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ABSTRACT. According to the method of series rearrangement, we es-
tablish the extensions of two g-Gosper identities with an extra integer
parameter. The limiting cases of them produce the generalizations of
Gosper’s two 3F2(%)—series identities with an additional integer param-
eter. Meanwhile, several related results are also given.

1. INTRODUCTION

For a complex variable x, define the shifted-factorial by
Z;g(x—kk), n > 0;

(=n"
7 () n < 0.

For simplifying the expressions, we shall use the abbreviated symbol:
a b el (@)n(b)n-c-()n
Q, By s Y n (a)n(ﬁ)n(’y)n
Following Bailey [I], define the hypergeometric series by
_ e a07 a17 sy ar k
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ap, ai, ity G

TFS
1+ by, ---, bs

where {a;}i>0 and {b;};>1 are complex parameters such that no zero factors appear in the
denominators of the summand on the right hand side. Then two 3F2(%)—series identities
due to Gosper (cf. [7, Equations (1.4) and (1.5)]) read, respectively, as

3z, 1—-3z, —n |3 %-‘—x, %—x
3F2 1 ‘—} = 1 2 ) (1)
3 —3nld4 3 3 ],
3z, 2-—3x, -n 3 24z, 2_g
F ‘— =|® 3 . 2
o 3 —1-3n 4} 2 4 @)

For two complex numbers x and ¢, define the g-shifted factorial by

I (1—2q"), n>0;

(@gn=9 L n=0;
1

71_[];1”(171(1].), n < 0.

2010 Mathematics Subject Classification: Primary 05A19 and Secondary 33C20.
Key words and phrases. Hypergeometric series; g-Series; Series rearrangement.
Email addresses: weichuanan78@163.com (C. Wei), yanqinglun@126.com (Q. Yan).


http://arxiv.org/abs/1405.6618v1

2 Chuanan Wei, Qinglun Yan

The fraction form of it reads as

[a, b cw _ (@@nighn ()
(

Following Gasper and Rahman [6], define the g-series by
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where {a;}i>0 and {b;};>1 are complex parameters such that no zero factors appear in
the denominators of the summand on the right hand side. Then the g-analogues of ()
and (2) due to Chu [2] Equations (3.9a) and (3.9b)] can respectively be stated as
} K |9Ta / x ‘ ]
a( g q )

k

n

—3n. 3 r,q/v
Z(q G )k 4, —q,q"/2, —qt/?, g~
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Inspired by the work of [3]-[5], we shall establish, in terms of the method of series re-
arrangement, the extensions of (@) and (@) with an extra integer parameter which involve
the generalizations of (I]) and (2) with an additional integer parameter in Section 2. Mean-
while, several related results are also offered in Section 3.

2. EXTENSIONS OF TWO ¢-GOSPER IDENTITIES

Theorem 1. For a nonnegative integer £ and a complex number x, there holds

~, a3 z,q"" x & T, —x

Z(q 4 )k 1—¢ 172 172 —3n |4 4 T ‘ q
q,—q s T k )

= .q q7%q
‘ 7, Z'L 1-— 372(]22 ! qil7 :C2q71 q1+im7 q27i/m 3

X Z 1—22¢-1 2 ¢ |4 2 q| -

=0 i n

9, q a9, 9

Proof. Setting a = #2¢™", b = z¢" and ¢ = —z in the terminating ¢¢s-series identity (cf.
[6l p. 42]):

a, Q\/_7 Q\/_7 b c, q ‘ .q1+la o _qa7qa/bc ’
Vva, —/a, qa/b, qa/c, ¢*T " be |qa/b,qa/c

we get the equation:

¢, - ’ ze: l gzl—gr,’2q2Z ! -q7£796qk7ﬂ72q71 ’q
ql—é/x 1 L+k = 1_x2q—1 I 2 0 .

