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A LOCAL METHOD FOR POSETS

ANTONIO DIAZ RAMOS

ABSTRACT. We propose some conditions on a poset that produce a small chain
complex for its homology. This allows to compare simplicial complexes and
Quillen’s complexes under the same prism. It turns out they differ in the ex-
istence or not of free faces in an acyclic complex.

MSC2010: 55U15, 18G35, 06A07.

1. INTRODUCTION

In this work we investigate a collection of posets that, roughly speaking, are those
posets whose rays are contractible in a homogeneous way. Among them we find the
face poset P(A) of any abstract simplicial complex A and Quillen’s complex A, (G)
of any finite group G at a prime p [3]. Recall that the face poset P(A) is the poset
of non-empty simplices of A ordered by inclusion and that A,(G) is the poset of
non-trivial elementary abelian p-subgroups of G ordered by inclusion. In the setup
we propose, simplicial complexes appear as the limit case of Quillen’s complexes
for p = 1.

In order to introduce these notions, let P be a poset, p € P an object and
consider the subposet P<, = {r € P|r < p}. This ray P<, is contractible as it
contains the terminal object p, and hence acyclic. We assume that the ray P<,
is finite for all p € P and that P does not contain a minimum element. Then
we denote by P the poset obtained by augmenting P with a minimum element 0.
Assume there exists a function dim : P — Z such that dimp = dim g+ 1 if p covers
g, and with dim0 = —1. We call a poset equipped with such a function a graded
poset. We shall say that a collection K = {Kp, np }pep, where Ky, is a subposet of
P<,, containing 0 and 7,: K, — P<, \ K, is a map, is a local covering family for P
if:

for all p e P and all r € Kt r < ,(r) and dim 7, (r) = dimr + 1,
and the maps {n,},ep are compatible in a certain way (see Definition [IT] for full
details). These conditions are similar to those of Stanley on decomposition of acyclic
simplicial complexes [5, Theorem 1.2] and of Forman on Discrete Morse Theory for
cell complexes [2]. They differ in that there the maps 7, are assumed to be bijective,
a condition that is not imposed here.

For instance, let A be a (possibly infinite) simplicial complex and choose a
total order on its vertices. Consider its face poset P(A) and, for o € P(A), set
dim(o) = |o| — 1 and define K, and 75, by

Ko ={7 Colo* ¢ 7} and n,(7) =7U{c"},
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where * = mino. Then Ka = {Ks,7s }oea is a local covering family for P(A).
In this case the maps 7, are bijections and 0 corresponds to the empty simplex.

The situation for Quillen’s complex A, (G) of the finite group G at the prime p
is similar. Start by choosing a total order for the order-p subgroups of G. Then
we can define a local covering family K 4, () for A,(G) by setting, for H € A,(G),
dim(H) = rank(H) — 1 and the following:

Ky ={I <H|H* £ I} and ng(I) = (I, H*),

where H* = min{V|rank(V) = 1 and V < H}. Note that in this case the maps ny
are surjections and 0 corresponds to the trivial subgroup.

It is not hard to see (see below) that similar local covering families can be
constructed on any poset P for which for all p € P we have that P<,, is isomorphic
to either the face poset of a (dim p)-simplex or to A, (Cg™#*+1). We call such posets
locally simplicial posets or locally p-Quillen posets respectively.

Next, we further discuss the use of local covering families. Throughout this
paper R is a commutative ring with identity. Let A be a simplicial complex. We
denote by C.(A; R) the simplicial chain complex of A with coefficients in R. We
also denote by |A| the topological realization of A and, for a poset P, we define its
realization by |P| = |A(P)|, where A(P) denotes the order complex of the poset
P. In particular, if P is a poset we compute the homology of its realization via
H.(|Pl; R) = H.(C.(A(P); R)).

For the face poset P = P(A) of the simplicial complex A, we have

H.(|P|;R) = H,(C«(A(P); R)) = H.(C«(A; R))

and so we can compute H, (|P|; R) using the smaller chain complex C,(A; R) instead
of the larger C,.(A(P); R). This is not true in general as there is no such thing as
C.(P; R) for arbitrary P. What we prove here is that if the poset P is equipped
with a local covering family K then there is a chain complex CX(P; R) that does
play the right role, i.e., it removes a subdivision.

1. Theorem. Let P be a graded poset with local covering family K and let R be a
commutative ring with identity. Then there is a chain complex C*(P; R) with

CK(P;R) = € R*
PEPn
whose homology is H.(|P|; R).

