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Abstract

The isotropic constant Ly is an affine-invariant measure of the spread of a con-
vex body K. For a d-dimensional convex body K, Lk can be defined by L%g =
det(A(K))/(vol(K))?, where A(K) is the covariance matrix of the uniform distribu-
tion on K. It is an outstanding open problem to find a tight asymptotic upper bound
of the isotropic constant as a function of the dimension. It has been conjectured that
there is a universal constant upper bound. The conjecture is known to be true for
several families of bodies, in particular, highly symmetric bodies such as bodies having
an unconditional basis. It is also known that maximizers cannot be smooth.

In this work we study the gap between smooth bodies and highly symmetric bodies
by showing progress towards reducing to a highly symmetric case among non-smooth
bodies. More precisely, we study the set of maximizers among simplicial polytopes and
we show that if a simplicial polytope K is a maximizer of the isotropic constant among
d-dimensional convex bodies, then when K is put in isotropic position it is symmetric
around any hyperplane spanned by a (d — 2)-dimensional face and the origin. By a
result of Campi, Colesanti and Gronchi, this implies that a simplicial polytope that
maximizes the isotropic constant must be a simplex.

1 Introduction

Let a d-dimensional convez body be a compact convex set in R? with non-empty interior. For a
d-dimensional convex body K, let A(K) be the covariance matrix of the uniform distribution
on K, that is, for X random in K, let pux = E(X) and let A(K) = Ex((X — px)(X —
px)"). The isotropic constant L of K can be defined by L¥ = det(A(K))/(vol(K))%. An
outstanding open problem in asymptotic geometric analysis, the slicing problem, is to find
a tight asymptotic upper bound of the isotropic constant as a function of the dimension
only. The slicing conjecture (also known as the hyperplane conjecture) states that there is a
universal constant upper bound of the isotropic constant. The slicing problem seems to be
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mentioned for the first time by Bourgain [3] and some equivalent formulations are discussed
by Ball in [I]. Milman and Pajor [II] studied the problem systematically. It is one of the
outstanding open problems in convex geometry; among the reasons are its connections with
classical problems in convexity, like the Busemann-Petty problem and Sylvester’s problem
[T, ©, [4].

The isotropic constant is invariant under affine transformations. About the asymptotic
behavior, it is known that Lk is bounded below by a universal constant and this is tight [3].
Bourgain also showed that L < O({L/alog d). The best known upper bound at this time is
by Klartag, who showed that Lx < O(v/d) [8].

A natural question is to understand bodies that maximize Ly in every dimension. We
review now some results that give a partial understanding of the nature of maximizers. There
are subfamilies of all convex bodies where universal constant upper bounds to L are known:

e zonoids, that is, limits of zonotopes (which are Minkowski sums of segments),

e bodies having an unconditional basis, that is, convex bodies K such that (xy,...,z4) €
K <= (lz1|,...,|zq|) € K. [3, 1]

Also, [5] showed (using RS-movements) that if K has a non-empty subset of its boundary
of class C? with positive principal curvatures, then it cannot be a maximizer of L. It also
showed using Blaschke’s Schiittelung (shakedown) that if K = {(x,y) € R xR : z €
my(K),—f(x) <y < f(z)} (i.e. K has a hyperplane of symmetry) and f is not affine, then
K is not a maximizer of the isotropic constant (see Theorem |3|in this paper for a formal
statement).

The results above tell us that for bodies having certain symmetries or having a smooth
boundary we have some understanding of the behavior of the isotropic constant. This leaves
unexplored bodies that are not smooth and have no symmetries. Can we argue that maxi-
mizing bodies must have certain symmetries?

