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Abstract

In this paper we give the decomposition of a martingale under the sublinear expecta-
tion associated with a G-Lévy process X with finite activity and without drift. We prove
that such a martingale consists of an It6 integral w.r.t. continuous part of a G-Lévy
process, compensated [to-Lévy integral w.r.t. jump measure associated with X and a
non-increasing continuous G-martingale starting at 0.
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1 Introduction

In the recent years the problem of model uncertainty and the stochastic calculus under
the family of non-dominated probability measures has attracted a lot of attention. The
motivation for such problems comes from the finance: the financial models depend on some
parameters which are not known a priori and need to be estimated. However, the choice
of the parameters may strongly influence the conclusions drawn from the model such as a
valuation of derivatives or their hedging strategies. Therefore, one clearly see the necessity
of considering a family of models and taking a robust approach to them.

For many years the mathematicians considered the family of models (i.e. probability
measures) which could be dominated by a reference probability measure. Such model uncer-
tainty problems reflect the drift uncertainty and could be analysed using g-expectation and
BSDE’s. However, if the volatility of a financial asset is a source of uncertainty, one needs to
consider a family of models which are mutually singular and cannot be dominated by a single
reference measure. Shige Peng proposed in [Pen(7] to analyse such problems by introducing
a process called G-Brownian motion defined on a space equipped in a sublinear expectation
called G-expectation. Whereas g-expectation is defined via BSDE’s, G-expectation is con-
structed with viscosity solutions of non-linear heat equation. Denis and Martini proposed a
different formulation of the volatility uncertainty problem via so-called quasi-sure analysis,
which directly works with the family of non-dominated probability measures on a canonical
space (see [DMO6]). It turns out that both approaches are tightly connected (see [DHP10])
and lead to the stochastic calculus with the It6 formula, G-SDE’s, martingale representa-

tion and G-BSDE’s, as developed in [Pen07], [PenI0], [STZ11al, [Sonl0], [STZ11b|, [PSZ12],
NIP12), [HIPT2.
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Even though G-Brownian motion spurred a lot of interest, its applicability to finance is
limited, as most of the financial models rely on the jump processes like Lévy processes as a
driver of dynamics. However, Peng and Hu introduced in [HP09] a process called a G-Lévy
process which incorporates three sources of uncertainty: drift, volatility and Lévy measure. A
G-Lévy process is a generalization of G-Brownian motion: it is a process consisting of a pure-
jump part and a continuous part which might be seen a generalized G-Brownian motion (i.e.
Brownian motion with both drift and volatility uncertainty). G-Lévy process is also defined
on a space equipped with a sublinear expectation defined by some non-linear IPDE reflecting
all three sources of uncertainty. Ren in [Renl3] showed that such a sublinear expectation
might be represented as supremum of ordinary expectations over a relatively compact family
of probability measures (which again cannot be dominated by a single reference probability
measure). We also showed in [PacI3] that these probability measures can be characterized as
laws of some Ito-Lévy integrals. For a G-Lévy process with finite activity we also introduced
a good definition of an integral w.r.t. its jump part and we showed that both the It6 formula
holds and that (B)SDE’s have unique strong solution under the standard Lipschitz conditions.
More information on the G-Lévy processes can be found in Section

In this paper we investigate the martingale representation in the G-Lévy setting. We
assume that there is no drift uncertainty and that the volatility and jump uncertainties are
unrelated. Under such assumptions we show that a martingale consists of three parts: an
It6 integral part w.r.t. G-Brownian motion, a non-increasing continuous martingale (which
also shows up in the G-Brownian motion setting) and a compensated integral w.r.t. Poisson
random measure associated with jumps of the G-Lévy process. The important feature of these
three components is that only the G-Brownian motion integral is a symmetric martingale
(which means that it is a martingale for all considered probability measures), whereas the
other components might have only supermartingale property under some probabilities.

The structure of the paper is as follows. In Section 2 we give an introduction to the
framework and present the most important results used throughout the paper. In Section
3 we show that under the second order non-degeneracy condition the viscosity solution of
integro-partial DE is smooth. In Section 4 we introduce a compensation of the integral w.r.t.
Poisson random measure associated with a G-Lévy process and show that the compensated
integral is a martingale under the sublinear expectation. Section 5 is devoted to the a priori
estimates for the postulated decomposition of martingales. The representation for a simple
class of random variables is established in Section 6, whereas in Section 7 we show that the
decomposition is true for a relatively wide class of random variables.

2 Preliminaries

Let €2 be a given space and H be a vector lattice of real functions defined on 2, i.e. a linear
space containing 1 such that X € #H implies | X| € H. We will treat elements of H as random
variables.

Definition 1. A sublinear expectation E is a functional E: H — R satisfying the following
properties

1. Monotonicity: If X,Y € H and X >Y then E[X] > E[Y].
2. Constant preserving: For all ¢ € R we have E[c] = c.
3. Sub-additivity: For oll X,Y € H we have E[X] —E[Y] <E[X —Y].

4. Positive homogeneity: For all X € H we have E]NX] = AE[X], VA > 0.



The triple (0, H,E) is called a sublinear expectation space.

We will consider a space H of random variables having the following property: if
X, eH,i=1,...n then

¢(X1,...,Xn) eEH, V¢€Cb7Lip(Rn),

where Cy 1;p(R™) is the space of all bounded Lipschitz continuous functions on R™. We will
express the notions of a distribution and an independence of the random vectors using test
functions in Cj, 1, (R™).

Definition 2. An m-dimensional random vector Y = (Y1,...,Yy) is said to be independent
of an n-dimensional random vector X = (X1,...,X,,) if for every ¢ € Cp rip(R™ x R™)

E[¢(X’ Y)] = E[E[¢(x’ Y)]z:X]

Let X1 and X be n-dimensional random vectors defined on sublinear random spaces
(Q, H1,Eq) and (2, Ha, Eg) respectively. We say that X1 and X5 are identically distributed
and denote it by X1 ~ Xo, if for each ¢ € Cp 1ip(R™) one has

E1[p(X1)] = Ea[¢(Xa)].
Now we give the definition of G-Lévy process (after [HP09]).

Definition 3. Let X = (X;)i>0 be a d-dimensional cadlag process on a sublinear expectation
space (Q,H,E). We say that X is a Lévy process if:

1. Xo =0,

2. for each t,s > 0 the increment X5 — Xy is independent of (Xi,,...,Xy,) for every
n € N and every partition 0 <t; < ...<t, <t,

3. the distribution of the increment X;4s — Xy, t, s > 0 is stationary, i.e. does not depend
on t.

Moreover, we say that a Lévy process X is a G-Lévy process, if satisfies additionally following
conditions

4. there a 2d-dimensional Lévy process (X¢, X8>0 such for eacht >0 X; = X¢ + X7,
5. processes X¢ and X% satisfy the following growth conditions
11£E[|Xf|3]t_1 =0; E[X{] < Ct for all t > 0.
t
Remark 1. The condition[Blimplies that X € is a d-dimensional generalized G-Brownian mo-
tion (in particular, it has continuous paths), whereas the jump part X is of finite variation.

Peng and Hu noticed in their paper that each G-Lévy process X might be characterized
by a non-local operator Gx.

Theorem 2 (Lévy-Khintchine representation, Theorem 35 in [HP09]). Let X be a G-Léuvy
process in R%. For every f € C3(R?) such that f(0) = 0 we put

GxI[f()] = lim BIf (X5))0".



