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POISSON BOUNDARIES OF MONOIDAL CATEGORIES

SERGEY NESHVEYEV AND MAKOTO YAMASHITA

ABsTRACT. Given a rigid C*-tensor category C with simple unit and a probability measure p on the
set of isomorphism classes of its simple objects, we define the Poisson boundary of (C,u). This is
a new C”-tensor category P, generally with nonsimple unit, together with a unitary tensor functor
II: C — P. Our main result is that if P has simple unit (which is a condition on some classical
random walk), then IT is a universal unitary tensor functor defining the amenable dimension function
on C. Corollaries of this theorem unify various results in the literature on amenability of C*-tensor
categories, quantum groups, and subfactors.

RESUME. Etant données une C*-catégorie tensorielle rigide C dont 1'objet unité est simple ainsi
qu’une mesure de probabilité u sur I’ensemble de classes d’isomorphisme des objets simples, nous
définissons la frontiére de Poisson de (C, u). C’est une nouvelle C*-catégorie tensorielle P dont 'objet
unité n’est pas, en général, simple, couplée avec un foncteur unitaire tensoriel II: C — P. Notre
résultat principal assure que si I'objet unité de P est simple (ce qui se traduit par une condition
sur une certaine marche aléatoire classique), alors II est un foncteur unitaire tensoriel universel qui
définit la fonction de dimension moyennable sur C. Les corollaires de ce théoréme unifient différents
résultats connus sur la moyennabilité des C*-catégories tensorielles, des groupes quantiques et des
sous-facteurs.

INTRODUCTION

The notion of amenability for monoidal categories first appeared in Popa’s seminal work
on classification of subfactors as a crucial condition defining a class of inclusions admitting good clas-
sification. He then gave various characterizations of this property analogous to the usual amenability
conditions for discrete groups: a Kesten type condition on the norm of the principal graph, a Fglner
type condition on the existence of almost invariant sets, and a Shannon-McMillan—Breiman type
condition on relative entropy, to name a few.

This stimulated a number of interesting developments in related fields of operator algebras. First,
Longo and Roberts [LR97] developed a general theory of dimension for C*-tensor categories, and
indicated that the language of sectors/subfactors is well suited for studying amenability in this
context. Then Hiai and Izumi [HI98| studied amenability for fusion algebras/hypergroups endowed
with a probability measure, and obtained many characterizations of this property in terms of random
walks and almost invariant vectors in the associated fP-spaces. These studies were followed by
the work of Hayashi and Yamagami [HY00], who established a way to realize amenable monoidal
categories as bimodule categories over the hyperfinite 11 factor.

In addition to subfactor theory, another source of interesting monoidal categories is the theory
of quantum groups. In this framework, the amenability question concerns the existence of almost
invariant vectors and invariant means for a discrete quantum group, or some property of the dimension
function on the category of unitary representations of a compact quantum group mm
BCTO05]. Here, one should be aware that there are two different notions of amenability involved.
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One is coamenability of compact quantum groups (equivalently, amenability of their discrete duals)
considered in the regular representations, the other is amenability of representation categories. These
notions coincide only for quantum groups of Kac type.

In yet another direction, Izumi [[zu02] developed a theory of noncommutative Poisson boundaries
for discrete quantum groups in order to study the minimality (or lack thereof) of infinite tensor prod-
uct type actions of compact quantum groups. From the subsequent work [INT06,[Tom07] it became
increasingly clear that for coamenable compact quantum groups the Poisson boundary captures a
very elaborate difference between the two amenability conditions. Later, an important result on
noncommutative Poisson boundaries was obtained by De Rijdt and Vander Vennet [DRVVI0], who
found a way to compute the boundaries through monoidal equivalences. In light of the categorical
duality for compact quantum group actions recently developed in [DCY13|[Nes14], this result suggests
that the Poisson boundary should really be an intrinsic notion of the representation category Rep G
itself, rather than of the choice of a fiber functor giving a concrete realization of Rep G as a category
of Hilbert spaces. Starting from this observation, in this paper we define Poisson boundaries for
monoidal categories.

To be more precise, our construction takes a rigid C*-tensor category C with simple unit and a
probability measure p on the set Irr(C) of isomorphism classes of simple objects, and gives another
C*-tensor category P together with a unitary tensor functor I1: C — P. Although the category P is
defined purely categorically, there are several equivalent ways to describe it, or at least its morphism
sets, that are more familiar to the operator algebraists. One is an analogue of the standard description
of classical Poisson boundaries as ergodic components of the time shift. Another is in terms of relative
commutants of von Neumann algebras, in the spirit of [LRI7IHY00lIzu02]. For categories arising from
subfactors and quantum groups, this can be made even more concrete. For subfactors, computing the
Poisson boundary essentially corresponds to passing to the standard model of a subfactor [Pop94].
For quantum groups, not surprisingly as this was our initial motivation, the Poisson boundary of the
representation category of GG can be described in terms of the Poisson boundary of G. The last result
will be discussed in detail in a separate publication [NYT14], since we also want to describe the action
of G on the boundary in categorical terms and this would lead us away from the main subject of this
paper.

Our main result is that if P has simple unit, which corresponds to ergodicity of the classical random
walk defined by p on Irr(C), then IT: C — P is a universal unitary tensor functor which induces the
amenable dimension function on C. From this we conclude that C is amenable if and only if there
exists a measure p such that Il is a monoidal equivalence. The last result is a direct generalization
of the famous characterization of amenability of discrete groups in terms of their Poisson boundaries
due to Furstenberg [Fur73|, Kaimanovich and Vershik [KV83|, and Rosenblatt [Ros8I]. From this
comparison it should be clear that, contrary to the usual considerations in subfactor theory, it is
not enough to work only with finitely supported measures, since there are amenable groups which
do not admit any finitely supported ergodic measures [KV83|. The characterization of amenability
in terms of Poisson boundaries generalizes several results in [Pop94,[LRI7,HY00]. Our main result
also allows us to describe functors that factor through II in terms of categorical invariant means.
For quantum groups this essentially reduces to the equivalence between coamenability of G and

amenability of G [Tom06,BCTO5].

Although our theory gives a satisfactory unification of various amenability results, the main re-
markable property of the functor Il: C — P is, in our opinion, the universality. If the category P
happens to have a simpler structure compared to C, this universality allows one to reduce classifica-
tion of functors from C inducing the amenable dimension function to an easier classification problem
for functors from P. This idea will be used in [NYT6] to classify a class of compact quantum groups.

Acknowledgement. M.Y. thanks M. Izumi, S. Yamagami, T. Hayashi, and R. Tomatsu for their
interest and encouragement at various stages of the project.
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1. PRELIMINARIES

1.1. Monoidal categories. In this paper we study rigid C*-tensor categories. By now there are
many texts covering the basics of this subject, see for example [Yam04l[MiigIOINT13] and references
therein. We mainly follow the conventions of [NTI13|, but for the convenience of the reader we
summarize the basic definitions and facts below.

A C*-category is a category C whose morphism sets C(U, V') are complex Banach spaces endowed
with complex conjugate involution C(U,V) — C(V,U), T + T* satisfying the C*-identity. Unless
said otherwise, we always assume that C is closed under finite direct sums and subobjects. The
latter means that any idempotent in the endomorphism ring C (X) = C(X, X) comes from a direct
summand of X.

A C*-category is said to be semisimple if any object is isomorphic to a direct sum of simple (that
is, with the endomorphism ring C) objects. We then denote the isomorphism classes of simple objects
by Irr(C) and assume that this set is at most countable. Many results admit formulations which do
not require this assumption and can be proved by considering subcategories generated by countable
sets of simple objects, but we leave this matter to the interested reader.

A wunitary functor, or a C*-functor, is a linear functor of C*-categories F': C — (' satisfying
F(T*)=F(T)".

In this paper we frequently perform the following operation: starting from a C*-category C, we
replace the morphisms sets by some larger system D(X,Y") naturally containing the original C(X,Y").
Then we perform the idempotent completion to construct a new category D. That is, we regard
the projections p € D (X) as objects in the new category, and take ¢D(X,Y)p as the morphism
set from the object represented by p € D (X) to the one by ¢ € D(Y). Then the embeddings
C(X,Y) —» D(X,Y) can be considered as a C*-functor C — D.

A C*-tensor category is a C*-category endowed with a unitary bifunctor ®: C x C — C, a distin-
guished object 1 € C, and natural unitary isomorphisms

1eU~U~U®I1, UV, W) (UV)oW U (VaeW)

satisfying certain compatibility conditions.

A unitary tensor functor, or a C*-tensor functor, between two C*-tensor categories C and C’ is given
by a triple (Fpy, F, F5), where F' is a C*-functor C — C’, Fj is a unitary isomorphism 1o — F(1¢),
and Fj is a natural unitary isomorphism F(U) ® F(V) — F(U ® V'), which are compatible with the
structure morphisms of C and C’. As a rule, we denote tensor functors by just one symbol F.

When C is a strict C*-tensor category and U € C, an object V is said to be a dual object of U if
there are morphisms R € C(1,V @ U) and R € C(1,U ® V) satisfying the conjugate equations

(v @ RY)(R®wv) =y, (v @ R)(R® y) = .

If any object in C admits a dual, C is said to be rigid and we denote a choice of a dual of U € C
by U. We assume that rigid C*-tensor categories have simple tensor units.

A rigid C*-tensor category (with simple unit) has finite dimensional morphism spaces and hence
is automatically semisimple by our assumption of existence of subobjects.

The quantity

d°(U) = min ||R| || R||
(R,R)

is called the intrinsic dimension of U, where (R, R) runs through the set of solutions of conjugate
equations as above. We omit the superscript C when there is no danger of confusion. A solution
(R, R) of the conjugate equations for U is called standard if

. 1/2
IR = | R|| = d(U)">.
Solutions of the conjugate equations for U are unique up to the transformations

(R,R)— (T* ® )R, @ T"HR).
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Furthermore, if (R, R) is standard, then such a transformation defines a standard solution if and only
if T is unitary.

In a rigid C*-tensor category C we often fix standard solutions (R, Ry7) of the conjugate equations
for every object U. Then C becomes spherical in the sense that one has the equality R};(:® T)Ry =
R}, (T ® t)Ry for any T € C (U). The normalized linear functional

try(T) = d(U) 'R} (1 @ T)Ry = d(U) ' Rj(T ® )Ry

is a tracial state on the finite dimensional C*-algebra C (U). It is independent of the choice of a
standard solution. More generally, for any objects X, U and V we can consider the normalized
partial categorical traces

try@: C( XU, X®V)—=CU,V) and t®trx: C(U® X,V ®X)— CUV).
Namely, with a standard solution (R, Ry) as above, we have
(trx @)(T) = d(X) " (Rx ® )t @ T)(Rx @1), (1@ trx)(T) = d(X) ™ (e ® RX)(T © 1)t ® Rx).

Given a rigid C*-tensor category C, if [U] and [V] are elements of Irr(C), we can define their
product in Z4 [Irr(C)] by putting

U]-vi= ) dimC(W.UeV)W],
[W]elrr(C)

thus getting a semiring Z [Irr(C)]. Extending this formula by bilinearity, we obtain a ring structure
on Z[Irr(C)]. The map [U] — d(U) extends to a ring homomorphism Z[Irr(C)] — R. The pair
(Z[Irr(C)], d) is called the fusion algebra of C. In general, a ring homomorphism d’: Z[Irr(C)] — R
satisfying d'([U]) > 0 and d'([U]) = d'([U]) for every [U] € Irr(C) is said to be a dimension function
on C.

For a rigid C*-tensor category C, the right multiplication by [U] € Irr(C) on Z[Irr(C)] can be
considered as a densely defined operator I'y on ¢2(Irr(C)). This definition extends to arbitrary
objects of C by the formula I'y; = Z[V]GIrr(C) dim(V,U)l'y. If d' is a dimension function on C, one

has the estimate
ITull ey < d'O).

If the equality holds for all objects U, then the dimension function d’ is called amenable. Clearly, there
can be at most one amenable dimension function. If the intrinsic dimension function is amenable,
then C itself is called amenable.

1.2. Categories of functors. Given a rigid C*-tensor category C we will consider the category of
unitary tensor functors from C into C*-tensor categories. Its objects are pairs (A, F), where A is a
C*-tensor category and E: C — A is a unitary tensor functor. The morphisms (A, E) — (B, F) are
unitary tensor functors G: A — B, considered up to natural unitary monoidal isomorphismsﬁ such
that GFE is naturally unitarily isomorphic to F.

A more concrete way of thinking of this category is as follows. First of all we may assume that C
is strict. Consider a unitary tensor functor F: C — A. The functor F is automatically faithful by
semisimplicity and existence of conjugates in C. It follows that by replacing the pair (A, E) by an
isomorphic one, we may assume that A is a strict C*-tensor category containing C and FE is simply
the embedding functor. Namely, define the new sets of morphisms between objects U and V in C as
A(E(U),E(V)), and then complete the category we thus obtain with respect to subobjects.

Assume now that we have two strict C*-tensor categories A and B containing C, and let E: C — A
and F': C — B be the embedding functors. Assume [G]: (A, E) — (B, F) is a morphism. This

*Therefore the category of functors from C we consider here is different from the category Zens(C) defined in [NY14],
where we wanted to distinguish between isomorphic functors and defined a more refined notion of morphisms.
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means that there exist unitary isomorphisms 7y : G(U) — U in B such that G(T) = n;lTnU for any
morphism 7" € C(U, V), and the morphisms

Go(U,V): GU) @ G(V) = GU V)

defining the tensor structure of G restricted to C are given by Ga(U,V) = U&éV(UU ® ny). For
objects U of A that are not in C put ny = 1 € B(G(U)). We can then define a new unitary tensor
functor G: A — B by letting G(U) = U for objects U in C and G(U) = G(U) for the remaining
objects, G(T) = nvG(T)n;" for morphisms, and G2(U,V) = nuevGa(U,V)(n;' @ ny;'). Then
[G] = [G] and the restriction of G to C C A coincides with the embedding (tensor) functor C — B.

