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1. Introduction

The quantum field theory in globally hyperbolic spacetimes possessing a
bifurcate Killing horizon was greatly clarified in [28], where the authors proved
that a state invariant under the action of the group of isometries generated by this
Killing vector is a KMS state, and the “temperature” is given by the surface gravity
of the horizon. Moreover, they presented the first rigorous formulation of the
Hadamard condition. More recently, this condition was translated to the language
of microlocal analysis [34,35]. This allowed the incorporation of interacting fields
(by means of perturbation theory) into the field theory in a mathematically rigorous
manner [7,6,24,25]. More exactly, the authors of [44, 17,124, 25,31, 26] showed that,
in this setting, the normal ordering of important observables, such as the energy-
momentum tensor, with respect to the Hadamard states, have finite fluctuations
in these states.

In the case of the Schwarzschild spacetime [43] the authors of [28] showed
that the Hartle-Hawking-Israel state is invariant under the action of the group of
isometries generated by its Killing vector and it is a KMS state, with “temperature”
given by the surface gravity of the horizon. In spite of that, the existence of the
Hartle-Hawking-Israel state was only proved more recently [38], where it was also
shown that this state is Hadamard. Also, the existence and Hadamard property of
the Unruh state in the Schwarzschild spacetime have only recently been rigorously
established [16].

Another spacetime possessing a bifurcate Killing horizon is the de Sitter
spacetime. The vacuum state invariant under the action of the isometries
generated by the group of symmetries of this maximally symmetric spacetime
was constructed in [1]. The association of a “temperature” to the surface gravity of
this horizon, analogously to the case of the black hole horizon, was established in
[20]. It was shown long ago that there exists only one Hadamard state which canbe
extended to the whole Kruskal extension of this spacetime and is invariant under
the action of the isometries generated by the Killing vector which also generates
the bifurcate horizon. This state satisfies the KMS condition with “temperature”
given by the surface gravity of the horizon [33]. Thus the Unruh state can be
defined in the completely extended de Sitter spacetime, and it is KMS everywhere.

The Schwarzschild-de Sitter spacetime, describing a universe with both a static
black hole and a cosmological constant [29, 3], possesses a pair of bifurcate Killing
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horizons, each with a different surface gravity. A state invariant under the action
of the isometries generated by the Killing vector cannot satisfy the KMS condition,
as proved in [28]. Furthermore, since the Kruskal extension of this spacetime
gives rise to an infinite diagram, the mere existence of the Hartle-Hawking-Israel
state would give rise to problems related to causality. Also the Unruh state in this
spacetime would be problematic, for the same reason. This is clearly a restriction
on the existence of an invariant Hadamard state in this spacetime but, as we show
in this paper, this restriction does not represent an impossibility.

We will construct here a Hadamard state in the spherically symmetric
Schwarzschild-de Sitter spacetime. To our knowledge, this is the first explicit
example of such a state in this spacetime. Our state will neither be a KMS state
nor be defined in the whole of its Kruskal extension. Therefore, our state can
neither be interpreted as the Hartle-Hawking-Israel state in this spacetime, nor as
the Unruh state. We will construct the state solely from the geometrical features
of the spacetime, using the bulk-to-boundary technique [13, [14, [15, 16] to show
that it can be isometrically mapped to the tensor product of two states, each one
defined on a subset of an event horizon, as shown in equation (@0). Since the event
horizons constitute a Cauchy hypersurface for the regions of the spacetime where
the state will be constructed, this result shows that the state is formally written in
terms of its “initial values”. Each one of these states defined on the horizons is
a KMS state at “temperature” given by the surface gravity of the corresponding
horizon. Since the surface gravities, at the two horizons, are different, the resulting
state is not KMS. Moreover, we will use results of [12] and an adaptation of the
argument presented in [16] to show that our state is Hadamard.

The organization of the paper is the following: In section 2l we will present
the basic formalism of field quantization in globally hyperbolic spacetimes.
Afterwards, in section B we will present the geometrical features of the
Schwarzschild-de Sitter spacetime, construct the Weyl algebra from the solutions
of the Klein-Gordon equation and show how we can construct an invariant state on
this algebra. Finally in section 4l we will prove that this state is a Hadamard state.
In section [flwe present our conclusions. In[Appendix A]we prove the existence of
our state and in[Appendix Bjwe present the proofs of a couple of technical results.
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2. Scalar Field quantization in globally hyperbolic spacetimes

We will now introduce the mathematical concepts needed for the assignment
of a C*-algebra to the space of solutions of the Klein-Gordon equation and to the
definition of Hadamard states on this algebra.

2.1. Wave equation in globally hyperbolic spacetimes and the Weyl algebra

Globally hyperbolic spacetimes M are smooth, orientable, time orientable and
paracompact manifolds. They also possess smooth Cauchy hypersurfaces, which
are achronal subsets © C M such that Vp € M, every inextendible causal curve
through p intersects L [4, 43]. They have the topological structure M = R x L.

The principal symbol of a linear differential operator P with real coefficients is
the map

op: 7T M — Hom(R,R),

where Hom(RR,R) is the space of homomorphisms from R to R. For a
neighborhood of a point p € M, take a local coordinate chart in which P =
Y i<k A% [0x“. For every & = Z?zo & -dxl e TM,

op() = ) EaA%(p) .

lerl=k

The principal symbol of a differential operator is independent of the coordinate
chart chosen.

The zeroes of op outside of the zero section of the cotangent bundle, i.e., the
points (p, &) with & € ‘7';/\/(\{0} such that op(&) = 0, are called the characteristics
of P. The curves in 7°M along which op vanishes identically are called the
bicharacteristics of P.

A normally hyperbolic operator is a second-order differential operator P whose
principal symbol is given by the metric, i.e.,

op(&) = ¢, &) - idg -
Hence the characteristics are the bundle of null cones N, C 7 M\{0} defined by

Ny = {0 k) € T MN0} 18 (1) (ko) (k) = 0} M
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The bicharacteristic strip generated by (x, k,) € N, is given by
B, ky) = {(¢', ko) € Nel (¢ k) ~ (v, ko)) )

where (X', k) ~ (x, k) means that there exists a null geodesic connecting x” and x,
k. is the cotangent vector to this geodesic at x” and k,, its parallel transport, along
this geodesic, at x.

A wave equation is an equation of the form Pu = f, where P is a normally
hyperbolic operator, the right hand side f is given and the distribution u is to
be determined. It is well known that the wave equation of a massive scalar
field in a globally hyperbolic spacetime admits unique retarded and advanced
fundamental solutions, which are maps E* : C’(M, K) — C*(M, K), such that,
for f € Cy’'(M, K) (K is either R or C),

(o+m?)E*f =E*(0+m?)f = f 3)
and
supp(EE* f) C J*(supp/f) -
The functions f € C;’(M, K) are called test functions and we will denote the
differential operator O+ m? by P. From the fundamental solutions, one defines the

advanced-minus-retarded operator I == E”—E* asamap E : C7(M, K) — C*(M, K),
and the antisymmetric form

olf, f1) = - f d'x g FOEF) = ~E(f, £, @

where f and f’ are test functions. Dimock [17] showed that this antisymmetric
form can be equivalently constructed using the initial-value fields and that it does
not dependend on the Cauchy hypersurface on which it is calculated.