The above limit exists. Moreover, Gx has the following Lévy-Khintchine representation

Gx[f()) = sup { [ FG(a) + (DF0).0) + %tr[DQf(O)QQT]} ,

(v,p,Q)EU

where RE := R4\ {0}, U is a subset U C M(RE) x R x R4 and M(RE) is a set of all Borel
measures on (Rg,B(Rg)). We know additionally that U has the property

(v,p,Q)EU

sup { y |z|v(dz) + |q| thr[QQT]} < 0. (1)

Theorem 3 (Theorem 36 in [HPQ9]). Let X be a d-dimensional G-Lévy process. For each
¢ € Cp 1ip(RY), define u(t,z) := E[p(z + Xt)]. Then u is the unique viscosity solution of the
following integro-PDE

0 =0wu(t,x) — Gx[u(t,x +.) — u(t, )]

=0su(t,x) — sup {/}Rd [u(t,z + z) — u(t, z)v(dz)

(v,p,Q)EU
+{(Du(t,z),q) + %tr[DQU(t, z)QQT]} (2)

with initial condition u(0,x) = ¢(z).

It turns out that the set I used to represent the non-local operator Gx fully characterize
X, namely having X we can define U satysfying eq. () and vice versa.

Theorem 4. Let U satisfy (). Consider the canonical probability space 2 := Do(RT,RY)
of all cadlag functions taking values in R? equipped with the Skorohod topology. Then there
exists a sublinear expectation B on Do(RT,RY) such that the canonical process (Xi)iso is a
G-Lévy process satisfying Lévy-Khintchine representation with the same set U.

The proof might be found in [HP09] (Theorem 38 and 40). We will give however the

construction of [, as it is important to understand it.
Begin with defining the sets of random variables. Put

L’Lp(QT) :{5 € LO(Q) 5 = ¢(Xt1aXt2 - thv ce 7th - th—l))
¢ S Cb,Lip(Rdxn), 0<ti <...<tp, < T},
where X;(w) = wy is the canonical process on the space Dg(R*,R?) and L°(f2) is the space

of all random variables, which are measurable to the filtration generated by the canonical
process. We also set

Lip(Q) := | Lip(Qr).
T=1

Firstly, consider the random variable & = ¢(Xiys — Xt), ¢ € Cp, 1ip(R?). We define
E[€] := u(s,0),

where v is a unique viscosity solution of integro-PDE () with the initial condition u(0,z) =
¢(x). For general

5 = ¢(Xt1aXt2 - thv ce 7th - th—l)’ ¢ € Cb,Lip(Rdxn)



we set E[{] := ¢, where ¢,, is obtained via the following iterated procedure

b1(x1,. . 1) = Elo(x, ..., Xe, — Xe, )],

¢2($1; cee ;:En—Q) = IAE[(bl(‘Tl’ oo 7th71 - th,—z)]’
bn—1(z1) = E[pn_1 (1, Xz, — Xu,)],
b = Elpn_1(Xy,))-

Lastly, we extend definition of E[.] on the completion of Lip(Qr) (respectively Lip(€2)) under
the norm ||.|| 2 () = IAE[||1’]%, p > 1. We denote such a completion by L% (Qr) (or resp.
Le ().

Note that we can equip the Skorohod space Do(R*,R?) with the canonical filtration
Fi := B(Qy), where Q; := {w ¢: w € Q}. Then using the procedure above we may in fact
define the time-consistent conditional sublinear expectation E[¢|F;]. Namely, w.l.o.g. we
may assume that ¢t = ¢; for some 7 and then

E[§|ft1] = ¢nfi(XtoaXt1 - Xtov v 7Xti - Xti—l)'

One can easily prove that such an operator is continuous w.r.t. the norm ||.||; and might be
extended to the whole space L, (€2). By construction above, it is clear that the conditional
expectation satisfies the tower property, i.e. is dynamically consistent.

Definition 4. A stochastic process (My)eo,) s called a G-martingale if My € L(S%) for
every t € [0,T] and for each 0 < s <t <T one has

M, = E[M,;|F,].

Moreover, a G-martingale M is called symmetric, if —M is also a G-martingale.

2.1 Representation of I@l[] as an upper-expectation

In [Ren13] it has been proven that the sublinear expectation associated with a G-Lévy process
can be represented as an upper-expectation, i.e. supremum of ordinary expectations over
some family of probability measures. Moreover, in [Pacl3] we characterized that family of
probability measures as laws of some It6-Lévy integrals under some conditions on the family
of Lévy measures. (see Section 3 in [PacI3]). Throughout this paper we will work with the
assumption which is stronger than Assumption 1 in [Pacl3], namely we assume the following,.

Assumption 1. Let a canonical process X be a G-Lévy process in R% on a sublinear ex-
pectation space (Do(RT,R%Y), LE(Q),E). Let U € M(RE) x R? x R4 be a set used in the
Lévy-Khintchine representation of X @) satisfying [{l). We assume that U is of the product
form U =V x {0} x Q, hence the uncertainties connected with the jumps and the volatility
are unrelated and there is no drift uncertainty. Moreover, assume that X has finite activity
as in Remark 6 in[Pacl3), i.e.
A := sup v(RY) < oco.
veV

Remark 5. Let Gz denote the set of all Borel function g: R? — R¢ such that g(0) = 0.
Note that under the finite activity assumption it is easy to construct a measure p € M(R?)
such that

[ () <0 and - u{op) =0

0



and for all v € V there exists a function g, € G satisfying the following condition
v(B) = ulg, '(B)) VB € B(RY).

One of the possible constructions of such a measure might be obtained via the Knothe-
Rosenblatt rearrangement and we can even take p as a Lebesgue measure restricted to a
hypercube [0, \}/"]™ (see for example [Vil09], p.8-9).

Consequently, we can re-parametrize set ¢ in the Lévy-Khintchine formula as follows

U :={(95,0,9) € G x R x R™?: (v,p,q) € U}.

Apart from the finite activity assumption, we will also require that the operator Gx
associated with X is non-degenerate in the following sense

Assumption 2. Let U =V x {0} x Q be a set used in the Lévy-Khintchine representation
of X @) satisfying (). We will assume that there exists a finite measure 7 € M(RE) and
constants 0 < ¢ < € < 0o s.t. all measures v €V and all B € B(RY) one has

cm(B) <wv(B) <cn(B).

As a consequence, all v € V are equivalent measures to m with Radon-Nikodym densities f,
bounded from below and above by ¢ and ¢ on the support of «.

Let Sq be a set of all symmetric d X d matrices. We assume that there exists also a
constant o> > 0 s.t. for all A,B € Sq, A > B one has

sup 1tr[AQQT] — sup ltr[AQQT] > o? tr[A — B].
Qe 2 Qeo 2

The first part of this assumption is necessary to establish a priori estimates in Section [l
whereas the second part is crucial for having smooth solutions to IPDE (2)).

Let (€, G,Py) be a probability space carrying a Brownian motion W and a Lévy process
with a Lévy triplet (0,0, i), which is independent of W. Let N(dt,dz) be a Poisson random
measure associated with that Lévy process. Define N; = ng N (t,dx), which is finite Py-a.s.

as we assume that p integrates |z|. We also define the filtration generated by W and N:
G :=c{W,, Ng:0<s<t}VN; N:={Ae€ Q: Po(A) = 0}; G := (Gi)e>o-

Theorem 6 (Theorem 7-9 and Corollary 10 in [Pacl3]). Introduce a set of integrands AZT,
0 <t < T, associated with U as a set of all processes 0 = (69,0,0%°) defined on |t,T)
satisfying the following properties:

1. 6°¢ is G-adapted process and 0% is G-predictable random field on |t, T] x R?.
2. For Pp-a.a. w € Q and a.e. s €]t,T] we have that (8%(s,.)(w),0,0%(w)) € U.

