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On the grid Ramsey problem and related questions

David Conlon * Jacob Fox T Choongbum Lee * Benny Sudakov §

Abstract

The Hales—Jewett theorem is one of the pillars of Ramsey theory, from which many other
results follow. A celebrated theorem of Shelah says that Hales—Jewett numbers are primitive
recursive. A key tool used in his proof, now known as the cube lemma, has become famous in
its own right. In its simplest form, this lemma says that if we color the edges of the Cartesian

product K,, x K, in r colors then, for n sufficiently large, there is a rectangle with both pairs
r+1
of opposite edges receiving the same color. Shelah’s proof shows that n = () + 1 suffices.

More than twenty years ago, Graham, Rothschild and Spencer asked whether this bound can be
improved to a polynomial in . We show that this is not possible by providing a superpolynomial
lower bound in r. We also discuss a number of related problems.

1 Introduction

Ramsey theory refers to a large body of deep results in mathematics whose underlying philosophy
is captured succinctly by the statement that “Every large system contains a large well-organized
subsystem.” This is an area in which a great variety of techniques from many branches of mathematics
are used and whose results are important not only to combinatorics but also to logic, analysis, number
theory and geometry.

One of the pillars of Ramsey theory, from which many other results follow, is the Hales—Jewett
theorem [I3]. This theorem may be thought of as a statement about multidimensional multiplayer
tic-tac-toe, saying that in a high enough dimension one of the players must win. However, this fails to
capture the importance of the result, which easily implies van der Waerden’s theorem on arithmetic
progressions in colorings of the integers and its multidimensional generalizations. To quote [I1], “The
Hales—Jewett theorem strips van der Waerden’s theorem of its unessential elements and reveals the
heart of Ramsey theory. It provides a focal point from which many results can be derived and acts
as a cornerstone for much of the more advanced work.”

To state the Hales—Jewett theorem formally requires some notation. Let [m] be the set of integers
{1,2,...,m}. We will refer to elements of [m]™ as points or words and the set [m] as the alphabet.
For any a € [m]", any = € [m] and any set v C [n], let a & 7 be the point of [m|" whose j-th
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component is a; if j & v and x if j € . A combinatorial line is a subset of [m]™ of the form

{a ®xy:1 < x <m}. The Hales-Jewett theorem is now as follows.

Theorem 1.1. For any m and r there exists an n such that any r-coloring of the elements of [m]™
contains a monochromatic combinatorial line.

The original proof of the Hales—Jewett theorem is similar to that of van der Waerden’s theorem,
using a double induction, where we prove the theorem for alphabet [m + 1] and r colors by using
the statement for alphabet [m] and a much larger number of colors. This results in bounds of
Ackermann type for the dependence of the dimension n on the size of the alphabet m. In the late
eighties, Shelah [I8] made a major breakthrough by finding a way to avoid the double induction and
prove the theorem with primitive recursive bounds. This also resulted in the first primitive recursive
bounds for van der Waerden’s theorem (since drastically improved by Gowers [10]).

Shelah’s proof relied in a crucial way on a lemma now known as the Shelah cube lemma. The
simplest case of this lemma says that if we color the edges of the Cartesian product K, x K, in r
colors then, for n sufficiently large, there is a rectangle with both pairs of opposite edges receiving
the same color. Shelah’s proof shows that we may take n < (37 + 1. In the second edition of
their book on Ramsey theory [11], Graham, Rothschild and Spencer asked whether this bound can
be improved to a polynomial in r. Such an improvement, if it could be generalized, would allow one
to improve Shelah’s wowzer-type upper bound for the Hales—Jewett theorem to a tower-type bound.
The main result of this paper, Theorem [[.2] below, answers this question in the negative by providing
a superpolynomial lower bound in r. We will now discuss this basic case of Shelah’s cube lemma,
which we refer to as the grid Ramsey problem, in more detail.

1.1 The grid Ramsey problem

For positive integers m and n, let the grid graph I'y, ,, be the graph on vertex set [m] x [n] where two
distinct vertices (4, j) and (¢, j') are adjacent if and only if either ¢ = ¢’ or j = j'. That is, 'y, , is the
Cartesian product K, x K. A row of the grid graph I';, ,, is a subgraph induced on a vertex subset
of the form {i} x [n] and a column is a subgraph induced on a vertex subset of the form [m] x {j}.

A rectangle in I'y, 5, is a copy of Ky x K>, that is, an induced subgraph over a vertex subset of
the form {(i, ), (¢, 5), (¢,5'), (¢, j')} for some integers 1 < i <# <mand 1 <j < j <n. We will
usually denote this rectangle by (i, 7,4, j'). For an edge-colored grid graph, an alternating rectangle
is a rectangle (i, 7,4, j') such that the color of the edges {(i,7), (i',7)} and {(4,5), (¢, ')} are equal
and the color of the edges {(i,7), (¢,7')} and {(¢, ), (¢, 5')} are equal, that is, opposite sides of the
rectangle receive the same color. An edge coloring of a grid graph is alternating-rectangle-free (or
alternating-free, for short) if it contains no alternating rectangle. The function we will be interested
in estimating is the following.

Definition. (i) For a positive integer r, define G(r) as the minimum integer n for which every edge
coloring of Iy, ,, with r colors contains an alternating rectangle.

(ii) For positive integers m and n, define g(m,n) as the minimum integer r for which there exists an
alternating-free edge coloring of I'y, ,, with r colors. Define g(n) = g(n,n).

Note that the two functions G and ¢ defined above are in inverse relation to each other, in the
sense that G(r) = n implies g(n — 1) < r and g(n) > r + 1, while g(n) = r implies G(r) > n+ 1 and
G(r—1)<n.



r+1 r+1
2

We have already mentioned Shelah’s bound G(r) < r(2) + 1. To prove this, let n = (%) +1

and suppose that an r-coloring of I', 41, is given. There are at most T(T;I) ways that one can color
the edges of a fixed column with r colors. Since the number of columns is n > T(Tgl), the pigeonhole
principle implies that there are two columns which are identically colored. Let these columns be the
j-th column and the j’-th column and consider the edges that connect these two columns. Since
there are r 4+ 1 rows, the pigeonhole principle implies that there are two rows that have the same
color. Let these be the i-th row and the #-th row. Then the rectangle (i,j,4,j') is alternating.
Hence, we see that G(r) < n, as claimed. This argument in fact establishes the stronger bound
gr+1,7(2) 4 1) > r 41,

It is surprisingly difficult to improve on this simple bound. The only known improvement,
G(r) < T(T;I) — r(rgl)ﬂ + 1, which improves Shelah’s bound by an additive term, was given by
Gyérfés [12]. Instead, we have focused on the lower bound, proving that G(r) is superpolynomial in
r. As already mentioned, this addresses a question of Graham, Rothschild and Spencer [11]. This
question was also reiterated by Heinrich [14] and by Faudree, Gyérfds and Szényi [8], who proved a

lower bound of Q(r3). Quantitatively, our main result is the following.

Theorem 1.2. There exists a positive constant ¢ such that

G(r) > 2¢llos r)?/?/\loglog T

We will build up to this theorem, first giving a substantially simpler proof for the weaker bound
G(r) > 2°¢ log”r The following theorem, which includes this result, also contains a number of stronger
bounds for the off-diagonal case, improving results of Faudree, Gyarfds and Szényi [§].

Theorem 1.3. (i) For all C > ¢2, g(r'°8C/2 v7/2C) < v for large enough 7.
(ii) For all positive constants e, g(2° 1052’", 27’175) <r for large enough r.
(iii) There exists a positive constant ¢ such that g(cr2,rrz/2/erz) <r for large enough r.

Part (i) of this theorem already shows that G(r) is superpolynomial in r, while part (ii) implies
the more precise bound G(r) > 2¢108° " mentioned above, though at the cost of a weaker off-diagonal
result. For (m,n) = (r +1, r(rgl)), it is easy to find an alternating-free edge coloring of I'y, , with
colors by reverse engineering the proof of Shelah’s bound G(r) < () 4 1. Part (iii) of Theorem 3]
shows that n can be close to ('3 ) even when m is quadratic in r. This goes some way towards

r+1
explaining why it is so difficult to improve the bound G(r) < (727,

1.2 The Erd6s—Gyarfas problem

The Ramsey-type problem for grid graphs considered in the previous subsection is closely related to
a problem of Erdds and Gyarfas on generalized Ramsey numbers. To discuss this problem, we need
some definitions.