Here P,, = {r € P|dimr = n}, the objects of dimension n. The numbers K%
depend upon K and are defined inductively by K§ = 1and Ky, 1 =3 ¢ (x,), Ki- A
detailed description of the differential is given in Sectiondl Next we investigate the
geometric meaning of the local covering families a and K4 (g) defined above. In
the former case, for any simplex o of the simplicial complex A we have Kgim(a) =1.
The geometric meaning of a is explained by the next result.

2. Theorem. Let A be a (possibly infinite) simplicial complex and let Ka be the
local covering family as above. Then

CF2(P(A); R) = C.(As R).

This means Ca give us back the usual simplicial chain complex of A. For the
covering family constructed for A,(G), where G is a finite group and p is a prime,
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n(n+1)

we have KT = p~ = for a subgroup H = C;H‘l. Theorem [Il applied to K4, ()
gives the following:

3. Theorem. Let G be a finite group and let p be a prime. Then there is a chain
n(nt1)
complex with n-chains ®HEAP(G)H RP % and with explicit differential whose ho-

mology is H.(|Ap(G)|; R). In particular,
rkp(G)—1

4@ = Y ()™ [A(G)nl.

n=0

Here, rk,(G) is the p-rank of G, i.e., the largest dimension of an elementary
abelian p-subgroup of G. Theorems [2] and Bl are clearly independent of the total
orders chosen to define the local covering families Ka and K4, () respectively. The
differential of the chain complex in Theorem Bl behaves “locally” as the simplicial
differential (see Example 29). In order to compare the two local covering families
introduced so far, Ka and K4, (g), note first that the formulas for KH and K¢
coincide if we let p = 1. Nevertheless, there are qualitative differences: call an object
of the poset P a free object if it is a non-maximal object which is smaller than a
unique maximal object. So for simplicial complexes this is the usual concept of free
face. It is well known that there exist simplicial complexes which are contractible
but nevertheless they do no have a free face, e.g., any triangulation of the dunce hat.
The situation for Quillen’s complex, or more generally for locally p-Quillen posets,
is quite the opposite. We define the dimension of P by dim P = maxpecp dimp if
the maximum exists and by dim P = oo otherwise.

4. Theorem. Let P be a locally p-Quillen finite poset at the prime p with dim P =
N. If the homology group ﬁN(|'P|;R) is zero then the proportion r of free objects
among the non-mazimal objects of Pn_1 satisfies:
N+1 _ 2 N + 1
r> Zﬁ > 0.

In particular, contractible locally p-Quillen posets always have a free object.
Furthermore, the ratio r in the statement tends to 1~ as p — oo, i.e., asymptotically
on the prime p, a locally p-Quillen poset P of dimension N satisfying Hy(|P|; R) =
0 can be collapsed into P<y_1 = {r € P|dimr < N — 1}. This result seems to
pave the way for an asymptotic approach to Quillen’s conjecture [3] on the poset
AL (G).

Note that there exist posets that admit a local covering family but are not
shellable: In [4], Shareshian showed that there are finite groups G such that the
homology of A,(G) has torsion. This implies that A,(G) cannot be shellable.
Nevertheless, A,(G) can always be equipped with a local covering family as above.
Also, there are posets that may be equipped with a local covering family but are
not Cohen-Macaulay: any non-Cohen-Macaulay simplicial complex is an example.

In general, a poset P will admit a local covering family if it is locally atom-
modular, i.e., if all the subposets {P<,}pep are atom-modular. Here, we say that a
graded poset Q is atom-modular if for every atom a € Q and every g € Q we have
either a < g or the least upper bound aVq exists and satisfies dim(aVq) = dim(g)+1.
For instance, if Q is either a graded semimodular lattice or a Boolean lattice then
Q is atom-modular. This covers the lattice of finite subsets of a set and finite-
dimensional subspaces of a vector space. To define a local covering family on a
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locally atom-modular poset P, choose a well ordering for its atoms and define
p* = min{a < p|dima = 0}. Then set

Ky ={r <plp* £r} and n,(r) =p* vV r.

This construction applies to the aforementioned locally simplicial posets and locally
p-Quillen posets and coincides with the description given for simplicial complexes
and Quillen’s complexes of finite groups.