Therefore, any unitary tensor functor C — A is naturally unitary isomorphic to an embedding
functor, and the morphisms between two such embeddings £: C — A and F:C — B are the
unitary tensor functors G: A — B extending F', considered up to natural unitary isomorphisms.
If, furthermore, A is generated by the objects of C then [G] is completely determined by the maps
AU, V) — B(U,V) extending the identity maps on C(U, V) for all objects U and V in C.

1.3. Subfactor theory. Let N C M be an inclusion of von Neumann algebras represented on a
Hilbert space H. There is a canonical bijective correspondence between the normal semifinite faithful
operator valued weights ®: M — N and the ones W: N’ — M’ in terms of spatial derivatives [Con80].
Namely, for every ® there is a unique ¥ denoted by ®~! and characterized by the equation

dw® dw
dw' — dw'®1
where w and w’ are any choices of normal semifinite faithful weights on N and M’.

If F is a normal faithful conditional expectation from M to N, its index Ind ' can be defined
as E71(1) [Kos86]. Suppose that M and N are factors admitting conditional expectations of finite
index. Then the index is a positive scalar and there is a unique choice of £/ which minimizes Ind E.
This F is called the minimal conditional expectation of the subfactor N C M [Hia8§].

Suppose that N C M is a subfactor endowed with a normal conditional expectation of finite
index F: M — N. We then obtain a von Neumann algebra M; called the basic extension of
N C M with respect to E, as follows. Taking a normal semifinite faithful weight ¥ on N, the
algebra My € B(L?*(M,E)) is generated by M and the orthogonal projection ey, called the Jones
projection, onto L2(N, 1) C L?>(M,¢E). One has the equality M; = JN'J, where .J is the modular
conjugation of M with respect to ¥ E. From the above correspondence of operator valued weights,
there is a canonical conditional expectation Fq: M; — M which has the same index as E, namely,
By = (Ind E)"'JE~1(J - J)J. Tterating this procedure, we obtain a tower of von Neumann algebras

NCMcCM CMyC---.

The higher relative commutants
N NMy={xe€ M, |Vye N:azy=uyx}

are finite dimensional C*-algebras, with bound dim(N’ N M) < (Ind E)*. The algebras M’ N Moy,
(k € N) can be considered as the endomorphism rings of M @ M ®y --- @y M in the category
of M-bimodules, and there are similar interpretations for the algebras N’ N My 1, etc., in terms of
N-bimodules, M-N-modules, and N-M-modules.

1.4. Relative entropy. An important numerical invariant for inclusions of von Neumann algebras,
closely related to index, is relative entropy. For this part we follow the exposition in [NS06].

When ¢ and v are positive linear functionals on a C*-algebra M, we denote their relative entropy
by S(¢,v). If M is finite dimensional, it can be defined as

Tr(Q,(log Q, —log Qy)), if ¢ <Ay for some X\ >0,

400, otherwise,

S(p,v) :{
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where Tr is the canonical trace on M which takes value 1 on every minimal projection in M, and
Q, € M is the density matrix of ¢, so that we have ¢(z) = Tr(zQ,). For a single positive linear
functional 1 on a finite dimensional M, we also have its von Neumann entropy defined as S(¢) =
—Tr(Qqy log Qy).

Given an inclusion of C*-algebras N C M and a state ¢ on M, the relative entropy H,(M|N)
(also called conditional entropy in the classical probability theory) is defined as the supremum of the
quantities

> (S(¢i, ) = S(piln, ¢ln)
1
where (¢;);i = (¢1,--., %K) runs through the tuples of positive linear functionals on M satisfying
p= Z?Zl ;. If M is finite dimensional, this can also be written as

Ho(MIN) = S(¢) = S(¢l) + sup > (S(eiln) = S(e1),
Pi)i g
where supremum is again taken over all finite decompositions of ¢.

Relative entropy has the following lower semicontinuity property. Suppose that N C M is an
inclusion of von Neumann algebras and ¢ is a normal state on M. Suppose that B; C A; (i =1,2,...)
are increasing sequences of subalgebras B; C N, A; C M such that [ J; A; and |, B; are s*-dense
in M and N, respectively. Then one has the estimate

H,(M|N) < liminf H,(A;|B;).

If N C M is an inclusion of von Neumann algebras and F: M — N is a normal conditional
expectation, the relative entropy of M and N with respect to E is defined by

Hp(M|N) = sup Hy(M|N),
©

where ¢ runs through the normal states on M satisfying ¢ = pF [Hia91]. If M and N are factors,
then we have the estimate Hg(M|N) < logInd E.

2. CATEGORICAL POISSON BOUNDARY

Let C be a strict rigid C*-tensor category satisfying our standard assumptions: it is closed under
finite direct sums and subobjects, the tensor unit is simple, and Irr(C) is at most countable.

Let p be a probability measure on Irr(C). The Poisson boundary of (C, 1) will be a new C*-tensor
category P, possibly with nonsimple unit, together with a unitary tensor functor II: C — P. In this
section we define (P,II) in purely categorical terms. In the next section we will give several more
concrete descriptions of this construction.

For an object U consider the functor t @ U: C — C, X — X ® U. Given two objects U and V,
consider the space Nat(t ® U,. ® V') of natural transformations from ¢t ® U to ¢t ® V, so elements of
Nat(: ® U,t ® V') are collections n = (nx)x of morphisms nx: X ® U — X ® V, natural in X. For
every object X we can define a linear operator Px on Nat(: ® U,. ® V') by

Px(n)y = (trx ®u)(nxey)

with the partial categorical trace introduced in Section Il Denote by C(U,V) C Nat(t ® U,. ® V)
the subspace of bounded natural transformations, that is, of elements 7 such that supy ||ny || < oco.
More concretely, taking a representative Uy for each s € Irr(C), we can present C(U, V') as

CUV)=>-PCU, U, U,aV),
S
since the natural transformations are determined by their actions on the simple objects. This is a

Banach space, and the operator Py defines a contraction on it. It is also clear that the operator Px
depends only on the isomorphism class of X.
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From now on let us fix a representative Uy for every s € Irr(C) as above. We write try instead of
try,, Ps instead of Py, and so on. Similarly, for a natural transformation n: ¢t @ U — ¢t ® V we write
ns instead of ny,. Let also denote by e € Irr(C) the index corresponding to 1. For convenience we
assume that U, = 1. Define an involution on Irr(C) such that Us is a dual object to Us.

Consider now the operator

P, = Z wu(s)Ps.

This is a well-defined contraction on C (U, V). We say that a bounded natural transformation n: ¢ ®
U—1®V is P,-harmonic if
Pu(n) =n.

Any morphism 7': U — V defines a bounded natural transformation (tx ® T) x, which is obviously
P,-harmonic for every p. When there is no ambiguity, we denote this natural transformation simply
by T

The composition of harmonic transformations is in general not harmonic. But we can define a new
composition as follows.

Proposition 2.1. Given bounded P,-harmonic natural transformations n: t@U — 1@V andv: 1 ®
V=1 W, the limit
. f— 1 n
(v-m)x = lim Pr(vn)x
exists for all objects X and defines a bounded P,-harmonic natural transformation t @ U — + @ W.
Furthermore, the composition - is associative.

Note that since the spaces C(X @ U, X ® W) are finite dimensional by our assumptions on C, the
notion of a limit is unambiguous.

Proof of Proposition [Z. This is an immediate consequence of results of Izumi [Izul2] (another proof
will be given in Section B]). Namely, replacing U, V and W by their direct sum we may assume
that U =V = W. Then

C(U) =CU,U)=r>-@c U, e U)

is a von Neumann algebra and P, is a normal unital completely positive map on it. By [[zul2l
Corollary 5.2| the subspace of P,-invariant elements is itself a von Neumann algebra with product -
such that @ -y is the s™-limit of the sequence { P} (zy)}n. O

Using this product on harmonic elements we can define a new C*-tensor category P = P¢ , and a
unitary tensor functor IT =1Il¢ ,,: C — P as follows.

First consider the category P with the same objects as in C, but define the new spaces 75(U V)
of morphisms as the spaces of bounded F,-harmonic natural transformations : @ U — ¢ ® V. Define
the composition of morphisms as in Proposition 21 We thus get a C*-category, possibly without
subobjects. Furthermore, the C*-algebras P (U) are von Neumann algebras.

Next, we define the tensor product of objects in the same way as in C, and define the tensor
product of morphisms by

van=rey-(ten).
Here, given v: 1 QU — 1@V and n: 1@ W — 1 ® Z, the natural transformation v®tz7: 1 QU @ Z —
L ®V ® Z is defined by
(V®@uiz)x =vx @1z,
while the natural transformation 1y @ n: t QU @ W — 1 ® U ® Z is defined by
(tv ®n)x = NxeU-

We remark that v ® ¢ and ¢ ® n are still P,-harmonic due to the identities
Px(r®i1)=Px(v)®t, Px(t®n)=1® Px(n).
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Note also that by naturality of n we have (vx ® tz)nxeu = nxev (Vx & tz), which implies that
ven=(8n) (¥e).

This shows that ®: P x P — P is indeed a bifunctor. Since C is strict, this bifunctor is strictly
associative.

Finally, complete the category P with respect to subobjects. This is our C*-tensor category P,
possibly with nonsimple unit. Since C is rigid, the category P is rigid as well. The unitary tensor
functor II: C — P is defined in the obvious way: it is the strict tensor functor which is the identity
map on objects and II(T") = (1x ® T')x on morphisms. We will often omit IT and simply consider C
as a C*-tensor subcategory of P.

Definition 2.2. The pair (P,II) is called the Poisson boundary of (C, ). We say that the Poisson
boundary is trivial if II: C — P is an equivalence of categories, or in other words, for all objects U
and V in C the only bounded P,-harmonic natural transformations : ® U — ¢ ® V' are the transfor-
mations of the form n = (1x ® T)x for T € C(U, V).

The algebra P(1) is determined by the random walk on Irr(C) with transition probabilities

pM(S7 t) = Zu(r)misﬁa

T

where d(s) = d(U,) and m!, = dim C(U;, U, ® U,). Namely, if we identify C(1) with
>-EPeu,) = > @r(C)),

then the operator P, on C(1) is the Markov operator defined by p,, so (P.f)(s) = 32, pu(s,t) f(1).
Therefore P(1) is the algebra of bounded measurable functions on the Poisson boundary, in the usual
probabilistic sense, of the random walk on Irr(C) with transition probabilities p,(s,t). We say that u
is ergodic, if this boundary is trivial, that is, the tensor unit of P is simple.

We say that p is symmetric if p(s) = p(s) for all s, and that u is generating if every simple object
appears in the decomposition of Us, ® - - - ®@ Uy, for some s1,...,s, € supp p and n > 1. Equivalently,
p is generating if |, ., supp #*" = Irr(C), where the convolution of probability measures on Irr(C) is
defined by -

¢ dt)
(V * M)(t) - SZ,T: I/(S)M(T)msr d(S)d(T’) .
We will write p™ instead of p*”. The definition of the convolution is motivated by the identity
P,P, = P,.,.

We remark that a symmetric ergodic measure p, or even an ergodic measure with symmetric
support, is automatically generating. Indeed, the symmetry assumption implies that we have a well-
defined equivalence relation on Irr(C) such that s ~ ¢ if and only if ¢ can be reached from s with
nonzero probability in a finite nonzero number of steps. Then any bounded function on Irr(C) that is
constant on equivalence classes is F,-harmonic. Hence p is generating by the ergodicity assumption.

Let us say that C is weakly amenable if the fusion algebra (Z[Irr(C)],d) is weakly amenable in the
sense of Hiai and Izumi [HI9g]|, that is, there exists a left invariant mean on ¢°°(Irr(C)). By definition
this is a state m such that m(Ps(f)) = m(f) for all f € £°(Irr(C)) and s € Irr(C). Of course, it
is also possible to define right invariant means, and by [HI98, Proposition 4.2] if there exists a left
or right invariant mean, then there exists a bi-invariant mean. By the same proposition amenability
implies weak amenability, as the term suggests. But as opposed to the group case, in general, the
converse is not true. Using this terminology let us record the following known result.

Proposition 2.3. An ergodic probability measure on Irr(C) exists if and only if C is weakly amenable.
Furthermore, if an ergodic measure exists, then it can be chosen to be symmetric and with support
equal to the entire space Irr(C).
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Proof. If p is an ergodic measure, then any weak* limit point of the sequence n ! zz;é ©" defines
a right invariant mean. For random walks on groups this implication was observed by Furstenberg.
The other direction is proved in [HY00, Theorem 2.5|. It is an analogue of a result of Kaimanovich—
Vershik and Rosenblatt. O

It should be remarked that if the fusion algebra of C is weakly amenable and finitely generated, in
general it is not possible to find a finitely supported ergodic measure [KV83l Proposition 6.1].

To finish the section, let us show that, not surprisingly, categorical Poisson boundaries are of
interest only for infinite categories.

Proposition 2.4. Assume C is finite, meaning that Irr(C) is finite, and p is generating. Then the
Poisson boundary of (C,u) is trivial.

Proof. The proof is similar to the proof of triviality of the Poisson boundary of a random walk on
a finite set based on the maximum principle. Fix an object U in C and assume that n € C (U) is
positive and P,-harmonic. We claim that if n # 0 then there exists a positive nonzero morphism
T € C(U) such that n > T'. Assuming that the claim is true, we can then choose a maximal T" with
this property. Applying again the claim to the element n—1T', we conclude that n = T" by maximality.

In order to prove the claim observe that 1. € C(U) is nonzero. Indeed, by assumption there
exists s such that 7, # 0. Since the categorical traces are faithful, and therefore partial categorical
traces are faithful completely positive maps, it follows that Ps(n). # 0. Since s € supp p” for some
n > 1, we conclude that n, = Py (n)e # 0.

