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Abstract

In this paper, we introduce and study the concepts of semi open
(SOM) and semi closed (SCM) M-sets in multiset topological spaces.
With this generalization of the notions of open and closed sets in M-
topology, we generalize the concept of compactness in M-topology as
semi compactness. Further semi compactness is generalized as semi
whole compactness, semi partial whole compactness and semi full com-
pactness. Some characterizations of these compact spaces are studied
in the setting of multiset theory. In each step, several remarks with
proper justifications are provided taking the well existing theories of
general topology as the base of our study.

1 Introduction

Classic set theory is a basic concept to represent various situations in Math-
ematical notation where repeated occurrences of elements are not allowed.
But in various circumstances repetition of elements become mandatory to the
system; eg., considering a graph with loops, in chemical bonding, molecules of
a substance etc. Taking this fact into consideration, Blizard [1] first studied
multiset in 1989. In the same sense, Dedekind [3] stated that each element
in the range of a function can be thought of as having a multiplicity equal
to the number of elements in the domain that are mapped to it. The theory
of multisets have been studied by many other authors in different senses [3],
[10], [13], [15], [16], [17] and [23].
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A wide application of M-sets can be found in various branches of Math-
ematics. Algebraic structures for multiset space have been constructed by
Ibrahim et al. in [11]. In [14], use of multisets in colorings of graphs have been
discussed by F. Okamota et al. Application of M-set theory in decision mak-
ing can be seen in [22]. A. Syropoulos [19], presented a categorical approach
to multisets along with partially ordered multisets. V. Venkateswaran [21]
found a large new class of multisets Wilf equivalent pairs which is claimed
to be the most general multiset Wilf equivalence result to date. In 2012,
Girish and John [7] introduced multiset topologies induced by multiset re-
lations. The same authors further studied the notions of open sets, closed
sets, basis, sub basis, closure and interior, continuity and related properties
in M-topological spaces in [9].

In this paper, we introduce the concept of semi open and semi closed sets
in multiset theory. In classical set theory, semi open and semi closed sets
were first studied by N. Levine [12]. Since its introduction, semi closed and
semi open sets have been studied by different authors [ [4], [5], [0], [20] etc].

This paper begins with the initiation of semi open M-sets (SOM-sets) and
semi closed M-sets (SCM-sets) in M-topology. Then we focus on the study
of various set theoretic properties of SOM-sets and SCM-sets. Further we
introduce the concept of semi compactness in M-topological space along with
certain characterizations.

2 Preliminaries
Below are some definitions and results as discussed in [7], which are required
in the sequel.

Definition 2.1. An M-set M drawn from the set X 1is represented by a
function Count M or Cy; : X — W, where W represents the set of whole
numbers.

Here Cy(x) is the number of occurrences of the element x in the M-
set M. We represent the M-set M drawn from the set X = {x1,...,x,} as
M = {mq/x1,mq/xs,...;my/x,} where m; is the number of occurrences of
the element x;,1 = 1,2,...,n in the M-set M. Those elements which are not
included in the M-set have zero count.

Note: Since the count of each element in an M-set is always a non-
negative integer so we have taken W as the range space instead of N.



Example 2.2. Let X = {a,b,c}. Then M = {3/a,5/b,1/c} represents an
M-set drawn from X.

Various operations on M-sets are defined as follows:
If M and N are two M-sets drawn from the set X, then

o M =N<& Cy(x)=Cy(x) Vo € X.
e M CN & Cylxr) <Cy(xr)Vre X.
e P=MUN < Cp(z) = max{Cy(z),Cy(2z)} Vo € X.
e P=MNN < Cp(x) =min{Cy(x),Cn(x)} YV € X.

P=M&N < Cp(x) =Cyl(z)+ Cy(z) Vo € X.

e P=Mo&N & Cp(zx) = maxr{Cy(z) — Cy(2),0} Vo € X, where &
and © represents M-set addition and M-set subtraction respectively.

Operations under collections of M-sets: Let [X|" be an M-space and
{M; | i € I} be a collection of M-sets drawn from [X|“. Then the following
operations are defined

o UM, = {Cu(z)/x | Cu,(2) = maz{Cy,(z) | v € X}}.

