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PTOLEMY COORDINATES, DEHN INVARIANT AND THE
A-POLYNOMIAL

CHRISTTIAN K. ZICKERT

ABSTRACT. We define Ptolemy coordinates for representations that are not necessarily
boundary-unipotent. This gives rise to a new algorithm for computing the SL(2,C) A-
polynomial, and more generally the SL(n,C) A-varieties. We also give a formula for the
Dehn invariant of an SL(n, C)-representation.

1. INTRODUCTION

The Ptolemy variety of a triangulated compact 3-manifold M gives coordinates for
boundary-unipotent representations of 71 (M) in SL(n,C). In this paper we define an
enhanced Ptolemy variety, which gives coordinates for representations that are not nec-
essarily boundary-unipotent. To do this, we assume that all boundary components of M
are tori (this is not strictly needed; c.f. Remarks 1.14 and 3.4), and that we have fixed a
meridian and a longitude for each boundary component. The enhanced Ptolemy variety
is defined via the usual Ptolemy relations, but involve additional variables m; ; and [; ;,
where j = 1,...,n — 1, and 7 is an integer indexing the boundary components. As we
shall see, the additional variables are exactly the eigenvalues of the images of the merid-
ians and longitudes under the corresponding representation. In particular, when n = 2,
and M has a single boundary torus, there are two additional variables m and [, and by
eliminating the remaining variables (e.g. using Magma [2]), we obtain (a divisor of) the
SL(2,C) A-polynomial. In a similar fashion one can compute (some components of) the
SL(n, C) “A-varieties”.

1.1. The Ptolemy variety. The Ptolemy variety P,(7) of a 3-manifold M with a trian-
gulation 7 was defined in [10] inspired by coordinates on higher Teichmiiller spaces due
to Fock and Goncharov [7]. It is given by an ideal I,, (the ideal generated by the Ptolemy
relations) of a polynomial ring @,, over Q, and is defined as the subset of the vanishing
set of [,, consisting of points where all coordinates are non-zero.

The Ptolemy variety parametrizes generically decorated boundary-unipotent SL(n, C)-
representations, where a decoration of a boundary-unipotent representation p: m (M) —
SL(n,C) is a p-equivariant map

—(0)
(1.1) M  — SL(n,C)/N,
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i.e. an equivariant assignment of N-cosets (affine flags) to the vertices of each simplex of
T (N is the group of unipotent upper triangular matrices). A decoration is generic if for
each simplex, the four cosets assigned to the vertices are in general position. We have
explicit maps

11 | Generically decorated, Bound . ¢
(1.2) Pu(T) «— boundary-unipotent / Conj — { oundary-unipoten } / Conj.
(M) = SL(n, C) m(M) = SL(n, C)

The Ptolemy coordinates are such that the Cheeger-Chern-Simons invariant (complex
volume) and Bloch invariant of a representation can be readily obtained from its Ptolemy
coordinates. Explicit computations of Ptolemy varieties for the SnapPy census manifolds
can be found at [12].

Remark 1.1. Whether or not a representation has a generic decoration depends on
the triangulation 7. Hence, the right map in (1.2) is generally not surjective. It is
surjective if 7 is sufficiently fine (see [10]), but subdividing a triangulation creates non-
ideal vertices, which increases the dimension of the preimage. If M is hyperbolic and T
has only essential edges, the geometric representation (and its image under the canonical
irreducible representation SL(2,C) — SL(n,C)) is always detected (when n is even this
requires obstruction classes [10]).

1.2. The A-polynomial and its higher rank analogues. Let M be a compact 3-
manifold with boundary a torus, and let © and A be a meridian and longitude. The
A-polynomial [4] is (roughly) the set of eigenvalues of the images p and A under the set
of SL(2, C)-representations of 71 (M). For a precise definition, consider the diagram

XSL(2,(C) (M)

(1.3) L
Xsr2.c)(OM) LA —i> C xCr,

where Xgr,(2,c) is the character variety, A the set of diagonal representations of T (OM), r
the restriction map, tao the map sending a representation to its character, and p the map
taking p to (m,1) if p(p) = (™ ,,-1) and p(A) = (*,-1).

Definition 1.2. The A-polynomial of (M, u, \) is the defining polynomial of the Zariski
closure in C* x C* 2 A of the union of preimages under to of the components Y in

Xsr(2,0)(OM) such that Y is 1-dimensional and of the form r(X) for some component X
Of XSL(2,(C)<M)-

One can also define a higher rank analogue using the diagram
Xsrmn,c) (M)

(1.4) l
Xsr(n,c)(OM) BN _;> (C*)» 1 x (C*)" L,
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Here p is the map taking p to (mq,...,mu_1,l1,...,l,—1) if p(p) = diag(my,...,m,)
and p(A) = diag(ly,...,l,). Since every character of OM is the character of a diagonal
representation, ¢ is surjective, and is generically n! : 1.

Definition 1.3. The A-variety of (M, u, ) is the Zariski closure in (C*)"~! x (C*)"~!
of the union of preimages of to of the components Y in Xgi,,,c)(0M) such that Y is

(n — 1)-dimensional and of the form 7(X) for some component X of Xgp,oc)(M).

Remark 1.4. If M has multiple torus boundary components, ¢ say, one can similarly
define A-varieties by picking meridians and longitudes for each boundary component.
The dimension of the A-variety is then ¢(n — 1).

1.3. The Dehn invariant. The Dehn invariant was defined by Dehn [5] in his solution
to Hilbert’s 3rd problem. In modern language (see e.g. [14] for a historical overview) it
can be viewed as a map

(1.5) v: P(C) — A5(CH), z= 2 A (1= 2),

where P(C) is the so-called pre-Bloch group, defined as the free abelian group on C\{0, 1}
subject to the five term relation

Y 1—at 11—z
1.6 — = = =0 C).
(16) -0+ [Y] - ios |+ |22 —0eP©
The kernel of the Dehn invariant is called the Bloch group B(C).