3. 0 satisfies the following integrability condition

=\

For 0 € .A%’,OO denote the following Lévy -It6 integral as

T
B;le :/ 05dW +/ / 0%(s, )N (ds, dz).
t 1t,7] JRY

105 + /]Rd |9d(s,z)|u(dz)] ds} < 0.



Lastly, for a fived ¢ € Cp 1ip(R?) and fized T > 0 define for each (t,z) € [0,T] x R?

u(t,z) := sup EF°[p(z + B;le)].
oeAY

Then under Assumption[dlu is the viscosity solution of the following integro-PDE
drult,x) + Gxlultz + ) — ult,2)] = 0 (3)

with the terminal condition u(T,z) = ¢(x). Moreover, for every & € L5 (Q) we can represent
the sublinear expectation in the following way

Elg)= sup EF[¢],
oAy

where P? := Py o (B.99)71 0 ¢ A%{OO. We will introduce also the following notation B :=
{P?:0¢ Al(j{, o}
We also have a similar characterization for the conditional sublinear expectation.

Proposition 7. Under Assumption [ we have for every & € L§(Q2) that for every P € B

E[¢| 7] == esssup” EF [¢|F], P —a.s.
P eRB(t,P)

where P(t, P) :={P € P: P =P on F}.

The proof uses exactly the same arguments as in G-Brownian motion case (see Proposition
3.4 in [STZ114]).

Definition 5. We define the capacity ¢ associated with 1) by putting

c(A) :=supP(4), AeB(N).
Pep

We will say that a set A € B(Q) is polar if c(A) = 0. We say that a property holds quasi-surely
(q.s.) if it holds outside a polar set.

Remark 8. Note that under Assumption [I] the continuous part of a G-Lévy process X°¢ is
a G-Brownian motion (or to be more exact: G°-Brownian motion, we will however drop the
distinction as it doesn’t lead to any confusion). We will denote that G-Brownian notion as
B and its quadratic variation is denoted as (B).

Moreover, the finite activity assumption allows us to define the a Poisson random measure
L(ds, dz) associated with the G-Lévy process X by putting

L(s,t],A) = Y 14(AX,), g.s.

s<u<t

for any 0 < s < t < co and A € B(RY). The random measure is well-defined and may be
used to define the pathwise integral. See [Pacl3], Section 4 and 5 for details.



2.2 Notation for different spaces and integrals

Throughout this paper we will use different spaces of both random variables and stochastic
processes. In this subsection we will define these spaces.
e As already mentioned, LY, (Qr), p > 1 space is a closure of Lip(Qr) under the norm
-l e, @)

o L2 (Q7), p > 1is the closure of Lip(€27) under the norm

Iz ory = E[ sup E[|.||F]].
te[0,T)

We will also use the following definition: the process Z taking values in a metric space
(X,d) is an elementary process, if it has the form

N
= Z On( Xty X ) e, 1,0
n=1

where 0 < t; < ...ty < 0o and ¢, : R¥*™ — X is Lipschitz continuous and bounded.

e For X = R, R%, S; we define the family of elementary processes taking value in X
as the set of all random processes of the form Z; = 25:1 G (Xtys ooy Xe ),y t0)s
where 0 < t; < ...ty < T and ¢,: RI*xn _y X is Lipschitz continuous and bounded.
Let HZ.(0,7T; X) denote the completion of all X-valued elementary under the norm

T
/ |Z,[Pds
0

For a process Z € H%,(0,T; R?) one can define the stochastic integral w.r.t. G-Brownian
motion B denoted by fot Zs - dBs. Similarly for Z € H%(0,T;R) and H%(0,T;RY)
one can define integrals fot Zsds and fot Zs: d(B), (respectively)[] All integrals are
continuous operators between spaces He, (0,7 X) and L (). See [PenI(] for details.

1/p

1Z1l342,0,72) :

e Let H2([0,T) x RY) be a space of all elementary random fields on [0,7] x RZ of the
form

S
\

K (u,2) Z W) Ljgy i 0] (W) Wi(2), n,m €N, (4)

k=1 l=

where 0 < t; < ... < t, < T is the partition of [0,T], {¢y}";, C Chuip(RY) are
functions with disjoint supports s.t. ¥;(0) = 0 and Fi; = ¢pi1( Xty -, Xe, — Xtoy),
®k.1 € Chrip(R¥F). We introduce two norms on this space

1/p
1K (|32, 10,71 xR2) = E U Sup/ |K(u72)lpv(d2)d4 , p=1,2
vey JRd

and define the completion of HZ,([0, T] x R) under these norms as H% ([0, T] x Rd). For
a random field K € HL ([0, 7] x Rd) we can define a pathwise integral w.r.t. a Poisson
jump measure L(ds,dz) as

t
/ K(u,z)L(du,dz) := Z K(u,AX,), q.s
s JRE

s<u<t

IWe use the the following notation: x -y := 2Ty, 2,y € R* and A: B :=tr[AB], A,B € Sy.



The integral is continuous as an operator from space Hp([0,7] x RE) to L%, (). For
details see Section 5 in [Pac13].

e SP(0,T)p > 1 is a space of all stochastic process Z such that for each ¢ € [0,T]
Zy € LP() and Z has finite ||.[|gz, (o,7) norm defined as

1Zlls2,00,ry := E[ sup |Z;[P]/7.
t€[0,T

3 Regularity of the solution of integro-PDE

In this section we will prove that the integro-partial differential equation (B]) has not only a
viscosity solution, but also a classical solution. We will restrict ourselves to the case, where
the terminal condition is smooth and of finite support. Even tough this might be restrictive,
it will be sufficient to our purposes.

We will use in this section the result by Mikulevicius and Pragarauskas about the existence
of the classical solution of the class of integro-PDEs on the cylinder |0, T[x D where D is a
bounded domain of R?. We will extend that result to the the unbounded case by using the
estimate of the C?T® norm of the solution and then prove that our equation satisfies all the
conditions of the regularity theorem by Mikulevicius and Pragarauskas.