1€l
o MM, = {Cus(2) /2 | Car, () = min{Cuy (x) | @ € X}}.
1€l
Definition 2.3. The support set of an M-set M, denoted by M* is a subset

of X and is defined as M* = {x € X | Cy(z) > 0}. M* is also called root
set.

Definition 2.4. An M-set M is called an empty M-set if Cps(x) =0, Vx €
X.

Definition 2.5. A domain X, is defined as the set of elements from which
M-set are constructed. The M-set space [X|" is the set of all M-sets whose
elements are from X such that no element occurs more than w times.

Remark 2.6. [t is clear that the definition of the operation of M-set addition
is not valid in the context of M-set space [X|", hence it was refined as
Caners (1) = min{w, Cyy, () + Chp ()} for all z € X.

In multisets the number of occurrences of each element is allowed to be
more than one which leads to generalization of the definition of subsets in
classical set theory. So, in contrast to classical set theory, there are different
types of subsets in multiset theory.



Definition 2.7. A subM-set N of M is said to be a whole subM-set if and
only if Cn(x) = Cy(z) for every x € N.

Definition 2.8. A subM-set N of M is said to be a partial whole subM-set if
and only if Cn(x) = Cp(x) for some x € N.

Definition 2.9. A subM-set N of M is said to be a full subM-set if and only
if Cn(x) < Cpy(x) for every x € N.

As various subset relations exist in multiset theory, the concept of power
M-set can also be generalized as follows:

Definition 2.10. Let M € [X]|Y be an M-set.

e The power M-set of M denoted by P(M) is defined as the set of all
subM-sets of M.

e The power whole M-set of M denoted by PW(M) is defined as the set
of all whole subM-sets of M.

e The power full M-set of M denoted by PF (M) is defined as the set of
all full subM-sets of M.

The power set of an M-set is the support set of the power M-set and is
denoted by P*(M).

Definition 2.11. Let M € [X]* and 7 C P*(M). Then 7 is called an
M-topology if it satisfies the following properties:

o The M-set M and the empty M-set ¢ are in T.
o The M-set union of the elements of any subcollection of T is in T.

e The M-set intersection of the elements of any finite subcollection of T
181N T.
The elements of T are called open M-set. A subM-set N of a M-topological
space M s said to be closed if the M-set M & N is open.
Definition 2.12. Given a subM-set A of an M-topological space M in [X]*

o The interior of A is defined as the M-set union of all open M-sets
contained in A and is denoted by int(A) i.e., Cinya)(x) = Cug(x) where
G is an open M-set and G C A.



e The closure of A is defined as the M-set intersection of all closed M-sets
containing A and is denoted by cl(A) i.e., Coay(z) = Crg(x) where G
15 a closed M-set and A C K.

Definition 2.13. If M is an M-set, then the M-basis for an M-topology in
[X]" is a collection B of subM-sets of M such that

e For each x€™M, for some m > 0 there is at least one M-basis element
B € B containing m/x.

e If m/x belongs to the intersection of two M -basis elements P and @,
then 3 an M- basis element R containing m/x such that R C PN Q
with Cr(z) = Cpng(x) and Cr(y) < Cprg(y) Yy # .

Definition 2.14. Let (M, 1) be an M-topological space and N is a subM-set
of M. The collection Ty = {N NU : U € 7} is an M-topology on N, called
the subspace M-topology. With this M-topology, N is called a subspace of M.

3 Semi Open M-sets and Semi Closed M-sets

In this section, we introduce the notions of semi open and semi closed sets
in multiset theory, viz., semi open M-set (SOM-set) and semi closed M-set
(SCM-set). The topological structures of a space can be characterized by the
notions of open and closed sets. With the generalization of open and closed
sets in M-topology, we get a broader class of sets and hence can study the
space to get some interesting results which will be more applicable in certain
areas of study.

Throughout the paper we shall employ the following definition for comple-
ment of an M-set:

Definition 3.1. The M-complement of a subM-set N in an M-topological
space (M, 1) is denoted and defined as N = M © N.

Definition 3.2. An M-set S in an M-topology (M, T) is said to be semi open
M-set(SOM-set) iff 3 an open M-set O such that

Co(x) < Cs(x) < Cuoy(w) for allz € X.