Definition. Let k,p and ¢ be positive integers satisfying p > k+ 1 and 2 < ¢ < (i)

(i) For each positive integer r, define Fj(r,p,q) as the minimum integer n for which every edge
coloring of K,(Lk) with r colors contains a copy of KI(,k) receiving at most ¢ — 1 distinct colors on its
edges.



(i) For each positive integer n, define fi(n,p,q) as the minimum integer r for which there exists an

) )

edge coloring of KT(Lk with r colors such that every copy of K,(,k receives at least ¢ distinct colors on

its edges.

For simplicity, we usually write F(r,p,q) = Fx(r,p,q) and f(n,p,q) = fa(n,p,q). As in the
previous subsection, the two functions are in inverse relation to each other: F(r,p,q) = n implies
fn,p,q) > r+land f(n—1,p,q) < r, while f(n,p,q) = rimplies F(r,p,q) > n+1 and F(r—1,p,q) <
n.

The function F(r,p,q) generalizes the Ramsey number since F(2,p,2) is equal to the Ramsey
number R(p). Call an edge coloring of K, a (p,q)-coloring if every copy of K, receives at least ¢
distinct colors on its edges. The definitions of F(r,p,q) and f(n,p,q) can also be reformulated in
terms of (p, g)-colorings. For example, f(n,p,q) asks for the minimum integer r such that there is a
(p, q)-coloring of K, using r colors.

The function f(n, p, q) was first introduced by Erdés and Shelah [5, 6] and then was systematically
studied by Erdés and Gyérfas [7]. They studied the asymptotics of f(n,p,q) as n tends to infinity
for various choices of parameters p and ¢q. It is clear that f(n,p,q) is increasing in ¢, but it is
interesting to understand the transitions in behavior as ¢ increases. At one end of the spectrum,
f(n,p,2) < f(n,3,2) < [logn], while, at the other end, f(n,p, (%)) = (5) (provided p > 4). In
the middle range, Erdés and Gyarfas proved that f(n,p,p) > n'/?P=2) — 1, which in turn implies
that f(n,p,q) is polynomial in n for any ¢ > p. A problem left open by Erdés and Gyérfas was to
determine whether f(n,p,p — 1) is also polynomial in n.

For p = 3, it is easy to see that f(n,3,2) is subpolynomial since it is equivalent to determining the
multicolor Ramsey number of the triangle. For p = 4, Mubayi [I6] showed that f(n,4,3) < 2¢Viesn
and Eichhorn and Mubayi [4] showed that f(n,5,4) < geviogn, Recently, Conlon, Fox, Lee and
Sudakov [3] resolved the question of Erdés and Gyérfas, proving that f(n,p,p— 1) is subpolynomial
for all p > 3. Nevertheless, the function f(n,p,p—1) is still far from being well understood, even for
p = 4, where the best known lower bound is f(n,4,3) = Q(logn) (see [9} 15]).

In this paper, we consider extensions of these problems to hypergraphs. The main motivation for
studying this problem comes from an equivalent formulation of the grid Ramsey problem (actually,
this is Shelah’s original formulation). Let K (n,n) be the 3-uniform hypergraph with vertex set
AU B, where |A| = |B| = n, and edge set consisting of all those triples which intersect both A and
B. We claim that g(n) is within a factor of two of the minimum integer r for which there exists an
r-coloring of the edges of K (n,n) such that any copy of K f’) has at least 3 colors on its edges.
To see the relation, we abuse notation and regard both A and B as copies of the set [n]. For i € A
and j,j’ € B, map the edge {(4,7), (i,5')} of T to the edge (i, 4,') of K& (n,n) and, for i,i’ € A
and j € B, map the edge {(i,5), (i',7)} of T\, to the edge (i,7,5) of K®)(n,n). Note that this
defines a bijection between the edges of I'y, , and the edges of K 3) (n,n), where the rectangles of
I, », are in one-to-one correspondence with the copies of K f’) of K® (n,n) intersecting both sides
in two vertices. Hence, given a desired coloring of K®)(n,n), we can find a coloring of I'y.n where
all rectangles receive at least three colors (and are thus alternating-free), showing that g(n) < r.
Similarly, given an alternating-free coloring of I';, ,, we may double the number of colors to ensure
that the set of colors used for row edges and those used for column edges are disjoint. This turns an
alternating-free coloring of I', ,, into a coloring where each K f) receives at least three colors. Hence,
as above, we see that r < 2¢g(n).



Therefore, essentially the only difference between g(n) and f3(2n, 4, 3) is that the base hypergraph
for g(n) is K (n,n) rather than K2(3)

n *

between the quantitative estimates for f3(n,4,3) and g(n), as exhibited by the following pair of
inequalities (that we will prove in Proposition [4.]):

This observation allows us to establish a close connection

g(n) < f3(2n,4,3) < 2[log n]*g(n). (1)

This implies upper and lower bounds for f3(n,4,3) and F3(r,4,3) analogous to those we have estab-
lished for g(n) and G(r). More generally, we have the following recursive upper bound for Fi(r,p,q).

Theorem 1.4. For positive integers r, k, p and q, all greater than 1 and satisfyingr >k, p > k+1

and 2 < q < (}), R
kflf"l’*vq)

Fy (r,p,q) < 070
The above is true even for q > (i:i), where we trivially have Fy_1(r,p —1,q) = p — 1.

By repeatedly applying Theorem [[.4] we see that for each fixed ¢ with 0 < ¢ < k and large enough
p,

€k,

F, (r,p, <Z:z> + 1> <

where the number of r’s in the tower is ¢. For 0 < ¢ < k, it would be interesting to establish a lower
bound on Fy(r, p, (ij)) that is significantly larger than this upper bound on Fj(r, p, (z:;) +1). This
would establish an interesting phenomenon of ‘sudden jumps’ in the asymptotics of Fi(r, p,q) at the
values ¢ = (ﬁ:i) We believe that these jumps indeed occur.

Let us examine some small cases of this problem. For graphs, as mentioned above, F(r,p,p) is
polynomial while F'(r,p,p — 1) is superpolynomial. For 3-uniform hypergraphs, F3(r,p, (p 51) +1)
is polynomial in terms of r. Hence, the first interesting case is to decide whether the function
Fs(r,p, (7 51)) is also polynomial. The fact that F3(r,4,3) is superpolynomial follows from Theo-
rem [[2]and (), giving some evidence towards the conjecture that F3(r,p, (p 51)) is superpolynomial.
We provide further evidence by establishing the next case for 3-uniform hypergraphs.

Theorem 1.5. There exists a positive constant ¢ such that F3(r,5,6) > gclog?r for all positive
integers .

1.3 A chromatic number version of the Erd6és—Gyarfas problem

A graph with chromatic number equal to p we call p-chromatic. In the process of studying G(r)
(and proving Theorem [[.2]), we encountered the following variant of the functions discussed in the
previous subsection, where K, is replaced by p-chromatic subgraphs.

Definition. Let p and ¢ be positive integers satisfying p > 3 and 2 < ¢ < (’2’)

(i) For each positive integer r, define F\(r,p,q) as the minimum integer n for which every edge
coloring of K, with r colors contains a p-chromatic subgraph receiving at most ¢ — 1 distinct colors
on its edges.

(ii) For each positive integer n, define fy(n,p,q) as the minimum integer r for which there exists an
edge coloring of K, with r colors such that every p-chromatic subgraph receives at least ¢ distinct
colors on its edges.



Call an edge coloring of K, a chromatic-(p,q)-coloring if every p-chromatic subgraph receives
at least ¢ distinct colors on its edges. As before, the definitions of F\ (r,p,q) and f,(n,p,q) can be
restated in terms of chromatic-(p, ¢)-colorings. Also, an edge coloring of K, is a chromatic-(p, q)-
coloring if and only if the union of every ¢ — 1 color classes induces a graph of chromatic number at
most p— 1. In some sense, this looks like the most natural interpretation for the functions F\ (r, p, q)
and fy(n,p,q). If we choose to use this definition, then it is more natural to shift the numbers p and
q by 1. However, we use the definition above in order to make the connection between F\(r,p,q)
and F' (r, P, q) more transparent.

From the definition, we can immediately deduce some simple facts such as

F\(r,p,q) < F(r,p,q), Ix(n,p,q) > f(n,p,q) (2)

for all values of 7, p,q,n and
p N p AL
o (3) =1 (o (2) = (2)
for alln > p > 4.

