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A STATIONARY PROCESS ASSOCIATED WITH THE DIRICHLET DISTRIBUTION
ARISING FROM THE COMPLEX PROJECTIVE SPACE

N. DEMNI

ABSTRACT. Let (Ut);>0 be a Brownian motion valued in the complex projective space CPN-1. Using uni-
tary spherical harmonics of homogeneous degree zero, we derive the densities of |U}|? and of (|U}|?, |U2|?),
and express them through Jacobi polynomials in the simplices of R and R? respectively. More generally,
the distribution of (|U}|?,...,|UF|?),2 < k < N — 1 may be derived using the decomposition of the unitary
spherical harmonics under the action of the unitary group U(N — k + 1) yet computations become tedious.
We also revisit the approach initiated in [II] and based on a partial differential equation (hereafter pde)
satisfied by the Laplace transform of the density. When k = 1, we invert the Laplace transform and retrieve
the expression derived using spherical harmonics. For general 1 < k < N — 2, the integrations by parts
performed on the pde lead to a heat equation in the simplex of R¥.

1. MOTIVATION

The complex unit sphere
S2N-1 . — {(21, o ,ZN), |21|2 + -+ |ZN|2 = 1}, N >1,

is a compact manifold without boundary therefore carries a Brownian motion (Ut):>o defined by means of
its Laplace-Beltrami operator. This process is stationary and the random variable U; converges weakly as
t — oo to a uniformly-distributed random vector Uy,. For the latter, it is already known that

(Ul UL, 1<k<N-1,
follows the Dirichlet distribution ([7])

k k
(1) si(u) Hdui 2 (1—u—up— - —up)V g, (v) H du;
i=1 i=1

where X = {u; > 0,1 <i < k,u;+---+ug < 1} is the standard simplex. Motivated by quantum information
theory, the investigations of the distribution of

UP & (UL, UFP), 1<k<N

started in [I1] yet have not been completed. There, a linear pde for the Laplace transform of this distribution
was obtained and partially solved only when & = 1. Recall that for the Brownian motion on the Euclidian
sphere SV—1, the density of a single coordinate is given by a series involving products of ultraspherical
polynomials of index (N —2)/2 ([8]). The main ingredients leading to this series are the expansion of the
heat kernel on SV~! in the basis of O(IV)-spherical harmonics and on Gegenbauer addition Theorem ([12],
p.369). In the complex setting, it is very likely known that (|U}|?):>0 is a real Jacobi process (see [3] and
references therein). Nonetheless, one wonders how does the proof written in [8] carry to the Brownian motion
on S2V=1 and how does it extend in order to derive the density of Ut(k)
answer these questions by considering the heat kernel on the complex projective space CPN~! = S/
rather than SV ~!. This is by no means a loss of generality since we are interested in the joint distribution
of the moduli of k coordinates of U;. Besides, the space of continuous functions on CPY ! decomposes as
the direct sum of subspaces of U(N)-spherical harmonics that are homogeneous of degree zero, while the
decomposition of continuous functions on S?V~! involves all spherical harmonics ([6]). Accordingly, the heat
kernel on CPN~1 is expressed as a series of normalized Jacobi polynomials (PN=20/PN=20(1)), 5 which

. In the first part of this paper, we
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for each n, gives the n-th reproducing kernel on CPY =1 ([9]). Hence, the integration over the sphere 2V ~3
together with an application of Koornwinder’s addition Theorem ([9]) lead to the density of |U}|?:

> PY=20(2c = 1)PY 2020 — 1
(2) ft(ca u) A Ze—n(n-i-N—l)t n ( ||PN)27110||2 ( ) sl(u)
n=0 n 2

where we set ¢ £ |U}|? € [0,1] and ||P,||3 is the squared L?mnorm of u — PN=29(2y — 1) with respect to
s1(u)du.