We will introduce now some standard notation used by Mikulevicius and Pragarauskas.
Fix a domain D in R? and define a cylinder Q,(D) :=]s, T[xD, s € [0, T, Q(D) := Qo(D).
Let 9'Q = (]0,T[xdD) U (T x D). For the multiindex | = (lg,l1,...,lq) € N1 of the
parabolic order |I| = 2lp + 11 + ... + lg we shall denote the partial derivative

al0+ll+---+ld

o t,r) = ——7F+
(t.2) Atlodzlr ... dxly

u(t, x).

of the function u defined on Q(D). The space C(Qs(D)) is defined as usual, i.e. space
of all continuous functions on @Qs(D) such that the supremum norm is finite. The space
C"(Qs(D)), n € N, a € [0,1] is defined as the space of all functions u continuous on
Qs(D) together with all their partial derivatives d'u, |I| < n and having the finite norm

1l nta,q.(p) == max sup |0lu(t,x)| + Myt0.0.(D)
[l]<n (t,x)€[s,T)x D

where

Myia,g.p) == SUp Mpio[u(t,.); D+  sup  Mppa—pp 2 [0'u(., 2);]s, T[]
t€]s,T| l|<n, x€D

and

Myto [f; 9 = sup 1014 (x) = 8lf(y)|, where f: Q — R.

|l|=n, z,yeQ, z#y |:C - y|a

Introduce now the operator G defining integro-PDE. Let G = G(A,r,u,w,t,z) be a
function defined on Sg x R? x R x C?T%(Q(D)) x Q(D) (where S, is a space of all symmetric
d x d matrices) and taking values in R. For brevity let V := S; x RY x R. We fix non-negative
constants a, v €]0,1[, K, K1, Ko, (K¢)ec[o,1]-

Definition 6. Let G(a,v, K, K1, (K.), D) be the class of all functions G: V x C?>T*(Q(D)) x

Q(D) — R satisfying the following properties:



1. G in convex w.r.t. A,
2. for any (A,r,u,w,t,r) €V x C**t*(Q(D)) x Q(D) and ¢ € R we have

V[E]? < GA+ &7 r u,w,t, x) — G(A, r u,w, t,x) < v ¢,

3. for any A, A" € Sq, ;7' € R4, u, v/ € R, w € C?>T¥(Q(D)) and (t,z,) € Q(D) we have

d d
|G(A,r,u,w,t,x)—G(A’,r',u’,w,t,x)| <K Z |A1J _A;jl—’—eri_r;'—i_'u_ull
ij=1 i=1

4. for any e €]0,1[, t € [0,T], (v,w) € V x C***(Q(D)) we have
||G(ana )Ha,Qt(D) < Kl’Ul + 6|‘w||2+017Qt(D) + KﬁlleO,Qt(D) + Kl’
5. if w,w, € C*T(Q(D)) , sup,, [[wnllata,on) < 00, wn — w in C*(Q(D)) as n — oo,
then G(v,wp,t,z) = G(v,w,t,x) for all (v,t,x) € V x Q(D).

Moreover, we say that G belongs to the class Gi(a,v, K, K1, Ko, (K.), D), if G belongs
to the class G(a,v, K, K1, (K.)) and is infinitely differentiable w.r.t. v and for any v € V,
w,w’ € C**(Q(D)) and t € [0,T[ one has

1G(v,w,.) = G(v,w', )]o,g,p) < Ka|lw —w'lo,q,p)-

Assumption 3. Fiz « €]0,1[, § > 0, K > 0. Let D be bounded non-empty domain D =
{z € R%: (x) > 0} with boundary OD = {1 = 0}, where the function 1 € C*t*(R?) is such

[l corame < K and  sup |[Vip| > 6.
r€edD

Let G = G(A,r,u,w,t,x) be a function defined on Sq x R? x R x C?**(Q(D)) x Q(D) and
taking values in R such that G(0,0,0,0,7T,.) =0 on 0D.

Moreover, assume that G belongs to the class G(o, v, K, K1, (K.), D) for some non-negative
constants v €]0,1[, K, K1, (Kc)ecepo,1] and there exists a sequence {Gy}n such that G, are
in the class Gi(o,v, K, K1, K%} (K.),D) for some non-negative constant K§, n € N, and
Gn(.,t,z) = G(.,t,z) uniformly on bounded sets of V x C?T*(Q(D)) for any (t,x) € Q(D).

Theorem 9 (Theorem 1 in [MP94]). Under Assumptionl3 consider the problem
owu(t, z) + G(D*u(t,x), Du(t, ), u(t,x),u,t,2) =0 in Q(D), u=0 ondQ(D).
Then this problem has the classical solution u € C?(Q(D)) such that
[ull2,(p) < NKi
and the constant N depends only on «, d, v, 6, K, (K,).

We stress that the bound depends on the domain D only via parameters 6 and K. More-
over, for any 7 > 0 the open ball D, C R? centred at 0 and with radius r satisfies the
assumptions in Assumption Bl for any 6 > 0 and K > 0. We will use this fact to extend the
existence result to the case D = R? via solving the equation on domains D,, and taking a
convergent subsequence. Thus let us introduce the definition

10



Definition 7. We say that function G: Sq x R* x R x C*(Q(R?)) x Q(R?) — R belongs to
the class G(a,v, K, K1, (K.),R%) if the following conditions are satisfied:

1. for each open ball D,, with radius n centred at O there exists a function G,, such that
G, € Gla,v,K,Ky,(K.),D,,) and G,, satisfies the following coordination condition:
G»(0,0,0,0,7,.) =0 on 0D,;

2. for any A,, A € Sq, T, € R up,u € R and w,, € C**(Q(D,,)), w € C?(Q(RY))
such that

e A, > A, rp, =1, Uy > U asn — oo,

® SUp,>, |Wnlgp,)ll24a.Q(D,,) <00 for allm €N,

e for each m > 1 we have wylgp,,) = Wlg(p,,) " C*(Q(Dy)) as n — 0o, n > m,
then Gpn(Ap, T, wn, t,2) = G(A,r,w,t,z) as n — oo eventually for all (t,z) € Q(RY).

Moreover we say that G belongs to the class G (a,v, K, K1, (K}, (K.),R?), if G belongs to the
class G(a,v, K, K1, (K.),R%), each G, from point 1 belongs to Gi(co, v, K, K1, K3, (K.), Dy,).

Corollary 10. Let G be in the class G (o, v, K, K1, (K3), (K.),R%) for some non-negative
constants v €]0,1[, K, K1, (K¢)egjo,1] and (K3 )pn>1-
Then the problem:

Owu(t, z) + G(D*u(t, x), Du(t, ), u(t,z),u,t,x) =0 in QR?Y), u(T,.)=0.
has the classical solution u € C%(Q(R?)) such that
llull2,0me) < NKy
and the constant N depends only on a, d, v, 6, K, (K,).

Proof. By the assumptions on G and Theorem [@ we know that for each n € N there exists a
classical solution u™ for the problem

o (t, ) +Gpn(D*u"(t, ), Du™(t, x),u"(t,z),u™, t,x) =0 inQ(D,), u=0 ondQ(D,).

such that
lu"|24a,@p,) < NK;.

Let n > m, where m > 1 is fixed. Then of course we have also following bound

14" gD l2+a.@(D.) < NE.

Note that the set Q(D,,) is compact for every m € N thus the family {u"lg(p,y: > m}is
relatively compact in the C?(Q(D,,)) topology (by the Arzela-Ascoli theorem). Thus we can
choose the sequence (ng); by using the diagonal argument, such that {u"*|5(p, : k > m}
is a Cauchy sequence in C%(Q(D,,)) for each m € N. Thus we may define a unique function
u € C? _(Q(R?)) as the limit of these Cauchy sequences.

loc

We claim that u belongs to C2(Q(R?)) and that u is the solution of the integro-PDE.
The first assertion follow from the fact for each n > m we have a bound

"o, 2,000 < W gD ll24a.@D,n) < NKi.

11



thus by the definition of u we easily get
lulgpll2.@p,) < NKy and  ully grey < NKi.
Now we can easily prove the second assertion by noting that the sequence
(D?u™ (t,x), Du™ (t, ), u™ (t,2), u™ e

satisfies the assumptions of Definition [ point 2, so for each (t,7) € Q(R?) we have that
G (D?u™ (t, ), Du* (£, x),u™ (t, ), u™, t,x) = G(D?ult, ), Dult, z),u(t, x),u,t,7) as
k — oo (and of course dyu™*(t,x) — Oiu(t,x) as k — o0). Thus u solves our equation. [

Using this corollary we are able to prove that the integro-PDE () has a classical solution
if the terminal condition is sufficiently regular.