Let n = F\(r,p,q) — 1 and consider a chromatic-(p, ¢)-coloring of K, that uses r colors in total.
Cover the set of r colors by [r/(¢ — 1)] subsets of size at most ¢ — 1. The chromatic number of
the graph induced by each subset is at most p — 1 and thus, by the product formula for chromatic
number, we see that

Fy(r,p,q) — 1< (p—1)[7/@=D1,

This gives a general exponential upper bound.
On the other hand, when d is a positive integer, p = 2¢ + 1 and ¢ = d + 1, a coloring of the
complete graph which we will describe in Section [2] implies that

Fy(r2¢+1,d+1) > 2"+ 1.
Whenever r is divisible by d, we see that the two bounds match to give
Fy(r2t+1,d+1)=2"+1. (3)

Let us examine the value of F\ (r,p, q) for some small values of p and ¢. By using the observations

@) and (3), we have
F(n3,2) =2 +1,  F(n3.3) < F(r3,3) <r+2

for p = 3 and
Fy(r,4,2) > 2"+ 1,  Fy(r,4,4) < F(r,4,4) <r? 42

for p =4 and r > 2. The bound on F(r,4,4) follows since every edge coloring of the complete graph
on 72 + 2 vertices with 7 colors contains a vertex v and a set X of size at least r + 1 such that all
the edges connecting v to X have the same color, say red. If an edge e with vertices in X is red, we
get a K4 using at most three colors by taking v, the vertices of e, and any other vertex in X. So
we may suppose at most r — 1 colors are used on the edges with both vertices in X. In this case,
as | X| > F(r — 1,3,3), we can find three vertices in X with at most two colors used on the edges
connecting them. Adding v to this set gives a set of four vertices with at most three colors used on
the edges connecting them.

We show that the asymptotic behavior of F (r, 4, 3) is different from both F\ (r, 4, 2) and F, (r,4,4).



Theorem 1.6. There exist positive constants C and ro such that for all r > rg,

210g2 r/36 S FX(T,4,3) S C . 2130\/rlogr'

Despite being interesting in its own right, our principal motivation for considering chromatic-
(p, q)-colorings was to establish the following theorem, which is an important ingredient in the proof
of Theorem

Theorem 1.7. For every fixed positive integer n, there exists an edge coloring of the complete graph
K, with 26V1°8™ colors with the following property: for every subset X of colors with | X| > 2, the

subgraph induced by the edges colored with a color from X has chromatic number at most 23V | X[log|X],
This theorem has the following immediate corollary.
Corollary 1.8. For all positive integers n,r and s > 2,

Fo(n, 23V385 11 51 1) < 26VIBR  gng [ (r, 23VEI0BS 4] g4 1) > 9log" /36,

Our paper is organized as follows. In Section 2] we review two coloring functions that will be
used throughout the paper. In Section B, we prove Theorems and [[L3l In Section M we prove
Theorems [I.4] and In Section Bl we prove Theorems and [l We conclude with some further
remarks and open problems in Section [6l

Notation. We use log for the base 2 logarithm and In for the natural logarithm. For the sake of
clarity of presentation, we systematically omit floor and ceiling signs whenever they are not essential.
We also do not make any serious attempt to optimize absolute constants in our statements and proofs.

The following standard asymptotic notation will be used throughout. For two functions f(n)
and g(n), we write f(n) = o(g(n)) if lim, o f(n)/g(n) = 0 and f(n) = O(g(n)) or g(n) = Q(f(n))
if there exists a constant M such that |f(n)| < M|g(n)| for all sufficiently large n. We also write
f(n) =©(g(n)) if both f(n) = O(g(n)) and f(n) = Q(g(n)) are satisfied.

2 Preliminaries

We begin by defining two edge colorings of the complete graph K, one a (3,2)-coloring and the
other a (4, 3)-coloring. These will be used throughout the paper.

We denote the (3,2)-coloring by cp, where ‘B’ stands for ‘binary’. To define this coloring, we let
t be the smallest integer such that n < 2!. We consider the vertex set [n] as a subset of {0,1}* by
identifying « with (z1,...,2¢), where 2221 x;2'~! is the binary expansion of  — 1. Then, for two
vertices * = (1,...,2¢) and y = (y1,...,yt), cg(x,y) is the minimum ¢ for which z; # y;. This
coloring uses at most [logn]| colors and is a (3,2)-coloring since three vertices cannot all differ in
the i-th coordinate. In fact, it is a chromatic—(2d + 1,d + 1)-coloring for all integers d > 1, since it
gives an edge partition F = E; U ---U E; of K,, for t = [logn]| such that, for all J C [t], the graph
consisting of the edges UjeJ 171,

The (4, 3)-coloring, which is a variant of Mubayi’s coloring [16], will be denoted by ¢pr. To define
this coloring, we let ¢ be the smallest integer such that n < 2t* and m = 2. We consider the vertex

E; has chromatic number at most 2



set [n] as a subset of [m]' by identifying = with (z1,...,2;), this time by examining the base m
expansion of z — 1. For two vertices © = (z1,...,2¢) and y = (y1,...,4s), let

CM(x7y) - ({x’uyl}u ai, ... 7at>7

where ¢ is the minimum index in which z and y differ and a; = 0 or 1 depending on whether x; = y;
or not (note that the coloring function ¢y is symmetric in its two variables).

The coloring cps is a (3,2)-coloring since it partitions the edge set of K,, into bipartite graphs
and a simple case analysis similar to that given in [I6] shows that it is a (4, 3)-coloring (the proof of
Theorem [[6] given in Section [5]shows that ¢y is even a chromatic-(4, 3)-coloring). Since 20-D° < n,
the total number of colors used is at most

m2 . 2t — 23t < 23(1+\/10gn) S 26\/10gn'
Hence, cjs uses at most r = 26V18™ colors to color the edge set of the complete graph on n = glog” r/36
vertices.

3 The grid Ramsey problem

In order to improve the lower bound on G(r), we need to find an edge coloring of the grid graph which
is alternating-free. The following lemma is the key idea behind our argument. For two edge-coloring
functions ¢; and ¢ of the complete graph K, let G(c1, c2) be the subgraph of K, where e is an edge
if and only if ¢;(e) = ca(e).

Lemma 3.1. Let m,n and r be positive integers. There exists an alternating-rectangle-free edge
coloring of I'y, n, with v colors if and only if there are edge colorings ci, ..., ¢y of the complete graph
K, with r colors satisfying

X(g(ci’cj)) <r

for all pairs of indices i, j.

Proof. We first prove the ‘if’ statement. Consider the grid graph I'y, ,,. For each i, color the edges
of the i-th row using the edge coloring ¢;. Then, for each distinct pair of indices ¢ and ', construct
auxiliary graphs H; ; whose vertex set is the set of edges that connect the i-th row with the i’-th row
(that is, edges of the form {(i,7), (¢',7)}) and where two vertices {(i,j), (¢, 7)} and {(,5"), (¢, 7))}
are adjacent if and only if the two row edges that connect these two column edges have the same
color.

The fact that x(G(ci, 7)) < r implies that there exists a vertex coloring of H; ; with r colors.
Color the corresponding edges {(, ), (7', )} according to this vertex coloring. Under this coloring,
we see that whenever a pair of edges of the form {(4,7), (¢,5')} and {(7,7), (¢,j')} have the same
color, the colors of the edges {(i,7),(¢,7)} and {(i,7"), (¢',7')} are distinct. This gives a coloring
of the column edges. Hence, we found the required alternating-rectangle-free edge coloring of I, ,,
with r colors.

For the ‘only if’ statement, given an alternating-rectangle-free edge coloring of I'y, ,, with 7 colors,
define ¢; as the edge-coloring function of the i-th row of I'y, ,,, for each ¢ € [m]. One can easily reverse
the process above to show that the colorings cq, ..., ¢, satisfy the condition. We omit the details. [J



To find an alternating-rectangle-free edge coloring of I', ,,, we will find edge colorings of the rows
which satisfy the condition of Lemma Bl Suppose that E(K,) = E1 U---U Ey is a partition of the
edge set of K,,. For an index subset I C [t], we let G; be the subgraph of K, whose edge set is given
by Uie 1 Ei.

Lemma 3.2. Let m,n,r andt be positive integers. Suppose that an edge partition E(K,) = E1U---U
E; of K,, is given. Let I be a random subset of [t] where each element in I is chosen independently
with probability 1/r and suppose that

1

Plx(Gr) >r+1] < o

Then g(m,n) < r and G(r) > min{m,n} + 1.

Proof. For each i € [2m], choose a vector v; € [r]* independently and uniformly at random. Let ¢;
be an edge coloring of K,, with r colors where for each ¢’ € [t], we color all the edges in Ey using the
value of the ¢'-th coordinate of v;. Color the i-th row of 'y, ,, (which is a copy of K,,) using ¢;.