1—4k
q /x ‘
X _ q =1. (6)
[ ¢/ ]“
Then there is the following relation:
n 1—¢
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Interchange the summation order for the last double sum to achieve

En: 3n. 3 T ‘114/5” k
(@5 4%k e o q| q
’ o 1- /2 1/2 —3n
0, —4q .

k=0 yq y —q yq
_ ¢ . _ _
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1—22q
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n 1—4
—3n, 3 50‘1 g k
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k=0 q,—4,9 —-q » q k

Calculating the series on the last line by (B]), we attain Theorem [l to complete the proof.
a

Corollary 2 (¢ =1 in Theorem [I]).

n

When ¢ = 0, Theorem [Il reduces to ([B). Another concrete formula is displayed as follows.
_an z,1/x
Z(q : §q3)k [ 1/2 1/2 —3n

. q} q"
k=0 q,—1,q y —q yq k

1 qx,qz/x’qg L1 qzrc,tJ/x‘qg
2| ¢,¢ o2 e .

Performing the replacement a — ¢>* in Theorem [land then letting ¢ — 1, we obtain the
following equation.

Proposition 3. For a nonnegative integer £ and a complexr number x, there holds
| 3=
T |6z
¢
14 2—3
3 0 5 —fc] .

1 2
3 3

3z, 1—¢—-3xz, —n |3
3k ’—

1
bR —3n

e 6z — 1 1,6z + /¢
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When ¢ = 0, Proposition [3] reduces to (). Another concrete formula is expressed as
follows.

Corollary 4 (¢ =1 in Proposition ).

3z, —3x, —n‘3 1
3, —3nl4| 2

Theorem 5. For a nonnegative integer £ and a complex number x, there holds
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Proof. Taking a = 2%¢™2, b=x¢" and ¢ = —zq~ Y% in (), we gain the equation:

— — l — —
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k
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Then we can proceed as follows:
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Interchange the summation order for the last double sum to achieve
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Evaluating the series on the last line by (@), we attain Theorem [H to finish the proof.

i 2—1i

“3n. 3 xq',q

x D> (@75 a )
k=0 ’ q,—4q, q3/27 _q3/27

q7173n
]

When ¢ = 0, Theorem [B] reduces to {@)). Another concrete formula is displayed as follows
Corollary 6 (¢ =1 in Theorem [).
k
Q:| q
k

1—-2z q31:7q3/:c’ 3
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Employing the substitution a — ¢3* in Theorem [B and then letting ¢ — 1, we obtain the
following equation.

Proposition 7. For a nonnegative integer ¢ and a complexr number x, there holds

F 3z, 2—/{—3x, —-n ‘3 3z —1
a2 3 —1-3n 13| |6x—1
¢

o Z(_l)i 3r+i—1\>| —£,6x—2 %—Fx, %—x
— 3 —1 1,6z +¢—1].
= % n

2

3
When ¢ = 0, Proposition [7] reduces to (@). Another concrete formula is expressed as
follows.

Corollary 8 (¢ =1 in Proposition [7).

3F 3z, 1-—3x, —-n ‘3
: 8 —1-3nl4
3¢z |14z 1-=z 3x—1 |34z, 3-=
= 2 4 + 2 4 :
6z — 1 = 3 ], 6z — 1 = 3,
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Proposition 9. For a nonnegative integer ¢ and a complexr number x, there holds

3z, 2—{0— 3z, ‘ } [31:—13:0——]
3
3.4 —1-3nl4 6r—1,-3 |,
£ 241 4—i
y Z(3:c+z—1) ER —x} .
3z —1 5
n

i=0

3F%

—{,6x — 2
1,60 +¢—1

Proof. Performing the replacement ¢ — ¢° in Theorem [, we have
S —6n. 6 z, q472£/x 2 2k xq?, —xqg! 2
Z(q 147 )k =2 P =P o q . 7 = 22q 2%, —q ! q ,

£ 2 4i—4 —2¢ 2 —4 4421 8—21
(2e—1il —27q q ,%,%°¢q 2 qa "x,q /T | ¢
x Z( )'q — 2,2 202 |4 4 8 q )
1=0 i n

L—a2¢~* | ¢*,xq %, 2% ¢ q
Replace ¢ by —ql/2 to gain
n (q—Bn_q3) [ 2, ")z q} s [quwa/z ,
4 )k 3/2—¢ 3/2 —1-3n |2 -1 —1/2
k=0 q,—4,9 > —4q »q k zrq q ¢
4 i - - i —i
(e—1y;1 — 552‘]2 2l q 57:07:02(1 ? q2+ 177q4 /x 3
x Zq ? 1 2 1 ,2.0-1 |9 2 4 a| -
paur —2q7? |q,zq 2% : 7,9 .