1.4. Statement of results. Let M be an oriented, compact 3-manifold with boundary
a union of ¢ > 1 tori together with a choice of meridian p; and longitude A; of each
boundary component. Let 7 be a topological ideal triangulation of M. Recall that the
Ptolemy variety is defined via an ideal I,, generated by Ptolemy relations in a polynomial
ring Q. The enhanced Ptolemy variety £P,(T), defined in Section 3 below, is given by
an ideal £1,, in a polynomial ring £Q),,, where

(17) an == @[C, M, £], C = {Cuk} M = {mi,j}, /,,1 = {lz,j}

Here, ¢, m; ;j and [; ; are free variables, i.e. generators of £Q),,. The index ¢ runs through
the boundary components, and the index j runs from 1 to n — 1. The variables ¢
are indexed like the standard Ptolemy coordinates. When convenient, we shall also re-
gard these as regular functions on EP,(7). We shall occasionally need the functions
m;n, = (mm s mm_l)_l and lz’,n = (li,l s li’n_l)_l. The standard Ptolemy Variety Pn(T)
embeds in EP,(T) as the set of points where all m; ;’s and [; ;’s are 1.

There is an action of H¢, where H is the group of diagonal matrices, on P,(7), which
naturally extends to an action on EP,(T). The quotient is denoted by EP,, (T )rea- A rep-
resentation is boundary-Borel if the image of each peripheral subgroup lies in a conjugate
of the Borel subgroup B C SL(n,C) of upper triangular matrices.

Theorem 1.5. We have a diagram

(1.8) EPW(T )rea <~ boundary-Borel

L1 Generically decorated, {
m (M) — SL(n,C)

Boundary-Borel }
m (M) — SL(n,C)
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of explicit maps, which commute with (1.2) under the natural maps.

For a manifold N let Rg(NN) denote the set of representations of m1(N) in B up to
conjugation (in B). A decorated representation has a well defined peripheral holonomy
(see Section 4.2.2), and we thus have restriction maps

(1.9) ri: EP(T) — Rp(O;M),
which are given explicitly in terms of the Ptolemy coordinates. Consider the maps
(1.10) Pmi: Rp(8;M) — (C)" 1, pri: Re(d:M) — (C)" 1,

defined by taking p € Rp(0;M) to (m;1,...,mMin_1), respectively (l;i1,...,lin-1) if

mg * Ce * li,l * . *
m; * : l; *
(1.11) pi(pi) = o ;o opiN) = 2
mi,n li,n

Theorem 1.6. We have a commutative diagram

EP,(T)
0
(1.12) L e
Rp(OyM) x -+ x Rg(9,M) P (C*)2h(n=D)
where 7 = (T1,...,7¢), P = (D1My- s DeM>P1Ls -+ s Der), and I s projection onto
the M and L coordinates. O

Corollary 1.7. If M has a single torus boundary, each 1-dimensional component of
the Zariski closure of the image of EP,(7) in C* x C* is a component of the SL(2,C)
A-polynomial. O

Remark 1.8. It follows from [10, Theorem 1.8] that if M is hyperbolic, the geometric
component of the A-polynomial is always detected.

Remark 1.9. The components of the image of £P,(T) in (C*)?**"~1) contain slightly
finer information than the corresponding component of the A-variety. The A-variety is
by definition symmetric under the Weil group action, but this need not be the case here.
For example, there may exist a decorated representation p whose image p; in Rp(0; M)
satisfies

m 1 L

(1.13) pi(1:) m 1,  p(N)= Iy 7
m l3

but there may not exist a representation 7 with 7;(\;) = diag(ls, ls, {1).
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1.4.1. Formula for the Dehn invariant. In [10] we defined a map
(1.14) P,(T) — B(C).
assigning a Bloch group element to a decorated representation.
Theorem 1.10. There is a map
(1.15) A: EP,(T) — P(C)

extending the map (1.14). For each x € EP,(T), we have

(1.16) vo\x Z Z Admm g (x) Alig(z) € A2(CY),

i=1 j,k=1

where A is the Cartan matriz of SL(n,C), M, ; = my; j/m; +1, and Zi,j =1l j/lij+1. In
particular, the Dehn invariant of a decorated representation depends only on the restriction
to the boundary.

Remark 1.11. The formula is well defined since AZ(C*) is a Q-vector space. The jk’th
entry of A™'is j(n — k)/n when j < k.

Remark 1.12. An analogue of (1.16) was proved for n = 3 in [1], and the general formula
was stated without proof in [6, (3.50)]. The proof is an elementary consequence of the
symplectic properties of the gluing equations proved in [11], and also [13].

Remark 1.13. Much of this theory could also be stated for PGL(n, C)-representations
using the gluing equation varieties V,,(7) defined in [8]. This would generalize the re-
lationship between Thurston’s gluing equations and the PSL(2,C) A-polynomial (see
e.g. [3]). The enhanced Ptolemy variety further illustrates the duality between shapes
and Ptolemy coordinates discussed in [8]; boundary-unipotent PGL(n, C)-representations
are parametrized by introducing more equations (cusp equations), whereas non-boundary-
unipotent SL(n, C)-representations are parametrized by introducing more variables.

Remark 1.14. The condition that all boundary components be tori is not strictly needed.
We have restricted to this case for ease of exposition, and because this is the case of most
general interest. See Remark 3.4 for a description of how the theory is modified in the
general case.

1.5. Acknowledgements. The author wishes to thank Stavros Garoufalidis, Matthias
Goerner and Dylan Thurston for useful conversations, and Fabrice Rouillier for assistance
with some of the computations.

2. THE (STANDARD) PTOLEMY VARIETY

To set up our notation, we first recall the definition of the standard Ptolemy variety
P,(T) |10, 8]. We refer to [8] for conventions regarding triangulations.
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2.1. Preliminaries. Let M be a compact, oriented 3-manifold, and let 7 be a topo-
logical ideal triangulation, i.e. a triangulation where the O-cells correspond to boundary
components (if 9IM = (), a triangulation of M may be regarded as an ideal triangulation
of a manifold with boundary a union of spheres).

Identify each simplex of 7 with a standard simplex

(2.1) A = {(w,21,22,23) CR* |0 < 3 <n, @0+ 21 + 22 + 23 = n}.