Organization of the paper: In Section 2] we introduce preliminary notions,
including a (folklore) chain complex for a graded poset, and certain notions of
“suspension” and “truncation”. This is followed in Section [3] by the definition of
local covering family and proof of Theorems [ and [Bl The study of the differential
is postponed until Section @ where Theorem [ is also proven. The treatment of
free objects is carried out in Section

Acknowledgements: I am in debt to Torsten Ekedahl, who sadly passed away
in 2011. He improved the definition of local covering family, removing some integer
equalities from the original notion, and also provided a more geometric proof of
Theorem [ The terminology “atom-modular” is due to him.

2. SPHERICAL POSETS

We only consider posets P that do not have a smallest element and such that
P<p := {r € Plr < p} is finite for all p € P. We also use the notation P, :=
{r € P|r < p}, and, for an integer n, we write P<, := {r € P|dimr < n} and
Pp :={r € P|dimr = n}. A grading on a poset P is a a function dim: P — N such
that p < ¢ = dimp < dimgq and such that dim takes the value 0 on minimal
elements. We also assume that dimp = dimq + 1 if p covers q. A poset with
a grading is termed a graded poset, and every poset we consider is graded unless
stated otherwise. We define the dimension of the poset P by dim P = max,ecp dimp
if the maximum exists and by dimP = oo otherwise. If P is a poset we denote
by P the poset obtained by augmenting P with a minimum element 0 for which
dim0 = —1 (and thus P is formally speaking not a poset with a grading). Using
an expression P automatically means that P is the augmentation of a graded poset
P.

Following Quillen [3], we say that a poset P of dimension d is d-spherical if |P|
is (d — 1)-connected, or equivalently, if it has the homotopy type of a bouquet of
d-spheres. We say that the poset P is locally spherical if P, is (dim p—1)-spherical
for each p € P. Here we define a bouquet of (—1)-spheres as the empty set 0.

Now let P be a graded poset, let R be a commutative ring with identity and let
C.(A(P); R) the chain R-complex that computes the (simplicial) reduced homology
of the realization |P| = |A(P)| of P with coefficients in R, H.,(|P|; R). The n-chains
are given by

CaP:R) = @ R

for n > 0 and by C_1(A(P); R) = R. It is equipped with the usual differential
9 =" ,(—1)'9; and the usual augmentation map e. Here, for 0 < i < n, the
R-linear map 0;: C,,(A(P); R) — Cp—1(A(P); R) sends

Po<...<Pp—=po<...<pPi-1<PpPit1 <...<Pn,
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and the augmentation map sends py € P to €(pg) = 1 € R. The filtration of spaces
0 C[P<o|l C... CIP<il C[P<ita| S ... C [P
gives rise to the following increasing filtration of this chain complex
F,Cj(A(P);R) = b R
po<...<pj, dimp; <1

for j > 0, and F;C_1(A(P);R) = R for i« > —1 and 0 otherwise. This filtra-
tion is exhaustive and bounded below and hence we have the following (folklore)
convergent homological-type spectral sequence

E}; = Hiyj(FiCiy;/F,-1Ciyj) = Hiyj(|P|; R).
Notice that F;Ciy;/F;—1Cit; _; R which is 0 unless j < 0.

Moreover, we have

Hiyj(F,Ciyj/FiaCiyy) = Hii(\] S[P<piR) = @ Hirj1(|P<liR)

dim p=1 dim p=1

= ®p0<---<pi+j7 dimpi;

if j <0 and 0 otherwise, where we define for convenience ﬁ_l(@; R)=R. So, if P
is locally spherical, the spectral sequence degenerates to the chain complex

(5) ...— @ Hi_1(|P<pl;R) = ... — @ Ho(|P<pl; R) — @ R — R.
dim p=1¢ dim p=1 dim p=0

For future use we introduce, for a fixed object p € P of dimension n, the linear

maps “suspension at p”, s,, and “truncation at p”, t,:

Sp

T

Crn-1(A(P<p); R) F,C(A(P); R).
W
They are defined on basic elements by

sp(po < ... <Pn1) =po < ... < pn_1 <p and

Po<...<Ppn-1 ifpn=p,

tp(po < oo <Pt <pn) = {O otherwise

where dim p; = i. They posses the following properties:

(6) A(sp(2)) = 5p(9(2)) + (=1)"z,

(7) 0i(tp(2)) = t,(0i(2)) fori=0,...,n—1, and
_ Jid ifp' =p,

® orsp = {O otherwise,

where p’ is any object of dimension n. Employing Equations (@) and (@), it is
immediate that suspension and truncation induce the inverse to each other isomor-
phisms:

Zdim p:n[ST’]
/\
(9) @dimp:n Hyn1([P<pl; R) Hyn(FnCp [ Fr—1Cy).