Employing the substitution a — ¢ in the last equation and then letting ¢ — 1, we
acquire Proposition O

When ¢ = 0, Proposition [ also reduces to [2)). Another concrete formula is expressed as
follows.

Corollary 10 (¢ =1 in Proposition [).

3z, 1—3x,
a2 1 —1—3n‘4

29
1+z, 1—=x
2
3

2
_+x

— 3 ’

= 3z N
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n
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3 37
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3. SEVERAL RELATED RESULTS
Theorem 11. For a nonnegative integer £ and a complex number x, there holds
n —¢
—3n z,q /:C k
@ ¢*)% B an || @
2 q,~1,¢"*7 =g 2 g7 17|

k=0
=
qz,q ‘ (e+3)i 1—|—1:q q ’
q q
[qm 7q1/2 L?O: 1+x) qx2q€+1 l

AU T
7.9° 7,9° .

Proof. Setting a = 22, b = z¢" and ¢ = q 2z in (@), we get the equation:

qie/x7q1/27z/x ‘ Zq(l+ )11 — 22 q in,:ch z2 ‘q
q*e/m27q1/2*“k = 1—22 |q qz,22¢"" i

k—t
x
X qie/ ’q =1.
o'tz 1,
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Then there is the following relation:

n —£
> (a7 [ m /e q} q"
) _ 1/2—¢ _ _1/2 _—3n
o ¢,—1,q —q'%,q X
_ i(q73n'q3)k 277(]72/23 q qk qu/x7q1/27e/x ‘ q
~ q, _17111/2437 _q1/27q73n . q*e/xQ,ql/Q*”k ,

« Y gerpilme ¢ 0q",a? E Q’”/x‘q
: -2 |qqu,2®¢™ 17| ¢ e 17],

Interchange the summation order for the last double sum to achieve

k
Q:|q
k

q ‘2’ ’
q
q, x2q2+1 .

k
‘Z}Q«
k

Calculating the series on the last line by Corollary 2] we attain Theorem [ITl to complete
|

u z,q "z

—3n, 3
> (@) [q 1, gVt gt/ o

k=0

—¢ 1/2—¢ ¢ i
_ [q /%, q /x ’q} Zq<e+%>i1+:cq

qfl/x27q1/2fl = 1+2x
n i =1
“3n. 3 zq',q " /z
X .
kz:o(q 4 )k |:q7 _17q1/27 _q1/27q73n

the proof.

Corollary 12 (¢ =1 in Theorem [T]).

-~ z,1/qx

—3n, 3
> @6
’ § q7_17q71/27_q1/27q73n

k
‘Z:| q
k=0 k
B 1-qz qm7q2/~’v‘ 3
21— a1 +2¢72) | q¢¢ |7

1 q2:c7q/1: ‘q3 B ql/z(l—x) q3:c71/1: ‘q3
2| ¢¢ o200 =g )+ ) | q.q° .

Performing the replacement a — ¢ in Theorem [[I] and then letting ¢ — 1, we obtain
the following equation.

Proposition 13. For a nonnegative integer £ and a complex number x, there holds

P 3z, —{—3x, -—-n ’3 1 1—|—3x,%+3x
a2 16, —3nl4| 2| 1462t
¢
£ i —i i —i
XZ —,6z { Htz, H-u + Hto, 3 _5”] }
1 2 1 2 ‘
= L1 F6e L] e E 3 501,
Corollary 14 (¢ =1 in Proposition [I3)).
3z, —1—-3z, —n ‘3
3b2 i
—%7 —3n |4
1+ 3z %—‘—:c, %—:c +1 %—Fx, %—x 3z 142, -z
=3 1 2 2] 1 2 2| 1 2
37 3 1. 39 3 1, 37 3 1,
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Theorem 15. For a nonnegative integer £ and a complex number x, there holds

