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Abstract

In this paper we first obtain a constant rank theorem for the second fundamental form of the space-
time level sets of a space-time quasiconcave solution of the heat equation. Utilizing this constant
rank theorem, we can obtain some strictly convexity results of the spatial and space-time level
sets of the space-time quasiconcave solution of the heat equation in a convex ring. To explain our
ideas and for completeness, we also review the constant rank theorem technique for the space-time
Hessian of space-time convex solution of heat equation and for the second fundamental form of

the convex level sets for harmonic function.
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Chapter 1

Introduction

Throughout the paper, Q = Qg \ﬁl is a C>® convex ring in R" (n > 2), i.e. Qg and Q; are bounded
convex open sets in R” of class C>® with 51 C Qp, and we consider a classical solution u of the

following problem

0

a—’;’ = Au in Qx(0,+00),

u(x,0) =up(x) in Q, (1.0.1)
u(x,t) =0 on 0Qy X [0, +c0),

u(x,t) =1 in QX [0, +00),

where the initial data ug > O is regular enough and satisfies ug = 0 on 0Qg and uy = 1 on 0€2;. We
study the spatial and the space-time quasiconcavity of u (notice that we set u = 1 in Q).

We recall that a function v : R — R U {—o0} is called quasiconcave in R™ (m € N) if
all its superlevel sets {y € R™ : v(y) > c} are convex. If v is defined only in a proper subset
A c R™, we extend it as —oco outside A and we say that v is quasiconcave in A if such an extension
is quasiconcave in R”. Then we say that u € C(Qq X [0, +00)) is spatially quasiconcave if the
function x — u(x,?) is quasiconcave in Qy C R” for every fixed ¢ > 0, and we say that u is
space-time quasiconcave if it is quasiconcave in Q) x [0,00) € R™! that is if all its space-time
superlevel sets

ch’, ={(x,1) € ﬁo X [0,00) : u(x,t) > c}

are convex in R"*!. Equivalently (and more explicitly) we can give the following definition.
Definition 1.0.1. A function u € C(Qq X [0, +o0)) is spatially quasiconcave if
u((1 — Dxg + Axy, 1) = min{u(xo, t), u(xy, 1)}, (1.0.2)

for every xg, x1 € ﬁo, A€ (0,1) and every fixed ¢ > 0.

Analogously, u is space-time quasiconcave if
u((1 = Dxo + Axy, (1 = Dt + Aty) = minfu(xo, to), u(xy, 1)}, (1.0.3)

for every xg, x1 € ﬁo, to,t1 = 0,1 € (0,1).
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Clearly, if a function is space-time quasiconcave, then it is spatially quasiconcave at every
fixed time: if we fix a time ¢ > 0, coincides with (1.0.2) if tg = 1, = ¢.

The quasiconcavity of solutions to elliptic partial differential equations in convex rings has
been extensively studied, starting from [1]] which contains the well-known result that the level
curves of the Green function of a convex domain in the plane are convex Jordan curves. In 1956,
Shiffman [41] studied the minimal annulus in R? whose boundary consists of two closed convex
curves in parallel planes Py, P;: he proved that the intersection of this surface with any parallel
plane P, between P, and P», is a convex Jordan curve. In 1957, Gabriel [22] proved that the level
sets of the Green function of a 3-dimensional bounded convex domain are strictly convex. In 1977,
Lewis [35]] extended Gabriel’s result to p-harmonic functions in higher dimensions. Caffarelli-
Spruck [[15] generalized the Lewis’ result [35] to a class of semilinear elliptic partial differential
equations. Motivated by Caffarelli-Friedman [11]], Korevaar [33] gave a new proof of the results
of Gabriel and Lewis by applying a deformation process jointly with a constant rank theorem for
the second fundamental form of the level sets of a quasiconcave p-harmonic function. A survey
of this subject was given by Kawohl [31] in 1985. For more recent results and updated references,
see for instance [6, |5, 26]].

For parabolic equations, a natural question is whether the solution of an initial-boundary value
problem is able to retain the quasiconcavity of the initial datum. This is in general not true, as
showed in [28]]. On the other hand, Brascamp and Lieb [[10] earlier proved that the log-concavity
of the initial datum is preserved by the heat flow and, as a consequence, they got the log-concavity
of the first Dirichlet eigenfunction and the Brunn-Minkowski inequality for the first Dirichlet
eigenvalue of Laplacian operator in convex domains. In a series of papers [7, 8, 9], Borell studied
certain space-time convexities of the solution of heat equation with Schrédinger potential, obtain-
ing a new proof of the Brascamp-Lieb’s theorem and a Brownian motion proof of the classical
Brunn-Minkowski inequality. Precisely, in relation to the present paper, in [7]] Borell considers a

solution of the heat equation,

0
a—bt’ —Au in Qx(0,+0), (1.0.4)

with the following initial boundary value condition

w(x,00=0 in Q=0Qy\Q,
u(x,t) =0 on 9Qqy X [0, +c0), (1.0.5)
u(x,t)=1 in Q) X [0, +00),

that is problem (L.0.I) with uy = 0, and he proved the following theorem.

Theorem 1.0.2 ([7]). Let u be a solution to problem (LO.4)-(1.0.3). Then the space-time superlevel

sets X, of u are convex for every c € [0, 1].

In 2010 and 2011, Ishige-Salani [29] [30] gave a new proof of the above theorem of Borell, and

they extended it to more general fully nonlinear parabolic equations, also introducing the notion of
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parabolic quasiconcavity. But they still need the initial datum to be identically vanishing, indeed
a quite restrictive assumption. Some results similar to [29] are contained in [20] too, while an
attempt to treat the case of a general (not zero) initial datum was done in [21]. Earlier related
results can also be found in [32]].

However, until now, it remained a longtime open problem what are suitable conditions on the
initial datum uq that suffice to guarantee a spatially or (better) a space-time quasiconcave solution
u of (L.O.T).

In this paper, we give the following strictly convexity result for the space-time quasiconcave

solution of heat equation

Theorem 1.0.3. Let u be a space-time quasiconcave solution of problem (ILO.I) (where Q is as
said at the beginning), with
u, >0, in Qx(0,+00). (1.0.6)
Then
(1) u is spatial strictly quasiconcave, i.e. the spatial superlevel sets X" of u are strictly convex for
every c € (0,1) and t € (0, +c0).
(2) there exists Ty € [0, +00), such that u is space-time strictly quasiconcave for t > Ty. Exactly,
Rank(llaz;t (x,))=n—-1, forany (x,t) € Qx(0,To];
Rank(]laz;t(x, ) =n, forany(x,t)€ QX (Ty,+00),
where 1 Iose (x, 1) is the second fundamental form of the space-time level set 0X , at (x,1).
The proof of Theorem [1.0.3]is given in Section 4.
Remark 1.0.4. (1) As showed in [21]], the initial condition (1.0.6) guarantees
[Vul| >0 in Qx(0,+00). (1.0.7)

This is essential for our proof of the main Theorem as well as for the proofs of Theorem
and Theorem

(2) Here Ty € [0, +00). If Ty = 0, we will get the space-time strictly quasiconcavity for any
¢t > 0. But it is not easy.

(3) The condition that u is space-time quasiconcave is not easy to verify, even we add some
strong conditions on uy and Q. Chau-Weinkove [16] give some counterexamples to indicate that
u is not space-time quasiconcave even for smooth and subharmonic #y. Here we indicate some
necessary conditions on ug.

First, if u € C*3(Q % [0, +0)), then uy € C*(Q), A2uy = Aug = 0 on Q, and we have the

following compatible necessary conditions

up(x) =0, xe€dQpy;, up(x)=1, xe€0LQ;
Aug(x) >0, |Vug(x)| >0, forany x € Q.
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For any x € Q, if we choose the coordinate such that
uo,, = |Vug(x)l > 0,  {uo;jhi<i j<n—1 is diagonal at x.
Then we need the following necessary condition
up;; <0, forany 1 <i<n-1;
and

1
2 42 2 2
ug , Auo + o un(Auo)” — 2ug nAuoAug,, — Z — [uo nAug,; — Auguo in]” < 0,

Uuo i
7 0,ii

where the }; is the summation for all i such that ug; < 0.
i

We will prove Theorem [1.0.3] through the following constant rank theorem for the second
fundamental form of the space-time level surfaces of a space-time quasiconcave solution of the

heat equation.

Theorem 1.0.5. Suppose u € C**(Q x (0,T)) is a space-time quasiconcave solution to the heat
equation (L0O.4) satisfying (LO.6)). Then the second fundamental form I Iose, of the space-time level
sets 0%}, has the following constant rank property for ¢ € (0, 1): if the rank of Ilgs<, attains its
minimum rank ly (0 < lp < n) at some point (xo, 1) € Q% (0,T), then the rank of lys¢  is constant
lo in Q % (0,1t9]. Moreover, let I(t) be the minimal rank of Uang in Q, then I(s) < I(t) for all

s<t<T.

The proof of Theorem is given in Section 3.2 and Section 3.3. For reader’s convenience,
the Appendix contains the same proof in dimension 2.

Constant rank theorems constitute an important tool to study convexity properties of solutions
to elliptic and parabolic partial differential equations. A technique based on the combination of
a constant rank theorem and a homotopic deformation process was introduced in dimension 2 by
Caffarelli-Friedman [[11]] (a similar result was also discovered by Singer-Wong-Yau-Yau [42] at the
same time). The result of [[11]] has been later generalized to R” by Korevaar-Lewis [34]. Recently
constant rank theorems have been obtained for the Hessian of solutions to fully nonlinear elliptic
and parabolic equations in [12] and [3| |4, [43]]. Notice that, for parabolic equations, the constant
rank theorems in [3, [12] regard the space variable only; Hu-Ma [27]] obtained instead a constant
rank theorem for the space-time Hessian of space-time convex solutions to the heat equation,
while Chen-Hu [17]] were able to reduce the computations of [27], so to get a generalization to
fully nonlinear parabolic equations.

About quasiconcave solutions in convex rings, we already mentioned Korevaar [33]] who got
a constant rank theorem for the second fundamental form of the level sets of quasiconcave p-

harmonic functions; then Bian-Guan-Ma-Xu [35]] and Guan-Xu [26] obtained a generalization to
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fully nonlinear elliptic equations, while Chen-Shi [18]] got a parabolic version of [5} 26] for the
second fundamental form of spatial level sets.

As applications of constant rank theorems, apart from the existence of convex and quasicon-
cave solutions to partial differential equations, we recall that the Christoffel-Minkowski problem
and the related prescribing Weingarten curvature problem were studied in [24}25]], the uniqueness
of Kéhler-Einstein metric with the related curvature restriction in Kihler geometry was studied by
[23]]. Moreover, the preservation of convexity for the general geometric flows of hypersurfaces has
been investigated in [3]].

We also recall that constant rank theorems can be often regarded as microscopic versions of
some corresponding macroscopic convexity principle; this relationship exists in particular between
the results of [3] and [2]], as well as between the results of [5] and [6] .

Similarly to the proof of Theorem we can also get the strict convexity of the space-time
level sets of the solution to (L.O.4)-(L.0.3)), as a corollary of Theorem and Theorem [1.0.2]

Theorem 1.0.6. Let u be the solution to problem (1.0.4)-(L.0.3). Then
(1) u is spatial strictly quasiconcave, i.e. the spatial superlevel sets ' of u are strictly convex for
every c € (0,1) and t € (0, +c0).

(2) there exists Ty € [0, +0), such that u is space-time strictly quasiconcave for t > Ty. Exactly,

Rank(llaz;t (x,))=n—-1, forany (x,t) € Qx(0,To];
Rank(]laz;t(x, ) =n, forany(x,t)€ QX (Ty,+0).

The rest of the paper is organized as follows.

In Chapter 2, we introduce some basic definitions; in particular Section 2.1 contains some
preliminaries and basic curvature formulas for the level sets of a function u. To explain our ideas
and for completeness, we review the constant rank theorem technique, including the constant rank
theorem on the space-time Hessian for the space-time convex solution of heat equation in Section
2.2 (see [27] and [17]]) and the strict convexity of the level sets for harmonic functions in convex
rings in Section 2.3 via constant rank theorem technique and deformation process (see [33]] and
(11)2

In Chapter 3, first we prove Theorem[3.1.1] a constant rank theorem for the second fundamental
form of the spatial level sets of a space-time quasiconcave solution to heat equation (1.0.4)), then
we prove Theorem [LLO.3] Its proof is split into two cases (according to Lemma2.1.8): CASE 1 is
treated in Section 3.2 using the constant rank theorem established in Section 3.1, while CASE 2 is
treated in Section 3.3.

In Chapter 4, we study the solution of Borell [[7] and prove Theorem in Section 4.1, by
utilizing the constant rank theorem of spatial level sets and space-time level sets. Similarly, we
prove Theorem in Section 4.2,



10 Chuangiang Chen, Xi-Nan Ma, Paolo Salani

Finally, in the appendix we rewrite the proof of Theorem in the plane. In particular, we
rewrite explicitly the computations of Section 3.3 in dimension 2; we hope this can be helpful to
clarify the hard (and long) computations of the general case.
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Tsun Key Laboratory of Mathematics in USTC and NSFC. The third author has been partially
supported by the PRIN 2012 project “Equazioni alle derivate parziali di tipo ellittico e parabol-
ico: aspetti geometrici, disuguaglianze collegate e applicazioni” of MIUR and by GNAMPA of
INdAM.



Chapter 2

Basic definitions and the Constant Rank
Theorem technique

In this chapter, in order to better explain our ideas and for completeness, we review the constant
rank theorem technique; in particular, in Section 2.2 we describe the constant rank theorem for the
space-time Hessian of space-time convex solutions to heat equation (see [27]] and [17]), while we
review the strict convexity of the level sets for harmonic functions in convex rings via the constant
rank theorem technique and deformation process (see [33] and [5]) in Section 2.3. The technique
of Section 2.3 will be generalized to get a constant rank theorem for the second fundamental form
of the spatial level sets of a space-time quasiconcave solution to heat equation in Section 3.1. And
the technique in Section 2.2 will be generalized to get a constant rank theorem for the second
fundamental form of the space-time level surfaces of a space-time quasiconcave solution of the

heat equation in Section 3.2 and Section 3.3.

2.1 Preliminaries

Throughout the paper, Vu = (uy,up,- -+ ,u,—1,u,) denotes the spatial gradient of u and Du =
(Vu,u;) = (uy, up, - -+, upy—1, Uy, ;) denotes its space-time gradient.
In the following four subsections we collect some useful facts about the curvature of level sets

and elementary symmetric functions.

2.1.1 The curvature matrix of the level sets of u(x)

In this subsection, we recollect some curvature formulas for the level sets of a C? function u(x)
from the presentation in [S]]. We first recall some fundamental notations in classical surface theory.

Assume a surface £ ¢ R” is given by the graph of a function v in a domain in R*~!:

T ={(,x) 1 X = v}, X = (X, x2,00 L X)) € R

11
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Then the first fundamental form of X is given by g;; = ¢;; + v;v;. The upward normal direction i

and the second fundamental form of the graph x, = v(x’) are respectively given by

V,‘j

Lo
n= W(_vl’_VZa'“ ,_Vn_l,l), blj: W,

where 1 <i,j<n—1land W = (1 +|VvP)2.

Definition 2.1.1. We say that the graph of function v is convex with respect to the upward normal

Vis
it if the second fundamental form b;; = # of the graph of v is nonnegative definite.

The principal curvatures «i,--- , k,—1 of the graph of v, being the eigenvalues of the second

fundamental form relative to the first fundamental form, satisfy
det(b;; —Kkgij) =0 forl=1,...,n-1.

Equivalently, «; satisfies

det(a,-j - K15,'j) =0,
where

N i1

(aij) = (g2 (bu)(g")?

and (g'/) is the inverse matrix of (g; ;). Then we have the following well known fact [14]: the

principal curvature of the graph x,, = v(x’) with respect to the upward normal i are the eigenvalues

of the symmetric curvature matrix

. —i{v- ViV ViViVk ViVleVijk}
WUt T Waew) T Wa+w) - w2+ W)’

where the summation convention over repeated indices is employed .

Let Q be a domain in R” and u € C%(Q). We denote by dX“*) the level set of u passing
through the point x, € Q, i.e. 0¥ = {x € Qu(x) = u(x,)}. Now we shall work near a point
x, where [Vu(x,)| # 0. Without loss of generality we assume x, = 0 and u,(x,) # 0 and consider
a small neighborhood of x,. By the implicit function theorem, locally the level set 9X“*) can be

represented as a local graph
Xp=v(x), X =(x1, %, ,X—1) € B0,€) CR",
for € > O sufficiently small and v(x") satisfies the following equation
U(X1, X2, X1, V(XL X250 0+ 5 X)) = U(X).
The latter yields

u; +u,v; =0,
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whence
uj
Vi=——.
Up
Then the first fundamental form of the level set is
Ui
8ij =0ij + —5=-
un

It follows that the upward normal direction of the level set is

|2

ﬁ’ —
|Vl

(l/ll,l/lz,“‘ ’un—laun)' (211)

‘We also have

Ujj + UinVj + UpjVi + UnnViV; + UpVij = 0.

If we set
2
hij = w,u;j + UpnUillj — Unll jUin — UnUill jn , (2.1.2)
then it follows
V,‘j = ——3.
un

The second fundamental form of the level set of the function u with respect to the upward normal
direction is given by

Vi uglhyg
YW \Vulu) '

(2.1.3)

where W = (1 + |Vv|2)% = %.

Definition 2.1.2. In the same assumption and notation as above, we say that the level set 9X“™) =
{x € Qu(x) = u(x,)} is locally convex respect to the upward normal direction i if the second

|unl P j

fundamental form b;; = ———
Vulu)

is nonnegative definite at x,.

Now we can express the curvature matrix (g;;) of the level sets of the function u in terms of
the derivatives of u. We can assume Vu is the upward normal of the level set 9Z*“**) at x,, then
u,(x,) > 0.

From [3]], it follows that the symmetric curvature matrix (a;;) is given by

|| .
aij:_WAija 1<ij<n-1, (2.1.4)
where
A= B — uiulhjl B I/tjlxtlhil uiujukulhkl 3 [V (2.15)
YU WA+ W WA+ W2 W2+ Wk lutn] o

With the above notations, at a point (xg, o) where u,(xo, ty) = |Vu(xg, to)] > 0 and u;(xg,t9) = 0

fori=1,---,n—1, a;j; is commutative, i.e. it satisfies the Codazzi property
ajjk = ai,j Yi,jk<n-1,

where we use the following notation ay, , = %a,m.
T
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2.1.2 The curvature matrix of the spatial level sets of u(x, t)

Throughout this subsection, € is a domain in R" and u € C>1(Q x [0, 7)) satisfies Vu # 0 in
Qx[0,7T).
We introduce the following notation: for ¢ € [0, T) and ¢ € R, 6% denotes the spatial c-level

set of the function u, at the fixed time ¢, that is
g . _
OX ={xeQ : u(x, 1) =c}.

Notice that, thanks to the assumptions on u, dX$" is a regular hypersurface in R”. Now we fix
(x0,19) € Q x (0,T) and without loss of generality we assume u,(xg, %) # 0. As in [} [14]], it

follows that the upward normal direction of the hypersurface 9X$" at xg is
= ——Vu (2.1.6)

and the second fundamental form 17 of %$' with respect to i is given by

uplh;;
bij = _ el 2.1.7)

9
|Vulu;,
where
h.. — 2 4 T TR T
ij = Unllij + UpgUilh — Uplh jUin — UpliU .

Notice that if 9Z" is locally convex with respect to the upward normal direction, then b; ;18 positive

semidefinite (and vice versa). Moreover, let a(x, ) = (a;;(x, t)) be similarly defined by

17

dl‘j:—W ijs 1 Si,an—l, (218)
where
u;uh ; uiuh; u;u iuguh \Y
Ay = hij 11]12_ 11112_'_ ljk1k14’ zlul; (2.1.9)
WA+ Wz WA +Wyu; W21+ W)lu, |24

then a;; is the symmetric curvature tensor of axs'.