Proposition 11. Let ¢ € C?(RY). Then under Assumption[d the equation @) has a classical
solution.

Proof. Note that we may rewrite the equation by introducing the new operator

1
G(A,w,t,z) == G°(A)+G%(w,t,z) := sup = tr [AQQT}quup/ [w(t,z + z) — w(t,z)] v(dz)
Qeo 2 vev Jrd
Define Gy (A, r,u, w,t,z) := G(A + D*¢(x), w + ¢(z),t,2) := G§(A) + Gg(w,t, x).
It is easy to notice that v is the classical solution of the equation (B]) if and only if
u(t,x) :=v(t,z) — ¢(x) is the classical solution of the following equation

O u(t, ) + Gy(D*u(t,z),u, t,z) =0, u(T,.)=0. (5)

It is rather clear that due to the non-degeneracy assumption, Gy satisfies the conditions
in Corollary [I0 for some constants which depend only on the set U (or rather Q), d and
|¢]|2.ga- Moreover, by regularizing G¢ using the smooth approximation of unity, we can get
the existence of the sequence of operators, which is smooth in the first variable. Hence, using
the corollary we get the existence of the solution u and thus also v. O

4 Compensated pure-jump processes

In this section we will consider ’compensated’ G-It6-Lévy integral and prove that such a
process is a G-martingale. Such a result is a direct analouge of the fact that the integral
w.r.t. compensated Poisson random measure is a martingale. In our case however we don’t
know how to compensate the jump measure, thus we will need to compensate the whole
integral.

To be more exact, for a pure-jump integral fot ng K(s,2)L(ds,dz), K € HZ([0,T] x Rg)
we consider the compensated integral defined as

/ K(s,z)L(ds,dz) / sup K (s, z)v(dz)ds.
R¢ 0 vev

The first thing we will show is that the correction term lies in a appropriate space.

Proposition 12. Under Assumption[ and[@ for each K € HZ([0,T] x R3) and t € [0, T

/ sup K (s,2)v(dz)ds
0 veV

is an element of L%().
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Proof. First, we will prove that the assertion is true for K € H2([0,7] x Rd). In fact by the
linearity of the integral w.r.t. time and by the fact that L% (£) is a linear space, we can to
consider K of the following form

K(s,2) 1= Ny, 1 (s) Y Frb(2),
=1

where 0 < t; < ta < T, Fy € Lip(Q4,), ¥r € Chrip(R?) such that 1, (0) = 0. Assume
additionally that Fj has the following representation:

Fr = ¢r(Xsy, Xey — Xepy ooy Xoo 1 — X))y Ok € Cprip(R™), 0< 81 < ... < 5 <ty
For such a simple K we have
Ji(K) = (ta Nt —t1 At) sup ZFk/ Vi (z)v(dz).
veV k=1 ]Rg

We will prove that J;(K) € Lip(Q;). Consider the function

m

Brrsvmn) = sup 3 nlan,. ) | n()o(dz),

veV k=1

1 is bounded because ¢ and ¥, are bounded. We will prove now that ¢ is Lipschitz
continuous. Let z,y € R4*"

6(2) — 6(3)] = sup 3 n () / be(eo(dz) —sup 3 dnlw) [ wn(z)oldz)
veV 1 veV R§
<oup| 3 on(a) [ on(ald) ~ Do ontw / RACHTS

<> lon(o) — )l sup [ [onlelds) < Lie —y

h—1 ve

for some constant L > 0 as all ¢, are Lipschitz continuous and all ¢, are bounded. As the
conclusion we get that J,(K) € Lip().

Finally, we notice that J; is a Lipschitz-continuous function from HZ([0,7] x Rg) to
L% () thus we may easily get the assertion of the theorem for all K € HZ/([0,T] x Rd). O

Now we can state the main result of this section.

Theorem 13. Assume Assumption [ and [ For a fivzed K € HE([0,T] x RE) define the
compensated pure-jump integral

t t
M, = / K(s,2)X(ds,dz) — / sup K(s,z)v(dz)ds.
0 JRY 0 veV JRd

Then for any non-increasing G-martingale Ny = fot H,: (B)s — fOT SUpe o tr[H,QQT]ds,

HE(0,T5Sq) we have that M + N is a G-martingale. In particular, taking N = 0 we get that
M is also a G-martingale.

13



Proof. Tt is sufficient to consider the processes K and H of the form

n—1

n—1 m
= Z Fy. ]l]tk,tk.+1](s) Q/Jl(z)a H, = Z G ]l]tk,tk+1](5)
k=1 I=1 k=1

where 0 < t; < ... <t, < T is the partition of [0, 7], {¢i}I; C Cp1ip(R?) are functions with
disjoint supports s.t. 1/)1(0) = 0and Fk,l = (bk,l(thv R 7th7th71)’ Gr = o (th, ce ,thf
X, ) with ¢p; € Cprip(RP*F) and ¢ € Cpip(R*F;S,) (ie. it is a bounded Lipschitz
function of R4** taking values in Sy). In fact we need only to consider the one-step case

E[Mtk+l - Mtk + Ntk+1 - Ntk|]:tk]

:E i Fk,l Z wl(AXé) + tr[Gk(<B>tk+1 - <B>tk) ]:tk

tp<s<tpi1

— supZFkl Z / i(z)v(dz) + sup tr[GkQQ Il (tk41 —tx) =: A—B

veV) te<s<tpii

We want to prove that A = B. Let AX = (Xy,,..., Xy, — Xt,_,). By the definition of the
conditional expectation it is easy to see that

z:AX-

ookil@) Y Gi(AX) + trlor (@) (B, — (B)i)
=1

tr<s<tpi1

Now we use Theorem [Glto transform the sublinear expectation E[] into an upper-expectation
using the argument just as in Theorem 20 in [Pacl3]:

[ m lkt1
B Py d cipe\T
A B QSEQT E Z ¢k1l(z) tr <;k+1 wl (9 (S, ANU)) + tr[¢k (z) /tk 98 (95) dS] r=AX
oot th41
- EPo z ol / . Di(0(s, 2)) N (ds, dz) + tr( () / k 92(99”51] N
m tht1 tet1

B esng B Z Pr1( /tk ®d Yi(0%(s, 2))p(dz)ds + tr[oy (x )/tk og(eg)TdS]l s=AX
— T - =

- Eﬁpzqm / Yi(2)v(dz) + SUP tror (@) QQ7 ]| (terr — tr) T=AX B.

Note that the compensated pure-jump integral is a G-martingale, but it is not symmetric
in general under the Assumption [l Thus it has a nature which is completely different from
the It6 integral w.r.t. G-Brownian motion.

5 A priori estimates for the G-martingale decomposition

In this section we will assume that a G-martingale M has the following decomposition

¢ ¢ ¢
M, = MOJr/ HS~dBSfo+/ Kd(s,z)L(ds,dz)f/ sup | K%s,2)v(dz)ds q.s., (6)
0 0 JR4 0 veV JRY

14
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where H € HZ%(0,T;RY), K¢ is a non-decreasing process in S%(0,T) such that —K¢ is a
G-martingale and K§ = 0 and K¢ € HZ([0,7] x RE). We will give the estimates of the
norms of these processes in terms of the process M.