k
Q] q
k
4 2 2i—1

—¢ .2 —1
1:7—1:‘ i 0 1—2%q qa % q
= q E —1)'q = ‘q
|:$27—1 :|Zi—0( ) (1 _x2q 1)(1_(]1/2) |: Q7x2qz :|

n

—£
S| ml
Pt ’ q, _q1757q1/27_q3/27q7173n

A 1oed [ded e ‘ EI ¢ —wg ") (T2 0" 2 ‘ e
1+ xqi71/2 q27q4 14+ xqi*1/2 q27q4 .
Proof. In accordance with (@), we gain the following relation:
—3n, 3 x7q172/x k
Z(q 4 )k 1—¢ 172 _ 3/2 —1-3n |9| 4
q,—q ) k

a2, —q*? q
7 —¢ — —
= EL:(Q’?’"'qS)k e a| ¢ ¢ o —a ‘q
¢ —q" 12 _ g2 gimn . 1—0+k )

—¢ 1 1—¢ 2
P q q q /z%,—q
L i— —£ k 2 —1 1—L4+k
o e ey Lk P B LA P I
i—0 1 —:172(]71 q,T, T q i q /JZ 0—i

Interchange the summation order for the last double sum to achieve

n

1—¢
—3n z,q /JZ k
> 'q3)k[ e q] q
) _1-¢ ,1/2 _ 3/2 _—1-3n
0, —q ,—*'%,q X

k=0 yq
- - ‘ - 3 B
_ ¢, ¢ ‘q Z(_l)iqliﬂ g atq" ’q
qlfl/;pZ7 _qlfl = 1— xzq—l q, xzqe i
n i 1—i
—3n, 3 zq',q '/z .
x D (@74 )k o || @
kZ:o q,—q,q"?, —¢*2, ¢ 73 .

Evaluating the series on the last line by the equivalent form of Corollary

k
Q]q
k

n

—an z,q/x
) L
kZ:O q, _Q7q1/27_q3/27q 1osn

11—z [q%, ¢/ ’ qg}

O +a 7 | gt 7]
. 1— g ! ¢z, q" )z ‘ 3
1=g /) A +zq ') | ¢4 .
we attain Theorem to finish the proof. O

Corollary 16 (¢ =1 in Theorem [I]).

- —3n. 3 z,1/x
Z(q 54 )k [q7—17q1/2 _.3/2 —1-3n

k
Q]q
k

k=0 y —q 27‘1
_ 1—qx q'z, ¢’z ’ 5
21 —q'2) (1 +z¢'?) | ¢, ¢*
n

Tt U120 | .d

I a2 [q2w7q‘*/w \qa]

(1 - )2 [q‘“’% q¢*/z ‘ qg]

2(1 — q1/2)(1 + xq—l/z) q27 q4

Employing the substitution ¢ — ¢® in Theorem [I5] and then letting ¢ — 1, we obtain the
following equation.
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Proposition 17. For a nonnegative integer £ and a complex number x, there holds

P 3z, 1—4{—3x, —n 3
e 1 —1—3n‘1
3 ¢ . i —1 | —£,62—1
6x = 6z — 1 1,6z + /¢

i

X {(3x+z’)

Corollary 18 (£ =1 in Proposition [I3)).

3z, -3z, —n ‘ 3
i, —1-3n

3+i 3—i

+ZI), -z .

5, 3 :| —Bz+i-1)
3 n

3kFy

4

1+ 3z
2

2
3

4

44, %—x] 1- 3z
L+
1 2
3 n

2 4
3t® 3-—T
4
3

2
3’ n

With the change of the parameter ¢, these theorems and propositions can create more
concrete formulas. They will not be laid out in this paper.

The case n — oo of (@) reads as

po[3e 2-82 1] T(/3)r(/3)
2 ’ 4| T T(@2/3+2)0(4/3—x)

3
2
Letting z = 1/3 in this equation, we recover the beautiful series for 7 (cf. [8 Equation
27)]):
i o1 2«
2B T 35
Unfortunately, we don’t find new series for 7 from the family of summation formulas for
3F( % )-series.
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