Let A3(Z) be the integral points of A3, and let A3(Z) be the integral points with the 4

vertex points removed. An integral point of M is an equivalence class under face pairings
of the (non-vertex) integral points of the simplices of M.

2.2. The Ptolemy relations. Assign to each integral point t € Ai(Z) of each simplex
Ay, of T a Ptolemy coordinate ¢, . We shall regard the ¢, ;s as generators of a polynomial
ring @,, over Q.

Definition 2.1. The Ptolemy relations are the relations
3
(2.2)  €5+1001,kCs4+0110,k — Cs+1010,kCs+0101,k + Cs+1100,kCs+0011,6 =0, S E A, 5 Ay e T.

Remark 2.2. When n = 2, we denote the Ptolemy coordinates by c¢;; instead of ¢,
(e.g. cozk instead of ci910) to simplify the notation.

2.3. The identification relations. Recall that M is obtained by pairing faces of the
simplices of 7. Each face pairing may be encoded by a permutation ¢ € S;. The natural
identification of S; with the symmetry group of an ordered simplex induces an action of
54 on Ai (Z)

For t = (to,...,t3) € A2(Z) we can write the n x n identity matrix I as a concatenation
I = [IE| LI 1E] of four (possibly empty) matrices I} of respective size n x ¢;. For o € Sy
define

(2.3) Loy = [0y o) o) Mo a))-
Clearly, the determinant of I, is either 1 or —1.

Definition 2.3. An identification relation is a relation of the form
(24) Ctjyj = det([o,tk)c%k

defined whenever two integral points ¢; and t; of A; and Ay, respectively, are identified
in M via a face pairing with permutation ¢ € S;. The determinant det(l,,,) is called a
sign multiplier.

The sign multipliers are illustrated in Figures 1 and 2. For n = 2, the sign multiplier
is positive and the relation is ¢;;r = ¢y w, if and only if ¢ — j and ¢’ — j” have the same
sign. The sign multipliers are always positive (for any n) for an ordered triangulation.

Definition 2.4. The Ptolemy relations (2.2) and the identification relations (2.4) define
an ideal [,, in a polynomial ring ),,. The Ptolemy variety is the Zariski open subset of the
vanishing set of I,, consisting of the points where all Ptolemy coordinates are non-zero.
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FIGURE 1. Identification relations FIGURE 2. Identification relations for
for n =3, e.g. C1011,0 = —Co111,1- n=4,e.g. €0031,0 = —C€0103,1-

Remark 2.5. By selecting once and for all a representative for each integral point of M,
one can eliminate the identification relations. The Ptolemy variety is thus given by an
ideal generated by Ptolemy relations in a polynomial ring with a variable for each integral
point of M.

2.4. The diagonal action. Let H denote the set of diagonal matrices in SL(n,C) and
let ¢ denote the number of boundary components of M. It follows from (1.1) that H acts
on the set of decorations of a boundary-unipotent representation p by right multiplication.
Hence, by (1.2), H¢ also acts on P,(7). The action is given by

(2.5) ¢ det ({Dk,o}to U{Dk1}t, U{Dg2}s, U {Dk,3}t3)ct,k7

where Dy ; denotes the diagonal matrix of the ith vertex of Ay, and {A} is the ordered
set consisting of the first £ column vectors of A. The action is illustrated in Figure 3.

N

DO = diag(xl, Za, l’g)

D, = diag(y1, 42, y3)

D2 = dlag(’zla 22, 23)

JT11921 griz122

9N goDyN T 2DoN

F1GURE 3. The diagonal action on decorations and Ptolemy coordinates.

The quotient P, (7T )ieq is called the reduced Ptolemy variety. It is shown in [9] that
P,(T )rea is given by an ideal obtained from I, by adding ¢(n — 1) relations of the form
¢t = 1 for suitably chosen Ptolemy coordinates. Since we usually only care about the
representation and not the decoration, this simplifies the computations.

2.5. Example, m004. For the triangulation of m004 (the figure 8 knot) given in Figure 8
and n = 3, there are 8 integral points (4 edge points and 4 face points). The identification
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relations are

C2100,1 = €1002,0 = €2010,1 = €1020,0 = €C0102,1 = €0120,0, C1101,1 = €1011,0

(2 6) C1200,1 = €2001,0 = €1020,1 = €2010,0 = €0201,1 = €0210,0, C1011,1 = €1101,0
' €0120,1 = €2100,0 = €C0021,1 = €0012,0 = C2001,1 — €0102,0, C1110,1 = —C1110,0
C0210,1 = €1200,0 = C0012,1 = €C0021,0 = C1002,1 = €0201,0; Co111,1 = —Co0111,0

and the Ptolemy relations are
€2001,kC1110,k — €2010,kC1101,k + €2100,kC1011,k = 0

(2 7) €1101,kC0210,k — €1110,kC0201,k + C1200,kC0111,k = 0

€1011,k€0120,k — €1020,kC1011,k + C1110,kC0021,k = 0
€1002,kC0111,k — €1011,kC0102,k + C1101,kC0012,k = 0

Eliminating the identification relations, we obtain a system of 8 equations in 8 variables
(one for each integral point of M). The reduced Ptolemy variety Ps(7 )ieq (see Section 2.4)
is obtained by adding two additional relations (e.g. coo120 = 1 and co1110 = 1). It
is zero dimensional and has 3 components defined over Q(v/—7), Q(v/—7) and Q(v/—3),
respectively. The components can be computed in SnapPy (with Sage of Magma installed)
or retrieved from the data base in [12]. We shall not display them here.

3. THE ENHANCED PTOLEMY VARIETY

We now assume that each boundary component 0; M of M is a torus, and that we have
fixed once and for all meridians p; and longitudes \; of 9; M. Assign Ptolemy coordinates
¢t; to the integral points of the simplices of 7 as in section 2, and let

with C, M and £ as in (1.7). The Ptolemy relations are defined as in (2.2), but the
identification relations now involve the additional variables m; ; and [; ;.

