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ON KOSTANT’S THEOREM FOR THE LIE SUPERALGEBRA Q(n)

ELENA POLETAEVA AND VERA SERGANOVA

1. INTRODUCTION

A finite W-algebra is a certain associative algebra attached to a pair (g, e) where g
is a complex semisimple Lie algebra and e € g is a nilpotent element. Geometrically
a finite W algebra is a quantization of the Poisson structure on the so-called Slodowy
slice (a transversal slice to the orbit of e in the adjoint representation). In the case
when e = 0 the finite W-algebra coincides with the universal enveloping algebra U(g)
and in the case when e is a regular nilpotent element, the corresponding W -algebra
coincides with the center of U(g). The latter case was studied by B. Kostant [15] who
was motivated by applications to generalized Toda lattices. The general definition
of a finite W-algebra was given by A. Premet in [24]. I. Losev used the machinery
of Fedosov quantization to prove important results relating representations of W-
algebras and primitive ideals of U(g) [16], 17, 18] (see also [25], 26, 27]). He used
this result to prove long standing conjectures of A. Joseph and others concerning
primitive ideals in U(g), [11].

On the other hand, affine W-algebras were first constructed by physicists [8], 9.
The role of the Slodowy slice in W-algebras in the principal case was recognized in
[2]. A. De Sole and V.G. Kac in [7] established the relation between affine and finite
W-algebras.

Let us mention an important discovery of physicists, [28], that for g = sl(n) finite
W-algebras are closely related to Yangians. This connection was further studied in
[4] and [6].

It is interesting to generalize all above applications to Lie superalgebras. Finite W-
algebras for Lie superalgebras have been extensively studied by C. Briot, E. Ragoucy,
J. Brundan, J. Brown, S. Goodwin, W. Wang, L. Zhao and other mathematicians
and physicists [3, [, 31} 32]. Analogues of finite W-algebras for Lie superalgebras in
terms of BRST cohomology were defined in by A. De Sole and V.G. Kac in [7].

In [3] C. Briot and E. Ragoucy observed that finite 1¥/-algebras associated with
certain nilpotent orbits in gl(pm|pn) can be realized as truncations of the super-
Yangian of gl(m|n), see [19] for definition.

The principal finite W-algebras for gl(m|n) associated to regular (principal) nilpo-
tent elements were described as certain truncations of a shifted version of the super-

Yangian Y (gl(1|1)) in [5]. It is also proven there that all irreducible modules over
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principal finite W-algebras are finite-dimensional for gl(m|n). Furthermore, [5] con-
tains a classification of irreducible modules using highest weight theory:.

In [32] L. Zhao generalized certain results about finite WW-algebras to the case of Lie
superalgebras. In particular he has proved that the definition of a finite WW-algebra
does not depend on a choice of an isotropic subspace [ and a good Z-grading. He has
also proved an analogue of the Skryabin theorem establishing equivalence between
the category of modules over a finite WW-algebra and the category of generalized
Whittaker g-modules. He also gave a definition of a finite W-algebra for the queer
Lie superalgebra Q(n) .

In [22] 23] we described the finite WW-algebras in the regular case for some classical
and exceptional Lie superalgebras of defect one.

In this paper we are interested in the finite W -algebra associated with a regular
nilpotent element x € g7 for a Lie superalgebra g with reductive even part gg. (Since
not all such superalgebras admit an even invariant form, we can not identify g with
g*, and we use the notation W, instead of W,.) We prove that for basic classical
g or Q(n) and the regular x the algebra W, satisfies the Amitsur-Levitzki identity
([) (Corrolary B.6]). In the proof we use some sort of reduction by constructing
an injective homomorphism o : W, — W;, where s is the reductive part of some
parabolic subalgebra p C g, and W; is an analogue of W, for s. As a corollary we
obtain that all irreducible representations of W, are finite-dimensional (Proposition
3.17).

We study in detail the case when g = @(n) and y is regular. In this case, p is a
Borel subalgebra and s is a Cartan subalgebra. We obtain results about the image
of ¥ in this case, which imply, in particular, that the center of W, coincides with the
center of U(Q(n)) (Corollary (.10).

Using Sergeev’s construction of certain elements in the universal enveloping algebra
U(Q(n)) ([24]), we construct generators of W, . Using these generators, we prove that
the associated graded algebra GrgW, with respect to the Kazhdan filtration is iso-
morphic to S(gX) (the symmetric algebra of the annihilator gX of y in g) (Conjecture
2.8 and Corollary [4.9). Furthermore, we prove that W, is isomorphic to a quotient of
the super-Yangian of Q(1) defined by M. Nazarov and A. Sergeev ([20, 21]) (Theorem
6.1). Finally, we construct n even and n odd generators in W,, such that all even
generators commute and generate the polynomial subalgebra of rank n in W,, and
the commutators of odd generators lie in the center of W, (Theorem G.13)).
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2. FINITE W-ALGEBRAS FOR LIE SUPERALGEBRAS

2.1. Definitions. Let g = g5 & g7 be a Lie superalgebra with reductive even part gg.
Let x € g5 C g* be an even nilpotent element in the coadjoint representation. A By
gX we denote the annihilator of x in g. By definition

gt ={recg|x(zg]) =0}

A good Z-grading for y is a Z-grading g = @ g; satisfying the following two condi-
JET

tions

(1) x(g;) =0if j # =25

(2) gX belongs to @gj.

Jj=>0
Note that x([-,-]) : g—1xg-1 — C is a non-degenerate skew-symmetric even bilinear
form on g_;. Let [ be a maximal isotropic subspace with respect to this form. We
consider a nilpotent subalgebra m = (@ gj) @ [ of g. The restriction of y to m
Jj<-2
x:m—C

defines a one-dimensional representation C, =< v > of m.
Definition 2.1. The induced g-module

Qx = U(g) ®U(m) Cx = U(g)/Ixa

where I, is the left ideal of U(g) generated by a — x(a) for all a € m, is called the
generalized Whittaker module.

Definition 2.2. [24]. Define the finite W -algebra associated to the nilpotent element
X to be
WX = EndU(g)(QX)Op.

As in the Lie algebra case, the superalgebras W, are all isomorphic for different
choices of good gradings and maximal isotropic subspaces [ [32].

If g admits an even non-degenerate invariant supersymmetric bilinear form, then
g ~ g" and x(z) = (e|z) for some nilpotent e € gz. By the Jacobson-Morozov
theorem e can be included in sl(2) =< e, h, f >. As in the Lie algebra case, the

linear operator adh defines a Dynkin Z-grading g = @ g;, where
JEZ
g; = {r € g | adh(z) = jz}.

I Denote by Gj the algebraic reductive group of gg. Then x is nilpotent if the closure of Gi-orbit
in g5 contains zero.
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As follows from representation theory of s[(2), the Dynkin Z-grading is good. Let
g° := Ker(ade). Note that as in the Lie algebra case, dim g¢ = dim gy + dim g; and
g C @gj-
>0

Most results of this paper concern the case when g admits an odd non-degenerate
invariant supersymmetric bilinear form. In this case g ~ IIg* and x(z) = (E|z) for
some nilpotent £ € g;. Among classical Lie superalgebras only Q(n) or PSQ(n)
admit an odd non-degenerate invariant supersymmetric bilinear form. We will see
that in this case there is an analogue of the Dynkin Z-grading.

Note that by Frobenius reciprocity

Endy(g) (@) = Homym) (Cy, Qy)-
That defines an identification of W, with the subspace
={ue @, | au = x(a)u for all a € m}.

In what follows we denote by 7 : U(g) — U(g)/I, the natural projection. By above

2.1) Wy = {n(y) € U(@)/Iy | (a— x(@))y € I for all a € m},
or, equivalently,
(2.2) W, ={n(y) € U(g)/I, | ad(a)y € I, for all a € m}.

The algebra structure on W, is given by
m(y1)m(y2) = 7(Y1y2)

for y; € U(g) such that ad(a)y; € I, for alla € m and i =1, 2.

Definition 2.3. A Z-grading g = @gj is called even, if g; = 0 unless j is an even
JEL
integer.
The definition of W, for an even good Z-grading is simpler, since in this case
g_1 = 0. Hence there is no complications of choice of a Lagrangian subspace [ and

m = @9—2]'-

Jj>1
Let p := @ g2;. It follows directly from definition that p is a parabolic subalgebra
Jj=>0
of g. From the PBW theorem,

Ulg) = U(p) @ L.

The projection pr : U(g) — U(p
an isomorphism: U(g)/I, — U(p
subalgebra of U(p).

~—

along this direct sum decomposition induces
Thus, the algebra W, can be regarded as a

\_/
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2.2. Kazhdan filtration on W,. Define the Z-grading on 7'(g) induced by the shift
by 2 of the fixed good Z-grading. In other words, we set the degree of X € g, to
be j + 2. It induces a filtration on U(g) and therefore on U(g)/I,, which is called
the Kazhdan filtration. We will denote by Grg the corresponding graded algebras.
Recall that by ([2.1) W, C U(g)/I,. Hence we have the induced filtration on W,. It
is not hard to see that GriU(g) is supercommutative and therefore GrgWW, is also
supercommutative. For any X € W, we denote by Grg X the corresponding element
in GrgW,. The following result is very important.

Theorem 2.4. A. Premet [24]. Let g be a semisimple Lie algebra. Then the associ-
ated graded algebra GrxW, is isomorphic to S(gX).

We believe that the above theorem holds for basic classical Lie superalgebras if
dim(g_1)1 is even. In fact, for g = gl(m|n) and regular y it is proven in [5]. In this
paper we prove the analogous result for regular xy and g = Q(n) (see Corollary [1.9]).