Denote the positive nonzero element 1, € C (U) by S. Fix s € Irr(C). Let (Rs, Rs) be a standard
solution of the conjugate equations for U, and p € C ((_]5 ® US) be the projection defined by p =
d(s)"'RsR’. By naturality of 7 we then have No.eu, = P ® S, whence

Ps(n)s > (trs@0)(p) ® S = d(s) 2t ® 9).

Using the generating property of p and finiteness of Irr(C), we conclude that there exists a number
A > 0 such that n; >+ ® AS for all s. This proves the claim. O

3. REALIZATIONS OF THE POISSON BOUNDARY

As in the previous section, we fix a strict rigid C*-tensor category C and a probability measure p
on Irr(C). In Sections and we will in addition assume that p is generating. Let II: C — P
be the Poisson boundary of (C, ). Our goal is to give several descriptions of the algebras P(U) of
harmonic elements.

3.1. Time shift on the categorical path space. Fix an object U. Denote by M((]O) the von

Neumann algebra C(U) = £>°- @ sC(Us®U). More generally, for every n > 0 consider the von
Neumann algebra

M[(]n) = Endb(Lcn+1 & U),
SO M[(Jn) consists of bounded collections 1 = (an7---,X0)Xn,---7XO of natural in X,,,..., Xy endomor-
phisms of X,, ® --- ® Xg ® U. We consider M[(]n) as a subalgebra of M[(]nﬂ) using the embedding

(X, X0) X Xo 7 (U001 @ X, X 1,0, X0) Xy 1,00 Xo
Define a conditional expectation Ej, 1, : M((JnH) — M[(Jn) by

Bt ()Xo Xo = > 11(8) (675 @) (MU, X, .o X0 )-
S

Taking compositions of such conditional expectations we get normal conditional expectations

Bno: MY — MY,
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These conditional expectations are not faithful for n > 1 unless the support of u is the entire space

Irr(C). The support of E,, g is a central projection, and we denote by ./\/lgl) the reduction of M[(Jn) by
this projection. More concretely, we have a canonical isomorphism

MP = B U, @ @U,®U). (3.1)
Sny...,S1ESUPD [
so€lrr(C)

(n)

The conditional expectations FEi, o define normal faithful conditional expectations &, o: M;;" —
./\/lg]) = ]\/.I'[(JO ), and similarly E, 1, define conditional expectations &,1,. Denote by My the von
Neumann algebra obtained as the inductive limit of the algebras ngn) with respect to £, 9. In other
words, take any faithful normal state QSS)) on ./\/lgv]). By composing it with the conditional expectation
En,0 We get a state ¢81) on Mgl). Together these states define a state on | J,, Mgl). Finally, complete

Un./\/lgL) to a von Neumann algebra My in the GNS-representation corresponding to this state.
Denote the corresponding normal state on My by ¢p.

Note that if we start with a trace on Mg)) which is a convex combination of the traces try, g, then

the corresponding state ¢ on My is tracial. Since it is faithful on ./\/lgb) for every n, it is faithful
on My. This shows that My is a finite von Neumann algebra. Furthermore, the ¢y-preserving

normal faithful conditional expectation &,,: My — ./\/lgjn) coincides with &, 1, on ./\/lgLH). It follows

that on the dense algebra (J,, ngm) the conditional expectation &, is the limit, in the pointwise s*-
topology, of £,11nEnv2n+1 - - - Emt1,m as m — 0o. Hence &, is independent of the choice of a faithful

normal trace QSS)) as above.

Define a unital endomorphism 6y of J,, M((Jn) such that HU(M[(Jn)) C M((JnH) by
O (1) Xs1, X0 = NXni1,0 X0, X1 @ X0

Considering ./\/lgc) as a quotient of M((Jk) we get a unital endomorphism of |, Mgl).

Lemma 3.1. The endomorphism 0y of |, ./\/lgb) extends to a normal faithful endomorphism of My,
which we continue to denote by 0.

Proof. Consider the normal semifinite faithful (n.s.f.) trace Q,ZJI(JO) = >, d(s)*try,qu on

MY == Be U, o U)

and put Yy = 1/18) ) &o. Then ¢y is an n.s.f. trace. In order to prove the lemma it suffices to show that
the restriction of ¥y to |, Mgl) is Ay-invariant. Indeed, if the invariance holds, then we can define
an isometry U on L2(My,¢y) by UMy, () = Ay, (0u(z)) for z € U, Mgl) such that ¢y (z*z) < oo.
Let H C L?*(My,vy) be the image of U and M be the von Neumann algebra generated by the
image of fy. Then H is M-invariant. We can choose 0 < e; < 1 such that 6y (e;) — 1 strongly
and 1y (e;) < co. Now, if x € M is such that x|z = 0, then ¥y (0y(e;)x0(e;)) = 0, and by lower
semicontinuity we get ¥y (x) = 0, so = 0. Therefore we can define 0y as the composition of the
map My — B(H), x — UzU*, with the inverse of the map M — M|py.

It remains to check the invariance. By definition we have &,42 410y = 0u&pnq1,n on M
all n > 0. This implies that &,410y = 0p&, on |, ./\/lgg). It follows that for any = € (J,, Mgl) we
have

8”1) for

Yuly(r) = Yu&iby(r) = Yubuéo(z) = Yucobuo(r).
This implies that it suffices to show that vy &0y = 1Yy on M%?). Since try,gu = trs(t ® try), it is
enough to consider the case U = 1. Note also that &0y = P, on Mg)). Thus we have to check that
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Y1 Py, = 11 on M%O) & ¢>°(Irr(C)). This is equivalent to the easily verifiable identity u x m = m,
where m = 3" d(s)?6s. O

We call the endomorphism 0y of My the time shift. Now, take n € Mg)). Then for every n >0
we can define an element 1™ M((Jn) by

(n) _
X, Xo = NXn®--®@Xo-

81) and denote it again by (™), since this is the only element we are

Consider the image of n(™ in M
interested in. Then 7 is P,-harmonic if and only if Ero(n™M) = n, and in this case 41, (") =
n™ for all n. Therefore if 7 is P,-harmonic, then the sequence {n™1, is a martingale. Denote by

n(>) e My its s*-limit.

Proposition 3.2. The map n +— 1> is an isomorphism between the von Neumann algebra PU) of

P,-harmonic bounded natural transformations 1 @ U — + @ U and the fized point algebra M?]U, The
inverse map is given by x +— Ey(x).

Proof. By definition we have n(® = 0;(n). It follows that if n is P,-harmonic, so that nm — (),
then the element 1(°) is fy-invariant. We also clearly have & (n(>)) = .
Conversely, take = € M?}U. The proof of Lemma Bl implies that &,10y = 0y&,. Hence the

martingale {x, = &,(x)}, has the property x,11 = Oy (x,). As &by = P, on ./\/lgjo), we conclude
(c0)

that xq is P,-harmonic and zy " = x.
We have thus proved that the maps in the assertion are inverse to each other. Since they are unital
completely positive, they must be isomorphisms. ]

The bijection between P(U) and M?]U could be used to give an alternative proof of Proposition 211
Namely, we could define a product - on harmonic elements by v-n = EO(V(OO)n(OO)). Since v(®)y(>) ig
the s*-limit of the elements v(™n™ = ()™ and & ((vn)™) = Pj(vn), it follows that Pp(vn) —
v -1 in the s*-topology, which is equivalent to saying that P} (vn)x — (v -n)x for every X.

3.2. Relative commutants: Izumi—Longo—Roberts approach. We will now modify the con-
struction of the algebras My to get algebras Ny and an identification of P(U) with Nj N Nyp.
Conceptually, instead of considering all paths of the random walk defined by u, we consider only
paths starting at the unit object. The time shift is no longer defined on this space, but by considering
a larger space we can still get a description of P(U) in simple von Neumann algebraic terms. For
this to work we have to assume that p is generating, so that we can reach any simple object from
the unit.

This identification of harmonic elements is closely related to Izumi’s description of Poisson bound-
aries of discrete quantum groups [[zu02]. A similar construction was also used by Longo and Roberts
using sector theory |[LRI7]. More precisely, they worked with a somewhat limited form of p and
what we obtain is a possibly infinite von Neumann algebra for what corresponds to the finite gauge-
invariant von Neumann subalgebra in their work.

We first put V = @sesuppu

a suggestive notation which does not make sense inside C. Given an object U, by C(V®" @ U) we
understand the space

Us. In the case supp p is infinite, this should be understood only as

Sx,8,, Esupp p"

endowed with the obvious x-algebra structure. Similarly to Section B we have completely positive
maps

Entin =Y u(s)(trs@u): C(VETD @ U) » (Ve 0 U),
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and taking the composition of these maps we get maps
Enp: C(VE o U) — C(U).

Then w[(Jn) = try &no Is a state on C(V¥" @ U). We denote by ./\/[(Jn) the von Neumann algebra

generated by C(V®" @ U) in the GNS-representation defined by this state. The elements of ./\/'((Jn) are
represented by certain bounded families in the direct product of the morphism sets

CUs, ® - ®Us, U, Ugy, ® - @ Uy ® ).

Since the positive elements of N, [(]n) have positive diagonal entries, the state wgl ) is faithful on A, l(]n).

There is a natural diagonal embedding ./\/'((Jn) — ./\/'((JnJrl) defined by T'+— 1y @ T'. The map &, 410

extends then to a normal conditional expectation ./\/[(]nH) — ./\/[(]n) such that wgl )5n+1,n = wgl +1)

This way we obtain an inductive system (N () ) wgl ))n of von Neumann algebras, and we let (Ny,wy)
be the von Neumann algebra and the faithful state obtained as the limit. As in Section Bl com-
posing the conditional expectations &1, and passing to the limit we get wy-preserving conditional
expectations &,: Ny — J\/}(Jn).

When U = 1, we simply write N'®) and A instead of J\/}En) and Nq. If U" and U are objects in C,
then the map x — = ® 1y defines an embedding Ny < Nyrgy. In particular, the algebra N is
contained in any of Np.

When 7 is a natural transformation in C (U), the morphism

Nyen = @ MU, ®--@Us,

Sx

defines an element in the diagonal part of N (n), which we denote by 77["]. Note that the direct

summand sy = e of (B]) can be identified with the diagonal part of ./\/[(]n), and 7™ simply becomes
the component of 7™ in this summand. If 7 is P,-harmonic, the sequence {77["]}” forms a martingale
and defines an element 7> e ./\/[(JOO).

Proposition 3.3. For every object U in C, the map n — 0l defines an isomorphism of von
Neumann algebras P (U) < N' N Ny.

Proof. If  is a harmonic element in C (U), the naturality implies that the elements 7y em» commute
with the image of C (V&™) for m > n. Thus, 5* = lim,,, yem is in the relative commutant. Since
is generating, it is also clear that the map 7 — nl° is injective.

To construct the inverse map, take an element x € N' N Ny. Then z,, = &,(x) is an element of
(N ﬂ./\/'[(Jn). Hence, for every n > 1 and s € supp p", there is a morphism z,, s € C (Us ® U) such
that x,, is the direct sum of the z,, ; (with multiplicities). It follows that we can choose 1(n) € C(U)
such that [|n(n)| < |lz|| and x, = n(n)". The elements 7(n) are not uniquely determined, only
their components corresponding to s € supp " are. The identity &£,41n(2n41) = 2, translates into
Pu(n(n+1))s = n(n), for s € supp ™.

We now define an element n € C(U) by letting

ns =n(n)s if s € supppu™ for some n > 1.

In order to see that this definition in unambiguous, assume s € (supp p") N (supp ,u"*k) for some n
and k. Then by the 0-2 law, see [NT04, Proposition 2.12], we have [P — P/ — 0 as m — oo.
Since the sequence {n(m)},, is bounded and we have n(n)s = Pﬁ“‘k(n(n +m+k))sand n(n+k)s =
Pl'(n(n +m + k))s, letting m — oo we conclude that n(n)s = n(n + k)s. Hence 7 is well-defined,

n] oo],

P,-harmonic, and z,, = n"l. Therefore z = n!
The linear isomorphism P(U) — N' NNy and its inverse that we have constructed, are unital and
completely positive, hence they are isomorphisms of von Neumann algebras. O
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As in the case of Proposition B.2] the linear isomorphism P(U) = A N Ay could be used to give
an alternative proof of Proposition 211 at least for generating measures.

Applying Proposition to U = 1 we get the following.
Corollary 3.4. The von Neumann algebra N is a factor if and only if u is ergodic.

Under a mildly stronger assumption on the measure we can prove a better result than Proposi-
tion B3], which will be important later.

Proposition 3.5. Assume that for any s,t € Irr(C) there exists n > 0 such that

supp(p” * ds) N supp(u” * 6;) # 0.

Then for any objects U and U’ in C, the map n — (@ @ 77)[00} defines an isomorphism of von
Neumann algebras P (U) = N, N Nyrgu -

Proof. That we get a map P (U) — N/, N Nyrgy does not require any assumptions on g and is
easy to see: if n is a harmonic element in ¢ (U), the naturality implies that the elements nyemeg
commute with C (V& @ U’) for m > n, and hence (1 ® n)I° = lim,, nyemgp lies in N, N Nyrgp .

To construct the inverse map assume first U’ = U, for some t. Take x € N}, N Nyigy. Similarly
to the proof of Proposition B3l we can find elements n(n) € C(U) such that ||n(n)| < |z| and
En(x) = (pr @ n(n))M. The identity Eu410(2nt1) = @, means now that P,(n(n + 1))s = n(n)s for
s € supp(p” * 0;). We want to define an element 1 € C(U) by

ns =n(n)s if s € supp(p” xd;) for some n > 1.