Theorem 14. Let M has the decomposition as in eq. (@). Under Assumption[dl and[d there
exists a constant C' depending only on the dimension d such that

1H 3.2 0,7y + KB, 0,7 + 1K N3z 0,71 xma) < CIM N3z, 0.7-

Proof. We will follow the idea in [STZ11a]. Applying the It6 formula for a It6-Lévy process
M we easily get

MT7M2+2/ M,_H,-dB, +/ H.HT: d(B 72/ M,_dKf

— su dSZU z)as 5 dSZQ— >_2 S,az
2 [ s [ K ez s [ L T+ K2 = (] £, )
(”

Note that the last term might be rewritten as ftT Jga [2M_K%(s,2) + (K%(s, 2))?] L(ds, dz).
()

Fix P € P. Note that by exactly the same argument as in the proof of Theorem 20 in
[Pac13] we have that for every K € HE([0,T] x RE) we have

/ RdK(s ,2)L(ds, dz)]

< EP l/ sup K (s,z)v (dz)ds] . (8)

veV

veY

EF l/ inf [ K(s,2)v (dz)ds] <EP

Taking the P-expectation in the equation (fl) and using eq. (IE) and Assumptio 2 we get

T T
0 <E¥ M3+/ H.,H!: d(B),| =E* M%+2/ M,_dK¢
t t

veV JRE

T T
+2/t M,_sup | K%s,z2)v(dz)ds f/t /Rd [QMS,KCI(S,Z) + (Kd(s,z))ﬂ L(ds,dz)]

T T
<EF | MZ + 2/ |Ms_|dK; + 2/ M,_sup | K%s,z)v(dz)ds
¢ ¢

veV JRE

+ EF

T T
2/ sup |M5_Kd(s,z)|v(dz)ds—/ inf [ (K%Gs,z2))*v(dz)ds
t weV Jre t vEV R

<EP | sup |M,|*>+2 sup |M, |KT—|—/ sup/ 4|M,_||K%(s, 2)|v(dz)ds
s€[t,T] s€[t,T] veV JRE

_EP [/t 52\% Rg(K”l(S,z:))%(clz:)ds}

<A+ e+ 4T —t) 5 HEP | sup |M,|?

s€t,T]

+ €EF [(K%)?]

+EP

T T
5/ sup |Kd(s,z)|21)(dz)ds—/ inf [ (K%Gs,z))%v(dz)ds
t vev JRrd t VEV JRE
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<A +e '+ 4T —t) 0 HEP | sup |M,|?

+ B [(K7)?]
s€(t,T]

— (¢ — 62)EF 9)

T
/ |K%(s, 2)|*n(dz)ds
t JRE

where € and § are some positive constants. Will will use this equation three times. First,
assume § > 0 is small enough so that ¢ — ¢ > 0. Then it’s trivial to get the estimate for K¢:

, Elr

E E | sup |M,|?

s€t,T]

T B .
/ [ K (s, Z)Pw(dz)d(;] < 1+e " 4+4(T—t)0 l
t Rg

c—dc

(10)
Then by the eq. (@), continuity of It6-Lévy integral as an operator, Holder inequality and
again by eq. (@) and eq. ([I0) we also get that

T 2 T 2
EF [|K$|?] <BE" | [Mp|* + |Mo|* + </ H, . dBS> + (/ Kd(s,z)L(ds,dz)>
0 0 JRY

T 2
+ (/ sup Kd(s,z)v(dz)ds>
0 veVJRrd

2
T
<BE" | sup M, |* + | M| + ( / H.HY :d<B>s>
0

s€[0,T)
T
(/ |K%(s, z)|2ﬂ'(dz)ds>
o Jrd

+5(1+ e+ 4T —t)5 HE

+5¢(3T + 1R

<5E | sup |M,[?

s€[0,T)

sup | M|
s€(t,T]

/OT /Rg K, Z)|27T(dz)ds]

+ 5¢E [(K5)?]

+5(E(3T 4+ 1) —c+ 6e)E

<SE | sup M| +5(1+ e +4T6 HE | sup |[M|?| + 5ek [(K5)?]
5€[0,T) 5€[0,T]
(3T +1) — ¢+ d¢ . o
LpfBTH D Z et 08 s R | sup (ML + B [(K$)?]
c—dc s€[0,T]

Taking supremum over P € 8 and rearranging this equation we get

{1 + (1 +e 4 %) LZ’T_ZCI)} (11)

N c(37T +1 N
E [ K] [156M} <5E | sup |M,)?
c—oc s€[0,T]

Fix § := o and € := WCTH)' Then the coefficient on the LHS is equal to 1/2 and we get
the estimate

E[|K$?] < 10E | sup |M,?

s€[0,T)

= ClE

[1+8EQ(17T+5)(3T+1)} .

sup |MS|2] (12)

2
& s€(0,T
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We can now use this estimate in eq. (I0) to get the existence of the constant Cs such that

1) UOT /}Rg |K9(s, z)>m(dz)ds

In the end we using this estimate and eq. ([I2)) in eq. (@) we can get the existence of a
constant C3 such that

<O, E
s€[0,T]

sup |M5|21 (13)

T
E / H H!: d(B)s| < C3E | sup [M|?]|. (14)
0 s€[0,7)
Connecting these equations we get the assertion of the theorem. O

Using a very similar technique we may prove a theorem for the differences.

Theorem 15. Let M, i = 1,2 has the decomposition as below

t _ t _ t _
M = M8'+/ H;.dBSfKtZ’CqL/ K“d(s,z)L(ds,dz)—/ sup | K%(s,z)v(dz)ds, q.s.,
0 0 0

R¢ veV JR4A

(15)
where H' € HZ(0,T;R?), K¢ is a non-decreasing process in S%(0,T) such that —K"¢ is a
G-martingale and Ké’c =0 and K% € HZ([0,T] x RY), i = 1,2. Let~ denotes the difference
between processes -' and 2. Then under Assumption [ and [@ there exists a constant C
depending only on the dimension d such that

[ [ C [ d
||H||3{2G(0,T;Rd) + 1K ||§2 o) T IK ||3{2G([o T]xRE)
< C (1M1 0.1y + 1Moz, 0,y (1M sz 0.1 + 142152, 0m)) | -

Proof. Just as in the proof of Theorem [I4l we use the It6 formula to get the following estimate

T
0 <EP =FEF M%+2/ M,_dKf
t

T
N2+ / HHT: d(B),
t
T

+ 2/ M,_ <Sup KY4(s, 2)v(dz)ds — sup K2’d(s,z)v(dz)> ds

veVY vev Jrd
/ /Rd [2M,_K(s, 2) + (K“(s,2))°] L(ds,dz)]

<E*
veY JRE

—EF [/ ;25 Rg(f(d(s,z))%(dz)ds]

T
<EP | sup ML +2 sup [ML|(KL® 4+ K2%) + / sup/ A B, || R(s, 2)[v(dz)ds
s€[t,T) s€[t,T) t veV JRE

T T
542 [ M 4 K 2 [ s [ |Kd<s,z>|v<dz>ds]
t t d

T
+ 2FF sup/d WL R%(s, 2)|v(dz)ds
R

veV

_ kP

inf / (K%(s, 2))*v(dz)ds
veV Jy RY
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_ 1/2
sup [M[*| +E

s€t,T]

5/thup/Rg |Kd(s,z)|2v(dz)ds/tT inf /Rg(Kd(s,z))Qv(dz)ds

veY veV

1/2
g 16| 8 (k3]
set,T]

