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Abstract We consider an additive regression model consisting of two compo-
nents fY and ¢", where the first component f° is in some sense “smoother” than
the second ¢°. Smoothness is here described in terms of a semi-norm on the
class of regression functions. We use a penalized least squares estimator ( f ,4)
of (f°, ¢°) and show that the rate of convergence for f is faster than the rate of
convergence for §. In fact, both rates are generally as fast as in the case where
one of the two components is known. The theory is illustrated by a simulation
study. Our proofs rely on recent results from empirical process theory.
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1 Introduction

Additive modelling has a long history (Stone [1985], Hastie and Tibshirani
[1990]) and is very useful for dealing with the curse of dimensionality. Important
estimation methods for such models are for example spline smoothing (Wahba
[1990]) or iterative back fitting (Mammen et al. [1999]). Our contribution in this
paper is to show that standard spline smoothing or more generally penalized
least squares can estimate “smoother” components at a faster rate than “rough”
components. In fact, we show an oracle rate for the smoother component, which
is as fast as in the case where the rough component is known. Similarly (but
perhaps less surprisingly) the rougher component can be estimated as fast as in
the case where the smooth component is known. These results are in the same
spirit as results for semi-parametric models (Bickel et al.| [1998]) saying that
the parametric part (the parameter of interest) is estimated with parametric
rate despite the presence of an infinite-dimensional nuisance parameter. We
make use of recent empirical process theory to deal with an infinite-dimensional
parameter of interest.

For simplicity we consider the additive model with two components (exten-
sions to more components can be derived essentially along the same lines).
Let (Xj, Z;)}_, be i.i.d. input variables and {Y;}" ; be i.i.d. real-valued output
variables. The model is

Y= X)) +°(Z) e, i=1,...,n,

where f0 € F, ¢° € G with F and G linear function spaces. Moreover,
€ := (e1,...,6,)T is a vector of i.i.d. centered noise variables, independent of



{(Xi, Z;)},. For a vector v € R" we write ||[v||2 := vTv/n. We study the
estimator

(7,3) = argmind 1Y = 7 = g1 + 20 + 425900},

where [ is a semi-norm on F, J is a semi-norm on G and A and p are tuning
parameters. Moreover, 1 < ¢ < 2 is some fixed constant. We consider the case
where the “smoothness” induced by [ is larger than the “smoothness” induced
by J. For example, when both X and Z are bounded real-valued random
variables, one may think of I as being some Sobolev norm, J being the total
variation norm and ¢ = 1. Note that we restrict ourselves to a squared norm in
the penalty for the smoother part. A generalization here is straightforward but
technical. Also a generalization to values of g > 2 is not difficult but is omitted
to avoid complicated expressions.

We show that with an appropriate choice of the regularization parameters A
and p the rate of convergence for the smoother function f° is faster than the
rate for the less smooth function ¢". For each component we obtain the rate of
convergence corresponding to the situation were the other component is known.
This result is established assuming an incoherence condition between X; and

Zy (see Condition [2.4).

The results in this paper are related to |Wahl [2014]. The latter studies an
additive two-component model and applies restricted least squares instead of
the penalized least squares used here. Another important paper on the topic
is [Efromovich| [2013] where adaptive rates are derived using a method includ-
ing blockwise shrinkage. Related is also the paper Muller and van de Geer
[2013] where a partial linear model is studied with the linear part being high-
dimensional. The method used there is penalized least squares with ¢1-penalty
on the linear part.

1.1 Organization of the paper

In the next section we outline the conditions used. Main condition is an en-
tropy condition (Condition [2.1) which describes the assumed roughness of the
functions f° and ¢°. Section [3| contains the main theoretical result in Theorem
Section [4] presents a simulation study. All proofs are in Section

2 Conditions

Let P be the distribution of (X, Z) and || - || be the La(P)-norm. For arbitrary
positive constants R and M we let F(R,M) :={f e F: |fl| <R, I(f) < M}
and G(R, M) :={geG: |gll <R, J(g) < M}.



Let || - ||oo be the supremum norm. The entropy of (F(R, M), | - ||«) is denoted
by Hoo(:, F(R, M)). The entropy integral Joo(:, F(R, M)) is defined as

Too(z, F(R, M)) /\/”H (uz, F(R, M), || - |loo)du, z >0

which we assume to exist.

For the class G the entropy Hoo (-, G(R, M )) and entropy integral Jo (-, G(R, M))
are defined similarly. We shall however use a somewhat relaxed version of
entropy and entropy integral for G. Let A,, be the set of all subsets of cardinality
n within the support of Z; (equal points are allowed). For A, € A, and g a
real-valued function on this support we let

l9llAn,00 = max lg(2)]-

The entropy of the class (G(R, M), ||-|| 4, ) endowed with |- || 4, -norm is denoted
by Ha, (-,G(R, M)). The uniform entropy is

Hn(,G(R,M)) := Asga Ha, (-, G(R,M)).

We furthermore define the entropy integral

1
In(z,G(R,M)) := Z/o \/Hn(uz,g(R, M))du, z>0 (1)

assuming again it exists. Note that #H,(-,G(R,M)) < Hoo(-,G(R,M)) and
consequently J, (-, G(R,M)) < Jso(-,G(R, M)).