S Bamponlts]
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The chain complex (5) has homology equal to H, (|P|; R) and its differential d

(10) ﬁn(FnCn/Fn—lcn) i> ﬁn—l (Fn—lcn—l/Fn—2Cn—1)

is induced by the differential 0 of C.(A(P);R). Hence, the differential of the
homology class [z] € H,(F,Cy/Fr—1Cy) is d([z]) = [(=1)"0n(2)].

3. LOCAL COVERING FAMILIES

Forman’s Morse theory [2] for cell complexes runs parallel to classical Morse
Theory. For example, the homotopy type of a simplicial complex is determined
by the unmatched simplices in an acyclic matching of the Hasse diagram of the
complex [I Proposition 3.3]. A partial converse to this result was proven by Stanley
[5, Theorem 1.2]. Here we describe similar notions for a poset that determine the
homotype type of the realization |P,| for each p € P.

11. Definition. Let P be a graded poset. A local covering family IC for P is a
family of subposets K, C P<, and maps 7, : K, = P<, \ K, for all p € P such
that:

(1) the element 0 belongs to K,

(2) if ¢ € K, then ¢ < n,(q) and dim 7, )
(3) if ¢ ¢ Ky and ¢ < p then 7,(0) = 1,(0),
(4) if g € Ky, r € K, and ¢ < r then n,(q) < n,(r), and
(5) if ge Kp, r ¢ K, and g <7 < p then n,(q) <.

12. Remark. Note that condition () implies that (P<,)_1 = (K,)_1 = {0} and
then condition (3] gives that (P<,)o = (K)o U {n,(0)}.

13. Example. Let P(A) be the face poset of a (possibly infinite) simplicial complex
A graded by simplicial dimension and choose a total order on its vertices. We equip
P(A) with a local covering family Ka as follows: For the n-simplex o set 0* = mino
and define the subposet I, C A<g by

Ko = {subsets T of o such that c* ¢ T}.

The map 1, sends 7 € K, to n,(7) = TU{0*}. It is straightforward that the axioms
in Definition [IT] are satisfied.

14. Example. Quillen’s complex A,(G) of a finite group G may be graded by
dim H = rank(H)—1 and can also be equipped with a local covering family &4, ()
First, give a total order to the order p subgroups of G. Then, for H € A,(G), set
H* = min{V|dim(V) =0 and V < H} and define

Ky = {subgroups I < H such that H* & I}.

The map 1y maps I € Ky to the subgroup ng (I) of H generated by I and H*. Tt
is easy to check that Definition [[1]is fulfilled.

15. Lemma. Let P be a graded poset with a local covering family K. Then P is
locally spherical. For p € P with dim P = n the number of (n — 1)-spheres in the
bouquet |P<p| is equal to the number of n-simplices pg < p1 < ... < pp, = p with
dimp; = ¢ and p; € Kp,,, fori=0,...,n—1.
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Proof. We prove by induction on n = dimp that |P<p| is (n — 1)-spherical with
the given number of spheres. For n = 0, the claim is clear. Let p be of dimension
n > 1 and consider the subposet given by Z = P<p, \ (Kp)n—1. Then T is not
empty because it contains 7,(0). We show that Z is conically contractible [3, 1.5]
by exhibiting a map of posets f : Z — Z such that = < f(x) > 1,(0) for all z in Z.
For this is enough to define f(z) =z if z < p, z ¢ K, and f(x) = np(z) if x € K.
This map f is a map of posets because K, is a subposet and because of Definition
1) and ITIH). Now, by construction, the image of f is contained in P, \ K, and
hence by Definition [TIE]) we have that f(z) > () (0) = n,(0) for all z in 7.

As |Z| is contractible, the quotient map |P<p| = [Ppl/|Z] = V ek, ), P<qdl
is a homotopy equivalence. By induction, for each ¢ € (Kp),—1, the realization
|P<4| is a bouquet of (n — 2)-spheres. Hence, |P<p| is a bouquet of (n — 1)-spheres
and the counting formula for the number of (n—1)-spheres in the bouquet holds. O

16. Corollary. Let P be a graded poset with a local covering family K and let R be
a commutative ring with identity. Define inductively the numbers KP for all p € P
and all n € N as follows: K =1 and K} | = qu(,cp)n KZ. Then for all p in P

the reduced homology group fldimp_l(|73<p|; R) is free of rank Kgimp.
17. Remark. Note that, for an object p € P with dimp = 1, we get K} = |(K,)o]
and this number, by Remark [I2] equals |(P<p)o| — 1.