+EF

sup [I1,[2| +EF

s€(t,T]

/tT /}Rg |Kd(s,z)|27r(dz)ds] (16)

Thus using the fact that we can estimate the norm of K%¢ by the norm of M? by eq. (I2)
we can easily get that

1/2
sup |Ms|2] [P (ke 212 + BP ()2

set,T]

— (c— 62)EF

T
EV H,AT: d(B)s| < C1 I8, 0.1 + 1Ml 0m) (IM2 0.0 + 102 sz 0.m) )|

(17)

and

A T _— — —

B[ [ 1R 2 Prtaz)ds| < Co (13802 )+ 1WEdszi0) (1M sy 0 + M2 lsg0m)|-
0
(18)

The estimate of the norm of I:( ¢ might be obtained analogously to the derivation of eq.
([I2)) using the representation of M. O

6 Representation of G-martingales with a terminate value
being a smooth cylinder random variables

In this section we will use Proposition [[1] to prove that smooth cylinder random variables
can be represented as the sum of the stochastic integral w.r.t. G¢-Brownian motion, a
‘compensated’ integral w.r.t. the pure-jump Lévy process and a non-increasing continuous
G-martingale. The procedure will be very similar to the one used in [HP10] or [STZ11a], but
we need to take into account the different structure of the operator G.

Firstly, we will need the following easy lemma.

Lemma 16. Let (§,)men C Lip(Qr) be a sequence of random wvariables of the form
gm = ¢m(Xt17Xt2 - tha e 5th - thfl)-

for some partition 0 =ty < t; <ty <...<t, <T and functions ¢,, € C? (RdX"). Assume
that ¢, converges uniformly to ¢ € C*(R*™). Then &, converges to & in LE (7)), where &
is defined as

5 = ¢(Xt1 y Xt2 — th, ey th — th—l)'

Proof. The assertion of the lemma follows quickly from the definition of the norm and the
monotonicity of the (conditional) expectation:
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B [ sup (Bl ~ 60l 17])

- [ sup (fE[ sup |pm(z) — ¢()] |ft])21

te[o,T te[0,7] zERAXn
=[ sup |¢m(z) — ()] =
rERIXn

Theorem 17. Assume Assumptiondl and[@ and let & € Lip(Qr) be of the form
5 = d)(thaXm - thv s 5th - th—l)

for some partition 0 =ty < t; <ty < ... < t, <T and a function ¢ € CZ(R¥™). Then
there exist unique processes H € H%(0,T;R?), K¢ € HZ([0,T] x RE) and K¢ € S%(0,T),
such that K€ is a non-decreasing process m —K°¢ is a G-martingale and

T T T
£ = E[¢] +/ H,-dBs; — K° +/ K%s,2)L(ds,dz) — / sup [ K%s,2)v(dz)ds, q.s.
0 o Jrd veV Jrd
Proof. Fix £ of the form
§=o(Xey, Xoy — Xy, X, = Xo ).

Moreover, introduce the notation x* := (x1,...,2;) for an element of R4**¥ and X% :=

(Xty, Xty — Xty s Xty — Xtyy), & < n. We will establish the representation backwards
similarly to Theorem 15 in [HP10]. Let u be the classical solution of the equation

Oulu i (t,z) + G(D*u"—i (L), ul oty ) =0, Uy (tn, ) = Gzt ).

We put
H;l = ]l]tnfhtn](S)Du?("*l(sﬂ Xs — th—l)?
s , 1 S
KM= G(D*u% (5, X5 — Xy, _,))ds — 3 D2u% 1 (5, X5 — Xy, ) d(B)s
th—1 tn—1
and

K™(s,2) = Lyt 0,1(8) [ulenr (5, KXo = Xy +2) = tna (5, Xom = X, )]

By the properties of u},_, it is clear that all processes belong to the appropriate spaces.
Moreover, we can apply the It6 formula to obtain that

€ —RlE|Fr, )] = tns(tn, X, — X1, ) — Ukns (tn_1,0)

:/ H™ - dB, — (K™ — K™° )
'n.l

/ / K™%(s,2)L(ds,dz) / sup/ K™4(s, 2)v(dz)ds. (19)
d _1 VEVY ]Rg

The natural reasoning would be to continue this procedure and try to solve the equation
B u L (1, x) + GD2" L (), ul ) = 0

z" 2 In—Z)

with the terminal condition u L (thor,x) = "N (a2 x) = u?xn—zﬁz)(tn—la 0). Of course

this problem has the solution umn,l2 in the viscosity sense, however the existence of the
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classical solution is more complicated due to the possible lack of smoothness of the terminal
condition. To get rid of that problem, we will apply the approximation to the unity. Thus,
let 9 be a regular bump function on R? and let

qﬁ?*l(x”ﬂ, x) = (qﬁ"*l(x”*Q, E 1/15) ().

Then, by the standard theory, ¢2~1(z"~2, .) is a smooth function converging uniformly on
compact sets to ¢" 1 (x" "2, ) as e | 0 for each 272 € R*("=2)  However, due to the global
Lipschitz continuity of ¢"~! we can get much more, namely the uniform (in 2 € R4*(n=1)
convergence of ¢7~1(.) — ¢""1(.) as € | 0. Hence, let uz;}f denote the classical solution of
the following integro-PDE.

Ay u () + G(D2*u™ 5 (t ), " k) =0

n—2 pn—2 Zn—2 3
. . oy —1 — —
with the terminal condition w3 (t,—1,2) = ¢ L(z"=2,z). Define processes

HY 78 =1y, 0, ) (8) DUl 5 (s, X — X, L),

s _ 1 /° _
K7hee = G(D*u 5 (s, X — Xy, _,))ds — B D5 (s, X = Xo, )0 d(B)s

tn—2 tn—2

and

K"_l’ﬁ’d(s, z) =Ty, yt,11(5) u?;ll,’;(s,Xs_ — X, ,+2)— u}]lj(s,Xs_ - X, )

Similarly to eq. ([I9) we have

tn—l
n—1,e n—1,e _ n—1,e n—1,e,c n—1,e,c
Usrn—2 (t"l*l?thfl - th72) —Uxyn—2 (tn72; 0) - / Hs 'dBS - (Ktn, - Kt )

1 n—2
tn—2
tn—1 tn—1
+/ K"il’e’d(s,z)L(ds,dz)—/ sup | K" 194(s, 2)u(dz)ds. (20)
tn—2 Rg tn_o VEV ]Rg

Note also that u’y, s (th—1, Xs, , — Xe, 5) = 62 HX" 1) and E[¢ | F, ] = "~ 1(X™1).
Thus by the uniform convergence of ¢?~1 to ¢"~1 and Lemma [[6 we easily get that

WS (b, Xe oy — Xty y) = E[E| Fry], €40 in LE(Q7). (21)

Similarly, by the definition of the conditional expectation and its tower property we have
that

¢ = Ul (b, 0) = B [ (b1, Koy — Xba) [Fi | = B [027H(X" 7Y |,

and

¢:= UZ;}z(tn,h 0) = E[f | ‘Ftn72] IAE[(bnil(Xnil) |‘7:tn72]'

Thus using the properties of the monotonicity and sublinearity of the conditional expectation,
the tower property and the definition of the Lé norm we get
2
7))

<E l sup (]E {]E[|¢g—1(Xn—1)7¢n—1(Xn—1)| | Fo_s] |J-‘t})2]