We fix the “roughness indices” 0 < a < 8 < 1 and assume the following bounds
on the entropy integrals for F(R, M) and G(R, M). The reason for the more
stringent version of entropy (or entropy integral) for F(R, M) is apparent from
Lemma where we consider for f € F(R, M) conditional versions of f(X1)
given 7.

Condition 2.1. For R < M and some constants Ay > 1 and Ay > 1, it holds
that

Too(z, F(R,M)) < AfM®2'™, 2> 0,

and

Tn(2,G(R,M)) < A;MP21P) 2 > 0.

As an illustration, suppose that X; € [0,1] and I%(f) = [ |f*)(x)|?dz, where
f®) denotes the k-th derivative of f. Then o = 1 / (Qk) and the constant Ay
depends only on the smallest eigenvalue of the matrix Ev” (X1)y(X1) where
Y(X1) = (1,X1,..., XF1) (see e.g. Birman and Solomjak| [1967]). Similar
bounds hold for a general class of Besov spaces, see Birgé and Massart| [2000].

We assume sup{||f|lcc : f € F(R, M)} is bounded by a constant proportional
to M and similarly for G(R,M). Without loss of generality we assume the
proportionality constant to be equal to 1.



Condition 2.2. For some constant B > 1 and all M > 0 and any R < M/B
it holds that
sup || flloo < M,
feF(R,M)
and

sup  ||gllec < M.
9€G(R,M)

For a sub-Gaussian random variable Z € R and ¥(z) := exp||z|?] — 1, we define
the Orlicz norm
|Z||y := inf{L > 0:E¥(Z/L) < 1}.

We will assume that the noise is sub-Gaussian. Extension to sub-exponential
noise is straightforward but omitted to avoid technical digressions.
Condition 2.3. The error €; is independent of (X1, Z1) and satisfies for some
constant K. > 1

letlle < ..

Recall that P denotes the distribution of (X, Z). Let p := dP/dv be the density
of P with respect to a dominating product measure v := 11 X vo with marginal
densities p; and ps. We define

We let

72 = /(r — 1)?p1pody
(assumed to exist). Note that v is the y2-“distance” between the densities p
and p1ps.

We impose the following incoherence condition.
Condition 2.4. It holds that v < 1.

Define
fp=E(f(X\)|Z1="), fa=f—fp.

The subscript “P” stands for “projection”, and “A” stands for “anti-projection”.
Note that fp is a function with the support of Z; as domain. We assume this
function to be smooth.

Condition 2.5. For some constant I' it holds that

J(fe) < T £l

To illustrate this condition, suppose that Z; is real-valued and J(g) = [ [¢™(2)|dz.
Suppose moreover that

sup [ o™ (al2)|dz <T.



where p(™)(z|2) := L (p(x, 2) /p2(2)). Then, interchanging differentiation and

integration (and assuming this is allowed)

J(fe) /‘/f ") (]2)don ()

3 Main result

dz<F/|f )\ dvi () < ||f]-

We define -
TrR(f,9) = If + gl + M (f) + (u/R) & pJ(g). (2)

We moreover let

() = 1P + X1 (f). (3)

Theorem 3.1. Assume Conditions [2.1} . 2.3 24 and - Suppose that
for some 0 < & < 1, max{A2, A%} /n < n™° and (A2/n)T= T < (A% /n)T+8 a0,
There exist a universal constant C' and constants c, ¢y, c¢1, co depending on «,
B,7, 6, B, T, q and K. as well as on I(f°) and J(go) such that forn > ¢y and

VAT = e A, Vapt P = e Ay,

R= Cat, RI = 62)‘7

one has

P(ﬁ%(f— 9-9") <R m(f-f< R[) > 1 — Cexp[—nA\?/c].

The proof is given in Section

Theorem [3.1] does not provide the explicit dependence on the constants. This
dependence can in principle be deduced from Lemmas [5.6] and [5.7] albeit that
the expressions are somewhat complicated. In an asymptotlc formulation, con-
sidering a 3, ’y, 0, B, T, q, K as well as I(f°) and J(g°), as fixed, we get for

A2 = A”“n T and p? = A}*Bn 1+ﬁ the rates

2 1
I = JO2 = Op(AF"n75), g - °|12 = Op (AT 7n ™

E‘
~—

I(f) = 0p(1), J(3) = Op(1).
Example 3.1. Suppose that X, cmd 7y take values in the interval [0, 1] and
that I2(f) = [ |f®(2)|?dz and J?(g) = [ g™ (2)|?dz with m < k. Then with
q=72 the estimator is a spline and easy to calculate as the loss functzqn as well
as the penalties are quadratic forms. The rates of convergence are ||f — f0| =
k m

Op(n~2+1) and ||g — ¢°|| = Op(n~2+1). See Section |4 for some numerical
results.