A polytope is simplicial if every facet is a simplex. The first result of this paper is the
following necessary condition on simplicial polytopes that are local extrema of the isotropic
constant, Theorem [I[] We first recall a few definitions and basic facts. In the context of
this paper, a d-dimensional convex body is a local extremum of a functional iff the body
is a local maximum or a local minimum of the functional in the space of all convex bodies
with respect to the Hausdorff topology. A d-dimensional polytope is called isohedral or a
isohedron iff it is facet-transitive, that is, for any pair of facets Fi, F5 there is an element of
the (full) symmetry group of the polytope that maps F; to Fy. (The full symmetry group of
a polytope is the group (under composition) of all isometries of R? that map the polytope
to itself.) A d-dimensional convex body K is isotropic iff px = 0 and A(K) = I. Given any
d-dimensional convex body, there is an affine transformation that maps it to an isotropic
convex body. As the isotropic constant is invariant under affine transformations, it is enough
to study it over isotropic convex bodies.

Theorem 1. Let P be a d-dimensional isotropic simplicial polytope that is a local extremum
of P Lp. Let H be any hyperplane spanned by a (d — 2)-dimensional face of P and the



origin. Then P is symmetric around H. In particular, P is isohedral and all facets are
congruent.

The second and main result of this paper is Theorem |2, a corollary of Theorem [1| and
the result from [5] mentioned before (stated in this paper as Theorem [3)):

Theorem 2. Let P be a d-dimensional simplicial polytope that is a mazimizer of P+ Lp.
Then P is a simplex.

It is worth mentioning a parallel situation for Mahler’s problem: a similar gap between
smooth bodies and symmetric bodies. For simplicity, we only discuss the symmetric Mahler
problem: Given a centrally symmetric convex body K, define the volume product as f(K) =
vol(K) vol(K°), where K° is the polar body of K, given by

K:={reR':z-y<1Vyec K}.

The problem is to determine the minimizers of the volume product. The cube is conjectured
to be a minimizer. This conjecture has been verified among unconditional bodies [16, [10]
(which correspond to symmetries around coordinate hyperplanes) and this result has been
extended to more general symmetries [2]. On the other hand, [I3] (improving earlier work,
[19]), showed that if a convex body K has a boundary point with positive generalized Gauss
curvature, then K cannot minimize the volume product.

The rest of the paper is devoted to the proofs of Theorems [I] and [2|

2 Preliminaries

For n € N, let [n] denote the set {1,...,n}.

A polytope in R? is the convex hull of a finite number of points. For a polytope P
with non-empty interior, the unique irredundant H-representation of P is the unique set of
closed halfspaces {H; : i = 1,...,n} such that P = N, H;. See [20, Chapters 0,1,2] for
background.

We use a result from [5] that rules out many bodies having a hyperplane of symmetry as
potential maximizers of the isotropic constant. We state the result, Theorem [3| after a few
definitions. Let K be a d-dimensional convex body. Let H C R? be a hyperplane through
the origin. Let g : RY — R? be the orthogonal projection onto H. Let fy, gy : 7y(K) — R
be convex functions such that

K ={(a,y) € R xR: 2 € my(K), fulz) <y < —gul(a)}. (1)

Theorem 3 ([0]). If a d-dimensional convex body K is symmetric with respect to a hyper-
plane through the origin H and the corresponding functions fg, gy are not affine, then K
s not a mazximizer of the isotropic constant.

(Note that in this case we have fy = gg.)



Proof. Immediate from [5, Theorem 3.2], [5, Theorem 3.6] and the fact that

det A(K)  d!

L2d: —
K7 vol(K)?2 — d+1

My(K;d+1)

where Ms(K; d+1) is the second moment of the volume of a random simplex in K, normalized
so that it is affinely invariant. That is,

1 2
My(K;d+1) = W /xng . /deeK(volconv(m, . ,:L’d+1)) drgyqr---dr.

3 Derivative with respect to hinging

In this section we compute the derivative of the isotropic constant of a polytope with respect
to hinging of one of its facets. The first step (the next lemma) is to show conditions under
which integrals of functions over polytopes are differentiable as a facet hinges. This is slightly
non-trivial; similar differentiability issues have been discussed before [0, Lemma 2.4].