This antisymmetric form is degenerate because, if f and f’, both elements of
Cy’(M, K), are related by f = Pf’, then Vf” € C3’(M, K) we have

o(f’, f)=0.

Therefore the domain of the antisymmetric form must be replaced by the
quotient spac& Cy(M,K)/RanP. We thus define the real vector space L :=

1 RanP is the range of the operator P, that is, the elements f € C;’(M, K) such that f = Ph for some
h € C;(M, K). Moreover, KerE = RanP.
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Re (Cg"(/\/(, IR)/RanP). Hence (L,0) is a real symplectic space where o is the
symplectic form. From the elements of this real symplectic space one can define
the symbols W(f), f € L, satistying

M W) = 1;
() W(-f) = W(f);
(L) For f,g € L, W(H)W(g) = e W(f + g).

The relations (II) and (III) are known as Weyl! relations. The algebra constructed
from the formal finite sums

W(L,0) =) aW(f)

1

admits a unique C*-norm [5]. The completion of this algebra with respect to this
norm is the so-called Wey! algebra. From the nondegenerateness of the symplectic
form one sees that W(f) = W(g) iff f = g.

2.2. Quasifree states and the Hadamard condition

States w are linear, positive-semidefinite and normalized functionals over the
Cr-algebra . Throughout this work we will focus on states which are completely
described by their two-point functions, the so-called quasifree states. All odd-point
functions of such states vanish identically and the higher even-point functions can
be written as combinations of the two-point function [30, 2].

The two-point function of a state w can be decomposed in its symmetric and
anti-symmetric parts. For f1, o € L,

@i, ) = u(fi, )+ 20U £, ©

where pu(-,-) is a real linear symmetric product which majorizes the symplectic
product, i.e.

|0(f1,f2)|2 <4u(f, fi)u(fa f2) - (6)

The state is pure if and only if the inequality above is saturated, i.e,, Vf; € L,

|G(f1/ f2)|2

W fo) @)

1
u(fi, fr) = ;11}21;%9-
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where Lub. is the least upper bound. Since the symplectic form is uniquely
determined, the characterization of the quasifree state amounts to the choice of
the real linear symmetric product u. The definition of the one-particle structure,
which we will present now, shows that the choice of u is equivalent to the choice
of a Hilbert space: Consider a real vector space L on which are defined both a
bilinear symplectic form, o, and a bilinear positive symmetric form, y, satisfying
(6). Then, one can always find a complex Hilbert space .7, with scalar product
(|, together with a real linear map K : L — J# such that [28]

(i) the complexified range of K, KL + iKL, is dense in JZ;
(i) u(fi, f2) = Re(KAIKf2) e,V f1, f2 € L;
(iii) o(f1, f2) = 2Im(Kf1|Kf2) e, ¥ f1, f2 € L.

The pair (K, ) is uniquely determined up to an isomorphism, and it is called the
one-particle structure. Moreover, we have wg)( f1, f2) = (Kf1lK f2) » and the quasifree
state with this two-point function is pure if and only if KL alone is dense in 7.

The concept of Hadamard states is reminiscent of the spectral condition in
Minkowski spacetime. There the spectral condition provides sufficient control on
the singularities of the n-point functions, opening the possibility of extending
the states to correlation functions of nonlinear functions of the field as, e.g.,
the energy momentum tensor. These nonlinear functions are incorporated, in
Minkowski spacetime, by means of normal ordering and the Wick product [41].
The first rigorous form of the two-point function w® of a Hadamard state was
given by Kay and Wald [28] as a restriction on the singularity structure of w®.
Remarkably, the singular part of w® is a purely geometrical term, and it amounts
to the antisymmetric part of the two-point function. The dependence on the
state is contained in the smooth symmetric part, whence it is possible to define
the renormalized quantum field theory for the whole class of Hadamard states
at once. The Hadamard condition, as presented by [28], makes explicit use of
a coordinate system. A purely geometrical characterization of Hadamard states
was only achieved in the works of Radzikowski (with the collaboration of Verch)
[34,35], where the Hadamard condition was written in terms of the wave front set
of the two-point function corresponding to the state. We will now introduce the
concept of wave front sets.

Let v be a distribution of compact support and 9(k) its Fourier transform. If
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VN € Ny, ACy € R, such that
[o(k)l < Cn (L + k)™, ke R", (8)

then v is in CJ(R", K). If for a k € R"\{0} there exists a cone V} such that for
every p € Vi (8) holds, then k is a direction of rapid decrease for v. Accordingly,
the singular support (singsupp) of v is defined as the set of points having no
neighborhood where v is in C*. Moreover, we define the cone X(v) as the set of
points k € R"\{0} having no conic neighborhood V such that (§) is valid when
keV.

For a general distribution u € (Cg’), (X, K), where X is an open set in IR"” and
¢ € Cy (X, R), ¢(x) # 0, we define

Yo(u) = ﬂ Y (¢u) .
¢

Definition 2.2.1. If u € (Cg" ), (X, K) then the wave front set of u is the closed subset
of X x (R"\{0}) defined by

WEF(u) = {(x, k) € X X (R"™\{0})| x € singsupp u, k € L, (u)} .

In [27] it was proved that the wave front set of a distribution u defined on a
smooth manifold X is a closed subset of 7*X\ {0} which is conic in the sense that
the intersection with the vector space 7; X is a cone for every x € X. The restriction
to a coordinate patch X, is equal to x*WF(u o x™1).

The authors of [18] proved that the singularities of the solutions of a differential
operator P with real principal symbol propagate along the bicharacteristics of P.
This implies that through every point in singsupp of u (u is a distribution satisfying
Pu = f € C*(M,K)) there is a bicharacteristic curve which stays in the singsupp.

Moreover, the product of two distributions u,v € (C’g"Y (X, K) can be defined,
unless (x, &) € Wf(u) and (x, —=&) € Wf(v) for some (x, &) [2/7]. Then

WF(uv) C {(x,£+1);(x,&) € WF(u)or £ =0,
(x,n) € WEF(v) orn =0} .

We finally present the definition of Hadamard states in terms of the wave
front set of its two-point function:
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Definition 2.2.2. A quasifree state w is said to be a Hadamard state if its two-point
distribution w, has the following wave front set:

WF(@w2) = {(x1, ki3 X2, =ka) | (1, ks %2, ko) € T (MX MYNIOL (1, ) ~ (e, ko) Ky € V)
©

where (x1, k1) and (x2, k) are as in the definition of the bicharacteristic strip 2land

V, is the closed forward light cone of 7; M.

To facilitate the writing, we will call this set C* and say that a quasifree state
is Hadamard if its two-point function has this wave front set:

WF(w,) = C* . (10)

We will finish this preliminary subsection with the KMS condition. The states
which satisfy this condition generalize the concept of thermal states to situations
where the density matrix cannot be defined [22].