Example 3.2. Suppose that X; takes its values in [0,1] and Z is real-valued.
Let I*(f) == [ |f®)(2)|2dz with k > 1 and J(g) := TV(g) be the total variation
of g. Then with ¢ = 1 the estimator is again easy to calculate (the problem
being formally equivalent to a Lasso problem). The rates of convergence are
If—f = Op(n_ﬁ) and ||g— ¢°|| = (’)p(n_% log% n). Indeed, C’ondz’tvjon
for the class G now holds with 3 = 1/2 and Ay < \/logn. This follows e.g. from
Lemma 2.2 in\van de Geer| [2000]. We note that once we have this fast rate for
|/ — fOll, the (logn)-term in the rate for ||§ — ¢°|| can be easily removed using
instead of the uniform entropy H, the | - ||n-entropy bound from |Birman and
Solomgak| (1967] with || - ||,-being the empirical Ly-norm (i.e. for a real-valued
function m on the support of (X1,21), ||mlln = (31 m?(Xi, Zi)/n)*/?).

4 Simulation results

In this simulation study, we show that the results of Theorem also (approx-
imately) hold empirically. We consider Example We estimate each of the
“true” functions f° and ¢° in the cases where neither functions are known and
the cases where one of them is known. We will see that, for each function,
the rate of convergence of the estimator when neither of the “true” functions is
known is of the same order than that when one of the components is known. For
this, we will show the plots of the MSE of the four estimators in four different
scenarios (see Figure . However, we will only show the plots of the estimators
when correlation(X, Z) = 0.8, SNR = 7 since analogous results hold for the
other scenarios.

Let X and U be independent uniformly distributed random variables with val-
ues in (0,1). Define Z = a X + (1 — a) U with a an appropriate constant such
that the correlation between X and Z is equal to p (which we will define later).

We use B-splines of order 6 (piecewise polynomials of degree 5) to represent
each of the functions f and g (see de Boor| [2001]). We write

K K
F@) = ypibri(x),  9(2) = vgibes(2),
i=1 Jj=1

where by ;,by.5, 4,7 = 1,..., K are the basis functions of the B-spline parametriza-
tion, v = (V£,1, - V£.K), Vg = (Vg,1, - Vg,K) are the parameters vectors of f
and g, respectively, and K + 6 is the number of knots, which we choose to
be [3y/n/5] + 6 where n represents the number of observations. Denote by
(z1,...,zpn) and (z1, ..., z,,) realizations of the dependent random variables X and
Z and let () be the r-th order statistic of the sample from X (r =1,...,n). For
estimating the function f (and analogously for the function g), we place the first
and last 6 knots (corresponding to the order of the B-spline) in z() and (),
respectively, and position the remaining knots uniformly in {z(g), ..., Z(n_1)}



We define the penalizations as

1 1
2 L ///$2$ $2x
Mﬁ~ALfUM<+AUUN,

1 1
2 L //ZQZ ZQZ
M@~Am<nd+4mum

and the (i,7) — th components of the matrices Qy, Q, € REXK ag

1 1
<mm:A W@%@M+AWMMWMx
and

1 1
MWW=46&®%Awh+AbW@%ﬂmh

Then, we can write I2(f) = WJ:I;Qfo and J2(g) = ngg’yg. Moreover, using
Cholesky, we can find matrices Hy, H, € REXE such that Q= H?Hf and
Q,=HIH,.

The case where both f* and ¢° are unknown:
Consider the two-components model:

}/l:fO(XZ)_{—gO(Z’L)_’_GZu 1= 17"’5”7 (4)

where¢;, i = 1,...,n arei.i.d. centered Gaussian random variables with variance
o2. The estimator is

(7o) = angmin] Y = £ = gl + 20 + 20 |

We took A = 14n3/7 and u = 0.3n"2/5. The constants of both tuning pa-
rameters are chosen by minimizing the mean square errOIE] of the estimators
for the case n = 5000. Candidates for the constants were taken from the grid
({1,2,3,...,20} x {0.1,0.2,0.3,...,1}), where the first set corresponds to the
constant of A and the second to the constant of p.

The case where f° or ¢° is known:
If ¢° is known we re-write equation as

Y/ = f2(X5) + e,
with Y/ = Vi —¢%(Z),i=1,...,n.

!Estimated using 100 simulations.



We then use the estimator

fom argm}n{uyf SR W(f)}.

The tuning parameter is taken to be A = 14n=3/7.

Similarly, if f0 is known we let Y9 :=Y — f0 and
g = angmin{ |7~ gl + 4220

with g = 0.3n~2/5,

Simulations:
Define the Signal-to-Noise ratio as SNR := var(f°(X) + ¢°(Z))/o?. For our
simulations, we consider the following scenarios:

o f9(x) = —10sin(1.92 4 0.27) + E[10sin(1.92 + 0.27)).
o ¢°2) = 3¢—500(2—0.1)% _ E[3€—500(z—0.1)2].

SNR € {0.5,7}.

p € {0.2,0.8)F

n € {100, 150, 200, ..., 5000}.

