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Families Of Elliptic Curves With The Same Mod
8 Representations
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Abstract

Let E : > = 2% + axz + b be an elliptic curve defined over Q. We
compute certain twists of the classical modular curve X (8). Searching for
rational points on these twists enables us to find non-trivial pairs of 8-
congruent elliptic curves over Q, i.e. pairs of non-isogenous elliptic curves
over Q whose 8-torsion subgroups are isomorphic as Galois modules. We
also show that there are infinitely many examples over Q.

1 Introduction And Notation

Let E, F be elliptic curves over Q. For each n > 1, we say F and I are n-
congruent with power r if E[n] 2 F[n] as Galois modules and the Weil pairing
is switched to the power of r € (Z/nZ)*. That is, if ¢ : E[n] — Fn] is a
Gg-equivariant isomorphism then e, (P, Q) = e, (¢P, ¢Q) for all P,Q € E[n].

For each elliptic curve E, the families of elliptic curves which are n-congruent
to E with power r are parameterised by a modular curve X},(n). That is, each
non-cuspidal point on X},(n) corresponds to an isomorphism class (F, ¢) where
F is an elliptic curve and ¢ : E[n] — F[n] is a Gg-isomorphism which switches
the Weil pairing to the power of . In fact we only need to focus on r € (Z/nZ)*
mod squares. The families of elliptic curves parameterised by X4 (n),n < 5
were computed by Rubin and Silverberg [RS] and the existence and theoretical
construction of Xf(n) can be found in [S].

When n < 5, X(n) have genus 0 and they have infinitely many rational
points. The families of elliptic curves parameterised by X5, (n) with » # 1 can
be found in [F1], [F2]. When n > 7, X},(n) have genus greater than 1 and so
there are only finitely many rational points on each of these.

One of the motivations to study the equations for n > 7 is to answer Mazur’s
question [M] which concerns whether there are any pairs of non-isogenous n-
congruent curves. Motivated by Mazur’s question, Kani and Schanz [KS] stud-
ied the geometry of the surface that parametrise pairs of n-congruent of elliptic
curves. This prompted them to conjecture that for any n < 12 there are in-
finitely many pairs of n-congruent non-isogenous elliptic curves over Q. It is
understood that we are looking for examples with distinct j-invariants, since
otherwise from any single example we could construct infinitely many by taking
quadratic twists.

The conjecture in the case n = 7 was proved by Halberstadt and Kraus
[HK] where they gave explicit formula for X£(7). The equation of X%(7) was
computed by Poonen, Schaefer and Stoll [PSS] where they study the equation
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of X% (7) to solve the Diophantine equation 2% + y3 = 27. The conjecture in

the case n = 9,11 was proved by Fisher [F3] where he gave explicit formula for
XE(9) and X3 (11) with r = £1.

In this paper we will give equations for the X7,(8),7 = 1,3,5,7 and the
families of elliptic curves parameterised by these modular curves. For convention
we write X(8) as X 5(8). In the last section we will discuss the relation between
the equations we obtain and the classification of modular diagonal surfaces as
described in [KS] which then helps us to generate examples of pairs of non-
isogenous 8-congruent elliptic curves.

Another motivation for studying n-congruence of elliptic curves is the fol-
lowing. It was observed by Cremona and Mazur [CM] that if elliptic curves F
and F are n-congruent then the Mordell-Weil group of F' can sometimes be used
to explain elements of the Tate-Shafarevich group of E.

We fix our convention for the classical modular curve. Let X(n) be the
classical modular curve on which each non-cuspidal point corresponds to an
isomorphism class (F, ¢) where E is an elliptic curve and

¢ Z/nZ X p, = En)

such that

ay

en(((a1,G1); (a2, G2))) = 27

1
Equivalently, each non-cuspidal point corresponds to an isomorphism class (F, P, C)
where P is a primitive n-torsion point on F and C' is a cyclic subgroup of E of
order n which does not contain any multiple of P. Write Y (n) = X (n)\{cusps}.
We write Q as the algebraic closure of Q and Gg = Gal(Q/Q). For each
n > 1 and any field L, write K, (L) as the function field of X (n)/L. We will
always assume L has characteristic not equal to 2 or 3. Let u, be the set of
n-th roots of unity. We will always write PSL2(Z/nZ) := SLa(Z/nZ)/{£I}.
We state our main results. The families of elliptic curves parameterised by
Xp(4) and X3,(4) will be given in the appendix.

Theorem 1.1. Let E be an elliptic curve with equation y?> = x3 +ax+b. Then
Xg(8) C A} (Q) has equations f1 = g1 = h1 = 0 where

t,a0,a1,a2

2 2, 2
—aas + 2apa2 +aj + -,

fi

9
9 2
g1 = —2aajas — bas + 2apa; + gta
hl = —2ba1a2 + G/g — t2 + ga

with forgetful map Xg(8) = Xg(4) : (t,a0,a1,a2) — t.

Theorem 1.2. Let E be an elliptic curve with equation y?> = x® + ax + b and

D = —4a® —27b%. Then X3(8) C A, 4,.4,(Q) has equations fs = gs = hs =0
where
2D
fs = faag + 2apas + a? + 5
9 2D
g5 = —2aaraz — ba; + 2apa1 + —t,

3

hs = —2baias + ag + D(—t2 + g)



with forgetful map X5 (8) — Xg(4) : (t,a0,a1,az2) — t.
Theorem 1.3. Let E be an elliptic curve with equation y> = 23 +ax+0b. Then
X3.(8) C A} (Q) has equations f3 = g3 = hs = 0 where

t,ap,a1,a2
2 5 2 2 2
fa= —g¢ + 6at” + 6bt — (—aas + 2apaz + af),

4 1
gs = gaQt + gab —9bt? — (—2aaiag9 — ba% + 2apay),

4
hs = —§a3 + 4a’t? + 4abt — 20 — (—2bajas + a%).

with forgetful map X3 (8) — X3(4) : (t,a0,a1,az2) — t.

Theorem 1.4. Let E be an elliptic curve with equation y> = 23 +ax+0b. Then
XL(8) C ALy 1.0, (Q) has equations fr = g7 = hy = 0 where

a
fr =3t + 9 aa3 + 2apas + a3,

4 2 2
gr = gat + §b — 2aa1az — baj + 2apar,

1
hr = at® + 2bt — §a2 — 2baqag + a%.

with forgetful map X5(8) — X3(4) : (t,ao,a1,a2) — t.

Remark. The families of elliptic curves parameterised by X7,(8) can be read
off from the families of elliptic curves parameterised by X7,(4) via the forgetful
map X5(8) = X5(4) where 7 = r mod 4.