Lemma 4. Let P C R? be a closed polyhedron with non-empty interior such that the origin
is on the boundary of P. Let Z be an (d — 2)-dimensional subspace that does not intersect

the interior of P. Let 6 : R? — [—m, ) be an angle in a system of polar coordinates (see
Figure on Z+ so that

1. There are a,b € (—m, ) satisfying O(P) = [a,b] and a < 0 < b.
2. PNn{x:a<0(x) <0} is bounded.
Let f: P —> R be a continuous function. Let Ky = {x € P : 6(z) € [—m,t]}. Then
= [y, f(x)da is differentiable at 0.

Proof. Let r : S — [0, 00] be the radial function of P. That is, r(u) = max{a € [0, 00| :
au € P}.
Write g(t) in hyperspherical coordinates:

7(v(¢,0))
/ /(25 -0 /¢ O/ PU (ba ))J(p7 ¢7 G)dpd¢ld¢2 s d¢d72d9, (2)

where ¢ = (¢1,...,04-1), J(p, ®,0) is the volume element, given by
J(p,9,0) = p™ ' sin??(¢1) sin™?(¢2) - - - sin(Py—2),

and v(¢,0) is the change of variable that gives a point on S9! given the angles, that is,
v(g,0) = cos(¢;), v(p,0)s = sin(¢y) cos(pz), ..., v(P,0)4—1 = sin(¢py) - - - sin(pg_s) cos(d),
v(¢,0)g = sin(¢q) - - - sin(pg_2) sin(6).



Figure 1: Coordinates for the proof of Lemma [

Let h(0) be the integrand of the outermost integral in (2)). To establish that g is differ-
entiable at 0, it is enough to show that h(f) is continuous in a neighborhood of 0.
To simplify the argument we can go to a fixed domain of integration for A by the change

of variable A = p/r(v(¢,0)) so that

™

we) = | / / F(r(v(6,8))0(6,0))-

$q—2=0 ¢1=0 A=0

J()\’I”(U<¢7 9))7 ¢a 9) T(U<¢> 9)) d)‘d¢ld¢2 T d¢d—2-

We first prove that h(#) is finite in a neighborhood of 0. To see this, it is enough to show
that r(v(¢,6)) is bounded for § in a neighborhood of 0 and any ¢ € [0, 7]*2.

The behavior of r(v) on S%! is as follows: r(v) = oo iff v is in the recession cone of
P (denoted rec(P) and given by rec(P) = {x € R : x + P C P}, see [I8, Section 1.4]
or [I4, Section 8]). Assumption 2 implies that r(v) is finite for § = 0 and any ¢. As P
is a closed convex body, its recession cone is closed. On S¢° ! {# = 0} N S9! is compact
and rec(P) N S471 is also compact, and they are disjoint. Therefore, there is an open
neighborhood A C S9! containing {6 = 0} N S9! such that A Nrec(P) = (). Moreover, r is
continuous in A (see footnoteE[). There is also a smaller compact neighborhood C' satisfying
{0 =0}NS41 C C C A, so that r is not only continuous but also bounded in C'. Therefore,
for # in a neighborhood of 0 we have that h(6) is the integral of a bounded function on a
compact domain of integration. This implies that h(¢) is finite in a neighborhood of 0.

We now establish that h(f) is continuous in the same neighborhood of 0. This follows
from Lebesgue’s dominated convergence theorem after observing that h is the integral of a

Let D C S9! be the set where r(v) € (0,00). Then r(v) is continuous in int D. To see this, note that
r(v) = 1/f(v), where f(v) = inf{\ > 0: v € AP} is the (slightly generalized) Minkowski functional of P.
We have f: R? — [0,00] and f is convex. Therefore f is continuous in int dom f [I5, Theorem 2.35], where
dom f is the effective domain of f, that is, dom f = {x € R?: f(x) < c0.}. Clearly int D C int dom f.
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Figure 2: Cylindrical coordinates for the proof of Lemma [5|

continuous integrand over a compact domain, and the integrand is (uniformly) bounded in
that domain for 6 in a neighborhood of 0. m

Lemma 5 (derivative with respect to hinging). Let K C R? be an isotropic simplicial
polytope with unique irredundant H-representation {H; : i =1,...,m} so that K = N, H;.
Fiz a facet i’ and let P be the polyhedron obtained by relaxing H;, that is:

P=()H

il

Let vy, . ..,vq be the vertices of faceti'. Let v; be one of those vertices. Consider a system of
cylindrical coordinates as follows (see Figure@: A point x € R? is parameterized by (p, 0, 2).
Let Z = aff{v; : j # j'}. The origin of the new system of coordinates is an arbitrary point
in Z N K. Parameters p € [0,00), § € [—m,7) are polar coordinates in the 2-dimensional
plane orthogonal to Z. Parameter z is a vector in Z. Polar coordinates p,0 are oriented so
that points in facet i have = 0 and all of K has 6 € (—m,0]. Let

Ky, ={x € P:0(x) € [-n,t]},
Sy =Pn{x:0(x)=t}.

Let D be the distribution of a random vector X supported on Sy with density proportional to
p(X). Then

d 4 vol Kt ‘

& r2d —(E X112) — 4 — 9)d t=0
| = ExalIXIP) -2 2
Proof. We have L¥ = det A(K;)/ vol(K,;)?. Given this formula, the differentiability of ¢ —
L%é and of the varied integrals below at ¢ = 0 follows from Lemma .



We first compute 7 4 - det A(K ‘ .- Part of the argument is the same as the proof of [12

Proposition 15]: An 1dent1cal argument shows that < det A(Kt>‘t:0 =4 IEXeKt(HXH2)‘t:0,

then we compute this last expression for the current lemma. To make the argument more

readable and self-contained, we repeat the relevant parts of the argument from [12] here.
We have

A(Kt) - EXGKt ((X - :uKt)(X - /“LKt>T)
= Exer,(XX") — ps, ik, -

By isotropy, ux = 0 and this implies

% ate)| - %EXGKt(XXT) y (3)
Use the identity
ﬁ det M = (M) det M
to conclude
%det AKY| = dL det M’ . %A(Kt) y
= det(A(Kt)) (A(Kt)_l)T ' %AUQ) t=0

where the dot “” represents the Frobenius inner product of matrices, M - N = Z M;; Nyj.
This, isotropy and (3) give

d d
—det A(K =1 - —FE xXxT
oy de (Kt) . o xek, )t:O
d
— Exer, (| X]%)
T odr f€ o

Let S, = PN{x: p(x) =r,0(x) =t}. We have:

Bxer X1 = i [ [ B, (X1 vola-a(S,0)pdpa.
Differentiating at ¢t = 0:
GEReR X = ,
A XD+ o [ B (X0 w0l oS0l



We have

d d t [ee)
— vol(Ky) :—/ / volg_2(S,9)pdpdd
dt t=0 dt J = Jo t=0 5
o (5)
= / volg—2(Sp0)pdp,
0
Js, lll? p( )
Excn(|X|[*) = SOf
Sk (6)
ol ||fr|| pdzdp
[ =g vola-a(S,0)pdp
and f |
s, lll*a
Exes,,(||X ) R — (7)
XeSy, (H ” ) VOld 2(Sp7t)
That is, using (5| @ @ we get
| Exesn QX1 voleatSoopdo= | / J|*dapdp
0
~Exen(IXI7) [ volia(S,000dp
p=0
d
= Excn(|IX[7) 5 vol(Ky)
t=0
This in and isotropy give
d £ vol K|
—E X =4 =0 4R X" -
i Bxer X1 = #=ER? [d 4 Bxo(1X)]
This implies,
d ) < vol Ky,
— det A(K, = (E X9 —d) &E——=0,
A = Exco(IXI) @) #=Crg
Thus,
d o] ddet A(K)
dt f,_,  dt (volK)? |,_,
—2det A(K,) d 1 d
= —~* 1K — det A(K,
mol ke Ot orryE ar At AU -
—2 d 1 2 %VOth —
=——— —vol K ——(E X|%) = g) 4 _—""lt=0
(vol K)3 dt tt:0+( lK)Q( xeo(IXI5) - d) vol K
VO Kt‘
= (E X7 — d— 2) 25 g
(Excn(lIX|P) —d —2) 4
]