The error variance o2 was chosen in each scenario to match the above given

Signal-to -Noise ratios. For each n the average of 100 simulations is used to
estimate the mean square error. In Figure(l] we see that the rate of convergence
of f and of f* are of similar order and that the same applies to §° and §.
In other words, for each function f° and ¢°, the rate of convergence of the
estimators when both functions are unknown (approximately) corresponds to
the case when one of them is known. These results agree with Theorem and
hold in the four simulation scenarios. Moreover, we see that the convergence of
fs and f to fU is faster than that of §° and § to ¢°, which is also established
in Theorem 311

2The value p = 0.2 corresponds to a = 0.169 and the value p = 0.8 to a = 0.571.
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Figure 1: Estimated MSE for each of the computed estimators: I (blue line),
g° (red line), f (orange dotted line), and ¢ (green dotted line) for the four
simulation scenarios.

The log-transformed data from Figure [I] for the scenario p = 0.8 and SNR =7
is plotted in Figure [2. Here, we fit a linear regression on each curve considering
only those observations corresponding to n > 1000 and print the slope of these
and the theoretical Slop€E| in the legend of the plot. With SNR=7 it is not
clear whether the slopes of the regression line of the estimators agree with their
theoretical counterpart. For lower SNR however the agreement is remarkably
good (not shown here).

3Recall that by Theorem we have log||f — f°||3 = log(c1) — (6/7) log(n) and log||§ —
g°||3 = log(cz2) — (4/5) log(n), where ci and ¢z are constants depending on those of the tuning
parameters.
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Figure 2: Log-transformed data for the case p = 0.8 and SNR = 7. A black line
using the theoretical slope and an arbitrary intercept was drawn for graphical
comparison.

The plots of both f° and ¢° and their corresponding estimators for the scenario
p = 0.8 and SNR = 7 are displayed in Figure We can see that, as the
number of observations increases, the functions f and g converge to f° and
g°, respectively. This happens while all of them improve their estimation of
the true functions f° and ¢° appropriately. We note that f and fs are almost
identical to f° when the number of observations is large. However, § and §°
can only resemble but not describe perfectly ¢°. This is probably due to the
highly variable second and third derivatives of ¢° in comparison with those of

f°, as can be seen in Figure

10



(¢) n =150 (d) n = 5000

Figure 3: Plots of the true functions f° and g" (black lines) with their corre-
sponding estimators f* (blue lines), f (orange dotted lines), ¢° (red lines), ¢
(green dotted lines), for p = 0.8 and SNR = 7. The data are represented with
black small vertical lines and knots positions with red small vertical lines. For
each n € {150,5000}, we use a single simulation (not 100 simulations).
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Figure 4: Second and third derivatives of the true functions f° and ¢° in [0, 1].
The third derivative of g° was multiplied by 0.02 for an easier comparison.

5 Proofs

We use the notation P, := Y1 | d(x, z,)/n for the empirical measure based on
{(Xi, Zi) Yy

The proof is organized as follows. We first present some preliminary results
needed for the proof of the faster rate for f . Then we look in Subsection
at the global rate for both components. We use here the convexity of the
least squares loss function and the penalties to localize the problem to the set
M(R) :={(f,9) : r(f,g) < R}, and then show that indeed (f — 9,5 —¢°) €
M(R) provided that the random part of the problem is under control. In
Subsection [5.5] we show the random part is indeed under control with large
probability. For this result, we need recent findings from empirical process the-
ory, in particular the convergence of empirical norms and inner products. Here,

12



we apply some results from [van de Geer| [2014]. The application is somewhat
elaborate: for an additive model with p components there are (p'gl) — 1 terms
to consider. If there is only one component, say f, one needs to consider the
behaviour of ||f|? — ||f||* and €’ f/n uniformly over some collection of func-
tions f. If there are two components f and g the number of terms to consider
is five: namely uniform convergence || f|?, 9|2, Pufg, €' f/n and ¢'g/n to
their theoretical counterparts. This is done in Subsection Subsection [5.2
takes such uniform convergence for granted. The same is true in Subsection [5.3
where we show the faster rate for the estimator f of the smoother component:
the results are on a random event which is shown to have large probability in
Subsection using results from empirical process theory given in Subsection
We finally collect all pieces in Subsection to finish the proof of the main
result in Theorem 3.1

5.1 Preliminaries

Lemma 5.1. Assume Condition and suppose [ fpidvy = 0. Then

1f+all? = (1 =)+ gl
Proof. We have
I+ gl = U1 + gl + 2 [ (7w
Moreover, since [ fp; =0,

| / fopdv] = | / Fg(r — Vpipadv] < ~( / 22 pipadi)V? = | flllg].

Hence,
1f =+ all? = 1A+ Nlgli? = 291 £ 119l

= (L= UL+ gl®) + U = Ng? = (@ =)L+ Nglh?.

O
Lemma 5.2. Assume Condz'tion and suppose f fpidvy = 0. We have that
Ifell* <Al F1?
and
1fall? > (1 =211
Proof. We have
fr= /f(T— D)p1dvy.
Hence
Ifell < llr =LA =~1A1,
and
Ll = [1£1% = [1fp [P = (1 =) £11%.
.