We will prove now a weaker general result. Let I’ be some subspace in g_; satisfying
the following two properties

e g =1
e [’ contains a maximal isotropic subspace with respect to the form x([-,-]) on
g-1-

If dim(g_1)7 is even, then [’ is a maximal isotropic subspace. If dim(g_;)7 is odd,
then [+ NI’ is one-dimensional and we fix § € [- NI such that x([0,0]) = 2. It is clear
that 7(0) € W, and 7(6)* = 1.

Let p = @gj. By the PBW theorem, U(g)/l, ~ S(p @ I') as a vector space.

Jj=>0
Therefore Grg(U(g)/I) is isomorphic to S(p @ I') as a vector space. The good
grading of g induces the grading on S(p @ l'). For any X € S(p @ ') we denote by X
the element of highest degree in this grading. Following the original Premet’s proof
we will prove now the following statement.

Theorem 2.5. (a) Assume that dim(g_1); is even. If X € GrgW,, then X € S(gX).
(b) Assume that dim(g_;)1 is odd. If X € GrgW,, then X € S(g*¥ & C9).

Proof. We start with the following simple observation.

Lemma 2.6. Let © € p@® . Then x([m,z]) = 0 if and only if x € gX for even
dim(g_1)1 and x € g¥ & C6 for odd dim(g_1)1.

Proof. Note that if x € g, and Y € g;, then x([Y,z]) # 0 implies ¢ + j = —2.
Therefore if x € p, the condition x([m,z]) = 0 implies the condition x([g,z]) = 0,
and thus = € gX. If x € ', then the condition x([m,z]) = 0 is equivalent to the
condition x([l, z]) = 0. Therefore x € [+ NI = C4. O
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Let X € GrgW,. Passing to the graded version of (2.2 we obtain that for any
Y € m we have

(2.3) m(adY (X)) = 0.
Definey:m®@ S(pd ') — S(p ') by putting
(Y, Z) = m(adY (Z))

forall Y e m;Z € S(p @ ). It is easy to see that if Y € g_;, where ¢ > 0, and
ZeSpal), theny(Y,Z) € S(pdl);j—i @ S(p & l);_ir2). Hence we can write
v = v + 72 where (Y, Z) is the projection on S(p & I');_; and (Y, Z) is the
projection on S(p @ I');_;+2. The condition (2.3)) implies that for any X € GrgW,

(2.4) ~a(m, X) = 0.

On the other hand, 5 :m x S(p& ') = S(p ® ') is a derivation with respect to the
second argument defined by the condition

1Y, Z) = x([Y, Z])

for any Y € m,Z € p®l'. Now by induction on the polynomial degree of X in
S(p@ V'), using Lemma [2.6], one can show that (2.4) implies X € S(g¥) (respectively,
X € S(gxe Co)). O

Proposition 2.7. Assume that dim(g_)1 is even (respectively, odd). Let y, ..., y,
be a basis in gX¥ homogeneous in the good Z-grading. Assume that there exist
Yi,...,Y, € W, such that GrgY; =y, for alli =1,...,p.

(a) Y1,...,Y, generate W, (respectively, Yi,...,Y, and w(0) generate W, ) ;

(b) GrgW, =~ S(gX) (respectively, GrgW, =~ S(g¥) ® C[¢], where C[¢] is the
exterior algebra generated by one element ).

Proof. We will give a proof in the case when dim(g_;); is even. The odd case is
analogous and we leave it to the reader. Let us first prove (a) by contradiction.
Assume that X € W, is an element of minimal Kazhdan degree such that it does not
lie in the subalgebra generated by Yi,...,Y,. By Theorem we have

GrgX = Zc(al, co )Yt YP

Let
Z :X—Zc(al,...,ap)Yl‘“...Y;,“”.

Then Kazhdan degree of 7 is less than that of X. By minimality of degree of X we
conclude that Z = 0. That contradicts our assumption.

To prove (b) write p = g¥ @ t, where t is some graded subspace complementary to
gX. Let v : S(pal') — S(g¥) denote the natural projection with kernel (v l')S(pdl').
By (a) and Theorem the restriction v : GrgW, — S(gX) is an isomorphism of
rings. U
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Conjecture 2.8. Assume that g is a Lie superalgebra with reductive even part gg.
If dim(g_;)7 is even, then GrgW, ~ S(gX) and if dim(g_,)7 is odd, then GrgW, =~
S(gX) ® C[¢], where C[¢] is the exterior algebra generated by one element &.

2.3. Kostant’s theorem and the regular case for Lie superalgebras. A nilpo-
tent x € g7 is called regular if Gg-orbit of x has maximal dimension, i.e. the dimen-
sion of g3 is minimal. Let us recall that for a regular nilpotent y and a reductive Lie
algebra g the algebra W, is isomorphic to the center Z(g) of U(g), see [15].

It is not hard to see that this result of B. Kostant does not hold for Lie superalge-
bras. In Section 3 we will prove that for regular x, W, satisfies the Amitsur—Levitzki
identity and all irreducible representations of W, are finite-dimensional with dimen-
sion not greater than 2!, where k is the constant depending on defect of g and the
parity of dimgy. Recall that for a contragredient g the defect of g is the maximal
number of mutually orthogonal linearly independent isotropic roots, [14].

2.4. Good Z-gradings for superalgebras in the regular case. Good Z-gradings
for basic classical superalgebras are classified in [12]. In the case when Y is regular
and g is of type II (i.e. gp is semisimple and g7 is a simple gg-module), the only good
Z-grading is the Dynkin Z-grading, and it is never even. If g is of type I, i.e. gg has
a non-trivial center, we can choose an even good Z-grading for any y. For the Lie
superalgebra Q(n) the analogue of Dynkin Z-grading is even for any Y.

Let us concentrate on the case of basic classical or exceptional Lie superalgebras of
type II and regular y. In this case x(-) = (e|-) for some principal nilpotent element
e € gg. We are going to describe the Dynkin Z-grading on g in terms of a specific
Borel subalgebra. Let by C g be the Borel subalgebra containing e. Since e is
principal, this Borel subalgebra is unique. Let Il denote the set of simple roots of
bg.

Lemma 2.9. Let g be a basic classical or exceptional Lie superalgebra of type II.

(a) There exists a Borel subalgebra bg C b C g with the set of simple roots II such
that for any root 3 € 1l either 8 € 11 or § = ay + ag for some aq, ag € 11.

(b) Let d denote the defect of g. Then the number of odd roots in 11 equals 2d if
g = 0sp(2m + 1|2n) for m > n, osp(2m|2n) for m < n or G3, and the number of odd
roots in Il equals 2d + 1 if g = osp(2m + 1|2n) for m < n, osp(2m|2n) for m > n,
D(2,1;a) or Fy.

(c) Let e, h, f be the sl(2)-triple such that h € h. Then a(h) = 2 for any even
a € IT and a(h) =1 for any odd a € 11, i.e. the Dynkin Z-grading is consistent.

Proof. (a) Among all Borel subalgebras containing bg pick up the one that has max-
imal number of odd roots and contains an odd non-isotropic root if such roots exist.
For ortho-symplectic superalgebra those Borel subalgebras are listed in [10].

For the exceptional superalgebras we list the simple roots using the roots descrip-
tion in [13]. If g = G3, the set of simple roots is {6, v1 — d, 72}, where v, is the short
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and 7 is the long simple root of G5. If g = Fj, then the set of simple roots is
1 1 1
{e1 — &9, 5(—81 +e9—e3—9), 5(—51 — &9+ e3+0), 5(61 +e9—e3+9)}.

(b) follows by direct inspection.
(c) follows from the condition [k, e] = 2e and (a). O

Corollary 2.10. Let g be a basic classical or exceptional Lie superalgebra of type
II, and d be its defect. If g = osp(2m + 1|2n) for m > n, osp(2m|2n) for m < n or
G3, then dimg_; = (0|2d). If g = osp(2m + 1|2n) for m < n, osp(2m|2n) for m > n,
D(2,1;a) or Fy, then dimg_, = (0|2d + 1). By Lemma [29(c) dimg_, equals the
number of irreducible s{(2)-components in g;. Therefore dim(gX); = 2d or 2d + 1.

Corollary 2.11. Let g satisfy the assumptions of Corollary [2.10.

(a) One can choose a maximal isotropic subspace [ C g_; such that | = g_,, &
-+ @g_q, for some isotropic mutually orthogonal roots a, ..., o4 € 11. In particular,
[[, []=0.

(b) There exists a parabolic subalgebra p C g with Levi subalgebra s such that
mNs is an even one dimensional subspace, and if n~ denotes the nil radical of the
opposite parabolic p~, then n~ C m.

(c) If g does not have non-isotropic roots (i.e. g = osp(2m|2n) or F,), then [s, s]
is isomorphic to a direct sum of several copies of s[(1|1) and one copy of s[(1]2). If g
has non-isotropic roots (i.e. g = 0sp(2m + 1|2n) or G3), then s, s] is isomorphic to a
direct sum of several copies of sl(1]1) and one copy of 0sp(1]2).

Proof. Let I denote the Dynkin diagram of II. For any subset C' C Il we denote
by I'c the corresponding subdiagram of I'. Let I’ denote the set of all odd roots of
I1, the subgraph I'r;r is connected and II'’ has at most one non-isotropic root. Let
us choose a subset A = {ay,...a4} C II' of mutually orthogonal isotropic roots
such that the subgraph I'm 4 has maximal number of connected components. If II'
contains a non-isotropic root, then I'y 4 is a disjoint union of single vertex diagrams.
If all roots of II" are isotropic, then I'yi 4 is a disjoint union of several single vertex
diagrams and one diagram consisting of two connected isotropic vertices. The latter
is the diagram of s[(1]2).