4 Proof of Theorem [1I

Proof idea: For a given facet F of P, we compute the derivative of L% as ' “hinges” around
one of its (d — 2)-dimensional facets. To preserve convexity, this is done by hinging the
halfspace inducing that facet. Setting those derivatives to zero gives d non-linear equations
on the d vertices of . We will show that, if we fix d — 1 vertices vy, ...,v4_1, the system of
equations determines the last vertex uniquely up to reflection around the span of vq,...,v4_1.
This implies that the two facets of P sharing vy, ..., v4_1 are reflections of each other around
that span. Applying the same argument to all pairs of adjacent facets, we conclude that all
of P is invariant under reflection around that span.

Proof. Let P be a polytope as in the theorem. Let F' and F’ be two adjacent facets of P
with common vertices {vs, ..., v4} and additional vertices v; and v/, respectively. The first
order necessary condition from Lemma |§| implies conditions on v; and v} given vy, ..., vq.
Let v; be denoted x in those equations, with vs, ..., v,; as parameters. We get two types of
equations: For k£ =1 we get

d
(d+1)(d+2)?
5 :3\|x|]2+22x«vj—|— Z v; - ;.

i=2 2<i<j<d

For k =2,...,d we get

d+1)(d+2)?
( )( “ _|_Zm vj + Z ViV + T v+ Z Vg - Uj‘f‘”Uk:H

2<i<j<d k<j<d

Decompose x into its components in the span of {vs,...,v4} and orthogonal to that span.
That is, let = 275 + zoyr, With 27y € span{vs, ..., vy} and zoyr € span{vy, ..., va}t. To
get that F' and F” are reflections of each other around span{vs, ..., v4}, it is enough to show
that the equations on x determine z;y uniquely and ||zoyr|| uniquely. In the new variables,
the equations on x become:

d+1)(d + 2)? d
( ); ) =3l |® + 3llzovrl* +2) wiv-vi+ D> vy (8)

i=2 2<i<j<d

and k= 2,...,d we get

d+1)(d+2)? -
( )é L leov P +lwour I+ _Jomvvi+ Y vivtamvet Y oo+ ol

i=2 2<i<j<d K<j<d
(9)

Note that the only non-linear part is ||z;x||* + [|zovr||® = [|z]|*. Use (§) in (9) to eliminate
|z]*. We get

L(d+1)(d+2)? 2 1
(e —gzﬂfm'“j—g > v
=2

3 2 —
2<i<j<d



and for k=2,...,d,

d
1 2 2(d+1)(d+2)?
—$1N‘;Uj+$uv'vk+§ Z Vi vj + Z Uk'”j+||vk||2:_( )é ) - (10)

3 3
2<i<j<d k<j<d

As zyy lies in span{wy, ..., v4}, we can write the linear system of equations in the basis
{va,...,v4}, and x;x will be unique as long as the matrix of the linear system is invertible.
The matrix of the system in this basis is 117 /3 + I, which is invertible. Therefore, there is
at most one x;y. Given zry, determines ||xoyr|| uniquely, as claimed. O

Lemma 6 (First order necessary condition). Let P be a d-dimensional simplicial polytope
that is a local extremum of P+ Lp. Let F be a facet of P with vertices vy,...,vqy. Then,
fork=1,...,d we have

(d+1)(d+2)?
5 .

Z (1 + 5zk + 5jk)vi . ’Uj =

1<i<j<d

Proof idea: To first order terms and after taking care of preserving convexity, the infinitesimal
hinging of a facet F' = conv(vy,...,v4) around one of its facets F” = conv(vs,...,v4) is
the same as adding or removing an infinitesimal layer of mass on the facet with weight
proportional to barycentric coordinate x; (that is, 0 at F”; 1 at v; and interpolate affinely in
F). On the other hand, the derivative of L2¢, when adding infinitesimal mass to an isotropic
convex body P, is proportional to

E(|lX]*) —d —2

where X is random according to the added mass. This is show in Lemma/[5] for our particular
case. An explicit computation of E(|| X ||*) completes the argument.