Choose a fundamental rectangle R; in M of each boundary component. The triangula-
tion of M by truncated simplices induces a triangulation of each R; (see Figures 4 and 5).
It will later become apparent that a change of fundamental rectangles changes the variety
by a canonical isomorphism.

The sides u; and X, of the rectangles R; map to generators of Hy(09; M), so there exist
unique integers a;, b;, ¢; and d; so that

(3.2) pp= AT N = apal, det ((Zj f;,) = +1.
Define auxilary variables m; ; and [ ; by
(3.3) mi; = mlly, Ly =mile

They are rational functions in m; ; and [; ;. Also, let

(3.4) D,y = diag(mj,,...,m;,), Dy = diag(l;y, .-, 1)

s % n s Yin

Each face pairing o pairs a face f; of a simplex A; with a face f; of a simplex A;
(possibly i = j). We shall assign to « a tuple M, = (Mao, M1, Moz, My3) of n X n
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2
0| 0
1
a3 1
g b
. 2 P of | }l
A
3 b
3 4>
i
N
FIGURE 4. Face pairings. FIGURE 5. Fundamental
rectangles.

matrices, which will determine how the Ptolemy coordinates on f; and f; are identified.
We define M,; as follows: If v is the vertex, not in f;, let M,, = I. For example, for a
and b in Figure we have M,3 = M, = I. Each vertex in f; corresponds to a triangle in
one of the R;’s, and the face pairing pairs this triangle with an adjacent triangle. If for
a vertex v in f;, the face pairing is inside Ry, let M,, = I. Otherwise let M,, be either
D, or Dy, or their respective inverses according to whether the face pairing is via M
A}, or their inverses. For example, we have

(3.5) M,=(I,D,,1,I),  M,=(I,1,1,Dy).

3.1. Orientation conventions. We orient each boundary component with the counter-
clockwise orientation as viewed from the ideal point, and orient the fundamental rectangles
accordingly. In particular, we have (uf, \;) = 1, where (,) is the intersection form. For
knot complements it is more common to orient the boundary with the counter-clockwise
orientation as viewed from within the manifold, so in this case (i, \) = —1 for the standard
meridian and longitude. Unless otherwise specified, we assume that p; and \; are chosen
such that (u;, A;) = 1, so that the determinants in (3.2) are 1.

3.2. Identification relations. For a matrix g and a non-negative integer i, let {g}; be
the ordered set consisting of the first ¢ column vectors of g.

Definition 3.1. The peripheral multiplier of a face pairing « is the map

(3.6) c(My): A2 (Z) — EQ., t = (to, t1,ta, t3) = c(My)y,
where
(37) C(Ma)t = det ({Mao}to U {Mal}tl U {MQQ}tQ U {Moé3}t3)

The peripheral multiplier is illustrated in Figures 6 and 7. It is simply the Ptolemy
assignment (see (4.6) c.f. [10, 8|) associated to the tuple M,,.
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Definition 3.2. An identification relation is a relation of the form
(38) Ce;i = det([mj)c(Ma)tjcw

defined whenever two integral points ¢; and ¢; of A; and A, respectively, are identified
in M via a face pairing a with face pairing permutation o € Sj.

FIGURE 6. Peripheral multiplier FIGURE 7. Peripheral multiplier for
for n = 2. n=3.

Definition 3.3. The enhanced Ptolemy ideal is the ideal £1, generated by the Ptolemy
relations (2.2) and the identification relations (3.8). The Ptolemy variety is the subset of
the vanishing set of £1,, consisting of points where all coordinates are non-zero.

Remark 3.4. If the ith boundary components has genus g;, one can still define the
enhanced Ptolemy variety after picking generators p;1,..., g and Nj1,..., A4 for
H,(0; M), and fundamental domains for OM; (if g;=0, no choice is necessary). The tuples
M, used to define the identification relations can still be defined purely from the combina-
torics of the triangulated fundamental domains. We restrict to the case of torus boundary
components to avoid excessive indexing, and because this case is the most interesting.

3.3. The diagonal action. The diagonal action (2.5) of H® on P,(7) extends to an
action on EP,(T) given by the same formula. A comparison of (2.5) and (3.7) shows that
the action respects the identification relations, and is thus well defined.

3.4. Dehn invariant and gluing equations. In [8] we defined a variety V,,(7) gener-
alizing Thurston’s gluing equation variety, and a monomial map

(3.9) pi Po(T) = Val(T),  ple) 100 = S H05000,
Cs+1010Cs+0101

given by assigning a shape to each subsimplex (see Section 5.1 for a review). By the same
formula, we obtain a map pu: EP,(T) — V,(T). The fact that the shape assignment y(c)
satisfies the generalized gluing equations (5.3) follows from the same cancelation argument
as in [8]. There is a map

(3.10) A Vo(T) = P(C), 20 ) 2l
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taking a shape assignment to the formal sum of the shapes of the subsimplices. A shape
assignment thus has an associated element in P(C), and by composing with pu, the same
holds for a Ptolemy assignment.

Definition 3.5. The Dehn invariant of a shape assignment z € V,(7) is the Dehn

invariant of its associated element in P(C). The Dehn invariant of a Ptolemy assignment
c € EP,(T) is defined similarly.

3.5. Extended Ptolemy variety of the figure 8 knot, n = 2. Consider the triangu-
lation of m004 given in Figure 8 and the fundamental rectangle given in Figure 9. The
knot meridian ;1 and longitude A are given, respectively, by p/ = p, and X = p?A~%

1 2 3 0
“Tb e “Td

b

3 0 2

a a ¢

Y
A,
FIGURE 8. Triangulation of m004. FIGURE 9. Fundamental

rectangle.