Now we set s to be the subalgebra of g generated by h and g, for all 5 € II'\ A and
let p =b+s. We leave to the reader to check that all requirements of the corollary
are true for this choice. OJ

Example 2.12. Let g = osp(3]4). Then II has the Dynkin diagram

X — Q= e,
and A consists of one middle vertex. In this case [s,s] ~ s[(1|1) ® osp(1/2).
Example 2.13. Let g = G3. Then II has the Dynkin diagram

e =®&o,
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and A again coincides with the midle vertex. In this case we also have [s,s] ~
sl(1]1) & osp(1]2).

2.5. The queer superalgebra @)(n). Recall that the queer Lie superalgebra is de-

fined as follows
Q(n) = {( g i ) | A, B are n X n matrices}.

Let 0tr< g i ) = trB.

Remark 2.14. Q(n) has one-dimensional center < z >, where z = 1,,. Let
SQn) ={X € Q(n) | otrX = 0}.
The Lie superalgebra Q(n) := SQ(n)/ < z > is simple for n > 3, see [13].

Note that g = Q(n) admits an odd non-degenerate g-invariant supersymmetric
bilinear form
(z|y) := otr(zy) for x,y € g.
Therefore, we identify the coadjoint module g* with II(g), where II is the change of

parity functor.
Let e;; and f; ; be standard bases in g5 and g7 respectively:

FE.. 0 0 FE..
ei,': - ) fi,': U)7
(D). - (Ll

where E;; are elementary n x n matrices.
Let sl(2) =< e, h, f >, where

[y

n—1 n—
e= Zei’i_i_l, h=diagin—1,n—3,...,3—n,1—mn), f= i(n—i)eir1,.

1=1 i=1

Note that e is a regular nilpotent element, h defines an even Dynkin Z-grading of g
whose degrees on the elementary matrices are

0 2 - 2n-—-2 0 2 - 2n-=2
—2 0O - 2n—-4| =2 0O - 2n—-4
29 - ... 0 2—-9n .- ... 0
0 2 - 2n-—2 0 2 - 2n-=2
—2 0O - 2n—-4| =2 0O - 2n—-4
29 .- ... 0 29 .- ... 0
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Let £ = Z?z_ll fii+1. Since we have an isomorphism g* >~ II(g), an even regular
nilpotent y € g* can be defined by x(z) := (z|E) for z € g. Note that the Dynkin
Z-grading is good for xy. We have that

(2.5) g =g” ={z,e,e% ..., " | Hy, Hy,...,H,_}, dim(g¥) = (n|n),
where Hj, = E?:_lk(—l)”k_lfiﬁk for k=0,...,n—1. Let

n—1
m=Pg
j=1
Note that m is generated by e;1;; and fiy1,, wheret=1,...,n— 1, and

(26) X(€i+1,i) = 1, X(ei—l—k,i) =0 if & Z 2, X(fl-l-k,l) =0 if k Z 1.

The left ideal I, and W, are defined now as usual. Moreover,

n—1
b= @ 92;
§=0

is a Borel subalgebra of g, b := go is a Cartan subalgebra, and b = h @ n, where

n—1
n:.:= @ 92;j-
j=1
Note that the algebra IV, can be regarded as a subalgebra of U(b).

3. SOME GENERAL RESULTS

3.1. The Harish-Chandra homomorphism. In this section we assume that g is
a basic classical Lie superalgebra or Q(n). Let p C g be a parabolic subalgebra such
that n=~ C m C p~, where n™ denotes the nilradical of the opposite parabolic p~.
Let s be the Levi subalgebra of p, n be its nilradical and m* = m N s. Note that
m =n" & m*. We denote by @5, the induced module U(s) ®yms) Cy, where by x we
understand the restriction of x on s. Let

Wy = Endu Q% = (@)™

Let J, (respectively J;) be the left ideal in U(p) (respectively in U(s)) generated
by a — x(a) for all a € m®.

Finally, let ¥ : U(p) — U(s) denote the projection with the kernel nUU(p). Note
that J(J,) = J3. Thus, the projection ¢ : U(p)/Jy, — U(s)/J3 is well defined.

Note that we have an isomorphism of vector spaces @, =~ U(p)/J,, hence W, can be
identified with a subspace in (U(p)/.J,)™ . On the other hand, W¢ can be identified
with the subspace (U(s)/J:)™. Consider a map ¥ : W, — U(s)/J; obtained by
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the restriction of ¥’ to W,. Since adm®(n) C n, ¥ maps adm®-invariants to adm?®-
invariants. In other words, J(W,) C W?. Furthermore, one can easily see that
U : Wy — W7 is a homomorphism of algebras.
An important example is as follows. Assume that g admits an even good grading
with respect to y. Then we can set p = @gi. Then s = go, m* = 0 and ¥ is a
i>0
homomorphism W, — U(s).

Theorem 3.1. The homomorphism ¥ : W, — W; is injective.

Proof. We consider a new grading g = @ g() such that p = @ g()- Note that J,
i€Z i>0

is a graded ideal and hence @), is also a graded vector space with respect to this new

grading. Note that (Qy)) = Q3. For any t € C\{0} let ¢; denote the automorphism

of g that multiplies elements of g(;) by ¢/. Let X € W, = QY. Write

X=> Xo,
i=d
where X(;) € (Qy)@) and X gy # 0. Our goal is to show that d = 0. Let
Xo = 11_{% G (x)-
Then xo(n~) =0, Xo|ms = X|me- Note that

i (X) € W,
and hence by the standard continuity argument X € (U(g) ®um) Cy,)"™. Note that

U(9) ®um) Cxo = U(9) @up—) Up™) ®um) Cxo

Furthermore, U(p~) ®pm) Cy, has the trivial action of n™ and is isomorphic to @,
as an s-module. Thus, X4 € (U(g) ®up-) Q)™
We need now the following Lemma.

Lemma 3.2. (U(g) Qup-) @Q3)" = Q5.

Proof. Let ¢ be a generic central character of U(s) and S be a quotient of @3 ad-
mitting this central character. Consider the parabolically induced module M :=
U(g) ®up-) S (here we assume that n™ acts trivially on S). We will prove that
MM =S.

Let v : Z(g) — Z(s) be the restriction of the Harish-Chandra projection U(g) —
U(s) with kernel n=U(g) + U(g)n". Note that M admits central character v*(().
Any simple s-submodule N C M"™ that admits central character (' generates in M
a submodule admitting central character v*(¢’). Hence we have v*({) = v*(¢').

Recall the correspondence between central characters and weights. One chooses a
Borel subalgebra b® in s and set ( to be the central character of the Verma module
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over § with highest weight A. Furthermore b® & n~ is a Borel subalgebra in g and
we define the U(g)-central character () to be the central character of the Verma
module over g with highest weight A. Obviously, 7*(¢y) = {\. Moreover, all simple
s-subquotients of M admit central character ¢, for some pr € A+ R(n~) where R(n")
is the set of weights of U(n~). Recall that if X is typical, then () = {, implies that v
is obtained from A by the shifted action of the Weyl group of gg.

Let us choose a typical A such that the intersection of the orbit of A and A+ R(n™)
equals A\. Suppose that there exists a simple N € M®™ Nn M. Then N admits
U(s)-central character ¢, for some u € A+ R(n~), u # X. But then (, # (. A
contradiction.

Since S is generic, the above argument implies (U(g) ®pp-) Q5)" = Q- O

Now we can finish the proof of the theorem. By Lemma

(U(g) ®up-) @)™ = (@™ = Wy,
That implies d = 0. 0]

3.2. The case of a regular y. If x is regular and admits an even good Z-grading,
then g is isomorphic to sl(m|n), 0sp(2[2n) or Q(n). In this case we set p = @ g;. If
i>0
g is of type II, then we deﬁne p as in Corollary |2:|I| -
If g = Q(n) we set k = 2 if n is even and 25% if n is odd. In other cases we set
k = d (the defect of g) if g 1s of type I or g is of type II and dimg{ is even. If g is of
type II and dimgy is odd, then we set k = d + 1.

Proposition 3.3. W; satisfies Amitsur—Levitzki identity, i.e. for any uq, ..., Ugk+1 €
Wy
(3.1) Z Sgn(a)ug(l) <o Ug(2k+1) = 0.

UESQkJrl

Proof. We first consider the case of even Z-grading. Then W; = U(s). Let us assume
first that g = Q(n). Then the even good Z-grading coincides with the Dynkin Z-
grading and s = go = b is a Cartan subalgebra of g. Denote
T = e, &= (_1>i+1fi,i-

Then z; lie in the center of U(h) and we have [f;;, fi;| = 2x;. From this it is easy to
see that U(hg) = Clxy, ..., z,] coincides with the center of U(h).

Let F' denote the algebraic closure of the field of fractions of U(hg) and let U(h)p =
F ®uyy) U(h). Then U(h)p is isomorphic to the Clifford algebra associated with a
non-degenerate symmetric form on an n-dimensional space. Thus, U(h)pr ~ My (F)
for even n and U(h)p ~ My (F') X Mor (F') for odd n, where by M(F') we denote the

algebra of s X s matrices over F'. Thus, by the Amitsur—Levitzki theorem (see [1]),
U(h) satisfies (3.I]). Since U(h) is a subalgebra of U(h)r, it also satisfies (3.1]).
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Now let g = sl(m|n) or osp(2|2n). Then the even part of s coincides with the
Cartan subalgebra b, which is abelian. The basis of the odd part consists of root
elements Xy,..., X, Yy, ..., Y, such that [X,,Y;] =0if ¢ # j, [X;, X;] =[¥,,Y;] =0
for all 4,7 < k. Thus, s has a triangular decomposition § = s~ & h & s+, with
s spanned by Xi,..., X, and s~ spanned by Yi,...,Y.. Let A € b* and M), =
U(s) ®u(pas+) Cr denote the Verma module over s. The dimension of M) equals 2.