Up to an additional ingredient, the derivation of the density of Ut(z) is quite similar. Loosely speaking, we
would like to integrate the heat kernel over the sphere S?V =5 (we assume N large enough) and as such, we
need to decompose degree zero homogenous spherical harmonics in $>V =1 under the action of the unitary
group U(N — 1). This decomposition is stated in [10], Theorem 5.1, and the n-th reproducing kernel in
turn decomposes as a wighted sum of reproducing kernels on S?Y 3. Consequently, Koornwinder’s addition
Theorem again leads to the sought density which may be expressed through Jacobi polynomials in the simplex
35 ([4], Proposition 2.3.8 p.47). More precisely, if we denote these polynomials by (Q;JZ)_]) >0,0<j<n then
the density reads

> - Q(JX)- -(01,02)Q(1X)- (u1, us)
—n(n+N-1)t n—aJ n—iJ
(3) § € ( ) § (N) 5 SQ(U)v
=0 =0 1@, =5.5113

where we set (c1,c2) = (|U3|?, |UZ|?) € B3 and ||Q5ﬁ)”||§ is the squared L2-norm of QSIJX)” with respect to
so(u)duydus.

More generally, the derivation of the density of Ut(k),2 < k < N — 1 relies on the decomposition of
the spherical harmonics under the action of U(N — k + 1) and is expressed through orthonormal Jacobi
polynomials in ¥ as

SNt ST 0 e e, ) Q) ()i ()

n>0 TENE |T|=n

where (c1,...,cx) = (JUL?, ..., |UE?). Yet computations become tedious and we are not willing to exhibit
them here. Rather, we shall revisit and complete the investigations started in [I1]. Actually, an expression
for the Laplace transform of the density of |U}|? was obtained there and involves the following sequence
(an, = an(e, N))p>o of real numbers determined recursively by ([11], eq. 4.23)

p
P 1 cP
4 (D)o =%, 520, a=1.
) ;a <n> (N+2n)p—n D! P o

In particular, the following was proved ([II] eq. 4.24. and eq. 4.25):

(=" (N =1),
n O7N = b n 17N - )
an(0, ) (N+n-—-1), an(1, N) n(N+n-1),
which we can rewrite as
1 1
PN72,O(_1)7 PN72,0(1)

(Ntn—1), " (Ntn—1), "

respectively. Using a Neumann series for Bessel functions ([12]), we shall prove that for all ¢ € [0, 1]

1
PN=20(2¢ —1).

(5) an:an(C,N):m n

Having these coefficients in hands, we can then invert the Laplace transform and retrieve [2)). At this level,
we point out that the pde satisfied by the Laplace transform of the density of |U}|? leads after integrations
by parts to the heat equation associated with the Jacobi operator

(6) u(l —u)92 + [1 — Nud,.



More generally, the pde satisfied by the Laplace transform of the joint distribution of Ut(k), 1<k<N-=-2
gives rise to the heat equation on the standard simplex associated with the generalized Jacobi operator ([1],
see also [4] p.46 but consult the list of errata available on the webpage of Y. Xu):

k k

i=1 i=1 i#j

This is an elliptic operator admitting different orthogonal basis of eigen-polynomials corresponding to the
sequence of eigenvalues {—n(N +n — 1),n > 0}. Among them figure the Jacobi polynomials in the simplex
which agrees with our previous computations.

The paper is organized as follows. The two following sections are concerned with the derivations of the
densities of Ut(k)7 k € {1,2}. In section 4, we solve the system ([)) and invert the Laplace transform of the
density of |[U}|2. In section 5, we perform integrations by parts on the pde satisfied by the Laplace transform
of the density of Ut(k), omitting for a while the boundary terms. In the last section, we write down the latters
and show that all of them vanish unless k = N — 1.

2. THE DISTRIBUTION OF |U}|?

Let m,n be non negative integers and recall from [9] that (m,n)-complex spherical harmonics are the
restriction SV~ of harmonic polynomials in the variables

(217227"'721\772_172_27"-7%)

which are m-homogenous in the variables (z;)¥ ; and n-homogeneous in the variables (z;)Y,. Taking m = n,

we obtain the (n,n)-complex spherical harmonics that are homogenous of degree zero with respect to the
action of S'. Their restrictions to CP™V~! form a dense algebra in the space of continuous functions on
CPN~! endowed with to the uniform norm (see [6], p.189). Moreover, the spectrum of the Laplace-Beltrami
operator on CPY~! is given by the sequence {—n(n + N —1),n > O}E. Hence, the corresponding heat
kernel is expanded in any orthonormal (with respect to the volume measure volgp~-1) basis of homogenous
of degree zero spherical harmonics (Y;),>1 as:

00 d(n,N)
Ri(w,z) = Z e (N1t Z Yi(w)Y;(2), w,z€ CPN™L.
n=0 j=1

Here d(n, N) is the dimension of the eigenspace of (n,n)-complex spherical harmonics given by (Theorem
3.6 in [9])

d(n,N) =

n!

