On one hand, (4.3)) gives

/\/§|£\/§|6_X7du
M

:/Mthjk—\va\2+S(1—s>+Af3
(8.29) irj.k

< Gofn, )‘)/ <Z W2+ [VVSP+ S+ 52) e dy
M

i?j7k

2
[X]

e 2 du

< +00.

Hence

(8.30) / (ﬁwm +|VVS|2+ \FS\L\/§|)6—XTCZM < +00.
M

On the other hand, we have from (4.3) and the lemma 1]

(8.31) LVS > VS — VS5 + f/—%
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Then we can apply the corollary Bl to /S and /S and obtain
2
/ IVVS |26_%du
M

(8.32) = — /M VLV S dy

< [(=s-ape Y an
M

35

O

Proof of Theorem[81. Since H — X > 0and LH — H <0, if A <0, we have from
the maximum principle that either H — A =0or H — A > 0, if H — A =0, (4.5)
and (A.0) give that A = 0 = H, then M is a self-shrinker of the mean curvature
flow. According to the results of Colding and Minicozzi [11], M is R™. If A > 0 and
H — X =0 at some point p € M, then we see from A\(f3(H —\)—S) > 0 that S =0
and H = 0 at p, then A = 0, according to the results of Colding and Minicozzi [11],

we know that M is R™. Hence, for any A\, we have either M is R™ or H — A > 0.

Next, we assume that H — A > 0. From the proposition R.2], we have

/ (VS, Viog(H — \)e™ 2 dy
M

1x|2
2

(8.33) = —/ SLlog(H — Ne 2 du

1x |2

_ A 2) —EE
—/MS(S—l—H_)\—irWlog(H—)\)\ )e du,

and

[ IvvERe

M

(8.34) :—/ \/gﬁ\/ge_%d,u
M

< [ (8-s-apeFan
M

Substituting (B:34) into (833) and using Afs > A7>, one has

0 z/ {|v\/§|2 — 2V S(VVS, Viog(H — \)) + S|V log(H — \)|?

S 1x|2
8.35 — —T2
(5.35) # A=A e Fa

1x|2

2/ [VVS — VSV log(H — N)|"e = dp.
M

Hence we conclude that Vv/S = VSV log(H — \). Thus, we obtain
(8.36) VS = B(H - )
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for a constant 5 > 0. Since all inequalities in above equations become equalities, we
obtain

S
. h2, = 2N = A ——.
(8.37) 2% G = [VVSPE A=A
From the lemma B and (8.37), we know
(1) There is a constant Cy, such that hy, = CiA; for every ¢ and k.
(2) If i # j, then h;j; = 0, that is, h;j, = 0 unless i = j = k since hyj, = hig;.

If \; # 0 and j # i, then 0 = hy;; = C;\;. It follows that C; = 0. If the rank of
matrix (h;;) is at least two at p, then C; =0 for j € {1,2,---,n}. Hence, we have
hijr(p) = 0.

We next consider two cases.

Case 1: The rank of matrix (h;;) is greater than one at p.

In this case, we will prove that the rank of (h;;) is at least two everywhere. In fact,
for ¢ € M, let \i(q) and Xy(q) be the two eigenvalues of (h;;)(q) that are largest in
absolute value and define the set

(8.38) Q= {q € M|M(q) = M(p), A2(q) = X2(p) }-

Then p € €, since \;’s are continuous, so € is closed. Given any point g € €2, it
follows that the rank of (h;;) is at least two at ¢. Hence there is an open set U, q € U,
where the rank of (h;;) is at least two. On U, we have h;j; = 0 and the eigenvalues
of (h;j) are constant on U. Thus, U C €, Q is open. Since M is connected, we have
Q = M and h;j, = 0 on M. We know that M = S*(r) x R"*, where k > 1.

Case 2: The rank of matrix (h;;) is one.