An easy calculation shows that H M, is a faithful U(s)-module. Therefore U(s)

Aeb*
is isomorphic to a subalgebra in H End¢(M,). Since H Endc(M,) satisfies the
Aeb* Aeb*

Amitsur-Levitzki identity, U(s) must satisfy it as well.

Finally, let us consider the case when g is of type II. Here we are going to consider
two subcases. We will use notations of the proof of Corollary 2111

First, let us assume that Il contains an odd non-isotropic root S. Then II'\ A =
{B1y---,Br-1,0 = Pr}. Then [s,s] is a direct sum of & — 1 copies of s[(1|1) generated
by the root spaces gig,, ¢ = 1,...,k — 1 and one copy of osp(1|2) generated by g1,
Furthermore, m® C osp(1|2) is generated by g_25. Let us write s = &' @ v, where
v = 05p(1|2). Then W7 = U(s') @ W¢, where W} is the usual W-algebra for the
regular x and v = osp(1|2). In the following example we give an explicit description
of W-algebra for osp(1|2).

Let v = 0sp(1|2) =< X, Y, H | 6,r >, where

X = Ep3,Y = E3, H= Fyy — F33,0 = E\g — E31,7 = Ey3+ Ey.
Let sl(2) =< e,h,f >, where e = X,h = H,f = Y. The element h defines a
Z-grading on t:
t=t o@Dt 1 Dty Dty Dy, where
to=<Y > t_1=<0> 1t 9=<H> t1=<r> ty=<X>.

Consider the even non-degenerate invariant supersymmetric bilinear form (a|b) =
sstr(ab) onv: (lr) =1, (X|Y)=—3, (H|H)= —1.Let x(z) = (e|z) for x € ¢

and let W, be the corresponding W—alge%bra. Notethat gt = g° =< X | r >, m =t_o,
and x(Y) = —3. We have that 7(f) € W, and 7(f)> = 1. Let Q be the Casimir
element of . Then
m(Q) = 7(2X + H — H? + 2r0).
Let
R=mn(r— HO).
Note that 7(€2) and R belong to W,.

Lemma 3.4. a) W, is generated by w(2), w(#) and R. The defining relations are

[7(82), R] = [ (), =(6) :E

]
(R, R] = 7(Q), [R,m(6) [7(0),7(0)] = 1.
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b) For any ¢ € C, W, /(2—c) is isomorphic to a Clifford algebra with two generators
and it has a unique irreducible representation M, of dimension 2.

Proof. Since Grg(m(Q2)) = 2X, Grg(R) = r, then (a) follows from Proposition 2.7]
(a).
The proof of (b) is straightforward.
0J

We use Lemma [3.4] (b) to prove the Amitsur—Levitzki identity in the latter case. We
again consider the family M,® M., where M, is the Verma module over s’ and M, is as
in Lemma [3.4] (b). Then H (M ® M,) is a faithful We-module. Therefore W7 is

Aeh*,ceC
isomorphic to a subalgebra in H Endc (M, ® M,). Since H Endc (M, ® M.)
Aeh*,ceC Aeb*,ceC
satisfies the Amitsur—Levitzki identity, W; must satisfy it as well.
Finally we assume that all odd roots in II are isotropic. Then

H/\A = {ﬁla---aﬁk—laﬁk}

with the only non-orthogonal pair fj_1, k. In this case [s,s] is a direct sum of
k — 2 copies of sl(1|1) generated by the root spaces gis, i = 1,...,k — 2 and one
copy of s[(1]2) generated by gis, ,,08+p,. Furthermore, m®* C 5[(1\2) is generated by
f € 9-p,,-5,.- As in the previous case we write § = §' @ v, where v = sl(1]2). Then
We =U(s') @ W}, where

Wy = (U(x) ®cy Cy),

where x(f) = 1.
We realize v in the standard matrix form and introduce the following notations:

hy = Eiy + Es3,hy = Eyi + Eo, f = Egp,e = Egg,e” = Ey3,e” = Ey,
[~ =FEs5, [T =FEy,C=hy+ hs.

Let 7 : U(t) — U(r)/U(r)(f — 1) be the natural projection. We denote by € the
quadratic Casimir element of v and set

a=[fTefeTl=he —e" b=[e", fTf]=haf — [T
The reader can easily check that 7(C'),n(Q2),7(e”), 7(f7),n(a) and 7 (b) belong to
Lemma 3.5. a) W is generated by n(C),n(Q),w(e”),n(f),n(a) and = (b). It is
clear that () lies in the center of W. The other defining relations are

[7(C), m(e7)] = 7(e”), [7(C), m(a)] = 7(a),
[(C), m(f7)] = 7T(f‘),[ﬂ( );m(b)] = —m(b),
(), 7(f7)] = 1, [x(a), m(b)] = 7 (),
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and the commuators of all other odd generators are zero.

b) Let ¢,d € C, ¢ # 0, U be the subalgebra in W} generated by m(C'), (), 7(a)
and m(e”), Ueg = U/(7(Q) — ¢,7(C) — d,m(a),7(e”)) be the one-dimensional U-
module. The induced module M, 4 = Wi @u Ueq is simple and has dimension 4. The
product H M. q4 is a faithful W;—modu]e.

c,deC
Proof. We leave the proof to the reader. For assertion (a) one should use a suitable
modification of Proposition 2.7 (a). O

We also leave to the reader the proof of Proposition in the last case since it is
completely similar to the previous case. O]

In what follows we denote by A the image J(W,) of W, in WE.
Corollary 3.6. W, satisfies (3.1).
Proof. By Proposition 3.1}, A ~ W,. By Proposition B3] A satisfies (3.I)). O
Proposition 3.7. Let M be a simple W, -module. Then dim M < 2k+1,

Proof. Consider M as a module over the associative algebra W,, forgetting the Z,-
grading. Then either M is simple or M is a direct sum of two non-homogeneous
simple submodules: M = M; & M.

In the former case we claim that dim M < 2F. Indeed, assume dim M > 2F. Let V
be a subspace of dimension 2¥ 4 1. By the density theorem for any X;,..., Xout1 €
Endc(V) one can find uy, .. ., uge+1 in W), such that (w;)y = X, foralli =1,..., 28
Since End¢ (V') does not satisfy (8.I]), we obtain contradiction with Corollary

In the latter case, we can prove in the same way that dim M; < 2¥ and dim M, < 2F.
Therefore dim M < 2F+1,

O

Conjecture 3.8. Every irreducible representation of A =~ W, is isomorphic to a
subquotient of some irreducible representation of W? restricted to A.

4. GENERATORS OF W, FOR THE QUEER LIE SUPERALGEBRA (Q)(n)

In the rest of the paper we study in detail the case when x is regular and g = Q(n).
In this section we construct some generators of W In particular, we will prove

that W, is finitely generated. We use the elements e ) and f ) of U(Q(n)) defined
in [29] recurswely

(1 ) - Z< Yt
Zezk (m 1) m+1ZfZ 6kj
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Then

(4.2) leagoeny)] = Oinely — Suel™, eig £ = Sinf iy — it
Vm¢£?1=<—>m+%-f“”— by
[Fogs £ = (1™ 0el + 610e);)

Proposition 4.1. A. Sergeev [29)].

The elements > 2t generate Z(Q(n)).

=1 71,2

Remark 4.2. In contrast with the Lie algebra case the center Z(Q(n)) is not Noe-

therian, in particular, it is not finitely generated.
Lemma 4.3. 7(e™) and 7T(f )Y belong to W,.

nl

Proof. By (4.2)) we have that

k”xﬁﬂ—[u@%1 leags ur') = Ui FaY] =0
for all i > j. In other words, e, (m) ™ ¢ U(g)*™. Hence W(eiﬁ)), W(fr(:f)) ew,. O
Lemma 4.4. Let 1 <[] <n—1. Then

! 1 if m=10+1, 1 .
(43) w@&oz{Oifﬁ+2<m<n R(f0) =0, i1+ 1<m<n.

Proof. We will prove the statement by induction in [. For [ = 1 we have that

(4.4) m(en) = m(emn),  w(fh) = 7(fr):
Then ([A3]) follows from (Z.6]). Assume that (3] holds for I. From (1]) we have that

(4.5) (l+1 Z Em, ke (_1>l i fm,kflg)lv
(Hl Zemk me kekl

Note that
! l i
(4.6) [ems eih] = ey, lemps fir] = £,
l ! !
e e = (DD e £O) = (—1)H D,

Hence

m—1 m—1
gzlj_ll):Z(el(fl)lemk"i_eml +Zemke ) < ( f fm,k+( l+1 (l _'_mekf )

k=1 k=1

m—1 m—1

I 1 ! !
fr(n—ql = (fk 16m.k + fm 1)+ Z emkfkl (—1)! < (el(c,)lfm,k + (=)™ r(n)1> + Z an,kel(c,)l)‘
k=m

1 k=1

b
Il
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Then
(e =§w<e£’3>w<em,k> +§<w<emk> m(ef)) + (— 1) (fm ) T(FD)+
( 1>l+1(:11w<fk1> ().
(f““)=:117T(f1§f)1)ﬂ(em,k)+§(W(em,k)ﬂ(ﬁ§fi) (1) ()
<—1>’(j__11w< O ()

Then by @zﬁ&

(48) A =2 () + Z (7lemm) (D) + (D' 7 (fmi)n(ell))).

Let m > [+ 2. Then by induction hypothesis,

(4.9) 7r(e,g7)1) =7(f, @ 1) =0fork=m,... n

If m =1+ 2, then (e ﬁbﬁ”) = (61(211) = 1, and if m > [+ 3, then ﬂ(egfll)) =
71'(657?_171) = 0. Also, if m > [ + 2, then 7T(f(lJrl ) = (f "11) = 0. Hence (.3) holds
for [ + 1. OJ

Corollary 4.5.