M+ N—1[(N-1),\>
e ()
Besides, the reproducing kernel formula (Theorem 3.8 in [9]@) shows that the kernel R; is real and does not
depend on the choice of the basis (this is the analogue of (22) in []]):
d(n,N) PY~2°(2|(w, z)|* — 1)
VO].(S2N—1) PéV*Q,O(l) ?

(8) Ri(w,2) = 2m 3 V=11
n=0

where ([2], p.295)

N
N -1)
= .z, PN720(1 :7( =
(w2) 3wz, Y00 = S
and
2V
12N71: )
vol(S ) N

1We normalize the Laplacian on CPN~1 by a factor 1/4.
2The additional factor 27 comes from the fact that vol(S2N—1) = 2xvol(CPN 1),
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is the volume of S2V=1. Note that

(N = 2! e PA P20 w, 2) = 1)
fiul2) = T 2 AR

n=0

where

1
2n+ N —1
is the squared L2-norm of u — PN=20(2y — 1) with respect to s1(u)du ([2], p.99). Thus Gasper’s Theorem
entails the positivity of Ry ([5]). Now, we proceed to the derivation of the density of |[U}|? and start with
the decompositions

1P 2013 =

w = cosbie; +sinb&,
z = cosfe; + sinbhrés

where e is the first vector of the canonical basis of CV, 01,0, € (0,7/2), ¢1, 02 € (0,27),&,& € S2V3,
The volume measure of CPY~! in turn splits as (see [9], eq.2.18)

volgpn-1(dz) = cos fz(sin 02)?N ~3dhavol gan —s (dEs).

and the next step is to integrate (8) over &. But U(N — 1) acts transitively on S2V~2 therefore we can take
&1 = e to be the second vector of the canonical basis. As such, we are left with the volume of §2N-5 (if N
is large enough) and with the integration over the distribution of the first coordinate of &;. If this coordinate
is parametrized by (r,) then its distribution reads

r(l — r2)N_31[0,1] (r)Lj0,27) (¥)dr d).

Consequently, the density of |U}|? displayed in (2] follows from the product formula (4.12) in [9] together
with the variables change u = cos® 63 (c = cos? #;).

| 2

Remark 1. The eigenvalue of a (n,n)-spherical harmonic equals the eigenvalue of a O(2N)-spherical har-
monic of degree 2n in S*N =1 viewed as a real Buclidian sphere. This coincidence is due to the fact that both
polynomials are homogenous with the same total degree 2n and since the correspond eigenvalue comes from
the action of the Euler operator

N N N

D7l ) F0s =) il + Y yidy,,

i=1 i=1 i=1 i=1
where z; € C is identified with (x;,y;) € R2.

3. THE DISTRIBUTION OF (|U}|%, |UZ|?)
Up to an additional ingredient, the lines of the previous proof enable to derive the density of Ut(z). More
precisely, we start with the decompositions
w = cosbie; +sinb&
= cosbie; + sinf; cos Bre'® es + sin By sin 611,
z = cosbfeq + sinhr&s
= cosfyeq + sin By cos ﬂ2€i¢2 €2 + sin 6o sin 5172,

where B1, B2 € (0,7/2), ¢1,d2 € (0,27),n1,m2 € SN 73 and e, is the second vector of the canonical basis of
CN. We also split the volume measure on CPY~! as

volgpn-1(dz) = (cos 05 sin®V =3 0, cos B, sin?V 70 ﬁgd@gdﬁgd(bg) volgen—s(dns).