In the usual study of nonrelativistic statistical mechanics, the density matrix
pg, where B = T, is defined as a trace-class operator with trace tr p; = 1. The
expectation value of a bounded operator A is given by wg(A) = tr pgA. If one
considers the time evolution of A we get, for B another bounded operator,

0p((A)B) = ws(Baris(A)) . (11)

The KMS condition, named after Kubo, Martin and Schwinger, comes from
the observation made by the authors of [23] (see also [5]) that the above equality
remains valid even when one cannot define a density matrix. Further properties
of KMS states, also in curved spacetimes, can be found in the recent review [39].

3. Hadamard state in Schwarzschild-de Sitter spacetime

3.1. Schwarzschild-de Sitter Spacetime

The Schwarzschild-de Sitter (SAS) spacetime is a spherically symmetric
solution of the Einstein equations in the presence of a positive cosmological
constant. Its metric, in the coordinates (t,7, 0, @), has the form [21]

oM Az) _(1_2M A,

1
M A2) - a6t 4 sind(O)gh (12
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where M > 0 is the black hole mass and A is the cosmological constant (we will
consider only A > 0, the other case being the so-called Anti-de Sitter spacetime).
The coordinates (0, ) have the usual interpretation of polar angles. If 3M VA <1,
E(r) = (1 - %rZ) has two distinct positive real roots, corresponding to the

horizons. Defining & = arccos(—3M VA) (n < & < 31/2), the positive roots are
located at

ry = i\/_COS (%) ;
A
o= % cos(§ N 4?“) , (13)

while the negative real root is located at
ro= %cos(g + 2?71) =—(r, +71).
One can easily see that 2M < r, < 3M < r, [29]. The horizon located at 7, is a
black hole horizon. One can see that lim,_,g7, = 2M and limy,;_o7, = 0. On the
other hand, the horizon located at . is a cosmological horizon, limy_,y 7. = co and
limpg o7 = \/3/_/\

One can see from equation (I2) that the character of the coordinates ¢ and r
changes as one crosses the horizons. For r, < r < r., F(r) > 0 and t is a timelike
coordinate, r being spacelike. If either r < 1, or v > r., F(r) < 0, t becomes a
spacelike coordinate and 7, a timelike coordinate. Besides, it is immediate to see
that the vector X = a% is a Killing vector. For r, < r < r, the Killing vector is a
timelike vector, thus this region of spacetime is a static region. If either r < r;, or
r > 1., this vector becomes spacelike. Thus these are not static regions. On the
horizons r = r, or r = r, X is a null vector. There exists a constant «, the surface

gravity, defined on the horizon and also constant along the orbits of X, such that
[43]

1
K= —i(wxb)(vﬂxb) .
The surface gravities on each of the horizons in the SdS spacetime are given by

A
Kp = (rc —1p)(1c + 2rb)6_1’b ;

K= (= )@+ 1) (14)

[
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It is immediate to see that «, > ..

The metric (12) is not regular at the horizons. As shown in [3], one cannot
obtain a coordinate system in which the metric is regular at both horizons.
However, we can construct a pair of coordinate systems such that each renders the
metric regular at one of the horizons. First, we define the usual tortoise coordinate
1.

dr 1 r 1 r 1(1 1 r
= =) o= 2)- 32 el )
g fP(r) 2Ky, log(rb 1) 2K, 8 re)  2\xp K. 8 Ty + ¢ "
(15)
It maps the region r € (r,,7.) into r* € (—co, +00). We define null coordinates as

u=t-r,v=t+r. The coordinate system which renders the metric regular at
r = rp is defined as [11]

-1 1
U, = —e™" . V, = —e%", (16)
Kp Kp
Since u,v € (—o0,+00), U, € (—o0,0) and V;, € (0, +00). In these coordinates, the
metric becomes (neglecting the angular part)

dsz _ % (1 _ L)1+Kb/7cc(
r ¥e

+1

2—Kp/%c
) dU,dV, (17)

Ty + 7.
This expression is regular at ,, but not at r.. Therefore, we can extend U}, to positive
values and V), to negative values across the horizon at 7. In this coordinate system,
the metric covers the whole region (0, .) regularly. The Kruskal extension of this
region is similar to the corresponding extension of the Schwarzschild spacetime
[43] and is shown in figure [[lbelow.

The region I in figure[Ilis the exterior region. Asymptotically, it tends tor = r..
We call attention to the fact that U, increases to the left. Region II is the black hole
region. Any infalling observer initially at I will fall inside this region and reach the
singularity at » = 0. Regions III and IV are copies of II and I, the only difference
being that, in these regions, time runs in the opposite direction.

Similarly, we define the coordinate system which renders the metric regular
atr=r.

1 -1 _
u..=—e" ; V.=—e™", (18)

c KjC

where U, € (0, +o0) and V, € (=0, 0). In these coordinates,

M ( r 1)1+K5/Kb( r )Z—KC/Kb

ds? +1
r rp + 7,

du.dv, . (19)
8
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Vi

”::_(/

Ir »{//hm

U 1% I

Figure 1: Conformal diagram of the Schwarzschild-de Sitter spacetime, extended
only across the horizon at r = 7.

This expression is regular at r., but not at r,. Now, extending U, to negative
values and V. to positive values across the horizon at ., the metric covers the
region (ry, 00) regularly. The Kruskal extension of this region is similar to the
corresponding extension of the de Sitter spacetime [20] and is shown in figure 2]
below.

The region I’ in figure 2lis identical to region I in figure Il Asymptotically, it
tends to r = r,. We call the attention to the fact that, now, V. increases downwards.
Region II’ is the region exterior to the cosmological horizon. Any outwards
directed observer initially at I’ will fall inside this region and reach the singularity
atr = co. Regions I1I"’ and IV’ are copies of II’ and I’, the only difference being that,
in these regions, times runs in the opposite direction.

The authors of [3] have also shown that transformations of coordinates of the
form (16) and (I8) are the only ones which give rise to expressions for the metric
that are regular at each of the horizons.

To obtain a maximally extended diagram, we first identify the regions I and I
of figures[Iland 2} respectively. The wedges IV and IV’ are also identical, hence we
can combine new diagrams, identifying these wedges with the newly introduced
wedges IV’ and IV, respectively. Now, the wedges I and I’ can be combined
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v’ r

Figure 2: Conformal diagram of the Schwarzschild-de Sitter spacetime, extended
only across the horizon atr = r,.

with new wedges I’ and I, and this process is repeated indefinitely. Thus the
maximally extended diagram is an infinite chain. In figure[3below we depict part
of the Penrose diagram of this maximally extended manifold (where we will also
rename some of the regions):

r=0 r=oo
C‘?x »j%g*o %0 “AQIX@
% 5 » v’
,jQ,Q\Q b Q'?\ ,‘3%/0 c Q%—:bo\ Z
r=20 Y = 00

Figure 3: Maximally extended conformal diagram of the Schwarzschild-de Sitter
spacetime.