Proof. Lemma |5 implies the necessary condition
Exco(|X|?) = d+2

We now compute Ex.p(]|X|°) using the known representation of the uniform distribution
over a simplex using exponential random variables. Let Y be a random vector, uniformly
in the standard simplex A4! = conv{e;}¢,. Let T be an independent random scalar
distributed as the sum of d exponential random variables with rate 1. (An exponential
random variable with rate 1 has density e™* supported on ¢t € [0,00).) It is known that
Z :=TY is a random vector with independent coordinates, each distributed as exponential

with rate 1. Let V be the matrix having columns vy, ..., vs. Then VY is a uniformly random
vector on conv{v; }.
We have )
E(VY]"Y)
E X ="
xen(IX7) = g,

10



where E(Yy) = 1/d. Also,

E(|VZ|°Z)
E(T3)

where E(T?) = d(d 4+ 1)(d + 2). Finally,

E([VY[*Ye) =
E(|VZ|*Z:) = E (HZZUZ

els)

E(ZZ% wZi+2 ZZ; - vjzl)

1<J

=E(Z})vy -0 + Z]E(Z1Zi2)vi " U
i=2
d

+ QZE(Zij)vl v+ 2 Z E(Z12:Z;)vi - v;

=2 1<i<j<d

= 6vy - 01+QZUZ vl+4Zvl v; + 2 Z v - Vj

1<i<j<d

(31}1 v1+22v1 v + Z V; - v]>

1<i<j<d

=2 Z 1+(51i+(51j)vi~vj.

1<i<j<d

We get

E(||VYH2Yk) = Z (1+5ki+5kj)vi “ V.

1<i<j<d

2
d(d+ 1)(d + 2)

The lemma follows. 0

5 Proof of Theorem 2

Proof idea: An extremal isotropic simplicial polytope has a hyperplane of symmetry by
Theorem |1, Given that the polytope is simplicial but not a simplex, one can show (Theorem
3] a restatement of results in [5]) that in this case Blaschke’s Schiittelung process strictly
increases the isotropic constant.

Proof. Assume, without loss of generality, that P is in isotropic position. By Theorem [T,
P has a hyperplane of symmetry H containing the origin. Let fy, gy be a representation
of P as in (1)). The hyperplane of symmetry H implies g5y = fy. By Theorem , fm is
linear in my(P). This implies that {(z, fy(x)) : © € my(P)} is a facet of P, and therefore
a (d — 1)-dimensional simplex. Thus, 7y (P) is a (d — 1)-dimensional simplex. If d < 2 the

11



argument below does not work (as being simplicial is no restriction for d = 2), but the claim
of the theorem is obvious for d = 1 and known to be true for d = 2, as triangles are the
only maximizers of the isotropic constant in that case (see e.g. [5] for a proof that triangles
are maximizers, and [17] for a proof that they are the only maximizers, which generalizes a
result from [7]). If d > 2, the result follows from Lemmal7] with S = my(P) and f = fy. O

Lemma 7. Let d > 3. Let P be a d-dimensional simplicial polytope of the form {(x,y) €
R xR:z €S, —f(z) <y < f(x)} where S TR is a (d — 1)-dimensional simplex with
vertices vy, ...,vg € R and f: S — R is an affine function. Then P is a simplex.

Proof. 1t is enough to show that f(v;) is non-zero for exactly one value of i. We will show
this now. Let Fi,...,F; be the facets of S, where F; = conv({vi,...,vq} \ {v;}). Let
H = {(z,0) € R*"! x R}. For i € [d], let H; be the affine hull of 7' (F;). In other words, H;
is the affine hyperplane orthogonal to H and containing F;. Now for every i, PN H; is a face
of P. If dim PN H; < d—1, then f(v;) =0 for all j different from ¢. If dim PN H; =d — 1,
then P N H; is a facet and therefore a simplex, and this implies that f(v;) is non-zero for at
most one value of 7 in [d] \ {i}. In any case, for every set of d — 1 values in [d], there can be
at most one j in it such that f(v;) # 0. Assuming d > 3, this necessarily implies that there
is at most one ¢ € [d] such that f(v;) # 0. O

Acknowledgements. We would like to thank Artem Zvavitch for suggesting to extend
the autor’s preliminary version of Theorem (1| in 3-D to arbitrary dimensions and Matthieu
Fradelizi for suggesting to look at [5] to find results that would complement Theorem ,
which lead to Theorem 2l We would like to thank Matthias Reitzner for helpful discussions.