Now comes the needed additional ingredient, which is the special instance m = n, ¢1 = ¢2 = 0 in the formula
stated in the bottom of p.5 in [I0]. In order to recall it, let

a,b
» B (@)
~ pa,b ’
P(1)

b
Py ()

a,b>—1



be the j-th normalized Jacobi polynomial and define the complex-valued polynomial ([9] eq.3.15)
RY(y) 2 |y|i-dleili=a) arg(y)pﬁ\;*q\(mm? ~1), yeC,a>-1.

as well as ([10] p.6)

o 5w W) O T,

Then the n-th reproducing kernel on CPY~1 admits the following expansion

PN=20(2 21 - , _
= P(N|_<;U(;(Zl>)| ) = Z cj.q(n, N)[sin(6;) sin 62)7T9[cos 6; e q‘piv ]2—tf+qq’lj ql(cos 261)
" 3,4=0
Pr g (cos 200) R (61, 82))

Substituting in (8]), we see that the next step towards the joint distribution of (U}, U?) consists in integrating
RY 73 ((61,82)) = R (cos By cos B + sin By sin B (n1,m2))

over 1o € S2V=3. To this end, we can assume without loss of generality that 1, = e3 (the third vector of the
canonical basis) and use formula (4.11) in [9]. Altogether, we get

2m2vol(SPN =) X N . . . j i
(N = B)vol(525-T) 2 (n+N=Dtd(n, N) j;o ¢j.q(n, N)[sin(6;) sin 62]7F[cos 6, cos 6] 71
iv__ja?jqq’lj_ql(cos )piv f;qu’lj ql(cos 292)R” 3(cos B eml)RN 3(cos B2€9?)
2N —2) = . - ;
= AN =2) Z e M HEN=Dton 4 N —1)[PN=20(1)]2 Z ¢j.q(n, N)[sin(6;) sin 62]779[cos 6, cos 6] 71
T
n=0 J,q=0

pg_—ja-tlj:rq%lj—ql(cos 20 )pﬁf ]2Atlj+qq7lj ql(cos 20 ) N 3 l7— Q\(COS 281 )p Nq3 Jd— ql(cosZﬂ Je (=) (P1+¢2)

with respect to
08 B sin?Y 73 0, cos B sin?Y 75 BadfadBad .

Integrating over ¢o € (0,2m), then the sum over (j,q) reduces to a sum over ¢ = j. Thus, the density of
(02, B2) given (01, B1) reads

Z e MHEN=Dt 9 4 N — 1)[PN=20(1)]2 Z ¢;.;(n, N)[sin(0;) sin 6] % p - J2+2J’ (cos 261)
j=0
ph- JQHJ O(COS 20 ) “30(cos 281 ) 39 (cos 235)
with respect to
cos 0 sin?N =3 0, cos Ba sin?N =5 Badhod)Bs.
Performing the variables change
u = cos Oz, v = sin O3 cos Ba,

we deduce that the density of (|U}|, |U?|) given (|U}|, |UZ]) is

4N =2) Y e NIV 20 4 N = DIPY 2O Y eji(n, NI~ [Ug 1)1~ w?)

B ‘ — 2 []2 2 - 2,02
pY 2P0 QUL — 1)pN 2200 (942 — 1)p N30 |70|12 1) pse 1
1—Us] 1—-u

with respect to

2 2\N-3
uv(l —u” = v7) " T L y50,050,u2 1u2 <1} du dV.
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Finally, if (|Ua|?,|U2|?) £ (c1, c2) € Yo then the density of (|U}[?,|U2|?) reads

(N=2)) e V=Dl an 4 N = D[PY 2O ey i(n, N)[(1 = e1)(1 — ua))?
n=0 §=0
; ; 2c 2u
N—2+25,0 N—2+25,0 N-3,0 2 N-3,0 2
: 2¢1 — 1 : 2u; — 1)p; -1 3 — -1
pnfj ( C1 )pnfj ( uy )pj (1—2C1 )pj (1—U1 )

with respect to sa(uq, uz)duidus. The last expression may be put in a compact form as follows. For n > 0,

set
211,2

QM. (u,v) = (1 —ug) PN 277020y — 1)PN 730 (

—1>, i=0,1,...,n.