The region between the horizons (in dark gray color in figure[3)) is denoted by
2. The black-hole horizon is located at the surfaces denoted by ,%’f(o’o_), and the
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cosmological horizon, at "7 The horizons are defined by:
A AUy, Vi, 6,9) € R”*XS% Uy > 0,V =0} 5 2, : {(Up, Vi, 0, 9) € R*XS% U, <0,V =0} ;

AL AUy, Vi, 6,9) € R”PXS% Uy = 0,V > 0} 5 " < {(Up, Vi, 0, 9) € R*XS% U, =0,V < 0} ;
K (U, V., 0,0) e R?xS%; U, =0,V, >0}; 22 :{(U,V,0,p) € R”’®*S* U, =0,V,. <0} ;
A0 (U, V., 0,p) € R?%S%; U, > 0,V, =0} ;2" : {(U, V., 0,p) € R?xS* U. < 0,V,=0}.
The bifurcation spheres are defined by:

Bb . {(ub/ Vi, O, 90) € IRZXSZ; U, =Vy = 0} ’ Bc : {(UC/ V.0, 90) € RZXSZ; U=V.= O} .

We note that the Killing vector X vanishes on these spheres.

The completely extended manifold will be denoted by %, and L is a smooth
Cauchy surface of 7. The Killing vector X is timelike and future pointing in region
2. This Killing vector is also timelike in the regions IV and IV’, but past directed
there. This Killing vector is spacelike in the light gray regions and in the regions
opposed to them, with respect to the bifurcation spheres. An infalling observer
initially in region & will fall inside the light gray region to the left of . This
region will be denoted by II, and it represents the inside of the black hole. On the
other hand, any outwards directed observer initially in 2 will fall inside the ligh
gray region to the right of #. This region will be denoted by III, and it represents
the region exterior to the cosmological horizon. The regions opposed with respect
to the bifurcation spheres will be denoted by II’ and III’. These regions are defined
as follows:

2 ={(Uy, Vi, 0,9) € R* xS U, < 0,V, >0} ;

I1:={(U,, V), 0,0) e R”*xS5 U, >0,V, >0} ; II':={U,V,0,¢)eR*xS% U, >0,V.>0};
I = {Uy, V,,0,0) e R”* xS U, <0,V, <0} ; HI:={U,V,.,0,¢) €R*xSU <0,V.<0}.
The region % can be equivalently defined by

2 ={U,V.,0,p) e R*x$;U,>0,V, <0} .
We will construct a Hadamard state in the region

M=ITUQUIl .
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Any past inextensible causal curve passing through any point of M passes through
B U E, where B : {(Uy, Vy,0,9) € R2 X8V, = 0} = U B, U %", and
¢ : {(U,V.,0,p) € R”*x %% U. =0} = 2+ UB.UH#". Since this surface is
achronal, U % is a Cauchy surface for M. We will also show how the state can be
restricted to the past horizons # U ¢ and will investigate the physical properties
of this restriction.

3.2. Algebras and State
3.2.1. Algebras

We will construct the Weyl algebra on the symplectic space given by the
pair (S(M), o pm), where S(M) is the vector space of solutions of the Klein-Gordon
equation having particular decaying properties (see complete definition below)
and o is the symplectic form constructed from the advanced-minus-retarded
operator (see section 2.1I). Dafermos and Rodnianski [12] showed that, if the
solutions of the Klein-Gordon equation have smooth initial data on X, then there
exist, due to spherical symmetry, a constant ¢ which depends on M and A, and
another constant C depending on M, A, the geometry of X N J7(%) and on the
initial values of the field, such that

|(Pl(u’ v)' S (:(e_cv'*'/l2 + e—Cu+/l2)

and
Ibo(u, V) — P| < Ce™+/F 4 geu=/1) (20)

are valid in J*(X) N 2. Here,
91 < inflpo()| + C,

u, = maxi{u, 1}, v, = max{v, 1} and [ is the spherical harmonic. These bounds are
also valid on the horizons. This feature will play a crucial role in the restriction
of the algebra to the horizons and in the subsequent construction of the state.
The regions IV and IV’ are also static regions, with time running in the opposite
direction. Therefore, this fast decay is also verified on " and on JZ*. Moreover,
we make the further requirement that the solutions vanish at the bifurcation
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spheres B, and B, (as remarked in [12], this requirement creates no additional
complications).
The vector spaces of solutions in M and on the horizons are defined by

SIM) : {(@ — o) | p € C(M;R), 0gp = 0; by = constant] , (21)
S(B) : {(q> — ¢0)| ¢ € C™(%;R), 0, = 0,¢ = 0 at By; ¢y = constant; I9C, > 0,C’ > 1

. Co Co :
with ¢ = ol < 77, 0u, @l < 0 for || > C'}, (22)

S()7) {(qb — Qo) | ¢ € C*(H;,;R),0,¢ = 0; ¢pg = constant; IIC4 > 0,C" > 1
with ¢ — ol < Cye™, 19ugpl < Coe™ for Jul > C'}, (23)
S(€) : {(¢ - o) | ¢ € C*(¢;R), 05 = 0,¢ = 0 at By; ¢y = constant; IAC, > 0,C’ > 1

. Co Co :
with ¢ = @0l < -, 19v.9l < 5 for Vil > € b (24)

S(H7) {(gb — Qo) | ¢ € C*(H;R),0,¢ = 0; ¢pg = constant; IIC, > 0,C" > 1
with ¢ — ol < Cse™, 95| < Cpe™ for [o] > C'} . (25)

The Weyl algebras % (S(M)), # (S(%)), W (5(%)), W (S(H,7)), W (S(H.7)) (we
will omit the ¢’s to simplify the notation) are constructed from each of the
symplectic spaces as explained in section 2.1

The authors of [16] constructed the Unruh state in the Schwarzschild
spacetime using the bulk-to-boundary technique. That state was defined in the
union of the static region, the interior of the black hole and on the event horizon
separating these regions. They defined the Weyl algebra from the symplectic
space of solutions in these regions. Besides, they proved that this Weyl algebra
is related by an injective isometric *-homomorphism to the tensor product of the
Weyl algebras defined from the symplectic spaces of solutions on the past null
horizons, the one corresponding to the past black hole and the other one, at null
infinity. The proof presented there for the mapping from the algebra in the bulk to
the algebra on the past black hole horizon can be repeated here verbatim not only
to map #'(S(M)) to # (S(%4)), but also to map #'(S(M)) to # (S(¢)). Moreover, the
verification that the decay estimates are correctly satisfied, which there required
an additional Proposition to be proven, here is verified directly from the results of
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[12]. We note that the authors of [16] needed additional results to verify the decay
estimate on null infinity. These are not necessary here. Therefore we will only

state the theorem, knowing that the proof can be read from the proof of Theorem
2.1in [16].

Theorem 3.2.1. For every ¢ € S(M), let us define

bz=Prz ; Qo=Pre.