2.1.3 The curvature matrix of the space-time level sets of u(x, 1)

In this subsection, we assume u € C31(Q x [0, 7)) and u,(x,f) # 0 (whence |Du(x, )| # 0) for
every (x,t) € Qx [0,T).
Similarly to the previous section, we introduce the following notation (in fact already given in

the introduction) for the space-time level sets of the function u:

98, = {(x, ) € QX [0,T) : u(x, 1) = c}.
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Following [S]], we have that the upward normal direction of JX¢ , is given by

Joas |
|Dulu,

=y

Du, (2.1.10)

and the second fundamental form /1 of 9% ; with respect to flis

2
o U\ (U U + UpllgUg — UplgUr — Uil U
baﬂ _ _l t|( t “ap ttha i3 31‘ BUhat tha ﬁt). (2111)
|Dulu;
Then we set
flaﬁ = ”zzuaﬁ + UnllqUp — Ul — UllqUp, 1 < a@,B<n, (2.1.12)
so that we can write
A sl Py
= - (2.1.13)
b |Du|ut3

Note that if 0X$, = {(x,7) € Q X [0, T]lu(x, 1) = c} is locally convex with respect to the upward

normal direction, then Eaﬁ is positive semidefinite (and vice versa). Moreover, if a(x, 1) = (a;;j(x, 1))

C

denotes the symmetric Weingarten tensor of 9% ,,

then a is positive semidefinite and it holds

1771
g = ———=Au, 1< a,B<n, 2.1.14
aff |Du|ut3 af ﬁ ( )
where
" ~ Uy h ugu h UgUgly Uy h o D
Aaﬁ:haﬁ_AayAﬁyz_Aﬁyfwz Aaﬁij‘l, W:M. (2.1.15)
WA+ Wz WA+ Wy? W21+ W), |uts|
With the above notations, we get
2 Wi + W22 — u? 1 b2
- ! ”=T+AZZ;J, (2.1.16)
WA + Wu? WA + Wyu? W W+ Wu?
and, for 1 < i, j <n-1, we have
~ ~ Miuniljn ujunilin
Aij =hij - = N2 A2
WA+ Wy WA + W),
-1 2 -1 2% 24
W sy why o YTy wihi . uitt jus g T, 2.117)

~ ~ A ~ ~ N + 1ij,
WA+ W2 WA+ W2 W21+ W)u?
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oo Uihe  @ha un X why uitty Py
W+ W2 W +Wu2 WA+ Wy W21+ Wyt
U St whg i Y0 wih .
W(l + W2 W2+ Wit
2o ! 2 u,-u,,fzn,, 1 2 11 Mlz Uy 27:_11 uhi
W W W)u WA W2 W WA W2 W+ W
U S i Lol S i | 1 i) u?

WA+ W2 WA +Wyu2 W WA+ W2

in

_hm[

_i,\. B u,-unfz,m _ Up Z;:ll ulilil
W WA+ W2 WA+ Wl
n-1_2 n-1_17
u u; D0 uh, 2
hin Zl 1Y 121_1 A’ nle )+ Ty, (2.1.18)
W(l + W2 W + Wy 114
and
N ~ unulfznl M%Mkulilkl
Ann =hnn — 4 > res A2 4
WA+ W2 W2+ W)
:ilnn —2— u%hnf + = uﬁhnf
WA+ W2 W21+ W)2u!
Uy, Z;’:_f Uhy N uw Z;’:_ll Uthy N iy 225:11 weurhy
W+ Wy W2+ Wkt W2+ WRud
h 1 Yy u; 2
"% Wa Wu?
y Y wihy 1 S it weurhyg 1 S

WA+ W W WA+ W2 WA+ W2 W W+ W
L, i wih
W2(1 + Wyu?
Z Wl ZiL wahy 1

A A [1_T]+Tnna 2119
W2(1 + W2 W+ Wu? 114 ( )

where Top (1 < @, < n) includes all the terms containing at least three u;’s (1 < i <n—1).
Notice that, when we choose a coordinate system such that u,(xo, fg) = |[Vu(xg, tp)| > 0 while
ui(xg,t9) =0fori=1,--- ,n—1, it holds

Top=0,DTop=0,DTop=0, 1<a,f<n (2.1.20)

2.1.4 Elementary symmetric functions

In this subsection, we recall the definition and some basic properties of elementary symmetric

functions. For more details we refer to [13}[25] 36, [39]].
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Definition 2.1.3. Let A = (4;, -+ ,4,) € R". Forany k € {1,2,--- ,n} we denote by o(1) the k-th

elementary symmetric function of Ay, ..., 4,, that is
O—k(/l) = Z /11'1/11'2 Tt /11'1{ .
1<ij<ip<-+<ix<n
We also set og = 1 and o = O for k > n.

We denote by o(4]i) the k-th symmetric function of the vector A[i, obtained from A by re-
moving the i-th component (or equivalently by imposing A; = 0), and by o(41ij) the symmetric
function of the vector A|ij, obtained form A by removing the i-th and the j-th components (or
equivalently by imposing 4; = 4; = 0).

We need the following standard formulas for elementary symmetric functions.

Proposition 2.1.4. Let A = (4y,...,4,) e R"and k€ {0,1,--- ,n}, then

ok (A) = op(Ali) + Aiog—1(A]i), V1<i<n,
D A1 () = ko(),
i

D" o) = (n = o).

The definition of o can be extended to symmetric matrices by letting o (W) = o (A(W)),
where
AW) = (W), (W), - -+, 1,(W))

is the vector consisting of the eigenvalues of the n X n symmetric matrix W.

Remark 2.1.5. It is easily seen that W > 0 if and only if ox(W) > 0 for k = 1,...,n and that,
in case W > 0, then Rank(W) = r € {0,...,n} if and only if o (W) > O for k = 0,...,r and
or(W)=0fork > r.

For further use, we denote by W |i the symmetric matrix obtained from W by deleting the i-row
and i-column and by W |ij the symmetric matrix obtained from W when deleting the i, j-rows and

i, j-columns, and similarly we define W |i jk. Then we have the following identities.

Proposition 2.1.6. If W = (W;;) is a diagonal n X n matrix and m € {1, ..., n}, then

8T (W) {am_l(Wu), ifi=J

oOW;; 0, ifi# ]
and
Om—2(W |ik), ifi=jk=1i+k,
Pona(W) 2((‘1'”.1) .f._j i
aWi]aWk[ - Om-2 IK), lfl— ] =K1 J>

, otherwise .
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Here oy, is a function of A = (A;}) in the space of symmetric matrices, and we write

Ao (A) Fo, (W) _ 8ou(A) .
oA, la=w and IW.Wy = IA9A |a=w for convenience.

00m(W) _
ﬁWij

Given the n X n matrix &, we introduce the following notation:

A M é\lin
a=1. N ,
Ani  Apn

where M = (4;)(n-1)x(n-1)-

Lemma 2.1.7. Forn >3 andl € {3,...,n}, we have

T141(@) =131 (M) + i (M) = it (M)
i
+ D oo (Mli) — Y alpbago Ml + T, (2.1.21)
i#] i# jitk, j#k
where T includes only terms containing at least three of the a;;’s with i # j. So when M is diagonal,
we have
T=0, DT =0, D°T=0.

To study the rank of the space-time second fundamental form &, we need the following simple

technical lemma.

Lemma 2.1.8. Suppose a > 0, | = Rank{a(xo, t0)} and M = (a;j(x0, 10))(n-1)x(n—1) s diagonal with
ap| = ayy = -+ = ap—1n—1. Then there is a positive constant Cqy such that at (xg, tp), we have
either CASE I:

ayn >--2a1-1-1 2Co, ap=--+=ay-1p-1 =0,
-1 4

, a, , .

Qpp — —>Co, a4y =0, I<i<n-1,
— dji
i=1

or CASE 2:

an =---2ay2Co,  Aup1e1 = = Ap—in-1 = 0,
l A

, a, .

ann:ZA—, ai, =0, [+1<i<n-1.
- dji

Proof. Let Rank{M} = k at (xq, tp). Then either k = [ — 1 or k = [. Otherwise, if k < [ — 1, since

ajg =z ay = -+ 2 dy—1p—1 = 0, we would have
aj-1-1 =+ = ap-12-1 = 0 at (xo, tp),
and from a(xy, tp) > 0, we would get

é\ll—ln == é\ln—ln =0at (x0a t0)~
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So Rank{a} <[ -1, i.e. a contradiction.

For k =1 — 1, we have at (xg, fp)
ajpz---2ai-y-1 >0, ag=--=ay-1a-1 =0,

and, due to a(xop, tp) = 0, we get

Since Rank{a} = [, then o (a) > 0. Direct computation yields

IQ’

Q)

-1 -1 A2
of(@) = appoi-1 (M) — Z piQino -2 (Mi) = o-1(M) [&nn m]

i=1 i=1 U

so we have
-1 22
Gin
i=1 &”
This is CASE 1 with
o . o
Co =minsayy,  ,0p-1n-1,0m — )  —
— dj;
i=1
For k = [, we have at (x, #()
app 2---2ap>0, Ay = =ap-1p-1 =0,
and due to a(xo, 19) = 0, we get
&l+1n == &n—ln =0.

Since Rank{a} = [, then o ,(a) = 0. Direct computation yields

1 [ A2
a
T11(@) = G0 i(M) = ) @it (M) = o i(M){anm — Y -21=0,
i=1 i=1 1
so we have
[ A2
> Gin _
i=1 &”
This is CASE 2. O

Similarly to Lemma 2.5 in [3]], we have the following.
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Lemma 2.1.9. Assume W(x) = (W;;j(x)) > 0 for every x € Q C R", and W;;(x) € C LI(Q). Then
for every O cc Q, there exists a positive constant C, depending only on the Hausdorff distance
dist{O, 0Q} of O from 0Q and ||W||c1.1(qy), such that

|vw;| < C(Wiinj)%, (2.1.22)
foreveryxe Qand 1 <i,j<n.

Proof. The same arguments as in the proof of [3, Lemma 2.5] carry through with small modifica-
tions since W is a general matrix instead of the Hessian matrix of a convex function.

It is known that for any nonnegative C L1 function A, |Vh(x)| < C h%(x) for all x € O, where
C depends only on [|hl|c11q) and dist{O, 0Q} (see [44]). Since W(x) > 0, we can choose h(x) =
Wii(x) = 0. Then we get

VWil < C(Wi)? = C1 (Wi Wi

and (2.1.22) holds for i = j.

Similarly, for i # j, we choose h = \/WWH > 0, then we get

IV WaW | < Co(NWaWj)? = Co(W W1 (2.1.23)

And for h = \JW;W;; — W;;, we have
IV(WaW); = Wip| < C3(\WaW;j = Wip)? < C3(WWj))i. (2.1.24)

So from and (Z.1.24)), we get

VWi| = [V WiWj; = V(WaWj; — Wip)|
< |V \/Wiinj| + |V( Wiinj - Wij)|
<(Cr + C3)(Wiinj)‘l_‘-

So 2.1.22) holds for i # j. O

Remark 2.1.10. If W(x,1) = (W;j(x,)nxn = O for every (x,1) € Q x (0,T] and W;;(x,1) €
CH1(Q x (0,T]), then for every O X (ty — 6,1y] cc Q x (0, T] with fy < T, there exists a positive
constant C, depending only on dist(O X (ty — 6, tp], d(Q %X (0, T1)), to, 6 and IWllcr1@x.77)> Such
that

|DWij| < C(Wiinj)%, (2.1.25)

for every (x,1) € O X (tp — 6,19] and 1 < i, j < N. Notice that DW;; = (V,W;;,0,W;;). In fact, if
to = T, it only holds
1
[V Wi| < C(WWj)5. (2.1.26)

for every (x,1) e OX (tp — d,tp] and 1 < i, j < N.
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2.2 A constant rank theorem for the space-time convex solution of
heat equation

In this section, we consider the space-time convex solutions of the heat equation

ou

ol Au, (x,1) e Qx(0,T], (2.2.1)
and establish the corresponding space-time microscopic convexity principle. The result and its
proof belong to Hu-Ma [27] and Chen-Hu [17]].

First, we give the definition of the space-time convexity of a function u(x, t).

Definition 2.2.1. Suppose u € C>*(Q x (0,T]), where Q is a domain in R"; we say that u is
space-time convex if u is convex with respect to (x, 1) € Q % (0, T]; equivalently

D2y — (V2u (Vu)”
Vu, Ut

)zo inQx(0,7],

. . . 2 . . .
where Vu = (uy,,- -, uy,) is the spatial gradient and Viu = {%}13, j<n 1s the spatial Hessian.
i0Xj
The following constant rank theorem is obtained in Hu-Ma [27]].

Theorem 2.2.2. Suppose Q is a domain in R", and u € CHQx(0,T) is a space-time convex
solution of @.2.1). Then D*u has a constant rank in Q for each fixed t € (0, T]. Moreover, let I(t)
be the (constant) rank ofD2u in Q at time t, then I(s) < I(t) forall0 < s <t < T.

In the following three subsections, we give a brief proof of Theorem 2.2.2] based on the ideas
of [27] and [17].

2.2.1 The constant rank properties of the spatial Hessian V2u

Thanks to the assumptions of Theorem [2.:2.2] we know the spatial Hessian V>« > 0. Suppose V2u
attains its minimal rank / at some point (xg, #p) € Q% (0, T]. We pick a small open neighborhood O
of xg and § > 0, and for any fixed point (x, t) € OX(ty—0, ty], we rotate the x coordinates so that the
matrix VZu(x, t) is diagonal and without loss of generality we assume u; > upp > -+ > uy,. Then
there is a positive constant C > 0 depending only on [|u||c33, such that u;; > -+ > uy > C >0
for all (x, 1) € O X (tg — 6, ty]. For convenience we set G = {1,--- ,l}and B={l+ 1,--- ,n} which

means good indices and bad indices respectively. With abuse of notation, but without confusion,

we will also simply set G = {u;y, - ,uy} and B = {up 1741, * > Unn)-
Set
¢ = o11(V2u). (2.2.2)
Then

¢ = o1:1(V2u) > 0 (G)ory(B) > 0,
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so we get
ui = O(¢), forie B. (2.2.3)
By Lemma[2.1.9]and (2.2.3)), we can get
\Vuiil* = O(¢), i, j€B. (2.2.4)

Computing the first derivatives of ¢, we obtain

0
bi= 5 Z D Usss = T1(G) Y thoai + OD) 025)
a€B
0
¢ = ¢ Z TUD Ul tgar = TUG) Y thaar + O(P), (2.2.6)
a€B

so from , we get

Z Ugai = OB+ Vi), i=1,---,n. (2.2.7)

a€B

Taking the second derivatives of ¢ in x coordinates, we have

__P¢

Poa "~ Ox,0x,
_iao'm(DzM)u +Z o o +Z Forn I
oA —8uw yyaa .t Bty gy yyalma 2t Bty gy ynaUnya

n
= Z O-I(D2u|7)uyyaaf + Z 0i-1 (D2u|777)uyya/um]a

y=1 YN
- Z Oi-1 (D2u|7n)uynaunya, (2.2.8)
Y#N
where
n
Z O-I(D2u|7)uyyaaf = Z U-I(D2M|7)uyyaa + Z U-I(Dzu|7)uyyaa
y=1 YEB yeG
=0(G) Z Uyyaa t+ 0(9), (2.2.9)
yEB
Z 0'1_1(D2M|’)/T])Myyal/l;ma = Z 0’[—1(D2“|777)“yya/”m],8 + Z 0'1_1(D2M|’)/7])Myyal/l;ma
Y#N v,nEB veB
Vaall neG
+ Z O-l—l(Dqu’])uy'yaunna + Z O—l—l(Dqu’])uy'yaum]a
veG v.neG
neB Vaall
=0(¢) + Z O-l—l(Gln)urma Z Uyya + Z O-l—l(GW)u'y)/a Z Unna
neG veB veG neB

=0(¢ + |V,ol), (2.2.10)
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and

23

Z O-l—l(Dzulyn)uynaunya = Z O—l—l(Dqu’])uynauzrya + Z O—l—l(Dzulyn)uynaunya

Y#N v.neEB vEB
Vaall neG

+ Z O-l—l(Dzulyn)uynaunya + Z O-l—l(Dzuwn)uynaun'ya

yeG y.neG
neB Vaall

=0(¢) + Z O-l—l(Gm)uynauzrya + Z O—l—l(GW)u'ynaum/a

veB veG
neG neB
u u
ynarnya
=20/(G) ), T+ 0(9).
y€B m
neG

So from 2.2.8)-2.2.11)), we get

u u
baa = 01(G) Z Uyyaa — 201(G) Z e +0(¢ + Vo).
yeB yeB tm
neG

By (2.2.3), (2.2.12)) and the equation (2.2.1)), we obtain

n Lt2 ]
A = ¢ =01(G) D |(Asttyy = tyys) =2 L+ 0 + V.9
YeB neG i=1 U
n Lt2 )
1
==201G) ), 3, ), + 0 + Vo)
yeB neG i=1 M
2
<Ci(@+ V) - C2 ) [VPul”
i€eB

where C1, and C; are two small positive constants. Together with
¢(x,1) >0, (x,0) €O0OX(to—0,00], ¢(xo,t0) =0,
we can apply the strong maximum principle for parabolic equations, and we have
(6, 1) = o111 (Vo) = 0,
and

Z |V2ui|2 =0.

ieB

Then we get the following constant rank theorem for the spatial Hessian VZu.

2.2.11)

(2.2.12)

(2.2.13)

(2.2.14)

(2.2.15)

(2.2.16)

Theorem 2.2.3. Under the assumption of Theorem[2.2.2) V?u has a constant rank in Q for each
fixed t € (0, T). Moreover, let I(t) be the minimal rank of Vu in Q, then I(s) < I(f) for all 0 < s <

r<T.
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Also we get the following useful properties.

Proposition 2.2.4. Under above assumptions at (x,t) € O X (ty — 6, ty], we have

u,-j(x, 1) = 0, iOFj € B,

uy(x,1) =0, 1i€B,
and

Z ('Vzuil(x, ) + Vi (x, t)) =0.

ieB

Proof. From the choice of coordinate at (x, r), we know
uij(x,1)=0, i#]j
By the constant rank theorem of V2y, i.e. (2.2.15), we obtain
ui;(x,t)=0, i€eB.
Hence, D*u > 0 yields
u(x,t)=0, i€eB.

So and (2.2.18) holds.
By Lemmal[2.1.9] we can get

Vuil < Clwiuy)? =0, i€ B,
which, together with (2.2.16)), gives (2.2.19).

2.2.2 A constant rank theorem for the space-time Hessian: CASE 1

(2.2.17)
(2.2.18)

(2.2.19)

(2.2.20)

O

In this subsection, we will prove Theorem [2.2.2]in CASE 1 (see Lemma[2.1.8]). Suppose the space-

time Hessian D?u attains the minimal rank / at some point (xo, o) € Q x (0, T]. We may assume

I < n, otherwise there is nothing to prove. Then from lemmal[2.1.8] there is a neighborhood O of xj

-1 2

and 6 > 0,such thatu;; >--- > w1 2 C >0and uy — Z—Z > C for all (x,1) € O X (tg — 6, 1p].

i=1

For any fixed point (x, 1) € O X (ty — 8, tp], we can rotate the x coordinate so that the matrix V2u is

diagonal, and without loss of generality we assume u; > upp > -+ > uy,. WesetG ={1,--- ,[-1}

and B={l,--- ,n}.

In order to prove the theorem, we just need to prove

o (D*u) =0, forevery (x,1) €O X (ty—6,1].

(2.2.21)
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In fact, when VZu is diagonal at (x, 1), we have

n
o1e1(D*u) =041 (V) + oy (V) — Z uoi_1 (V2uli)
i=1
<011 (V1) + o (V2u). (2.2.22)

In CASE 1, the spatial Hessian V2u attains the minimal rank [ — 1 at (xg, fp). From Theorem
the constant rank theorem holds for the spatial Hessian V2u of the solution u for the heat
equation (2.2.1)), so we can get,

o1 (V2u) = o(V?u) = 0,  for every (x,1) € O X (ty — 6, 1]. (2.2.23)
Then
0 < 0141(D*u) < 0141 (V2u) + upo (V) = 0. (2.2.24)

Hence (2.2.21)) holds.
By the continuity method, Theorem [2.2.2]holds in CASE 1.