Example 3.3. Let X = {a,b,c} and M = {5/a,2/b,3/c} be an M-set in
[X]°. Then 7 = {M,¢,{5/a,2/b},{3/c},{1/a,2/b},{1/a,2/b,3/c}} is an
M-topology on M.

In this M-topology the possible SOM-sets are ¢, M,{5/a,2/b},{3/c},{1/a,2/b},
{1/a,2/b,3/c},{2/a,2/b},{3/a,2/b},{4/a,2/b},{2/a,2/b,3/c},{3/a,2/b,3/c},
{4/a,2/b,3/c}.



Definition 3.4. An M-set T in an M-topology (M, T) is said to be semi
closed M-set(SCM-set) iff 3 a closed M-set P such that

Cintpy(z) < Cr(z) < Cp(z) for allz € X.
The M-complement of SOM-sets are SCM-sets
Definition 3.5. Let (M, 1) be an M-topology. Then

e the semi closure of an M-set A is denoted by scl(A) and defined as
Csa(ay(r) = Car(x) where T is a SCM-set containing A.

e the semi interior of an M-set A is denoted by sint(A) and defined as
Ciint(a)(r) = Cug(x) where S is a SOM-set contained in A.

Theorem 3.6. Let {Sy : A € A} be a collection of SOM-sets in an M-topology
(M, 7). Then arbitrary union of Sy is also SOM-set.

Proof. Since each Sy is SOM-set so 3 an open M-set O, for each A such that
Co,(x) < Cs,(x) < Cy0,)(x) for all x € X and A € A. Now, taking arbi-
trary union over A,

CE\JOA (z) < CLAJSA (z) < C&Jcl(oA)(T) for all z € X.

This imply L}%SA is a SOM-set, because L/.\JO)\ is an open M-set being the

arbitrary union of open sets. U
Remark 3.7. Intersection of two SOM-sets may not be a SOM-set.

Remark 3.8. The collection of all SOM-sets doesn’t form an M-topology
since intersection of two SOM-sets may not be a SOM-set. Howewver, this
collection forms an M-topology iff the closure of all open M-sets are open or
equivalently disjoint open sets have disjoint closures in (M, T).

Theorem 3.9. The union of a SOM-set with an open M-set is again a SOM-
set.

Proof. Let O be an open M-set and S be a SOM-set. So 9 an open M-set A
such that Cy(z) < Cg(z) < Coeay(r) = Cavo(r) < Csuo(r) < Caayuo ().
Now, we have Cyyayuo < Caqayuao) = Caavoy- Hence, Cauo(x) < Csuo(x) <
Cecavoy(r) = SUO is a SOM-set. O

Theorem 3.10. Let {T\ : A\ € A} be a collection of SCM-sets in an M-
topology (M, 7). Then arbitrary intersection of Ty is also SCM-set.



Remark 3.11. Union of two SCM-sets may not be a SCM-set.

Theorem 3.12. If a SOM-set S is such that Cs(z) < Cn(x) < Cos)(x) for
all x € X, then the M-set N is also a SOM-set.

Proof. As S is a SOM-set 3 an open M-set O such that Cp(z) < Cs(z) <
Ceoy(x) for all x € X. Then by hypothesis Cp(z) < Cn(z) for all z € X
and Cys)(x) < Cooy(x) for all x € X. This implies Cy(z) < Cusy(z) <
Cao)(r) = Co(r) < Cn(x) < Cyoy(x). Hence, N is a SOM-set. O

Theorem 3.13. If a SCM-set T is such that Cipyry(x) < Cr(z) < COp(x)
for all x € X, then the M-set R is also a SCM-set.

Theorem 3.14. The following conditions are equivalent:

(i) S is SOM-set;

(it) Cs(x) < Cegint(sy) (2);

(1ii) Cing(ai(sey)(x) < Cge(x);

(iv) S¢ is SCM-set.
Proof. (i) = (ii) Let S be a SOM-set. So 3 an open M-set A such that
Ca(z) < Cg ( ) < Cyay(x) for all x € X. Since A is an open M-set Cg(x) <
Ceintay (). Now Cy(x) < Cs(x) = Claginea)y (@) < Cra@nisy) (x). Thus we
have CS( ) < Ccl(znt S))( )
(1) = (74i) Taking complement of (77), Cing(c(se)) () < Cge().
(i17) = (iv) cl(S°) is a closed M-set such that Cipa(sey () < Cge(x) <
Cesey(x). So S¢is a SCM-set.