As in the proof of Proposition B3] in order to see that 1 is well-defined, it suffices to show that if
s € supp(u” * 6;) N supp(u™* % §;) for some n and k, then Py — P;”*‘kH — 0 as m — oo. Since p

is assumed to be generating, there exists [ such that ¢ € supp u!. But then

s € (supp p") N (supp p" ),

so the convergence ||P]" — P;”*kH — 0 indeed holds by the 0-2 law. This finishes the proof of the

proposition for U’ = Uy, and we see that no assumption in addition to the generating property of p
is needed in this case.

Consider now an arbitrary U’. Decompose U’ into a direct sum of simple objects:
UlgUSI@...@USn.
Denote by p; € C(U’) the corresponding projections. Then the inclusion p,Ny/p; C piNyeup: can

be identified with Ny, C Ny, gu-
Take x € Ny N Nyrgy. Then o commutes with p;. Since the element xp; lies in Ny, NNy, gu, it

is defined by a P,-harmonic element 7(i) € C (U). In terms of these elements the condition that &, ()
commutes with C(V®" @ U’) means that 7(i)s = 1(j)s whenever s € supp(u™ * ds,) N supp(p” * ds, ),
while to finish the proof we need the equality 1(i) = n(j).

Fix s € Irr(C) and indices i and j. By assumption there exists t € supp(u” * ds;) N supp(u” * ds;)
for some n. Since p is generating, there exists m such that s € supp(u" * d;). Then

s € supp(p™t" x §5,) N supp(p™ " x ds;)5
and therefore n(i)s = n(j)s. O

Note that the proof shows that the additional assumption on the measure is not only sufficient
but also necessary for the result to be true. Even for symmetric ergodic measures this condition does
not always hold: take the random walk on Z defined by the measure p = 271(5_; 4+ ;). At the same
time this condition is satisfied, for example, for any generating measure p with p(e) > 0. Indeed, for
such a measure we can find n such that s € supp(u™ *d;), and then s € supp(u" * Js) Nsupp(p" * o).

Applying the proposition to U = 1 we get the following result.
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Corollary 3.6. Assume pu is ergodic and satisfies the assumption of Proposition[33. Then Ny is a
factor for every object U in C.

Remark 3.7. It is sometimes convenient to consider slightly more general constructions allowing
multiplicities. Namely, instead of V' = ®865uppu Us we could take V' = @, ; Us,, where (s;)ies is
any finite or countable collection of elements running through supp u. For the state on C(V') we could
take C(Us,,Us;) 2 T v 0jjAitrs, (T), where A; > 0 are any numbers such that >, . _ A = u(s) for
all s € supp . All the above results would remain true, with essentially identical proofs.

3.3. Relative commutants: Hayashi—Yamagami approach. We will now explain a modification
of the Izumi-Longo-Roberts construction due to Hayashi and Yamagami [HY00]. Its advantage is
that, at the expense of introducing an extra variable in a II; factor, we can stay in the framework of
finite von Neumann algebras.

We continue to assume that p is generating. We will use a slightly different notation com-
pared [HY0O] to be more consistent with the previous sections.

Let R be the hyperfinite I11-factor and 7 be the unique normal tracial state on R. Choose a
partition of unity by projections (es)sesuppu in R which satisfy

_ M) where ¢ = 1(s)
T(es) = cd(s)’ h Z d(s)

sSEsupp

When (sy,...,51) € (supppu)”, we write e5, = e5, @ --- @ e5;, € R®". As in Section B.2] put
V' = @.couppu Us: Now, for a fixed object U in C, instead of the algebra C(V®" @ U) used there,
consider the algebra

CVverel)= P CU, 00U, U Uy 2Uy @U)® ey R e,
Sx,8L E(supp p)™

It carries a tracial state T((Jn) defined by

T[(]") (Twzx)= 55*78;cnd(81) c.d(sp) trUSn®"'®Usl®U(T)T®n(x)

forT@xeCUs, @ - @Us, @U, Ug @ ® Us’l RU)® esiR®"eS*. Let .Agl) be the von Neumann

algebra generated by C (Ve @ U) in the GNS-representation defined by T[(Jn). These algebras form
an inductive system under the embeddings

A S AT, Tores Y (Lol e (o).
sSEsupp p
Passing to the limit we get a von Neumann algebra Ay equipped with a faithful tracial state 77, We
write A for Aj.
Given n € C(U), consider the elements

=N w,e-eu, @, € Al
s+ €(supp )™

If  is P,-harmonic, then the sequence {77{"} }n forms a martingale with respect to the 7y-preserving

conditional expectations &,: Ay — .Agl). Denote its limit by 7}, Then we get the following
analogues of Propositions and BB with almost identical proofs, which we omit.

Proposition 3.8. For every object U in C, the map n — 77{00} defines an isomorphism of von
Neumann algebras P (U) =2 A'NAy. If in addition to the generating property the measure p satisfies
the assumption of Proposition [30, then the map n — (1pr ® 77){00} also defines an isomorphism of
von Neumann algebras P (U) = Ay, N Apigu for any object U'.
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The work of Hayashi and Yamagami contains much more than the construction of the algebras Ay
and, in fact, allows us to describe, under mild additional assumptions on u, not only the morphisms
but the entire Poisson boundary II: C — P in terms of Hilbert bimodules over A.

For objects X and Y consider their direct sum X @Y, and denote by px,py € C(X @ Y) the
corresponding projections. We can consider px and py as projections in Axgy, then px (Axgy)px =
Ax and py (Axey)py = Ay. Put

Axy = py(Axey)rx.

The Ay-Ax-module Ay y can be described as an inductive limit of completions of the spaces
é(V®n®X,V®n®Y)= @ C(U8n®...®USI®X’US%®...®US,1®Y)®68;’R®nes*.
84,84 E(supp )™

Denote by Hx the Hilbert space completion of Aq x with respect to the scalar product

(z,y) = m1(y"z).

Then Hx is a Hilbert Ax-A-module (it is denoted by X in [HY00]). Viewing Hx as a Hilbert
bimodule over A, we get a unitary functor F' from C into the category Hilb 4 of Hilbert bimodules
over A such that F(U) = Hy on objects and defined in the obvious way on morphisms in C. We
want to make F' into a tensor functor. By the computation on pp. 40-41 of [HY00] the map

CVE Ve @ X)@C(VE" VE"@Y) - C(VE", V"2 X @ Y),
(S®a)®@(TRb) — (S®iy)T ® ab,

defines an isometry
F(X,)Y): Hx @4 Hy — Hxgy-

Lemma 3.9. Assume that for every s € Irr(C) we have
(" * ds)(supp ™) = 1 as n — oo.
Then the maps F»(X,Y) are unitary.

Proof. 1t suffices to prove the lemma for simple objects. Assume X = U for some s. For every n > 1
and s, € (suppp)”, let p§") € C(Us, ® -+ ®@ U, ® X) be the projection onto the direct sum of the

*

isotypic components corresponding to U; for some ¢ € supp u'*. Put

pPW= > e, A
s« €(supp p)™

Then 7x (p(™) = (" * &) (supp p™). Therefore by assumption p™ — 1 in the s*-topology. It follows
that, to prove the lemma, it suffices to show that if

TRreCUs, @ QUs,Uy @ 00Uy @ X QY) @ ey R"es,

is such that p"(T' ® 2) = T ® z, then T ® z is in the image of Fy(X,Y). The assumption on T
means that the simple objects appearing in the decomposition of Uy ® -+ ® Usfl ® X appear also in
the decomposition of Uy, ®---®@ Uy, for t, € (supp p)™. This implies that 7" can be written as a finite
direct sum of morphisms of the form (S ®ty )R, with R € C(Us, @ -+ - ®@Us,, U, @--- U, ®Y) and
SeClU, ® Uy, Uy ®@---® Us, ® X). Since we also have density of ey Res, Res, in ey Res, ,
this proves the lemma. O

We remark that the assumption of the lemma is obviously satisfied if supp u = Irr(C). It is also
satisfied if p is ergodic and p(e) > 0, since then ||u™ x s — pu™||1 — 0 by [HI98, Proposition 3.3].

Once the maps F5(X,Y) are unitary, it is easy to see that (F,Fb) is a unitary tensor functor
C — Hilb 4.
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Proposition 3.10. Assume the measure i satisfies the assumption of Lemmal3Z4. Let B be the full
C*-tensor subcategory of Hilb 4 generated by the image of F': C — Hilb 4. Then the Poisson boundary
II: C — P of (C, ) is isomorphic to F: C — B.

Proof. The functor F extends to the full subcategory P of P formed by the objects of C using the
isomorphisms P(U) =2 A" N Ay. It follows immediately by definition that this way we get a unitary
tensor functor E: P — B if we put Ey(X,Y) = F5(X,Y). We then extend this functor to a unitary
tensor functor P — B, which we continue to denote by E. To prove the proposition it remains to
show that FE is fully faithful. In other words, we have to show that the left action of Ay on Hy
defines an isomorphism A’ N Ay = Endy 4(Hy).

Let us check the stronger statement that the left action defines an isomorphism Ay = End _4(Hy ).
Recalling how H; was constructed using complementary projections in Aqqy, it becomes clear that
the map Ay — End_4(Hy) is always surjective, and it is injective if and only if the projection
p1 € A1gu has central support 1. Using the Frobenius reciprocity isomorphism

C(VeU)=2Cc(VE", V¥ o U o U),

it is easy to check that Hygm = L?(Ay,7v) as a Hilbert Ap-A-module. Hence the representation
of Ay on Hyep is faithful. Since Hygp = Hu ®4 Hy, it follows that the representation of Ay
on Hy is faithful as well. O

A similar result could also be proved using the algebras Ny from Section instead of Ay. The
situation would be marginally more complicated, since in dealing with the Connes fusion tensor
product ®x we would have to take into account the modular group of wy. We are not going to
pursue this topic here, although it could provide a somewhat alternative route to Proposition
below.

4. A UNIVERSAL PROPERTY OF THE POISSON BOUNDARY

Let C be a weakly amenable strict C*-tensor category. Fix an ergodic probability measure p
on Irr(C). Recall that such a measure exists by Proposition Let II: C — P be the Poisson
boundary of (C, p).

For an object U in C define

dC. (U) = inf dA(F(U)),

min
where the infimum is taken over all unitary tensor functors F': C — A from C into rigid C*-tensor
categories A. We will show in the next section that dﬁlin is the amenable dimension function on C.
The goal of the present section is to prove the following.
Theorem 4.1. The Poisson boundary 11: C — P is a universal unitary tensor functor such that
cC

4, = d"1L.

In other words, d; = dPII and for any unitary tensor functor F': C — A such that d, = dAF
there exists a unique, up to a natural unitary monoidal isomorphism, unitary tensor functor A: P —

A such that AIl = F.

For a rigid C*-tensor category A, consider a unitary tensor functor F': C — A, with no restriction
on the dimension function. As we discussed in Section [[L2] we may assume that A is strict, C
is a C*-tensor subcategory of A and F is the embedding functor. Motivated by Izumi’s Poisson
integral [Izu02] we will define linear maps

®U,V: .A(U, V) — P(U, V).

We will write O for ©p 7 and often omit the subscripts altogether, if there is no danger of confusion.
The proof of the theorem will be based on analysis of the multiplicative domain of ©.



POISSON BOUNDARIES OF MONOIDAL CATEGORIES 17

For every object U in C fix a standard solution (R, Ryy) of the conjugate equations in C. Define
a faithful state ¥y on A (U) by

Yu(T) = d°(X) LRy (T @ ) R
Since any other standard solution has the form ((u®¢)Ry, (t® u)Ry) for a unitary u, this definition
is independent of any choices. More generally, we can define in a similar way “slice maps"
LYy AURV)— AU).
Then, since ((t ® Ry ® t)Ry, (1t ® Ry ® t)Ry) is a standard solution for U ® V, we get
Yuev = Yu(t®Pv). (4.1)
By definition the state ¢y extends the trace try on C (U).

Lemma 4.2. The subalgebra C (U) C A(U) is contained in the centralizer of the state .

Proof. 1f w is a unitary in C(U), then the state ¢y (u - u*) is defined similarly to v, but using the
solution ((¢ ® u*)Ry, (u* ® 1)Ry) of the conjugate equations for U. Since vy is independent of the
choice of standard solutions, it follows that ¢y (u - u*) = ¢7. But this exactly means that C(U) is
contained in the centralizer of ;. O

It follows that there exists a unique v¢y-preserving conditional expectation Ey: A(U) — C (U).
For objects U and V' we can consider A(U, V) as a subspace of A(U @ V). Then Eygy defines a
linear map

EU7vl .A(U, V) — C(U, V)
Again, we omit the subscripts when convenient.

Lemma 4.3. The maps Ey,y satisfy the following properties:

(i) Evv(T)" = Evy(T");
(i) of T € AU, V) and S € C(V,W), then Eyw(ST) = SEy v (T);
(iii) for any object X in C we have Eygx vex (T ®tx) = Eyv(T) ® tx.

Proof. Properties (i) and (ii) follows immediately from the corresponding properties of conditional
expectations. To prove (iii), it suffices to consider the case U = V. Take S € C (U ® X). Then we
have to check that

Yuex(S(T ® 1) = dbuex (S(E(T) @ 1))
This follows from (£1]) and the fact that by definition we have (: ® ¥x)(S) € C (U). O

Now, given a morphism 7" € A(U, V'), define a bounded natural transformation Oy y(T): c@U —
Lt ® V of functors on C by

Ouvyv(T)x = Exguxev(tx @T).
Lemma 4.4. The natural transformation Oy v (T') is Px-harmonic for any object X in C.
Proof. 1t suffices to consider the case U = V. We claim that
(trx @) E(tx @ T) = E(T).
Indeed, for any S € C (U) we have
try (S(trx @) E(ux @ T)) = trxeu(E(tx ® ST)) = ¥xeu(t ® ST) = u(ST) = try(SE(T)),

where in the third equality we used ({I)). This proves the claim.
We now compute:

Px(O(T))y = (trx @) (0(T) xgy) = (trx @ty @ 1y)(E(tx @ty ®T)) = E(ty @ T) = 60(T)y,
so ©(T") is Px-harmonic. O
It follows that Oy is a well-defined linear map A(U, V) — P(U,V).
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Lemma 4.5. The maps Oy, satisfy the following properties:
(i) Oy (T)* = Oy (T™);
(ii) ifT S A(U, V) and S € C(V, W), then @Uy[/(ST) = S@av(T);
(ili) for any object X in C we have Opgx,vex (T ®ix) = Ouy(T)®ix and Oxeu,xev(tx@T) =
tx ®@Opy(T);
(iv) the maps Oy : A(U) — P (U) are unital, completely positive, and faithful.