Combining Equation (Bl with Corollary [I6 we obtain the following result, which
is Theorem [I] of the Introduction.

18. Theorem. Let P be a graded poset which has a local covering family IC and let
R be a commutative ring with identity. Then there is a chain complex O (P; R)

...—>@RK§—>...—>@RKf—>@R—>O

pEP; pEP1 pEPo
whose homology is H.(|P|; R).

Note that this chain complex does not depend (up to isomorphism) on the local
covering family K as it is isomorphic to the chain complex (B) coming from the
spectral sequence deduced from the grading of P.

19. Example. Consider a (possibly infinite) simplicial complex A of finite dimen-
sion and the local covering family Ca for the face poset P(A) introduced in Example
I3 If o is of dimension n we have |(Ky)p—1] =1 and K7 = 1. These computations
together with Theorem [I8 applied to P(A) and Ka show that in Theorem [2] of
the Introduction we have an isomorphism of R-modules on each degree. We shall
see in Section M] that this isomorphism preserves also the differential, i.e., it is an
isomorphism of chain complexes as claimed.

20. Example. For Quillen’s complex A, (G) of a finite group G at a prime p consider

the local covering family of Example 4l For a subgroup H = CZ’}“ of dimension
n(n+1)
2

n it is easy to check that [(Kg)n—1| = p" and KX = p . From these calcula-
tions and Theorem [I§ applied to A,(G) and K 4,(a) we obtain Theorem [3] of the
Introduction.
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4. EXPLICIT DIFFERENTIAL

In this section we study in detail the differential of the chain complex of Theorem
Fix a graded poset P with local covering family K and let R be a commutative
ring with identity. Consider the chain complex CX(P; R) of Theorem [ applied
to P and K. If ¢ € P and n = dimg we have, from Equations @) and (I0), the
following commutative diagram:

ﬁn(FnCn/Fn—ICn) $ Nn—l (Fn—lcn—l/Fn—2Cn—l)

=] =}

@dimp:n E[ﬂ—l (|P<P|; R) - @dimp:n—l ﬁ"—2(|P<P|; R)

J p J

Hpn—1(|P<ql; R) - EBpE(Pq)n—l Hpn—5(|P<pl; R).
It is a routine computation that the map at the bottom is
(21) dy = @pe(Py)_i (~1)"[ts]-

If we project from the codomain of d;’ onto the components with p € (Kg)n—1 we
get another map that we denote by dff:

K

~ dX ~
(22) Hy1([P<gls B) —— @pe(k,),_, Hn—2([P<pli R)

q)nfl

(2] ———di ([2]) = Bper,)nr (1) [tp(2)]-

This map coincides up to sign with the map in homology induced by the homotopy
equivalence

(23) Paal = P<al/IZl =\ EIPo),
pG(ICq)n71

where Z = P\ (Ky)n—1. Hence, dff is an isomorphism. This homotopy equivalence
was already used in the proof of Lemma We record this fact:

24. Lemma. Let P be a graded poset with local covering family KC and let R be a
commutative ring with identity. For each q € P, the map d;c described above is an
isomorphism.

Furthermore, we show below that appropriate basis on each dimension for the
chain complex C*(P; R) can be chosen so that the description of the isomorphisms
dflc is very simple.

25. Proposition. Let P be a graded poset with local covering family KC and let R

be a commutative ring with identity. There are explicit basis of ﬁdimq_1(|’P<q|; R)
for all ¢ € P such that all isomorphisms dff carry basic elements to basic elements.

Proof. We inductively build a basis of H,_1(|P<,|; R) using the isomorphism dx.
For dim ¢ = 0 we define (), as a generator of H_1();R)=R= R(,. Now assume a
basis of H,_5(|P<p|; R) has been constructed for every element p with dim p < n—1.
We want to construct a basis of ﬁn,1(|73<q|; R) for ¢ with dim g = n in such a way
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that d’qC carries basic elements to basic elements. This is the homological coun-
terpart to constructing an explicit homotopy inverse to the homotopy equivalence
([23), i.e., to suspend classes from |[P.,|.