These are Jacobi polynomials in the simplex ¥ and are orthogonal with respect to the Dirichlet distribution
whose density is sa(u1,uz2) (specialize Proposition 2.3.8 in [4] to o = (n — j,5),x = (1/2,1/2, N — 5/2)@).
After some computations, the density of Ut(z) may be written as

1—U1

00 n (N) (N)
Z o (N =1)t Z Qnj5(c1,¢2)@, 75 5 (u,0)

= = Qs 113
where N—2+235,0 N-3,0 2
||Q(JX)_ ||§ _ 1 : _ [Pn—j (1)Pj_ (1)]
e 2n+N-1)(2j+N~-2) (N-2)2n+ N —1)[PY 2°(1)]2¢; ;(n, N)
(N)

is the squared L?-norm of Q with respect to sa(uq,u2)duidus.

n—7J

Remark 2. For general k > 3, the density of Ut(k) may be derived in a similar way by decomposing the
variable z € CPN~1 and the spherical harmonics on S*N =1 over the sphere S?N=2k+1 " From the point of
view of representation theory, this is equivalent to the decompositions of the representation of U(N) in the
space of U(N)-spherical harmonics under the action of the subgroup U(N — k +1).

4. THE DISTRIBUTION OF |U}|?: ANOTHER PROOF

In this section, we shall solve the system ([]) and prove (@). To this end, we rewrite (@) as,

& 1 1 P
) ;an nl(p —n)! (N +2n),—p N (p!)?

multiply both sides of (@) by (—1)?(z/2)**N~1 for x lying in some neighborhood of zero then sum over
p > 0. Interchanging the order of summation, the system () is equivalent to

an . z\N-1
Z DN + 20) (<1) " Fansv-1(2) = Jo(vea) (5)
where J,, is the Bessel function of index o € R defined by ([12]):
_1)10 T\ 2p+a
Jalr) &3 - EDT oy
(z) Z;Op!F(p—l—a—Fl) (2)

Note in passing that the estimate ([12])

| | 2n+N—1
TV -+ 20 a0 < ()
shows that (Q) converges provided
(10) R C
n! 2
n>0
3Beware of the different normalization of the Jacobi polynomials used in Proposition 2.3.8. The reader is also invited to

consult the list errata of available on the webpage of Y. Xu.
6



does. Now recall the Neumann series ([12], p.138)

(f)v _ Z (v +2n)L(v +n) i@, vEN.

2 n!
n>0

Specializing it to v = N — 2, we get

(/2N 1o (v/ex) = Z (—=1)PcP Z 2p+2n+ N — ILI!‘(Qp—Fn—FN— 1)

e Jop+2ntN-1(z)
p>0 p: n>0

- Z pcp Z Gn N 1(31F£pp—;—'n i) Jon+N-1(7)
p>0 . n>p '
" (=1)PeP T n+N-—1
_ 2(% +N-1) ; ( (py)y . “:n :Lp)! LA

Substituting in (@), then the uniqueness of the solution of {) yields

an " T(p+n+N-1)
—I(N +2n)(-1)" = (2 N -1
TN 2" = Cre N =1 ) =
or equivalently
" )PP —
0 — Z PT(p+n+N-1)
F(N + 2n -1) p:O (n —p)!
)" "L (- lpn' n+N—1)
. > 3
(N+n 1n pzo(n (")

(N—(i—rj)—l) oFi(—n,n+ N —1,1,¢)

where o F is the Gauss hypergeometric function ([2], p.). But from the very definition of Jacobi polynomials

([21, p-99)

1
Pot(e) = OO b ot B Lot L —0)/2), 0,8 > -1,

and the relation P> (z) = (=1)"P%(—u) (2], p.305), we obtain (G) as required.
Remark 3. The estimate
PON-2(1 - 2¢)| < PRN2(1)
which follows for instance from the integral representation of the Gauss hypergeometric function shows that

the series ([IQ) indeed converges absolutely everywhere.