(410) 7wy =0form<n—2, w7 =1 a(f{P)=0form<n-1,

n,l n,l
Lemma 4.6.
m(el) =n(z), w(f) = n(Ho).

Proof. Let 1 < m < n. We will show that

(4.11) wlen) = wlers), w(fu) =3 (~DF 7 (fir)-
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Again we proceed by induction on m. If m = 1, then (.11]) obviously holds by (4.4).
Assume that (£I1]) holds for m. From (1)) and (4.2)) we have that

n

m+1) m
£n,++1 1= Z €m+1 kek Y Z Jmt1 kfk 1= Z <€k Vemern + 67(71421 1) + Z err:,+1,l~c€1(c,1)7L
k=1 k=m+1
m(Z _flgnf)fmﬁ-lk‘l‘(—l)mﬂ i;::—ll Z fm+1kfk1 )a
k=1 k=m+1
gﬁl Z Cm+1 kfk GO Z fm+1 kek 1 Z <fl§?11)em+1,k + fr(:jr)l,l) + Z em+1,kf,§f'f)+
=1 k=1 k=1 k=m+1
(_1)m( Z(ek,l Sk + (—1)m+1 m+1 1) Z Jmi1 kekl )
k=1 k=m+1
Using (2.6) and (£3) we obtain
m+41 m
(cmrd) = m(ed) + T(emsrmtn),
m(fgind) = 7(fad) + (=17 (frtrme1)

By induction hypothesis we have

m m—+1
w(eri) =3 wlenn) + memprme) = 3 mlew).
k=1 k=1
m m—+1
(o) =0 (few) + (CO T fnsrm) = D (=D 7 (fio)-
k=1 k=1
Hence (e!")) = m(2) and 7(f\")) = m(H). O

Consider the Kazhdan filtration on U(b). By definition, the graded algebra Gr U (b)
is isomorphic to S(b). Moreover, GrxU(b) ~ S(b) is a commutative graded ring,
where the grading is induced from the Dynkin Z-grading of g. For any X € U(b) let
Gri(X) denote the corresponding element in GrgxU(b) and P(X) denote the highest
weight component of Grg (X) in the Dynkin Z-grading. For X € U(b), we denote by
degP(X) the Kazhdan degree of Grg(X) and by wtP(X) the weight of the highest
weight component of Grg (X).

Lemma 4.7. P(ﬁ(egg)) =z,

(4.12) P(r(ely 1*’“)) = k=2, n,
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Proof. We will prove a more general statement. We claim that for 0 <! <n—1 and
I<p<n

(413) (p+l Z €ii+ls

T

P(r(f%) = 3 (=11 fiapr, v = min{p,n — 1},

=1
In particular,
degP(r (")) = degP(r(f5)) = 21 + 2,
wtP(n(e ) = wtP(r(f5)) = 2.

We proceed to the proof of (A.I3) by induction on [ and p. Note that if [ = 0, then
(4.13) holds for any 1 < p < n by ([AII). Assume that if [ < k— 1, then (£I3) holds
for any 1 < p <n. Let | = k. Show that (AI3]) holds for p = 1. Note that

0= (D enield) + 0F (X £af).
=1 i=1

Let X = 7r(617,~e§7kl)), Y = W(flvifislf)) where ¢ = 1, ..., k. Note that
degP(m(e1,)) = degP(7(f14)) = 24,
wtP(7(e1,)) = wtP(m(f1,)) = 2i — 2.
By induction hypothesis,
degP(w(ei?))) = degP(r(fi})) = 2(k — ) +2,
wtP(m(el?)) = wtP(n( 1j)) =2(k — i).
Then
degP(X) =2k +2, wtP(X) =2k — 2,
degP(Y) =2k+2, wtP(Y)=2k—2.
Let X = 7(ey, k+1e,i+1 1)- Then by (43) X = m(ey +1). Hence
degP(X) =2k+2, wtP(X)=2k.
Finally, by (£3)
w(e,(jiﬁi,l) =0fori=2,...,n—Fk, (fk+21) =0fori=1,...,n—k.

Hence
P(r(ef'y™) = e1pn.



20 ELENA POLETAEVA AND VERA SERGANOVA

Let [ = k and assume that (£I3]) holds for p < m. Show that it holds for p = m + 1.
Note that

(m+1+k (m+k) m+k (m+k
€m+1,1 6m+1 z€ fm+1 i )

Thus
m—1
m k m—+k m+k
(67(71—:_1};_ )) = < W(6m+1,i€§,1+ ))) +7T(em+1,me7(n7;_ ))+
=1
k n—m—Fk

+k) (m~+k)
E ™ €m+1 m+i€ m+7, 1)+ T(ems M+k+1em+k+1 1 + ™ em+17m+k+i6m+k+i,1)+

=1 =2

k
(_1)m+k<z (fm+lzfzm+k ) + ZW St rmif, "lf'i))Jr
i=1 i=1

n—m—k

+k)
Z 71-(.fm—l—1777"b-|—19-|—1f n—li-k—i-z 1))

i=1

Let X = 7r(em+1zez(1+ ), where i = 1,..., m—1, and Y = 7r(fm+17z~fi(7T+k)), where

i=1,. mThenby(Iﬂl)and(lQIl)

m+k m+k m+k
X—w<e§1 Semiri ettty = m(el ),

m+k) m m—+k m m—+k
Y = w0 g+ (1)) = w(—1)m el ).
By induction hypothesis

(4.14) degP(X) = degP(Y) = 2k,
wtP(X) =wtP(Y) =2k — 2.

Let X = 7m(epmt1, me ) Then by (4.2) and (2.6])

X — 7T(6 (m+k)

(m+k)

;_ g te m—i—l,l)'

(m+k))

€m-+1,m + em—i—l,l = 7T(

(m
By induction hypothesis
(4.15) degP(m (el M) = 2k,
wtP(m(e,i)) = 2k — 2,

(4.16) degP(m (el ™)) = 2k + 2,
wtP(m(e!™ ™)) = 2k,

m,1



ON KOSTANT’S THEOREM FOR THE LIE SUPERALGEBRA Q(n) 21

Let X = m(emitmiiconsl)s Y = 7(fopimiiforiy) for i = 1,...,k. Then by
induction hypothesis
(4.17) degP(X) = degP(Y) = 2k + 2,

wtP(X) =wtP(Y) =2k — 2.

Let X = m(ems1 m+k+161(’n+—i;€421 1)- Hence by (A3) X = 7(emi1,mrt1). Then
(4.18) degP(X) = 2k + 2,
wtP(X) = 2k.

Finally, by (4.3) (em+17m+k+iem2?i,1) =0fori=2,...,n—m — k and

T(frnttmktif, "f,;]ill) =0fori=1,...,n—m — k. From (4£I4))-(418) one can see

that the highest degree component in W(e%n ++111+ k)) has degree 2k + 2, and its highest
weight component has weight 2k. In fact, if m > n—k, then by (4.1I6]) this component

is P(m(e (m+k))) By induction hypothesis P(m(e (m+k))) =S e fm<n—k,
then P(m(e (m+k))) =" €ii+k- Note that in this case W(eiﬁjﬁfk)) has an additional
element w(em+1’m+k+1) of degree 2k + 2 and weight 2k according to (LI8]). Clearly,

P(m(emt1,mikt1)) = €mitmiks1 and P(W(exbik))) + P(7(€mt1,mtk+1)) 7 0. Hence
m—+1

P(W(egn:ﬁrk))) = P(W(egﬁrk))) + P(m(ems1,mik+1)) = Z €iitk-
Then in either case,

P(W(@,&Tﬁffk))) = Z €iitk, where r = min{m +1,n — k}.
i=1
Thusif 0 <l <n—1and 1 <p<n, then
P(W(e(pﬂ))) = Z €ii+1, where r = min{p,n — [}.

p,1
i=1

Similarly, one can prove that

T

P(r(f) =D (=1 fiap, 7 =min{p,n — 1},

=1
In particular, if p =n and [ = k, where k = 0, . — 1, we have

(n—i—k 2 :
P €iitk = 6

n—k

P(r(f059)) = S04 i = Hy

=1
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Proposition 4.8. 7r(e 1 ) and 7r(f ) form =mn,...,2n — 1 generate W,.
Proof. The statement follows from Lemma [A.7] and Proposition 2.7 (a). O

Corollary 4.9. Lemmal4.7 and Proposition[2.7 (b) imply that Conjecture[2.8 is true
for g = Q(n) and regular x.

Corollary 4.10. The natural homomorphism U (g)*™ — W, is surjective.

Proof. Since €™, f ) e U(g)®™, the statement follows from Proposition O
n,1

5. FURTHER RESULTS ABOUT THE STRUCTURE OF W, FOR g = Q(n)

5.1. The Harish-Chandra homomorphism for Q(n). Recall that for g = Q(n)
and regular xy we have p = b. We study in detail the restriction of the Harish-Chandra
homomorphism ¢ : U(b) — U(h) to W,. We start with calculating the images of
the generators.

Proposition 5.1.