Then, the following holds:
(a) The linear map

is an injective symplectomorphism of S(M) into S(#B)® S(€) equipped with the symplectic
form, s.t., for ¢, ¢’ € S(M):

om(p, @) = 05(Pz, ¢p) + 0w (e, ) - (26)
(b) There exists a corresponding injective isometric *-homomorphism
L2 W (SM) = W (S(2)) @ W (S(F))
which is uniquely individuated by

LWm(@)) = Wa(pz)Wey(Py) . (27)

This result established the following
Theorem 3.2.2. With the same definitions as in the theorem B.2.1] and defining, for
¢ € S(2), Pra- = lim_ - ¢ and 0 = Him_, ;40 ¢ (similarly for ;" and H), the
linear maps
T_:8(2)3 ¢ (b ) €S(H7) @ S(H)
To:S(2)3¢ (¢ 0, ) € S(AD) & S(A),

are well-defined injective symplectomorphisms. As a consequence, there exists two
corresponding injective isometric *-homomorphisms:

2 W(S(D) = W (S(A,7) @ W (S(HA))
W (S(2) = W (S(4) @ W (S(H))) -
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As a prelude to the next subsection, we note that if the linear functional w :
W (S($)@# (5(¢)) — Cisanalgebraic state, then the isometric *-homomorphism
constructed in theorem[3.2.Tlabove gives rise to a state wp : #(S(M)) — C defined
by
wpm = U'(w), where ('(0)(W) = w(t(W)), YW € S(M) .

Specializing to quasifree states, we know that the “quasifree property” is preserved
under pull-back and such a state is unambiguously defined on #'(S(%))®# (5(¢"))
by

wm(Waue () = e *¥V2 Yy e S(B)@S(¥),
where p : (S(B)DS(€))X(S5(B)DS(€)) — Risareal scalar product which majorizes
the symplectic product.

3.2.2. State

Before we start the construction of the state, we should comment on the
theorems in [28] which proved that there does not exist any Hadamard state on
the whole Kruskal extension of the SdS spacetime. The first nonexistence Theorem
proved in section 6.3 of that reference is based on causality arguments. They
proved that the union of the algebras defined on the horizons " and 7 (we
will call this algebra # (SX); see figure[) is dense in #/(S,), the union of the algebras
defined on all the horizons corresponding to the cosmological horizon. Similarly,
the union of the algebras defined on 7" and t%’zo‘ (W(SIZ;)) is dense in #/(Sy).
However, by the Domain of Dependence property, # (SX) should be orthogonal
to V/(S’I;). But #/(S.) and #'(S;), again from the Domain of Dependence property,
cannot be orthogonal, thus there is a contradiction.

We avoid this problem by not defining the state in the causal past of %
and in the causal past of € (see figure B). The algebras #/(S(#)) and #(S(¢))
are not orthogonal, the same being valid for #/(S(2¢,7)) and #/(S(2¢;7)). The
algebras #/(5(7¢,7)) and %' (S(7¢,")) are indeed orthogonal, but they are not dense
in 7 (5(%)) and # (5(%)). Thus there is no contradiction in our case.

The second nonexistence Theorem proved there arrives again at a
contradiction by using properties of a KMS state. As it will be clear below, the
state we will construct here is not a KMS state, thus we are not troubled by the
contradiction at which they arrive.
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Now, we will go on with the construction of our state.
On the set of complex, compactly supported smooth functions Cj'(%; C), we

define its completion (Cg"(g@; ©), /\) in the norm defined by the scalar product [32]

AUy AdUy, AdS? . (28)

rz l;Dl(llbll 6/ ¢)¢2(ub2/ 6/ (P)
Ay, = lim -2
(Ebl lpZ) eg(r)}, Tt xf]RX]RXSZ (ubl —Up - ie)z
Thus, (Cg’(%; ©), /\) is a Hilbert space.
The U,-Fourier-Plancherel transformof ¢ is given by (we denote (0, ¢) by w)

1 . N
FW)K, @) = —— f eXKhy(Uy, w)dU, =: P(K, w) . 29)
Y v Y(Up b=y (
We can, more conveniently, write the scalar product (28) in the Fourier space:
AW, Pn) = D1(K, 0)a(K, w)2KdK A 13dS? . (30)
Rx$2

Let . (K, @) := F()(K, @) k=0)- Then, the linear map
C(#;,€) 3y b (K w) € L* (R, x §%, 2KdK A r3dS?) = Hy (31)

is isometric and uniquely extends, by linearity and continuity, to a Hilbert space
isomorphism of

Fu,: (C3(#;C),A) - Hy . (32)

One can similarly define the (V,, V., U.)-Fourier-Plancherel transforms acting on
the spaces of complex, compactly supported smooth functions restricted to the
hypersurfaces 7, ¢ and J° respectively, all completed in norms like 28), and
extend the transforms to Hilbert space isomorphisms.

Not every solution of the Klein-Gordon equation belonging to the space S(%)
(or any other of the spaces defined in (23)-(23)) is compactly supported. However,
we can still form isomorphisms between the completion of each of these spaces
(in the norm A defined above) and the corresponding Hilbert space, as in (31) and
(32). First, we note that the decay estimates found in [12] and presented at the
definition of S(#), together with smoothness of the functions in this space, let
us conclude that these functions (and their derivatives) are square integrable in
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the measure dU,. Hence we can apply the Fourier-Plancherel transform to these
functions. Therefore the product gives, for ¥y, ¥, € S(A)

A1, )| =
1(K, @) (K, 0)2KdK A r2dS?| = 2 f 1K, w)(Ka(K, w))dK A r2dS?| =
RxS? RxS$?
2 $1(K, )y, P, (K, w)dK A r2dS?| = 2 U1 (U, ©)du, o (U, w)dU, A r2dS?
Rx$?2 RxS§?

(33)

Let again g@;,(K, w) = FWY)K w)k=0;, but now ¢ € S(#). Then, the linear
map
S(#) > ¢ - (K, w) € L* (R, x $2, 2KAK A 1}dS?) =: Hy (34)
is isometric and uniquely extends, by linearity and continuity, to a Hilbert space
isomorphism of

Fu, : (5(%),A) > Hy, (35)
and similarly for the horizon €. We then define the real-linear map K54 as
Ky =Fy,: (5(#),A) - Hyp . (36)

When proving some properties of the state individuated by the two-point
function (Theorem[3.2.4/below), it will be convenient to analyse the restrictions
of such two-point function to /Z,*. The initial point of this analysis is the following

Proposition 3.2.3. Let the natural coordinates covering " and J be u =
(1/xp) In(xcpUyp) and u = (=1/xp) In(—x,Uy), respectively. Let also (k) be the positive
measure on R, given by
1 kenk/m,
apk) = 5 e — e K
Then, if 1:5 = (F W)k, w) denotes the Fourier transform of either ¢ € S(%) or
Y € S(H,") with respect to u, then the maps

(37)

S(%) 3 ¢ o ik, w) € L2 (R x S, dp(k) A r3dS?) =: H (38)

are isometric (when S(J¢,*) are equipped with the scalar product A) and uniquely extend,
by linearity and continuity, to Hilbert space isomorphisms of

F& + (S(%),A) = Hope . (39)

<00,



Hadamard state in Schwarzschild-de Sitter spacetime 21

Proof. The measure is obtained if one starts from (28), makes the change
of variables from U, to u and then takes the Fourier transform with respect to u,
keeping in mind that lim._,- 1/(x—i€)? = 1/x*—ind’(x) [19]. The other statements of
the proposition follow exactly as the corresponding ones for the Fourier-Plancherel
transform of ¢ € S(%). The only formal difference is that, from the decay estimate
(23), we can now employ the usual Fourier transform. m|

Hence, the real-linear maps Ki{b)+ are defined as Kﬁ b= F(+)

On the following theorem we ‘will prove that we can construct a quasifree
pure state wy( on the Weyl algebra defined on the region 2 U €. It is equivalent
to Theorem 3.1 of [16]. Since its proof is quite lengthy, we will relegate it to
On the next subsection we will show that w »( satisfies the Hadamard

condition.