We have
(311) Ma:(D‘U/,D;l,],D“/), Mb:Md:(Ivlu-[)-[)7 MCZ(I7DU’)D,U/a )

The identification relations for the integral point corresponding to the single arrow are

d < c /
(3 12) C12,0 = C13,1, C131 = (m) €02,0, C02,0 = —MM Co2,1,
' b a 11 —1 c n—1
Co2,1 = —C03,0, Co30 = —MmM (l ) Co1,1, Co1,1 = —(m) C12,0

and for the double arrow they are

b a -2 4
C13,0 = —Co3,1, C03,1 = —(m) C23,0, C23,0 = —C231
(3.13)
b c N2 d
C23,1 = C01,0, Co1,0 = —(m) C12,1, C12,1 = C13,0-
o . . . . . . .
Here = indicates identification via «. Letting * = co1; and y = ci21, the Ptolemy
coordinates are shown in Figure 10.
The Ptolemy relations
(3.14) C03,kC12,k — C02,kC13,k T C01,kC23 k k=01

become
(315) m/?(l/)—lmQ + m’2(l')_1yx _ ml4y2 — 07 _y2 + le(l,)_1$2 . leZL‘y
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FIGURE 10. Ptolemy coordinates, n = 2.

or equivalently (using that m’ = m, I' = m?[7!)
(3.16) m*lz? + milyxr — mhy? =0, —? + mta® —mPry =0
Plugging into magma, we obtain that the enhanced Ptolemy variety EP, (7T) is given by

m® —mb —m* —2m* + 1

(3.17) /Y =

mb — m2
mBl—mbSl—m* —2om*l —m*? —mPl+1=0.

We thus recover the known formula for the SL(2, C) A-polynomial. The reduced Ptolemy
variety £P,(T) is obtained by setting y = 1.

3.5.1. Recovering the representation. One can explicitly compute the representation cor-
responding to a point in the Ptolemy variety using the face pairing presentation (see
Section 4.1), but sometimes other presentations are more convenient. The fundamental
group of the figure 8 knot complement also has a two-bridge presentation

(3.18) (x1, 9 ‘ T1W = WL, W = ToT] Ty x1),

and one easily checks that this presentation is isomorphic to the face pairing presenta-
tion 4.1 via the isomorphism

(3.19) a— :chlaf;l, b— xlxgl, Cc X

‘ c T, ab™t i xs.

Using this, one obtains that the representation corresponding to a point in the enhanced
Ptolemy variety is given by

m-1 mAl—m2l-m?—1I 0 M
4_1 m*—1
(320) Ty 0 m ) T = —mB+m8+2mA+m2i—1 m241 :

m
mb—m?2 m

The explicit computations are unenlightening and have been omitted.

3.5.2. The Dehn invariant. Letting z; and 2z, denote the associated shapes, we have

2

x Yy Iy
(3.21) A=y 1—2z = —m’Ql’;, B=

]_—ZQ :l/y
xT
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The Dehn invariant « is thus given by

2
)/\l/y

T Y Uy
=5 A(1— AN1l—2z)==A(—m?l'= — L
(3.22) a=anl-a)tanl-n)="A(=m"l7)+(575) AT

=—2m' Al € AX(CY).
Since m = m/m~' = m? and [ = [/I~! = [? this agrees with Theorem 1.10.

3.6. Extended Ptolemy variety of the figure 8 knot, n = 3. For n = 3, the Ptolemy
coordinates are shown in Figure 11. The Ptolemy variety is thus given by
(3.23)

—mymalaxy f3 — lamizy fi + miyofa = 0, Yo fsmimaliz fo + To f1 = 0,
Jimaxy +my fayr — mimay fo = 0, Jayr — mamazy f3 + forr =0,
maly fazo + malizofo — may1 f3 =0, fiyo — mim3liloay fo + mimayo f3 = 0,
—mamylixo fo — m?llnyo + mayof1 =0, y1fo — fimizo + m?m2y1f2 =0,

-

0 mimlilory mimylimg 2 0 mimolizy mimililyz, 2

FIGURE 11. Ptolemy coordinates, n = 3.

The variety seems to be very difficult to compute. Using the fact that the geometric
representation is the unique representation which is defined over Q(v/—3) and satisfies
that m; = mgy =1; = [, = 1, one can use deformation techniques developed by Fabrice
Rouillier (unpublished) to show that the geometric component is an algebraic covering
with two leaves over the surface determined by

(3.24) fsmimy — fsmim3 — famy + fsma +mymy = 0.
The full description is rather large, so we shall not display it here. The computation was
done by Fabrice Rouillier.

4. PROOF OF THEOREM 1.5 AND THEOREM 1.6

The proof of Theorems 1.5 and 1.6 follows the same strategy as the proof of the one-one
correspondences (1.2) given in [10]. The idea is to prove that a point in £P,(7) naturally
determines a cocycle on M. The cocycle labels peripheral edges by elements in B and
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thus determines a decorated (by B-cosets) representation. Conversely, a decorated repre-
sentation determines a point in £P,(T). The diagonal action on EP,(7) corresponds to
a coboundary action on cocycles, but does not change the decorated representation. The
maps p;: EP,(T) — Rp(OM) are defined via the cocycle in such a way that Theorem 1.6
is immediate from the construction.

—

4.1. The face pairing presentation. Given a fundamental polyhedron for 7 in M, one
has a presentation of 71 (M) with a generator for each face pairing, and a relation for each
1-cell (see Figures 12 and 13). Note that the loop corresponding to a face pairing is the
loop passing the face in the opposite direction.

€
pld)gB
\ a
FIGURE 12. Face pairing FIGURE 13. Face pairing
presentation, generator. presentation, edcba = 1.

Example 4.1. For the triangulation of the figure 8 knot in Figure 8, one obtains a
fundamental polyhedron, e.g. by gluing together the faces corresponding to the face pairing
d. By inspecting Figure 9 one sees that the corresponding presentation is given by

(4.1) m (M) = {a,b,c | ca b a,ab " ¢ 'b).

4.2. Decorations. We recall the basic properties of decorations and refer to [10] for more

details. Let p: m, (M) — SL(n, C) be boundary-Borel, and let L = M. The triangulation
T of M induces a triangulation of L.

Definition 4.2. A decoration of p is a p-equivariant map D: L) — SL(n,C)/B, i.c. a
p-equivariant assignment of B-cosets to the vertices of L.

Note that if v is paired to w via a face pairing «, we must have D(w) = p(a)gB (see
Figure 13). The following is elementary.