For a pair of distinct indices 4,5 € [2m], let I(4, ) be the subset of indices ¢’ € [t] for which v;
and v; have the same value on their ¢'-th coordinates (thus implying that ¢; and ¢; use the same
color on Ey). Then I(i,j) has the same distribution as a random subset of [t] obtained by taking
each element independently with probability 1/r. Moreover,

G(cise) = Grig)-
Hence, X

Therefore, the expected number of pairs 4,7 with ¢ < j having X(gI(i,j)) > r+ 1 is at most
(2;”’ ) ﬁ < m. Hence, there exists a choice of coloring functions ¢; for which this number is at most
m. If this event happens, then we can remove one row from each pair i, j having x(G 1G) =1 +1
to obtain a set R C [2m] of size at least m which has the property that x(Gr; ;) < r for all
i,j € R. By considering the subgraph of I'y,, ,, induced on R x [n] and using Lemma 3.1 we obtain

an alternating-rectangle-free edge coloring of I', , with 7 colors. The result follows. ([l

We prove Theorems and [[.3] in the next two subsections. We begin with Theorem [[.3] which
establishes upper bounds for g(m,n) in various off-diagonal regimes. As noted in the introduction,
parts (i) and (ii) already yield weak versions of Theorem In particular, part (i) implies that
G(r) is superpolynomial in r, while part (ii) yields the bound G(r) > 2¢108° " We recall the stronger
off-diagonal statements below.

3.1 Proof of Theorem 1.3

Parts (i) and (ii) : For all C > €%, ¢ > 0 and large enough r, g(rl°6C¢/2 y7/2C¢) < ¢ and
9(2510g2r72r1’5) <r

Let n = 2! for some t to be chosen later. The edge coloring cg from Section [ gives an edge
partition £ = Fy U---U E; of K, for t =logn such that, for all J C [t],

x(Gs) =21,



Hence, if we let I be a random subset of [t] obtained by choosing each element independently with
probability 1/r, then

Plx(Gr) = r+1] =P[|I| > log(r + 1)]

+ 1 et log(r+1)
< < : (4)
log(r + 1) ) rlog(r+1) rlog(r + 1)

For part (i), let C' be a given constant and take t = rlogr/2C. Then the right-hand side of
@) is at most (r + 1)718(¢/¢). In Lemma B.2] we can take m = &(r + 1)108(C/¢) > plosC/2 apq
n =2t =r"/2C to get

g(TlogC/277,r/2C) <r.
For part (ii), let € be a given constant and take ¢t = r'~¢. For large enough r, the right-hand
side of (@) is at most %7‘_5 log™  Hence, by applying Lemma with m = reloer = 2¢log’r apnq

n=2=2""" we see that

g(zelog2r72r1* ) <r

Part (iii) : There exists a positive constant ¢ such that g(cr?, /2 / 67’2) < r for large enough r.

Let ¢ = e73. Let n = ¢r? and partition the edge set of K,, into t = (g) sets Fq,...,E:, each
of size exactly one. As before, let I be a random subset of [¢t] obtained by choosing each element
independently with probability 1/r. In this case, we get G = G(n, *

,7) (where G(n, p) is the binomial
random graph). Therefore,

P[x(Gr) = r+1] =Plx(G(er®, 1/r)) = r +1].

The event x (G(cr?, 1)) > r+1 is contained in the event that G(cr?, 1) contains a subgraph of order
s > r + 1 of minimum degree at least r. The latter event has probability at most

EOEAO E( ) e

For s = r, if r is large enough, then the summand is

rN 7/2 r2
(1 e
(e (7)) =50m

We next show that the summands are each at most a quarter of the previous summand. As the

series starts at s = r + 1 and ends at s = ¢r?, the series is then at most half the summand for s = .
The ratio of the summand for s + 1 to the summand for s, where r +1 < s+ 1 < ¢r?, is

) () ey )

422 r—2\ 1/2
e(7“—2)/2 <€ +2, (S + 1) ) < e(r—2)/2(er’+2cr)l/2 — e—r/2 < 1

which is at most

r2r—4 4’

10



for r sufficiently large.
Hence, the right-hand side of (5 is at most e” r~""/2/2 and

r2

e

Plx(Gr) >r+1] < 27‘7’—2/2

By Lemma 3.2, we conclude that g(cr?, 7”2/2/&2) <r.

3.2 Proof of Theorem

In the previous subsection we used quite simple edge partitions of the complete graph as an input
to Lemma to prove Theorem [L3l These partitions were already good enough to give the super-
polynomial bound G(r) > 9¢los”r Ty further improve this bound and prove Theorem [[.2] we make
use of a slightly more sophisticated edge partition guaranteed by the following theorem.

Theorem 3.3. There exists a positive real ro such that the following holds for positive integers r
and positive reals o < 1 satisfying (logr)* > rg. For n = , there exists a partition
d positi Is o < 1 satisfying (logr)® > F. 9(logr)?*2/200 4p, st titi

E=E U---UE ; of the edge set of the complete graph K, such that

x(Gr) < 23(tesr)*/2y/[Ilog2|1]
for all I C [\/r].

The proof of this theorem is based on Theorem [I.7], which is in turn based on considering the
coloring c¢ys, and will be given in Section [l

Now suppose that a positive integer r is given and let o < 1 be a real to be chosen later. Let
EyU---UE, ; be the edge partition of Ky, for n = 9(logr)**/200 given by Theorem B3l Let I be a
random subset of [/7] chosen by taking each element independently with probability % Then, by
Theorem B.3] we have

1 2—«
T B gt L i
log log r
for some positive constant c¢. Therefore,
1 2—a
PIx(Gr) = 7+ 1] <P [|1] = LD
log log r
\/77 1 c(logr)?=%/loglogr (log )2~/ log log
< - < p—¢(logr oglogr
= (et togtsr) (7) =

holds for some positive constant ¢. By Lemma [3.2] for m = 2¢/(ogr)*~*/loglogr—1

r. We may choose a so that

, we have g(m,n) <
m = n — 2((logr)?/?/loglogr)

This gives G(r) > 2¢((log r)*/2/VIoglogT) a5 required.

11



4 The Erd6s—Gyarfas problem

In the introduction, we discussed how the grid Ramsey problem is connected to a hypergraph version
of the Erdos—Gyarfas problem. We now establish this correspondence more formally.

Proposition 4.1. For all positive integers n, we have

g(n) < f3(2n,4,3) < 2[logn]?g(n).

Proof. Since K (n,n) is a subhypergraph of Kéi), a (4, 3)-coloring of Kz(i) immediately gives
a coloring of K (n,n) such that every copy of K f’) receives at least three colors. Hence, by the
correspondence between coloring functions for K3 (n,n) and coloring functions for Iy, » explained
in the introduction, it follows that g(n) < f3(2n,4,3).

We prove the other inequality by showing that for all m < n,
By repeatedly applying this recursive formula, we obtain the claimed inequality

f3(2n,4,3) < 2[logn] 2g(n).

Thus it suffices to establish the recursive formula (6). We will do this by presenting a (4, 3)-coloring
of K2, Let A and B be two disjoint vertex subsets of Kég)

2m* m?
coloring of Kr(,f) with f3(m,4,3) colors, color the hyperedges within A using this coloring and also

the hyperedges within B using this coloring. Since we started with a (4, 3)-coloring, every copy of

each of order m. Given a (4,3)-

K f’) lying inside A or B contains at least 3 colors on its edges. This leaves us with the copies which
intersect both A and B.

Let H be the bipartite hypergraph that consists of the edges which intersect both parts A and
B. By definition, we have an alternating-free edge coloring of the grid graph I',, ,,, using g(m) colors.
We may assume, by introducing at most g(m) new colors, that the set of colors used for the row
edges and the column edges are disjoint. This gives an edge coloring of I'y, ,,,, where each rectangle
receives at least three colors. Let ¢ be a coloring of H using at most 2g(m) colors, where for an edge
{i,7,7'} € H with i € A, 4,5/ € B, we color it with the color of the edge {(i, ), (i,j')} in T'y, m and
for an edge {i,i,j} € H with i,7’ € A,j € B, we color it with the color of the edge {(i,7), (¢, 7)} in
Iy m- Let ¢z be a coloring of H constructed based on the coloring cp given in Section [2]as follows: for
an edge {i,7,j'} € H withi € A,j,j € B, let c2({3,4,7'}) = cs({j,j'}) and for an edge {i,7,j} € H
with 4,7 € A,j € B, let co({i,7,j}) = ep({i,7'}). Now color the hypergraph H using the coloring
function ¢; X c¢sg.