(iv) = (i) Since S¢is a SCM-set, 3 a closed M-set B such that Cj(p)(z) <
Cse(z) < Cp(x) = Capey(x) > Cs(x) > Cpe(r) = S is a SOM-set. O

On the basis of above discussion we list the conditions for an M-set A to
be SOM-set as follows:

e If A is open;

If A is clopen;

If A is the closure of some open M-set;

If A is the interior of some M-set;

If CA(I‘) < Ccl(mm)(l‘) Vr € X;



o If Cg(x) < Cu(x) < Cysy(x) for all z € X, for some SOM-set 5.
Similarly, the conditions for an M-set B to be SCM-set are as follows:

e If B is closed;

If B is clopen,;

If B is the closure of some M-set;

If B is the interior of some closed M-set;

If Cinyan)(r) < Cp(x) Vo € X;
o If Cipyry(z) < Cp(x) < Cp(x) for all z € X, for some SCM-set T'.

Remark 3.15. A SOM(SCM)-set need not be open(closed). It is open(closed)
provided that the topology is either the discrete topology or Power set of whole
subM-sets of M.

4 Semi Compactness in M-Topology

In this section, we introduce the concept of semi compactness in M-topology.
The notion of compactness in an topological space is based on the open sets
of the topology. So with the generalization of open sets as SOM-sets, the
notion of compactness have been generalized as Semi-compactness in the
present article.

Definition 4.1. A collection {Ny : X € A} of M-sets is said to be a cover of
an M-topological space (M, T) if

Cu(z) < CLAJNX(x) Vo e X.
Then we say M is covered by {Ny : X € A}.

Definition 4.2. If each N, is SOM-set, then the open cover is said to be a
semi open cover.

Definition 4.3. Any subcollection of a semi open cover is said to be semi
subcover if it covers M.

Definition 4.4. Any subcollection of a semi open cover where each element
is a whole subM-set is said to be semi whole subcover if it covers M.



Definition 4.5. An M-topological space (M, 1) is said to be a semi compact
space if every semi open cover of M has a finite semi open subcover i.e. for
any collection {Ny : X € A} of SOM-sets covering M, 3 a finite subcollection
{Ny 1i=1,2,....,n} such that Cy(z) < Cp NA.(J:), Ve e X.

i=1 z

Example 4.6. Let X = 7, the set of positive integers,

_J2n/n if nis even;

Cl@n+1)/n nis odd.
Then T = {M,¢,{4/2,8/4,12/6,...},{3/1,7/3,11/5,...}} is a M-topology.
Now any semi open cover of M must contain either M or{4/2,8/4,12/6, ...}
and {3/1,7/3,11/5,...} or all of them. In any case, the cover is finite and
hence M is semicompact.

There are various types of subset relations in M-set theory. Instead of
taking only M-subset relation, if we consider the whole/partial whole or full
subset relations the notion of semi compactness can be generalized as follows:

Definition 4.7. An M-topological space (M, ) is said to be a semi-whole
compact space if every semi open cover of M has a finite semi-whole sub-
cover.

Definition 4.8. An M-topological space (M, 1) is said to be a semi-partial
whole compact space if every semi open cover of M has a finite semi-
partial whole subcover.

Definition 4.9. An M-topological space (M, T) is said to be a semi-full
compact space if every semi open cover of M has a finite semi-full subcover.

Definition 4.10. An arbitrary collection C = {Oy, Os, ........... } of M-sets is
said to have Finite intersection property(FIP) if intersection of elements of
every finite subcollection {O1, Oy, ......... ,On} of C is non-empty,

i.e., CﬁlOi (x) # Cy(x).
Theorem 4.11. Let (M, 1) be an M-topology. M is semi compact iff every
collection C = {Ty : A € A} of SCM-sets in M having the FIP is such that

C om(x) # Co(2).

Proof. Let M be semi compact and {T) : A € A} be collection of SCM-sets
with FIP such that C 1, (z) = Cy(z) = Cy re(z) = Cy(x) = {15 :
A€EA A€A

A € A} forms semi open cover of M. So 3,{Ty :i = 1,2,...,n} such that
Cou e (@) =Cul(z) = Cu  (x) =Cy(z) for all z € X, which is a contra-
N

O TS

=1 [ i=1

diction.