We will give basic properties of the modular curve X (8) in Section 2. In
Section 3 we will describe the function fields of X7(8) over Q for each r =
1,3,5,7. Then we will prove Theorem 1.1 and 1.2 in Section 4, based on the
observations in Section 3 and the fact there is always a rational point on X g(8).
The proofs of Theorem 1.3 and 1.4 require some cocycle calculations, which we
will give in Section 5, and we will prove Theorem 1.3 and 1.4 in Section 6.
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2 The Modular Curve X(8)

In this section we give the basic properties of the curve X (8). We start by
introducing the structure of X(4). Fix a primitive 4th root of unity i. It is
well-known (see for example [S]) that the modular curve X (4) can be identified
with P by

(Ey, Py, Cy) = u

where

By, y? = 2% — 27(256u® 4 224u” + 1)z — 54(—4096u'? + 8448u® + 528u* — 1)



is an elliptic curve, P, = (48u* — 144u® + T2u? — 36u + 3,1728u® — 1728u* +
864u> —432u%+108u) is a primitive 4-torsion point and C,, is generated by Q,, =
(48ut—15,i(864u*—54)). The cusps of X (4) are points satisfying u(16u*—1) = 0
and u = oo.

Take the model F, and let x; and x5 be the xz-coordinates of any half point of
P, and @, respectively. They satisfy the vanishing of the following polynomials

f = (z1 —48u* + 144u> — 72u* 4 36u — 3)*
+ 1296u(2u — 1)*(4u? + 1) (21 — 48u* — 72u? — 3)?,
g = (xo — 48u* + 15)* 4+ 1296(16u* — 1)(x2 + 96u* + 6)%.

Solving these directly we conclude that the function field of X (8)/L is

Ks(L) := L(u, /u? — 1/4,\/u2 + 1/4,v/—u)

for any field L containing pug and so if ¢ is a fixed 8th root of unity then a model
of X(8) in A}, x, x, x,/L is given by

1 1
Z’XQZ:UQ—’—Z’X??:_U

The projective closure of this is a smooth curve of genus 5 and the families of
elliptic curves parameterized by X (8) are

Xf:uQ—

Bux, X».X5 0 Y2 = 23—27(256u°+224u* +1)2—54(—4096u "2 +8448u5+528u*—1)

together with a Gg-invariant 8-torsion point P, x, x,.x; = (Ps, Py) and a Gg-
invariant cyclic subgroup (Qu,x,,x,,x; = (Qz, @y)) Where
P, = —36(4X5 +4X5 +4X5 +2X3 + X3)Xo + 48X + 144X7 + 144 X5
+ 72X5 4+ 72X5 +36X35 +36X35 + 18X3 + 3,
P, =108(16 X3 + 32X} + 32X + 32X5 + 24X3 + 16 X5 + 8Xj +4X73
+ X3) X2 — 1728X3" — 3456 X3° — 4320X3 — 3456 X5 — 2592X7
—1728X5 — 1296 X3 — 864X;5 — 540X35 — 216 X3 — 54 X3,
Q= —T2C2X1X + (T2(C° + O X5 +18(¢% + ¢)) X1 + (72(¢° — ) X3
—18(¢* — ¢)) X2 + 48X3 — 15,
Qy = 432X, X5 + (864(—C% + () X5 +432(¢ — O)X3* +162(¢* — ) Xy
+ ((—864¢% — 864¢) X5 + 432(—C® — O) X4 + 162(¢% + ) X
+1728¢% X — 108¢2.
The forgetful morphism X (8) — X(4) is given by (u, X1, X2, X3) — u. In
particular, this is only ramified above the cusps with ramification degree 2. The
function field of X (8) is obtained by adjoining the square roots of three rational
functions of degree 2 on X (4) and the zeroes of these rational functions are the
cusps of X (4).

Let G, := PSLa(Z/nZ). Tt is well-known that Gal(K,,(C)/K1(C)) = G,.
Let H = Gal(K3(C)/K4(C)) then we have an exact sequence

1-H—-Gs—G/H=Gy—1



and so H = (Z/2Z)3. The group Gy, acts on X (n) by relabeling the n-torsion
points. Explicitly, for each a € G, and any point (F,¢) € Y(n), a acts on

(E, ) by
ao (E,¢)=(E,aocg).

3 The Modular Elliptic Curves

We firstly recall some results of the level four structure and introduce the
algorithm to compute Xg(4) in [F1]. Let E : y?> = 23 + ax + b be an elliptic
curve and write ¢y = —55,c6 = —5%. Take homogenous coordinate (u : v) for
X (4) and define

ca(u, v) = 256u® +224u'v? + 08, cg(u, v) = —4096u'? + 8448usv* 4+ 528ut0® — 012

Let T = uv(16u* — v*) and T,,, T}, be the partial derivative of T' with respect
to u,v respectively. Now pick u,v € C such that c4(u,v) = cq,c6(u,v) =
¢¢. Then as is shown in [F1], Lemma 8.4 and Theorem 13.2; the isomorphism
Xg(4) — X (4) is given by fractional linear map represented by the matrix

u =Ty
v Ty
and so the isomorphism X (4) — Xg(4) is given by fractional linear map repre-

sented by the matrix
T, T,
v u )

Under this isomorphism the point co on Xg(4) corresponds to E itself. From
now on we will identify Xg(4) with P! by this isomorphism.

Further, based on the observation in [F1] page 31, we conclude that the curve
X3(4) can be chosen to be the same as Xg(4) (with the same isomorphism to
X (4)) in the sense that if we pick affine coordinate A} for Xg(4) and

E;:y? =2 — 2Tap(t)r — 54bp(t)

are families of elliptic curves parameterised by X (4) then the families of elliptic
curves parameterised by X3.(4) are

El = EA% y? = 1% — 27TAZap(t)x — 54A3bp(t).

From now on we will write these to be the families of elliptic curves param-
eterised by X3(4) and we will give the expressions of ag(t) and bg(t) in the
appendix. In fact this identification can be explained by the following lemma.

Lemma 3.1. Let E be an elliptic curve and E®F be the quadratic twist of F
by its discriminant Ag. Let v : E — E®F be the natural isomorphism

3
(x,y) — (zAg, yAZ).
Let p',q' be the image of p, q respectively. Then the map ¢ : E[4] — EA#[4]

o(p) =p +2¢',9(q) = 2p" + 3¢

1s a Go-equivariant isomorphism.



This result can also be found in [BD] Section 7.

Proof. Fix a basis {p,q} for E[4]. For each s € Gg, we identify s with its
image under 0’ : Gg — GL(E[4]) C GL2(Z/4Z). Take generators vy, va,vs for
GL2(Z/4AZ) where

/30 (01 (11
70 1) 73 0/ o 1)

Then it suffices to check that v;¢ = ¢v;,7 = 1,2,3. Note that v; fixes vVAg
and vg, v3 switch the sign of /Apg.
Then a direct computation shows that

v19(p) = ¢v1(p) = 3p" 4+ 2¢', v19(q) = Pv1(q) = 2p" + 3¢/,
v20(p) = Pva2(p) = 2p" + ¢, v20(q) = dv2(q) = p' + 2¢/,
v3p(p) = pus(p) = p' +2¢',v39(q) = dvs(q) = 3p" + ¢'.