2.2.3 A constant rank theorem for the space-time Hessian: CASE 2

In this subsection, we will prove Theorem 2.2.2lunder CASE 2 (see again Lemma[2.1.8]). Suppose
the space-time Hessian D?u attains the minimal rank / at some point (xg, tp) € Q X (0, T']. We may
assume [ < n, otherwise there is nothing to prove. Under CASE 2, [ is also the minimal rank of VZu
in Qx(#y—9, ty]. For each fixed (x, t) € Ox(t9p—6, ty], we choose a local orthonormal frame ey, ..., e,
so that V2u is diagonal and let u; = A;, i=1,---,n. Wearrange 4; > A, > --- > 4, > 0, where
A = (A, A, ,A,) are the eigenvalues of V2u at (x,1). As before, we let G = {1,---,1} and
B ={l+1,---,n} be the “good” set and “bad” set of indices respectively. Without confusion we
will also again denote G = {u;1,--- ,uy} and B = {upr1741,** » Upn}-

At (x, 1), by the constant rank properties Proposition [2.2.4] we have

u;j(x,t)=0, iorje€B, (2.2.25)
uy(x,t)=0, i€B, (2.2.26)
and
IV2uil(x,£) =0, |Vul(x,1) =0, i€B. (2.2.27)
Let’s set

¢ = oi1(D*u), (2.2.28)
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then we have at (x, 1)

¢ =011 (D) = 011 (V2u) + ugor (V) = D o (Vuli)

i

2
u:.
=Gy = Y 7).
ieG !
SO
u2.
Uy — ﬂ—f = 0(¢). (2.2.29)
ieG !

Taking the first derivative of ¢ with respect to ¢, then using (2.2.25)-([2.2.27)), we have

¢ = Z D uliyutis + g (D*1) + Z o1 (DPuliyui

- 2201 1(Duliugigs = Zm 2 (D uli )i

i£]

+ Z oo (D*uli j)ugittsjujr
i7)

=Gty +uy ) i1 (Gliuts =2 ) i1 (Glidune

ieG ieG
= > T2 Glipudiuii + ) oi2(Gli P
i,jeG i,jeG
i#] i#j
Uu
=0)(G) (it — 2 Z i+ + > ﬂ” ; wijr) + O(9). (2.2.30)
icG i,jeG

Similarly, taking the first derivative of ¢ in the direction e,, it follows that

u
b0 = TUO) ity =2 ) Lt ), o i

ieG i,jeG /l /l

ul]a) + 0(¢),

whence

u u j
e =2 ) 2 tia + ﬂ” 7,1 = 0@ + V) (2.2.31)
ieG i,jeG
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Computing the second derivatives, we have

Ao 111(D?u) A + Z o141 (D*u)

2
A = £ BB Mijattkla + Aty i(D7u)
i iJ ikt OOk
Ao (D) do(D*u) 0% )(D*u)
+ 2Uyq Z Tuua + U Z £ Aul] Upt Z O Ot A o UijaUkla
i) i ij ij TG
Ao 1 (D?uli)
-2 Z o1 (D*uli)ug Ay — 2 Z o -1 (D uli)utgia Uria — 42 — 0 Usillsio U jka
8ujk
lj,
Z o1 (D?uli) 2A Z %011 (D? ull)uzu ;
jk — o UpljkaUpga
ou " 4 ou i 0u
i.jk Jk i.jk.p.q k%P
2 .. 2 ..

+ Z o12(D7uli, pugiujAu;j + 2 Z o12(D7uli, Pugjusiolijo

i,j ij

i#j i#j

do 1o (D?uli, j)
+2 Z gj- Z(D uli, ])unut}aul}a +2 Z Tutiutjuijaukla
i,jk,l kl
z#j i#]
2 ..
-2 Z o 1-3(D7uli, j, Kyugius jugio U ja
ijk
i#j,i#k, j£k

For any i € B, we have from (2.2.27))

Auij = ujiy = 0.
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Hence

Ap =0(G) ) A + Aty i(G) + 2ty Y 11 (Gl

ieB ieG
+ Mn[z o1-1(Gl)Au;; + Z o1-1(G)Au;i] + uy Z o12(GliPltiiatjjo — Uijoljie]
ieG i€eB i+jeG
=23 o1 (Gluidug =2 Y 11 Glitsiatia =4 Y o1 2(GliPiithiatjo
ieG ieG i#jeG

N2 )
- E 01-2(Gliju;; Aujj — E o 1-2(Gli)uy;Aujj;
i#jeG i€G,jeB

can 2
- Z o 1-3(Glijug;[ujjo Uike — Ujkalikjo]

i#j#£keG
+ > oGl PugugiAuy +2 > o1a(Gli, Dt jitiatija
i#jeG i#jeG
+2 3" oG, uittjatijo +2 Y T13(Gliy j Kty otk
i#jeG i#j#keG
=2 3" o1a(Gli, j ot jo + O(@)
i#j#keG
UGBy 2 Y Ay + Y A - 20(G) L e - > )?
) 1t . /li it £ /li /lj ij ) . /li tia . /lj ija
i€G i,jeG i€G JjeG
+0(¢ +|Vg)).
So we can write
1 Uy
Ap = ¢y == 200(G) D —(ia = )| 2Pttija)” + O + V)
L), L4
ieG jeG
<C(¢ + V). (2.2.32)
Together with
¢(x,1) 20, (x,0) € OX(to—0,%], ¢(xo,t0) =0, (2.2.33)

we can apply the strong maximum principle of parabolic equations, and we obtain

d(x,0) = o (D*u) =0,  (x,1) € O X (ty — 6, 10]. (2.2.34)

By the continuity method, Theorem [2.2.2lholds under CASE 2. The proof of Theorem 2.2.2]is

complete.
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2.3 The strict convexity of the level sets of harmonic functions in con-
vex rings

In this section, we consider the following initial boundary value problem

Au=0 in Q=0Q)\Q,
u=0 on 0Q, (2.3.1)
u=1 in 6!21,

where Q = Qp \ 51 is a C? convex ring in R" (n > 2), i.e. Qy and Q, are bounded convex C?
domains in R"” with 51 C Q.

Notice that in these assumptions, it holds [Vu| # 0 in Q (see Kawohl [31]]) and the level sets
0% = {x € Q: u = c} are n — 1 dimensional hypersurfaces for ¢ € (0, 1). We ask whether 0X¢ is
convex or strictly convex for every ¢ € (0, 1).

In 1957, Gabriel [22] proved that the level sets of the Green function of a 3-dimension bounded
convex domain are strictly convex. Later, in 1977, Lewis [35] extended Gabriel’s result to p-

harmonic functions in higher dimensions and obtained the following theorem.

Theorem 2.3.1. (Gabriel [22|] and Lewis [35|]) Suppose Q = Qg \ 51 is a C* convex ring, and
u € C2(Q) satisfies Z3.0). Then the level set 0Z< of u is strictly convex for every c € (0, 1).

Motivated by a result of Caffarelli-Friedman [11]], Korevaar [33]] gave a new proof of Theorem
2311 Also Ma-Ou-Zhang [38]] gave a different proof of Theorem 2.3.1] based on a quantitative
Gauss curvature estimate for the curvature of the level sets.

In the following, we give a brief proof of Theorem [2.3.1]in two subsections. The result belongs

to [33]] and its proof comes from [} [33]].

2.3.1 A constant rank theorem for the second fundamental form of the level sets of
harmonic functions

In this subsection, we use the notation of Subsection 2.1.1.

Theorem 2.3.2. (Korevaar [33]) Suppose Q = Qp \ 51 is a C? convex ring, and u € Cz(ﬁ) isa
quasiconcave function satisfying the equation (2.3.1). Then the second fundamental form of level

sets 02 has constant rank in Q.

Proof. By the regularity theory of harmonic functions, u € C™(Q) N C%(Q). And the second
fundamental form a(x) = {a;;} of a level set of u is as in (2.1.4).

Suppose a(x) attains minimal rank / at some point xy € Q. We can assume / < n — 2, otherwise
there is nothing to prove. We also assume u,, > 0, and pick a small neighborhood O of xy. For any

fixed point x € O, we can choose ey, - - , e,_1, €, such that

[Vu(x)l = u,(x) >0 and  {u;;}1<i j<n—11s diagonal at x. (2.3.2)
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Without loss of generality we also assume uj; < up < -+ < up_1,-1. S0, at x € O, by @.1.4), we
have the matrix {q;;} is also diagonal and aj; > axy > --+ > a,_1,-1. There is a positive constant
6 > 0 depending only on [[ul|c+ and O, such that a;; > axp > --- > ay > d. As before, we denote
the “good” and “bad” sets of indices by G = {1,--- ,l} and B ={l+ 1,--- ,n — 1} respectively. If

there is no confusion, we also denote
G =A{air, -~ ,ay} and B ={ajr1141, - » an-1n-1}- (2.3.3)
Set
$(x) = o141(aij). (2.3.4)

Following the notations in [I1] and [34], if & and g are two functions defined in O, we say h < g if
there exist positive constants C; and C, depending only on ||u||-+, 7 (independent of x), such that
(h—2)(x) < (C1¢ + C1|V(x), Yx € O. We also write

h~g if hgg and g<h

For any fixed point x € O, we choose a coordinate system as in (2.3.2)) so that [Vu| = u, > 0

and the matrix {a;;(x, 1)} is diagonal and nonnegative. From the definition of ¢, we can get
aj ~ 0, Vi€ B, (235)

and
hii ~ 0, Ui ~ 0, Vi€ B. (236)

Taking the first derivatives of ¢, we get

n—1
9o 1(a) : .
bo = Z %aim = Z o(ali)ajiq + Z o(ali)aiiq
ij=1 dij i€G i€B
~ 0UG) ) Gita ~ —15°0UG) ) hita
i€eB i€B
~ P0G ) [ttt — 2ntintli],
i€B
whence
D tia~0, > hita~0, ) [ulttia = 2yttinttia] ~ 0. (2.3.7)
i€B i€eB i€B
Then
> wij~0, VjeG. (2.3.8)

ieB



Space-time Quasiconcave Solutions 31

Taking the second derivatives of ¢, we have from (2.3.3) and 2.3.7)

1 n-1 2
b = 50'1+1(a)a 0 0'1+1(a)a .
[ o ijaa YR ij,a%kl,a
i j=1 oaij i j,k 7y 9aij0an
n—1
= Zo—l(a|])a]],aa+ Z O 1(a|l.])allaa]], Z O—l—l(alij)aij,aaji,a
i,j=1,i#j i,j=1,i#j

~ ZO-I(G)aijG’ +[ Z Z Z Z ]0-1 l(allj)auaajj,

jeB i,jeG,i#j i€G,jeB i€B,jeG i,jEB,i#]

LD D D+ D loifaiajia

i,jeG,i#j ie€G,jeB ieB,jeG i,jeB,i#j

~ D 0UG)aj00 =2 D T 1(Glaijatjia

JjeB i€G,jeB
aijqd;
= O-I(G)Z [a]](m 22 —hatie (2.3.9)
JjeEB ieG

where we have used the following inequalities from Lemma [2.1.9

1 1
\diiaajjpl < Caj - Caj, < Crg, i, j € Bi# J;

1 1 . .
laijeajigl < Clajiajjl* - Clajajj]* < Cop, i,j€ B,i# J.
Sinceuy =0fork=1,--- ,n -1, from @2.1.4),
2 ..
Upllijo = —UpQijq + Upjlliq + Upilljo + Unolij, Y i, j<n—1,

and

Zajj,(m ~ T 3 Z jj,a’a - |V | n )Q Zh]]s

jeB Uy JjeB jeB
~—— Z[u Ujjga — 2y jllaq; + 2unnu]a + Aoty U jo — Atpl jolty o).
un
JEB

Hence it yields

n

Z Z djjaa ™~ Z Z[zunn” + Atpo Up jlt jo — HtnU joUpjol,

JEB a=1
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where

n

2
Z (21 Uy +4ty, UpjUjo — 4u, Ujo unja]
a=1

2u,mu + 4ttty it jy, — Al j Uy

=OUpp U jUjn — YU jn Uy

n—1 n—1
:6[Au - Z uii]unjujn - 4unuj,,[Auj - Z u,-,-j]

i=1 i=1

n—1 n—1

_ 2
= - 6I/tnj Ui + 4unujn Z Ujij
i=1 i=1
2
~ = 06w, ) Wi + At Z Ui
i€G i€G
Fori € G, j € B, we have

noq? nor2 2
alja’ _ 1 [unaij,a]

2
[unuija — UjglUpj — ujaruni]

Uij

1
ai W g o

a=1 a=1

2
1 [unuija - 2uiaunj + UjgUnj — ujauni]
) Wi

1 [unuija - 2uiaunj]2 + 2[unuija - 2uiaunj][uiaunj - ujauni] + [uiaunj - ujauni]z
3 0
ii

2
1 [unuijaf - 2uiaunj]
~== Z » + 2unu,~,~junj 314” n}

a=1 124

Then

Zmezziﬁ~ EZXMWC?Mf (2.3.10)

JjeB a= JjeB,ieG a=1

Since a;; = —% > 0 fori € G, we have u; < 0 for i € G. Hence
n

n L . 12
M) =Gy Y Y Lnttin Z2atnl 1 g

jeB.ieG a=1 Uii

<C(¢ + |Ve).

Together with
¢(x) 20, x€0, ¢(x)=0, (2.3.11)

we can apply the strong maximum principle of elliptic equations, and we obtain
¢(x) = 0p41(a;j) =0, x€O. (2.3.12)

By the continuity method, Theorem [2.3.2] holds. |
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2.3.2 The strict convexity of the level sets of u(x)

Let 0 € Q). At the initial time we let the domain be the standard ball ring U = Bg(0) \ B,(0)
(0 <r<R),and forr € [0, 1], we set

Qo = (1 = Bg(0) + 1€y, (2.3.13)
Q=1 =-0BH0) +1Qy, (2.3.14)
Q = Qo \ Q1 (2.3.15)

where the sum is the Minkowski vector sum. So the domain €, is a family of C? strictly convex
rings ( see Schneider [40]) for 0 < ¢ < 1. We denote as u, the solution of the following Dirichlet
problem

Au(x) =0 in Q;,

u(x)=0 on 0Q,, (2.3.16)

u(x)=1 in 0Q;.

By the maximum principle [Vi,| # 0 in €, (see Kawohl [31]]), and by the standard elliptic
theory we have uniform estimates on |u/|¢3(q,) only depending on the geometry of Q. When 7 = 0,
Qy = U, and each level set 82?0 ={x € U : uy = c}is a ball. Hence (92;’0 is strictly convex for
each ¢ € (0,1). If 0 < 19 < 1 is the first time that the level sets of u,, becomes convex but not
strictly convex at some point x;, € €, we can use the constant rank theorem (that is Theorem
2.3.1) for u,,. Hence each level set 622’“) = {x € & : uy, = c} is convex but not strictly convex.
But 95" is a closed convex hypersurface, and there is at least a strictly convex point on each

AX$™. This is a contradiction.



Chapter 3

A microscopic space-time Convexity
Principle for space-time level sets

In this chapter, we prove the Theorem On the proof of constant rank theorem on the space-
time convex solutions of the heat equation in Theorem [2.2.2] we first get the constant rank prop-
erties of spatial Hessian V?u in Theorem [2.2.3] then we can obtain some useful properties in
Proposition 2.2.4] at last we complete the proof Theorem 2.2.2] according CASE 1 and CASE
2 in Section 2.2. Using the similar idea in Section 2.2, in order to prove Theorem on the
constant rank theorem for the second fundamental form of the space-time level sets of a space-
time quasiconcave solution of the heat equation, we divide three sections to complete the proof
on this theorem. Firstly in Section 3.1 we prove Theorem [3.1.1] a constant rank theorem for the
second fundamental form of the spatial level sets of a space-time quasiconcave solution to the heat
equation (L.0.4), and obtain some constant rank properties. Then the proof of Theorem is
split into two cases (see Lemma[2.1.8). CASE 1 is treated in Section 3.2, using the constant rank
theorem established in Section 3.1. Finally we deal with CASE 2 in Section 3.3, completing the
proof of Theorem

3.1 A constant rank theorem for the spatial second fundamental form

In this Section we shall consider the spatial level sets of u# and obtain the following constant rank

theorem for the spatial second fundamental form.

Theorem 3.1.1. Suppose u € C*3(Q x (0,T]) is a space-time quasiconcave solution of the heat
equation (LO.4) with u; > 0 and |Vu| > 0 in Q x (0, T). Then the second fundamental form of
spatial level sets 035" = {x € Qlu(x, ) = ¢} has the constant rank property in Q for all ¢ € (0, 1),
i.e. if the rank of 11 oxe attains its minimum rank ly (0 < I < n—1) at some point (xo, ty) € Qx(0,T),
then the rank of 11 oxe is constant on QX (0, ty]. Moreover, let I(t) be the minimal rank of the second
fundamental form Ifﬁzz;r in Q, then I(s) < I(t) forall 0 < s <t < T.

34
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The proof is split into two subsections.

3.1.1 Some preliminary calculations for a test function

Since Theorem[3.1.1]is of local nature, we can assume that the level surface X5 = {x € Qlu(x, 1) =
c} be connected for each ¢ € (0, 1). Suppose a(x, ¢) attains minimal rank / at some point (xg, fy) €
Q x (0, T]. Let us assume / < n — 2, otherwise there is nothing to prove. Furthermore we assume
u e C*(Qx(0,T]) and u, > 0. We can pick a parabolic neighborhood O X (ty — 6, 19] of (xo, 7o)
for 6 > 0. For any fixed point (x, ) € O X (f) — 6, to], we can express (a;;) as in (2.1.8), by choosing

el, - ,en_1,e, such that
up(x,1) = [Vu(x,)] >0 and (u;;)1<; j<n—11s diagonal at (x, 7). (3.1.1)

Without loss of generality we can assume u1; < gy < -+ < Uy_1,-1. S0, at (x, 1) € O X (ty — 6, 1],
from (2.1.8), we have the matrix (a;j)1<; j<n—1 is also diagonal, and without loss of generality we
may assume dj; > dxp > -+ > dp-1,—1. There is a positive constant C > 0 depending only on
lullcs and O X (fy — 6, to], such that a;; > axp = --- = ay > C for all (x,1) € O X (ty — 6, fp]. Let
G={l,---,}and B={l+1,--- ,n— 1} be the “good” and “bad” sets of indices respectively, and,

if there is no confusion, we also set
G ={a1, - ,ayt and B = {a;11141,° -+ > ap-1p-1} (3.1.2)

Note that for any € > 0, we may choose O X (o — J, o] small enough such that a;; < e forall j € B
and (x,7) € O X (ty — 6, ).

For each ¢, let a = (a;;) be the symmetric Weingarten tensor of 9z, Set

d(x, 1) = o41(a;j), (3.1.3)

Theorem 3.1.1]is equivalent to say ¢(x) = 0in O X (tp — 6, 1o].

Following the notations in [11]] and [34], if & and g are two functions defined in O X (ty — 6, ],
we write i < g if there exist positive constants C| and C, depending only on ||u||3.1, 7 (independent
of (x,1)), such that (h — g)(x,1) < (C1¢ + C2|V|)(x, 1), Y(x,1) € O X (ty — 6, tp]. We also write

h~g if hsg, gsh

In the following, we will use i, j,--- as indices running from 1 to n — 1 and use the Greek

indices @, 3, - - - as indices running from 1 to n.

Lemma 3.1.2. For any fixed (x,t) € OX(ty -6, to], with the coordinate system chosen as in (3.1.1)),

we have

b0 ~ —uy o (G) D [Wdu i = 2ttt ], (3.1.4)
JjEB
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and

Ap ~ —ufo-l(G) Z[uﬁAujj — Uy, jAuj + 6uﬁjAu]
JjEB

" i — 2utiqttjn]?
+20(G) DL Wbije ~ 2Wiakin] (3.1.5)

Ui

JEB,IEG a=1

Proof. This proof is similar as in [18]]; for completeness, we give it with some modifications.