From Case 1, we know that the rank of (h;;) is one everywhere. Hence S = H?. On
the other hand, S = B%(H — \)?, hence H? = %(H — \)%2. If A = 0, then M is a
self-shrinker of the mean curvatue flow. If A # 0, then we have H is constant. M is
St(r) x R™™! from the proposition This completes the proof of Theorem Rl

O

9. PROPERNESS AND POLYNOMIAL AREA GROWTH FOR A-HYPERSURFACES

For n-dimensional complete and non-compact Riemannian manifolds with nonneg-
ative Ricci curvature, the well-known theorem of Bishop and Gromov says that
geodesic balls have at most polynomial area growth:

Area(B,(z9)) < Cr".

For n-dimensional complete and non-compact gradient shrinking Ricci soliton, Cao
and Zhou [5] have proved geodesic balls have at most polynomial area growth. For
self-shrinkers, Ding and Xin [I2] proved that any complete non-compact properly
immersed self-shrinker in the Euclidean space has polynomial area growth. X. Cheng
and Zhou [10] showed that any complete immersed self-shrinker with polynomial area
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growth in the Euclidean space is proper. Hence any complete immersed self-shrinker
is proper if and only if it has polynomial area growth.

It is our purposes in this section to study the area growth for A\-hypersurfaces. First
of all, we study the equivalence of properness and polynomial area growth for -
hypersurfaces. If X : M — R"*! is an n-dimensional hypersurface in R"*!, we say
M has polynomial area growth if there exist constant C' and d such that for all
r>1,

(9.1) Avea(B,(0) N X (M)) = / dp < Cr,
B (0)NX (M)

where B,(0) is a round ball in R™*! with radius » and centered at the origin.

Theorem 9.1. Let X : M — R™! be a complete and non-compact properly im-
mersed \-hypersurface in the Euclidean space R"'. Then, there is a positive con-
stant C' such that forr > 1,

2 in 2
(9.2) Area(B,(0) N X(M)) = / dy < Cpn+r—28-255
(0)NX (M)

where f = ¢ inf(A — H)?.

Proof. Since X : M — R"*! is a complete and non-compact properly immersed
A-hypersurface in the Euclidean space R, we have

(X,N)+H =\
Defining f = , we have
XP XX 1

Af = %(n+ HN, X))

(9.4) = S0+ AN, X) — (N, X))
1 A2 H? ,
=§n+z———f+\vf\
Hence, we obtain
(9-5) IV(f =B < (f-B).
2 in 2
06)  AG-8) - IVF-AP+ (- < (G5 -5

Since the immersion X is proper, we know that f=f—pis proper Applying the
theorem 2.1 of X. Cheng and Zhou [10] to f = f — 8 with k = (5 + L —pF— me2),
we obtain

28 inf H2

©1)  Area(B,(0)n X (1) = [ dp < O 2a
r(0)NX (M)

where 8 = 1 inf(A — H)? and C'is a constant. O
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Remark 9.1. The estimate in our theorem[9.1 is the best possible because the cylin-
ders S*(rg) x R"™* satisfy the equality.

Remark 9.2. By making use of the same assertions as in X. Cheng and Zhou [10]
for self-shrinkers, we can prove the weighted area of a complete and non-compact
properly immersed \-hypersurface in the Euclidean space R™™ is bounded.

By making use of to the same assertions as in X. Cheng and Zhou [I0] for self-
shrinkers, we can prove the following theorem. We will leave it for readers.

Theorem 9.2. If X : M — R""' is an n-dimensional complete immersed \-
hypersurface with polynomial area growth, then X : M — R™L is proper.

10. A LOWER BOUND GROWTH OF THE AREA FOR A-HYPERSURFACES

For n-dimensional complete and non-compact Riemannian manifolds with nonneg-
ative Ricci curvature, the well-known theorem of Calabi and Yau says that geodesic
balls have at least linear area growth:

Area(B,(zo)) > Cr.