Proof. All these properties are immediate consequences of the definitions and the properties of the
maps Eyy given in Lemma 3] We would like only to point out that the property ©(.®T) = 1@0O(T)
follows from the definition of the tensor product in P, the corresponding property for the maps F is
neither satisfied nor needed. (]

Our goal now is to understand the multiplicative domains of the maps Oy : A(U) — P (U).
We will first show that these domains cannot be very large. More precisely, assume we have an
intermediate C*-tensor category C C B C A such that d4 = d® on C. For an object U in C denote
by EE: A(U) — B(U) the conditional expectation preserving the categorical trace on A. Then we
have the following result inspired by [Tom07, Lemma 4.5|.

Lemma 4.6. We have Oy = @UEE,

Proof. We will first show that a similar property holds for the maps F, so Ey = EUEE.

Consider the normalized categorical trace try} on A (U). We have ¢y = tr{i(- Q) for some Q €
A (U). The identity Eyy = Ey ES holds if and only if the conditional expectation EB is 1y-preserving,
or equivalently, @ € B(U).

By assumption we have dA(U) = dB(U) for every object U in C. Tt follows that a standard
solution (Rg,Rg) of the conjugate equations for U and U in B remains standard in A. We have

Ry = (T ® 1)RE for a uniquely defined 7' € B(U). Then Q = ZS((g)) TT* € B(U).

We also need the simple property E§®U(LX @T) =1x® EE(T ). This is proved similarly to
Lemma [3(iii), using that tr{,, = tr{}(tr4 ®.) and the fact that tr is defined using standard
solutions in B, so that (trg ®¢)(B(X @ U)) C B(U).

The equality @UEg = O is now immediate:

OEB(T)x = E(lx @ EB(T)) = EEP(1ix ® T) = E(ux @ T) = O(T) x.

This proves the assertion. ]

Since the completely positive map Oy is faithful, the multiplicative domain of Oy = @UEE is
contained in that of E5, which is exactly B(U). Therefore to find this domain we have to consider
the smallest possible subcategory that contains C and still defines the same dimension function as A.

Lemma 4.7. For every object U in C there exists a unique positive invertible element ay € A(U)
such that

(t® a%]/Q)RU and (a[;l/2 ® )Ry

form a standard solution of the conjugate equations for U in A.

Proof. We can find an invertible element T € A (U) such that (: ® T)Ry and ((T*)™! ® 1) Ry form

a standard solution in A. Then we can take ay = T™7T, since Ta{]l/2 is unitary and hence the

morphisms (¢ ® allj/Z)RU and (a(;l/2 ® )Ry still form a standard solution.
Any other standard solution for U and U has the form (L®va%]/2)RU, (va[_]l/2 ® )Ry for a unitary

v € A(U). By uniqueness of the polar decomposition the element vabQ is positive only if v = 1. 0O

Note that if we replace (Ry, Ry) by ((¢ ® u)Ry, (u ® ¢)Ry) for a unitary u € C (U), then ay gets
replaced by uagu®.
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Lemma 4.8. For every object U in C we have d”(U) < dA(U), and if the equality holds, then we
have Oy (ay) ™t = Op(agt).
Proof. As usual, we omit the subscript U in the computations. Consider the solution
r=(®0(a)"?)R, F=(0() 2 ®)R
of the conjugate equations for U in P. Then from the equality
r*r=R'"(t®0(a))R=0O(R"(t ® a)R),
we have ||| = dA(U)l/Q. On the other hand, we also have
77 = R*(0(a) "' @ 1)R.
By Jensen’s inequality for positive maps and the fact that the function ¢ — t~1on (0, +00) is operator
convex (see, e.g., [NS06, B.2]), we have ©(a)~! < O(a~!). Hence we have the estimate
FF< RO ®@)R=0(R"(a'®)R),
and we conclude that ||7|| < d4(U)2. Hence d¥ (U) < dA(U), and if the equality holds, then we
have ||| = d4(U)"/? and
R*(©(a) ' ®1)R=R*(©(a ) ®)R.
Since T — R*(T ® ()R is a faithful positive linear functional on P (U), this is equivalent to ©(a)~! =
@(ail). O

If we have d¥ (U) = d*(U), we can then apply the following general result, which is surely well-
known.

Lemma 4.9. Assume 0: A — B is a unital completely positive map of C*-algebras and a € A is a
positive invertible element such that 0(a)~' = 0(a™'). Then a lies in the multiplicative domain of 6.

Proof. Tt suffices to show that a'/2 lies in the multiplicative domain. This, in turn, is equivalent to
the equality 6(a)"/? = 0(a'/?).
Using Jensen’s inequality and operator convexity of the functions ¢ — —t/2 and ¢ — ¢!, we have
0(a)'/? > 0(a'?), (a2 >0(a/?), and O(a= V)71 < (al/?).
The second and the third inequalities imply
0(0,_1)_1/2 < 0(@1/2).
Since O(a™1) = 0(a)~", this gives 0(a)'/? < 0(a'/?). Hence 0(a)'/? = §(a'/?). O
To finish the preparation for the proof of Theorem 4.1 we consider the maps © for A = P.

Lemma 4.10. The maps Oy : P(U, V) — P(U,V) defined by the functorI1: C — P are the identity
maps.

Proof. Tt suffices to consider U = V. Take n € P (U). Let us show first that ©(n); = nq, that is,
E(n) = ni. In other words, we have to check that for any S € C (U) we have

Yu (Sn) = try(Sny).
This follows immediately by definition, since
(R} (Sn® 1)Ry)1 = Ry (Sm @ 1) Ry
Now, for any object X in C, we have
Om)x =E(x ®n) =0(x @n)1 = (tx ®n)1 = nx.
Therefore we have ©(n) = n. O
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Proof of Theorem [J-1} The equality d<; (U) = d¥ (U) for objects U in C follows from Lemma

Let F: C — A be a unitary tensor functor such that d€, = dAF. As above, we assume that F
is simply an embedding functor. Consider the minimal subcategory B C A containing C C A and
the morphisms ty ® ay ® tyy for all objects V, U and W in C, where ayy € A (U) are the morphisms
defined in Lemma B This is a C*-tensor subcategory, in general without subobjects. Complete B
with respect to subobjects to get a C*-tensor category B. By adding more objects to A we may
assume without loss of generality that B C A. Lemmas 5] and imply that the maps Oy
define a strict unitary tensor functor B — P. Thus B is unitary monoidally equivalent to a C*-tensor
subcategory P C P, possibly without subobjects. Completing P with respect to subobjects we get
a C*-tensor subcategory P’ C P, which is unitarily monoidally equivalent to B.

We claim that the embedding functor P’ — P is a unitary monoidal equivalence. Indeed, by
construction we have d” (U) = d. (U) for every object U in C. By Lemmas and it
follows then that the identity maps P (U) — P (U) factor through the conditional expectations
EF . P(U) — P (U). Hence P (U) = P’ (U). Since the objects of C generate P, this implies that
the embedding functor P’ — P is a unitary monoidal equivalence.

We have therefore shown that P and B are unitarily monoidally equivalent, and furthermore, by
properties of the maps © such an equivalence A: P — B can be chosen to be the identity tensor
functor on C. Considered as a functor P — A, the unitary tensor functor A gives the required
factorization of F': C — A.

It remains to prove uniqueness. Denote by pyy € P (U) the elements ayy constructed in Lemma 7]
for the category P. By the uniqueness part of that lemma, it is clear that any unitary tensor functor
A: P — A extending the embedding functor C — A must map pyy € P (U) into ay € A (U). But this
completely determines A up to a unitary monoidal equivalence, since by the above considerations the
category P is obtained from C by adding the morphisms py and then completing the new category
with respect to subobjects. O

We finish the section with a couple of corollaries.

The universality of the Poisson boundary implies that up to an isomorphism the boundary does
not depend on the choice of an ergodic measure. But the proof shows that a stronger result is true.

Corollary 4.11. Let C be a weakly amenable C*-tensor category and p be an ergodic probability
measure on Irr(C). Then any bounded P,-harmonic natural transformation is Ps-harmonic for every
s € Irr(C), so the Poisson boundary I1: C — P of (C, ) does not depend on the choice of an ergodic
measure.

Proof. By Lemma the maps Opy: P(U,V) — P(U,V) are the identity maps, while by Lem-
ma 4] their images consist of elements that are Ps,-harmonic for all s. O

When C is amenable, then dfnm = d° and we get the following.

Corollary 4.12. IfC is an amenable C*-tensor category, then its Poisson boundary with respect to
any ergodic probability measure on Irr(C) is trivial. In other words, any bounded natural transforma-
tion t @ U — 1+ @V which is Ps-harmonic for all s € Irr(C), is defined by a morphism in C(U,V').

Proof. The identity functor C — C is already universal, so it is isomorphic to the Poisson boundary.
O

We remark that if we were interested only in proving this corollary, a majority of the above
arguments, being applied to the functor C — P, would become either trivial or unnecessary. Namely,
in this case a standard solution of the conjugate equations in C remains standard in P, so we
have Ey = Eg, and the key parts of the proof are contained in Lemmas and The first
lemma shows that given n € P (U) we have E(tx ® n) = E(tx ® E(n)), while the second shows
that E(tx ® n) = nx. Since E(tx ® E(n)) = tx ® E(n), we therefore see that 7 coincides with
E(n) eC(U).
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Corollary E12]is more or less known: in view of Proposition B8] for measures considered in [HY0O0]
it is equivalent to [HY00, Theorem 7.6]. For an even more restrictive class of measures the result
also follows from [LR97, Theorem 5.16].

5. AMENABILITY OF THE MINIMAL DIMENSION FUNCTION

As in the previous section, let C be a weakly amenable strict C*-tensor category. We defined the
dimension function dfmn on C as the infimum of dimension functions under all possible embeddings
of C into rigid C*-tensor categories, and showed that it is indeed a dimension function realized by
the Poisson boundary of C with respect to any ergodic measure. The goal of this section is to prove

the following.

Theorem 5.1. The dimension function drcnin

object U in C.

is amenable, that is, d°, (U) = |Ty| holds for every

min

We remark that already the fact that the fusion algebra of a weakly amenable C*-tensor category
admits an amenable dimension function is nontrivial. We do not know whether this is true for
weakly amenable dimension functions on fusion algebras that are not of categorical origin. If the
fusion algebra is commutative, this is true by a result of Yamagami [Yam99].

Let p be an ergodic probability measure p on Irr(C) and consider the corresponding Poisson
boundary IT: C — P. By Theorem ] we already know that d¢, = d”II. Therefore Theorem [E.1]1is
equivalent to saying that d”II is the amenable dimension function on C.

We will use the realization of harmonic transformations as elements of N'NNy given in Section 3.2
It will also be important to work with factors. Therefore we assume that in addition to being ergodic
the measure p is generating and satisfies the assumption of Proposition (recall that for the latter
it suffices to require p(e) > 0). Recall once again that by Proposition 23] such a measure exists. We
also remind that by Corollary [ 11] the Poisson boundary does not depend on the ergodic measure,
but its realization in terms of relative commutants does. We then have the following expected (in
view of Proposition BI0] and the discussion following it), but crucial, result.

Proposition 5.2. For every object U in C, we have d”(U) = [Ny: ./\/](1)/2, where [Ny : Ng is the
minimal indez of the subfactor N' C Ny .

Before we turn to the proof, recall the construction of NVy. Consider V = P sEsupp Us. We will
work with V' as with a well-defined object. If supp p is infinite, to be rigorous, in what follows we
have to replace V by finite sums of objects U, s € supp p, and then pass to the limit, but we will
omit this repetitive simple argument. With this understanding, Ay is the inductive limit of the
algebras N, [(]n) =C(V®" @ U) equipped with the faithful states w((Jn ),

Given another object U’, the partial trace ¢ ® try defines, for each n, a conditional expectation
./\/((;,%U — N which preserves the state wgﬁ?@U. The conditional expectation Nyrgy — Ny which
we get in the limit, is denoted by Ep 7, or simply by Ey if there is no danger of confusion. Fix a

standard solution (R, Ry) of the conjugate equations for U in C.

Lemma 5.3. The index of the conditional expectation Ey: Ny — N equals dC(U)2, the corresponding
basic extension is Ny C Nygg, with the Jones projection ey = d°(U) 'Ry R}, € N((j(g(j C Nygo
and the conditional expectation Eg: Ny — Nu.