B.1) I N =1 Y (wan + (D) (@, — &) @i + &) evens

112092 >0

(N =1 Y (wa + (D) (o, — &) (@i, + &)loda-

112092221

Proof. We will prove by induction on [/ and p that if 0 </ <n—-1land1<p<n
then

(5.2) Il + 9 (f5)) =
Z (Iil (_ ) 521) s (Iiz - giz)(ziz+1 + §i1+1)‘

Note that if [ = 0, then (5.2) holds for any 1 < p < n since by (11

I(m(e?]) +O(m(f7)) =

b,
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Assume that if [ < k — 1, then (5.2]) holds for any 1 < p < n. Let [ = k, show that
(52) holds for p = 1. We have

I (ely?) +0(x(F5)) =
I(m(er)m(el) + (D a(f)m (A1) +9(mler)n(AY) + (1) a(fra)m(el?)) =
(11 + (=DF L) @(m(el) + 9(x(£Y)) =

@+ (D) Y (a + (CD)FTE) (g, — &) (&) =

i1=in=.. =iy =1
Z (Iil + (_1)k511) cee (Ilk - gik)(xikﬂ + é-ik+1)'
i1=ig=...=ip =1

Let [ = k and assume that (5.2) holds for p < m. Show that it holds for p = m + 1.
By induction hypothesis we have

I (el ) + 9 (L)) = (el ) + (m (fart)) +
(emtrmrt + (1™ frgtmr)O(m (b)) + 0(m (£040)) =

Z (xh + (_1)k€i1) ce (xlk - glk)(x1k+1 + gikJrl)

m2i12ig>...2igy1221

(xm—i-l + (_1)k£m+1) Z (Iil + (_1>k_1£i1) s (xikfl - é%q)(mik + glk) =

Z (xh + (_ ) 621) s (xlk - glk)(x1k+1 + gikJrl)‘

m+1>i1 202> >ip1 21
Thus (5.2) is proven. In particular, if p = n we obtain (5.]). OJ
Proposition 5.2.

n i 1
(5.3) 77(62,1“)) = Z €t Zez i+1 T Z ) fiifig+ 522 - z),

1<J
and

(5.4) I(7( Zx +Z£Z£J+ —22— 2.

1<j

Proof. We will prove by induction on m that for 1 < m <n

(5.5)
min(m,n—1) m m
W(egxi’_l)) Zez 2"_ Z €; z+1+ Z Z jfz ijj Zei,i)2_ ei,i)-
1<i<j<m i=1 i=1
If m =1, then

m(e?)) = m(e2, +ero — f21) = m(e2, +ers — e1n).
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Assume that (B.5) holds for m. By (4.1

(m+2) z : (m+1) z : (m+1
m+1 1 - 6m-‘,—l 7,6 fm—i—l 7 .

Then by (2.6) and (4.3
(m+1)

m—+2 m+1 m+1 m m+1)
m(ei?) = m(el ) (emsrimi) T (e DA (Emstme2)T(€miod) = (= )" 7 (fnsmsn )7 (it D)
By induction hypothesis and using ([£I1]) we have

min(m,n—1) m

7T( 7314_—’_121 ( 26“ + Z €; ,i+1 + Z Z j.fz z.f]] I(Z 6i,i)2 - Zei,i)“—
1<i<j<m i=1 i=1
m+1 m+1 '
7T<€m+1,m+1(z €ii) T Cmttmiz — (_1)mfm+1,m+1(z(_1>Z_1fi,i>) =
i=1 i=1
m+1 min(m+1,n—1) o m+1 m4+1
< Z e+ Z €ii+1 + Z (=) fiifi; + Z €ii)” — Z 6i,i>~
i=1 1<i<j<m+1 i=1

Thus (53) is proven. In particular, if m = n we obtain (5.3]). Finally, applying ¥ to

(53) we obtain (5.4)). O

5.2. On the center of W,. Recall that we denote by A the image J(W,) of W, in
U(h). Set A = ANU(hy).

Lemma 5.3. Define odd elements ®y, ..., P, of W, as follows:

Oy = 7(fY) = 7 (Hy),

1 k
@M:@aaﬂaﬁ%»(%y k=1,...n—1.

Then (a) P(®y) = Hy,
(b)
(@, ®,] = 0, if m +p is odd ,

(c) there exist zy, 2, ... € m(Z(Q(n))) such that
(D, @] = (—1)" 2y If m + p is even.

Proof. Let X, Y € W,. To prove (a) observe that if P(X), P(Y) € gXand [P(X), P(Y)] #
0, then P([X,Y]) = [P(X),P(Y)]. Since P(r(e n+1))) = e and P(®y) = H,, the
statement follows from the relation

Hi = (5 ad ()" (Ho).
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To prove (b) and (c) we use ¥. We first notice that (5.4]) implies

n

9( D) =Y oL,

j=1
for some polynomial ¢§»k) € Clzy,...,z,] of degree k. Hence [J(P,,),d(P,)] €

Clxy, ..., xy,). Since z; lie in the center of b, we get

D), 9(@,)] = S[r(),0(,)], 0(2,)] =

— S0, D), 9(®,)]) = ~[9(@,0), 0(@0)]

Since ¥ is injective, that implies
[®p7 qu] = (_l)r_p[éﬂ q>s]>

ifp+qg=r+s.
In particular, if p + ¢ is odd we have

[(I)pv (I)q] = (_1)q_p[q)qa (I)p] = 0.

This implies (b).
To prove (c) we set

zi = [Po, D] foreveni, 0<i<n-—1.
Since 9(z;) € A, (c) follows from Lemma [5.4] O
Lemma 5.4. A° =9J(n(Z(g))).

Proof. Tt is not hard to see that the restriction of ¥ on Z(g) coincides with the stan-
dard Harish-Chandra homomorphism. Thus, from Sergeev’s result, [30], we know

that ¥(Z(g)) coincides with the space of symmetric polynomials p in xq,...,z, sat-
isfying the additional condition

dp  Op
(5.6) — — € (z;+z;)U(hy)

81’2' 81’]'

for all i < j < n. In view of Proposition B.1] it is sufficient to prove that if p € A°,
then p is symmetric and satisfies (5.6]).

First, we will prove the last assertion in the case when n = 2. It follows from
Lemma and Theorem [5.1] that A is generated by zg = 2x1 + 229, ¢g = & + &,
O1 = 1961 —11& and 2 = —ﬁ(ﬁ(eg’vl))—i-izg — %zo = 1119 —&1&. By direct calculation
we can check that

1 1 1
op = %0 Gop1 = —5205152,625% = 520%1%2, (21, bo] = =261, [21, P1] = 2212200.

Let Ay denote the even part of A. The above relations imply that A is a subring
in Clzg, 7172] ® Clzg, 1122]&1&. Moreover, Ay/(2049) = C[z1]. Therefore A° = C @
20Clz0, 7119], i.e. A° consists of symmetric polynomials satisfying (5.6)).
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Let p = ¥(u) for some u € W, C U(b). Then we have

(5.7) m(adeit1,(u)) =0
and
(5.8) m(ad fir1:(u)) =0

foralli=1,...,n—1.

Let s; be the subalgebra in g generated by e; 41, €4, €14, €iv1,i415 fisit1, fiis firr
fir1i11. Clearly, s; is isomorphic to Q(2). Note that the orthogonal compliment s;-
(with respect to the invariant form) is ad s;-invariant, b Ns; is a Lie subalgebra and,
moreover,

m(adeii(u) =0, w(ad fiz14(u)) =0

whenever u € U(bNs;).

Therefore any v € W, satisfying (5.7) and (5.8) for a given ¢ can be written in
the form u = ) u;v; for some u; € U(s; N b) satisfying (0.7) and (5.8) and arbitrary
v € U(ﬁi‘ N b)

Thus, (5.7) and (5.8)) can be checked locally for s;. Indeed, if ¥(u) € U(hg), then

O(u) =Y Ouy)d(vy),

where 9(v;) € U(hs Nsi) = Clay, ..., Ti1, Tiy2, ..., 2] and H(u;) € U(hg N's;) =
Clz;, xi41]. Since we already know the result for Q(2), we obtain ¥(u;)(xit1, z;) =
)

Y(u;) (4, v41) and %ﬁj) - %ﬁ) € (x; + xi11)U(bg N s;). Therefore ¥(u) is invariant

under all adjacent transpositions and therefore is symmetric. Moreover,

OV (u) 90 (u)

Oz, O0Ti41

€ (z; + 2i11)U(ho)-
Since ¥(u) is symmetric, the last condition implies (5.6]) for J(u). O

Let ¢y := 9(Py). Consider U(h) as a free U(hg)-module and let V' denote the free
submodule generated by &;,...,&,. Then V is equipped with U(hg)-valued bilinear
symmetric form B(z,y) = [z,y]. If w = ﬁ(ﬁ(%egﬁl))), then T' = adw is an U(hg)-
linear operator. As we have seen in the proof of Lemma [(.3] T is skew-symmetric

with respect to the form B, i.e.
B(Tv,w)+ B(v,Tw) = 0.

Furthermore, in these terms ¢, = T*(¢y). The matrix of T in the standard basis
&1,...,&, has 0 on the diagonal and

o x; if i<y,
59 w={ 2 IS
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Lemma 5.5. The characteristic polynomial det(A1d —T") of T equals
A" 4 AT o AT
where o, = Z X ... x; are the elementary symmetric functions.
i1 <<

Proof. Let

Pa(Tr, . wps A) = det(ATd=T) = X"+ Y foi(ar, ..., 2,) A"
i=1
Note that f,;(z1,...,2,) is a symmetric polynomial, since the substitutions z;
xj,x; — x; preserves the determinant of A\Id —7". It is also easy to calculate that
detT =z ...z, if n is even. If n is odd, then det T" = 0, since T is skew-symmetric
with respect to B. Finally, if x,, = 0 we have a relation
P11, 05 A) = App1 (21, oo o1 A).
That implies
Jni(@1s o 2p—1,0) = froii(@1, ..o Tpmn),

for « <mn — 1. Since it is also easy to show that the degree of f,; is 7, we can finish

the proof by induction in n. O
Corollary 5.6. There exists s = (s1,...,s,) € R, such that the specialization of
det(A1d —=T') at the point x1 = $1,...,x, = S, has distinct eigenvalues.