So fix a basic element b € ﬁn,2(|73<p|;R) for some p € (Kg)n—1. We want
B € H, 1(|P<g|;R) with d¥(B) = b. Write b = [¢] and B = [Z] with 2 €
Cn—2(A(P<p);R) and Z € Cp—1(A(P<q); R). Then it is enough to find Z such
that 9(Z) = 0 and dflc([Z]) = [2] for z with 9(z) = 0. Here, 0 is the differential of
the complex C,(A(P); R) restricted appropriately and dflc is described in ([22). We
shall decompose Z = Z; + Z5, where Z; correspond to a “cone over z” for i = 1,2,
giving a “suspension of z”.

Set Z; as the “suspension at p”, i.e., Z1 = (—1)"s,(z), where we add the sign
for convenience. In order to define Zs, note first that z € C,,_2(A(Z); R), where
Z ="Pcq \ (Kg)n—-1, and that |Z| is contractible by the proof of Lemma [I5] Hence,
there exists some element Zy € C,_1(A(Z); R) whose differential is 9(Z2) = z.
Now we have

0(Z) = 0((=1)"sp(2)) + 8(Z2) = (=1)"(5p(9(2)) + (=1)"'2) + 2 =0
because of Equation (B) and because d(z) = 0. Moreover,

dy ([2)) = ®pepc,)n s (1" [(=1) "ty (5p(2)) + tpr (Z2)] = [2],

by Equations (22) and (8) and because Z N (Ky)n—1 = 0. If we choose Zj with
9(Z5) = z, then Zl, — Zs is a boundary and [Zy + Z}] = [Z1 + Z»]. Hence the class
[Z] is well defined. O

(a1

26. Remark. For dimg = 1, the inductive step gives as basis of ﬁ0(|P<q|; R)
RE1 the elements {nq (0) — Plpe(k,)o»> See Remarks[12] and [T

27. Example. Consider a (possibly infinite) simplicial complex A of finite dimen-
sion and the local covering family K for the face poset P(A) described in Example
Denote by < the total order chosen on the vertices of A and by b, = [z,] the
basic element constructed by the procedure described in Proposition for each
o € A. For the n-simplex o = {vg,...,v,} € A with vg < ... < v, there is just
one sphere in the bouquet |A.,| as K7 = 1 (Example [[9). It corresponds to the
inclusions of simplices v, < {vp_1,0n} < ... <{v1,...,0,} <{v0,...,0n} =0 (cf.
Lemma [TH]). We claim and prove by induction that for n > 1:

(28) 2o = (=1)" Y (=1)'56,(0)(20,(e))-
=0

K2

Note that 0;(c) = {vo,...,04,...,05} for i = 0,...,n. Forn =1 and 0 =
{vo,v1} we have, according to Remark 26 z, = vg — v1 = 8y, (Dyy) — S0y (00,) =

58,(0) (28, () — 580(c)(Z8y(s))- For the inductive step, consider o = {vo, ..., v}
with n > 2. To construct Z = z, we must suspend 2z = zg,(o) = Z{vy,....0n} DY
means of two cones Z = Z; + Zz, where Z; = (—1)"sg,(,)(2) and Z5 is some

element such that 0(Z2) = z. So it is enough to verify that the element Zy =
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(—1)» E?:l(—l)isai(g)(zai(a)) satisfies (Z3) = z:

0(Zs) = (=1)" Y _(=1)'0sa,(0) (z01(0))) =

= (=1)" Y (1) (s0:0) (0(z0,())) + (=1)" ' 20,(0)) = = D (=1)"z0,(0)
i=1 =1

where we have used Equation (@) and that 0(zg,(»)) = 0 as 2g,(o) is a cycle. Using
the induction hypothesis we get

—

n n—

0(Z2) = (=1)" Y > (1) 50,0, (20, (01(01)):
0

=1 j=

which, by the simplicial identities, equals

n—1
(_1)n71 Z(_1)k53k71(30(0))(23k71(30(0)))'
k=0

By the induction hypothesis this expression is exactly zg,(,) = 2. Now, from the
description of z, in (28) and Equations 21I)) and (8), it is clear that
d?:(A)(bd) = @?:0(_1)%&-(0)7

i.e., we recover the simplicial differential. This fact shows that Theorem [2] of the
introduction holds, see also Example[I9l To illustrate the construction we reproduce
it for o = {0,1,2} € A with 0 < 1 < 2. We write simplices by juxtaposition for
brevity, for instance, ¢ = 012. Recall that we want to suspend the basic element
z = z12 = 1 — 2. The algorithm gives:

Z1=1<12-2<12and Z, =0<01 -1<01-0<02+2 <02
Thus for Z = zg10 = Z1 + Z5 we have:
ANZ2)=00(Z)—01(Z)=12-12401—-01-02+02—(1-240—-1—-0+2)=0.
Moreover, the truncations
t12(Z2)=1—-2,t02(Z) =2—0and t1(Z) =0 — 1,
give, by Equation (Z2I]), that:
AP ((2]) = [th2(2)]@lte2(2)®[t0r (2)] = (1-2)®(2—0)B(0—1) = 2128(—202) D201,
and, by Equation (22]), that:
dy2([2]) = [ha(2)] = 1= 2=z = z15.
29. Example. For Quillen’s complex A, (G) of a finite group G at a prime p consider
the local covering family K4, () of Example [4l For a subgroup H = C’I’}H of

dimension n we have KT = p% (n—1)-spheresin |A,(G)<g| (Example20]). Let
=< be the chosen total order for the rank 1 subgroups of G and for any subgroup W <
H set W* = min{V|dim(V) = 0 and V < W}. Then the spheres in |A4,(G)<x| are
indexed by chain of subgroups p = {Wy < W1 < ... < W,_1 < W,, = H}, where
W; does not contain Wy, for i =0,...,n — 1 (cf. Lemma[d5). It is clear that the
chain p can be written as

p={MWo=W5 <Wy xW! <...<WyxWx...xW;_ xWy=H}
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and that

Wy <Wpr_ | <...<W; <W;.
For each i € {0,...,n}, we may define the following chain, constructed forgetting
the subgroup W*:

pi ={Wo =W <Wg x W <...<Wgx...x W x Wi x...x Wy =H}.

Note that H; = CJ and H; < H for all i. Furthermore, the subposet of Ay (G)<n
with objects the subgroups Wi x Wi x ... x W with 0 <ip < ... <4 <n and
0 <! < n is isomorphic to the poset of non-empty subsets of the set {0,1,...,n}
under inclusion. Denote by b, = [2,] and b,, = [z,,] the basic elements associated
to the chains p and p; respectively by the procedure of Proposition Then the

same argument as in Example 27] shows that

n
n E
SHz ZPz

=0
and that ) _
A" (bp) = Bio(—1)"by,-
This means that the differential of C’/CAP(G) (A, (G); R) behaves locally as the sim-
plicial differential.

5. FREE OBJECTS
The next result proves Theorem @ of the introduction:

30. Theorem. Let P be a locally p-Quillen finite poset at the prime p with dim P =
N. If the homology group Hyx (|P|; R) is zero then proportion r of free objects among
the non-mazimal objects of Py_1 satisfies:

pN+1 _ 2pN + 1

r>—-— > 0.
pN+1_pN

Proof. By Theorem [I8] there is a chain complex

NOED g NN-1)

0 — RIP~lp S RIPNalrT 2 o s RIPiP 5 RIPI > R0

whose homology is H.(|P|; R). Write Py_1 = P’ UP", where the objects of P’ are
maximal in P and the objects in P” are not. So, if for p € Py_1 we set n, to be
the number of maximal subgroups ¢ of Py with ¢ > p, we have n, = 0 for p € P’
and n, > 1 for p € P”. As Hy(|P|; R) = 0 the differential dy must be injective.
In particular, we must have the inequality
N(N+1)

(31) |Pnlp™ 2 <|P"|p

The number of edges in P among objects of Py and objects of Py_1 is
(32) |PN| Z ny = Z k| Ny,
PEPN-1

where Ny, = {p € P"|n, = k} and K = max{n,|p € P"}. As [P"| = Zszl | N| we
get from Equations (31) and (B2]) that

(N—1)N
2

K

K
(33) ST RN < 0, MY IV,
k=1

k=1
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where f(p, N) = %. Note that limy oo f(p, N) = 757 and limp o0 f(p, N) =

17. Now using the inequalities k|Ng| > 2|Ny| for k > 3 we obtain from Equation

B33) that

| V1|
> 7N b
P = g(p,N)
with g(p, N) =2 — f(p,N) = %. Note that limy_ 00 g(p, N) = z%f and

lim, 00 g(p, N) = 1. The number % is the ratio r in the statement.
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