O

Lemma 3.2. Let ti1,...,ts be the cusps of Xg(4) which are the images of
:I:%, +3,0,00 respectively, under the isomorphism X (4) — Xg(4). If we set

my =t +ta,mo = t3 +t4,m3 =t5 + t6, 11 = tita,lo = tats,l3 = ts5ts

and let 05,5 = 1,2,3 be the roots of 2> 4+ ax+b=0. Then m; = —%t%- and
l; = —%(29]2 + a) for each j.

Proof. This follows from a direct computation. O

Remark. Since we identify X3 (4) with Xg(4), so t1,...,%s are also the cusps
of X3(4) and so the above lemma also holds for X3,(4).

We now illustrate the method to compute X5 (8), » = 1,3,5,7. For sim-
plicity, assume that 2 + ax + b is irreducible. It follows immediately from
compatibility of the Weil pairing that X7,(8) is a cover of X, (4), where 7 = r
mod 4. It can be shown that X7 (n) is a twist of X (n) (see, for example, [S]). So
X (8) and X;(8) have the same ramification behavior under the forgetful mor-
phism to the level four structure. Thus the forgetful morphism X} (8) — X% (4)
is only ramified at the points above the cusps of X7, (4).

Lemma 3.3. For each r € (Z/8Z)*, the function field of X (8) over Q(E[2])
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Q(E[2]) (t, \/am(t — 1) (t — ta), \/aT,Q(t —t3)(t — t4), \/ar,s(t —t5)(t — ts))

for some appropriate o ; € Q(E[2]),j = 1,2,3. We call these o, j,j = 1,2,3
the scaling factors of X},(8).

Proof. As is described in Section 2, if we fix an affine coordinate u of X (4), then
the function field of X (8) over Q(() is given by

QO (u, v/u? — 1/4,\/u? + 1/4,v/—u)




where ( is a fixed primitive 8th root of unity.
Fix an affine coordinate t of Xg(4) as above. Since t1,...,ts are the images
of :l:%, +3,0, 00 respectively, the function field of X7 (8) over C has the form

Ct, v/ (t = t1)(t —t2), V(¢ = t3)(t — ta), V/ (t = 15)(t — L5)).
By Lemma 3.2, the rational functions (t —#1)(t—t2), (t—t3)(t—t4), (t—1t5)(t—1t6)
are defined over Q(F[2]) and are conjugate to each other.
As X7,(8) has a model over Q and so it has a model over Q(E[2]). Then the
function field of X7,(8) over Q(E[2]) is

QE[) (t, Vot —h)(t —ta),yJara(t — ta)(t — ta), et — ts)(t - t6)>

for some appropriate a1, o 2, a3 € Q(E[2]) which are conjugate to each other.
O

Corollary 3.4. For each r € (Z/8Z)*, the equation of X;(8) C Af 1 41 .as(Q)
is determined by the scaling factors o, ;,7 = 1,2,3. In particular, the equation
of X1,(8) over Q is obtained by comparing the coefficients of 1,46, (9]2»,3' =1,2,3

in the equations
Oéryj(t — tgjfl)(t — tgj) = (0,0 —+ a19j + 0,29?)2,]. = 1, 2, 3

Proof. The extension of function fields (X5 (8)/Q(E[2]))/(X%(8)/Q) is Galois.
Therefore to find a model of X3 (8) over Q, it suffices to find enough gener-
ating elements in the function field of X7,(8) over Q(E[2]) which are fixed by
Gal(Q(E[2])/Q). Explicitly, we will write w; := \/a,;(t — taj—1)(t — t2;) and
0 w3 = oy j(t — taj—1)(t — t;) for each j =1,2,3.

By Lemma 3.2, w; = ao + a10; + a29j2» for some ag,ai,a2 € Q for each

7 =1,2,3. Therefore we obtain equations
am(t — ﬁgj_l)(t — tgj) = (ao + a19j + a2(9]2»)2,j =1,2,3.
To find a model of X} (8) over Q, it suffices to compare the coefficients

of 1,0, 9?, 7 = 1,2,3 on both sides of the equations above because these are

invariant under the action of Gal(Q(E[2])/Q). O

Remark. In fact it suffices to compare the coefficients of 1,6, (9]2 in one of the
equations

i (t = toj1)(t — ta;) = (a0 + a10; + a67)*,j = 1,2,3
because they are conjugate to each other.

Remark. We are free to multiply a, ; by a non-zero squared factor of the form
(uo + u10; + u207)* because this leads to a change of coordinate in ag, a1, az.

We can extend the above results to the case when 3 + ax + b is reducible.
For example, if 23 + ax + b splits completely over @, then the rational functions
(t —toj—1)(t — ta;),7 = 1,2,3 are defined over Q. So X7,(8) C A}, wy.ws(Q)
has equations

’LUJ2 = am(t — ﬁgj_l)(t — tgj),j = 1, 2, 3
for some appropriate a,; € Q,5 = 1,2,3. This is isomorphic to the ones
stated in Theorem 1.1-1.4 because there is a bijection between {ag, a1,as} and
{ao + a10; + 267 : j = 1,2,3} over Q. The case when z° + az + b has exactly
one rational root is similar.



4 The Modular Curves Xz(8) And X3(8)

By Corollary 3.4, to find equations of X},(8) over Q, it suffices to compute the
scaling factors a; ;,7 = 1,2,3 as introduced in Lemma 3.3. We prove Theorem
1.1 and 1.2 in this section.

Theorem 4.1. We can pick a1; to be 1 for each j = 1,2,3. In particular,
we obtain the equation of Xg(8) as stated in Theorem 1.1, together with the
forgetful map Xg(8) — Xg(4) given by (t,ap,a1,a2) — t.

Proof. There is always a tautological rational point on the curve Xg(n) for any
n which corresponds to the pair (E, [1]). The point on Xg(4) corresponding to
(E,[1]) is given by the point of infinity under the isomorphism we described in
Section 3. Since we construct Xg(8) as a cover of Xp(4), there is a point on
Xg(8) above t = oo which corresponds to (F,[1]). By a change of coordinate
of ag,a1,as, we may take this point to be t = co,a9 = 1,a1 = 0,a2 = 0.

By corollary 3.4, the equation of Xg(8) over Q is determined by comparing
the coefficients of 1, 0;, 9]2- in the equations

Oélﬁj(t — tgjfl)(t — tgj) = (0,0 =+ a19j =+ GQG?)Q,j = 1, 2, 3

Taking homogenous coordinates in the above equations we have

aj(t —taj—18)(t = t2;8) = (a0 + a16; + a267)%,j = 1,2,3

and so the point ¢t = 00,a9g = 1,a1 = 0,a2 =0 isnow (t:ap: a1 :a2:5) = (1:
1:0:0:0). Substituting this point into the equations, we conclude that we
can take aq 4,7 = 1,2,3 to be 1. ([l

By compatibility of the Weil pairing, X3(8) is also a cover of X(4). The
proof of Theorem 1.2 is based on the following observations.