With (@) in hands, we can invert the Laplace transform ([I1], eq.4.11):
1 o)
pi/n (e ) 2 / X fyn(e,u)du =" ane X" Fi(n+ 1,N +2n,)), A€ R,
0 n=0
where 1 F} is the confluent hypergeometric function ([2], [12]) and A, = n(n + N —1)/N. To proceed, recall

the integral representation ([2])

I'(b) /1 M, a1 boa—1
eMutT (1 —uw) " du, b>a>0.
@ Jo (=

1F1((l,b, A) = W

It follows that

I'(N + 2 1
)\anl(’rL-i- 1, N + 2n, )\) = (—+n)n'/ )\neAuun(l . U)N+n72du
0

(N +n—1)n!
~1)"T(N +2n) (' . (d\". . .
- (I‘(]\)7+(n—1)n!)/0 e (@) [ (1 = )" du

7



after n integration by parts. But Rodriguez formula ([2], p.99)

(1 —2)*(1 +2)PP*F(z) = % (%) (1 —z)" (1 4+ 2)"P], e (-1,1)

together with the variable change x = 1 — 2u yields

(£J [ (1= )™ = nl(1 = )Y 2R (L - 2u).

As a result
1
an A1 Fi(n+ 1, N +2n,\) = P9N=2(1 - 2c)/ M PON=2(1 — 2u) (1 — )N 2du
0
and Tonelli-Fubini Theorem yields () at time t/N.

5. FROM THE LAPLACE TRANSFORM TO THE GENERALIZED JACOBI OPERATOR

Another way to come from ¢i(c,\) to fi(c,A) is as follows. For sake of simplicity, we shall drop the
dependence on the parameter ¢. So, recall from [II] Proposition 4.2 that ¢ satisfies

Oy = Ap + (/\2 — N)\) Onp — )\28/%90

with the initial conditions @g(c, A) = e*¢, ¢;(c,0) = 1. Assume the density f is unknown and is smooth in
both variables (¢, ), then integration by parts yield

AeMamwm=kMu—Nwmwﬁ+Aemew—nﬁwwu
DAL — ) ()]} — [ D (a1 — w) fo(un))]}
1
M2 [u(1 — u) fi(u)]du
+A O2[u(1 — u) fi (u))d

= eA(2 —N)f(1)+ / e)‘“Z(ft)(u)du
0

where
L Eu(l —uw)d2+ 1+ (N —4)u)d, + (N —2).
If N =2 then
L =u(l —u)d> +[1 — 2u]0,

is nothing else but (6) with N = 2. Otherwise, write f;(u) 2 g;(u)s;(u) for a smooth function g and note
that Z(s1) = 0. As a result,

Z(fo) () = s1(w) {u(l — ) + [1 = Nulou} (g:)(w)
where the RHS is the operator displayed in (@). Since f;(1) =0 when N > 3 then we always have

1 1
/ e M 0rgy(u)sy (u)du = / et {u(1 = w)d; +[1 = Nuldu} (g¢)(w)s1(u)du.
0 0

But the set of monomials (u™),>0 is total in L*([0,1], (1 — u)¥~2du) ([4], Theorem 3.17) then g solves the
heat equation

Arge(u) = {u(l — u)O? + 1 — Nuldy} (g¢)(w)
More generally, the Laplace transform of the dens1ty of Ut(k) 1 <k < N — 1 satisfies the linear pde

(11) o = ZAJWFZA — NX)d;0 — ZAA&W

J,i=1
Hoping there will be no confusion, set again

%@Mé/aMM@wm
>

8



where du is the Lebesgue measure in the simplex Y. Then, Integration by parts

k k
_ R o f () | du
S - / (;aﬂ ))d

(A2 = NX\)dipe(N)  — /Ee“m[aﬁ+N6i](uift(U))du, ie{l.. k),
MO\ — /EeQ’maii(ufft(u))du, ie{l,....k},
Aid;Oiioi(N) — /26<A’“>3ij(uiujft(u))du, 1<i#j<k,
transform the pde () into

/ e<’\’“>3tft(u)du = boundary terms +/ €<’\’u>$(ft)(u)d“
5 b

where this time . denotes the operator

k k
i=1 i=1 i#£]
If k = N — 1 then £ reduces to the operator displayed in (7). Otherwise, set
fe(u) £ ge(u)si(u)

where this time g is a smooth function in both variables (¢,u),u € X and note that the relations 9;s; =
018k, 1 < i < k together with the identity

k k k k k 2
Zui(l—ui)—Zuiuj :Zui <1—Zui> = <1—Zui> — (1—Zul>

i#]
imply that %, (sx) = 0. Hence Z(f;)(u) gives rise to

k k
Z[l + [N —4 — 2(k — 1)]’11,1] 0; + Z(uz - Oii Zuzujaw + 2 Zul — uz)& — Zujui(?i
=1