13



Lemma 5.3. Assume Conditions 2.1 and[2.3. Then
Jo(z,{fa: fE€FR,M)}) <2T(z, F(R,M)), 2>0
and for R < M/B

sup || falloo < 2M.
FEF(R,M)

Proof. Let v > 0 and f, f € F(R, M) be arbitrary, satisfying ||f — flec < u-
Then clearly also

1fe = fello = IE(f(X1) = F(X1)IZ = )lloo < u.

So then . . )
fa — fallo < NIfp = felloo + If = flloo < 2u.

Similarly, for f € F(R, M), we have

[falle < I fplloc + 1 flloe < 2M.

O
5.2 A global bound
We define
and for a sufficiently small value g > 0, to be chosen later the sets
TRy { s (17 gl - +olP| < G},
(f.9)EM(R)
TR { s (gl < i
(f.9)EM(R)
and
T(R) = Ti(R) N Ta(R). (6)
Lemma 5.4. Take §y < % and suppose that
NI(f0) + 12 9(°) < 3R, ”)

Then on T(R), we have |[in — mP||2 + XN2I2(f) 4+ pJ9(§) < 462R? and mr(f —
f07 g - g()) S R.
Proof. Define

f=tf+Q-0f° g=tg+(1—-1t)g°

with
R

t .= — .
R+7a(f = 19,9 - ¢°)

14



Then 7r(f — 2,5 — ¢°) < R. Let 7 := f +§ and m® := f0 + ¢°. By convexity
I — 0|2 4+ X219() + (2J9(5) < 267 (i — m0) + N21U(f0) + 2.J9(g0).
On T(R) we find
[ = mP||> + N2I(f) + u?J(g) < 465 R>.

Hence

I(f) < (200)R/A,

and
J(3) < (200)2/(R/p)*/® < 200(R /)"

where in the last step we used 20y < 1 and 2/q > 1. Since by it holds that
I(f%) < 200 R/ )\ we get
— %) < 460R/A.

2/q(

I(f
Also, by (7)) we have J(¢°) < (200)%/9(R/p)?/? < 260(R/11)?/4 so that
(G- 9°) < 400(R/w)*'".

We find .
M(f = f°) < 46R
as well as -
(u/R)" & pJ(G—g°) < 46R.
But then

(f = 12,5 - ¢°) = | — mO| + AL(f — ) + (u/R) = pJ (5 — ¢°)
< 1060R < R/2

where we used §y < 2—10. This implies TR(f — %6 — g% < R. Repeating the

argument completes the proof. O
5.3 A tighter bound for the smoother part

Let 7(R) = { £+ (7)< R .

For 47 sufficiently small we define

Tor(Rr) = { sup [I7all2 = 1l

feF(Ry)

Sﬁ%}

Ti2(Rp) := { sup |e" fal/n < 5%3%};
feF(Rr)

Tia(Ru,R) m { sp |Pufalg+fo)l < 6%3%}
(f,.9)EM(R): feF(Ry)

and we let
Tr(Rr, R) :==Tr1(Rr) N Tr2(Rr) N Tr3(Rr, R). (8)

15



Lemma 5.5. Assume Condz’tz’on and . Suppose the condition @
NP(f0) + p? 2 (g%) < 65 R?
of Lemma holds, with §y < % given as there. Suppose moreover that
NI (f°) < 8% RY, (9)

2(q—1)

21°T(200R/p)~ = < 61RY, 2u°T9/RY 7 < & (10)

and 62 < 90 Then on T(R) NTi(Ry) it holds that 7;(f — %) < Ry.
Proof. We use the Basic Inequality
1Y = f=gll5 + XL (F) + 12799 < Y = 0= @+ fo — RRII
FXI(fO) + 2 TG + fo — £D).
This gives that R )
I Fa = R+ X212 (f) + p2T%(g)
<2e"(fa = f)/m—2(fa — fOT (G — "+ fo — )/
Hfa = FRIP = 1fa = SRIG+ X120 + w295 + fo = 12).
By convexity the inequality also holds if we replace f by f =1 f +(1-=1 fo
with
Ry +71(f - f9)

Before exploiting this, we derive a bound for J9(§ + fp — f8). We use that for
positive a and b,

t:

(a4+b)7—a? <2(a+b)71b < 2(a? !+ b7 H)b = 22971 + 2b7
Hence
JUG+ fo — f2) = JU@) < 2J971@) I (fo — £8) +2J(fp — )
<2LTH @I = O+ 20 f = £

where in the last step we used Condition 2.5l On T(R) we have J(g§) <
(200R/ 1)/ by Lemma We also have || f — f°|| < R;. Hence

2(

TG+ fo — fO) — JUG) < 2T(286R/1) T Ry + 2T9RY
But then by condition ({10
p2J9(g + fo — fP) < 261R}.
We insert this result in the Basic Inequality with f replaced by f:

1fa — FRU1%+ N2I2(f) < 683 R + N212( fo).

16



Invoking @D we get
1fa = JRIP + NI (f = fo) < 66TR] + 3N I(f°) < 951 Ri.
Since by Lemma If = fOU? > |Ifa — fI1?/(1 — ~2), this implies

m(f — f°) < 961R}/(1 —+*) < Rj/4

using 02 < U279 This implies 7;(f — f°) < Ry.