Consider a copy K of Kf’) which intersects both parts A and B. If |K N A| = |[K N B| = 2, then
assume that K = {i,7, 4,5’} for i,4’ € A and j, 7' € B. One can see that the set of colors used by ¢;
on K is identical to the set of colors used on the rectangle (7,7,,j') in 'y, ,, considered above. Thus
K receives at least three distinct colors. If [K N A| = 1 and |K N B| = 3, then the three hyperedges
in K which intersect A use at least two colors from the coloring ¢y, while the unique hyperedge of
K N B is colored with a different color. Hence K contains at least three colors. Similarly, K contains
at least three colors if |[K N Al =3 and |[K N B| = 1.

12



Since ¢; uses at most 2g(m) colors and ¢ uses at most [logm| colors, we see that ¢; X co uses at
most 2[logm|g(m) colors. Recall that we used at most f3(m,4,3) colors to color the edges inside A
and B. Therefore, we have found a (4, 3)-coloring of Kégﬁ)b using at most

f3(m,4,3) + 2[logm]g(m)

colors, thereby establishing ([@). O

4.1 A basic bound on F(r,p,q)

Here we prove Theorem [[.4] that provides a basic upper bound on the function Fy(r,p,q). Recall

that we are given positive integers r, k, p, and ¢ all greater than 1 and satisfying r > k.
Fy_q(r,p—1,9)
Let N = T( W) and suppose that we are given an edge coloring of K](\]f)

(denoted by c¢). Let [N] be the vertex set of K](\];). For each integer ¢ in the range 1 < ¢t <
Fy_1(r,p—1,q), we will inductively find a pair of disjoint subsets X; and Y; of [N] with the following
properties:

with r colors

1. |X| = ¢ and |Vy| > min{N/r(:20) N — 1,

2. forallz € Xy and y € Yy, x <y,

3. for all edges e € (Xt,gyt) satisfying |e N X;| > k — 1, the color of e is determined by the first

k — 1 elements of e (note that the first k¥ — 1 elements necessarily belong to X3).

For the base cases t = 1,...,k — 2, the pair of sets X; = {1,2,...,t} and Y; = [N] \ X} trivially
satisfy the given properties. Now suppose that for some t > k — 2, we are given pairs X; and Y; and
wish to construct sets X;;1 and Y;yq1. Since t < Fy_1(r,p — 1,q), Property 1 implies that |Y;| > 1
and in particular that Y; is nonempty. Let x be the minimum element of Y; and let Xy = X; U {z}.

For each element y € Y; \ {z}, consider the vector of colors of length (,‘itz‘) whose coordinates
Ye|—1
(D
e
which have the same vector. Let Y1 be these vertices. This choice immediately implies Properties
2 and 3 above. To check Property 1, note that

vertices

are c(¢/ U {x,y}) for each ¢’ € (k)itz). By the pigeonhole principle, there are at least

|Yt|—1>N/r(kﬁ1)—t—1_ N t+1 _ N

Yil| > > = — >
N (0 R2) N GEV IR I (52

_1’

Fr_1(rp—1,9)
where the final inequality follows from ¢t > k — 2 and r > k. Since N = r( A ), Fy_1(r,p—

1,q) > t+1 and |Yi41] is an integer, this implies that |Yi41] > %

k—1

Let T = Fyx_1(r,p — 1,q) and note that | Xp| = Fy_1(r,p L 1,q) and |Yp| > 1. Construct an
auxiliary complete (k — 1)-uniform hypergraph over the vertex set X7 and color each edge with the
color guaranteed by Property 3 above. This gives an edge coloring of Kj(ﬂk_l) with r colors and thus,
by definition, we can find a set A of p—1 vertices using fewer than ¢ colors on its edges in the auxiliary
(k — 1)-uniform hypergraph. It follows from Property 3 that for an arbitrary y € Y, AU {y} is a
set of p vertices using fewer than ¢ colors on its edges in the original k-uniform hypergraph.
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4.2 A superpolynomial lower bound for F;(r,5,6)

In this subsection, we present a (5,6)-coloring of KT(L?’) using 20(VIogn) colors. This shows that
f3(n,5,6) = 20V1081) and Fy(r,5,6) = 22008 )

The edge coloring is given as a product ¢ = ¢1 X ¢ X ¢3 X ¢4 of four coloring functions ¢y, o, c3, ¢4.
The first coloring ¢ is a (4, 3)-coloring of K,(L?’) using f3(n,4,3) colors. Combining Proposition A.1]
and Theorem [[L2] we see that f3(n,4,3) = 90((logn)*/>(log log n)'/*)

Let n = 2¢ and write the vertices of K,, as binary strings of length d. To define ¢z, c3 and c4,
for three distinct vertices u,v,w, assume that the least coordinate in which not all vertices have
the same bit is the i-th coordinate and let w;,v;, w; be the i-th coordinate of u, v, w, respectively.
Without loss of generality, we may assume that u; = v; # w;, ie. (u;,v;,w;) = (0,0,1) or (1,1,0).
Define the second color ¢y of the triple of vertices {u,v,w} as i. Thus ¢y uses at most logn colors.
Define the third color c3 as the value of w;, which is either 0 or 1. Define the fourth color ¢4 as
e (u,v), where ¢y is the graph coloring given in Section [ which is both a (3,2) and (4, 3)-coloring.
Recall that cj; uses at most 20(V1ogn) (qlors.

The number of colors in the coloring c is

2/5 1/5
20((logn) (loglogn)'/®) logn-2- 20(\/logn) _ 20(\/logn)7
as desired. Now we show that each set of 5 vertices receives at least 6 colors in the coloring c. Let ¢
be the least coordinate such that the five vertices do not all agree.

Case 1: One of the vertices (call it v;) has one bit at coordinate i, while the other four vertices (call
them vy, v3, v4, v5) have the other bit. The 6 triples containing v; are different colors from the other
4 triples. Indeed, the triples containing vy have co = i, while the other triples have cy greater than .
Since ¢y is a (4, 3)-coloring of graphs, ¢, tells us that the triples containing v; have to use at least
3 colors. On the other hand, by the coloring c1, the triples in the 4-set {vy, v3, vy, v5} have to use at
least 3 colors. Hence, at least 6 colors have to be used on the set of five vertices.

Case 2: Two of the vertices (call them vy, v2) have one bit at coordinate i, while the other three
vertices (call them wvs, vy, v5) have the other bit. Let Vy = {vy,v2} and Vi = {vs,v4,v5}. Let A
be the set of colors of triples in {v1,...,v5}. We partition A into Ag, A1, A2 as follows. For each
Jj €4{0,1,2}, let A; be the set consisting of the colors of triples containing exactly j vertices from
Vo. It follows from the colorings ¢y and c3 that the three color sets Ag, A1, As form a partition of A.
Indeed, the color in Ay has second coordinate ¢y greater than ¢, while the colors in A; and A, have
second coordinate co = i. Furthermore, the colors in A; have third coordinate cg distinct from the
third coordinate c3 of the colors in As. Note also that |Ag| = 1.

Case 2a: |A| = 3.

Since the coloring ¢y is a (3, 2)-coloring of graphs, ¢4 implies that the triples containing v; whose
other two vertices are in Vj receive at least 2 colors. This implies that |A;| > 2 and, therefore, the
number of colors used is at least |Ag| + |A1| + |A2| > 6.

Case 2b: |4y = 2.

Suppose without loss of generality that (vi,ve,v3) and (v1,v2,v4) have the same color, which is
different from the color of (v1,v2,v5). As each K f’) uses at least 3 colors in coloring ¢;, (v1,v3,v4)
and (ve,vs,vs) have different colors. Note that c4(vy,vs,vs) = c4(ve, v3,v4) = cpr(vs,v4). Since cpr
is a (3,2)-coloring of graphs, at least one of cpr(vs,vs) or cpr(vg,vs) is different from cps(vs, vy).
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Suppose, without loss of generality, that cys(vs, vs) # car(vs, v4). Since ¢ is defined as the product of
1, - .., C4, we see that the color of (vq,vs, vs) is different from both that of (v1,vs,v4) and (ve, v, v4).
Thus |A1| > 3. Then the number of colors used is at least |Ag| + |A1| + |A2| > 6.

Case 2c: |Ay] = 1.