Lemma 4.2. Let E be an elliptic curve and fix any basis { P, Q} for E[8]. Then
the map

¢ : E[8] = E[8], ¢(P) =5P,¢(Q) = Q
is Gr-equivariant where R = Q(E[2]).

Proof. The non-trivial 2-torsion points 4P,4Q,4P + 4Q) are R-rational. Let
s € Ggr and write

s(P) = AP + A2Q, g(Q) = AP + A4Q.
Then s(4P) = 4P and s5(4Q) = 4Q. So As, A3 are both even. Thus,
B(s(P)) = ¢(A1P + AsQ) = 5A, P + AyQ = 541 P + 54,Q = s(¢(P))
and
6(5(Q)) = ¢(AsP + A4Q) = 5AzP + A1Q = AP + AsQ = 5(6(Q)).
O

Lemma 4.3. If the modular curves X3(8) and Xg(8) are isomorphic over K
as covers of Xg(4), then Ag is a square in K.



Proof. Suppose X3(8) = Xg(8) as covers of Xg(4) then there exists a Gg-
equivariant isomorphism ¢ : E[8] — E[8] such that det ¢ = 5 and ¢ acts trivially
on E[4]. If we fix a basis {P, @} for E[8] then we can view ¢ as a 2 x 2 matrix
in terms of its action on {P,Q}. We only need to consider ¢ in PGLy(Z/87Z)
because multiplications by 3,5, 7 are automorphisms on E[8] which preserve the
WEeil pairing. So we have the following possible matrices to consider

1 0 1 4 1 0 1 4
ri=(35)m=(o ) m= (o 5)m= (i 3):
1 o\ ', /10 11\ /11
We see Th = <1 1) T3 (1 1), T = (0 1) T3 <0 1> and so it

suffices to consider T3 and Tj.

Let s € Gk and suppose the action of s on E[8] is given by s(P) = A1 P +
A2Q,s(Q) = AsP + A4Q. If ¢ is given by the matrix T3, then using s¢ = ¢s
we conclude As, A3 are even. So Aj, A4 are odd because the action of s is
invertible. This implies s fixes E[2] and so E[2] is G k-invariant. In particular
Ap is a square in K.

If ¢ is given by Ty, then a direct computation using s¢ = ¢s shows that Ay
and Az have the same parity and A; + As = A; + A3 = A4 mod 2. Suppose
Ay and Ajz are both even then we have exactly the same situation as above and
so Ag is a square in K. Assume A and Az are both odd. If A; is odd then
Ay is even and we have s(4P) = 4P + 4Q, s(4Q) = 4P. So s(4P + 4Q) = 4Q,
in which case Ag is a square. If A; is even then A, is odd and we have
s(4P) = 4Q, s(4Q) = 4P +4Q. So s(4P +4Q) = 4P, in which case A is again
a square.

O

Theorem 4.4. We can pick a5 ; to be D = —4a® —27b* for each j =1,2,3. In
particular, we obtain the equation of X%(8) as stated in Theorem 1.2, together
with the forgetful map X3,(8) — Xg(4) given by (t,ao,a1,az) — t.

Proof. By the Lemma 4.2, there is a Q(E[2])-rational point on X2 (8) above
t = oo which corresponds to (E,¢) where ¢ is the same map as in Lemma
4.2. Therefore as j,j = 1,2,3 are squares in Q(E[2]). But there is a unique
quadratic subfield inside Q(F[2]) which is Q(v/D) where D = —4a® — 27b%.

By the last remark of Section 3, a5 ; can be multiplied by any non-zero
squared factor of the form (ug + u10; + u26%)*. This shows that we may pick
as;,j =1,2,3tobe 1 or D. But by Lemma 4.3, if a5 ; = 1,5 = 1,2,3 then D is
a square in QQ and so we should pick a5 ; = D for each j. A direct computation
gives the equation of X?2,(8) as in Theorem 1.2. O

5 Cocycles

The proofs of Theorem 1.1 and Theorem 1.2 are based on the fact there is
always a rational point on the curve Xg(8). However this is not always true
for X3(8) or XL(8), for any elliptic curve E. We will prove Theorem 1.3
and 1.4 in the next section. By Corollary 3.4, it suffices to compute a3 ; and
a77j,j = 1, 2, 3.



It is shown in [S] that X (n) are twists of X(n). In particular, X7,(8)
are twists of Xg(8) for each r € (Z/8Z)*. By Theorem 2.2 in [AEC], for each
curve C/Q, there is a bijection between the twists of C'/Q and H'(Gg, Isom(C))
where Isom(C') is the isomorphic group of C. In this section, we will describe
the relation between the scaling factors o, ;,j = 1,2, 3 introduced in Lemma
3.3 and the element which corresponds to X%(8) in H!(Gg,Isom(Xg(8))). For
simplicity, we again assume that 2 + ax + b is irreducible.

Lemma 5.1. For each r, let 7 be an automorphism on E[8] which switches the
Weil pairing to the power of r. Then for each s € Gg, s — (°T)7~1 defines a
cocycle in H*(Gg, Isom(Xg(8))) which corresponds to Xu(8).

Proof. For each s € Q, (*7)7~! is an automorphism on FE[8] preserving the Weil
pairing, which induces an automorphism on X g(8). Note [—1] acts trivially on
XE(8). Then following a similar argument in [S], we conclude that the curve
corresponding to this cocycle is X}, (8). O

Remark. If (*7)77! acts trivially on E[4] modulo [—1] for all s € Gg then we
have an isomorphism between X (8) and XJ,(8) respecting the level four
structure.

The group H = (Z/27)3 is defined to be the kernel of the reduction map
PSL2(Z/8Z) — PSL2(Z/AZ) in Section 2 and H is a subgroup of Isom(Xg(8)).
Define H' to be the kernel of

GLo(Z/SZ) {1} — GLo(Z/AZ)/{ £, +v}

-2

and it can be checked that H' is Abelian. By Lemma 3.1 the matrix v induces a
Gg-equivariant isomorphism between E[4] and E2[4] which switches the Weil
pairing to the power of 3, and so v identifies X3,(4) with Xp(4).

Since H is a subgroup of H' and det v # 1, the following sequence

where

det

0 H H' (Z/8Z)* — 0

is exact. Viewing g as an automorphism on F[8] modulo [—1], we have a Galois
action °g for each s € Gg. Further we have trivial Galois action on (Z/8Z)*.

Now viewing H, H', (Z/8Z)* as Gg-module we obtain a long exact sequence
and in particular we obtain the connecting map

(z/82)* — H*(Go, H).

The image of r € (Z/8Z)* can be computed as follows. Pick a lift v’ of r in H'.
Then the image of 7 in H'(Gg, H) is s — (*v')v'~! for each s € Gg. Therefore,
X7;(8) is the curve corresponding to this cocycle by Lemma 5.1.