Proof. By the abstract characterization of the basic extension [HK93, Theorem 8] it suffices to check
the following three properties: Ep(er) = d°(U)~21, Eg(zey)ey = d°(U) 2zey for all z € Ny,
and eyzey = Ey(x)ey for all z € Ny. The first and the third properties are immediate by definition.
To prove the second, it is enough to show that for all x € C(X ® U ® U) we have

d°(U)((e @ trg)(2(ex ® RuRy)) © 1p) (tx © RuRpy) = 2(ex ® RuRy).
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The left hand side equals
(tx ® w @ Ry @ 1) (x @ w ® 1) (ex ® RuRy @ w @ 1) (ex ® w ® Ry @ 1) (tx ® RuRyp)

=(x@wORF®i17)(®w @ p)(tx ® Ry ® 1y ® 17)(tx ® RyRy)

= (1x ®w @ R @ 1p)(z ® w @ 1p)(tx @ Ry ® Ru)(ex ® Ryy)

=2(tx @ RyRyfy),
which proves the lemma. O

This lemma implies in particular that there exists a unique representation
7 Nygo — B(L*(Ny,w))
that extends the representation of Ay and is such that mw(er) is the projection onto the closure of
Aoy (N) C LN wrr).
Lemma 5.4. The representation 7: Ny g — B(L*(Ny,wy)) is given by
(@) Ay (4) = Aoy (. © R ) (2 @ ) (y @ 1 @ ) (0 @ Ry @ 1))
forxz e, N, U®U andyEUan(]n).
Proof. Let us write 7(z) for the operators in the formulation of the lemma. The origin of the formula
for 7 is the Frobenius reciprocity isomorphism
CVE"@U)2C(VE" V" QU U), Tw— (T ®7)(tyen ®@ Ry),

with inverse S +— (¢ ® R};)(S ® vy). Up to scalar factors these isomorphisms become unitary once

we equip both spaces with scalar products defined by the states w((]n ) and w%n), respectively. The

algebra C(V®" @ U ® U) is represented on C(VE", V®" @ U @ U) by the operators of multiplication

on the left. Being written on the space C(V®" @ U), this representation is exactly 7. Therefore 7

certainly defines a representation of the *-algebra [ J,, NL(J®U on the dense subspace | J,, L2V, A ), w((]n))

of L2(Ny,wy). In order to see that this representation extends to a normal representation of NU®U,
observe that the vector A, (1) is cyclic and

(7(2)Auy (1), Ay (1)) = d° (U wyg (eveer),
since for every z € C(U ® U) we have
try (b @ Riy) (2 @ 1) (Ry @ 1)) = dS(U) 'Ry (o @ Ry @ 15)(2 @ 1y ® 15)(Ry @ w @ 1) Ry
=d°(U)"'RyzRy = d°(U) tryup (2R Ry)
= d(U)? tryep(zer) = d°(U)? tryem(evzey).
It is clear that 7(x)A,, (y) = A, (zy) for € |, N[(J , so T extends the representation of Ny

on L?(Ny,wy). Therefore to prove that m = 7 it remains to show that 7(er) is the projection onto
Ay, (NV), that is,

#(ev)Auy () = Auy (Eu(y) for y e [JAT".
n
But this is obvious, as (ty ® Ry;)(RuRj; @ ) = Rf; @ wy. O
It is easy to describe the modular group o“V of wy. For s, = (s1,...,8,) € (supp )™, let us put

p(s1) - pl5n)
dC(Uy,)---d°(Us, )’

0s, =

Then

it
oV (z) = <5> z for €C(Us, @ - @Us, ®U,Ugy, @+ @ Uy @U).
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What matters for us is that since the automorphisms o’V are approximately implemented by unitaries
in NV, the relative commutant N/ N Ny is contained in the centralizer of the state wy.

Consider the modular conjugation J = J,,, on L?(Ny,wy). By Lemma and definition of the
basic extension we have

Therefore the map x — Jx*J defines a x-anti-isomorphism
N' NNy =N N Nygi-
Identifying these relative commutants with P(U) and P(U), respectively, we get a *-anti-isomorphism
P(U) = P(U), which we denote by n — n".
Lemma 5.5. For every n € P(U) we have
= (R ® 1) (g @1 ® 1) (1p ® Ruy).

Proof. Consider the element 77 = (R}; ® 1) (tg @0 ®15) (15 @ Ry). In terms of families of morphisms
this means that

iix = (tx ® Ry @ 1p) (xeo @ 1) (tx @ g @ Ry),
or equivalently,
(tx ® Ryy)(ix ® w) = (ux @ Ry)nxep- (5.1)

For every n consider the projection p,: L?(Ny,wy) — LZ(./\/'( ),w((]n)). Let x € N" NNy be the
element corresponding to 7, and & € Nj; NNy gp be the element corresponding to 7. By Lemma [5.4]

and the way we represent 77 by Z, for every y € N, ((Jn) we have
Pt (2) Ay (y) = Awy (0 @ Ry (ivengy @ w)(y ® tp @ w)(t ® Ry @ w)). (5.2)
On the other hand, since x is contained in the centralizer of wy, we have
Pnd 2" T Ay (Y) = Prlhay (Y2) = Awy (ynyven)
= Ay (L@ RY)(y ® 1p © w)(e ® Ry @ w)nyen)
= Ny (¢t @ RY)venguen(y @ g @ w)(t ® Ry @ w)).
By (BI)) the last expression equals (B.2]), so
P (Z) Aoy, (y) = prdx™ T Aoy, ().
Since this is true for all n and y € ./\/'((Jn), we conclude that 7(z) = Jaz*J. O

Proof of Proposition [2.3. The operator valued weights from Ny to N are parametrized by the positive
elements a € N NNy by a — E® where E® is defined by E*(z) = Ey(a'/?za'/?). The map E° is
a conditional expectation if and only if the normalization condition Epr(a) = 1 holds. Moreover, by
the proof of [Hia88 Theorem 1], (E%)~! is given by z — E;'(a="/22a~1/2). Therefore we have
WNy:Nlp= min Ey(a)E;'(a™') = min  d°(U)*Ey(a)Ey(Ja™tJ),

aeN'NNy, aeN'NNy,
a>0 a>0

where Eyy = d°(U)2JE; (] - J)J: n(Nyep) — Nu.
If a € NN Ny corresponds to n € P(U), we have

Ey(a) = d°(U)"'Ru(n ® )Ry
By Lemma [5.3] we have Ey (7 (x)) = n(Eg(z)) for x € Nyeir- Hence by Lemma [5.35] we get
Ey(Ja~'J) =d°(U) ' Ry((n~")Y @ )Ry
=d°(U)'Ry(Ry @15 @ w) (g @0 @ 1p @ )ty @ Ry @ w) Ry
= d°(U) 'Ry (g @ YRy
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We thus conclude that [Ny : Np is the minimum of the products of the scalars

Ry(n® )R}, and Rj;(t®@n 'Ry
over all positive invertible n € P(U). This is exactly d” (U)2. O
Proof of Theorem 5. The estimate |[Ty| < d”(U) comes for free. We thus need to prove the
opposite inequality.

Let Ef: Ny — N be the minimal conditional expectation. Let us first assume that Ny (and
hence N) is infinite. Then by Proposition and [Hia91l Corollary 7.2] we have the equalities

2logd”(U) = log Ind B} = Hpp (NU|N).
Let € > 0 and v be a normal state on Ny such that
Hy(NyIN) > 2logd” (U) — .

When A is a finite subset of supp j, consider the projection py = @, 4 ts in NOIf Ay, A,

are finite subsets of supp p, then pa, = pa, ® --- ® pa, is a projection in N () and we consider the
corresponding corner

Ni =paNIpa. = @ CU,, @ @U,@UUy - 0 Uy @)

Si,SQGAi

i=1,....,n
in N[(Jn) and the similarly defined corner N4 in N, When 9 (p4,) # 0, define also a state 14,
on ./\/'(‘]4* by ¥4, = ¥(pa,) "(pa, - pa,). By the lower semicontinuity of relative entropy, we can
find n and finite sets Aq,..., A, such that

Hy, (NGFINA) = Hy(Ny V) — e

By Proposition [A3] the inclusion matrix I'4, ;7 of N4 C N{}* satisfies

2log |Ta. vl > Hy,, (NG IN).
Therefore we have the estimate
log [T, vl > logd”(U) —e.

But the transpose of the matrix I'4, 7 is obtained from I'yy by considering only columns that corre-
spond to the simple objects appearing in the decomposition of Uy, ® --- ® Us, for s; € A;, and then
removing the zero rows. Hence

ITull = [[Ta, vl
Since € was arbitrary, we thus get ||Ty|| > d¥ (U).

If My is finite, we consider the inclusion NV ® M C Ny ® M for some infinite hyperfinite von
Neumann algebra M with a prescribed strongly operator dense increasing sequence M, (C) C M;
for example, we could take a Powers factor Ry with the usual copies of My(C)®* in it. Then the
minimal conditional expectation Ny @ M — N & M is given by EJ} ® ¢, and its index equals that of
EF. Since the inclusion matrix of N4+ @ M, (C) C N{}* ® M, (C) is the same as that of N4 C N,
we can then argue in the same way as above. O

Since amenability of dimension functions is preserved under homomorphisms of fusion algebras by
[HI98| Proposition 7.4], we get the following corollary.

Corollary 5.6. Let II: C — P be the Poisson boundary of a rigid C*-tensor category with respect to
an ergodic probability measure on Irr(C). Then P is an amenable C*-tensor category.

Combining this with Corollary we get the following categorical version of the Furstenberg—
Kaimanovich—Vershik-Rosenblatt characterization of amenability.
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Theorem 5.7. A rigid C*-tensor category C is amenable if and only if there is a probability measure
on Irr(C) such that the Poisson boundary of (C,p) is trivial. Furthermore, the Poisson boundary of
an amenable C*-tensor category is trivial for any ergodic probability measure.

Therefore we can say that while weak amenability can be detected by studying classical Poisson
boundaries of random walks on the fusion algebra, for amenability we have to consider noncommu-
tative, or categorical, random walks. We can also say that nontriviality of the Poisson boundary
II: C — P with respect to an ergodic measure shows how far a weakly amenable category C is from
being amenable.

6. AMENABLE FUNCTORS

In this section we will give another characterization of amenability in terms of invariant means. We
know that on the level of fusion algebras existence of invariant means is not enough for amenability.
Therefore we need a more refined categorical notion.

Definition 6.1. Let C be a C*-tensor category and F': C — A be a unitary tensor functor into a
C*-tensor category A with possibly nonsimple unit. A right invariant mean for F is a collection
m = (my,v)u,v of linear maps
myy: C(U,V) = A(F(U), F(V))
that are natural in U and V and satisfy the following properties:
(i) the maps my = myy: C(U) — A(F(U)) are unital and positive;

(i) for any i € C(U, V) and any object Y in C we have
muey,vey (n® ty) = Fa(muy(n) ® try));
(iii) for any n € C(U, V) and any object Y in C we have
myeuyev(ty ®1) = Fa(tpry) @ muy(n)).
If a right invariant mean for F' exists, we say that F' is amenable.

Note that naturality of my and property (i) in the above definition easily imply that the maps m
are completely positive, and my v (n)* = myy(n*). As usual, we omit subscripts and simply write
m instead of my  when there is no confusion.

The relevance of this notion for categorical random walks is explained by the following simple
observation, similar to the easy part of Proposition 2.3l

Proposition 6.2. Let C be a rigid C*-tensor category, p be a probability measure on Irr(C), and
IT: C — P be the Poisson boundary of (C,u). Then the functor I1: C — P is amenable.

Proof. Fix a free ultrafilter w on N, and then define

m(n)x = lim — ZPk

n—w n

All the required properties of a right invariant mean follow immediately by definition. For example,
property (iii) in the definition follows from the identity Px(ty ® n) =ty & Px(n). O

For functors into categories with nonsimple units we do not have much insight into the meaning
of amenability. But if we fall back to our standard assumption of simplicity of tensor units, we have
the following result.

Theorem 6.3. Let A and C be rigid C*-tensor categories with simple units and F:C — A be a
unitary tensor functor. Then F is amenable if and only if C is weakly amenable and d*F is the
amenable dimension function on C.
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Let F': C — A be an amenable unitary tensor functor with a right invariant mean m. For simplicity
we assume as usual that C and A are strict and F' is an embedding functor. Let us start by showing
that existence of F' implies weak amenability.

Lemma 6.4. The linear functional my: C(1) = ¢>°(Irr(C)) — A (1) = C is a right invariant mean
on the fusion algebra of C equipped with the dimension function dC.

Proof. In addition to the operators Px on é(]l) we normally use, we also have the operators Q) x
given by
Qx(y = d°(X) ™ oy ® trx)(nyex) = d°(X) " 1y ® Ry)(nyex @ tx)(y © Rx),

where (Rx, Ry) is a standard solution of the conjugate equations for X in C. Since

Nyex @ig = (Ix @D ig)y,
we can write this as - B
Qx(n) = d°(X) "' Rx (1x ® 1 ® 13) Rx.
Applying the invariant mean we get
m(Qx (1) = d(X) ™ R (ex @ m(n) @ vx) Rx = m(n).
Thus mq is a right invariant mean on ¢*°(Irr(C)). O
Since C is weakly amenable, we can choose an ergodic probability measure and consider the cor-

responding Poisson boundary II: C — P. We then have the following result, which has its origin in
Tomatsu’s considerations in [Tom07, Section 4].

Lemma 6.5. For every object U in C the map Ay: P(U) — A(U) obtained by restricting my
to P (U) is multiplicative.

Proof. Recall that in Section [l we constructed faithful unital completely positive maps Oy : A (U) —
PU), Ou(T)x = Exgu(t ® T). By faithfulness of O, the multiplicative domain of OyAy is
contained in that of Ay. Therefore in order to prove the lemma it suffices to show that Oy Ay is the
identity map.
Let us show first that for any n € P (U) we have ©A(n)1 = 1, that is,
E(m(n)) =m.
Take S € C (U). Then we have
tro (SE(m(n))) = du(m(Sn)) = d°(U) " Ry (m(Sn) @ o) Ry = d°(U) " m(R(Sn @ ) Ry).