For any fixed point (x, 1) € O X (ty — 6, fp], we choose a coordinate system as in (.11 so that
|Vu| = u, > 0 and the matrix (a;;(x, 1)) is diagonal for 1 < i, j < n — 1 and nonnegative. From the

definition of ¢, we can get

aj ~ 0, Vi€ B, (316)

and

hi~0, wu;~0, VieB. (3.1.7)

Taking the first derivatives of ¢, we get

n—1
do41(a) . .
bo = ZZ; T;aij,a = Z o(aliajiq + Z o(ali)aiiq
Jj= ieG i€eB
~ 0UG) ) tita ~ —15°0UG) ) hita
ieB i€B
~ =1 30UG) ) [t — 2tpltintia],
ieB
so we get
Z Qi ~ 0, Z hiio ~ 0, Z[M%Mﬁa = 2upltinttiq] ~ 0. (3.1.8)
ieB ieB i€B
Hence
D wij~0, VjeG. (3.1.9)
ieB
Similarly, we get
b~ TUG) Y ajjs ~ —u (G Y (120 = 2yttt ]. (3.1.10)

JjEB JjeB
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Using relationship (3.1.6) - (3.1.8), we have

1
bus = 50’1+1(a)a Z o 0 o1(a) .
(07— Y ijap T aijadklp
i,j:l Oaij i ],kl | daijday
n—-1
= Zo-l(al.])ajj,a/ﬁ + Z oj- l(allJ)auaajj,B Z O-I—I(alij)aij,aaji,ﬁ
i,j=1,i#j i,j=1,i#j
~ ZO'I(G)a”a,B+[ Z Z + Z + Z lo-1(alipaiieajip
jeB i,jeG,i#j i€G,jeB ieB,jeG i,jeB,i#j

[ Z + Z + Z + Z lo1alijaijeajip

i,jeG,i#j i€G,jeB ieB,jeG i,jeB,i#j

~ Zo-,(G)ajj,aﬁ+ Z o-1(aliaiieajip

JjeB i,JEB,i#]

LD D+ D lon@ipaaajig

i€G,jeB  i€B,jeG  i,jEB,i#]

~ ZU'I(G)ajj,af,B_z Z o1-1(Gla;jqajip

JEB i€G,jeB
ajjqd
S (3.1.11)
JjEB i€G

where we have used the following fact from Lemma[2.1.9]

1 1
|aiiqajipl < Ca -Ca}z.j <Ci¢, i,jEB,i# J;

1 1 . o
laijeajipl < Clajajj]* - Clajajj]* < Ca, i,j€ B,i# ]
Sinceuy =0fork=1,--- ,n—1, from @2.18),
2 ..
Uplljjo = —UpQijq + Upjlliq + Upilljo + Unolij, Y i, j<n—1,

and for each j € B,

1 7
Ajjoa  ~ __h",(m - 2=—=)a o
JJ M?l JJ |Vu|un3 JJ

1
2
= ——3[unujj[m 2ununjuwj+2unnu + Aupq it jo — Aupl jolty o]
un
|24 Yol
|VM|M 3/ Jha

-2
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Hence (3.18) yields

n n
1
2
E E Ajjaa ~— —3 E u Aujj — 2upupjAuj + E [2u,muja + 4y UpjUtjo — 4unuj(,u,,ja]}

jeB a=1 Un "B a=1
o
n
_2Z(|V lu )"Z i
Un JEB
1
- —3 u Auu 2uup jAu; + Z[zu""”m + Aoty Ut jo — 4unujaun]a]}
Un JjEB a=1
(3.1.12)
where
2
Z[2unnuja + dupoUnjitjo — dupltjolyjo] ~ 2unnu + At it jy — Yty U jlty iy
a=1
:6unnunjujn - 4Mnujnunnj
n—1 n—1
=6[Au — Z iU jit jn — Attt j[Auj — Z Ui
i=1 i=1
n—1 n—1

=6uijAu — 4upujyAuj — 6uij Z ui; + 4uputj, Z Uiij
i=1 i=1

~6uﬁjAu — 4upujyAuj — 6uij Z ui; + 4uptj, Z Ui
i€G i€G

Fori € G, j € B, we have

n 42 n 2
ija 1 Z [I/t al},a] 1 [unuija — UiqUpj — ujauni]
T3 T3 -
oy i L o Ui
2
_ 1 Z [unul]a 2ulaun] + UjgUnj — ujauni]
iy a=1 Ui
n 2
_ 1 Z UnUijjo — 2ulaunj] + 2[unuija - 2uiaunj][uiaunj - ujarum'] + [uiaunj - ujaum']
“2 a=1 Ui
n 2
1 [unuija - 2uiaunj]
~—= + 2up Uity — 3uu? Ung
uy \45o Ujj
So

> Z[aﬂw 22 %o o~ - ? > U Auj; = Oty jAu; + 61l Au

JEB a=1 i€G JEB

_3 Z Z[unuuaf Zutaujn] (3.1.13)

JEB,ieG a=1

From (3.1.11) and (3.1.13)), Lemma [3.1.2] holds. O
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3.1.2 Proof of the constant rank theorem for the spatial second fundamental form

Theorem [3.1.1] is a direct consequence of the following proposition and the strong maximum

principle.

Proposition 3.1.3. Suppose that the function u satisfies the assumptions of Theorem 31} If the
second fundamental form I1 oxc of the spatial level sets 0% = {x € Qlu(x, 1) = ¢} attains minimum
rank [ at a point (xg, tg) € Q X (0, T, then there exist a neighborhood O X (ty — 6, to] of (xo, to) and

a positive constant C, independent of ¢, such that
Ap(x,1) = ¢; < C(p +|VPI), YV (x,1) € O (tg = 6, 10]. (3.1.14)

Proof. Let u € C**(Q x [0,T]) be a space-time quasiconcave solution of equation (I.0.2) and
(u;j) € S". Let I be the minimum rank of the second fundamental forms Hazﬁ:’ of 0= (I €
{0,1,--- ,n—1}) for every c, and suppose the minimum rank [ is attained at (x, 7o) E Qx(0,T]. We
work in O X (fy — 6, tg] of (xo, to), as usual. Obviously ¢(x, 1) > 0 and @(xg, fy) = 0. For each fixed
(x, 1), choose as usual a local coordinate ej,-- - ,e,_1, e, such that (3. L.1)) is satisfied. We want to
establish differential inequality (3.1.14) for ¢.

By Lemma[3.1.2]and u, = Au,

A = = —U UG ) [~Autgity it + 6u ]
JjeB
5 [tnthijo — 2utiqttjn]?
+leG) Y, Y (3.1.15)
jeB.ieG a=1 Wii
+0(¢ + Vo).
Since u;; = —uya; < 0fori € G, and for j € B

1
— (6t I = A ) it )]

~

1 2 hjn
= —[6(uun ;)" — Huguyj — ——) (Ut )]
Uy Uz

2
—duptyjugj + 6unjut

1 h;
= —[2ustty))* + 4L ()]
Uy Uy

A 72
2 h; ~
= —[wupj + Sy 243".
Uz Uz u;
(3.1.16)
By @.1.14), @.1.17) and (3.1, for j € B, we know
- .
ajj =~ = ~== = 0(9). (3.1.17)

- |Du|ut2 _m B
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Now we use the key assumption in our Theorem [3.1.1] that the solution is space-time quasicon-

cave, then for j € B we get

&5, < Qjjlnn = O(9), and 15, = O(9).

Jn =

From (3.1.16) and (3.1.18)), we obtain

2 h

2 jn 42

—dupuyjugj + 6unjut = u—[u,u,,j + " 17+ O(¢).
t t

Now we can get

_ 1 h
AP =g = =27 > UG~ [ty + =T
JeB U U

n 2
3 [unttiiq — 2uiqtin]
+2Mn3 z : O'[(G)z : nija ia%jn
JjeB,ieG a=1 Uii

+0(¢ + Vo)) .

This yields (3.1.14) and the proof is complete.

3.1.3 Some consequences of Theorem

In the above proof, for and the strong maximum principle, we get
¢=0 for(x,t) € Ox(tg—0,1p)].
Then for any (x, ) € O X (ty — o, to] it must hold
a; =0, fori € B.

In fact, we can obtain more precise information as follows.

(3.1.18)

(3.1.19)

(3.1.20)

O

(3.1.21)

Corollary 3.1.4. For any (x,1) € O X (fy — 6o, to] with the suitable coordinate system (3.1.1), we

have

u;; =0, forie B,
u, =0, forie B,
ujjo =0, forie B,je G,a=1,--- ,n.

Proof. By 2.1.8) and (3.1.21) we have

u; =0, fori € B,

Then from @2.1.12), @.1.14) and @.1.13),

hii =0, 51,',' =0, fori € B.

(3.1.22)
(3.1.23)
(3.1.24)
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From a > 0,
ap, =0, fz,-,, =0, fori € B.
Equation yields
Uslhp; + % =0, fori e B,
Upllijo —2[ujau,~n =0, forieB,jeG,a=1,---,n,
so it holds
u,; =0, fori € B,
ujjo =0, forie B,je G,a=1,--- ,n.
So the proof of Corollary 3.1.4]is complete. O

Remark 3.1.5. In this section we got a constant rank theorem for the second fundamental form
of the spatial level sets of a space-time quasiconcave solution to heat equation (L.0.4). But if we
delete the condition space-time quasiconcave solution in above Theorem [3.1.1] then we couldn’t
obtain the constant rank theorem for the second fundamental form of the spatial convex level sets
of the solution to heat equation (L.O.4)). In fact we need another structure condition on the parabolic

partial differential equation to get this property, for example it is true for the equation

8u_ Au

o Vul
Please see the detail in Chen-Shi [18]] or Ishige-Salani [29].

3.2 A constant rank theorem for the space-time second fundamental
form: CASE 1

In this section, we begin the proof of Theorem [1.0.3].
We start to consider the space-time level sets 9%5 , = {(x,7) € Q X [0, T]lu(x, ) = c}, and as in

Section 2.1.3, the Weingarten tensor of 9% , is

A el o
Aop = _WAQB’ l1<apB<n, (3.2.1)

where A,z defined as in (2.1.15), and for explicit formulae see from to (2.1.20).

Suppose a(x, ) = (Gqp)nxn attains the minimal rank / at some point (xo, 7o) € QX (0, T']. We may
assume / < n — 1, otherwise there is nothing to prove. At (xg, fy), we may choose e, - ,e,-1, €y
such that

un(x0,%0) = [Vu(xo, to)l > 0, and (u;;)1<;, j<n—11s diagonal at (xo, fo). 3.2.2)
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Without loss of generality we assume uj; < up < -+ < Up_1,-1. S0, at (xo, fp), from @G.2.1), we
have the matrix (&;;)1<; j<n—1 is also diagonal, and a;; > @ > - -+ > @y—1,—1. From Lemma[2.1.8]

we get at (xo, tp), there is a positive constant Cy such that

CASE 1:
ayp =---2ai1-1 2Co, ap=--+=ap-1p-1 =0,
. )
apn — —>Co, a4, =0, I<i<n-1
— Q;;
i=1
CASE 2:
ap =---2ay2Co, Qi1 = = ap—in-1 =0,
) LNaloo .
ann:ZA—, dl‘n:O, l+1<l<n_1~
y dji

In this section, we consider CASE 1.
There is a neighborhood O X (fy — 6, ty] of (xo, fp), such that for any fixed point (x, ) € O X (ty —

0, to], we may choose ey, - ,e,-1, e, such that
up(x,1) = [Vu(x,1)| > 0 and (4;})1<; j<n—118 diagonal at (x, 7). (3.2.3)

Similarly we assume uj; < up < -++ < Up_1,-1. S0, at (x,1) € O X (to — 6, 1], from B.2.1), we
have the matrix (d;;)1<i,j<n—1 is also diagonal, and @y > a2 > -+ > Gy-1,-1. There is a positive

constant Cy > 0 depending only on ||u||~+ and O X (tp — 8, 1], such that

-1 &2
ay =z za-1 2Co gy — ) = 2 Co.
i=1 dii
for (x, 1) € O X (ty — 6, 1p]. For convenience we denote G = {1,--- ,/—1}and B={l,--- ,n— 1} be
the “good” and “bad” sets of indices respectively.
Since Vi
u ..
a;j = malj, 1<i,j<n-1, (3.2.4)

there is a positive constant C > 0 depending only on ||u||-+ and O X (tp — 6, ], such that
app = >ai11-1 =2C, (x,1) €O X (ty — 6, 1], (3.2.5)

and

ay(xo,t0) = -+ = ap_1n-1(X0, fp) = 0. (3.2.6)

So the spatial second fundamental form a = (;;),-1x,—1 attains the minimal rank / — 1 at (xo, 7).
From Theorem [3.1.1] the constant rank theorem holds for the spatial second fundamental form a.

So we can get a; = 0, Vi € B for any (x, 1) € O X (ty — 6, tp]. Furthermore,

a; =0, Vi€ B. (3.2.7)
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We denote M = (4j)n—1xn—1, SO

op1(M) =o0(M)=0, forevery (x,t)€OX(ty—0,1]. (3.2.8)
Then we have from 2.1.21)
0 < 041(a) < o1 (M) + aypo (M) = 0. (3.2.9)
So
1@ =0, forevery (x,1) €O X(ty—94, 1] (3.2.10)

By the continuity method, Theorem [.LO.3holds under the CASE 1.

3.3 A constant rank theorem for the space-time second fundamental
form: CASE 2

Now we consider CASE 2. For completeness we write out the Weingarten tensor of the space-time
level sets (92;’[ ={(x,1) € QX [0, Tu(x,1) = c} as

Ao = — . l<a.fB<n, 3.3.1
dap |Du|ut3 af (Iﬁ n ( )
where
~ N u;u il Uu;u il
Aij =hij — ———— - L (3.3.2)
W+ Wy Wl + W
n-1_71 n-1_71 27
. h . h; waulh
_ MAIZ[=1 }’:tl il MA] Z[=1 j/tl il _ ulujunAnn F Ty 1<ij<n-1,
WA+ W2 WA+ W2 W21+ W)2u}
. 1. 1, h Uy Y1 wih;
o =y = titnltn Y iy Wl (3.3.3)
w W21+ W2 W + Wu?
B SV S wh 2
+A‘”Z’—£ d ZZ”A’ M- STy, l<i<n—1,
WA+ Wz WA + Wyu? W
. 1 . wy X uhy
A ==l - 2% (3.3.4)
|14 W2(1 + W2
n—-1_27 n—1 7
T uch D=1 Wkt 1
2 AZI_I l/\ ~ + Ak’l 1 A [1 - T] + Tnﬂ’
W21+ Wiz W + Wyu? W
and
fla,g = M?bla,'g + UnllgUp — UldgUor — UloUg, 1 < a,B < n. (3.3.5)

When we choose the coordinates such that u; = 0 (I < i < n — 1) at some point (xo, 7)), Top

(1 £ @, < n) satisfies

Top=0, DT,s=0, D*Te=0, l<a,f<n (3.3.6)
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From Lemma 2.T.8] a(x,7) = (dup)nxn attains the minimal rank / at some point (xo,%) €

Q x (0, T] and at (xo, ty), we may choose ey, - ,e,-1, e, such that
u, = |Vu| >0, and (4;j)1<; j<n—11s diagonal at (xo, fo).
Then we have

an =---2ay2Co,  Aupre1 = = Ap—in-1 = 0,

I
o = ),
i=1

Then there is a neighborhood O X (ty — 6,1] of (xp, %), such that for any fixed point (x,7) €

£

>

2
" 4,=0, I+1<i<n-1.
il

)

O X (ty — 6, tp], we may choose ey, - - , e,-1, €, such that
un(x,1) = [Vu(x,1)] > 0, and (u;;)1<; j<n—11s diagonal at (x, 7). (3.3.7)

Similarly we assume uj; < upy < -+ < uy_1,-1. S0, at (x,1) € O X (fy — 6, 1y], from @3.1) and
(3.3.2), we have the matrix (@;;)1<i, j<n—1 is also diagonal, and @11 > a» > -+ > dp-1,-1. There is

a positive constant C > 0 depending only on [[ul|c+ and O X (fp — 6, fp], such that
ajpp=---=2ayp>C,

for all (x, t) € OX(ty—4, ty]. For convenience we denote G = {1,--- ,/}and B={l+1,--- ,n—1}be
the “good” and “bad” sets of indices respectively. Without confusion we will also simply denote
G ={ai, -~ ,aytand B ={ap1141,- -+, Gp-1n-1}-

We shall divide this part into three steps. In step 1 we use Theorem[3.1.1to perform a reduction
of the proof. Step 2 starts from Lemma[3.3.5] which is the reduction for the second derivative of ¢
via step 1. In step 3, we shall complete the proof of Theorem [I.0.3]with the help of Theorem [3.3.7

3.3.1 Step 1: reduction using Theorem 3.1.1]

From Theorem 3.1.1] the constant rank theorem holds for the spatial second fundamental form a
with the minimal rank /. So for any (x,7) € O X (tp — 6, fp] with the coordinate (3.3.7)), we can get
a; = 0,VYi € B. Furthermore, a; = 0,Vi € B.

Under above assumptions, we can get

Proposition 3.3.1. For any (x,t) € O X (tg — 6, to] with the coordinate (3.3.7), we have

a;i(x,t) =0, i€B. (3.3.8)
Furthermore, we have at (x, t)
aij(x,t)=0, iorj €B, (3.3.9)
Qin(x, 1) = Qpi(x,1) =0, i€eB, (3.3.10)
Da;j(x,t) = (Va;j, a;j;)(x,t) =0, iorj €B, (3.3.11)

Dain(x,t) = Dayi(x,t) =0, i€ B. (3.3.12)
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Proof. The proof is directly from the constant rank theorem of a and Lemma [2.1.9] (i.e. Remark
2.1.10).
For any (x, 1) € O X (ty — 6, tp] with the coordinate (3.3.7]), we can get

_ 1Vul

a,-j—ma,-j, 1<i,j<n-1,

then there is a positive constant C > 0 depending only on ||u||-+ and O X (ty — 6, fp], such that
ajp>---2ap>2C, (x,1) €0 X (tH -6, 1],

and

arr1141(Xo, fo) =+ + = @p—1-1(x0, 7o) = 0.

So the spatial second fundamental form a = (a;;),—1x,—1 attains the minimal rank / at (xo, ). From
Theorem [3.1.1] the constant rank theorem holds for the spatial second fundamental form a. Then
we can get for any (x, 1) € O X (tp — 6, 1] with the coordinate (3.3.7) (that is (3.1.1)),

a;i(x,1) =0, VieB.

Furthermore, we have
[Vl

a;i(x,1) = maii =

0, VieB.
From the positive definite of a at (x, ¢), we get
aip(x,t) =0, VieB.
And from Remark 2.1.10] we get
|Da;jl|(x,t) = |Daj,|(x,1) =0, VieB.
So the lemma holds. O
We denote M = (G;;)n—1xn—1, and set

¢ = 0141(a). (3.3.13)

Following the notation in [11]] and [34], let & and g be two functions defined in O X (¢y — 8, to], we
say h < g if there exist positive constants C; and C, depending only on ||u||cs.1, 7 (independent of
(x,1)), such that (h — g)(x,1) < (C1¢ + Ca2|V@)(x,1), Y(x,1) € O X (ty — 6, tg]. We also write

h~g if hsg gs<h
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Lemma 3.3.2. Under the above assumptions and notations, for any (x,t) € O X (ty — 6, tg] with
the coordinate (3.3.77), we have

.
u; =0, i€B; uii = —Z, i €G; (3.3.14)
Uz
u;=0, i€BUG,j€BUG,i#j; (3.3.15)
u, =0, i€B; u; =0, i€B; (3.3.16)
Uty = hin + upiuy, i€ G; (3.3.17)
1 o
Upp = Ut — — Z hii (3.3.18)
U G
DLEY
2 in 7 3
Uplly ~ ) =+ > hij — up + 2uputylty,. (3.3.19)
i€G hii i€G

Proof. Under the above assumptions, we need to do some routine calculations for the derivatives
of ¢. In the following, (3.3.7) can be used all the time.