Theorem 3.2.4.
(a) The pair (Hy, K3) is the one-particle structure for a quasifree pure state w4 on

W (S(A)) uniquely individuated by the requirement that its two-point function coincides
with the rhs of

r ViU, 0, 9)a(Usa, 0, 9)
1 b 1(Up1, U, @)Yo(Upp, U, @
A1 y2) = lim nf s (Ut = U —ie)?

AUy A dU A as? .

(b) The state wy is invariant under the action of the one-parameter group of *-
automorphisms generated by X, and of those generated by the Killing vectors of $°.
(c) The restriction of wz to W (S(I2,*)) is a quasifree state a) mdzvzduated by the

one-particle structure (Hﬁ;m, Kﬁ” +) with:
/b

HY,. = I (Rx S, du(k) ArydS?) and KDy = Fijgpm)
(d) If {B)cer denotes the pull-back action on S(A2,") of the one-parameter group
generated by X, 4, that is (B.(¢)) (u, 0, ¢) = Y(u —17,0,9), V1 € R, € S(J]"), then it
holds: A
Ki%,_ﬁ(TX)(Eb) — elTkKi%,_¢

where k is the k-multiplicative self-adjoint operator on L? (R x $?,du(k) A dS?). An
analogous statement holds for .
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(e) The states a)i;,i satisfy the KMS condition with respect to the one-parameter group
of =-automorphisms generated by, respectively, ¥ X4, with Hawking’s inverse temperature
pr =12

One can equally define a quasifree pure KMS state w
temperature . = 3

We have successfully applied the bulk-to-boundary technique to construct
two quasifree pure KMS states, one on #'(S(%4)) and the other one on #(5(%)),

with temperatures given by «;/27 and «./2mn, respectively. Thus, by the remarks
after theorems and we can define a state on M such that, for ¢ € S(M),

CUM(WM(IP)) = ¢ HWY) — pmtzWrara) e re o) = p~HaWraY12)o~tie e Pie)
= wzr(Wz(12))we We(P17)) - (40)

The resulting state is thus the tensor product of two states, each one a quasifree
pure state, but each one a KMS at a different temperature. Thus wy is not a
KMS state, and neither can it be interpreted as a superposition, a mixture or
as an entangled state. However, our result is important because it shows how
expectation values of observables in the region M are related to the expectation
values on the horizons. Formally, the state itself can be written in terms of its
“initial value”.

We still must prove that the two-point function of this state is a bidistribution

in (Cg" ) (M x M). This will be easily proved in the following

Proposition 3.2.5. The smeared two-point function Ay : Cy¥ (M; R) X C3* (M;R) — C
of the state w s can be written as the sum

pe

+ on (%), at inverse

A=Az + Ny, (41)
with Ay and Ay defined from the following relations as in (28),
As(fih) = Aa@l W) 5 Nalfih) = A, )

for every f,h € C3 (M; R).

Separately, Ay, Ay and Ay individuate elements of (Cg") (M x M) that we will
denote, respectively, by the same symbols. These are uniquely individuated by complex
linearity and continuity under the assumption (&), by

As(F@h) = Au@l, 0l 5 Ag(FOR) = Au(@l, 0, (42)
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for every f,h € Cy (M;R). Here, 1,0_];? is a “smeared solution”, ’vbi? = (E(f)), 5 (similarly
for the other solutions).

Proof. The first statement follows trivially from the definition (40), theorems (3.2.1
and and the remarks at the end of section
To prove the second statement, we have to prove that Ay and A4 are

bidistributions in (CS"), (M x M). For this purpose, we note that
f = Ai(f/ ) and h+ Ai('/ h) ; i= %/(g ’

are continuous in the sense of distributions. This is true from the definition of A;(, )
and the fact that the Fourier-Plancherel transform is a continuous map. Thus, both

Ai(f,-) and A(-, h) are in (Cg")l (M). The Schwarz kernel theorem [27] shows that
A € (Cg") M x M). O

Before we proceed to the proof that w is a Hadamard state, we have to clarify
its interpretation. The fact that our state is not defined in the causal past of 8, and
in region IV of figure [3l makes w4 very similar to the Unruh state defined in the
Schwarzschild spacetime. Also the fact that wis Hadamard (see next section) on
%’ZO, but not on %ﬁ;—', as in the Schwarzschild case [16], reinforces this similarity.
But since neither is wp defined in the causal past of 8. and in region IV’, nor is
it Hadamard on J#*, although it is Hadamard on J#°, w¢ is not similar to the
Unrubh state in de Sitter spacetime. Asshown in [33], the Unruh state in the de Sitter
spacetime is the unique KMS state which can be extended to a Hadamard state
in the whole spacetime. The Unruh state in Schwarzschild-de Sitter spacetime, if
it existed, should be well defined and Hadamard in M U J~(8,) U IV’. But such
a state cannot exist, by the nonexistence theorems proved in [28]. Therefore w
cannot be interpreted as the Unruh state in Schwarzschild-de Sitter spacetime.

4. The Hadamard Condition

We must analyse the wave front set of the bidistribution individuated in
Proposition and show that it satisfies the Hadamard condition (equation
©)). The proof will be given in two parts: the first part will be devoted to prove
the Hadamard condition in the region 2. Here we can repeat verbatim the first
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part of the proof given in [16], where the authors showed that the Unruh state in
Schwarzschild spacetime is a Hadamard state in the wedge region. Their proof
could be almost entirely repeated from [36]. We will thus present the statements
and the main points of the proof. The second part of the proof consists of extending
these results to the regions II and II’ (see figure B). This part of the proof can be
repeated almost verbatim from the second part of the proof given in [16], where the
authors proved that their state is a Hadamard state inside the black hole region.
The main differences rely on the fact that here we can apply the Fourier-Plancherel
transform directly to the functions in S(#) and in S(%), since they are square-
integrable, a fact which does not hold in [16]. Besides, we do not have to handle
the solutions at infinity, only on the event horizons. Thus, our proof is technically
simpler than the one given in [16]. As a last remark, we note that the proof of
the Hadamard condition given there for the region inside the black hole is equally
valid, in our case, for the region outside the cosmological horizon (region II").
Part 1: In this first part, we will prove the following

Lemma 4.0.6. The wave front set of the two-point function A of the state wp,
individuated in (41)), restricted to a functional on 9 x 9, is given by

WE((Ap)roxa) = {(xllkl;xZI —ka) | (x1,k1; X2, k2) € T (2 X Z)\{0}; (x1, k1) ~ (x2, ka); K1 € V+}
(43)
thus the state w4 is a Hadamard state.