This implies that the three edges (vi,vs,v;) for j = 3,4,5 are of the same color. First note
that as in the previous case, there are at least two different colors among cps(vs,vy), car(vs, vs) and
e (vg,v5). Without loss of generality, suppose that cpr(vs,vq) # car(vs, vs). Since ¢ is defined as the
product of ¢1, ..., cq, this implies that the set A = {c(vy, v3,v4), c(v2,v3,v4)} is disjoint from the set

! ={c(v1,v3,v5), c(v2,v3,v5) }. Now, by considering the coloring c1, since all three edges (v, v2, v;)
for j = 3,4, 5 are of the same color, we see that |4} = 2 and |A]| = 2. Hence |A;| > |A}|+ |A]| = 4.
Then the number of colors used is at least |Ag| + |A1| + |A2| > 6.

5 A chromatic number version of the Erdos—Gyarfas problem

5.1 Bounds on F\(r,4,3)
In this subsection, we prove Theorem This asserts that

210g2 r/36 S FX(T,4,3) S C . 2130\/rlogr'

In order to obtain the upper bound, we use the concept of dense pairs. Suppose that a graph
G is given. For positive reals € and d, a pair of disjoint vertex subsets (Vi,V3) is (e,d)-dense if for
every pair of subsets U; C V; and Uy C V; satisfying |Ui| > €|Vi| and |Us| > €|Va|, we have

e(Ur,Uz) > d|U1||Us],

where e(Uy, Us) is the number of edges of G with one endpoint in U; and the other in Us. The
following result is due to Peng, Rédl and Ruciniski [I7]. Recall that the edge density of a graph G
with m edges and n vertices is m/ (g)

Theorem 5.1. For all positive reals d and €, every graph on n vertices of edge density at least d
contains an (g,d/2)-dense pair (Vi,Va) for which

1
V| = |Va| > gndlz/a.

The original theorem of Peng, R6dl and Rucinski takes a bipartite graph with n vertices in each
part and dn? edges as input and outputs an (¢, d/2)-dense pair with parts of size at least %ndm/ €. The
theorem as stated above is an immediate corollary since every n-vertex graph of density d contains
a bipartite subgraph with m = [§] > ¥ vertices in each part and at least dm? edges.

Proof of upper bound in Theorem Let n = F,(r,4,3) — 1 and suppose that a chromatic-
(4, 3)-coloring of K,, using r colors is given. Take a densest color, say red, and consider the graph

G induced by the red edges. This graph has density at least % By applying Theorem [(.1] with
Inry1/2
o= (br)

T

, we obtain an (e, 5=)-dense pair (V1,V3) in G such that

’ o
1 1 12/e
"/i‘ = "/é‘ > gn <;> > ne—13\/rlnr'
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For a color ¢ which is not red, let G, . be the graph obtained by adding all edges of color ¢ to the
graph G. Since the given coloring is a chromatic-(4, 3)-coloring, we see that G, . is 3-colorable for all
c. Consider an arbitrary proper 3-coloring of G, .. If there exists a color class in this proper coloring
which intersects both V; and V3 in at least €|V vertices, then, since (Vi,V3) is an (e, 2—171)—dense pair,
there exists an edge between the two intersections, thereby contradicting the fact that the 3-coloring
is proper.

Hence, G has an independent set I, of size at least (1 — 2¢)|V;| in either V; or Va. For i = 1,2,
define C; to be the set of colors ¢ € [r] for which this independent set I, is in V;. Since |Cy|+ |Ca| >
r — 1, we may assume, without loss of generality, that |C;| > %1

For each v € V1, let d(v) be the number of colors ¢ € C; for which v € I.. Note that

S dw) =Y L[ = |Ch] - (1 - 20) WA, (7)
veV] ceCr
For each X C Cj of size %, let Ix = [),cx le. We have
d(v) [C1]- (1 —2¢)
= > .
= e () (411

XcC veVy
| X|=r/4

where the inequality follows from () and convexity. Since |C1| > 52, we have

Y x| = 18wl <'C}4'>

XcCy
| X|=r/4

Thus we can find a set X C C; for which |[Ix| > (1 — 8)"/4|Vi|. By definition, the set Ix does
not contain any color from X and hence the original coloring induces a chromatic-(4, 3)-coloring of
a complete graph on |Ix| vertices using at most 3r/4 colors. This gives

3
Fy <ZT’4’ 3> —1>|Ix| > (1 —8)/* V.

For ¢ < 1/16, the inequality 1 — 8¢ > e~'% holds. Hence, for large enough r, the right-hand side
above is at least

6—487“ . ne—l?)\/rlnr — e—4x/rlnr . ne—l?)\/rlnr — (FX(T‘,4, 3) _ 1)6—17\/7’ln7"

We conclude that there exists ry such that if r > rg, then

Fy(r,4,3) <elTVrinrp <371’4’3> .

We now prove by induction that there is a constant C' such that F\(r,4,3) < CeB3OvrinT 11olds
for all r. This clearly holds for the base cases r < rg, so suppose r > ry. Using the above inequality
and the induction hypothesis, we obtain

FX(T,4,3) < e17\/7“1r17’17X <%{74’3> < 617\/7’1an6130\/(37’/4) In(3r/4) < CelSO\/Tlnr7
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which completes the proof. O

We now turn to the proof of the lower bound. In order to establish the lower bound, we show
that Mubayi’s coloring ¢y is in fact a chromatic-(4, 3)-coloring. This then implies that F\(r,4,3) >
glog”r/ 36 as claimed. Recall that in the coloring cjs, we view the vertex set of K,, as a subset of
[m]t for some integers m and t and, for two vertices x,y € [m]* of the form x = (z1,...,7;) and
y=(y1,---,yt), we let

CM(Q?, y) = <{$Zv yl}v A1y---s (lt),
where 4 is the minimum index for which x; # y; and a; = d(x;,y;) is the Dirac delta function.

Proof of lower bound in Theorem Consider the coloring cps on the vertex set [m]’. Suppose
that two colors ¢; and ¢y are given and let

1= <{$17y1},01,1,---,a1,t) and ¢ = <{x2,y2},a2,1,...,a27t>.

Suppose that aj;, is the first non-zero a; ; term and ag;, is the first non-zero as; term. In other
words, for a pair of vertices which are colored by c¢q, the first coordinate in which the pair differ is
the i1-th coordinate (and a similar claim holds for ¢3).

Let G be the graph induced by the edges which are colored by either ¢ or co. We will prove that
X(G) < 3 by presenting a proper vertex coloring of G using three colors, red, blue and green.

Case 1: i1 = i9 = ¢ for some index 1.

First, color all the vertices whose i-th coordinate is equal to z; in red. Second, color all the
vertices whose i-th coordinate is equal to zo in blue (if 1 = x4, there are no vertices of color blue).
Third, color all other vertices in green.

To show that this is a proper coloring, note that if the color between two vertices z,w € [m]? is
either ¢; or ¢y, then the i-th coordinate of z and w must be different. This shows that the set of red
vertices and the set of blue vertices are both independent sets. It remains to show that the set of
green vertices is an independent set. To see this, note that if the color between z and w is either ¢;
or cg, then the i-th coordinates z; and w; must satisfy

{zi,wi} = {xz1,;1} or {x2,y2},

as this is the only way the first coordinate of cps(z,w) can match that of ¢; or co. However, all
vertices which have i-th coordinate x1 or x5 are excluded from the set of green vertices. This shows
that our coloring is proper.

Case 2: i1 # is.
Without loss of generality, we may assume that i; < i;. We will find a proper coloring by

considering only the i1-th and io-th coordinates. For v € [m]! of the form v = (v1,va,...,v4), let
0 ifvy, =2 0 if vy, = 9
iy (?}) =<1 if Vi, = Y1 and Tig (U) =41 if UVip = Y2 -
* otherwise % otherwise

Consider the projection map
7 [m]" — {0,1,%} x {0,1,%}
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defined by 7(v) = (m;, (v), T, (v)) and let H = 7(G) be the graph on {0,1,*} x {0,1,*} induced by
the graph G and the map m. More precisely, a pair of vertices v,w € {0,1,%} x {0,1,*} forms an
edge if and only if there exists an edge of G between the two sets 771 (v) and 7—!(w) (see Figure
d). Note that a proper coloring of H can be pulled back via 7! to give a proper coloring of G. It
therefore suffices to find a proper 3-coloring of H.

(*,0) (*,1) (%%
o— | H

(1,0) (1,1) (1%

(0,0) (0,1) (0,*)
Figure 1: Graph H = n(G) when a; 4, = 1.