5.4 Results from empirical process theory

We use Theorem 2.1 in jvan de Geer [2014] which is a consequence of results in
Guédon et al.|[2007] and combine this with Theorem 3.1. in jvan de Geer [2014].
We recall definition of the entropy integral 7,,. Throughout, Cy and C; are
universal constants.

Theorem 5.1. Fix some Ry, My, Ry and My and let

K= sup  |fllec; Koi= sup lgloo-
FEF(R1,My) 9E€G(Ra, M)

Define for all t and n

Ry Jn(K1, F(Ry, My)) + RiK1V1t N J2(K1, F(Ry, My)) + K2t

Blyl(t,n) = \/ﬁ n N
_ BoJn(K32, G(Ro, M) + Ro KoVt | T3 (K2, G(Ra, M3)) + K3t
Byo(t,n) = NG + ”
and
 R1Jn(K3,G(Ry, Ms)) + RoJy(R1 K2/ Ry, F(Ry, My))
Bl’g(t,n) = \/ﬁ
R Kyt K Kot
e

We have for all t > 0 with probability at least 1 — Cpexp[—t]

S 0132,2 (t, n)

L1 = 1L£11P lgll7 — llgll?

sup
feF(R1,M1)

< C1Bya(t,n),  sup
9€G(R2,M>)

Moreover, for R1 Ko < RoKy and all values of t and n satisfying
C1B1a(t,n) < R?, C1Ba2(t,n) < R3

we have with probability at least 1 — Cyexp[—t]

sup
FEF(R1,M1), geG(R2,M>)

(P, — P)fg‘ < C1By2(t,n).
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The next result follows from standard arguments using Dudley’s results (Dudley
[1967]), see e.g. van der Vaart and Wellner| [1996].

Theorem 5.2. Assume Condition on the noise. Fix some Ry, My, Ry and
Ms and let

Ki= sup |fllc, K2:= sup [glle
fEF(R1,M1) g€G(R2,M>3)

Consider values of t and n such that
C1Bii(t,n) < RY, C1Bas(t,n) < R3

with By1(t,n) and Bas(t,n) given in Theorem . For these wvalues, with
probability at least 1 — Cy exp|[—t], one has

sup | fl/n < CiBi(t,n), sup |€' g|/n < CiBa(t,n),

JEF (M) 9€G (R, Mz)
where
By (t,n) = K.J(By, F(R1, M) + KRV
Vn
and
Ba(t,n) := KeJ (R, g(RQ\v/J\ﬁ@)) + KeRz\/f‘

Corollary 5.1. Suppose Conditions and . Assume Ry < Mi/B
and Ry < Ms/B where the constant B is from Condition . Let By, Bopo,
B2 be defined as in Theorem and B1 ¢ and By ¢ be defined as in Theorem
[2.2. Then

RiM;i(Ar + V1) MP(A} +1)
< + :
4D n
RQMQ(AJ + \/{f) n M22(A2J + t)
vn n ‘
AjR My + A;RY Ry MMy~ N Ry Mo/t L Mt
vn vn n

Bl,l (t, n)

Byo(t,n) <

Bia(t,n) <

and

A K MORY + K Ri\/1 A;KMYRY P + K Rov/t
vn vn '

The constants A; and Ay are from Condition [2.1] and the constant K. from
Condition [2.3.

Theorem 5.3. Assume Conditions|[2.]], and[2.3 Let \< Ry <u<R<1
be constants and Ly := Ry/X and Ly := (R/u)*/1.

Case 1. Assume N2 < 1/B? and p?> < R**9/B4. Suppose that for some
L > 40y,

Bie(t,n) < ; Bae(t,n) <

VAT > LA, /npttP > LA, (11)

q
R>LL;jA;/vn, R> K\ R>Lj\ R>K:® 9, (12)
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and
A < 1/L. (13)

Then with probability at least 1 — 3Cy exp[—nA?/L?] it holds that

4R? 4R?
swp (A1~ U1 < 5 s gl ol?| < 5
FEF(R,R/N) 9€G(R,Ly)
4 2
sup (P, P)fg‘ <
FEF(RR/N), g€G(R,Ly) L
and ) )
2 2
sup \eTf\/n < i, sup \eTg\/n < i
FEF(R,R/N) L geg(rLy) L
Case 2. Assume moreover that
Ry > LLjA;/\/n, R > K\ (14)

Then with probability at least 1 — 3Cq exp[—nA?/L?],

4R2 4R2
o IR <17 < FE s - pige| < U
FEF(Ry,Ly) FEF(R1,L1), g€G(R.Ly)
and )
2R
sup |l f|/n < =L,
JEF(Ry.L1) L

Proof of Theorem [5.3l

Case 1. We first apply Corollary |5.1f with R; = Ry = R and M; = R/),
My = Ly := (R/p)*/4. The condition A\ < 1/B ensures R; < M;/B and the

2
condition pu < RTQ/B ensures that Ry < My/B. We let By 1, Baa, Bi2 be
defined as in Theorem and By and Bs . be defined as in Theorem and
insert the value t = n\?/L2.