Cao and Zhu [6] have proved that n-dimensional complete and non-compact gradient
shrinking Ricci soliton must have infinite volume. Furthermore, Munteanu and
Wang [26] have proved that areas of geodesic balls for n-dimensional complete and
non-compact gradient shrinking Ricci soliton has at least linear growth. For self-
shrinkers, Li and Wei [24] proved that any complete and non-compact proper self-
shrinker has at least linear area growth.

In this section, we study the lower bound growth of the area for A-hypersurfaces.
The following lemmas play a very important role in order to prove our results.

Lemma 10.1. Let X : M — R"*! be an n-dimensional complete noncompact proper
A-hypersurface, then there exist constants Cy(n, ) and c(n,\) such that for all t >
Cl (nv )\))

(10.1) Area(B41(0)NX(M))—Area(B;(0)NX(M)) < ¢(n, ) Area(B:(0) N X (M))

and
(10.2) Area(B41(0) N X(M)) < 2Area(B,(0) N X (M)).

Proof. Since X : M — R™™! is a complete A-hypersurface, one has

1
(10.3) 5A|X\2 =n+ H(N,X)=n+ H\— H>
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Integrating (I0.3]) over B,.(0) N X (M), we obtain

nArea(B,(0) N X (M)) + / Hdp— / H2dy
B (0)NX (M) B (0)NX (M)

1
= —/ A|X|Pdp
2 JB.(o)nx ()
1
_ _/ VIXP- L g
(10.4) 2 Jas, 0)nx () IVl
= / X7 |do
A(Br(0)NX(M))
XP?2—(\—H)?
-/ X0 HE
O(B, (0)NX (M)) | X7
/ A — H)?
= r(Area(B,.(0) N X(M))) — / %da,
o onx)) X7
where p(z) := | X (z)|, Vp = ‘)% Here we used, from the co-area formula,
: 1
(10.5) (Area(B,(0) N X(M))) = 7“/ wdo.
aB,0)nx () | X7

Hence, we obtain
(n+ %)Area(Br(O) NX(M))—r(Area(B,.(0) N X(M)))/

A \A— H)?
=/ (H - —)Zdu—/ A T Z o
Br(0)NX (M) 2 o onx)) X7

From (I0H), (H —\)? = (N, X)? < |X|*>=7r%?on 9(B,(0)N X (M)) and (I0.6G), we
conclude

(10.6)

A A2
(10.7) / (H — 22dp < (n + 2 )Area( B, (0) N X (M),
B, (0)NX (M) 2 4
Furthermore, we have
A 2
H—>\2du§/ 2[(H — 2)* + = ]du
(10.8) /BT(O)OX(M)( ) B (0)NX (M) [( 2) 4 )

< (2n + A*)Area(B,(0) N X(M)).
(I08) implies that
(r_"_%zArea(Br(O) NX(M)))

/

(10.9) ~ priy (7’ (Area(B,(0) N X (M))) —(n + %)Area(Br(O) N X(M)))

(H = M)?

2
ey ML= e e
o x| X7 - (0)NX (M)

>\2
_erm
2)u
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Integrating (I0.9]) from 7 to 71 (17 > r3), one has

2 2
n A A

ri % Area(B,,(0) N X(M)) —r,  * Area(B,,(0) N X (M))

2
oA~

222
T / (H = APy —ry" / (H — \)dy
By, ()NX (M) By (0)NX (M)

)\2 T1 2
to10)  +lrza ) s e aads
ro Bs(0)NX (M)

" A2 A
- [ s (H - 2)2dp)ds
ro B (0)NX (M) 2

A2

o A2 A2
< (7’1 2 + 7y ! )/ (H_)‘)zdlu-
By, (0)NX (M)

Here we used

' H— )\)?
</ (H — A)zdu) = 7“/ %da
(0)NX (M) o onx)) X7

and Area(B,(0) N X (M)) is non-decreasing in r from (I0.5). Combining (T0.I0)
with (I0.8), we have