i=1 i it
k k k
:Z[1+[N—4—2(k—1)]ui}8i+z i — u?) Oy Zuujau—i—2% (u) Zuiai 1—ui—Zuj
i=1 i=1 i#j i=1 j#i
k k
= Z[l —Nui]ai—i—z —u Oii Zuzu] i
i=1 i=1 i#]

acting on g;. Consequently, if the boundary terms vanish then Theorem 3.17 in [4] implies that g; solves the
heat equation

k k
Z[l - Nui]ai + Z - u u Z uzu] ij | 9t = 6tgt'
i=1 i=1 i#£]
We shall see below that this is the case provided that 1 < k < N — 2.

6. ANALYSIS OF THE BOUNDARY TERMS

Recall from the previous section that the integration by parts performed in the one-variable setting gave
rise to the boundary term

M1 = Nu) fou) = Ou(u(l — u) fo(u))]

9



which vanish at u = 1 since f¢(1) = 0 when N > 3 (note that there is no such condition when N = 2). For
higher values k > 2, the situation is similar provided that 1 < k < N — 2 and is different when £k = N — 1
due to the interactions between u; and u; for ¢ # j. Indeed, the boundary terms are given by

k

s 1— i Wi s
Z/[ekl "1 = Nug) fi(u)]g > He/\J Lo,y (uj)duy | +
=1

J#i

k

s 1*Z]~ i Wi s
3 / e i (1— ) o)l =% | T e 1jo,1)(5)duy
=1

J#i

k
> / [0, {ua(1 = wi) ) o™ | [T €M™ 1o (y)du; | —
=1

J#i

s 1=> i Um w
Z /()‘juﬂ')[e’\l i fr(u)l B H e g 4y () dum, | +

1<j#i<k m#i

s 1— m juwn mUm
Z /[6)\] Ju;0i{ui fr (w) Y, o H et 1j0,1) (U ) iy,

1<j#i<k mj

By Leibniz rule, the third and the last terms split into

k

s 1— ji Wi s
Z/[ekl i1 = )i fi(w)]y = ITe 10,0 (us)du; | +
1=1 VE)

k

Ui 172]‘ i Wi iU
3 / [ (1= 2u) ()]s =7 | T % 0 ()
=1

JFi
and

Z /Uz‘[eAjujujaz‘ft(U)](l)izm#um Hel\muml[o,l](um)dum +

1<j#i<k m#j

k
U -3, j Um mUm
(k — 1)2/[6A] Tuj fi(uw)]o ” H e g 1) (tm ) ity
j=1

mj

respectively. Thus there are no boundary terms at u; = 0,1 < ¢ <[, while the remaining ones are given by

k
Z /[e)\iui (k 41— N)uift(u)]’ud:1*2j¢i Uj H et 1[0_’1] (U,j)de +
=1 37
. _ wi=1=30,, uj
Z/ e)\iuiui )\1(1 _ uz) _ Z)‘juj ft(u) HeAjUJ' 1[071] (Uj)duj
i=1 J#i I
. _ Uizlfzj';si uj
Z / it w; { (1 — w;) 0 fr(u) — Z ujajft(u) H e 10,1] (Uj)d’l,Lj
i=1 J# 7
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If N > k+ 2 and f; = gis vanishes on the hyperplane {uj + - - - + ux, = 1} and the boundary terms reduce
to

ui:1_2j¢i Uj

k
S [T (1Y 0y ) § S w o) - 8w [T 20 (u)duy
=1 i i j#i
But since ;s = 0;s5 and since sy, vanishes on {uq + -+ +up =1}, then for any 1 <i# j <k
Oift(w) =0;fr(uw), wi+--4u=1
so that all boundary terms vanish. When k£ = N — 1 the boundary terms read

k
Z/eAi(1*2j¢i“j) 1—Zuj Z(/\i—/\j)uj [ft(u)]ui:kZ#iuj Hekjujl[o,u(uj)duj —
=1 J#i G Ji

ui:l_Zj;éi uj

k
> / M) |1 - > ui | Y w05 fi(w) — 0 fuluw)] [T e 1p0,0(us)du;
=1 i i j#i
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