Case 1la for ||f]2.

Bii(t,n) <

R2(Ar + /1) +R2(A§+t) B AI+\/E+A%+t e
VA nA\? BB nA? )

Now use that by (11)) /nA > LA; and t = nA\2/L? to get
2 2 4R?

B <(24+2)<2E

Ll(t,n) >~ (L + L2> =

Case 1b For |g|2.

RLyj(Aj+Vt)  L3(A5+t) _ (Ly(Ay+Vt)  L3(A3+1)
Bualto) < PRI BIEED - (RR B )
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1 Ve 1 t 9
(24X p L TR
—(L+ﬁR+L2+nRQ> :

where we used that R > LLjAj/+/n by . Insert R > X and t = nA?/L? to

get
2 2 4R?
B <24+ 2 \R?2< .
walton) < (24 5 ) < 2]

Case 1c for fTg/n. We already know by Cases la and 1b that C1 By 1(¢,n) <
R? and C} Bas(t,n) < R? with probability at least 1 — Cj exp[—nA?/L?]. More-
over

RLjA;+ RYWOLI A /A + RLV/1 N RLt
vn nA
B <LJAJ L7“AfN Lyt Lyt )R2

BI,Q(tv n) <

ViR | RRI—oaFe T JnR | nRA

Use R > ALj, R > LL;jA;/\/n from (12) and \/nA'*® > LA; from (11 to
find that Y
1 t t
Bio(t <=4+ X4+ —+—
12(tn) < <L+ +\/ﬁ)\+n)\2>
Apply now that by (13) A\* < 1/L and t = nA\2/L? to get

3 1 4R?
Bio(t <l =-4+=) < —.

Case 1d for ¢! f/n. We already know by Cases la and 1b that C1 By 1(t,n) <
R? and Oy Bs5(t,n) < R? with probability at least 1 —Cpexp[—nA?/L?]. More-
over

KA KRt KA KVt
By(t,m) < DA BVt _ KV o
’ VnAlte Vn vnAtteR - \/nR
Invoke \/nA'*® > LA; from (11)) and R > K.\ from (12) to obtain
IVt
Bi(t,n) < | =+ — | R".
Le(t:n) (L * ﬁA)
With ¢ = nA\?/L? this gives
2R?
Bie(t;n) < I

Case le for ¢/ g/n. We gave

K.A;LP K./t
By (t,n) < [ =224 ) R2.
= (B 20

Use /nu'™® > LA; from to find

LY(u/R)"K. Ko/t
By (t,n) < | =L < < 2,
2’(’”)—( L +\/ﬁR>R
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Next, we see that L S(u/R)P < 1/K, since R > K&~ e 2% by (1 1.' Moreover,
also by (12) R > K \. So with t = nA\?/L?

1 2
<=4+ = ==
By (t,n) < \/ﬁ)\>R

Case 2. Take Ry = Ry, R, = R and My = L;j, My = Lj;. Then again
Ry < M;/B and Ry < My/B. Also With these new values, we let B; 1, B,
B 2 be defined as in Theorem and Bj . and By be defined as in Theorem
and insert the value t = n\%/L2%.

Case 2a for ||f]2.

R%(AI+\/E)+R2A%+t:(AI+\f Ar+t

Bia(t,n) <
Latn) = =% 12 JnR;

since \/nRy > v/nA > /nA't > LA; by and ¢t = n\2/L2.

Case 2b for fTg/n. By similar arguments as in Case la (see also Case 2a)
and 1b that C1 By 1(t,n) < R% and CoByo(t,n) < R? with probability at least
1 — Cpexp[-nA?/L?]. Moreover

)R, <4R?/L

RiLjA; RORIALY A, RILJ\/EthR[LJ

B t <
r2(tn) < ——2 N N Y
_ LjA; Ra)\LbfaA[ LJ\/'E n tLj R2
VnR; T mAeR; T nR;  naR )T

Use that Rp > LLjA;/v/n (see (14)), vRA'F® > LA; (see (L1)) and R > AL,
(see (12))). We then get

1 \/E t
Bia(t,n) < < +AY + R3.
) \/>)\
With t = nA2?/L? and A\* < 1/L (see ([13))) this gives again
AR7
Blyg(t,n) S TI

Case 2c for ¢! f/n. By Case 2a, it holds that CiBia(t,n) < R% with proba-
bility at least 1 — Cpexp[—nA?/L?). Moreover

K A\ N K. \/
VAR, \/>R]

From (L1)) we know /nA!*™® > LA; and from (14) R; > KA. With t = n\?/L?
we find

Bi.(t,n) < (

2R?
By (t,n) < =L,

The result now follows from the same arguments as in Case 2 of Theorem

O
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Remark 5.1. If we assume condition , then condition (@ is met for

A —4 — R NLD (1+5C1)L(32—q) i e
K2 <K <2 <mind | X— = .
1 1 LA A

Under general conditions, the left hand side tends to zero and the right hand
stde tends to infinity as n — oo.