Area(B,,(0) N X(M))  Area(B,,(0) N X (M))

n—l—)‘ff n—l—)‘ff
(10.11) 1 X X "2
2
< (2n+ A )(Tn+2+%2 + rn+2+%2 )Area(B,,(0) N X (M)).
1 2

Putting m =t+1, 7o =1t > 0, we get
(1 2(2n + N2)(t + 1)+

2
tn+2+%

)Area(BtH(O) N X (M)
(10.12)

t+1 2
< Area(B,(0) N X(M))(%)H%.
For t sufficiently large, one has, from (10.12]),
Area(B;11(0) N X (M)) — Area(B:(0) N X (M))

C(t + 1)2n+)\24>

t2n+2+)\2

(10.13)

1
< Area(B;(0) N X (M)) ((1 + ;)" -1+
where C' is constant only depended on n, A. Therefore, there exists some constant
C1(n, A) such that for all £ > Ci(n, A),
Area(B11(0) N X(M)) — Area(B:(0) N X (M))

(10.14) < ctn )\)Area(Bt(O) N X (M))

t
(10.15) Area(B,41(0) N X(M)) < 2Area(B,(0) N X (M)),

where ¢(n, \) depends only on n and A. This completes the proof of the lemma [T0.1]
O
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Using Logarithmic Sobolev inequality for hypersurfaces in Euclidean space due to
Ecker [14] and conformal theory, we can show

Lemma 10.2. Let X : M — R be an n-dimensional hypersurface with measure
dp. Then the following inequality

/f2(lnf2>€_XTd“_/ fze_XTduln(/ Fre~ 28 dp)
M M o
He-10) S/ |vf|26_x2dﬂ+l/ \H + (X, N)[2f2e= "2 dp

M 1)y

+ C(n) /M fze_gd,u

holds for any nonnegative function f for which all integrals are well-defined and
finite, where C(n) is a positive constant depending on n.

Corollary 10.1. For an n-dimensional A\-hypersurface X : M — R we have the
following inequality
2 _IxP2 1 9 _1XI2 1 1 ovgon
(10.17) fllnfle 2z du< = | |Vflfe" 2 du+ (=C(n) + =A\*)272
v 2 Ju 2 8

for any nonnegative function f which satisfies
2
(10.18) / fre T okdu=1.
M

Corollary 10.2. If X : M — R"" is an n-dimensional \-hypersurface, then the

following inequality
/ uz(lnu2)d,u—/ u?dp ln(/ u?dp)
M M M

1
§2/ \Vu|2du+(—)\2+ﬁln2+6'(n))/ u?dp
M 4 2 M

holds for any nonnegative function f which satisfies

(10.19)

1x |2

(10.20) f=ue 1.

Lemma 10.3. ([24]) Let X : M — R"™! be a complete properly immersed hypersur-
face. For any xo € M, r <1, if |H| < € in B.(X(x0)) N X(M) for some constant
C > 0. Then

(10.21) Area( B, (X (z0)) N X(M)) > k1",

where k = wye .

Lemma 10.4. If X : M — R""! is an n-dimensional complete and non-compact
proper \-hypersurface. then it has infinite area.

Proof. Let
Qky, ky) ={x e M: ok1—3 < p(z) < 2Pz},
A(k’l, k’g) = Area(X(Q(k:l, k‘g))),
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where p(z) = |X(z)|. Since X : M — R™"! is a complete and non-compact proper
immersion, X (M) can not be contained in a compact Euclidean ball. Then, for k
large enough, Q(k, k + 1) contains at least 22~1 disjoint balls

Br($z> = {ZII’ e M: pxl(,’ﬁ) < 2_%7’}7 T; € M’ r = 2—k
where p,, () = | X (x) — X (x;)|. Since, in Q(k, k + 1),

2
(1022) [H] < |H = A+ 3] = |(X, )|+ ] < X]+ 3] < 2V < Y2

by using of the lemma [10.3] we get
(10.23) Ak, k +1) > g 220717k

with Ky = wye” (VEHADZ 295
Claim: If Area(X(M)) < oo, then, for every € > 0, there exists a large constant
ko > 0 such that,

(1024) A(k’l, k’g) <e and A(k’l, k’g) < 24nA(/€1 + 2, ]{32 — 2), if k’g > k’l > k‘().