Since M is diagonal and @;; = 0 for i € B, we can get from Lemma[2.1.7]

¢ =011 (M) + (M) = ) ayidiinrio (M)
i
A2

a°
= Glam — ) 21,
ec dii
) )
as
= Y 2~ 0. (3.3.20)
i€eG dii
By (3.3.1), we have
. A?
A — Z n 0. (3.3.21)
ieG “ti
Since u,, = |Vu| > 0by 3.3.7), u; =0,i =1,--- ,n— 1, then we get
A A A 1. " 1 .
Aij = hij’ Ajy = Whina App = ﬁhnm (3.3.22)
so from (3.3.21]), we can get
. >
o = Y =2~ 0. (3.3.23)
i€G hi;
From (3.3.1), (3.3.21) and Proposition 3.3.1] we have
17 177 I . .
0=aj=-—"tAj=-—"_f; i€B,jeBUG,
T Dl T D
o 1.
0 aip = |ut| in = |ut| hina i €B,

|Dulu,® |Dulu® W
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so we get

hij=uwju;=0, i€B,jeBUG: h

From (3.3.3), (3.3.7) and (3.3.24)), we get

. hi
u,-,-:O, i € B; Miiz—;, i€G;
u;
l/tij=0, i€eBUG,je BUG,i# J;
Uy . 2 ~ .
Uin = —Uip, 1 € B; Uptin = hip + upusttye, i € G;
t
n—1 o
_ _ h’ll

Uppn = Ur — Uj = Uy — >

i=1 ieG 1

22
2 2 »
U Uy = hnn Us Upy + 2 Ustyy ~ E — + hj; —

ut + 2u, Ul
i€G h ieG

By Corollary B.1.4] u;, = u;; = 0 for i € B, so we can get (3.3.14]) - (3.3.19). The lemma holds

Lemma 3.3.3. Under the above assumptions
the coordinate (3.3.77), we have

A Qin ~ a; [ljn/\
Anna — 2 Z #ain,af + Z = =—djj
ieG

and

¢~M®MM2Z:W Z%””

Aip, ¢+ a alj,t]
ieG i,jeG U
I7A Ain N Ain AAj" A
~wwmﬂ)mm ZT%WZAAAM
U i€G i,jeG i Ajj

luts| Rip i b
~0'1(G)(—| |t )A [hnnt 2 mhm,+Z in

n = utzuin —uyusuy; =0, 1€ B.

47

(3.3.24)

O

and notations, for any (x,t) € O X (ty — 6, tg] with

(3.3.25)
(3.3.26)

(3.3.27)

(3.3.28)
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Proof. Taking the first derivatives of ¢ with respect to ¢, we have from Lemma[2.1.7]

¢ = Z o i(M10)éti + G (M) + iy Z i1 (M)

-2 Z oj- I(Mll)amamt Z o 2(M|l.])ay”ajj,t + Z gj- Z(Mllj)amanjazjt

i#j i£]
=A@y + & Y T1-1(Glati
ieG
“A A cn A2 A A A A
-2 Z o 1-1(GlD)aniani, — Z o1-2(Glijayaj;. + Z 0 1-2(Gli j)aniGn s,
ieG i,jeG i,jeG
i) ij
by (3.3.9)-(.3.12)) and (3.3.20)), we get

o “~ IR CnA A A
Qnn Z o1-1(GlD)aji, — Z o1-2(Glijayaj;, + Z 0 1-2(Gli j)aniGn i,

ieG i,jeG i,jeG
1#] i#]
ani Gnj
_anno-l(G)z alll O—I(G)Z __a]]t + O—I(G)Z ﬂ_al],
ieG i,jeG i.jeG
i#] i#]
a; a]n
~(G) ), 37
i,jeG JJ
so we can get that
Qin . ain &jn o
O ~0UG Ny =2 ) 2Rl + ), T8 lii) (3.3.29)
i€G i,jeG dii djj
By (3.3.1) and (3.3.20), we have
oty A A A jn
b0~ UGN A =2 ) T A+ ) 2R Al (3.3.30)
ieG A” i,jeG A Ajj
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and from (3.3.2)-(3.3.4)), we get
A | A 1 4 Up Z?:_ll ultilnl
Aons (i) o tns =2
Ain A 1 il,'n | A 1. u,-tu,,fl,m Un Z;l:_ll ultilil
_22 A_..Ain’t - 22 (W)/ﬁl_[(w)thm + Whin,t a WZ 1 W 2 W 1 W 2
ieG ieG u ( + )ut ( + )ut
_ 1 ]:lin IR 1. uituni’\lnn unuit]:lii
2 (e Ly Ly, bty
< W h; W w W21+ Wyuy WA + W)ug
2( 1 )( 1 )]:L ) 1 ilinil 2unilnn Z uitilin
~ = -~ N\= nn — ~ - in,t ~
W w’t w2 G hii W3(1 + W)I/t[ G hj;
2u, 3, uitilin
i€G
+ . A A
W2(1 + Wu?
Z Ain AjnA" _ Z hm hjn o uituniljn _ ujtunilin ]
i.jeG Ai Ajj v e W2 i hjj U’t WA+ W2 W+ Wyu?
~( A1 ) Z }Eﬂ f:’jn i - 2utntn Z uiiilm’
w2 G hi; hj; W31 + W)ut < hii
then
A
nn t -2 Z m = th
leG IJGG A
hin jn
[h,mt_zz “fing + ) E—A ). (3.331)
lEG i,jeG
So by (3.3.30) and (3.3.31), (3.3.28)) holds.
Similarly, taking the first derivative of ¢ in the direction e,, it follows that
Qin . Qi 4
ba ~ Gl =2 ) ZMlina + ), Z0 2ol
icG i, jeG aij ajj
SO
Qin . Qin Ajn .
anna ZZ mamaf Z A_”.l%.n'aij,a ~ 0.
i€G i,jeG dii djj
Similarly, we can get
. A » A A .
Ann,a_zz #Ain,a'i' Z # AjnAij,a’“Oa a=1,---,n,
i€G Aii i, jeG Aii Ajj
and ) A
Rin » hin i »
hnn,a -2 A_mhm,a + Z A_m A]n hij,a ~0, a=1,---,n
icc hii G hii hjj
The lemma holds. O
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Lemma 3.3.4. Under the above assumptions and notations, for any (x,t) € O X (ty — 6, tg] with

the coordinate (3.3.77), we have

Ltija=0, i€eB,je BUG,a € BUG;
uijn =0, u;j3 =0, i€B,je BUG;

Uinn =0, Ui =0, uy =0, i€B,;

(3.3.32)
(3.3.33)
(3.3.34)

(3.3.35)

(3.3.37)
(3.3.38)

W = hiy, i€ G
WPy = i - 2”u—fiz,-,-, Wi = i+ ”;’: sy Wiy = hij; + %h,,, i€G.jeG.i# j: (3.3.36)
Putiin = hitn — 2%@, 2””hm + 2ud, i€Gh
t
utzu,-jk = ﬁijk, i€G,je G,ke G,i+j+k;
2 Uit

Ujr & . . ..
“t“un—hun"‘ hjn+u—jh,-,,+2unu,-tujt, ieG,jeqG,i+J

Uz t

utzunm- = Z hkkz + ut Ui + 2— Z hkk’ ieG

keG W G
_ ukth 2 2.
I/tt Upnn = — hkkn + I/t[ Upt + 2_ hkk -2 —Ngn — UpUy,;
keG keG keG keG

Uit »

Unt »
UnUrljjy = _hmz + hu n+3—hjy —3—
t

hi + 2unu + ujiuyy, 1€ G,
l‘

UpUpllijr = _hin,j + hij,n + 3u—hin + 2unui,uj,, i€G,jeqG,i#j;
t

~ Ujs » Unt 2
UpUtUppnr = Z [hin,i - un] + UplUy — 2[3 hm -3— » hii + Zunu + wjiltyUy];
icG icG !
Uit ~ Upt » .
UnUiUjny = — mn Z hkkl + 314_ Z hkk + u_hii + u_hin + Uipltylty, 1€ G,
keG ! keG ki ! !

and

5 ~ ~
Uy, Uyt =hnn,i - m n Z hkkl - ut Ujpr + 4u_ Z P
keG ! keG ki

Uijt ~ Unt » .
+2—h; + 2—hm — QU Ui Uy + 2Up Uil + 22U Ui, 1 E G
u

2 ~ ~ ~
U, Ut =hnn,n +2 Z hin,i - Z hkk,n

ieG keG

Uit Upnt
ut Uy — 4 Z —’hm 4—” Z hij—2 Z unu” + 2unum,

ieG i€G ieG

(3.3.39)

(3.3.40)

(3.3.41)

(3.3.42)
(3.3.43)

(3.3.44)

(3.3.45)

(3.3.46)

(3.3.47)
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Proof. By (3.3.1), (3.3.11) and 3.3.12),

we getforie Bor j€ B,

|24 N

0= P D

_ ety
|Dulu?

_ Juts]
|Duu,>

[Dh

ij
A A

A Duiunhjn Dujunh,-n
YUOWa W2 W+ Wy

ijs

|oas| N

0 = Daj, = —————
T |Dulu,

lud 1

—

lug 1

" Duli? W

so we get

Il
Iy

2
ija = U Uija,

I I
S>> SO

Il
=

Il Il Il
S S S
5 5
< z

() () o o o o o o o
Il
=

7 _ .2
Ring = Uy Wing — Uslhy

and by the equation (I.0.4)), we have

n—1

B U/ B Y S
\Dulu W "

— 2 _ .2
ijn = UpUjjn — UlinUjr — Ul jnUis = Uy Ujjp,
— .2 _ .2
ijt = UgUije — UeljUjr — Ul jillje = Uy Uity
_ 2 _ .2 . .
ija = UpUije — WlljqUiy = UUijo, L€ B,jEG,a€ BUG
I . P
ijn = UpUijn — UlinUjr — Ul jnUjy = Uy Ujjp,
_ 2 _ 2
i = UpUije — 2l e = Up Ui jr,
_ o o
= Ui Ujng — UlUnUiteg = U; Ujng

_ .2
= Ui Ujnn — UtUnUing,

DA in

~

n—1 7
Du;uy,hy,y, Up Z[:l Du;hy

W2(1+Wy2 W + Wyu?

Dilin,

ieB,je Bae€ BUG;

i€eB,jeB;
i€B,jeB;

i€B, jeG;
i€B,jeG;
i€ B,ae BUG;
i € B;
Uiy, 1€ B;

Unni = Au; — Zukki = uj; — Zukki =0, i€B.

k=1
So
Uijo =0,
uijn =0,
Winp, = 0,

For i, j € G, we can get

keG

i€eB,je BUG,ax e BUG;

u,-jt:O, i€B,je BUG;

e =0, uyy =0, i€B;

7 _ .2
Rijo = U Uijo + 2Uslliq Ui — UigUslj — Ujo Uz,

51

(3.3.48)
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SO

~ ~

2 A
uyuiii =hii; — [2uugiug; — wineny — wiigg] = hi;, i € Gy
and

> g
uyuiij =hii j — (200 — W jugty; — Wiy ]

=hji j — 2y ju;

A Ujt ~ . . . .

=h,',"j -2—h;, i€ G,] eG,i#+ J-
Uz

Similarly, we have from (3.3.48))

5 g
upuji =hij; — [2uugu;; — wiileyj — ujitdgity )

=h;j; + U ju;
A Ujt o . . T
=hij’,'+—h,',', IGG,JEG,li_],
Uy

2 s

uyuiji =hijj — [2uujui; — il — wjjusig)
=hijj + et
- uitil cG.icGisti
=nijj+ —nj, 1€G,jelG,i# ]

Uz

From (3.3.48)), we also have

2 3
Uy Uiin =hijn — (20U Ui; — WinlheUs; — WinUeUy; ]

5

=hiin — 2ulmUi; + 20Ul

~

Unt 2 Uit »
=hjipn — 2—u;uj; + 2—[hy + wnusits]

Uy Uy
~ Unt » Ut ~ .
=hiip — 2= hj; + 2=y + 2upii, i€ G;

Uz Uz

2 A . . . .
w ik =hijk — [2uugeu;; — wiyj — wiing) = hije, 1€G,j€G,keG,i+ j#k;

2 s
U Uijn =hijn — [2UUmli; — WinleUyj — W jplslty )
=hijpn + Wil j + U Uslhy;
. Ui Ui
Jt it
=hijn + —[hin + wpueny ) + —[hj, + wyuu ;]
Ur Uz
A uit ~ ujt ~ . . . .
=hij,n + u_hjn + u—hm + 2unu,-tujt, i€G,jeqG,i+ ]
t t
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And

2 2 2 2 2
Uy Uppi =y [Auj — Z Uik ] = Uy iy — Uy ujj; — Z Uy Uk

keG keG k+i
2 ~ N Ujs ~
=ufuy = b= ) i = 2"
keG ki !
—ut Uy — thkz + 2— Z hkk’ i€ G,
keG W eGrzi
2 2
Ui Uppnn =U; [Au, — Z Ukin ]
keG
Unt 4
=1t = ) [higen = 2+ 2—h,m + 2utpiil,]
keG
Ukt o 2
—ut Upt — hkkn + 2— hkk -2 _hkn 2 UnUp,-
keG keG keG keG

For i € G, we can get from (3.3.5)

A~

2
hin,a = UiUipg + 2u Uy Win + Ui UnUy — WigUrlhy — Uno Wil — Unlio Uz — UpUiUiio,

then

~

_ 2
Unlslhiis = — Ripj + U Wijy + 2005 Ui + UiiUp Uy — Wil Uy — UpiUeUsi — UpUgiUyi

» A Unt » Ujt » 2
== Rini + [hiin = 2—hij + 2—hin + 2upu;,]
Uz Uz
+ Uiy + Wil Usy — Wil — UpiUiUy — UpUyills

~ Uijt » Unt » .
=— hjpi + h”,, + 3 hm - 3—h; + 2unu” + wiipty, 1€ Gy
l

Unttgltife = = Pin,j + U7 Uijn + 2ututjuin + Ujjln Uy — Wijlhelm — Un jUsllyi = Upllyjllg;

Uit ~

.
A~ ~ it jit &
= hjpj + [hij, + u_hjn + u_hin + 2up it ]
t t

+ 2UUy j Uiy — Uy jUUg; — Uy Uy

Uit A
Uit » Jt
= hm gt [hl]n + h}n u_hm + 2unuitujt]
t
Uj Uit »
—[hin + uptteuy] — u_[hjn + Upltgity ] — g Uty
t t
A A Ujt A . . —
=- hin,j + hij,n + 3u_hm + 2u,,ui,uj,, i€eqG,jeqG,i+j
t

53

(3.3.49)
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_ 7 2
UnUslhins = — hin n U Winy + 2Ulhn Wi + Win Ul — WinUelsy — Upnlsllsi — UpUi Uy
= mn + [I/tt Ujp — Z hkkl + 2_ Z hkk]
keG W 1 &G

+ UslinUin + UinUnUsr — UppUstUsi — UpUp Uz

= m n Z hkkl + 2_ Z hige + [ueui Aue — Uy tsttyi]
keG U eGaei

Unt - >
+ u—[u, Win — UnUsllsi] + UinUp Uz

Uit ~ Unt » .
mn Z hkkl + 3_ Z hkk + _hn + hm + UinltyUy, i €G.
keG W eGrzi

So by the equation, we have

UpUslUppy =Uptts[Aut; — Z Ujeke ]

keG
Uijt ~ Unt »
=UnUrUy — [- hmt + hun + 3 hm -3— » hij + 2unu + Uittty ]
ieG !
_ 2 » Ujt » Unt 2
=UpUily + [hin,i - hii,n] - [3—hy —3— » hii + 2unu + ujiunuy].
icG icc !

At last, we can get

=

2 2
nn,a =Ur Uppg + 2uU o Upy + U, Ustq + 2upUpo Uty — 2Une Uiy

= 2uplqtyy — 2 Ui (3.3.50)
SO

2 _17 2
Uy, Uy —hnn,i = [y Ui + 2014l + 205 Uity — 20U Uy — 20 Ugilhn — 20 Ul ]

nnl [I/tt Ujr — Z hkkl + 2_ Z ilkk]

keG W G
+2[- hmn Z hkkl + 3M_ Z hkk + _hn + hm + Ui Uy Uy ]
keG ! keG ki e

- [Zututiunn + 2upUpiltyy — 2Upi Ul — 20y UgiUgy |

=hnn,i - m n Z hkkl u; Ui + 4_ Z hkk

keG W 1 Gri

it & Unt »~ .
+2— i hij +2— L hiy — 2uity, + 22Uttty + 2UUls, 1€ G
l l
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and
2 7 2
U, U :hnn n [u; Upnn + 22Ul Uy + 2Uy UpnUy — 2UpnUsly — 2UnUm U, — 2 Uty ]
Ukt 2

nnn_[utum‘ thkn+2_thk_2z_hkn_2zunukt]

keG keG keG keG
it Unt »
+ 2[upuiuy + Z (hin,i - u n) 2(3 hm - hu + 21/!,,14 + ujiuny)]
ieG ieG
= Rupttynitsy — 201z ]
:hnn,n +2 Z hin,i - Z hkk,n + [2upueuy — 2 Z(uiiunutt) — 2up Uyl
icG keG ieG
Uit ~ unt
ut Uy — 4 Z —hm Z hij—2 Z unu” + 2unum
ieG ieG icG
=hnn,n +2 Z hin,i - Z hkk,n
ieG keG
Uijt ~ unt
u, Uy — 4 Z —hm Z hij—2 Z unu” + 2unum
ieG ieG icG
The lemma holds. |

3.3.2 Step 2: reduction for the second derivatives of the test function ¢

Lemma 3.3.5. Under the above assumptions and notations, for any (x,t) € O X (ty — 6, tg] with
the coordinate (3.3.77), we have

bow ~ |TUC) + amo1(G) = ) 8,012(G |i)l > tnmaa
i€G meB
ain . Qi A
+0(G) ann oa — 2 Z - am aa t Z — jn al],[ld (3.3.51)
icG i,jeG a”
. 2
a;
~201(G) Z -\aina = ) 7o -
icc ¢ jeG ajj
where
a2
TUG) + amo11(G) = Y @01 2(G i) ~ (G [1 +> a_l) . (33.52)
i€G ieG i

Proof. The proof is similar as in [[17]]. For completeness, we give the details of the proof.
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Computing the second derivatives directly, we have from Lemma[2.1.7]

do | (M)A
¢aaf = Z atl djjaa Z
i,j l] i,j,k,1
oo (M)A
nna Z d djja

0a;;

-2 Z gj- 1(M|l)amam aa

ni%jk.aa —

Z a0’1 1(M|l)A2 .

i,j.k

Fopi(M),
0402

aij,afakl,a + ann,(mo-l(M)

do (M) 4 Fo(M), .
Qnn Z dijaa + Z T~ o~ Qijalila

0a;j 7 0a;j0ay
oo (M), . .
-2 Z gj- 1(M|l)am aram a—4 Z ~ AniCni,ad jk,a
ik 8ajk

Fo 1(M|l)A2A N
7 ar  %niljkalpg.a

2

4 oa i da
i,jik,p.q kpq

3 1M anitinijae +4 ) | 12 (M) jtinialija

‘/

ij

i#j
O _o(Mi j) .
+2 Z B T~ nilnjdijolida — 2 Z 0i-3 (M|l]k)anianjaki,aakj,a
l_jk_l ki ijk
i#] i#j,i#k, j£k
=I,+1,+111,+1V,,
where
do1(M) Ao (M)
I, = 7 lijoa t Gnn,aa T 1(M) + Gup 7 Yijaa
0a;; 0a;;
ij i,j 1
O 1 (Mi)
NA A /\2 /\
-2 Z O-I—I(M|l)aniani,aa - Z T iAjkaa T Z 0 2(M|l.])amanjazj,(ma
i ¥ Jk 3
1#]
2
11 Z 0 01+1(M)& G + 6 Z d CTI(M)& i Z &o 1(M|l)&2a ol
a = Tar o~ Yija a nn an o~ Gijatkla T Taor o~ YpiYjkabpg.as
57 0a;j0ay 57 0a;j0ay o 0 jx0ap,
. 80-1(M) Ao -1 (M1i) 1(M|l) Ao (Mlij)
IIIQ =2a Apn,a aa dija — 4 aa apid m aajkaf +2 oa amanjatja/aklm
j ij i,jk Jk i jikd K
%

Ve ==2 Z o1 (M|)ay;, aam atd Z 0- 2(M|l])an}am aal]a

ij
i£]

=2 > s (M K0t ki 0o

i,jk
i ik, j#k

Now we use the formulas (3.3.9)-(3.3.12)), (3.3.20) and (3.3.23)) to treat the terms in I, I1,, 111,

and 1V,
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First, we will deal with /,,.