Consider two vertices z,w € [m]'. If cpr(z,w) = cg, then the first coordinate in which z and w
differ is the is-th coordinate. This implies that z and w have identical i;-th coordinate. Hence, the
set of possible edges of the form {m(z),m(w)} is Ea = {{00,01}, {10, 11}, {*0, *1}}.

Now suppose that cpr(z,w) = ¢;. Then the possible edges of the form {m(z),7(w)} differ accord-
ing to the value of ay,.

Case 2a: a1, = 0.

In this case, the io-th coordinate of z and w must be the same and thus the possible edges of the
form (m(z),m(w)) are Ey = {{00,10},{01,11},{0%,1x}}. One can easily check that the graph with
edge set Fq U Es is bipartite.

Case 2b: a1, = 1.

In this case, the is-th coordinate of z and w must be different and thus the possible edges of
the form (7(z),m(w)) are Ey = {{00,11},{00, 1}, {01,10}, {01, 1}, {O%, 10}, {O%, 11}, {O%, 1x}}. A
3-coloring of the graph with edge set FE; U Fj is given by coloring the set of vertices {00, 10, %0} in
red, {01,0%} in blue and {11, 1k, 1, *x} in green (see Figure [I). O

5.2 An edge partition with slowly growing chromatic number
In this section, we will prove Theorem [L7 by showing that cj; has the required property.

Theorem [I.7l The coloring cj; has the following property: for every subset X of colors with
|X| > 2, the subgraph induced by the edges colored with a color from X has chromatic number at

most 23V 1X|log | X]

Proof. Consider the coloring cjs on the vertex set [m]’. For a set of colors X, let Gx be the graph
induced by the edges colored by a color from the set X. Recall that each color ¢ under this coloring
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is of the form
c= ({vi,wi}, ai,as, ... ,at>.

Define ¢(c) = ¢ to be the minimum index ¢ for which a; = 1. For this index i, define n;(c) = v; and
n2(c) = w;, where we break symmetry by imposing v; < w;. Let aj(c) = a;j for j =1,...,¢.

Given a set of colors X, construct an auxiliary graph H over the vertex set X whose edges are
defined as follows. For two colors ¢1,co € X, let i1 = t(c1), i2 = t(cz) and assume that iy < io.
Then ¢; and ¢y are adjacent if and only if a;,(c1) = 1 (it is well-defined since if i; = i, then
a;,(c1) = a;, (c2) = 1). Let Z be the family of all independent sets in H. We make the following
claim, whose proof will be given later.

Claim 5.2. The following holds:
(i) For all I € T, the graph Gp is bipartite.
(i) x(Gx) < |Z].

Suppose that the claim is true. Based on this claim, we will prove by induction on |X| that
x(Gx) < 28V IXIoglX] For | X| = 2, we proved in the previous subsection that ¢y is a chromatic-
(4,3)-coloring, that is, the union of any two color classes is 3-colorable. This clearly implies the
required result in this case. Now suppose that the statement has been established for all sets of size
less than |X|.

Let a = { % . If there exists an independent set I € Z of size at least «, then, by the fact
that Gx = G; U Gx\; and Claim [5.2] (i), we have

x(Gx) < x(Gr) - x(Gx\1) < 2x(Gx\1)-

If | X \ I| > 2, then the right hand side is at most 2 - 23V IX\1og[ X\ 93v/IX[log[X] (the inequality
comes from |I| > «a) by the inductive hypothesis, and if |X \ I| < 1, then since x(Gx\7) < 2, the
right hand side is at most 4. Hence the claimed bound holds in both cases.

On the other hand, if the independence number is less than «, then, by Claim (ii) and the
fact that | X| > 2, we have

a—1
(Gx) < Z (’X\) < |x VIXT1oeIX] _ 92v/IXTIog [X].
i—o N ¢
This proves the theorem up to Claim [£.2] which we now consider. O

Proof of Claim (i) Suppose that I € 7 is given. By definition, for each color ¢ € I, we have
distinct values of ¢(c). For each ¢ € I, consider the map . : [m]t — {0,1}, where for x € [m]" of the
form z = (x1,x2,...,x¢), we define

T (l‘) _ 0 if xb(c) < nl(c)
‘ 1 if Tyc) > nl(c).

Define the map 7 : [m]* — {0,1}! as
m(x) = (me(2))cer-
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Consider the graph 7(G;) over the vertex set {0,1}/. Let ¢ and ¢ be two distinct colors in I. If
1(c') < u(e), then a,(y(c) = 0 since ¢(c) is the minimum index i for which a;(c) = 1 and if ¢(¢') > ¢(c),
then a,()(c) = 0 since I is an independent set in the auxiliary graph H defined above. Hence, if
e = {y, z} is an edge of color ¢, then the two vectors y and z have identical ¢(¢’)-coordinate for all
¢ # ¢, thus implying that m(y) and 7(z) have identical ¢/-coordinate for all ¢ # ¢. Further note that
for € {0,1}, we have 7.(x) = 0 if the ¢(c)-th coordinate of x is n1(c) and m.(x) = 1 if the ¢(c)-th
coordinate of x is n2(c). Since {y,(c), z,(c)} = {m(c),m2(c)}, we see that m.(y) # mc(2).

Therefore, two vertices v,w € {0,1}} can be adjacent in 7(G;) if and only if v and w differ in
exactly one coordinate, implying that 7(Gr) is a subgraph of the hypercube, which is clearly bipartite.
A bipartite coloring of this graph can be pulled back to give a bipartite coloring of G;.

(ii) We prove this by induction on the size of the set X. The claim is trivially true for |X| = 0 and
1, since |Z] = 1 and 2, respectively, and the graph Gx has chromatic number 1 and 2, respectively.

Now suppose that we are given a set X and the family Z of independent sets in H (as defined
above). Let ¢ € X be a color with maximum ¢(c) and let i = ¢(¢). Let Z,. be the family of independent
sets containing ¢ and Z/ be the family of all other independent sets.

Let A be the subset of vertices of [m]' whose i-th coordinate is 71 (c). For two vectors z,y € A,
we have a;(cpr(x,y)) = 0, since both = and y have i-th coordinate 71 (c). Hence, in the subgraph of
Gx induced on the set A, we only see colors ¢ € X which have a;(¢’) = 0. Let X, C X be the set
of colors ¢ such that a;(¢’) = 0. The observation above implies that Gx[A] is a subgraph of Gx.,.
By the inductive hypothesis, x(Gx,) is at most the number of independent sets of H[X.]. Moreover,
by the definitions of X, and Z. and the choice of ¢, the independent sets of H[X,] are in one-to-one
correspondence with the independent sets in Z.. Thus, we have

X(Gx[A]) < x(9x.) < |Ze|-

Now consider the set B = [m]'\ A. The subgraph of Gy induced on B does not contain any edge
of color ¢ and therefore Gx[B] is a subgraph of Gx\ (. By the inductive hypothesis, x(Gx\{c}) is at
most the number of independent sets of H[X \ {c}]. By definition, the independent sets of H[X \ {c}]
are in one-to-one correspondence with independent sets in Z.. Therefore, we have

x(Gx[B]) < x(Gx\(e}) < |2
Hence,
x(Gx) < x(Gx[A]) + x(Gx([B]) < |Z| + |Zz] = |Z],
and the claim follows. O

Using Theorem [LL7] we can now prove Theorem [3.3] which we restate here for the reader’s
convenience. Recall that for an edge partition F; U ... U E; of the complete graph K, and a set
I C [t], we define Gy as the subgraph of K,, with edge set | J;c; Ei.

Theorem [3.3l There exists a positive real ry such that the following holds for every positive integer
r and positive real a < 1 satisfying (logr)® > rg. For n = o(logr)=*e/ 200 there exists a partition
E=E U---UE s of the edge set of the complete graph K, such that

x(Gr) < 93(log )*/?1/[1]log 2|I|
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for all I C [/r].

Proof. Let N = 2\98°7/200 apq ¢ = (logr)® (since (logr)* > rp and o < 1, we can guarantee that
N and t are large enough by asking that rg be large enough). Color the edge set of the complete
graph on the vertex set [IN]' as follows. For two vectors v,w € [N]! of the form v = (vy,...,v;) and
w = (wi,...,w), we let

c(v,w) = (z’, CM('Ui,wi)>v

where i is the minimum index for which v; # w;. Since ¢j;r on Ky uses at most 26VIoe N < % colors

(see the discussion in Section [2), our coloring uses at most

g YT <Vr
log r
colors in total. Since n = N, this coloring gives an edge partition £ = E; U---U E; of the complete
graph on n vertices, for some integer s < /7.