Since the element RZ‘](Sn ® )Ry lies in P (1), it is scalar. This scalar must be equal to

R*U(Sn]l ® L)RU = trU(ST]]l).
Hence we obtain

trg (SE(m(n))) = tro(Snw),

and since this is true for all S, we get OA(n)1 = n1.
Now, for any object X in C, we use the above equality for tx ® n instead of n and get

OAM)x = E(tx @ m(n)) = E(m(tx ®n)) = OA(tx @ n)1 = (tx ®n)1 = nx,
which implies the desired equality ©A(n) = n. O

Proof of Theorem[6.3. Consider an amenable unitary tensor functor F': C — A. By Lemma we
know that C is weakly amenable. By Lemma and the definition of invariant means, any right
invariant mean for F' defines a strict unitary tensor functor A: P — A, where P C P is the full
subcategory consisting of objects in C. Extend this functor to a unitary tensor functor A: P — A.
Then dA(U) < d¥(U) for any object U in C, but since by Theorem 511 the dimension function d”TI
on C is amenable, we conclude that dA(U) = d¥ (U) = ||Ty|.
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Conversely, assume C is weakly amenable and F': C — A is a unitary tensor functor such that
dAF is the amenable dimension function. Then by Theorem EIl there exists a unitary tensor functor
A: P — Asuch that AIl 2 F. By Proposition there exists a right invariant mean for the functor
II: C — P. Composing it with the functor A we get a right invariant mean for AII, from which we
get a right invariant mean for F'. O

Applying Theorem to the identity functor we get a characterization of amenability of tensor
categories in terms of invariant means.

Theorem 6.6. A rigid C*-tensor category C is amenable if and only if the identity functor C — C is
amenable.

Note that by the proof of Theorem [6.3] given an amenable C*-tensor category C, we can construct
a right invariant mean for the identity functor as follows. Choose an ergodic probability measure p
on Irr(C) and a free ultrafilter w on N. Then we can define

-1

N I =

m(n) = lim —%  P(n)s.
k=0

On the other hand, the construction of a right invariant mean for a functor F': C — A such that C is

weakly amenable, but not amenable, and dAF is the amenable dimension function, is more elusive,

as it relies on the existence of a factorization of F' through the Poisson boundary C — P.

7. AMENABILITY OF QUANTUM GROUPS AND SUBFACTORS

In this section we apply some of our results to categories considered in the theory of compact
quantum groups and in subfactor theory.

7.1. Quantum groups. Let G be a compact quantum group. We follow the conventions of [NT13].
In particular, the algebra C[G] of regular functions on G is a Hopf -algebra, and by a finite di-
mensional unitary representation of G we mean a unitary element U € B(Hy) ® C[G], where Hy
is a finite dimensional Hilbert space, such that (¢ ® A)(U) = Uj2U;s. Finite dimensional unitary
representations form a rigid C*-tensor category Rep GG, with the tensor product of U and V' defined
by UisVas € B(Hy) @ B(Hy) ® C[G]. The categorical dimension of U is equal to the quantum
dimension, given by the trace Tr(py) of the Woronowicz character.

Recall that G is called coamenable if ||| = dim Hy for every finite dimensional unitary repre-
sentation U. There are a number of equivalent conditions, but using this definition as our starting
point we immediately get that

Rep G is amenable < G is coamenable, and of Kac type.

Coamenability of G is known to be equivalent to amenability of the dual discrete quantum group G.

Recall that the algebra of bounded functions on G is defined by (>°(G) = £>- Dcrrn(e) B(Hs), and
the coproduct A: £2°(G) — £°°(G)&¢°°(G) is defined by duality from the product on C[G], if we view

(°(@) as a subspace of C[G]* by associating to a functional w € C[G]* the collection of operators
ms(w) = (L @w)(Us) € B(Hy), s € Irr(G). The quantum group G is called amenable, if there exists

a right invariant mean on G, that is, a state m on £*°(G) such that

m(t® ¢)A = ¢(-)1 for any normal linear functional ¢ on £(G).

The restriction of such an invariant mean to Z(¢*°(G)) = ¢>°(Irr(G)) defines a right invariant mean
on the fusion algebra of Rep G equipped with the quantum dimension function. Therefore

G is coamenable < G is amenable = Rep G is weakly amenable.
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Among various known characterizations of coamenability the implication (G is amenable = G
is coamenable) is probably the most nontrivial. This was proved independently in [Tom06l Theo-
rem 3.8] and in [BCT05], Corollary 9.6]. We will show now that our results on amenable functors are
generalizations of this.

Theorem 7.1. ]f@ is amenable, then the forgetful functor F': Rep G — Hilby is amenable, and
therefore G is coamenable.

Proof. We will only consider the case when Irr(G) is at most countable, so that Rep G satisfies our
standing assumptions, the general case can be easily deduced from this.
As discussed in [NY14, Section 4.1], the space C(U, V') can be identified with the space of elements

~

n € {>*(G) ® B(Hy,Hy) such that V5 (a®)(n)Usy =1®n,
where a: £°(G) — L®(G) @ £°(Q) is the left adjoint action of G. Under this identification we have
@0 =(@my @A en),

where 7y : (*°(G) — B(Hy) is the representation defined by Y, while the element 1 ® ¢y has the
obvious meaning. From this we immediately see that if m is a right invariant mean on G, then the
maps m ® ¢: {*°(G) ® B(Hy, Hy) — B(Hy, Hy) define a right invariant mean for F. Thus F is
amenable. By Theorem we conclude that ||I'y|| = dim F(U) = dim Hy for every U, so G is

coamenable. O

As for the Poisson boundary of Rep GG, from the universal property of the Poisson boundary it
is easy to deduce that if G is coamenable (and so Rep G is weakly amenable), then the Poisson
boundary of Rep G with respect to any ergodic measure is the forgetful functor Rep G — Rep K,
where K C G is the maximal quantum subgroup of GG of Kac type. This will be discussed in detail

in [NYT6].

7.2. Subfactor theory. Let N C M be a finite index inclusion of IIj-factors. Denote by 7 the
tracial state on M, and by E the trace-preserving conditional expectation M — N. We denote
[M : N|] = Ind E, and the minimal index of N C M by [M : N]o. Put M_y = N, My = M, and
choose a tunnel

- CM_3C M _oCM_1C My,

so that M_, 1 is the basic extension of M_,,_; C M_, for all n > 1. For every 7 < 1 denote by
M]St C Mj the s*-closure of J,>;(M]_, N M;) with respect to the restriction of 7. The inclusion
N5t C M** of finite von Neumann algebras is called a standard model of N C M [Pop94].

Let By (M) be the full C*-tensor subcategory of the category Hilby of Hilbert bimodules over N
generated by L?(M). Let M; be the basic extension of N C M, so that Endy_n(L?*(M)) = N’ N Mj.
The embedding N — M; induces a morphism L?(N) — L*(M) ®y L*(M) in By (M), which defines
a solution of the conjugate equations for L?(M) up to a scalar normalization. Moreover, it can
be shown (compare with Proposition [5.2) that the categorical trace corresponds to the minimal
conditional expectation M; — N, and consequently d(L?(M)) = [M : N](l)/2 = [M : NJp. It is also
known, see Proposition Bl that the inductive system of the algebras Endy.n(L?(M)®N"), with
respect to the embeddings T+ t72(3) ® T, can be identified with (M’,,,; N Mi),>1 in such a
way that the shift endomorphism 7"+ T'® vr2(pr) of U,>q Endy.n(L?(M)®N™) corresponds to the
endomorphism v~ of (J,,~, (M’ 5, 1 N M), where ~ is the canonical shift.

The normalized categorical trace on Endy.y(L?(M)) defines a probability measure jus on the set
of isomorphism classes of simple submodules of L?(M). More explicitly, it can be shown that the
value of the normalized categorical trace on any minimal projection p € N’ N M; equals

, [M : N]
(r(p)T (p))l/Qm,
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where 7/ is the unique tracial state on N’ C B(L?(M)). See [Hia88| Section 2| and [Pop94] Sec-
tion 1.3.6| for related results. Then the measure pg is defined by
M : N]
L2 M — / 1/2 [
pse([pL™(M)]) = mp(7(p)7" (p)) I N’

where m,, is the multiplicity of pL?(M) in L*(M).

Recall that an inclusion for which [M : N| = [M : N]o, is called extremal. From the above
considerations, unless N C M is extremal, we see that the categorical trace defines a tracial state of
Ups1(MLy, 11 N M) that is different from 7.

Let us first review what our results say about (Bx (M), ust) for extremal inclusions. From the iden-
tification of |J,,~; Endn.n (L*(M)®¥™) with |J,,~1 (M 5,11 NM;) we conclude that the von Neumann
algebra N, £2( M)_Constructed in Section is iso;norphic to M3®. More precisely, we take V = L*(M)
for the construction of N 12(M), SO unless N "N My is abelian, we apply the modification of our con-
struction of the algebras Ny discussed in Remark B.71 The subalgebra N C N, r2(M) corresponds then
to Nt = y~1(M;Y) € M3t In particular, N® is a factor if and only if yu is ergodic. Proposition
translates now into the following statement, which is closely related to a result of Izumi [[zu04].

Proposition 7.2. Let II: By(M) — P be the Poisson boundary of (By(M), ust). Then, assuming
that N C M 1is extremal, we have

P(L*(M)) = (N*) N M;".

More generally, by the same argument we have P(L*(M)®~™) = (MY, ) N M;*. Since L?(M)
contains a copy of the unit object induced by the inclusion N — M, we have ugi(e) > 0. Hence the
supports of u7 are increasing, and therefore the isomorphisms P(L*(M)®N™) = (M5, ;) N M;®
completely describe the morphisms in the category P. In fact, recalling that M3' is the basic extension
of N3¢ C M*', see Section 1.4.3|, we may conclude that P can be identified with Bpst(M5!).
We leave it to the interested reader to find a good description of the functor IT: By (M) — Byyst (M*Y).

Consider the principal graph I'y a of N C M. Then T’ r2(a) can be identified with I'p/, leﬁm My
Recall also that we have the equality [|T'n as]| = ||T'az,a1, || by [Pop94] Section 1.3.5].

Turning now to Theorem [B.1] and Proposition [£.2] we get the following result (again, to be more
precise we use the modification of the construction of Ny described in Remark B.7)).

Theorem 7.3. Assume N C M is extremal and N®* is a factor. Then we have
T al|* = [MF* 2 N*o.

If M*! is also a factor, this can of course be formulated as |Ty as]|? = [M5¢ : N5t.

Applying Theorem 5.7 we get the following result, which recovers part of Popa’s characterization
of extremal subfactors with strongly amenable standard invariant [Pop94] Theorem 5.3.1].

Theorem 7.4. Assume N C M 1is extremal. The following conditions are equivalent:

(1) Nt is a factor and [Ty ar]|? = [M : Nlo;
(i) (M, ) NM =M, N M for alln > 1.

Proof. As we already observed, the condition that N is a factor in (i) means exactly that the
measure /i is ergodic. The condition ||y as||? = [M : N]o means that ITL2an)ll = d(L?(M)). Since
the module L2(M) is self-dual and generates By (M), this condition is equivalent to amenability of
By (M).

On the other hand, by Proposition and its extension to the modules L?(M)®N™ discussed
above, condition (ii) is equivalent to triviality of the Poisson boundary of (By (M), ist)-

This shows that the equivalence of (i) and (ii) is indeed a consequence of Theorem [5.71 O
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If we write the proof of the implication (ii)=(i) in terms of the algebras M,  ; N M, instead of
Endy.ny(L2(M)®N"), we get an argument similar to Popa’s proof based on [PP91], which was our
inspiration. On the other hand, our proof of (i)=-(ii) seems to be very different from his arguments.

Next, let us comment on the nonextremal case. One possibility is to consider the completion of
U1 (M}, N M;) with respect to the trace induced by the minimal conditional expectation (that is,
the categorical trace) instead of 7. Then all the above statements continue to hold if we replace N
and M®* by the corresponding new von Neumann algebras. Note that the inclusion N5' C M5! defined
this way is the standard model in the conventions of [Pop95]. Then, for example, the implication
(i)=(ii) in Theorem [(4] corresponds to Lemma 5.2].

But some results, notably Theorem [[3, continue to hold for the inclusion N®* C M3t defined
with respect to 7 in the nonextremal case also. The proof goes in basically the same way as in the
extremal case, by noting that the proof of the inequality ||I'y||> > [Ny : Mo in Theorem B did
not depend on how exactly the inductive limit of the algebras C(V®" @ U) was completed to get the
factors N C Ny. Therefore we have

T al|* = (M52 N*o.
The opposite inequality can be proved either by realizing that the dimension function on Bys: (M5")
defines a dimension function on By (M), or by the following string of (in)equalities:
TN ll* = TN P < T e agse 12 < (MY 2 N,

compare with [Pop94] p. 235]. We remark that from this one can easily obtain the implication
(il)=(vil) in Theorem 5.3.2] promised in [Pop94].

APPENDIX A. ESTIMATING RELATIVE ENTROPY

In this appendix we estimate the relative entropy for embeddings of finite dimensional C*-algebras.

Let N C M be a unital inclusion of finite dimensional C*-algebras, {zj }rcx be the minimal central
projections of N, and {w;};e;, be the minimal central projections of M. Let A = (axi)x,; be the
multiplicity matrix of the inclusion N C M, so that ag; = 0 if zw; = 0 and (Nzpw;)' N (2 Mw;zi) =
Matg,, (C) otherwise, and {nj}, be the dimension function of N, so Nz, = Mat,, (C). The following
proposition generalizes results of Pimsner and Popa for tracial states in [PP86], Section 6].

Proposition A.1. For any state ¢ on M we have

@ (z1)p(wr)ag min{ag, ny}
H,(M|N) <> @(zrw;)log
’ ; p(zwy)?

)

and the equality holds if ¢ is tracial.

The proof follows closely the proof for tracial states given in [NS06, Theorem 10.1.4]. The key
part is the following estimate.