Iy, = oi(G) Z é\lmm,aa + &nn,aao—l(G) + &nn[z o-1(G |m)&mm,(m + O—I—I(G) Z &mm,aa]

meB meG meB
A A . A2 . N . N
23" tinlin a1 (Gli) = > @41 D" 01 2(G lim)amman + 012G i) Y Gmmaal
i€G i€G meG meB
m#i

+ 3 Uintjnlijaai2(G i)

ijeG
i#j
” ") . ”
= [01G) + o1 (G) - Z 2,012(G 1) ), oo
ieG meB
a,
+O-I(G) Z Amm,aa P [ann - Z A_]
meG Amm icG aij
i#m
N &in A am ajn
+0(G)amm,ea — 2 Eain,aa + a_ 2 Halj acl
ieG U i,jeG " T
i£]
” 2 . N
~ [0UG) + a1 (G) = Y @ T12(G D] ) e
ieG meB
din Qjn ajn
+O—l(G)[ann oa — 2 Z am aa t d_ 2. alj aal- (3.3.53)
ieG ijeG "W

For 11,, it follows that

NN N A2 N NN N
Iy =) o1 (Glij)@ialtjjo = 8) + @ ) T1-2(Glij)@ialtjza = 7))

i) i)
2
- Z Z T 1-3(Gli R @ jaliipo = T )
J#I, k#t JEk
A NN ) caNAD A ~ Az
=y Z 01-2(Glij)Giiabjja — a35,) = Z 01-3(Gli jk)a, (@0 lkka — Ay o)
i,jeG i,jkeG
i#] i jizk, jk
Qii a/ajj, 12] &il &jj,a&kk,a - &3]( a
=im0)(G) )| ——— =~ iG) Y,
i.jeG aiia U i.jkeG u 7Kk
i#] i jiizk, jk
A2 AL _ ~AD
a ai aajja a;
N nk B ija
=01G) ) (= ), )
i.jeG o kK =
i#] ki K j
A A A2
g a,-,-aajj(,—al..
@ i
~1(G) Z[ A
i G au aiidjj
i#j
N N nD A2
aila ajj a2 i Yijer
=201(G) ) = aWT -201(G) ) A o (3.3.54)
ijeG Yii Ji ijeG %i ¢
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For 111,, it follows that

Iy =20l )" 011Gl + 011(G) ) ]
i€G i€eB
=4 anitinial Y 012(Glifajie + T12(Gli) Y aja]
i€G Jj€G JjeB
J#l
+2 )" anitinjijal D T13(GlijRaka + 013Gl D ol
keG keB

i,jeG
i#] k#i,k#j

=Dama Y 011Gt =4 ) dnitnia Y T12(Gliijja
i€G ieG jeG
J#l

+2 tyitnjtiija Y 01-3(GlijKaa

i,jeG keG
i#j k#i,k#j

:20_1(6)&nn,a E
ieG ” lj€G
i£]

am’ é\lnj akk,a ~
+20(G) Z 7 = dija-
dji djj dik

i.jkeG
i jiizk, jk
Now we need to expand the sum of the third term in (3.3.53))
)IEEDIEDIEDIEDIL-DN
i,jkeG i,jkeG  ijkeG  ijkeG  ijkeG i,jkeG
i j,izk, j£k i=j =k j=k  i=j=k

so the third term in (3.3.55)) becomes
N ~ AD A
i it

am a j],
Apio—
a

ll[)./

Ji

(3.3.55)

(3.3.56)

oi(G) Z A—A—A—a" = ~
S Qi ajj G i ikeG Gii djj ik ijeG Yii
it j,izk, j£k
~ A A A A
i Anj djj o a,i diiq .

- 20(G) Z — o ija t+ 20’1(6)2 = > diia-

i djj dii icq i di

(3.3.57)

Combining (3.3.33) and (3.3.57), it yields that
u a' nj a anj ank a
111, =20(G) Z A —2 Z Onjo + ,;G e

ieG jeG
J#EL

j ,a)

A2 N

a.a; Qi Onj G a;

Ji@ ni Ynj Aij,a a m u (01 a

-20/(G) E . Qi — 40 1(G) § 2.7, 2, et 40(G) § iia
i.jeG ag aj; ijeG i Sy i icG ag i

Qi au a
~40(G) Z [ania = Z 7 di jol

ieG

/\2 ,\
- 209(G) Z Z’j. A,,a+4cn<G>Z L ”;’fn,a. (33.58)

IEG

i jEG
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At last, we deal with IV,

Vo ==20) 011(Gldaniatinia + 01-1(G) ) tnialinial
i€G i€B

4" a1y o12(GliPaniattije + T1-2(Gl) ) niadiija]

jeG i€G i€eB
1#]

=23 it Y, o13(GlijRak ek + T1-3(Gli) ) A atina]

i,jeG keG keB
i#j k#i,k#j
= =23 011Gl abnia +4 Y o12(Glif)ninialiija
ieG i,jeG
i#]
=2 > 01 3(GlijR) it kil
i.jkeG
i#j,i#k, j#k

By the decomposition (3.3.56)), we have

59

n l X Qyi é\ln j &ki,a&k a0
Vo=~ 201(G)Z 0 - 20(G) Y SRR
icG i.jeG U aii i.jkeG dii djj ek
i#] i J,i#k, j£k
m a lj, Qpi an a
=- 2m<G>Z +aoyG) Y 2 T~ 401G) ) = i
ieG i,jeG i ” icG u
A2
Qi Onj akldak, a,; ai; aal «
- 204(G) Z ni Onj ChiaCkja +20/(G) Z Ar;z ]A J»
i,j,keG a” a” akk leG ajj
Qi Onj anaal, Qi Onj Qijoliia
n 20’[(6) Z Cni nj Sieija 20'1(G) Z Cni “nj Sty JJ
ijeG Qi a}] Qjj G Qi d}] a]j
2 b ol
- 40,(0)2 i ”‘f iha (3.3.59)
leG dii
Combining the terms, it follows
nj N Qni au a é\lnj ~
= - 20—[(G) Z [am a Z " alja’] - 40—[(G) Z m',a' - Z 2 atj,a]
leG ]GG i€G jeG Ji
~2
a.: 000, Qii o i
+20(G) | e 401(6)2 i Jihali (3.3.60)
i,jeG & a“ lEG dii
So from (3.3.34)), (3.3.38)) and (3.3.60), we get
. 2
Adjn
Iy + I, + 1V, ~ —20,(G)Z tina = ) | 7tija (3.3.61)
a;
Ji

icc i jeG

The latter completes the proof of Lemma(3.3.5] jointly with(3.3.53)).
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Lemma 3.3.6. Under the above assumptions and notations, for any (x,t) € O X (ty — 6, tg] with
the coordinate (3.3.77), we have

2
a |ut/|
¢(m ~ O'I(G)[l + Z alzn) |Du|tu Z mm,aa

ieG meB
g\ 1 P Bin hijn
+0—l(G)( D : ) nn aa Z A_hm e T A_m ht]aa’
|Dulu? i€G hi; i,jeG hi; Ji
2
s\ 1
~209(G)( - Du )a Z ch . (3.3.62)
Proof. From (3.3.7) and Lemma[3.3.2] we have
:(uhm)a—(uhm)aa—o i€eBa=12,---,n-1;
= (uihin)n =0, (uihin)nn = 2uinilin,n =0, i€B.
So from @.3.1) and (3.3.2)), we have
A g\ & 177 A
Amm,aa = ( - m)Amm,(m = ( - m)hmm,(ma mé€ B. (3363)
From (3.3.1) - (3.3:4), (3.3.20) and (3.3.23)), we have
Qin . Qin 4
Qnnyaa — 2 Z ﬂam aa t ﬂ Za alj aa
i€G i,jeG aij ajj
gl
= ( D ! nnaa_zz ma l]cm
| ulut IEG leG
|oas | N Ain A Ain Ajn A
+2( - ) A =2) ZAina+ ), LA
3 ’ ’ S
|Dulu;> /e | ; Aji L]ZEQ? Aji Ajj
o A Ain A Ain Ajn A
+ - Ap =2 ) —Ap+ ———A;;
( |Dutlu,® )‘W . ; Ai " l;; Ay Ay
oty | ~ Ain ~ Ain Ajn A
o (= 22V Apae =2 2 A e+ > 2B A
( |Du|ut3) nn,aa ; p in,aq UZGG A Ajj ijaa
and
. 2
a
_20-1(G) Aina A]n alj al
i€G jeG I
A N 2
1 |ut/| N Ajn o |ut/| N Ajn o
= —200(G) ( )( in,a N Aij,a) ( ) ( in ~ Al})
icG \Dulu; jeZG Ajj |Duluy jeZG Ajj
N 2
|Mt| 1 ~ Ajn A
= _20-1(G)( 3)2 < ma_z < Azja'
|Dulu”” 45 A jeG A




Space-time Quasiconcave Solutions 61

So we get

a(G)

2
z Qin z : Qin ajn z z &jn N
ann aq -2 _am aa T 20—[(G) ain,a' - a. aij,a

icc ¢ ijeG aij ajj icc ¢ jeG I

~O'1(G)( - |u—t|3) [Ann,aa -2 Z AA m aa T Z A i Al}aa

|Du|u[ lEG i,jeG
. 2
-20/(G)( - il )ZL A; —ZAj” (3.3.64)
|DM|Mt3 icG Aii e jeG Ajj v o
In the following, we will prove
N N 2
~ AAln ~ Am A]n A 1 A jn A
Ann aw — 2 = Am aa T ~ A Aij,(m -2 - Am,a - = Al]a
; Aji ,;“G Aji Ajj ; Aji JGZG Aj
[P ilm » ilm iljn 2
~ ~ hnn o T 2 A_hm aa t X hij,(m
2 [ ;‘ hii 526 hii hjj
R 2
2 1. hijn
— | hina — ~—hjjo| - (3.3.65)
W2 = hi [ ,EZG hjj
If (3.3.63)) holds, (3.3.62) holds from (3.3.531)), (3.3.32).
From (3.3.2) and (3.3.3), taking the first derivatives of A(,,g, we get
A -1 2
Rina =) o + iy — it U i) Ul
W/ W W W WA+ Wi
_(i) i 1 ]:L uiaunilnn _ unuia;lii
- A mn A n,u A A A )
e T CWR W2 W+ Wy
and
_ Z AAJ'"A _ i iljn [il _ uiauniljn _ ujaunilin
= ija = ~ Py ija = ~ ~ =
LA Wdhy T WA+ Wad WA+ W
_ i }Aljn [ uiaunilnn + unljlin Z ujajljn
= = = ija ~ ~ < s
Wdhy T WA W WA+ W 4y
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SO

leG jeG 1]
R R R .2
Rjn » Ly~ Un Ui hij unh; Ujoh;
— _2 _ Ajnh" + — h - — n ld,\ll + n'tin _],C\Y n
; [ Pin ;G: hj; ie) (W)“ WA W W2+ W ;G: hj;
2 1. R, 2 1,1 Bin Bjn .
= _(hin,af - ~ hij,a) - 47(7) A_(hin,a - A_hij,a)
WLk jeZG hjj wiw "; hii ]EZG hjj
iz Lo )u
W2(1+W)ut2; ZG hj; o
4u, ilin A }Aljn A ukal}:lkn
Py T Rina — —h;, =
W3(1 + W)”t lZG: ( e JjeG hjj lJ‘Y) ; Pk
R 2
= 1 (i) foo— Mnttiali ek Z ity (3.3.66)
~ A~ n A~ ~ I
Sy | W W+ W2 W21+ W)utz = hyj
Taking the second derivatives of Aaﬁ, we get
A 1 A 1\ - 1 .
Ann,a/a =(ﬁ)(mhnn + 2( Wz) h X W2 nn,aq
u u
_ o[l e nZl 1 laah nl 4 221/”“ un nl ) ]
W2(1 + W)u W2(1 + W)u
4 Z 22;{,,:1 Uk Uio Py i 1 |
o W2(1 + W)u Wl + Wy W
Uy Z ulaajlnl
1 ~ 1 ~ 1 ~ leG
(G2l + 2053) Fomar + Ghomae = 2005 5
ilnl Un ]:lnl
-4 [ — (=) 1 (3.3.67)
; “ W(1+W)u TLe T W(1+W)u$(w)w
4 l/t 23 1 Lt2 ]}:L
pyim an 2y - é].

+ = =
W2(1+W)u, W + Wyu? w
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Ain,aa :(W)(mhin + 2(W)ahin,a + Whin,aa
[ A— + 21’!' A A 5
R W)u ’“(W2(1 + W ).

unilzl
- ) lu + 2upy(—25——) ]
Z M Wy W(l + W)u l"(W(l W2 ).
22? 12 B N i Y17 ol 2

= = - —
W+ W2 W+ Wu? [ W]

~

Up Py Un

?)

:(T)(mhin + 2(W)ahm ot Whm ao — Ujga Wz(l N W)l/t — Ujga = W(l N W)Lt
A u
- 5 hnn ol

ld’[(—) hnn o~ . A A5
W2(1 + Wy W2(1 + Wy

Up N U, A

= ttia( ) hii + Y o " Vti10] 3.3.68
"’(W(l ¥ W)uf)a ! ; "’(W(l ¥ W)uf) e (5:368)
227 11 ulza in 4 2ujq 27:_11 ulailnl |- 3]
W+ Wy W+ Wy W

and

Aijea =hijae — U maw(fz_—% + 2“1’(1/(#;;/)%2)“
unh; uyh;
W . gV) 2 ¥ 2”j(’(W(l R lvni/)uf ).
Ui Y15 wohjy e St wiahi Uio U jo U2 P
Wl + Wyu? WA+ Wy W2+ Wkt
A Unhjn i

=hij,aa' - [ Ujoa ==

+ Uj =~ . A _ 5
WA+ W2 WA+ W2
A Uy
() Whjy+ —————
e (W2(1 + Wyu? 7), Whin W2(1 + W)uf(

Up - Up
- 2”' [ . A A in + oA A 5
’“ (W2(1 + Wy )a W21+ W2t e

Uil johjj U jo Ui i Uiq U johpp

[ Ujaa

=
=

jn)a]

(Wiz- ) ] (3.3.69)

1
- - = = - - el I
WA+ W2 W+ W2 WA+ Wy? 114

Then

N z : i
Ann,aaf -2 = m (o1

ieG ’ i ]EG

2 Ajjaa = 1o + Hy + 11, + 1V, (3.3.70)
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where
1 1\ 4 1 .
la =(35) on + 255) Jina + 5 hana
1~ hig 1 1
- ZW - fz_ﬁ[(W)‘mhm + Z(W)ahin,a + Thin,a/a]
1 B Rjn
+ — > #A_nhij,(m
w i, jeG hii hj;
1 ~ il ~ il /:\l ~
’“A_z[hnn ax 2 #hm,a’a + Z # Ajn hij,a/a]
14 i€G hii i,jeG h’i hjj
1\2. 1 A /:\lin ~
+ 2( )a nn T 2( WZ) [hnn,a - £ }Al_iihin ar]
1 ~ il ~ il h ~
~ Az[hnn(m_zz A_mhma/a"' A_mA_nhlja/a]
icc hii i,jeG hii hijj
1,1 . P PO IR -
+2) —[(=) kil +4 ) —[(=) hill=China = Y = hija)l. (3.3.71)
;ii W’a ;hii Wia w jeZGhjj
and
u u il ~ ~ ~
no- M_le@[_u. b whi
¢ W2+ W2 WS by W2+ Wk W+ W
1 fzﬂili —u- unflj,, o Unhin
WZ i.jeG I:Lii ],’\ij e W(l + W)l/ttz o W(l + W)l/ttz

~ 0. (3.3.72)
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For the term 111,
ilnl uy ilnl
11, = -4 [ iy (hary
a ; “wa +W>u s W wa +W>u%( )
1 Rin ) " )
W B l=—=———) hin + =————hnnal
W; hii { e (W2(1+W)u ) W2+ W2 "
Uy N ", A
la(W(l +W)ut2)a ii ; ZQ(W(I +W)ut2) ll,a'}
1 il AJ Vi un A_A
+= A—A - [— Whiy + ——"  (Wh) ]
we jZ hii hjj { e (W2(1 + W ), Whin w2 +W)u,2( ).
un Vi un A_A
2Uig[| ————————) Whiy, + ————(Wh,;,,) |
" (W2(1 + VV)M[2 )a W2(1 + W)MZZ( m)a }
hnl
~ -4 L LA
; “ w(l +W)u ( )a,
2 )= 2 s )
A h ol g ~ nn,a -
Wi hii W2(1 + W)u? o Wa W)ut
1 he ks )
+A_2 A_mA_Jn {—211 [%(Whm) 1- ]a[ _ = u,
W2 56 i hij W2(1+ Wi @ W2(1 + W2
it follows that
UnU]y 1 ~ 1 A
1Il, = -4 L UL Y &
N o (AR
]:Lin UpUiq ~ Uyl A
+4 ~ ﬁh + f}’[
;Gl hii [W3(1 + W)l/ltZ nn,q g(;: W2(1 + W)utz ll,a/]
]:Lin iljn { UpUjq A .
-4 — ﬁ[Wahm + Whjn,a]
e hii by \ WAL+ W

4

leG

Unlliohi;

n

in_
af

WA + Wyu?

w2(1 + W)u

S

25
2

t jeG JJ

:
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(3.3.73)

1 1 Bjn o UnlUiohi;
+4 m a = ~ hij,a [_f
Ui iljnA Un uiailin
+4—|h — —h; —
W( e ]EZG hj; ’""’)[W2(1 + Wy GZG hi
1 1 ~ 7 il“ u
4 T(T)ahin __ MnulaAll . - unh - Z ]a' jn
Ld h\W W+ W2 W2(1 + W)ut 4 iy
I iljn ~ Mnuialtlii uph ujaf
+4 = = hin,a - A_hij,af = =
; h; ( ,EZG hj; ) W+ Wu? W21+ W)utz ,EZG hj;

t
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For the term 1V,

42;:11 ulzaﬁnn N 2 27;11 ulzailll | 1 )
W21+ Wy? W (1 + W) 2 W
1 hm 22[ 1 ula in 4 2uiq Z;:ll Mlailnl 2

1V, =

2 o Sttty 2y,
Wy WA+ W2 W+ W W

4 }2 Z @@[_2 ul(lujahjj ) Aujduiaflii . ) Auiaujaflnn 5 1 - é)]

w G hii hjj w( + W)u, WA + Wug W( + W)ug 14
5 7 A
2IEZG ula,hll 1 1 il 2uiq Z:Gulahnl )
~ - -2 Y (- )
W( + W)u; 74 Wz hi W+ W, w

U B wattgehy it I
N iy g Tl g Tl - o),
W2 Sy WA W WA W W

then we have

2y ulah” D “laf nl

leG 1 hmuza/ leG 1
WV, = ———(1-=)-4 [ (1= =)
¢ WA+ w2 W EZG hy W21+ W2 W

ilm iljn uiaujal}:lnn
+2 P R i1 § Bl |
Z hig hjj W3+ Wu? w

i,jeG
2 ”l hll 2 ~ 2 ulailnl 2
_ IeG u, )—4 Z hinuia[ IeG ( u,
W+ W2 W + W2 S hy WA+ W2 WA+ W
42 ]:lﬂ @[ uiaujajlnn I/t% N
ijeG il,'l' iljj W3(1 + W)I/ttz W(l + W)I/tz
1 Ui hii u,h ”Ja jn
= 22 — *— - Z (3.3.74)
< h W(l + W)ut w (1+ W)ut G hj;

By (3.3.66), (3.3.70) and (3.3.71)-(3.3.74), we can get (3.3.63). So the lemma holds. m|

3.3.3 Step 3: proof of Theorem [1.0.5

Theorem 3.3.7. Under the assumptions of Theorem[L.0.21 and the above notations, we have
Ap— ¢, <C(p+1|V9)), (x,1) €O X(ty—9,1]. (3.3.75)

So by the strong maximum principle and the method of continuity, Theorem[[.0.3 holds.