Lemma 4.3. Let D be a decoration of p. If for some vertex v, D(v) = gB, we have
(4.2) 9~ 'p(Stab(v))g C B,

where Stab(v) C m1(M) is the stabilizer of v. O



PTOLEMY COORDINATES, DEHN INVARIANT, AND THE A-POLYNOMIAL 15

4.2.1. Freedom in the choice of decoration. The following is an elementary Corollary of
Lemma 4.3. We shall not need it, so we leave its proof to the reader.

Corollary 4.4. If p maps each peripheral subgroup to a conjugate of D, and if each such
contains an element with distinct eigenvalues, the set of decorations of p is a torsor for
We¢. Here D is the group of diagonal matrices, W is the Weyl group, and c is the number
of boundary components. U

Remark 4.5. Generally, there is more degree of freedom in the choice of decoration.
If, for example, p collapses the boundary component corresponding to v, then (4.2) is
satisfied for any g.

4.2.2. Peripheral holonomy. For each lift v; € L(® of a boundary component 6;M of M,
we have a canonical isomorphism 7 (0; M) = Stab(v;).

Definition 4.6. The ith peripheral holonomy of a decorated SL(n, C)-representation p is
the map

(4.3) m(8; M) = Stab(v;) —— p(Stab(v;)) — B

where the right map is conjugation by D(v;) (see (4.2)), and D is the decoration. It is
defined up to conjugation by elements in B.

Clearly, the peripheral holonomy only depends on ¢ and not on the choice of lift v;. We
thus have a restriction map

. ) Decorated, boundary-Borel
4.4 : ) y — Rg(O/M) x --- x Rg(O,M),
(44) " { m (M) — SL(n,C) } 5O M) 5(OnM)

where the ith component of r takes a decorated representation to its ith peripheral holo-
nomy.

4.3. From Ptolemy coordinates to cocycles. The construction of the cocycle hinges
on the result below.

Proposition 4.7 (Garoufalidis-Thurston—Zickert [10]).

Generic tuples

Ptolemy assign- Natural cocycles
(45) { mentsyon Ag3 } (QON, glN7 QQN, g3N> { Z?)
n up to left action on 2y,

The Ptolemy assignment of a generic tuple (go/N, ..., g3N) is given by
(46) Ai(Z) — C*7 Ct = det ({90}150 U {gl}t1 U {92}?52 U {93}t3)’

and the natural cocycle labels long edges by counter diagonal elements «;;, and short edges
by elements [, in N (see Figure 14). It is constructed using the fact that for (generic)
g:N, g; N, there exist unique representatives g;x;, g;x; such that z; g lgjxj is counter
diagonal. We refer to [10, 8| for explicit formulas in terms of the Ptolemy coordinates.
The following is elementary.
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Lemma 4.8. Let a;; and f;;; be the natural cocycle for the tuple (go[V,...,g3/N). For
diagonal matrices dy, ..., ds, let o; and gjk be the cocycle of (godyN, ..., gsdsN). We
then have

(4.7) al = dflaijdj, ﬁ{jk = dflﬁijkdfl m

i %

An element in EP,(T) also determines a Ptolemy assignment on each simplex, but
the corresponding cocycles no longer agree under the face pairings. To fix this, we shall
consider a “fattened” decomposition of M, which mitigates this.

4.3.1. The fattened decomposition. Consider the polyhedral decomposition of M obtained
by thickening each hexagonal face, i.e. replacing it with a hexagonal prism. An edge cycle
(1-cell) of length k is then replaced by a prism over a polygon with k sides, so the
decomposition consists of truncated simplices (one per simplex), hexagonal prisms (one
per face), and polygonal prisms (one per edge). The top view of an edge link (as in
Figure 13) now looks like in Figure 15. The triangulation has 3 types of edges: long
edges, short edges, and face-pairing-edges.

Definition 4.9. The natural cocycle associated to an element in £P,(7) is the cocycle
labeling the long and short edges using Proposition 4.7, and the face-pairing-edges as
follows: If a face pairing « takes a vertex v in T to w, the two face-pairing-edges near v
corresponding to « are both labeled by M, (see Figure 14).

FIGURE 14. Hegagonal prism FIGURE 15. Fattened ver-
and corresponding cocycle. sion of Figure 13.

Lemma 4.10. The natural cocycle is indeed a cocycle, i.e. the product of labelings around
each face is 1.

Proof. For the truncated simplices, this is immediate from Proposition 4.7. We thus only
need to check the following 3 types of faces: polygons of face-pairing edges (as in the
center of Figure 15), squares consisting of two long edges and two face-pairing-edges, and
squares consisting of two short edges and two face-pairing edges (see Figure 14). For the
polygons, this is obvious since each M, is either I or appears with its inverse. For the
two types of squares, this follows from Lemma 4.8. O
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Corollary 4.11. A point in £P,(7T) determines a decorated (by B-cosets) representation,
which is invariant under the diagonal action on EP,(T). O

Proof. By construction, the diagonal action on EP,(7T) corresponds to the action by
coboundaries on natural cocycles. This neither changes the representation, nor the B-
cosets of the decoration. O

4.4. From decorated representations to Ptolemy coordinates. Let p be a deco-
rated boundary-Borel representation. Pick fundamental rectangles R;, and let ! and
A, be the corresponding peripheral curves (see Section 3). Define diagonal matrices
D,;, = diag(m}y,...,mj, ;) and Dy = diag(li,,...,l},,) to be the diagonal part of the
ith boundary homology of u; and A}, respectively. The decoration assigns to each triangle
t in each R; a B-coset D(t). The following is clear from the definitions.

Lemma 4.12. There exists a lift

(4.8) D: L©® — SL(n,C)/N,

of D satisfying that when triangles ¢ and t' are paired via a face pairing «, we have
(4.9) p(0) D(t) Mo, = D(¥)

where v, is the vertex index corresponding to t, and M, is defined as in Section 3. More-
over, any two such lifts differ by the action of H¢ by right multiplication. O

We thus obtain a decoration by N-cosets, hence a Ptolemy assignment, on each simplex,
and (4.9) implies that the Ptolemy coordinates satisfy the identification relations. We thus
have.