Proof. Assume that n = 2k is even. Let Pol’” denote the set of monic even poly-

nomials in C[)] of degree n and Pol¢”" denote the subset of polynomials with real

positive coefficients. Let ¢ : R%; — Pol?”" be the specialization map, i.e. (s) is the

specialization of det(AId —T') at s € RZ,,. From the above Lemma, dy(s) is surjective

for generic s € RZ,. Therefore Imy contains a non-empty open subset in RZ.
Define the map p : C* — Pol:’ by the formula

pltr,. . tr) = [ =)

Obviously, p is surjective. Set
U={(tr,...,tx) € CF | t; # £t; for all i # j}.

Then p(U) is Zariski open in Pol®’. Therefore the intersection Pol®”" N p(U) is a
non-empty Zariski open subset in Pol¢”". Hence Pols”" N p(U) is dense in Pol”™ in
the usual topology and the intersection Imp N p(U) is not empty. This implies the
statement for even n.

For odd n the proof is similar and we leave it to the reader. O]

Lemma 5.7. ¢y, ..., 1 are linearly independent over U (hg).
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Proof. For each s = (s1,...,s,) € C" consider the ideal I = (1 — $1,..., T, — Sp) €
U(bg). Let V, = V/I,V and Ty, B, and (¢;)s denote the corresponding operator, form
and vector in V;. It suffices to show that (¢g)s, ... (¢n_1)s are linearly independent
for some s. By Corollary we can find s € RZ; such that all eigenvalues of
T, are distinct. Let vy,...,v, denote an eigenbasis for Ty, and let H, denote the
Hermitian form such that Hy(&;, &) = Bs(&;,¢;) for all i,j = 1,...,n. Then H, is
positive definite and Ty is skew-hermitian with respect to Hy. Hence all eigenvalues
of T, are purely imaginary and Hy(v;,v;) = 0 if @ # j. Let (¢o)s = > iy aiv;.
Since all eigenvalues of H, are distinct and (¢;)s = T'(¢o)s, linear independence of
(¢0)s, - - - (Pn_1)s is equivalent to the fact that a; are not zero for all i = 1,...n.
Assume that some a; = 0. Since a; = W, that implies Hq(v;, (¢o)s) = 0. Let
v; = t1& + -+ -+ t,&,. Then the last condition implies Z?:l s;t; = 0. But then the
first coordinate of Tyv; equals soty + - - - + s,t, = —sity. Since T,v; = av; for some
purely imaginary a, we obtain t; = (. Repeating this argument we can prove by
induction that all ¢; are zero and obtain a contradiction. O

Problem. Calculate ¥(®;) and 9(z;).
Lemma 5.8. The centralizer of A in U(h) coincides with U(bg).

Proof. Suppose that u lies in the centralizer of A. Recall that F' denotes the field
of fractions of U(bhg). Then since U(h) is a free U(hy)-module, U(h) C U(h)r. By
Lemma (5.7, Ap contains &, ...,&,. Hence we have [§,u] = 0 for alli = 1,...,n.
Therefore u lies in the center of U(h), which coincides with U (hg). O

Corollary 5.9. The center of A coincides with A°.
Proposition 3.1l Lemma [5.4] and Corollary imply.
Corollary 5.10. The center of W, coincides with w(Z(Q(n))).

5.3. New generators and relations. We will need the following realization of
Q(n) given by M. Nazarov and S. Sergeev in [21]. Let the indices ¢, j run through
—n,...,—1,1,...;n. Put p(i) =01ifi > 0 and p(i) = 1 if i < 0. As a vector space
Q(n) is spanned by the elements

Fij — Eij + E—i,—j-
Note that F_, _; = Fj;. The elements Fj; with ¢ > 0 form a basis of Q(n).

For any indices n > 1 and 4,5 = +1,...,+n, we denote by Fi(jm) the following
element of U(Q(n)):

(5.10) FY = N7 (—nphtetr e ) By By B sk B
k1yeokm—1

Note that

(5.11) Y = (-1 F
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(5.12) Fi(jm) = ez(;n), for i,7 > 0,

(m) _ m+1 ; ;
(5.13) FyV = (-1) Fom ”, for i < 0,7 > 0.
Proposition 5.11. For odd k and m we have
(5.14) [m(e™) m(e ™) = 0.

Proof. We prove the statement by induction on [ = k + m. Obviously, if [ = 2,
then (B.I4)) is true. Assume that the statement is true for odd k& and m such that
k+m <1 —2. According to [21]

m—1 m—1
(Y B =S RS R + nEEV RO — pm I EMTY),
r=1 r=1
Thus from (E.11)), (5.12), (5.13]) we have
(5 15)
m—1 m—1
e el = el Y el Y S (— ) (=) Y f O 0 ),
r=1 r=1

Furthermore, from [21]

-1
(F(k-‘r?“ l)F(m r) F(m—r)F(k-l-?“—l))

—n,l —n,l —n,l

3

m k
[FEn)la F£12 1]

r=1

+ Z r+1 F(k‘i‘?“ 1)F(m r) FETTTLL;?FEIZ‘*"E;U)
Thus from (.17, (|5:|2|) (5.I3) we have
(5.16) LA f) = Z(f““*’“ DR — T )

r=1

-1

+ (_l)r-l—l((_l)k-‘rmegf;‘?“ 1) (m T)+e(m r) gff‘r 1))

3

r=1

Lemma 5.12. For odd m we have
(£, (™)) =
Proof. From (5.16])
m—1
rCAD (A = = D (=) = ()

r=1

+ (—1)T+1<—7T( S?iirmw 1)>7T( (n r)) + (el (n— T))W(egjf_m—w_l)))-
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Note that the first sum is zero, since 7 ( f,(fl_r)) = 0 for r > 1 by (£I0)), and the second

sum is also zero, since W(egfl_l)) =1 and w(effjl"“)) =0 for r > 2 by (@I0). O
Let

(5.17)

femi™ emi™ e = ley™ emt™ )+ ™ e ) e ),
(5.18)

[61(:;%)’ 6(n—i—m ] [f(n—f—m f(n+k 1) ] [fr(fl-i-m—i—l)’ T(:Ll—i-k 2) ] [f(n—l—m—i-k 2) f(n+1 ]
Then

(e, (el ™)) = w([elR), eT1e) 4 ([ el

n,1 n,1
since by (4.I0)
w(el") =7(z), 7T =1, w7 =0forr>2, 7(f77)=0forr>1,

n,l n,l n,l
and by Lemma [5.12]
() ()] =0,
since m + k — 1 is odd.
Note that each of the sums in (Bj:ﬂ) and m has k — 1 terms, where k£ — 1 is even.

Denote by [ nl : ,(“] and by [ hy 1 , nl]f the first and the second sum in (5.15),

respectively. Thus
m k m k m k
[eil?,eéz1::[eél?,e£%] + len el

Also, denote by [fn | ,f ]f and by [fn | ,f "1, the first and the second sum in (5.16),
respectively. Thus

[fnl?f,] [fnl?f ] [fnl?f,]

Let

m n+m n+k—1 n+m+1 n+k—2 n—+m n+k—1 n+m+1 n+k—2
A = ([, el T el e PR A =L R,
We claim that A™ = 0. Note that A™ = A" + A", where

m n+m n+k—1 n+m+1 n+k—2) n+m) n+k—1) n+m+1) n+k—2)
AP = m(lent™, el T e ey ™ et LA LA, S T L= ),

m n+m n+k— n+m n+k— n+m n+k— n+m n+k—
A7 = (™ el e ™ el A AT ).

» “n,l €n1 » “n,l n,1 »Jn,l n,1 yJIn,l

Let us show that A" = 0. Note that

n+m n+k—1 n+k—1 n+m—1 n+k n+m—2
o™, el e = el Y, el I 4 el el )+

n+k+1 n+m—3 n+k+2 n+m—4
e ™ ey ™ I e e

n+m n+k—1 n+k—1 n+m—1 n+k n+m—2
[fr(z,1+ )7 fr(z,1+ )]e = —[e £L1 )7 61(1,1+ )] + [eim )7 6&,1 )]

— [l el g [l plbm )
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Thus
n+m n+k—1 n+m n+k—1 n+k n+m—2 n+k+2 n+m—4
o™ e T et U™ £ e = 2lent™, e 2oy el

By induction hypothesis
(n+k))’ 7_{_(e(7l-|'7TL—2))] — [71_(61(/:;-]6"1‘2))’ 7_{_(6(71+m—4))] - = O

n,1 n,1 n,1
for positive k,m — 2,m — 4, ... Note that (5I4) also holds for odd k,m such that
k< —1orm < —1 by (£I0). Similarly

[6£Lr7zii-m+1)’ glrjii-k 2] [f(n+m+1 f(n+k 2] 2[ (n+k 2)’ gl:—m)]‘l’2[ ( )’653;-771—2)]_‘_‘ -0,

[7(e

By induction hypothesis
[7T(€<n+k_2)),77'(6(n+m))] - [7'('( (n+k)>’7_‘_(e(n+m—2))] - = O

n,1 n,1 - €n,1 n,1
Hence A" = 0. Let us show that A?’ = 0. Note that

[ (n+m (n+k-1) (n+k—1) (n+m)

) nl ]f:_[enl 1 €n1 ]f:
(f(n—l—m f(n—l—k 2) fr(:H-k 2) f(n+m ) . (fr(:LI-i-m-l—l)fT(:Ll-l-k—?)) . fr(:Ll-l-k—?:)fr(:Ll-l-m—l—l)) T

n+m+1 (n+k 27 (n+k—2) (n+m+1)y
€ n,1 ) nl ]f - _[en,l 7€n1 ]f -

e
n+m n k— n+k— n+m n m n+k— n k— n m
[

TL,

f(n—l—m n+k 1)]f _ [f(n-l—k—l) f(n+m)

n, n,l »Jn,l ]f =
n+m n+k—2 n+k—2 n+m n+m—+1 n+k—3 n+k—3 n+m—+1
- (fah >f£,1+ D TR = (T T = I ) —
[f(n—i-m—i-l f (n+k—2) ] [f(n—i-k 2) f(n—i-m—i-l)]f .
n,1 1 -

(f(n+m+1 f(n+k 3) f(n-I—k 3) f(n—l—m-i-l) (f(n+m+2 f(n+k 4) f(n+k 4) f(n+m+2)

In the sum of the right-hand sides of these equations all terms cancel out. Hence
A} =0. Then A™ = 0. Similarly,

AmTE = At — = AmtRes — )
Then
3(k=3)
e ™) e ™) = Y AT =0
i=0

OJ

We set
2 = w(ef{jj’)) foroddi, 1<i<n-1.