Recall that each non-cuspidal point on X},(n) corresponds to a pair (F,¢)
where F' is an elliptic curve and ¢ : E[n] — F[n] is a Gg-equivariant isomor-
phism which switches the Weil pairing to the power of . We consider the image
of 7.
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Lemma 5.2. The image of 7 under (Z/8Z)* — H'(Gq, H) induces an isomor-
phism v : XL(8) — X(8) subject to the following commutative diagram

X7L(8) —2— Xp(8)

! I

XE(4) —— Xp(4)
where Y(F, ¢) = (F,¢ 0 v') and n(F,¢) = (F,¢ o v).

Proof. For each s € Gg, since *¢ = ¢,

CowH(F,¢) = (F.go (V)W) Co)n~ (F,¢) = (F, ¢ o (Pvjo™").

The Galois conjugate (°1)1~! induces an automorphism on X (8) which can
be read off from (*v")v’'~1. So 1 corresponds to the cocycle s + (*v’)v’~! which
is the image of 7. The diagram commutes because v" = v mod 4. O

We describe the image of 7 in H'(Gq, H) explicitly.

Lemma 5.3. Letv' = (13 :2} be a lift of 7 in H'. For each s € Gg, we identify
s with its image under 6 : Gg — GL(E[8]) C GL2(Z/8Z). Then the action of

s on v is given by conjugation. Take generators si, sa,Ss,s4 for GLa(Z/87Z)

where
(70 (50 (0 1 (11
1730 1)°27 o 1) 7 \=1 0)°" " \o 1)

Let Cs; = (%0 )0'~! = sjv's; '0'~1. Then

14 10 3 4 10
=i 1) o )= (0 3) =0

Proof. This follows from a direct computation. O

Lemma 5.2 and 5.3 give concrete descriptions of X (8) in terms of the image
of 7 under (Z/8Z)* — H'(Gg, H'). On the other hand, the equation of X %(8)
is determined by the scaling factors a7 ;,7 = 1,2,3 by Corollary 3.4. The
following lemmas show how these scaling factors are related to the image of 7
in I{1 (GQ, H)

Lemma 5.4. Let T1,T5,T3 be the non-trivial 2-torsion points of E and M
be the group Map(E[2]\{O}, u2) where the group operation is defined by (x1 o
x2)(T;) = x1(T)x2(T;),5 = 1,2,3. For each s € Gg, we define the action x
by xs~1 as we have trivial action on pa. Then H = M as Gg-module and hence

HY(Gg, H) = L*/(L*)? where L = Q[z]/(x3 + ax + b).

Proof. Fix a basis { P, Q} for E[8] such that 4P = T1,4Q = T5. Take generators
Sl, SQ, S3 for H where

1 4 3 4 10
(i) = 3) =0

11



For each s € Gg, we identify s with its image under 6 : Gg — GL(E[8]) C
GL2(Z/8Z) and the action of Gg on H is given by conjugation *S; = sS;s71.
We take generators s1, so, 3, s4 for GLo(Z/8Z) as in Lemma 5.3.
We identify each element y € M with a triple (e1, e2, e3) where e; € {£1}
in the sense that x(7;) = e;. The action of Gg on M is given by *x = xs~*
Now define 7 : H — M explicitly by S1 — x1,S2 — X2, 53 — x3 where

x1=(-1,-1,1),x2 = (1,1,-1),x3 = (1,-1,1).

Then a direct computation shows that *7(S;) = 7(*S;) fori =1,2,3,4and j =
2,3 and so 7 is a Gg-equivariant isomorphism. So H'(Gg, H) = HY(Gg, M).
Finally, by Shapiro’s lemma and Hilbert 90, H'(Ggq, M) = L*/(L*)2. O

Since we assume that 23 + az + b is irreducible, so L & L; forany j =1,2,3
where L; = Q(6;), and we have an embedding L — H?Zl L;.

Lemma 5.5. The image of 7 under (Z/8Z)* — H'(Gg, H) = H'(Gg, M) =
L*)(L*)? = H?ﬂ L5 /(L3)? is (o1, 7 2, 7 3).

Proof. By considering the function field of XT(8) and Xp(8) over Q(E[2))
(LemmaS 3) the mapw \/047,] tgj 1 tQJ) — \/041,] ﬁgj_l)(t —tgj),
j =1,2,3 induces an isomorphism X%(8) —> XE( ) over Q(FE[2]). Moreover we
have the following commutative diagram

X5(8) — Xp(8)

! l

Xp(d) —— Xp4)

For each s € Gg, s acts on E[2] by permuting {73,T%,73}. Let o, be the
element in the symmetric group of {1, 2,3} which corresponds to the action of s
on {T1,Ty,T3}. A direct computation shows that the Galois conjugate (53’ )y)'~1

acts on Xg(8) by
[P0 @)
S< 0‘;,051(;))
\/al,j(t —taj_1)(t —ta;) T\/m,z‘(f —toj—1)(t —t2;), 5 =1,2,3.
2]
Q7,5

This induces a cocycle in Hl(G@, M),

s Y orta s Y07l s Y07l
107t ) Y1052 Y1051
a1 ’ a1z ’ a3
ar1 ar2 ar3
Y is an isomorphism from X (8) to X (8) which fixes the level four structure.

So by Lemma 3.1 and Lemma 5.2 this cocycle corresponds to the image of 7
under the connecting map (Z/7Z)* — H'(Gg, H). Then by Shapiro’s lemma

and Hilbert 90, we see that (%, a2, z:z) , is the image of 7 under

S

3
(2/82)" — H'(Go, H) = H'(Go, M) = L'/(L")* = [ [ Lj/(L;)?

12



Finally by Theorem 4.1, we can just take oy ; = 1,5 = 1,2, 3. |

In Section 6 we will take some suitable §; € L;,j = 1,2,3. To check ar

can be chosen to be ¢; for each j, it then suffices to check that the preimage of
(81,32, 63) under H(Gq, H) = H?:1 L3 /(L%)? is exactly the same as the image
of 7 under (Z/8Z)* — H'(Gg, H), which can be read off from Cs,,j =1,2,3,4

in Lemma 5.3.

Remark. We can extend the results in the case when 2% 4 ax + b is reducible.
For example, if 23 + ax + b splits completely over Q, then the Galois action on
M is trivial and so we get

H'(Go, M) = L*/(L*)* = Q"/(Q")* x Q/(Q")* x Q"/(Q")?

directly by Hilbert 90. The case when 2% + ax + b = 0 has exactly one rational
root is similar.

6 The Curves X3;(8) and X1(8)

We will prove Theorem 1.4 following the strategy we described in Section 5.
We will pick suitable §; € Q(E[2]),j = 1,2,3 which are conjugate to each other
and show that a7 ; can indeed be chosen to be §; for each j. In particular, we
will compute the preimage of (01, d2,d3) under

3
H'(Go, H) = H'(Gg, M) = L*/(1L7)* = [ [ 15/(L})*

and check it is the same as the image of 7 under (Z/8Z)* — H'(Gg, H) by
using Lemma 5.3, 5.4 and 5.5.