& | s (Blc-¢lI7])

te[0,T)

B l sup ([ o7 X7 ) - 6 0 7,
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=& Le[sup (fE qu*l(xnfl) _ Qﬁnfl(X”fl)‘ |ft])21

0,tn—2]

<E [ sup (IE: Hqﬁ?‘l(X"_l) — qﬁ"—l(X"—l)’ |ft})21 .

te[0,T)

The last expression converges to 0 because of the eq. ([2I). Hence we get that (¢ — (
in L%(Q7) as € | 0. To sum up: we know that the LHS in eq. (20) in L%(Q27) to a
random variable E[¢| F;, ] — E[¢|F,,_,] as € | 0 and by Theorem we get that the
sequences { H"~Lem}, oy, {KPbeme) oy, {K"bemdl are Cauchy sequences in ap-
propriate spaces for any sequence {€;, }men such that €, — 0 as m — oo. Thus we also get
the existence of the processes H"~1, K"~ 1¢  Kn"~Ld gatisfying the following

tn—Z

= = fnot —1,c n—1,c
Bl¢| 7, J-BE | By = [ HIT B - (KT - KL
tn—2

tn—1

tn—l
—|—/ K”_l’d(s,z)L(ds,dz)—/ sup [ K" 1d(s, 2)u(dz)ds.
t R¢ tn_2 VEVJRE

n—2

We can iterate this procedure to obtain processes H?, K%¢, K% i =1,... ,n such that
for each i € {1,...,n} we have similar representation

ti ) ) o
Bl | 7Bl | Fi,] = / HE - dB, — (K~ Ki© )
ti—1

t; ) ti .

—|—/ K“d(s,z)L(ds,dz)—/ sup | K%(s,z)v(dz)ds
ti1 Rg ti_1 VEV Rg

and thus putting H = Y1 | H', K¢ := " K" and K% := }I' | K%*¢ we obtain the

desired representation for &. [l

7 Characterization of the random variables in the space

In this section we show that LZ (Qr) space is a large space and contains all random variables
in L7 (Q7) space, p > 2. Namely we have the following proposition.

Proposition 18. Under Assumption[ for any p > 2 there exists a constant C), such that
for all € € Lip(Qr) we have

1€llLz, @) < Collélle, o)

In a proof of the proposition we need the following lemma:

Lemma 19. Assume Assumption[d. Let T < T be stopping time. Fix P € P, P!,....,P" €
P(r,P) and let {A;,..., Ay} be a Fr-measurable partition of Q. Then for any & € Lip(Qr)

we have
n

S OB [e1a,] < BE).

k=1

21



Proof of Lemmal[ld. First introduce the following notation

MF=EF[¢|F), M, :=E[¢|F)

By the representation of the conditional sublinear expectation in Proposition [7 it is easy
to see that for all t we have M} < M, P* — a.s. We need, however, a stronger property:
that the P*-null set doesn’t depend on ¢. To see that this property holds note that by the
representation theorem we know that M has a q.s.-modification (hence also P*-modification)
which has cadlag paths apart from a polar set (which is also a P¥-null set). Moreover, we
can also choose the P-modification of M* which has P*-a.a. cadlag paths. The standard
theorems for such regularity require the filtration to satisfy the usual conditions, whereas we
work under the raw filtration which of course does not satisfy the usual conditions. But this
is not a problem in our setting since the measure P* satisfies Blumenthal zero-one law as an
push-forward measure of the law of a Lévy process. Hence the augmented filtration {F; k}t
is right-continuous. Moreover we can always choose a unique cadlag modification of a cadlag
martingale EF" (€| FE k] which is also a martingale w.r.t. unaugmented filtration F = {F;},
(compare with Lemma 2.1 in [STZ1Ta] and Lemma 2.4 in [STZI1b]). Now taking P*-cadlag
modifications of M* and M we claim via standard arguments that

PE(MF < My, ¥t € [0,T)) =
As a consequence we have that
1 =P (MF < M) =P(MF < M,)
as P* =P on F;.

Then we easily get via Doob’s optional sampling theorem for a P¥-martingale M* that

n

STEM(ena,) = S E [0, BT €1 F)) = Y EP[14, ME) < Z (L4, M,] = EF[M]. (22)
k=1 k=1

k=1 k=1

Note now that M is a P-supermartingale (what is also an easy consequence of the represen-
tation of the conditional sublinear expectation), hence again by Doob’s optional sampling
theorem for 0 and 7 we get

ZEP [£14,] < BF[M] < BF[Mo] = My = E[¢]. O
k=1

Proof of Proposition[I8 The proof follows the argument by [STZ11al in Lemma A.2. How-
ever we need to adjust a few details to take into consideration the fact that the measures
constructed by Soner et al. might not necessarily belong to the representation set B8 in our
setting. The adjustments however are minor.

First note that without loss of generality we may take £ > 0. Let M; := E[ﬂ}}]. M; has
cadlag paths q.s. by the representation theorem. By the representation of the conditional
expectation we have that

M; = esssup® EQ[¢|F], P— a.s.
QeB(t,P)

for every P € B. Define M := supy<,<; M. It suffices to show that

E*(|M7)) < Cplléllin ) forall Pe .
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We introduce 7y := inf{t > 0: M; > A} for a fixed A > 0. M is cadlag and F-adapted, thus
Ty is a F-stopping time and we have

PU(M; > \) = B({ry > T}) < 1EF [My,1ryem)] (23)

Now there exists a sequence {P;, j > 1} C P(7x,P) such that
M., =supE" [¢|F,] P—a.s.
j>1

For each n > 1 denote
M? = sup EY [¢|F,].

1<j<n
Introduce also sets fl? ={Mr =E"[¢|F,]}, 1 < j < n, and put A} := A7 and
A7 = A7\ Ui<icj 1 A} for 2 < j < n. Then sets {A7}; C F;, form the partition of Q
for al n > 1. Hence we can introduce another probability measure P by putting I@"(A) =
> i1 P/(AN A%). Note that P" =P on F,.
Fix n > 1. Then we have for ¢ := p/(p — 1) by Holder inequality and Lemma [I9]

EF [M;lk]l{T)\ST}:I :ZEPj {Mg\]l{‘D\ST}]lA;} = ZEPj [EPj [5 |]:n] II‘{TAST}I’TA;”
j=1 j=1

SZEPj {fﬂ{TAST}ﬂA;‘} = Eﬁw [gﬂ{TAST}}
j=1

< (& (7)) (2 (¢ < )

P

(S [erig] | ®dn =Tt < (B16)T @M= A

j=1

By going with n to oo we get then that

1
EY [M7 1, <my] < lI€ll o) PHME 2> A}))7 .
Plugging this estimate into eq. [23) we get

1 1 1
P({M7 > A}) < XEP (Mo 17, <] < S lI€llLe ) B{ME > A}))

and hence

1
* p
P{M; 2 AD) < = IEl%

Just as Soner et al. we fix Ay > 0 and compute

0o Ao 0o
EF[M3] = 2/ AP(M3 > N)d\ < 2/ A + 2/ AP(M3 > N\)dA
0 0 A

0

<1 2
2 )2 2—
<38+ 206 e | = 2 2l T
Hence taking Ao := [||| 1z, () we arrive at the inequality

Ef[M7] < Cp||§||2Lg(Q)

and the constant C,, doesn’t depend on P. To conclude we take the supremum over P € ‘B. [
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