Now suppose that a set I C [s] is given. The set I can be partitioned into ¢ sets Iy U --- U I}
according to the value of the first coordinate as follows: for each i € [t], define I; as the set of indices
j € I for which the color of the edges E; has i as its first coordinate. For each 4, let 7; : [N]* — [N]
be the projection map to the i-th coordinate. Then the graph m;(Gr,) becomes a subgraph of Ky
induced by the union of |I;| colors of ¢js. Hence, by Theorem [[7, we know that

X(Gr) < x(mi(Gr,)) < 23VIHllos2E]

for each i € [t], where we introduce the extra 2 in the logarithm to account for the possibility that
|I;] = 1. Therefore, we see that

X(gl) < H X(gli) < 23Zie[t] |I¢|10g2\1i|'

1€[t]

Since y/z log 2z is concave, Jensen’s inequality implies that the sum in the exponent satisfies

S VITlTog 2/ < t/(111/6) log (2IT]/8) < /#T]log 2/1] = (log r)*/*+/[ T log 2[1].

1€]t]

This implies the required result. O

6 Concluding Remarks

6.1 The grid Ramsey problem with asymmetric colorings

One may also consider an asymmetric version of the grid Ramsey problem, where we color the row
edges using r colors but are allowed to use only two colors on the column edges. Let G(r,2) be the
minimum n for which such a coloring is guaranteed to contain an alternating rectangle. One can
easily see that

r<G(r,2) <rd+1.
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The following construction improves the lower bound to G(r,2) > %7‘2. Let n = %7’2 and p be a prime

satisfying % < p <rand n < 2P (the existence of such a prime follows from Bertrand’s postulate).
Consider the n x n grid. For each i € [n], assign to the i-th row a sequence (a;1,...,aip) € [r]P so
that for all distinct ¢ and ¢’ there exists at most one coordinate j € [p] for which a;; = ay; (the
construction will be given below). Given these sequences, for each ¢ € [n] and distinct 7,5’ € [n],
color the edge {(7,7),(¢,5')} as follows: examine the binary expansions of j and j' to identify the
first bit ¢ in which the two differ and color the edge with color a;; (this is possible since 2P > n).
For two distinct rows, suppose that the sequences corresponding to these rows coincide in the k-th
coordinate. Then the intersection of the two rows is a subgraph of the graph connecting vertices
whose k-th bit in the binary expansion is 0 to those whose k-th bit in the binary expansion is 1.
Thus, the intersection of any two rows is a bipartite graph and therefore, by the same argument
as in the proof of Lemma [3.1I] we obtain G(7,2) > n (note that we in fact obtain a coloring of the
cr? x 2°7 grid).

It suffices to construct a collection of sequences with the property claimed above. For a,b € Z,,,
consider the following sequence with entries in Z,:

Bap = (a,a+b,a+2b,...,a+(p—1)b).

For two distinct pairs (a, b) and (a’,b’), the sequences B, j, and B,y can overlap in the i-th coordinate
if and only if a + ib = o’ + b/, which is equivalent to (b — b')i = a’ — a. Since (a,b) # (a’,b'), we see
that there exists at most one index 4 in the range 0 < ¢ < p — 1 for which a + tb = a/ + b'. Thus
the sequences B, have the claimed property. Note that the total number of sequences is at least
p? > n. Moreover, since p < r, by abusing notation, we may assume that the sequences are in fact
in [r]? and, therefore, we can use them in the construction of our coloring.

The following question may be more approachable than the corresponding problem for G(r).

Question 6.1. Can we improve the upper bound on G(r,2)?

6.2 The Erdos—Gyarfas problem in hypergraphs

As mentioned in the introduction, for each fixed ¢ with 0 < ¢ < k and large enough p,

€k,

Fy (r,p, <,€:Z> + 1> <

where the number of r’s in the tower is i. It would be interesting to establish a lower bound on
F(r,p, (?~%)) exhibiting a different behavior.

Problem 6.2. Let p,k and i be positive integers with k > 3 and 0 < i < k. Establish a lower bound
on Fy(r,p, (i:;)) that is significantly larger than the upper bound on Fy(r,p, (ﬁ:z) + 1) given above.

We have principally considered the 7 = 1 case of this question. For example, the Erd6s—Gyarfas
problem on whether F'(n,p,p — 1) is superpolynomial for all p > 3 corresponds to the case where
k =2 and i = 1. Theorems and represent progress on the analogous problem with k = 3.
The next open case, showing that F3(r,6,10) is superpolynomial, appears difficult.

For ¢ > 2, it seems likely that one would have to invoke a variant of the stepping-up technique
of Erdés and Hajnal (see, for example, [11]). In particular, we would like to know the answer to the
following question.
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Question 6.3. Is F3(r,p,p — 2) larger than 2" for any fized c?

For p = 4, a positive solution to this problem follows since we know that the Ramsey number of
K f’) is double exponential in the number of colors (see, for example, [2]). The general case appears
to be much more difficult.

Another case of particular importance is Fyy_1(r, 2d,d + 1), since it is this function (or rather a
d-partite variant) which is used by Shelah in his proof of the Hales—Jewett theorem. If the growth
rate of this function is a tower of bounded height for all d, then it would be possible to give a
tower-type bound for Hales—Jewett numbers. However, we expect that this is not the case.

Problem 6.4. Show that for all s there exists d such that
2"

Foqq (Tv 2d7d+1) 2 22' )

where the number of 2’s in the tower is at least s.

6.3 Studying the chromatic number version of the Erd6s—Gyarfas problem

Since we know that both F(r,p,p — 1) and F)(r,4,3) are superpolynomial in r, it is natural to ask
the following question (see also [3]).

Question 6.5. Is F\(r,p,p — 1) superpolynomial in r?

By following a similar line of argument to the lower bound for F\(r, 4, 3), we can show that cjs is
also a chromatic-(5, 4)-coloring. Therefore, F,(r,5,4) = 22008° 1) answering Question for p = 5.
Since the proof is based on rather tedious case analysis, we will post a supplementary note rather
than including the details here. It would be interesting to determine whether the (p,p — 1)-colorings
defined in [3] are also chromatic-(p, p — 1)-colorings. If so, they would provide a positive answer to
Question

In Theorem [L.6] we showed that 90(log? ) < Fy(r,4,3) < 20(vrlogr) Tt would be interesting
to reduce the gap between the lower and upper bounds. Since F\(7,4,2) > 2" 4+ 1, we see that
F\(r,4,2) is exponential in r, while F\(r,4,3) is subexponential in 7. For p > 5, the value of ¢ for
which the transition from exponential to subexponential happens is not known. However, recall that
F\(r, 2% +1,d 4 1) is exponential in r for all d > 1. This followed from showing that in the edge
coloring cp the union of every d color classes induces a graph of chromatic number 2¢ (see Section B).
The following question asks whether a similar edge coloring exists if we want the union of every d
color classes to induce a graph of chromatic number at most 2¢ — 1.

Question 6.6. Is F\(r, 20 . d+1)=2°0) for alld > 27

A positive answer to Question would allow us to determine, for all p, the maximum value of
q for which F,(r,p,q) is exponential in r. Indeed, for 20=1 < p < 29 we have

Fy(r,p,d) > Fy(r, 2771 +1,d) = 290,
while a positive answer to Question would imply

Fy(rpd+1) < Fy(r,2%,d +1) = 2°0).
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Hence, given a positive answer to Question [6.6, the maximum value of ¢ for which F\(r,p,q) is
exponential in r would be ¢ = [log p].

A key component in our proof of Theorem was Theorem [[.7] which says that in the coloring
¢, the chromatic number of the union of any s color classes is not too large. We suspect that our
estimate on the chromatic number is rather weak. It would be interesting to improve it further.
More generally, we have the following rather informal question, progress on which might allow us to
improve the bounds in Theorem

Question 6.7. Given an edge partition of the complete graph K,, how slowly can the chromatic
number of the graph determined by the union of s color classes grow?

Finally, let F be a family of graphs and define F'(r, ¢; F) to be the minimum integer n for which
every edge coloring of K,, with r colors contains a subgraph F' € F that contains fewer than g colors.
F(r,q; F) generalizes both F(r,p,q) and F,(r,p,q) since we may take F to be {K,} for F(r,p,q)
and the family of all p-chromatic graphs for F,(r,p, q). Our results suggest that F'(r,q; F) is closely
related to the chromatic number of the graphs in F. The case where F consists of a single complete
bipartite graph was studied in [IJ.

Acknowledgement. We would like to thank the anonymous referee for several helpful comments.
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