Theorem 5.13. Elements 2y, . .., 2,—1 are algebraically independent in W,,. Together

with @, ..., ®,_; they form a complete set of generators in W,.
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Proof. By Lemma [5.3] we have P(®;) = H; for i < n — 1, P(z;) = ¢’ for even
0<i<n-—1and P(z) = 2. By Lemmal7 P(z;) = ¢’ for odd i < n— 1. Therefore
the second assertion follows from Proposition 2.7 The algebraic independence of
20, - - -, 2n_1 follows from algebraic independence of the corresponding elements in

S(g%). 0

Conjecture 5.14. Let g be a basic classical Lie superalgebra and y is regular. Then
it is possible to find a set of generators of W, such that even generators commute,
and the commutators of odd generators are in 7(Z(g)).

6. Super-Yangian of Q(n)

Super-Yangian Y (Q(n)) was studied by M. Nazarov and A. Sergeev [2I]. Recall
that Y(Q(n)) is the associative unital superalgebra over C with the countable set of

generators
T where m = 1,2,... and i,j = &1, £2, ..., +n.

ij

The Zs-grading of the algebra Y (Q(n)) is defined as follows:

p(TI) = p(i) + p(j), where p(i) = 0 if i > 0, and p(i) =1 if i < 0.

To write down defining relations for these generators we employ the formal series
in Y(Q(n))[[u™"]]:
(6.1) Toj(w) =6 1+ T 0w + T2+

Then for all possible indices i, 7, k, [ we have the relations

(6.2) (u? — vz)[ﬂd(u), Tiea(v)] - (_1)p(i)p(k)+p(i)p(l)+p(k)p(l)
= (u+0)(Thy (W) Tia(v) = Thoj(0) Tia(w))
— (1= ) (T () T (0) = Tomy (0) T () - (1P,

where v is a formal parameter independent of u, so that (6.2) is an equality in the
algebra of formal Laurent series in u™!, v~! with coefficients in Y (Q(n)).
For all indices 7, j we also have the relations

(6.3) T j(=u) = T ().

Note that the relations (6.2]) and (6.3]) are equivalent to the following defining rela-
tions:

6.4) ([T 70— D T L (= 1)p@rE e k0 —
7,7 ? , 1,] 9 s
HTe + 1]

2‘7

r r—1 m r m—1
)T 3T

m r—1 m—1 r r—1 m r m—1
b (PO 7D VT, 4 70T ) i),

)
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(m) _ (_qymp(m)
(6.5) T = (=1)"T;5,

—i,—j
where m,r =1,... and ﬂ(jo) = 0;j.
Theorem 6.1. There exists a surjective homomorphism:
©:Y(Q(1)) — W,
defined as follows:
P(T1)) = (=17 (el ), o(TD) = (~1)F (£ Y), fork=1,2,....

n,1

Proof. Note that even and odd generators of Y (Q(1)) are T(m and Tﬁ?l, respectively,
where m = 1,2,.... We are going to check that the relations 64) for generators of
Y (Q(1)) are preserved by ¢. We separate this checking in the following three cases.
Case 1: Even generators. We want first to check that ¢ preserves the relation

(6.6)

(T T = [, 1) =

YAl e Pl AR Ll A AR MR

_TUOTR), 4 T 4 (C1ym i) gl _ (_qyms gt by,
First, we will prove the relation

(6.7)
(_1)m+p([e£:”fi+n—l) e(p—i—n—l)] e (m4+n—3) e(p—i—n—i—l)]) _

’ ¥n,l nl ’ ¥n,l

(_1)m+p—l <e£:11+n 2) (P+n 1) +e (m+n 3)6(p+n) _ (p+n 1)6(m+n—2) (p+n) (m+n—3)>+

n 1 n,l n 1 n,l n 1 n,l

Gif””*(—ﬁ%““”ﬁfﬂl-+ﬁﬁ“l$ﬁT”)+

fp—i—n 1f(m+n 2) f(p+n fm+n 3)

Note that
2
m—+n—1 +n—1 m+n—3 n+1 +n+r—2 m+n—r—1
(6:8)  fent™ e Ve = [eni ™ el ™ e = D et e ),
r=1
m—+n—1 n—1 m+n—3 +n+1
(6.9) [61(1,1 )aeiﬁ )]f e £L1+ )>€,(f?1 )] =

2
Z(_1>r+1(( )m—i—pf(p-l-n-l-r 2) f(m—l—n r—1) +fnm+n r— 1)fT(Lp1+n+r 2))

r=1

Multiplying the sum of equations (6.8) and (6.9) by (—1)™"P, we obtain (6.7]).
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By Lemma [4.4] the application of 7 to (6.7)) implies that ¢ preserves the relation

©.q).

Case 2: Odd generators. Next we will check that ¢ preserves the relation

m m—2 2
— ([T, TR ] - [, 7)) =
m—1 m—2 +1 m—1 +1 m—2
T£1,1 )Tﬁpl),l + T£1,1 )T£pl,l) - Tﬁpl),lTELI ) — T(pl,l )T£1,1 )+

m—1 m—2 1 m m—1 m 1 m—2
rTITE) - T+ (T - (T,
We claim that the following relation holds

(6.10)
(0 (L Y = L ) =
(-

1)m+p 1<f(m+n 2) fp—i-n 1) _'_f(m—i-n 3) fr(fl—i-n) . fp+n 1) f(m+n 2) f(p+n fm+n 3))_'_

(—1 m4p—1 glml+n 2)67(5;%—1) £Ln11+n 3)61(5;%)) i
_en;jii-n—l)enrﬁ—i-n—m _'_eg?—li-n)egq—i-n 3)
Indeed, use
m+n—1) n—1) m+n—3) n+1
(6.11) D T = L ) =
2
n+r—2 m+n—r—1 (m+n—r—1) n+r—2)
D A A AR A
r=1
m—+n—1 n—1) m+n—3) n+1)
(6.12) LAY AT T A =

2
Z(_l)T-H ((_1)m+p€$i}-n+r—2)e(m—l—n—r—l) + e(m—i—n—r—l)e(p—l—n+r—2) ) .

n,1 n,1 n,1
r=1

Multiplying the sum of equations (6.11)) and (6I2) by (—1)™**~! we obtain (G.I0).
The end of the proof is as in the previous case.
Case 3: Even and odd generators. Finally, we will check that ¢ preserves the relation

T m—1 T T m—2 T +1 T T m—1 T +1 T m—2

(1 1 ) l(pl) ( ) (301 ) —(pl),l 1(,1 ) —(pl,l ) 1(,1 )

Tm 1T Tm 2T +1 m+T Tm—l m+T +1Tm—2
( ) () 1(1 ) —(pl,l) ( 1) b 1(,pl) —(1,1 ) ( 1) b 1(:1)1 ) —(1,1 )

m m—2 2
Y, ] — [ ) =
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We claim that the following relation holds

(6.13)
(_1)m+p<[ (m4n—1) f(p+n 1] [6(m+n—3) (p+n+1)]> _

n,1 »Jn,l

m+p f(m+n 2) p+n 1) _'_f(m—l-n 3) (p+n f(p+n 1) m+n 2) f(p+n)e(m+n—3))_'_

e
( m+p < (m+n—2) p+n 1 7(277114-” 3)_]07%1—’—”))
_ 67(51’% 1).fr(:ib+n 2) + 67(11?1|—n)fr(Lnib+n 3)

According to [21]

m—1
P P8 = SRR — B R )
r=1
m—1
S (=0 ESTVENTY 4 (=D R,
r=1
Thus from (E.11)), (5.12), (5.13) we have
m—1
r m k r—1) p(m—r) (m—r k+r—1
(6.14) e £ =D (=) (el Y AT el AT )+
r=1
m—1
Z k-‘rr 1 m— ) _fél )eq(lkii—r 1))
r=1

f(k les and by [ €1 ,f(kl)]fe the first and the second sum in (614,

'I’L, )

We denote by [ ent s
respectively, then

m k k k
el 15 = 1el), £+ e, 1 E ) e

Note that

(6.15) [ (m+” 1) f(P+n 1] _[ m+n 3) f(p+n+1] _
2
Z(( l)m—l—p (P+n+7“ 2) f(m+n r—1) ‘|‘€£Ti+n_r_1)f?§{)1—’—n+r_2))’
r=1

(6.16) N ) P I A A PR

2
Z(f(p-l-n-l-r 2) (m+n r—1) f(m—i-n—r—l)e(p—i-n—i-r 2))

,1 n,l n,l
r=1

Multiplying the sum of equations (G.I5) and (G.I6) by (—1)™*?, we obtain (6.13)).
The proof can be finished by the same argument as in two previous cases.

O
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