3K

5 Assume

K ~o
37k2"\"

In fact, we may choose K > 0 sufficiently large such that k; ~
(I0:24) does not hold, that is,

Ak, ko) > 29 A(ky + 2, ky — 2).

If
Alky +2,ky —2) <2 A(ky + 4, ky — 4),

then we complete the proof of the claim. Otherwise, we can repeat the procedure
for j times, we have

Ak, ko) > 249 Aky + 24, ks — 27).
When j ~ £ we have from ([0.23)
Area(X (M)) > A(ky, ko) > 2" A(K, K +1) > k22571,

Thus, (I0.24) must hold for some ks > k; because Area(M) < oco. Hence for any
e > 0, we can choose k; and ky & 3k; such that (I0.24)) holds.
We define a smooth cut-off function () by

1, 2k+3 <t < 9ke—3 ,
— ! - - ’ < < <
(10.25) () { 0. outside [29-4, 204 0<v() <1, [ <1
Letting
1x2
(10.26) flz) =" T y(p(x)),

we choose L satisfying

2
(10.27) 1:/ fze‘X223d,u:e2L/ D ()23 dps.
M Q(k1,k2)
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We obtain from the corollary [0.Jland tInt > —% for0<t<1
1 | X|?

1 n X
(C(m) + X278 > / AL+ + ) dp
Q(k1,k2)
1 / XT
o) G [/ 2R 2"
2 Jatk k) 2

21,2 X2
> e (L + —— 4+ Iny)du
k1 ,k2)

(10.28) 1
/ 1
_ 62L|w |2du—1/ 62L’17D2|X|2d,u
Q(k1,k2) Q(k1,k2)
— 2—%L+/ et 2ln¢du—/ |y Py
Q(k1,k2) Q(k1,k2)

n 1
>273L — (% + 1)t Ak, ky).

Therefore, it follows from (I0.24) that

1 1 . " 1
(§C(n) + §A2)2‘5 > 273 — (% + 1)t 21 Ay + 2, by — 2)
. 1
(10.29) > 273 L — (o + 1)62L24"/ ¥ (p(x))dp
€ Q(k1,k2)

n 1 n
=272L— (—+1)2"272.
i (26 +1) i
On the other hand, we have, from (I0.24) and definition of f(z),
(10.30) 1< e?e2s,

Letting ¢ > 0 sufficiently small, then L can be arbitrary large, which contradicts
(T0.:29). Hence, M has infinite area. O

Theorem 10.1. Let X : M — R"! be an n-dimensional complete proper \-
hypersurface. Then, for any p € M, there exists a constant C' > 0 such that

Area(B.(X (z0)) N X(M)) > C'r,
for all r > 1.

Proof. We can choose 19 > 0 such that Area(B,.(0) N X(M)) > 0 for r > 1. It is
sufficient to prove there exists a constant C' > 0 such that

(10.31) Area(B,.(0)NX(M)) > Cr

holds for all r > rg. In fact, if (I0.31)) holds, then for any zo € M and r > | X (x¢)|,
(10.32) B,(X(20)) D Br—jx(a0)/(0),

and

(10.33) Area(B, (X (x9)) N X(M)) > Area(B,_|x(zy)(0) N X (M)) > %r,

for r > 2| X (xg)|-
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We next prove (I0.31]) by contradiction. Assume for any € > 0, there exists r > 7
such that

(10.34) Area(B.(0)N X (M)) < er.
Without loss of generality, we assume r € N and consider a set:
D :={k € N: Area(B;(0) N X(M)) < 2¢t for any integer ¢ satisfying r <t < k}.