Proof. In fact, if tp = T and (x,1) € O X {fp}, we only have (2.1.26) instead of (2.1.25) from
Lemma [2.1.9] ( see Remark 2.1.101). So in order to use (2.1.23)), we just prove (3.3.73)) holds for
any (x,1) € O X (tp — 6, tp], with a constant C independent of dist(O X (tg — 6, 9], I(Q2 X (0, T'])) and
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then by approximation, (3.3.73) holds for ¢ = #y. Then by the strong maximum principle and the
method of continuity, we can prove Theorem [1.0.5|under CASE 2.
From Lemma[3.3.3]and Lemma[3.3.6] we have

Ap — ¢y

~0(G) (1 + Z &zzn] luay| Z
pre a2 |Duu,3 !
|oa,| 1 ~ ~ il A A }Al h in/ oo~ ~
+ O-I(G)( - |DM|M¢3 )ﬁ (Ahnn - hnnt) -2 ; ]:L—ZI(Ahm - hin,t) + i;:G ]:L—l: ]:L_H(Ahlj - hij,t)
N 2
|I/tt| 1 hjn -
- 20(G)( - Dl Z » Z - J;} » hijal - (3.3.76)

First, we have for i € B, u;, = u;; = u;; = 0,
Ahj; =u; 2 Auii + 4utgigltiiq + 2u o Uit
= 2uui Ay — Hutjg UsqUir + Ui UiUirg ]
=u; Au,,
=1’u; = 0, (3.3.77)
then we get

Z Ahy; = 0. (3.3.78)

i€B
By (3.3.3), we get
ilnn,t =2U Uyl + utzunm‘ + 2up Uity + M%Mm
— 2utuﬁt — QU Us Uy — 2U UsUysy

_.2 2 2
Uy Uppy + WUy + 2UgUg U — 20Uy — 22Uy Up Uy,

and

Ay =12 Ny, + Sttgttgrltnng + 2[u: Aty + 1> Yty
+ 12 Aty + Syt + 2 Ay + 12ty
— 2Au uuyy — 2u, Aty — 2, U Aty
— utpqUsoUns + UnqUsllnig + UpUioUnrq ]
=u; Aunn +u Aun + 2ulty Aty — 2uu: Aty — 2uu,,Alty,
+ AUl thpng + YnUansia + 2ty Aty — 2upn 1t Aty — HUpo Uilnig + UnllioUnia ]

2 2
+ 2uatunn + 2I/t(m Uy — AUpo Uz Uns,
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SO

Ailrm - ilnn,t =ut2 [Aun — tppe] + uﬁ [Auy — ] + 2up0n [Auy — uy]

= 2upus[Atty =ty ] — 200ty [Arty, — 1ay¢]
+ AUl Utyng + AUnUanUpe + 2uy Uy Ay, — 2u, U Al
— HupoUstinse + UnltioUne ]
+ 2u§,u,m + 2ufmu,, — Aty Uy Uy

=l gUpna + AtpUanUsq + 2Up Uty — 2Up Uyt — gty + Uplie JUnig
+ 2u§,u,m + 2ufmu,, — Aty Uy Uy

=g Upna + AtpUanUia — Htna U + Unlirg JUnie
+ 2u(2nu,m + 2u(2mu,, — Aty Uy Uy

=g Upna + AtpUanUia — Hitpa U + Unlirg JUnie (3.3.79)

2 2
+ 2umu,m + 2u(mu,t - 414"(,14,(,1/!,,,.

By (3.3.5), we get for i € G,

7 _ 2
Ring =2UiU Wi + Uy Uing + UpUiglhyy
— UntUrUjs — UpUsUis — UpUrUjse — UjUrUne

2
=2U Ut Wi + Uy Uing — UnUsllis — 20Uy Ujg,

and

A}Azm =ut2Aum + At ting + 2[uAu; + uczn]um
+ 2ujo [Unltszg + Unqls] + UnttyAu;
= 2ujo [UsUna + UrgUn] — Ustty A
— Aupusitye — up Aty — wptty Aty — 2[UngUsq Ui + UnagUsllisg + UnlUsoUita ]
:utzAum + 2uuiy Ay — g Ay — wett Ay — ugui Auy,
+ AusUoring + 2unUiq U + UnU Alt; — 20U Uiq Unrq — UnUis Aty
— 2[UnaUslhitg + UnUsoUirg]

2
+ 2UUin + 2UiqUna Uy — 2UWiqUsqUnt — 2UngUs Uit
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so we have

N

A]:lin - hin,t =2usttin [Auy — g ] — tpue[ Aty — ujg]
+ AUl Uing + 2unllioUse + UnUe[Au;] = 2usttio Unig
= UnUit[Aus] = 2[ttno Uslisg + UnUsaUita ]
+ 203 i + 2iqUng Uy — 2UiqUiglns — 2UpaUraUis
=4UslgrUing + 2UnUioUste + UnUsllic — 2UUioUnto
= UnUisltyy — 2[UnaUrUisg + UnUsaUita ]
+ 203 Ui + 2iqUng Uy — 2UiqUiglng — 2UaUraUis
=AUl i ing + 2UnUioUng — 2UlliqUnia — 2[Unalls + Unllso | Uirg
+ 203 Ui + 2iqUng Uy — 2UiqUiglng — 2UpaUraUis
=AUl i Uing + 2UnUioUng — 2UliqUnia — 2[Unalls + Unllso | Uirg
+ 200 Ui + 2iqUng Uy — 2UiqUiglns — 2UaUraUis.
By (3.3.3), we get for i, j € G,
ilij,t =2uUg Ui + Mtzuijt = 2uuisu g,
Ailij =u,2Au,-j + 4utumuija + 2[utAut + u?”]u,'j
+ 2uiq U jotty — Aujutgitj; — 2[UiqUso U jr + Wiq Uslh jro ]
= Aujugityy — 2[ujoUsq Ui + UjoUslhise ]
=u,2Au,-j + 2utu,-jAut — ututhui — utui,Auj
+ 4”t”muija - Zuiautujtaf - 2ujautuita
+ ZM(ZHMU + 2umujau,t — 2umumuj, - 2uj(,umui,,
SO
Ahyj = hijp =200 [ Ay — 1y]
+ 4”t”muija - Zuiautujtaf - 2ujautuim'
+ 21/!(2,[1/!,']' + 2umujau,t — 214[(,[1/!,'(,1/!]'[ + ujaui,]
=4”t”muija - Zuiautujtaf - 2ujautuita
+ 21/!(2,[1/!,']' + 2umujau,t - 214[(,[1/!,'(,1/!]'[ + ujaui,]
=4”t”muija - Zuiautujtaf - 2ujautuita
+ 21/!(21[1/!,']' + 2umujau,t - 214[(,[1/!,'(,1/!]'[ + ujaui,].
Then we get from - (33:31)

(AI,’\Lnn - ]:lnn,t) -2 ZG: %(Ai[,n - ilin,,) + ZlG ]/],;—ll:l ij (AI,’\LI'J' - ilij,t) =: 2[1 + II],
1€ 1,]€

69

(3.3.80)

(3.3.81)

(3.3.82)
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70
where
(2utuatunna + 2upUontsta — 2[UnoU; + unuta]unta)
23 in
- il UrllqiUing + UnUioUne — UilligUnia — [Una Uty + Uplq | Uirg
ieG 't
Rin Njn
+ ) 70 (Quttatjo = wattttin = wiathtia) (3.3.83)
i,jeG i 1jj
and

2 2
11 =(umu,m + ug, Uy — 2umumum)

ilm
Z A_ mum + UigUnaUsr — UigUtaUnt — unautauit)
icG hi
]:lm iljn
2
Y T (i + iatjalty = Uga [tialtje + Wjatti]). (3.3.84)
i,jeG hii hjj
In the following, we will deal with I and 1. For I, we have
hin u Rin u;
Upy in Unt in Win
=21+ 3 2t = A2 4 w2 =2 3 2
G hii W Un i€G hii tn
Upi ]:lm Ui Upnt hm Uin
+ D 2 = 22wttt = A 4 Sy S
ieG i n Un U ieG h” Un
Uin Uiz ilin Upn Upt hm Uuj; ]:lin hjn Ujn
D B e R D
e Un Uz h;  Un Uy h,‘,‘ Up hi; G hjj Up
hm u]t ]:lin iljﬂ Unt ]:l ]” Ujt ]:Ll'n ilj” Uii
+ Z utuun[ —4— — =1+ Z I'tnuz‘uljt[2 +—=)=2———]
i.jeG hl ut hi; hjj Uy ijeG hii Un Uz hi; hjj Up
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it follows that

~

hi, u Pin u;
m‘ lt mn nt mn mn
I =221+ > 1 (2 =428 2222 -2 ]
Uz ieG h” Uz Un ieG Ltn
Unn Unt Rip Win
+ D u um[z Tttt =2+ ) +2 ) 2]
i€G n ieG i
Uit hin Unn ~ Ups hip hjn Ujn
+ )ttt =4t D 4 S 22 )
i€G U hii Un i jeG hj. Un
B U h h; u hi u h: fl
2 in Yt in "tjn Unt in Yjt in
+ Z utuijn[_é",\__ +2——1+ Z unutuut[ —— +2— 2
i,jeG hi; U i hjj U ijeG hii Uy hi; upit;
h h n Ukt
+2 Z utuijkg%—
i,jkeG hii hjj e
=:A + B,

where A is the terms of fti k> and B is the sum of the terms of 4;;. That is

A=Y a2+ ) (- thm[z@—zt@@]

ieG ieG keG

u hin u
nnn+2thnk_thkn)[2 = Zﬂf]

keG keG i€eG ”

4 2 hani = 2 = Y b2 14 QU = huga DI 2(ﬂ M)+2Z

ieG keG keG i€G

b B
+ ) (i thk,)[ Ll zﬂ(@ thty _p2n 57 Iy

icG keG Un i jeG hjj Un
hin jl‘ hip hjn Unt hm ujl‘ hip hjn
+ ) hugal At 4 25 D (i +hu)lagt 25
i,jeG i 1jj =t i,jeG ! i UnlUy
~ I:Lm iljn Ut
+2 Z hijk———,
i,jkeG hii hjj W
so we have

u o
A 2—"‘[%({?%/1/@— m,)+; ll(Z(%"hu, hin)]
jeG tjJ

/\ N

-2

71

hin hjn

unuf h

]

Ji

(3.3.85)

@@]

i Un

i

2
untt; hjj

(2@ -2 Z hm um)[Z( ing — m Z hkkl) + (hnnn - Z hilﬂhm,n)]

icc h hii <o ieG i
iz- hin B
m jn in "jn
+ = i + 22 S -2 2,
G h,l Upll; unlt; hjj
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With some computations, we obtain

~ N

A h; u hin u; U
A= 2[2 i (hmn - ZG ]f:l_ﬂlhij,n)](ﬂ - A_mﬂ - _nt)
Jje

lEG Ji Un i€G hij Un Ut
~ il’l Unn ]:lin Uin  Upt
+2[Z(hm,i SO G I o
icG hii (6 ieq i Un !
h;
jin
+Zz (~rinj + Fjn)
i,jeG hii u"ut
_ hin 2 hjn Unn Rin Win ~ Uny
- 2[ A_(hin,n - ~ l],n)](_ - A_u_ - M_)
g hii j€G hjj i hii Un !
hkn Unn hm Uin  Unt
+2[Z(hml - Z _hlkl)](_ - Z _u_ - _)
ieG keG Pk i€G n

h u g i~ 1
+2[Z(Z L = thk»]( D s
ii t

n

ieG keG hi; keG ieG
fz
jn
+2 Z inj + ).
i,jeG hii u"ut

At last we get

N ~ N

Rin » hjy u hip uip U
A=Y T ing = ) il = ) =

icG i = Ji i hii Un

+ 2[Z(hmz - Z ~ lkl)](M - l?l\ﬂui - M)

i€G keG Pk Un i€G hij Un Ut

j ~ ~ u
(ki = P )I(— —
Un

+2[Z%

hin Win Upnt

ikeG 'l iec hii Un Ut
hin T ;
+2Z e 2 ln]+h]nz)
G hii Wy
Since
ik = 1t + 2ttt — tggtstiy — 0
kik = U Ukik + 2UiUgcUg; — UgkUsUsi — Wik UrUzk,
A 2
P, = Uz Updi + 2UUgiUge — 22U Ul
we can get

N

hi, -
2 Z (g — haa) =2 Z _(3ututkukz — Sujpcslhs;)
1,keG ii i,keG

-6 Z hm Uyi _6 Z Pk hm Uri ‘

ieG keG lEG

(3.3.86)

(3.3.87)
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From Lemma[3.3.4] we have

Ujt ~ Upt » .
Uy Usljjy = hl,” + h”,, +32 hy, —3— z hi; + 2u,,u + ujunly, 1€ G,
t

Uz

A A Ujt ~ . . ..
UnUUijr = _hin,j + hij,n + 3u—hin + 2u,,u,-tujt, i€G,jeq,i#
t

then

~ ~ >
G hi Uiy 56 hi Wiy Uy t
~ ~ )
h XUy Ri i h,
=62 ) it 46y SEL N (3.3.88)
Uplly g W icq i W eg Unl;

So by (3.3.86) - (3.3.88)), we have

A~

N h u hin u; u
A=y ‘"<hm,,—zil’_" higa)} (= = ) 2= = )

icc i jEG Ji noicg hi Mmoo U
kn Upn hm Uin Unt
20 hing = ) =)l = ) )
i€G i<G Tk icG no W
Ui hm Ugi - Unn hin Uin Unt
+[6th 6thk2——](u DI
i€cG keG icG n o ieg hi Un 4
~ 29
im0 6 ULy i (3.3.89)
in~—__ ~ 2. oD
”‘"“t icG e hii Yt g untt;
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Now for B, we have

_2”’” 121ty + 2— D=2y = @h,m 2 i

keG keG keG
Uit Nin Upy
+ )2 = At + 220 3 g
icG hii Us W G
Unn hm Uin uzt Unt
+ 2[u_ — _u_][ u, Uy — 4 hiy 4— h,, -2 unu” + 2unum]
n icG hij Un i€G icG i€G
it & Unt »
+ 22 —[ W + 47N g+ 2- a i+ 27 iy = 2ttt + 2t + 2ttt
Uz Uz
i€G keG k#i

hi
HEAE 42 Y ﬂ@][unutun = D3 iy = 3+ Qi+ it
u

leG Ltn ieG t
Ujs hin u Uns h Pjn Uit ~ Uit
+ At 2 (2 —")—L—’"Z P RNBEE N e+ i + iy + it
i€G U hii Un i jeG Mjj Un Wi 1 eGrei U U
hm u P Pin 1 Ui A
jl‘ in jn nt lt Jt
+ Z - -~ p ][_ jn u_hm + 2unuitujt]
i,jeG l ii jj 4 g
R wiz h Ups Ups
+ - —Ast L 2 =27 ]
ieG l U h U
hipuje fz . hin By
+Q Loz P o TP R+ Qi)
hij unu? Zhy g
i,jeG hii i Unlly UnlUy njj t
hm Uijt Unt »
+ 42 __[ 3_hn + Uity
ieG ” U
n Ukt ~ hig hjn Ukt
£2 3 A’ o N It (3.3.90)
kG i hjj W e i hyj W
and we let

h
2@31 JREESY ﬂ”ﬂ]Bz + By + By + Bs,

u e u
Uy n icG n
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where

By =liuy + 2 3 =2 )" = i =2 > i)

= keG keG
ln
-2 [ut Uiy + 2— hkk]
icc 1 W G
uzt Upt »
= [wpueuy — 2(3 hin — 3 hu + 2unu + UjiUplty)]
ieG U
Uit Uijt ~ Unt »
+ Z _[3_ Z hkk + _hn + u_hm + Uiy Uy ]
icc i W G !
h in iljn Uit »~ Upt »
+ Z . » hjn hm + 2unuttujt] + Z [ Zu_hu]
i.jeG hii ji i€G 4
Unt 2 Ukt
:—ut [Z Ui + Uy | +2— thk —Zthn 2Z”n”kt
icG keG keG keG
hm Ui Tin u; u;
2 in Uit it
—22 [Zukk+unn]—4z thk+42hm
zeG zeG i Ut 4G icG
Uit Unt 2
— Uy Ui + Upy] +3 hm_ - 3_ hn + 2uy, Uy + Uply Uii
i€G ieG i€G ieG
72
i i Wi Uy h, i u;
+3Z i ’thk—22hm ) iy )
icG hij U keG icG icG hi; icq i Ut
A hm Ujs R u; u
2 in “it 12 nt ¢
+ 2hyy —— + 2unut [Z —— 1" —2—hy,,
ieq Mii Ut ieG Mii Ui U

icG

75

(3.3.91)
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so we get

B, ~u—ut i +3 ) i = ta 22

keG

Unn
M2utt

n

+M

+ 2

~

ieG

Unt 2
:u_[—”n“tt + 2uuiltn] — 2
t

+35h i = e _

keG

2 Un
+ unu[t [_ —
Up

Upy
+ Qupul [ —
Uz

Now for the B»,

By =[~1uy —42 S

hm Ujp

n+z
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hm Uit

——l/lt kk

=3 Z hm Uiy

zeG zeG it keG

hm um
nUit

ieG

h;
+ 2y [Z in uzt

leG

i Ut

- hnn
Uz

hm Uiz
_h u—[ Wity + 2 U1ty ]
ieG g

Z hm Ujp Z “

ieG ” tkeG
hin Uin

——1

i W

@@]2

+ 2unu?[z P
124

ieG
hm Ui

_)] U, Uzt
i Un

icG

+3 Z i Mi _ 5 >

ieG keG

hm Uit o

Tl

hm utl

2.5

leG leG

u
—u Z hig =2 il + 28

ieG icG ieG
uzt Upt »
= [wpuguy — 2(3 hin —3—hj; + 2unu1t + Ujilinlty)]
Uz Uz
icG
Uit Mlt Unt »
+ Z _[3_ Z hkk + hii + hm + Uinlpliy]
leG U keG k+i
Upt ul[ unt 2 2
- —u, [Z Ujj + Uy — 4 Z hm Z hi; — 2u, Z u, + 2u,uy,

ieG

- unutt[z Ui + ] +3 Z hm

icG

+3Z hmuttz

ieG s keG

ieG ieG ieG
Uiz Unt 2
— = 3— Z hi + 2u, Z Uy, + Uplly Z Uji
ieG ieG ieG ieG
72
Uijt unt h hm Uin
k=2 ) it Z—wun P
ieG ieG ieG 4

(3.3.92)

(3.3.93)
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so we get

Unt - >
By ~ - —[I/t[ Unn — nn] -3 Z hm + 2unum

Uz ieG
Unn Rin Win hm Uip
—u Mn[u——ZA—u—]'*‘ Z thk
n i€G hi; U zeG ! keG
u Upt il u; Uyi I:l Uyi
Y e Wy P Z B +3 Db (3.3.94)
Un W i hij Un i€G keG icq i Ut
Now for the B3, we have
Bj _22 —[ut i + 2u— >l
icG ! keGk#i
it » Unt »
+2 Z —[ g + 453 g+ 2= a i+ 27 i = 2ttt + 2ttt + 2t
icG W Ghzi U
Uit ., Uit uzt Upt »
-4 Z [3_ Z hkk + hii + hm + Uinlty Uy ]
ieG U keG k+i
hm Ujr Uit » hm Uit Unt 4
-4 __[_h]n hm + 2unuztu]t] 4 Z —[-2—h;;]
B ou uo o u
i,jeG " ! ! i€eG ! 4
hm Uj hm Uit Unt 2
+4 > _7[3 o+ 2ttt ] + 4y T I3+ ]
i,jeG h 4 icG ! !
4 Uit o 3 4 27, 2 P 4 Ujs 2,
~ ( ) kk — ( ) i t 8 ( ) kk — ( ) ii
ieG keG ieG ieG keG ieG
Unt Uijt 2 Uijt hm Uijt
4y - o - 41 Z( 7+ dutt P i
! G i€G ieG 1 Unlly !
it\2 2 27
+4unu,um2<—) -2y RIS 8 ) (5 )i
ieG ieG keG ieG
Upy Uit it - Nin Uit Uijr h]n Ujt uzt
th —4u uttz_[ _] _4th p nn
icG e W Uty icc M s h t icG ’
Tin u; Ujs u U; u;
_ 8Mn Z in Uit Z( j Unt Z hm it " 12hnn Z( lt
ieG h” U jeG icG icG

N

h;
+ 8I/tn1/t? Z Am Uit Z( um‘ Z hm Uijt +4 Z B I/I:zt Il': nUtt , (3.3.95)
t Upld

ieG i U jeG ieG icG
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so we have

u; u; u
B = = 4ty D (=) + Sugugityy ) () = duluy Z(—”
ieG U ieG U
Ui ]n ]t ~ Uijr o
-4 + 8h —
thz LD Yo
i€G JjeG i€G
. B u
—ah, “tt )2 4 Z hm Ui ﬂ _/’ (3.3.96)
ieG ieG JGG i

)2

ieG

For the term By,

B4—Z[2 2i" by

jt
= ][3 hin + Zunuztuﬂ]
i,jeG hii u" h U

thﬂ _62 hm Uri Z

> (3.3.97)
”"“t icG G hii W g unlt;