Lemma 6.1. Let E be an elliptic curve with equation y?> = x® + ax +b. Let
0,7 =1,2,3 be the roots of x> + ax +b=0 and

51 = (91 — 92)(93 — 91),52 = (91 — 92)(92 — 93),53 = (92 — 93)(93 — 91)

Then the x-coordinates of the primitive 4-torsion points of E are given by

01 & i\/61, 05 +ir/0, 05 £ i/

Proof. This follows immediately from factorising the 4-division polynomial of £
over Q(E[2]). O

We now fix a basis {P,Q} for E[8] such that 2P,2Q,2P + 2Q have z-
coordinates 6, + i\/81, 0s + i\/2, and 03 + i/d3 respectively by Lemma 6.1.
Let Ty = 4P, T5 = 4Q, T3 = 4P + 4Q) be the non-trivial 2-torsion points so that
T1 = (91,0),T2 = (92,0) and T3 = (93,0)

Lemma 6.2. For each s € Gg, we identify s with its image under 0 : Go —
GL(E[8]) C GL2(Z/8Z). Fix generators $1,S2,83,54 for GL2(Z/8Z) as in

13



Lemma 5.3. Then

s1(v/81) = =01, 51(V/82) = =V/03, 51(V/33) = /35,
s2(V/01) = /01, 52(\/02) = /02, 52(1/05) = /03,
s3(V/01) = /02, 53(\/02) = /01, 53(v/05) = —/03
s1(V/01) = V01, 54(V/02) = /0, 54(V/03) = —\/65.

Proof. Fix a primitive 8th root of unity ¢ so that (2 =i. We have

(T 0y __ (50 _ (0 1y _ _ (11
1=\ 1027 o 1)1 0)0 T 0 1)

Since 5;(¢) = ¢*** 50 51(¢) = (7, 52(¢) = ¢%,53(¢) = ¢,54(¢) = ¢. Therefore
51(2) = —1, s2(i) = 14, s3(4) = 1, s4(7) = ¢. The actions of s;,j =1,2,3,4 on E[4]
are given by

51(2P) = —2P, 51(2Q) = 2Q, 51 (2P + 2Q) = —2P + 2Q,
$52(2P) = 2P, 55(2Q) = 2Q, 52(2P + 2Q) = 2P + 2Q,
s3(2P) = —2Q, 53(2Q) = 2P, s3(2P + 2Q) = 2P — 2Q,
s4(2P) = 2P, 54(2Q) = 2P + 2Q, s4(2P + 2Q) = 4P + 2Q.

By considering the z-coordinates of these points, we have

$1(01 + i\/81) = 01 + i\/51, 51(02 + i\/62) = O + i\/52, 51(05 + i\/03) = 03 — i/,
$2(01 +i\/61) = 01 +i7/01, 852(02 + i\/02) = Oz + i/, 52(03 + i\/03) = O3 + i1/ 33,
s3(01 + i\/01) = Oy + i\/02, s3(02 + i\/62) = 01 + i\/01, 53(05 + i\/T3) = O3 — i/,
s4(01 +i\/81) = 01 + i\/51, 54(02 + i\/02) = O3 + i\/S3, 54(05 + i1/53) = O3 — i~/55.
By considering the actions of s;,j = 1,2,3,4 on E[2] we have
81(91) = 01, 81(92) = 92,81(93) = 03,
82(91) =04, 52(92) = 92752(93) = 03,
53(01) = 02,53(02) = 01, 53(03) = 03,
84(91) = 01, 84(92) = 93,84(93) = 0s.
Therefore, we conclude that
51(V01) = V01, 51(Vb2) = —V/b2,51(V/8) = V3,
52(v/01) = /01, 52(/02) = /02, 55(\/83) = /05,
s3(V/01) = V02, 53(v/02) = V01, 55(v/03) = —/0s
51(V01) = V01, 54(v/02) = V05, 54(v/03) = = /0.
O

Each s;,7 = 1,2,3,4 acts on E[2] by permuting {77,75,75}. So for each
J we write oy, to be the element in the symmetric group of {1,2,3} which
corresponds to the action of s; on {T4,T>, T3}.
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Lemma 6.3. We have

Proof. This follows from a direct computation by using Lemma 6.2. |
We now prove Theorem 1.4.

Proof. We identify each s € Gg with its image under 6 : Gop — GL(E[8]) C
GL2(Z/8Z) and pick generators sy, S2, 83, S4 for GLo(Z/8Z) as in Lemma 5.3.
Then by Lemma 6.3 and Shapiro’s Lemma, the preimage of (41, d2,d5) under
HY (Gg,M) = L*/(L*)? < H?:l L3/(L3)?* is a cocycle ¢, which can be de-
scribed as

cs; = (—1,=1,1),¢5, = (1,1,1),¢5, = (1,1, -1),¢5, = (1,—1,1).

By Lemma 5.4, the preimage of ¢s, under H'(Go, H) = H'(Gg, M) is C,, for
each j = 1,2,3,4, where Cy,;,j = 1,2,3,4 are matrices given in Lemma 5.3.
But by Lemma 5.3, Cs,,j = 1,2, 3,4 are used to describe the image of 7 under
(2./8Z)* — H'(Gg, H). This shows that the image of 7 under

3
(z/82)* — H"(Go, H) = H'(Gg, M) = L*/(L*)* — H LY/ (L})?

j=1

is (d1,02,03). Then by Lemma 5.5, a7 ; can be chosen to be ¢§; for each j.

Theorem 1.4 follows from comparing the coefficients of 1, 6;, 9]2- in the equations

047,j(t — ﬁgj_l)(t — tgj) = (ao + alej + GQG?)Q,]’ =1,2,3.

We now prove Theorem 1.3.

Proof. The connecting map (Z/8Z)* — H'(Gg, H) is a group homomorphism.
Therefore, the image of 5 under

3
(Z/8Z)" — H"(Go. H) = H'(Go, M) = L* /(L") — [[ L1/(L})?

Jj=1
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is the product of the image of 3 and the image of 7. So a3; = as; - ay; in
L3/(L3)?. We have shown in Theorem 4.4 that a;s; = D for each j = 1,2,3
where D = —4a® — 27b%. Therefore,

az1 = Dary = (02 — 03)%(61 — 02)3(05 — 61)>.

Since ((6; — 02)(0s — 61))” is a square in Ly so we can take as; to be (6 —
03)%(01 — 02)(03 — 01). Similarly we can rescale a3 2 and as 3 so that

Q32 = (93 - 91)2(91 - 92)(92 - 93), Q33 = (91 - 92)2(93 - 91)(92 - 93)-

Theorem 1.3 follows from comparing the coefficients of 1, 6;, 9]2- in the equation

Oég,j(t — ﬁgj_l)(t — tgj) = (ao + a19j + a2(9]2»)2,j =1,2,3.
O

Remark. The points on X},(8), r = 1,3,5,7, appear in pairs. In other words,
if (t,a0,0a1,a2) € X5(8) then (¢, —ag, —a1, —az) € X(8) because there is a
non-trivial automorphism on X7,(8) given by

(F,¢) = (F o [3]).