Next, we will show that k € D for any integer k satisfying k > r. For t > ry, we
define a function u by

t+2—p(z), in. Byy2(0) N X (M) \ By41(0) N X (M),
A in Byy1(0) N X (M) \ B,(0) N X (M),
' plx)—(t—1), in B(0)NX(M)\ B;—1(0) N X (M),
0, otherwise.

Using the corollary [0.2, |Vp| <1 and tInt > —é for 0 <t¢ <1, we have

— ( / u?dp)In{ (Area(By2(0) N X (M)) — Area(B,_1(0) N X (M)))22 }
(10.36) M
< Cy (Area(BHg(O) N X(M)) — Area(B;_1(0) N X(M))) :

where Cp =2+ 1 + ’\742 +5In2 4 C(n), C(n) is the constant of the corollary I0.21
For all t > Ci(n, A\) + 1, we have from the lemma [T0.1]

Area(Bys(0) N X(M)) — Area(B,_1(0) N X (M))
<elmA) (Area(BHtl(f)lm X (M))

Area(Bt(O) NX(M)) | Area(B4(0) 0 X (M )))
(10.37) t—1

T (1
t-|—1+ _'_ +C1(n,)\)

< Coln, )\)Area(Bt( )N (]\4))7

)) Area(B,(0) N X (M))

where Cy(n, A) is constant depended only on n and A. Note that we can assume
r > Cy(n, \) + 1 for the r satisfying (10.34)). In fact, if for any given € > 0, all the r
which satisfies (10.34]) is bounded above by C(n, A)+1, then Area(B,(0)NX(M)) >
Cr holds for any r > Cy(n, A\) + 1. Thus, we know that M has at least linear area
growth. Hence, for any k € D and any t satisfying » <t < k, we have

(10.38) Area(Bis2(0) N X(M)) — Area(B,_1(0) N X (M)) < 2Cs(n, M.

Since

(10.39) / w?dp > Area(Bys (0) N X (M) — Area(B,(0) N X (M),
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holds, if we choose € such that 2C5(n, \)e2% < 1, from (I0.36), we obtain

(Area(B;41(0) N X (M)) — Area(B,(0) N X (M))) In(22 1 Cs(n, N)e) ™
(10.40) < Cy (Area(Bm(O) N X(M)) — Area(B;_1(0) N X(M))).

[terating from ¢ = r to t = k and taking summation on ¢, we infer, from the lemma

10.11
(Area(By41(0) N X (M)) — Area(B,(0) N X (M))) In(22F1Cy(n, N)e)
< 3ChArea(Bg12(0) N X (M)) < 6CyArea(By41(0) N X (M)).

Hence, we get

(10.41)

Area(Bj41(0) N X (M)
In(22+1Cy(n, A)e) ™!
(10.42) ~ In(2: 71 Cy(n, V)1 — 6Cy
In(2:1Cy(n, A)e) ™!
~ In(2211Ch(n, N)e)~t — 6C,
We can choose ¢ small enough such that
In(2z+1Ch(n, N)e)~*
In(22+1Cy(n, A)e)~1 — 6C,
Therefore, it follows from (10.42]) that
(10.44) Area(By41(0) N X (M)) < 2er,

for any k € D. Since k+ 1 > r, we have, from (I0.44)) and the definition of D, that
k41 € D. Thus, by induction, we know that D contains all of integers k£ > r and

(10.45) Area(By(0) N X (M)) < 2er,

Area(B,.(0) N X (M))

ET.

<2

(10.43)

for any integer £ > r. This implies that M has finite volume, which contradicts
with the lemma [[0.4l Hence, there exist constants C' and rq such that Area(B,.(0)N
X(M)) > Cr for r > ry. It completes the proof of the theorem [I0.1]

U

Remark 10.1. The estimate in our theorem is the best possible because the cylinders
S 1(rg) x R satisfy the equality.
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