Proof. In[36] the authors proved that, given a state w, if it can be written as a convex
combination of ground and KMS states at an inverse temperature g > 0 (those
authors named such state a strictly passive state), then its two-point function satisfies
the microlocal spectrum condition, thus being a Hadamard state. However, our
state wp( is not such a state, then we cannot directly apply this result. Nonetheless,
as remarked in [16], the passivity of the state is not an essential condition of the
proof. Hence we will present here the necessary material to complete the proof
that our state wy, is a Hadamard state in the region 2. The proof follows the lines
of the above cited papers.

First we note that, for every f € Cy’ (R;R) and hy, h; € Cy (Z;R), Az and Ay
satisfy

[ Foram s P = [ e+ ipora@Pmena @
R R
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(for €, just change B, — B.). For these states, we can define a subset of R*\\{0}, the
global asymptotic pair correlation spectrum, in the following way: we call a family
(A)rso with Ay € W(S(2)) a global testing family in W(S(2)) provided there is, for
each continuous semi-norm o, an s > 0 (depending on ¢ and on the family) such
that
sup A°0(A}A)) < 0.
A

The set of global testing families will be denoted by A.

Let w be a state on W(S(2)) and & = (&;,&,) € R*\{0}. Then we say that &
is a regular direction for w, with respect to the continuous one-parametric group
of *-automorphisms {a;};cr induced by the action of the Killing vector field§ X, if
there exists some /1 € C;°(R?) and an open neighborhood V of & in R*\{0} such
that, for each s € IN, there are C;, A; > 0 so that

sup fe‘m_l(klt“kztz)h(tl, tr)w (ar, (A))as, (By)) dtidty| < CA® as A — 0

keV
holds for all (Ax)xs0, (Ba)aso € A, and for 0 < A < A,.
The complement in R*\{0} of the set of regular directions of w is called the
global asymptotic pair correlation spectrum of w, ACS3 (w).
As noted in [16], the fact that the two-point functions Ay and Ay satisfy @4),
suffices to prove

Proposition 4.0.7. Let w be an {a;}ier-invariant KMS state at inverse temperature 5 > 0.
Then,

either ACS3(w) =0,
or  ACSy(w) = {(£1,&) € T (2 x Z)\{0} | £1(X) + &x(X) = 0} . (45)

The proof of this Proposition can be found in the proof of item (2) of
Proposition 2.1 in [36].

With this result, we can turn our attention to Theorem 5.1 in [36], where
they prove that the wave front set of the two-point function of a strictly passive
state which satisfies weakly the equations of motiorm, in both variables, and whose

§ We remind the reader that, in the region 2, X = 9.
I We say that a functional F is a weak solution of a differential operator P if, for ¢ such that P¢ = 0,
PF[¢] = F[P$] = 0.
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symmetric and antisymmetric parts are smooth at causal separation, is contained in
the rhs of (43). As further noted in [16], the passivity of the state is only employed
in the proof of step (2) of the mentioned Theorem. However, what is actually
needed for this proof is the result of Proposition[4.0.7 Moreover, as proved in step
(3) of the mentioned Theorem, the antisymmetric part of the two-point function
of the state is smooth at causal separation if and only if the symmetric part is also
smooth at causal separation. The antisymmetric part of the two-point function of
our state, by definition, satisfies this condition. Besides, the two-point function of
our state w y( satisfies weakly the equations of motion in both variables. Therefore,
with the only modification being the substitution of the passivity of the state by the
result of Proposition we have proved, as the authors of [16] did, an adapted
version of Theorem 5.1 of [36]. At last, as stated in item (ii) of Remark 5.9 in [37],
the wave front set of the two-point function of a state being contained in the rhs
of implies that the wave front set is equal to this set. m|

Part 2: Our analysis here will be strongly based on the Propagation of
Singularities Theorem (Theorem 6.1.1 in [18]), which makes use of the concepts of
characteristics and bicharacteristics of a linear differential operator, mentioned in
section2.1l The PST, applied to the weak bisolution A implies, on the one hand,
that

WE(An) < ({0} U Ng) x ({0} UNG) (46)

while, on the other hand,
if (x, k; v, k,) € WF(Ap) , then B(x, k,) X B(y, k,) € WF(Ap) . 47)

We will now quote from [16] a couple of technical results which will be useful
in the final proof. The proof of these results can be found in

The first proposition characterizes the decay properties, with respect to
p € 7°M, of the distributional Fourier transforms:

vh=B(fr) o wk=E(f0)

where we have used the complexified version of the causal propagator, which
enjoys the same causal and topological properties as those of the real one.
Henceforth (-, -) denotes the scalar product in R* and |- | the corresponding norm.
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Proposition 4.0.8. Let us take (x,ky) € N such that (i) x € 1I (or II') and (ii) the unique
inextensible geodesic y cotangent to k, at x intersects % (¢') in a point whose Uy, (V)
coordinate is non-negative. Let us also fix x' € C;’(%;R) with x’ = 1 if U, € (—o0, Uy,]
and X' = 0 if Uy € [Uy,, +00) for constants Uy, < Uy, < 0 (X' € CX(€;R), x’ = 11if
Vee (oo, Vyland x’ =0if V. € [V, +0), V,, <V, <0).

For any f € C3(M) with f(x) = 1 and sufficiently small support, k, is a direction of
rapid decrease for both p — ||X’¢£’;||@ and p ||¢§||<g (p— ||gb£’;||@ and p ||X’lp§”<g),
where || - || is the norm induced by A4 (and similarly for €; see equations (34)-(36)).

The second technical result is the following Lemma, which states that

Lemma 4.0.9. Isolated singularities do not enter the wave front set of A, i.e.
(5, ke y,0) € WE(Ap) 5 (x,0;y,k,) € WE(Ap)

ifx,y,e M ; kxe‘i’;/\/(,kyeT;M.

Hence, (46)) yields
WE(Ap) C Ny X N . (48)

Now, we need to analyse the points of Ay such that (x,k.; y,k,) € Ny X N,
with either x, either y, or both of them in M\ Z. The case where either x or y is in
MXNZ will be treated in Case A below. The case when both x and y lie in M\ 2
will be treated in Case B.

Case A: Ifx € M\ Z and y € Z (the symmetric case being analogous), suppose
that (x, k.; v, —k,) € WF(Ay) and there exists a representative of (g,k;) € B(x, k)
such that (q,k;) € 7(2)\{0}. Then (q,k;;y,—k,) € WF((Am)2x2) and, by the
results of Part 1 above, WF((Apm)ox2)) is of Hadamard form. Since there exists
only one geodesic passing through a point with a given cotangent vector, the
Propagation of Singularities Theorem allow us to conclude that (x,k;) ~ (v, k,)
with k, € V,, thus WEF(Ap) is of Hadamard form. We remark that this reasoning
is valid for both x e [T and x € IT".