Lemma A.2. For any positive linear functional ¥ on M we have

Y (wy) min{ag;, ng } Y(zr)ak
_ ; Y (zpwy) log D) < S(h) — S(h|y) < ; Y (zpwy) log Do)

Proof. Put My = zi Mw;z, and Ny = Nzpw;. For ¢(zpw;) # 0 consider the state

Y = ¢(kal)_1¢|Mkl

on Mp;. As usual in entropy theory, it is convenient to define a function n by n(t) = —tlogt for
t > 0. We will constantly use the obvious equality

S(w) = w(1)S(w(1)™'w) +n(w(1))
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for positive linear functionals w. Recall that the von Neumann entropy is defined by S(w) =

Tr(n(Quw))-
Let us start by estimating S(¢). We have

= SWaru) Z?/J wy) S Ml prwy) + 277
I

By [NS06, Lemma 2.2.4] applied to the projections zjw; in Mw; we have

( ( ) TMMwl >ZS ¢|Mkl)_zn< Sl ) Z ¢kl
k k
It follows that
S@) =D w(zrwn) () + Y n(w(w)). (A1)
k,l l

On the other hand, since @, M}, is a subalgebra of Muwy of full rank, by [NS06, Theorem 2.2.2(vii)]

we have
SWlarw) <Y SWlay) =D (zew) S () + Zn (zwr))
K k

Therefore
SW) <> w(zrwr)S (i) +Z?7 (zwr)) (A2)
k,l

Turning to S(¢|n), by [NS06, Theorem 2.2.2(ii)] we have
SW|n) = ZS (YlNz,) < ZS (-wi)|nz,) Z¢ (zrwi) S (k| Ny, ) +Z77 Y(zpwr)).  (A3)

On the other hand, since the von Neumann entropy is concave by HKSEL Theorem 2.2.2(ii)[, we
have

S(W|nz) = <§j Ylarw) >—1¢<-wl>|Nzk> +n((z1))

> Zzp (zrwy) wkl’NM) +n(Y(2x)).

Therefore

S@In) = > w(zw)S(Wulng) + > (W (k). (A.4)
"l

k
Now, by [NS06, Theorem 2.2.2(vi)] we have
1S (W) = S(Wkilny, )| < log ag.
This, together with (A2) and (A4, gives
S() = SWln) < Zi/} ziwy) log ak +Z77 b(zew) = Y n(t(z)),
k

which is what we need as

n(W(21)) = =Y p(zkwr) log ¢h(z).

1
The lower bound for S(¢) — S(¢|n) follows similarly from (A.l) and (A.3), if we in addition use
that
SWrt) = SWrilng) = =S(Wmlny) = —logny,
so that
S(¥r) = S(rlny) = —log minfags, .
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Proof of Proposition[A.1l Given a finite decomposition ¢ = >, ¢; we want to obtain an upper

bound on
S(p) = S(eln) +Z (piln) = S(pi))-

By Lemma we have

lzr)an
S(¢) - S(elw) < %ly@sz) o8 )

and

S (S(piln) = S(0i) <D pilzrwn) log (i) min{ag, i}

P ikl pilzewr)

Since Y, pi(zrw;) = @(zKwy), using the concavity of log we get

N lo @i(w;) min{ag, ng } ) 1o i(zrwy) @i(wy) min{ag;, ng}
Z%( sur) log pi(zrwi) = wlaunlos (Z p(zrwi) pi(zkwr) )

o(wp) min{ag, ng }
p(zpwr)

Putting all this together we get the required upper bound on H,(M|N). That this bound is exactly
the value of H,(M|N) for tracial ¢ is proved in [PP86| Section 6], see also [NSO6, Theorem 10.1.4]. O

= ¢(zpw;) log

The following result generalizes another estimate of Pimsner and Popa for tracial states, given
n [PP91l, Theorem 2.6].

Proposition A.3. For any state ¢ on M we have
Ha(M|N) < 2log | 4],
Proof. Consider the sets Q = {(k,l) € K x L | a; # 0} and

A={=(E)genen | & =0, > &u=1} CRY.

k.l

Define a function f on ]Rg by

(1) . (
Z Ei log —=—5— gk g :
Skl

where £ = 3 &y and €7 = 37, €. By Proposition A1 we have Hy(M|N) < f(€) for € € A
defined by &k = @(zkw;). Therefore it suffices to show that f(£) < 2log ||A]| for all £ € A. We will
prove that this is the case for any nonzero matrix A with nonnegative real coefficients.

Let ¢ € A be a maximum point of the function f|a. We may assume that (;; > 0 for all (k,[) € Q,
since otherwise we can simply modify the matrix A by letting ax; = 0 for (k,1) € Q such that (3 = 0,
which can only decrease the norm of A, since by the Perron-Frobenius theory the norm of A*A is
the maximum of the numbers p > 0 such that A*Aw > pw for some nonzero vector w € ]RJLF. By
removing zero rows and columns of A we may also assume that the projection maps 2 — K and
Q) — L are surjective, so the numbers ( ,gl) and Cl@) are well-defined and strictly positive for all £ € K
and [ € L.

Using that
0; 0 041
7 togeW = %k and log £ =2
o/3%! gl 51(;) w 8% 51(2)
we get
¢ (1) ~(2) 2
9L (¢) = 10g 2L 2
Ok ¢
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Since ¢ is a maximum point of f|a, the gradient of f at this point is orthogonal to A, so

¢ (2
log £ 2L KL — X for all (k,l) € Q
Ckl
for some A € R. Then f(¢) = A, and it remains to show that A < 2log || AJ|.

Put
v = (Y2 and wy = ()2

Then, uSing lhal Ck;l =€ >\/ QApVEW;, We ge
§ 2 z : Ck‘l 2 C D
AW, = €>‘/ )\/ k = €>\/ ’Uk;,

so that Aw = e¢*?v. Similarly we get A*v = e*2w. We thus see that w is an eigenvector of A*A
with eigenvalue e*. Hence e* < || A% O

Note that the maximum of the function f|a from the above proof is exactly 2log || A||. Indeed, let
w € RY be an eigenvector of A*A with eigenvalue ||A|*> normalized so that [Jw|s = 1, which exists
by the Perron-Frobenius theorem. Then letting & = ||A||~?am (Aw)iw; we get f(€) = 2log || A]|.
This of course does not imply that the supremum of H,(M|N) over all states ¢ equals 2log [|Al],
even if ny > ayy, since we only know that our upper bound on H,(M|N) is sharp for tracial states,
and for tracial states the numbers p(z;w;) cannot be arbitrary.

APPENDIX B. CANONICAL SHIFT ON THE TOWER OF RELATIVE COMMUTANTS

Let N C M be a finite index inclusion of II; factors. Put M_y = N and My = M. Iterating the
basic extension with respect to the trace-preserving conditional expectations we get the Jones tower

M CMyCM CMyC---.

We also choose a tunnel
-CM_3CM_oCM_1C M.

Let e; € Mjy1, j € Z, be the corresponding Jones projections. Denote by 7 the unique tracial state on
U,, M,, and by E; the T-preserving conditional expectation |J,, M, — M;. Thus, M; 1 = Mj;e;M;,
meaning that M;, is spanned by the elements xe;y for x,y € M;, ejze; = Ej_i(x)e; for x € Mj,
and Ej(ej) = A1, where A = [M : N|~!

Consider the canonical shift v on {J;_;(MjNMj). This is an automorphism such that y(e;) = ej2
and y(Mj N M) = Mj 5 N Myyo. It can be defined as follows, see, e.g., [NSO6, Section 10.4]. The

representation of M;,q on L? (M) given by the definition of the basic extension extends uniquely to
a representation of (J,, M, such that

ejinl\j(x) = Jjej_nJjAj(x) = Aj(ze;—p) foralln>1,
where Aj: M; — L2(M ) is the GNS-map and J; is the modular conjugation. In this representation
we have M]+n = JjM;_,J;. Define a *-anti- automorph1sm v of U< (M] N M) by
(@) = Jje*J; on L*(Mj).
The canonical shift is defined by v = 7;417;. This definition is independent of j € Z. The automor-
phism « is completely characterized by the properties that it maps M j’ N My, into M’ 42 M Mj1o and
satisfies
y(@)ejr1 =N "Feji1 .. exreryier ... ejpq for x € MMy, j <k (B.1)

The following proposition, which is at the origin of the classification theory of subfactors, is a

well-known result of Ocneanu.
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Proposition B.1. There is an isomorphism of the inductive system

tr2 (@ tr2 o ®-
) ——— _—

Endy.y(L*(M) Endy.y(L*(M)®~?) Endy.y(L*(M)®¥3) — ...

onto the system
M NM — M NM — M M —...,

where all the arrows are the inclusion maps, such that the shift endomorphism T +— T @ tr2(pp) of
Ups1 Endy.ny (L2(M)®N™) corresponds to the endomorphism v~ of Ups1 (Mg, q N My).

Despite being well-known, this is usually formulated in a weaker form, see, e.g., [Bis97), Section 4],
and it seems to be difficult to find a clear complete proof of the proposition as it is stated above in
the literature. We will therefore sketch a possible proof for the reader’s convenience.

We start by considering the N-bimodule maps
U L*(My) @y L*(My,) = L*(Mypyns1) (m,n > 0),

U (A (2) @ Ay (y)) = )\_(m+1)("+1)/zAm+n+1(a¢em €Ol €1 e ot e €RY)
= Af(m+1)("+1)/2Am+n+1(xem e Cmtn€m—1 - Cmin—1---€0--.€nY).
Lemma B.2. The maps up, , are unitary, and the following identities hold:
Ukt 1,0 (Weym @ Lr2(ar,)) = Uhkymen+1(0L2(0) @ Umn)- (B.2)
Proof. Using the identities
Emin—t(€man—t - emiFm—i () em—_t - - - €man_i) = X" E,_p_1(z*z)

for k =0,...,m, it is easy to check that the maps w,y, , are isometric. Identity (B.2)) is also straight-
forward. To prove surjectivity of w,, , observe first that

Myem . ..eminMpmin = Myinii.
This can be seen by induction on n, using that
Mpen . ..eminMpmin = Mpen ... emin—1Mmin_1€minMmin
and My ineminMm+n = Mpmins1. From this, in turn, by induction on m we get
Mmém - emin€m—1---min—1---€0-..enMpy = Mpini1,

since the left hand side can be written as

Mpem .. eminMpm—1€m—1...€min-1---€0-..xMj.
This proves surjectivity of w,, ,. O

By distributing parentheses in L2(M)®N" e.g., as

LA (M) @n (L2(M) @y (... (L2(M) @ LEH(M))...)),
and using the isomorphisms uy ,,, we get an isomorphism v, : L2(M)®N™ — L?(M,,_1), and hence
an isomorphism

Y Endn y(LA(M)®N¥™) = N’ My, 1.

By (B.2)) the isomorphism vy, and hence 1,, is independent of the way we distribute parentheses
in L2(M)®~m,
Lemma B.3. For any T € Endy_n(L*(M)®N™) we have

Y1 (T ® LL2(M)) = Yn(T) and T/Jn-I—l(LL?(M) ®T) = y(Yn(T)).
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Proof. As vp41 = up—1,0(vy, ® 1), for the first equality it suffices to show that
Un—10: L*(My—1) @ L*(M) — L*(M,,)

is a left My, _i1-module map. It is clear that w,_1 is an M,,_j-module map. Therefore it is enough
to show that w,_10er = epupn—10 for k =n —1,...,2n — 2. Consider three cases.

(i) k =n —1. We have, for z € M,,_; and y € M, that
Un—1.0(en_18n_1(2) @ A(y)) = A 2A0(En_a(x)en_1 ... eoy) = X2 A (en_12e, 1 - . . eoy),

which is what we need.

(ii) k = n. In this case, using that e, A,—1(z) = Ap—1(ze,—2), we get

unfl,O(enAnfl(x) ® A(y)) = Ain/QAn(xenf26n71 e 60?/) = Ain/2+1An(xenf2 e eOy)'
On the other hand,
enunfl,O(Anfl(x) ® A(y)) = Ain/2An(En71(xen71 cee eOy)) = Ain/2+1An(xenf2 cee eOy),

SO again U,—1,0€n = €pln—1,0-

(iii) n < k < 2n — 2. Using again that e; = J,_1€2,__2Jn_1 on L?(M, 1) and e} = Jyeon_rJn
on L?(M,), we get

un—l,O(ekAn—l(w) ® A(y)) = )\_"/zAn(ern,k,gen_l A eoy)
and
extin-10(An—1(z) ® A(y)) = A2 Ay (zen_1 .. . eoyean—t)-
As e9, 1 commutes with y € M and
€2n—k—26n—1---€0 = ANep_1...€2p k€2 k—2.--€0 = €p_1...COCAY_k;

this gives u,—1 0er = €xUn—1,0-

Turning to the second identity, as vp41 = g n—1(t ® vy,), it suffices to show that

Ugn—1(t @ ) = y(x)ugp—1 for x € N'N Myy,_1.
Since y(x) € M{ N My, 41 commutes with M, recalling the definition of up,n—1 We see that this boils
down to showing that w, 12 = y(x)w,_1, where w,_1: L>(M,_1) — L?(M,,) is defined by
wnflAnfl(y) = An(€0 cee enfly)'
It is convenient to prove a stronger statement. Define a map 7: Msy,_1 — Mo, 11 by
m(x) = A2y .. a1 €21 - - - €0
It is easy to see that 7 is a *-homomorphism. By (B.I]) we also have m(x) = v(z)eg for z € N'NMay, 1.
It follows that in order to prove the second part of the lemma it suffices to show that
Wp—12x = w(x)w,—1 for all € My, .

Since m(x) = weg for x € N, this identity holds for x € N. Hence to finish the proof it is enough
to check this identity for x = e, k = —1,...,2n — 2. That is, we have to show that w,_1e_1 =
A tege_jereown—1 and wp_1ep = eproeoWn—1 for k = 0,...,2n — 2. This is done similarly to
the first part of the proof of the lemma by considering different cases: two cases for w,_1e_1 =
A lege_iereqwy,_1 corresponding to n = 1 and n > 1, and four cases for w,_je, = €k+2€0Wn—1
corresponding to 0 < k<n—-2k=n—-2(n>2),k=n—1(n>1)and n <k <2n-—2. O

Proof of Proposition [Bl. 1t follows from Lemma that the isomorphisms
=D Endyn (L2(M)®N™) — M, N M,

define the required isomorphism of the inductive systems. O
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