Corollary 4.13. A decorated boundary-Borel representation determines an element in
g P n(T)red- ]

It is clear from the constructions that the maps in Corollaries 4.11 and 4.13 are inverses.
Also note that if we use a different choice { R} of fundamental rectangles, the map

(4.10) EP(T)ES 5 ep, ()l

induced by Corollaries 4.11 and 4.13 is a regular bijection. Hence, the choice of funda-
mental rectangles is inessential.

5. PROOF OF THEOREM 1.10

Theorem 1.10 is a corollary of the symplectic properties of the generalized gluing equa-
tions proved in [11] (see also [13]) and elementary properties of shape assignments devel-
oped in [§].

5.1. Shape assignments.

Definition 5.1. A subsimplez of A3 is a translate of A3 C R* by an element s € A,,_»(Z).
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Definition 5.2. A shape assignment on A3 is a map
(5.1) AN(Z) x AYZ) — C\{0,1},  (s,¢) = 2
satisfying the relations

(5.2) 21100 — L0011 _ 1 0110 __ 1001 _ 1 1010 _ 0101 _ 1
s s 1— 0100 s s 1 — 001 s s 1 — 20110

A shape assignment on T is a shape assignment {2 5 } on each simplex such that for each
integral point p = {(t,A) | t € An(Z),A € T}, the shape parameters 2§ o satisfy the
generalized gluing equation

(5.3) IT II za=1
(t,A)ep t=s+e

The variety of shape assignments on 7 is denoted by V,,(T).

Remark 5.3. The set A3(Z) parametrizes the (unoriented) edges of an ordered simplex,
so one can think of a shape assignment on A? as an assignment of a shape parameter to
each edge of each subsimpler of A3.

5.2. The generalized Neumann chain complex. For an ordered simplex A, let Ja
be the free abelian group on the (unoriented) edges ¢;; of A subject to the relations

(5.4) €01 = €23, €12 = €03, €02 = €13, €01 + €12 + €02 = 0.
We endow Ja with the non-degenerate skew symmetric bilinear form €2 defined by
(5.5) Q(eo1,€12) = Qe12, €02) = Qe02,€01) = 1.

Note that in the basis {€g;, €12} for Ja, Q is the standard symplectic form given by (% §).
In [11] we defined a chain complex J™ given by

n @ n B n s n o n
(5.6) 0 —Co(T) —CN(T) — J*(T) —= CV(T) —= C(T) —= 0.
Here C7(T) is the free abelian group on integral points and J"(7) = @aecrJa with Q
extended orthogonally. The map [ encodes the gluing equations and [* encodes the

Ptolemy relations. We shall not need the precise definitions. The form {2 descends to a
form on H3(J"™), which is non-degenerate modulo torsion.

Theorem 5.4 (Garoufalidis—Zickert [11]). We have an isomorphism

5.7) 5 Hy(OM;Z[1/n") = Hy(T") @ Z[1 /],

such that the form Q2 corresponds to the form wa on Hy(OM;Z[1/n]""') given by

(5.8) wala®@v, B @v) = 1la, B)(v, Aw).

Here, A is the Cartan matriz for SL(n,C), ¢ is the intersection form on Hy(OM), and
(—, =) 1is the standard inner product on Z"'. O

Let u C C* be the roots of unity. The following is an elementary corollary of Theo-
rem 5.4.
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Corollary 5.5. Under the dual isomorphism
(5.9) 0" HYJ") @ C*/p = H'(OM; (C* /)" ),
the form €2* corresponds to the form w? given by
(5.10) Wwila®r, fRy) =aUB([OM]){z, A y). O
5.3. The proof. The idea is that a shape assignment z € V,,(7T) determines two elements
(5.11) J(z) € H(T;C /), Clz) € H'(OM;C/p),

which agree under the isomorphism (5.9). The result is then an elementary computation
using (5.10) and some basic properties of bilinear forms and exterior powers.

5.3.1. Definition of J(z). A shape assignment assigns a shape parameter in C* to each
edge of each subsimplex, and can thus be viewed as an element J(z) in Hom(J"(7),C*/+
1); the sign is due to the fact that z1199;0110,1010 = _1 (see (5.2)) and not 1. Since the
shape parameters satisfy the gluing equations, J(z) a cocycle, so determines a cohomology

class in H3(J,C*/ £ 1).

5.3.2. Definition of C'(z). By the main result of [8], a shape assignment z determines a
generically decorated PGL(n, C)-representation (and vice versa), which is given explicitly
by a cocycle on M. The cocycle labels peripheral edges by elements in B C PGL(n, C), so
every edge path in OM has a well defined holonomy in B (the peripheral holonomy; Sec-
tion 4.2.2). Composing with the map B — (C*)"~! taking ratios of consecutive diagonal
entries, we obtain a cohomology class

(5.12) C(z) € HY(OM, (C)™ ).

By construction, this class is trivial if and only if the corresponding representation is
boundary-unipotent.

Theorem 5.6 (Garoufalidis—Zickert [11]). The elements J(z) and C(z) agree under the
the isomorphism (5.9), i.e. " (J(2)) = C(2) (in fact, this holds in H*(OM;(C*/ 4+ 1))
as well). O

5.3.3. Bilinear forms and exterior powers. Let A be an abelian group with a bilinear form
w: Ax A — Z. As noted in [1], we have for each abelian group B (we shall only consider
B = C*/p) a bilinear map

(5.13) No: (A®z B) x (A®z B) — Ni(B), (a®@v,b@w) — wla,b)vAw.
Lemma 5.7. We have
(5.14) J(2) Nax J(2) = C(2) Ao, C(2) € AL(C* /).

Proof. This follows from Theorem 5.6 and (5.10) using basic functoriality properties. [
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5.3.4. Basic computations. We now compute the left and right hand side of (5.14). Let-
ting pf and A\f in H'(OM) denote the duals of y; and );, respectively, we can write C'(2)
in the form

(5.15) C(2) =Y (1 ® Mia(2), - Min1(2) + N @ 111 (2), - L1 (2)),

i

where m; ;(2) = m; ;(2)/m; j+1(2), and m; j(z) is the jth diagonal entry in the boundary
holonomy of f; (1; ;(#) is defined similarly).