Remark. Theorem 1.1-1.4 can be generalised to any field of characteristic not
equal to 2 or 3 by exactly the same method.

7 The Modular Diagonal Surfaces

For each n > 1 and € € (Z/nZ)*, Kani and Schanz classify the type of modular
diagonal surface Z,, . which are constructed as the quotient of X (n) x X (n) by

Ac ={(g,ac(g)) : g € PSLo(Z/nZ)}

where a. € Aut(PSLy(Z/nZ)) is defined by conjugation by the element (8 (1))

Each point on the surface corresponds to a pair of elliptic curves which are n-
congruent and the Weil pairing is switched to the power of € [KS]. We are now go-
ing to study briefly of these surfaces in terms of the models of X7,(8),7 = 1,3,5,7
we got and explain how it helps to give numerical examples. In particular, we
will show that there are infinitely many pairs of non-isogenous elliptic curves
which are 8-congruent with power 7.

Remark

By a result of Mazur, there are only finitely many [ such that rational [-isogeny
exists and so we only have finitely many sections on the surface which correspond
to copies of X((1). To find infinitely many pairs of non-isogenous elliptic curves
which are 8-congruent, it suffices to find a curve C' with infinitely many rational
points and a point on C which does not correspond to isogenous curves. Since
the intersection of C' with X(!) is either Xo(I) or a finite set of points, so only
finitely many points on C correspond to isogenous curves.
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For each j # 0,1728, 00, there exists a unique elliptic curve E, of the form
E : y?> = 2% + az + a such that the j-invariant j(E,) = j and so for j #
0,1728, 00 we take the representative E, in the class of C-isomorphic elliptic
curves containing Ej,.

We start with the model S, = Xg, (8) we got in the previous section and
now we consider a being a variable. Then the irreducible part of S, ; with
a # 0, f% gives an open subscheme of Zg 1, which we call Zg. In [KS], it is
shown that the Zg ; is a rational surface and we will verify this and give explicit
birational map between S, 1 and P2

Proposition 7.1. The explicit birational map A2 — Sa1 is given by (p,q) —
(a,t,ap,a1,as) where
—8(¢ +1)(¢* +2)*h (p, ¢)°
(¢ = 1)(g* + 3¢ — 2p)(¢° + 3¢* + ¢*> — p* — 1)*ha(p, @)’
(@® +2)hs(p, )ha(p, q)
3(q = 1)(q" +3¢> = 2p)(¢° + 3¢* + ¢* = p* = Dhs(p. q)

a =

t=—

(P.q) 6—gq5+3q4+%q3p—gq3—gqp+2q +3qp—q—%p2+%
ha(p,q) = ¢° = 3¢° + 3¢* + ¢°p — 9¢° — 3¢°p + 6qp — 2¢ + 2
(p.a) =4 *gq5+3q4+%q3p*gq3*gq2p+%q2+3qp*qfép2+%
(p,q) = ¢*° — 2¢° + 10¢® + 2¢"p — 8¢" — 8¢°p + 26¢° + 12¢°p — 6¢°
+¢'p* — 32¢"p + 164" — 6¢°p” + 6¢°p — 4¢° + 11¢°p”
— 16q2p+q2+4qp74q+2p2+2

hs(p,q) = ¢° — 3¢° + 3¢* + ¢*p — 9¢° — 3¢*p + 6gp — 2q + 2

and we do not give images ag, a1, as here due to massive expressions (we will
show how to obtain them in the proof).

Proof. We start with S, 1 (setting b = a in Theorem 1.1) and S, ; is birational
to the surface defined by the following equations:

fi = —a+2a9 + a3 + 243,

4 = —2aa; — a + 2apa; — 2tas,
fs = —2aa; + a3 + aa3 — %
by (a,t,ap,a1,a2) — (a, 3}12, a2, ;2) We use fi, f4 to write a,t in terms of

ap, a1, a2

—2aa1 —a+2
0 = 2a0 + a? + 243, — 00— 0¥ 2000
2@2

Then we have
= —aka? — 2a2a, + a2a2 — a2 — 2apat — 3aga® — dapa?a? — apa? — 10apaia’
0%1 01 0%2 0 0¢%1 061 0612 — G0ty 0412

1
+ 2apa3 — 2apa3 — a$ — a$ — 4atal — Zal 6ala3 — 3a3ay — ala3

— 8ayaj + 2a$ — aj.
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and a; to Z—; where

Sending ag to Aagj B
2

A= —a?—2a; +a3—1,

B = —2a} — 3a% — 4a3a3 — a? — 10a,a3 + 2a3 — 2a3
we conclude the surface is birational to the vanishing of

9
h' = a2 — (a$a3 + 3ajas + 3aja3 + Za‘f +9a%as + aa3 + 9a? + 2a1a0 — a3 +1).

This is a genus zero curve defined over Q(a;) with a rational point given by

1
3a1—%a%+§ai’ 1
Q= ——"——,a9 =
0,171

_0,171-

Hence using standard parametrization of the genus zero curve with a rational
point, together with the intermediate steps we worked above we obtain the
required parametrization. O

The proposition allows one to classify all elliptic curves E such that the
curve X (8) has non-trivial rational points.

Corollary 7.2. There exist infinitely many pairs of non-isogenous elliptic curves
which are directly 8-congruent.

Proof. This follows immediately from the Remark above and Proposition 6.1.
O

We now consider a similar construction of the modular surface corresponding
to X7(8) which helps to find numerical examples for r = 3,5,7. We start with
the model X7.(8), set b = a and view a as a variable. We call the resulting
variety Sg .

Proposition 7.3. There exists infinitely many pairs of non-isogenous elliptic
curves which are 8-congruent with power 5.