Conversely, let every collection of SCM-sets having FIP be such that C' 1, (z) #
AEA
Cy(x). If possible let M be not semi compact. So 3 a semi open cover

{Sx : A € A} which has no finite subcover. Hence Cy/(z) > C'» . () =
¢S1S>‘i
Co(z) <Cn s (x), which is a contradiction. O

i=1 ™M

Theorem 4.12. Let (M, 1) be an M-topology. M is semi compact iff every
collection C = {N, : X € A} of M-sets in M having the FIP is such that

C 0 sam) (@) # Co(2).

Proof. Let (M, 7) be semi compact. If possible let C = {N, : A € A} be a col-
lection of M-sets in M having the FIP be such that C' o sq,)(z) = Cy(z) =
AEA

C U (sel(Ny))e ye(2) = Cpr(x). Therefore {(scl(Ny))¢: A € A} forms a semi open

cover of M. By semi compactness of M, 3 a finite subcover {(scl(N,,))°
i=1,2,..,n} such that C » =Cu(z) = Cp (2) < Cy(2), a
N

0 (scl(Nx)e ()
contradiction.

Conversely, let the hypothesis and assume that M is not compact. Then
3 a semi open cover {Sy : A € A} which has no finite subcover. So 3 a
finite subcollection {S), : i = 1,2,...,n} such that, C'n . () < Cy(z) =

A

Cn ( ) > Cy(x). Therefore {S§: A e A} isa famﬂy of M-sets with FIP.
NOW C s (1) 2 Ou(z) = Cn s5(2) = Co(@) = C 0 sasy)(2) = Co(2),

a contradlctlon. O

Remark 4.13. The Theorems 4.11 and 4.12 hold good for semi whole/partial
whole and full compact spaces.

Remark 4.14. In general topology, a topological space is compact if every
basic open cover (subbasic open cover) has a finite subcover. Considering
M-topology, it is not necessarily true in context of semi open sets. Because,
intersection of two SOM-sets is not necessarily a SOM-set and hence a col-
lection of SOM-sets may not form a M-topology.

Theorem 4.15. Let (M, 1) be an M-topology and (N, Txn) be its subspace.
Let A be an M-set such that Cy(z) < Cy(z) < Cy(x). Then A is T-semi
compact iff A is Tn semi compact.

Proof. Let A be 7-semi compact and {K) : A € A} be a 7y semi open cover
of A. So 3 open M-sets Sy € 7 such that Ck, () = Cnns, (v) for each A, for
all .

Now Cy(z) < Cn(z) < Cug, (z) < Cus, (). Therefore {Sy : A € A} forms

10



a 7-semi open cover of A. So 3 a finite sub cover {S), : i = 1,2,...,n} such

that Cx(z) < Cy(z) < Cp S»(x).
But then Ca(z) < Cy(z) < Con 50y @) = C 1 s (@) = C o ().

This shows that A is 7y semi compact. 1
Conversely, let {S)} be a 7-semi open cover of A.

Setting Cg, () = Cnng, (x) for all = .

Then Cy(z) < Cn(z) < Cus, (7) < Cnnwsy) (@) = Cuvnsy () = Ca, ().

So {Gy : A € A} is a Ty-semi open cover of A. By hypothesis, 3 a fi-

nite subcollection {G, : i = 1,2,...,n} such that Cu(z) < Cp , (2) =
=1 N

€ b = O 50) ) = 5, ()

This implies A is 7-semi compact. U

5 Conclusion

In this paper, we have generalized open sets and closed sets in multiset topo-
logical space as SOM-sets and SCM-sets. With the help of which the notion of
compactness is generalized as semi compactness in M-topology. The present
article extend the theory of SOM-sets, SCM-sets and semi compactness of
general sets to multisets. The study of various properties of these new sets
shows that they deviate from classic theorems of topology in certain cases
which are discussed in remarks. SOM-sets also have some extra properties
which are listed in section 3. We also established a new characterization
(Theorem 4.12 ) of semi compactness.

In future, one may consider generalization of separation axioms, countability
axioms, connectedness and other topological properties in context of multiset
theory.
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