Lemma 5.8. We have
(5.16) CUE) Ay C12) = 25 S AR (2) A Taa(e) € AE(E )
i=1 jk

Proof. Using (5.15) this follows immediately from the formula (5.10). O

The following is shown for n = 3 in [1] (the missing minus sign there is due to a different
cross-ratio convention).

Lemma 5.9. The element J(z) A« J(z) is minus 2 times the Dehn invariant of z.

Proof. Since J is a direct sum of JA’s, it is enough to prove this for a shape assignment
on A3. We denote 2% and 2°M% by 2 and 2/, respectively (z denotes both the shape
assignment and the shape). Using the basis {eg1, €12} for Ja, and the corresponding dual
basis {ef;, €35} for JX, one has

(5.17) J(z)=¢p ®@z+el,®7.
Since the 2-duals of €91 and €15 are —e15 and g1, respectively, we have
(5.18) J(2)AarJ(2) = Qe ®2' —€1202,601 Q2 —€19®2) = =2’ Azt2A2 = =221\ (1-2),
where the last equation follows from (5.2). This proves the result. O
Since AZ(C*) = AZ(C*/u), we have proved.
Theorem 5.10. The Dehn invariant of a shape assignment z € V,,(T) is given by
(5.19) vo Az }:}:Aﬂnhj ) A Li(z) € AZ(CTH). O
i=1 jk
Theorem 1.10 is an immediate consequence.

Remark 5.11. When working over other fields one needs to be more careful since A?(k*)
is not n-divisible in general. There are also torsion issues due to vertex orderings. We
shall not discuss these issues here.



PTOLEMY COORDINATES, DEHN INVARIANT, AND THE A-POLYNOMIAL 21

REFERENCES

[1] Nicolas Bergeron, Elisha Falbel, and Antonin Guilloux. Tetrahedra of flags, volume and homology
of SL(3). arXiv:1101.2742. Preprint 2011.

[2] Wieb Bosma, John Cannon, and Catherine Playoust. The Magma algebra system. I. The user lan-
guage. J. Symbolic Comput., 24(3-4):235-265, 1997. Computational algebra and number theory (Lon-
don, 1993).

[3] Abhijit Champanerkar. A-polynomial and Bloch invariants of hyperbolic 3-manifolds. Preprint, 2003.
Available at http://www.math.csi.cuny.edu/ abhijit/papers.html.

[4] D. Cooper, M. Culler, H. Gillet, D. D. Long, and P. B. Shalen. Plane curves associated to character
varieties of 3-manifolds. Invent. Math., 118(1):47-84, 1994.

[5] M. Dehn. Ueber den Rauminhalt. Math. Ann., 55(3):465-478, 1901.

[6] Tudor Dimofte, Maxime Gabella, and Alexander B. Goncharov. K-Decompositions and 3d Gauge
Theories. arXiv:1301.0192. Preprint 2013.

[7] Vladimir Fock and Alexander Goncharov. Moduli spaces of local systems and higher Teichmiiller
theory. Publ. Math. Inst. Hautes Etudes Sci., (103):1-211, 2006.

[8] Stavros Garoufalidis, Matthias Goerner, and Christian K. Zickert. Gluing equations for PGL(n, C)-
representations of 3-manifolds. arXiw:1207.6711, Preprint 2012.

[9] Stavros Garoufalidis, Matthias Goerner, and Christian K. Zickert. The ptolemy field of 3-manifold
representations. arXiv:1401.5542, Preprint 2014.

[10] Stavros Garoufalidis, Dylan P. Thurston, and Christian K. Zickert. The complex volume of SL(n, C)-
representations of 3-manifolds. ArXiv:math.GT/1111.2828, 2011.

[11] Stavros Garoufalidis and Christian K. Zickert. The symplectic properties of the PGL(n, C)-gluing
equations. arXiw:1310.2497, Preprint 2013.

[12] Matthias Goerner. Unhyperbolic. Available at http://www.unhyperbolic.org/ptolemy.html.

[13] Antonin Guilloux. Representations of 3-manifold groups in PGL(n,3) and their restriction to the
boundary. arXiv:1310.2907. Preprint 2013.

[14] Walter D. Neumann. Hilbert’s 3rd problem and invariants of 3-manifolds. In The Epstein birthday
schrift, volume 1 of Geom. Topol. Monogr., pages 383-411 (electronic). Geom. Topol. Publ., Coventry,
1998.

UNIVERSITY OF MARYLAND, DEPARTMENT OF MATHEMATICS, COLLEGE PARK, MD 20742-4015,
USA
http://www2.math.umd.edu/"zickert

E-mail address: zickert@math.umd.edu


http://www.math.csi.cuny.edu/~abhijit/papers.html
http://www.unhyperbolic.org/ptolemy.html
http://www2.math.umd.edu/~zickert

	1. Introduction
	1.1. The Ptolemy variety
	1.2. The A-polynomial and its higher rank analogues
	1.3. The Dehn invariant
	1.4. Statement of results
	1.5. Acknowledgements

	2. The (standard) Ptolemy variety
	2.1. Preliminaries
	2.2. The Ptolemy relations
	2.3. The identification relations
	2.4. The diagonal action
	2.5. Example, m004

	3. The enhanced Ptolemy variety
	3.1. Orientation conventions
	3.2. Identification relations
	3.3. The diagonal action
	3.4. Dehn invariant and gluing equations
	3.5. Extended Ptolemy variety of the figure 8 knot, n=2
	3.6. Extended Ptolemy variety of the figure 8 knot, n=3

	4. Proof of Theorem ?? and Theorem ??
	4.1. The face pairing presentation
	4.2. Decorations
	4.3. From Ptolemy coordinates to cocycles
	4.4. From decorated representations to Ptolemy coordinates

	5. Proof of Theorem ??
	5.1. Shape assignments
	5.2. The generalized Neumann chain complex
	5.3. The proof

	References