5.5 Application to T(R)
Recall the definition (6)) of the set T (R).

Lemma 5.6. Let A\ < y < R < 1. Assume Conditions and [27)
Assume that A2 < (1 —v)/B? and p? < (1 —4)IR*"9/B9. Let

L> max{4C’1(1 — 7)1/2, 16/((1 — 7)1/258)}

and
VAT > LA, /ap't? > LA,
X< (1-9) 5L

and

N —2_ R Ja(l = y)V2\ e [\

K= <K&®7 < — <ming | Y——r— RS :

1% Iz LA, A

Then

P(T(R)) > 1 — exp[—nA2/L?.
Proof. Recall the definition of M(R) given in with 75(-,-) given in (2).

Define A2 := A2/(1 —~), i2 := p?/(1 —~) and R? := R?/(1 —~). By Lemma
b1

M(R) € {(f, 95 A1 < B llgll < B 10F) < B/A, J(g) < <R/u>3}

}.

We apply Case 1 of Theorem with (A, 4, R) replaced by (X, fi, R). We also
replace L by L? := L?/(1 — 7). Then

VA = (Al /(1 - )5

> LAr/(1-7)3" =LA /(1—+)% > LA,

Qo

_ {< f.9): feFRR/N), geG(R (R/f)

Similarly )
Vit t? > LA;.
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The condition A* < (1 — 7)HT& /L gives

3o — A 1-y7= 1
1-72 " L1-v5 L
Furthermore
~ i L
et < ()7 ()
a ji iA, 5

By Remark [5.1] we conclude that the conditions for Case 1 of Theorem [5.3] are
met. Clearly, for any f and g

1f +gllz = ILf + gl”

g“ﬂﬁ—W%

+W%—MP+M&—M@L

By Case 1 of Theorem for L = L/(1—~)"/? > 4C; and for 16R?/L < 63 R
P(T(R)) > 1 — exp[-n)\?/L?.

The proof if finished by noting that R?/L = R?/(L(1 — v)"/?) and A\?/L? =
\2/L2.

5.6 Application to 7;(R;)

Recall the definition of the set T7(Ry, R).

Lemma 5.7. Assume Conditions[2.])], and[25 Let \ < Ry < u <
R < 1. Assume that \*> < (1 —7)/(2B)? and p?> < (1 —~)7R?>79/(2B)9. Let

L> max{QCl(l —)Y2.32/((1 —4)/%63), 32/(5%)}.

Take
VAT > LA /np P > LAy,
A< (2(1 =) 5% /L

and

__aB
k2 < g < B mm{ (W) D (u) }
‘ a ‘ - - I’ .
n

7 2LA; A
Also take ,
Ry > L(R/p)s Aj/v/n, R > K\
IRy < (2R/p)i
Then

P(T7(R;, R)) > 1 — 3Cy exp[—nA?/L?].
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Proof. By Lemma [5.3
Jo(z,{fa: fE€F(R,M)}) <2Jo(2,F(R,M)), 2>0
and for R < M/B

sup || falloo < 2M.
FEF(R,M)

We can therefore apply similar arguments as for Case 2 of Theorem We
know that for f € F(Ry), ||fall < | fl| < Rr. So

Jo(z,{fa: fE€F(RI}) <2T(z,F(Rr,R1/N), 2>0
and

sup || falleo < 2R;/A.
feF(Rr)

Moreover, for f € F(Ry) and g € G(R) we have
J(g+ fp) < J(9) + I (fp) < (R/w)*/ " + T||f|| < (R/w)* + TRy < (2R/p)*",

and
lg + fell < llgll + I fell < R/(1 — )2+ Ry < 2R/(1 —~)Y/2.

It follows that
{9+ fp: f€F(Rr), g€ G(R)} C GR/(1—)"? (2R/n)*9).

It is also clear that for any f and ¢
Pfag=Ef(X1)9(Z) — E|E(f(X1)|Z)9(Z1)| =0

and similarly Pfa fp = 0. By an appropriate replacements of the constants in
Case 2 of Theorem (as in the proof of Lemma (5.6) now using (1 —~)'/2/2
instead of (1 —~)'/2) the results follows.

O

5.7 Finishing the proof of Theorem

We first note that since max{A;, A;} < n'z we Alte = c1Ar//n < n=9%/2. So
for n large A will be small. The same is true for u and for the ratio A/ pu.

In view of Lemma we need A2I2(f0) + p2J9(g") < 53 R%. We take
29
R? = max{,uQJq(gO)/(Zlég), K€2<2q>5}
and n sufficiently large such that

NI (%) < pu?J(g").
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Take
L= max{2Cl(1 —)Y2.32/((1 —4)/%63), 32/(5%)}.

Since

B q
JU2(g0) e V(1 =2\ THED [\
SN grmemas Lo (VT K
max{ 200 }_mm{< 2LA; ) (/\> }

for n sufficiently large as Ay < n'z" we know from Remark that the con-
ditions for Lemma [5.6| are met for n sufficiently large. By Lemma [5.5| we also
need A\?1%(fo) < R?/6%. For R;/\ = max{I(f°)/61, K.}
2
Ry > L(R/p)eAs/v/n

for n sufficiently large so we can also apply Lemma
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