2

and

B B u w By hiu

2 in jn kt in "t jn Ukt

Bs =2 § = ==~ = 2 § g = —
i,jkeG i hjj U

~

2

_[_ n]
= -
ikeGiek i W i,jeGizj i hJJ Ur Uy

2 @@@@A

— = jil
ijeGi#j ii njj e W

Ugs ukt h h]n Ujs I/i]t ~
=2 i—[ 2—hii] +2 ———][ hii
lk;#k U 1];;&] h]] U

hi hnut Uit
2 Y LIy
hii Uy U 7
i,jeG.izj i 1jj

~ 4hnn Z( ]t 244 Z hin— i Z hjn uﬁ

— . (3.3.98)
jeG icG U jEG ut

So by (3.3.96)) and (3.3.98)), it is easy to see

B3 + Bs ~ 0. (3399)
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For the 71, we can get

at in_2 hin
[I/t[ Uy — 2 Z I/t[ Uip + Z il_ I/tt I/t,]] 2UpoUsgUn;
lEG i,jeG

~ ~ ~

+u l/ln[ an _ 2 i i Uan N i i i e

A~ ~

Pl hjj Un Uy h; hjj Up Up

uta/uia/ujt

1]

ieG
2 hin
atp 2 7
~ [u; Uppy — hyp — 2 § Mnutult] QU Uso Unt
u
t ieG

h; h;
+u un[(M - Z in Hin )2 Z(”‘" - ﬁ’” ity
11

Un leG

+2 Z [utaumunt + UpoUrqir] — 2 Z e
i,jeG

N

hin
+2 Z — [WiiUsiUns + Ui Ui Uns + UpnU Uir + Z un]ut]ult]

ieG ' jeG
}Alin ]:Ljn
-2 T it + i) (3.3.100)
i,jeG i 1jj
then we have
]:L 2
11 ~—[ u? U+ 2Up Uty — 2 Z L] + Z —[ u? U+ 2upUlty — 2 Z unutu,t]
ieG h” jEG IEG
Unn hm Uin o Mlt
= 2Upp Uty — 2 Z UpjUsjlns + U utt[(_ - Z __) Z(
jeG Un zeG
Unt un m‘ hin 2 Unt hm uzt 2
+2_ th Z 2I/t_ Z Unn +2Z [Z un]ut]uzt]
i€G t i€G hil ' ieG hii U icc hii j€G
Upy hin Rjn wje 5 T
2 D T =2 ) B
! i,jeG hil h.j ! i,jeG hjj v
u? h;
Bt 2 2 n 2 2
— = U} U — Uty + 2ty gl — = UnUsllr] + [ Up Usllns — unutun]
”t icc M jeG U iec h
Unn hin Uin unt Usi
gl = ) T4 22 ) i = u]
Un ieG i ieG
5 N
u hyy o« u Tin u; Tin u;
nt in nt in Yit 2 in Yit Usj
+ 2_2 Z —[hin + upuguie] + ZM_ e Unpp + 22 Z[hjn + un”t“]t] ”
Uy e Mii t ieq hii ieg i W i
Unt hin Njn ”jt & P uip wje
- 2— Z — = [hm + Uyt ] — Z Nin= P
Ut i,jeG h” h i,jeG hjj v
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SO
2 ~
u u hin u;
ntr 2 2 nn in Yin\2
I ~ =2 Tty = 2uaytyttn] + 1 [(—2 = " 2=
u, Up G hy; Un
Unt hm Uit Unt hin hjn Uy
2I/t_ - u [I/tt Uppn — nn] - 2M_ — u UpUsUip
! ieG hii U i jeG hii hjj e
Unt uir hin Unn hm Uin »
[—‘ w2 u gt G T Ly )
! e T i n G n
Unt ujr hip
e Yt (3.3.101)
Uz Pere Ur hj;

Then we get from (3.3.89) - (3.3.94)), (3.3.97) and (3.3.101)

hi
A+2@Bl+2[”i"— ﬂ@]Bz+B4+U
Uz Uy Pl i Un
in 4 iljn Unn ilin Uin  Unt
—2[2 g = Y i) (=
i€G ” JjeG hj] Un i€G hii Un U

hin Win Ut

h U
20 hing = ) =l = ) Fr =
n i Yn t

i€G keG Pk i€G
Upt h Uit
+ 2ttty [ — = Y 2L 4 i, C, (3.3.102)
e hii
where
C :2@[22 @]zﬂ _ U _ (M _ Z ]zﬂu’")]
U =g W hy U n g hi Un
ot _ Y iyl _ o P i
Up Pere hi Un  Up Uz Pere hy; Un
5 N o
[u"f o tnt @@ Unn @u’" 2]
> = =
u; U =g W hj; Up PTG hy; Un
) A A
M Mo N i Win g U Y Ui i
> = =
u, Uy G hj; Un Uy e Ur hy;
= _ (M Unt _ @”ﬂy Unt ”"” Z h__ o Unt ﬂ?ﬂ, (3.3.103)
i Un G Un “t pere. Ur nj;
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and

u Rin u; uj h;
2unutum[u—m -3 ﬂ—”] —2unutum[u— - Z ﬂ(ﬂ _ lin 2

2
t e i M t e M Uno ung
Unt Nun R uip 2
=2up gl [— + - ) ——1
u 2 B U
t Uny ieg i Yn
2 ~
Unn Upr  UyUpy hin Uin o
=2upugtty [ - =+ = -y )
Up Uz UpUl; pevel hi; Un
Upp Uy hm um
=2ttty [~~~ Z (3.3.104)
n 4 leG 4
2
Unn Unt hm Uin u? nUtt Uy Ut >
+Auptgtyy[— - — = ) —— + 2uputgitn [ —=1°.
Uy U =5 hij Un u,,ut Unl;
So
Unt hin ui 2 2
2unutum[u— — Z i/\l_u_] + unu”C
4 ieG i 1
~ ~ 2
Unn Upnt hin Uin 2 Upn  Upt Rin Wip U, U
S L LTS CR AN L TR L
Uy W o hi; Un Un W hii Un  upu;
’ ~
Uyl o Upn  Unt hin Uin .o
+ 2ttty [ 17 = (— = — = = = upy
unut Up u = h; Un
Unt Unn hm Uin Unt Uit hm 2
2 Gl T LT M+ 25 25
t n ieG n Uy ieG 1 M
Unn Upnt hm Uin .o
== - = - 1P Quuttyty — tty)
U Ui ieg Nii Un
i’\l‘ i j i’\l, le/l le/l
+ 2u [u" _2@_ ﬂ@_,_ Uit in - Uit UUet
Ty u hiou U fy  upu? ugu?
n o eg i M eg T M nty Hn¥y
Unp Upnt hm 27779
== - = - — 1P Qut gty — ttyy)
U U GG Nii Un
Unn Unt hin Win
= [ Znt N Fin Zinga Z + Zh,, : (3.3.105)
Un U ieG h Un lEG icG
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Then we have

-
A+ 22 By 422 = N SRRy 4 Byt I
U Un GG Mii Un
Y iy = Y Ry = Y S 2
icc M jec hii Un 5 hig Un U
R B o B
F 20 (hing = Y ) =y Sl 2
icG ke Tk Un g hii Uno
Un Uy el hy; Un
Unn Unt ilin Uin » ]:Lz ~
_ Y e Z Zin Hin | (Z —n Z i) (3.3.106)
Un Ur g hi Uno i hi i
So
1 R h - i .
5 (Ahnn hnn t) 2 Am (Ahin hin,t) + Z A_m A_n(Ath hl] t)]
ieG i i,jeG hii hj;
. 2
1 . iy
- Z il_ Z lhin,a - Z ]:L]” hij,a}
ieG "M q=1 jeG i
~ 2 N 2
1 ~ h]n ~ 1 N h]n N
=[I+II]_ZA_ hin,n_ZA_hij,n _ZTZ hin,a_ZA_hij,a’
i€G hi; jeG hjj i€G hi; aeG jeG hjj

.
—[A + 22 g, 4ot -y ZinYinsp + By + 1] + B3 + Bs
Uy Uy Pl hi; Un

~ 2 ~ 2
3= 3 | - 3 - 3 2
- ~ in,n ~ ijn| — ~ ing — ~ Iji
icc N jeG hjj ieG i jeG hjj
~ 2
1 ~ h in »
- il_ hm a il hl} @
ieG "M aeG i jeG "tjj
N R 2
L | hjn ~ ~  Upp  Upt hin Uin
~ = = hinn_ Py hl]n_hin[u__u__ A_u_]
i hii ] JjeG hjj n t feg hi Un
R R 2
L |4 hjn » & Upp  Upt hin Uin
- il_ hin,i_ i[ hljl_hii[u _l/l__ il_l/l_]
ieG "M | jeG i n t jeg Mhi Tn
~ 2 ~
1 7 hjn A Uppn  Unt hin Uin » 3
- = ina — ~Nijo| T [u_ T A—u—] U
ic hii a€G,a+i jeG hjj n g i Tn

>0.

So (3.3.75)) holds, and the proof of the theorem is complete. O



Chapter 4

The Strict Convexity of Space-time
Level Sets

In this chapter, we study the solution of Borell [7] and prove Theorem in Section 4.1, by
utilizing the constant rank theorem of spatial level sets and space-time level sets, i.e. Theorem
[B.1.1land Theorem [1.0.3l Similarly, we can prove Theorem[1.0.3]in Section 4.2.

4.1 The strict convexity of space-time level sets of Borell’s solution

In [[7], Borell studied problem (L.0.4)-(1.0.5) and proved that the space-time level sets ox; , of the
solution u to (1.0.4)-({1.0.3) are convex for ¢ € (0, 1) (that is Theorem [1.0.2)). Here we want to
refine the result of Borell by proving Theorem that is the strict convexity of space-time level
sets of Borell’s solution.

Step 1: First we notice that, thanks to [7]], we know the space-time level sets of u are all convex.
Then we can use Theorem [3.1.1] to get that the second fundamental form of spatial level sets
X" = {x € Q : u(x,1) = ¢} has the constant rank property in Q for all ¢ € (0, 1), i.e. if the rank
of Hyser attains its minimum [y (0 </ < n — 1) at some point (xp, o) € Q X (0, T), then the rank
of I Iazit is constant on Q X (0, zy]. On the other hand Hopf lemma implies (I.0.7)), which in turn
implies that the spatial level set X5 is a closed convex (n — 1)-dimensional hypersurface whose
second fundamental form has positive Gauss curvature (then full rank) at least at one point for any
c € (0, 1) and any fixed € (0, +c0). Then we finally get that 9" has full rank n— 1 in Qx (0, +c0).
That is, u is spatial strictly quasiconcave.

Step 2: Since the space-time level sets %, = {(x,1) € QX [0, +00)u(x,1) > ¢} for 0 < ¢ < 1 are
convex, we can use Theorem[1.0.3to get the second fundamental form of the space-time level sets
of u has the constant rank property, i.e. if the rank of / Iaz;’_’r attains its minimum rank /o (0 < [ < n)
at some point (xg, 7o) € QX (0, +00), then the rank of Uaz;t is constant on Q X (0, fg]. From Step 1,
we know the rank of II@;;J is at least n — 1. Hence from Theorem there exist T € [0, +o0],

83



84 Chuangiang Chen, Xi-Nan Ma, Paolo Salani

such that

Rank(l]az;’t (x,t))=n-1, forany (x,1) € Qx(0,To];
Rank(//szc (x,1)) =n, forany (x,1) € QX (Tp, +).

In the following, we prove Ty < +o0. Otherwise, Ty = +co, and Rank([lazit (x,1) =n—1 for
any (x,1) € Q X (0, +00). Then we know its null space is parallel in (x,7) € Q X (0, +00). As in
Gabriel [22] and Lewis [35]], suppose further that at a certain point Py(xg, fy) € Q X (0, +00), there
is a tangential direction vy of the level surface of u through P, for which the normal curvature of
the level surface is zero at Py; then the level surfaces of u in R” X R* are all cones with a common
vertex lying on the special tangent vq at Py.

Case I. The tangential direction vy is not parallel to the time direction #: since the domain Q is
bounded, the splitting line through Py with direction vy should meet the boundary of the domain,
contradicting 0 < u(Py) < 1 and the regularity of # (which is continuous up to the boundary).

Case II. The tangential direction v is parallel to the time direction #: we know u, > 0 and this
case is also impossible.

Then the second fundamental form of every space-time level sets of u has full rank n, that is

0%, has everywhere positive Gauss curvature for every ¢ € (0, 1).

4.2 Proof of Theorem [1.0.3

In this section we prove Theorem [[.0.3] by utilizing the constant rank theorem of spatial level sets
and space-time level sets, i.e. Theorem [3.1.1]and Theorem [L.0.5]

Let u be a space-time quasiconcave solution of problem (I.0.T)). Then the space-time level sets
of u are all convex. Hence we can use Theorem [3.1.TIto get the constant ran theorem of the second
fundamental form of spatial level sets 95" = {x € Q : u(x, 1) = ¢}. Similarly to the above section,
we know that the spatial level set X5 is a closed convex (n — 1)-dimensional hypersurface whose
second fundamental form has positive Gauss curvature (then full rank) at least at one point for any
c € (0, 1) and any fixed € (0, +c0). Then we finally get that 0X$" has full rank n— 1 in Qx (0, +00).
That is, u is spatial strictly quasiconcave.

Then we use Theorem to get the constant rank theorem of the second fundamental form

of the space-time level sets of u. So there exist T € [0, +o0], such that

Rank(l]az;’t (x,t))y=n-1, forany (x,7) € Qx(0,Tp];
Rank(//szc (x,1)) =n, forany (x,1) € QX (Tp, +).

Similarly to the discussions of the above section, we can prove Ty < +oco, and then the proof of

Theorem [1.0.3]is complete.



Chapter 5

Appendix: the proof in dimension n = 2

In this Appendix, we prove the Constant Rank Theorem [1.0.5]in the plane. Then a = ( i dn )

and let it attain the minimal rank / at some point (xg, fp) € Q X (0, T']. We assume [ < l,a (Z)ihefvzvése
there is nothing to prove.

In CASE 1, Theorem[1.0.3lholds directly from the constant rank property of the spatial second
fundamental form a = (aj1)1x;- It is easy (see Section 3.1).

In the following, we consider CASE 2 in dimension n = 2. Since [ < 1, we deal with / = 0 and

[ = 1, respectively.

5.1 minimal rank /=0

From CASE 2 of Lemma[2.1.8] if the minimal rank is [ = 0, we have at (xg, fp),
a1 =0, an =0, ap=0.

Then there are a neighborhood O of xy and § > 0 such that for any fixed point (x, #) € OX(ty—4, 1],

we can choose e1, ¢, such that
ui(x,t) =0, wux(x,t) =|Vu(x, 1| > 0. (5.1.1)

From Theorem [3.1.1] the constant rank theorem holds for the spatial second fundamental form
a = (ai1)ixi- So we can get aj; = 0 for any (x, 1) € O X (fy — 6, tp]. Furthermore, a;; = 0.
We set

¢ = an + anxn, (5.1.2)
Under the above assumptions, we get

uir =0, wup=u, wup=0, wuy,=0,

2 3
Uylly ~ 2Uputsly; — U;
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from the constant rank property of a = (a;;) and CASE 2 of Lemma 2.1.8] Furthermore, by the
constant rank property of a = (a;;) and Lemma[2.1.9] we can obtain
uiyy =0, upy =0, uip =0, Uy = Uy,
upy; =0, Uz = Uy, up ~ 0, uy ~ 0,
2 2 2
Uyl ~ 2Uplly, — Uy U;.
So we get
Ap — ¢,

~( |D|Z|[I/|tt ) : (Aﬁzz _il22,t)

2 2 2
|uts|
=(- - [4 Z UrltiqU2e + 4 Z UU2altia = 4y Z UgaUse — 4t Z UtaUar
IDulut w2t &

a=1 a=1

H@

2
+2 Z U U + 2 Z unuga = 2up Ausun; + 2uouyAus — 4 Z uzaumugt]

a=1 a=1

|uts|
= ( ~ Dulu? )ﬁ[4utu2tu222 + 4wty — Augunouny, — Aupuztiny
t

2 2
+ 2u5,up + 2uyltyy — 2upunty; + 2up Uty — 4u22u2tu2,]

gl | 1 , uy
~ - — —d—uy +2—
( IDuluﬁ)W2 uy ui]
|1t I 3. un  uy,
=(- — —_— - < 5.1.3
( |Du|u,3) l‘[ Uy ] ( )
that is
Ap— ¢ < C(p+ V], Y(x,1) € O0X(to—96,1]. (5.1.4)

Finally, by the strong maximum principle and the method of continuity, Theorem [1.0.5/holds.

5.2 minimalrank /=1

From CASE 2 of Lemmal[2.1.8] if the minimal rank is [ = 1, we have at (xg, ),

~2
a,
ay = —=,a;; = Cy > 0.

ary
Then tthere are a neighborhood O of x and ¢ > 0 such that
. Co :
ap > > >0 inOX(t—0,1]. (5.2.1)

For any point (x, 1) € O X (ty — 6, to], we can choose ey, e> such that

u(x,t) =0, wua(x,t) =|Vu(x, 1) > 0. (5.2.2)
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We set

¢ = 02(a) = ayax — ardy; . (5.2.3)

Under the above assumptions, we get from CASE 2 of Lemma[2.1.8]

N

hiy hiy .
— — 2 —
uiy = —5, U = U= —, Ui = hip +uwpuy,
u u
h2

u%u” ~ A12 + hyp — u? + 2upuslty;.

11

Direct computations yield

2 7 2 7 2
uyui = hyyt,  wjuonr = —hyy + upuyg,

2 A Ut ~ Ulr » 2
Usu112 = h11,2 - 2u—h11 + 2u—h12 + 2u2u1t,

t t

2 A 2 Uzt » Uis 2 2

Uyuxn = _hll,l + uyuy + 2u—h11 - 2u—h12 - 2u2u1[,
t t

2 2 Uzt » Ui 4 2
upuguty gy = hyyp — higg — 3u—h11 + 3u—h12 + 2upuy, + upu Uy,
1 1

2 2 Uy Ui 4 2
upttauony = hyoy — hiyp + uouoouy + 3u—h11 - 3u—h12 = 2upuy,,
1 1

A 2 Ui » Uzt »
U1y = —hi1,1 — hiop + u_h“ + u_h12 + Upu12Uy,
t t

and

2 N N A ultA ult"
Uy =hyp 1 —hi — 2hi + 2u—h11 + 2u—h12
t t

Uiy - 2
—2—u;up — uyuy + 2ugouny + 2upug Uy,
t
2 A A ~ u2t ~ ult ~ 2 2 2
Uy Ui :hzz,z - h11,2 + 2]’!12’1 + 4u—h11 - 4u—h12 — U Uy — 2142111[ + 2u2u21.
1 1
At last, we get
N '\2
|ut| 2 1 A N N h12 A A h12 ~ ~
A¢ — ¢ ~( - —3) — hn[(Ahzz - hzz,z) - 2A—(Ah12 - hlz,t) + T(Ahn - hu,z)]
|Dulu, w hi hll

N

o hio ~
—2[h12,0 — Alzhn,a]z]- (5.2.4)
11
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and
1. o hiog s s YN - hiz -
Ehn[(Ahzz - hzz,z) - 2A—(Ah12 - hlZ,t) + %(Ahn - hll,t)] — [z = ==h11o)
hi hi, 1
1/\ ~ A /,:112 ~ A i/\lf%z N A
==hy; 2 —hy )= 2=—=(Ah12 — hia) + ==(Ah11 = by
Sh [(Ahy = Fs) 2h (Ahp = hiog) + - (Ahyy = i)l
11 11
R hio R hio -
= [hi21 = Aihn,l]2 = [hi22 - Aihn,z]2
hiy hiy
~2(hyy, 2D Qﬂ
11 U hyp w2
h un _wy oz
iy ur hyy w2
h . h AN
2B #”i]z T e L TR 2T
us Uz hyp U2 us Uz hyp U2
A 12
(121 — ==hia 1 = [hiza — =h12]
1 hiy
h u u hir upp _~
~ = lhigy = by (=2 - 2 -2 P
hi us Uz hyp U2
R hio h .
—lhi2n — ==hi1n - (@ S o A—lzﬂ)hlz]2
hi1 u U 1“2
h R
+ [@ _ Y A_uﬂ]Zu?h
us Uz hy W2
<0. (5.2.5)
Hence we arrive to
Ap—¢; < C(p+1|Vel), Y(x,1) €O X (ty—9,1]. (5.2.6)

Finally, again by the strong maximum principle and the method of continuity, Theorem
holds.
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