References

[1] K. Ball. Logarithmically concave functions and sections of convex sets in R". Studia
Math., 88(1):69-84, 1988.

[2] F.Barthe and M. Fradelizi. The volume product of convex bodies with many hyperplane
symmetries. Amer. J. Math., 135(2):311-347, 2013.

[3] J. Bourgain. On high-dimensional maximal functions associated to convex bodies. Amer.
J. Math., 108(6):1467-1476, 1986.

[4] S. Brazitikos, A. Giannopoulos, P. Valettas, and B.-H. Vritsiou. Geometry of Isotropic
Convez Bodies, volume 196 of Mathematical Surveys and Monographs. American Math-
ematical Society, Providence, RI, 2014.

[5] S. Campi, A. Colesanti, and P. Gronchi. A note on Sylvester’s problem for random
polytopes in a convex body. Rend. Istit. Mat. Univ. Trieste, 31(1-2):79-94, 1999.

[6] A. Giannopoulos. Notes on isotropic convex bodies. http://www.math.uoc.gr/
~apostolo/isotropic-bodies.ps, October 2003. Warsaw.

12


http://www.math.uoc.gr/~apostolo/isotropic-bodies.ps
http://www.math.uoc.gr/~apostolo/isotropic-bodies.ps

[7]

[12]
[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

A. A. Giannopoulos. On the mean value of the area of a random polygon in a plane
convex body. Mathematika, 39(2):279-290, 1992.

B. Klartag. On convex perturbations with a bounded isotropic constant. Geom. Funct.
Anal., 16(6):1274-1290, 2006.

A. Koldobsky. Fourier analysis in convex geometry, volume 116 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, RI, 2005.

M. Meyer. Une caractérisation volumique de certains espaces normés de dimension finie.
Israel J. Math., 55(3):317-326, 1986.

V. D. Milman and A. Pajor. Isotropic position and inertia ellipsoids and zonoids of the
unit ball of a normed n-dimensional space. In Geometric aspects of functional analysis
(1987-88), volume 1376 of Lecture Notes in Math., pages 64-104. Springer, Berlin, 1989.

L. Rademacher. On the monotonicity of the expected volume of a random simplex.
Mathematika, 58(1):77-91, 2012.

S. Reisner, C. Schiitt, and E. M. Werner. Mahler’s conjecture and curvature. Int. Math.
Res. Not. IMRN, (1):1-16, 2012.

R. T. Rockafellar. Convex Analysis. Princeton University Press, 1970.

R. T. Rockafellar and R. J.-B. Wets. Variational analysis, volume 317 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences/. Springer-Verlag, Berlin, 1998.

J. Saint-Raymond. Sur le volume des corps convexes symétriques. In Initiation Sem-
inar on Analysis: G. Choquet-M. Rogalski-J. Saint-Raymond, 20th Year: 1980/1981,
volume 46 of Publ. Math. Univ. Pierre et Marie Curie, pages Exp. No. 11, 25. Univ.
Paris VI, Paris, 1981.

C. Saroglou. Characterizations of extremals for some functionals on convex bodies.
Canad. J. Math., 62(6):1404-1418, 2010.

R. Schneider. Convex bodies: the Brunn-Minkowski theory, volume 44 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1993.

A. Stancu. Two volume product inequalities and their applications. Canad. Math. Bull.,
52(3):464-472, 20009.

G. M. Ziegler. Lectures on polytopes, volume 152 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995.

13



	1 Introduction
	2 Preliminaries
	3 Derivative with respect to hinging
	4 Proof of Theorem ??
	5 Proof of Theorem ??