Proof. Consider the genus 0 curve on S, 5 parameterized by Azlj, defined by
az = 05

C2T(p—12p+12)2  1p®—12p+12
TR o122 T T2 g1z
=243 (p? — 12p + 12)3(p? — 4p + 12)
T (% — 12)° ’
_ 81 (p* —12p+12)*(p® — 4p +12)
“=g (% — 12)3 '

Setting p = 2 we obtain a pairs of elliptic curves

E y? = 2% + 542 + 216 20736p1
F y? = 2% — 5222 + 18936 103680bv1
which are non-isogenous and 8-congruent with power 5. O
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If F is 5-isogenous to F' then F' is 8-congruent to E with power 5 and
therefore we have a copy of Xo(5) on S, 5 which corresponds to pairs of of 5-
isogenous curves. Let E,. : y? = 23 + a,x + b, be the families of elliptic curves
parameterized by Xo(5), where

a, = —27r* + 32473 — 378r% — 324r — 27,
b, = 5415 — 97215 4+ 40507 + 405072 + 972r + 54

The F;., which is 5-isogenous to F,, is
v+ (1 —r)ay —ry =23 —ra® —5t(r? + 2r — Da — r(r? +10r° — 5r% + 151 — 1)
(T4+22§’Eijf?;l::?§&“)s . By considering the j-map X3(8) —

X (1) we obtain the value of ¢ which corresponds to F.. Then the point on X2,(8)
corresponding to Fi. is

and has j-invariant

t=7r2+1, ag = —1944r(r® — 117 + 7r + 1)(r® — 7r? — 11r — 1),
ay = 324r(r* — 12r — 1)(r* + 1), ag = 108r(r* — 6r — 1).
To find a copy of Xo(5) on S, 5 we replace both a,,b, by a2/b? and rescale
the coordinates t,ag, a1, as. Similarly we can find points corresponding to 3-

isogenous curves on S, 3 and points corresponding to 7-isogenous curves on
Sa,7.

Proposition 7.4. There are infinitely many pairs of non-isogenous elliptic
curves which are 8-congruent with power 3.

Proof. We search for a genus 0 curve on S, 3. Consider the genus 0 curve on
Sa.3 parameterised by Al

135 (r?—2r— )02+ 1)
4 (P—r+ )2 +r+H0r2+2r—3)
(r?—2r— 2)(r* +3)
(r2—r+3)r2+r+32)
(P =2+ 3)(° —3r - D+ )02+ 3r + ) + 8 + 1)
(r2—r+ )22 +r+2)2(r2 +2r — 3)?
(r? — %r — %)2(7“—1— %)

(rP2—r+ )2 +r+ 32 +2r—3)

1
t==
2

ap = —135

3

a1:0,a2:6

Then the curves corresponding to » = 0 are non-isogenous and the result follows.
O

The families of curves parameterized by Xo(3) are E, : y*> = 2® + a,x + b,
where a, = 187 — 27,b, = 9r? — 54r + 54. So the curve F, which is 3-isogenous
to E, corresponds to

t=1-ra9=36r*—126r 4+ 108,a; = 157 — 18,a, = 3r — 6

on X3 (8).
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Proposition 7.5. There are infinitely many pairs of non-isogenous elliptic
curves which are 8-congruent with power 7.

Proof. We start with the model S, 7 and we take the section ¢ = 0. Then
we obtain a curve C' which has 2 irreducible components, one of which is not
reduced. We take the reduced one, say C7, which is a genus 1 curve and it has
a rational point

p:a=-9,t=0,a0=3,a1 =1,a2 =0
and so C is isomorphic to
C":y? = a® + 22 — 538z + 4628
which has rank 1. Finally, we search a point on C; given by

R I ¢ I B
a = 325 - aa0_32aa1_4aa2— 3

and this point gives a pair of non-isogenous curves
Ei:y? = 2% — 1080z — 17280, Es : y? = 2% + 7931250z — 8519850000.
O

The families of curves parameterized by Xo(7) are E, : y*> = 2® + a,x + b,
where

ar = —27r8 + 32477 — 113475 + 151215 — 9457% + 378r% — 1081 — 27,
b, = 54712 — 972711 4+ 6318710 — 19116+° + 30780r% — 2624477
+ 1474275 — 11988r° + 93961* — 248413 — 81012 + 3247 + 54,

and so the curve F,. which is 7-isogenous to FE, corresponds to

t_rG—7r5—14r4+53r3—34r2+r+1

r2 —pr4+1
ap = 12(—r® + 1577 — 72r% 4+ 125¢° — 113r* + 4873 4+ 502 — 7r — 1),
2r6 — 2615 + 80r* — 503 — 2012 + 147 + 2 2
ay = , a2 = =,
r2 —r41 3
on X7, (8).
Remark

The surface Zg 7 is a surface of general type, and one might expect to take more
effort to find rational points on S, 7.
We now give some examples with small conductors.

Example

By searching rational points on X3 (8) we obtain a curve F which is non-
isogenous to F and 8-congruent to E with power 5, where

Ew?=2%+2%— 17233 9602
F y? = 2% — 822 — 3330562 + 59636736 1056d2

We give the traces of Frobenius of the curves at first several places

20



Prime 213|657 (11|13 1719|2329 |31
Traces of Frobenius(E) [0 |1 |2 |44 |[-2 |6 |-4 |0 |2 |4
Traces of Frobenius(F) [0 |1 2|4 |-1 |-2 |2 |4 |0 |-6 |4

and they are congruent mod 8 except p = 11. Further, at p = 3, both curves
have split multiplicative reduction and we have vs(Ag) = 1,v3(Ap) = 5 which
agrees with Proposition 2 in [KO].

Example

By searching rational points on X3 (8) we obtain a curve F which is non-
isogenous to F and 8-congruent to E' with power 3, where

Ey4aoy+y=a®—2* -2 99al
F y? = 2% — 9751592432 + 11681563877190 1683b1

We give the traces of Frobenius of the curves at first several places

Prime 213|565 |7 1113|1719 |23 |29 |31
Traces of Frobenius(E) [ 7 [0 |4 6|7 |6 |2 |2 |4 |2 |4
Traces of Frobenius(F) | 7|0 |4 |6 |-7 |6 |1 |2 |4 |2 |4

and they are congruent mod 8 except p = 11,17. Further at p = 11 both curves
have split multiplicative reduction and we have v11(Ag) = 1, v11(Af) = 3
which agree with Proposition 2 in [KO].

We made some effort to minimise and reduce the equation Xg(8) and find
some examples of triples of elliptic curves which are directly 8-congruent to each
other.

Example 7.6. Elliptic curves 129al, 645el and 23349al are directly 8-congruent
to each other.

Example 7.7. Elliptic curves 561al,235059g1 and 171105h1 are directly 8-
congruent to each other.

Appendix

Let E : y* = 2® + ax + b be an elliptic curve. Let ¢4 = —%,¢6 = —5;. The
families of elliptic curves parameterised by X3 (4) are

EAE 2 = 0% — 27TAZap(t)z — 54ALbE(t)

where
ap(t) = cat® + 8cet™ + 28¢5t° + 56cycet”® + (—42¢5 + 112¢2)t*

+ 56¢3c6t> + (252¢] — 224c4c2)t? + (264c3cs — 256¢5)t + (81c] — 80c3c),
be(t) = cot'? +12c3tM 4 66c4c6t™0 4 (44¢5 + 176¢2)t° + 495c3¢qt®

+ 792647 + 924c3eatS + (—2376¢5 + 3168c3c2)t® + (—5841chcs + 6336¢4cd )t

4 (—1188¢§ — 4224c3¢2 + 5632c4)t® + (—4158¢ ¢ + 4224¢3cd)t?

+ (—2916¢] + 4464c]c: — 1536c4ca)t + (—1215c5¢s + 2240c3 ¢ — 1024c3).
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