We are still left with the possibility that x € M\Z and y € 2, but no
representative of B(x, k) lies in 7(Z)\{0}. We intend to show that, in this case,
(x, ky; y, —ky) € WF(Ap) for every k,. Without loss of generality, we will consider
x € 1I, the case x € II' being completely analogous.

We start by choosing two functions f,h € C3’(M; R) such that f(x) = 1 and
h(y) = 1. Since B(x, k,) has no representative in &, there must exist (g, k;) € B(x, k)



Hadamard state in Schwarzschild-de Sitter spacetime 28

with g € # such that the coordinate U, is non-negative. Now, considering the
supports of f and h to be sufficiently small, we can devise a function y such that
x(Uy, 6,¢) = 1forall (0, p) € $* and x = 0 on ]~ (supp h)N A. Besides, we can define
X' =1-xand, by using a coordinate patch which identifies an open neighborhood
of supp(f) with R*, one can arrange a conical neighborhood Tk, € R*\{0} of k, such
that all the bicharacteristics B(s, k;) with s € supp(f) and k; € Ty, do not meet any
point of supp(x’). One can analyse the two-point function Ay as

h , h h
Aplfi, ® i) = A, W) + Aa (W, 0y + A (@l 0.) . (49)

Lemma above tells us that only nonzero covectors are allowed in the wave
front set of Ay The analysis of the points of the form (x,k; v, k,) € Ny X N, is
similar to the analysis presented after equation (B.2) in the proof of the mentioned
Lemma.

Case B: The only situation not yet discussed is the case of x, y ¢ Z and B(x, k),
B(y, k,) having no representatives in 7(Z)\{0} (if either B(x, k;) or B(y, k,) has a
representative in 7 *(Z)\{0}, then we fall back in the previous cases).

As in Case A, we will consider x, y € II, the case x,y € II' being completely
analogous. We introduce a partition of unit x, x’ on %, x,x’ € Cy(#%;R) and
X+ x’ = 1. Moreover, these functions can be devised such that the inextensible null
geodesics y, and y,, which start respectively at x and y with cotangent vectors k,
and k, intersect % in U, and U, respectively, included in two open neighborhoods,
O. and Oywhere )’ vanishes (possibly U, = U, and O, = O,; we omit the subscript
» to simplify the notation). Hence, the two-point function reads

h s
A, ) = Ao Gy, ') + Aoty X0
/ X h / X / h * X

The results of Proposition Lemma and of Case A above tell us that all
but the first term in the rhs of (50) are smooth. We will then focus on this term.
Writing the integral kernel of A z as T, interpreted as a distribution in (Cy’)' (%4 X %),
we notice that, as an element of (C7’)'(# X %), Az can be written as

K hky
As(ep's, x ) = xTx (Brp ® Eyu(f © 1)) , (51)

where [,4 is the causal propagator with one entry restricted to % and xTx €
(C®)(# x A) (as an element of the dual space to C°, xTy is itself a compactly
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supported bidistribution). For the composition xTx(E;» ® E;4) to make sense as
a composition of bidistributions, Theorem 8.2.13 of [27] shows that it is sufficient
that

WEGXTX) N WF/(E 1 ® Eps)yor = 0. (52)

The subscript y makes sense if the bidistribution is viewed as an element of
(C3Y (X X Y) and, for a general bidistribution A, of this sort]ﬂ—ﬂ,

WE (A2)y = {(y, 1); (x, 0y, —1) € WF(Ay) for x € X} . (53)
The wave front set of I was calculated in [34]:
WE(E) = {( ki y, k) € T M MNIOJCx K) ~ (v, =k, - (54)
The wave front set of E ® E, from Theorem 8.2.9 of [27], is

WE(E®E) c (WF(E) x WE(E))U((suppE X {0}) x WE(E))U(WE(E) x (suppE x {0})) .

(55)
From this last equation and the fact that the zero covector is not contained in
WE(IE), we conclude that

WF (E;% ® Ejg)yxy = 0. (56)

Thus the composition xTx(E;» ® ;%) makes sense as a composition of
bidistributions, and Theorem 8.2.13 of [27] shows that

WE(XTx(E14 ® E13)) C WE(E;4 @ E12)xxx U WF' (E;4 @ E14) o WE(xTx) . (57)

The same reasoning which led to equation leads to the conclusion that the first
term in the rhs of (57) is empty.

The wave front set of T was calculated in Lemma 4.4 of [32]. We will again
introduce a coordinate system at which the coordinate along the integral lines of X
is denoted by ¢, the remaining coordinates being denoted by x. The same splitting
will be used for covectors. The wave front set of T is written as

WET)=AUB,

1 The subscript y means that the “original” wave front set must contain the zero covector of 7*X
and the " means that the nonzero covector has its sign inverted. For more details, see section 8.2 of
[27]
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where

A= (20, (2 (ke k), (ke ky)) € T*(2 x B)\(0} | x
B = {((t,0), (t, x); (ki k), (kv k) € T(% x B)\(0} | x

¥k = —ky;ke > 0}
¥k = —kgik = ky =0} |
(58)

With these at hand, the author of [32] proved that the wave front set is of
Hadamard form.
Hence we have completed the proof of

Theorem 4.0.10. The wave front set of the two-point function Apq of the state wp,
individuated in (1)) is given by

WF(Am) = {(x1/k1;x2/ —ko) | (x1,k1; %2, ko) € T (M X M)N\|0}; (x1, k1) ~ (x2,k2); k1 € X_/Jr} ,
(59)
thus the state wpq is a Hadamard state.

5. Conclusions

The state we constructed here, to our knowledge, is the first explicit example
of a Hadamard state in the Schwarzschild-de Sitter spacetime. It is not defined in
the complete extension of this spacetime, but rather in the (nonextended) region
between the singularity at » = 0 and the singularity at » = co. In this sense, our
state cannot be interpreted as the Hartle-Hawking-Israel state in this spacetime,
whose nonexistence was proven in [28]. It can neither be interpreted as the Unruh
state because, in the de Sitter spacetime, the Unruh state can be extended to the
whole spacetime while retaining the Hadamard property [33]. Hence we have
exploited the features of field quantization in spacetimes with bifurcate Killing
horizons to construct a Hadamard state which is invariant under the action of
the isometries generated by the Killing vector in a spacetime with two bifurcate
Killing horizons. Its generalization to spacetimes with more than two bifurcate
Killing horizons might face difficulties similar to the ones pointed by [28].

Since our state was constructed solely from geometrical features of the
Schwarzschild-de Sitter spacetime, it is automatically invariant under the action
of its group of symmetries. Moreover, we showed that it can be isometrically
mapped to a state on the past horizons, as expressed in equation (40). This result
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shows how expectation values of observables in the region M are related to the
expectation values on the horizons. Formally, the state itself can be written in
terms of its “initial value”.

This feature sufficed to prove, for the analogous state constructed in the
Schwarzschild case [16], that they had constructed a KMS state. Our state is not
KMS because, under this mapping, the functional is written as the tensor product
of two functionals, each corresponding to a KMS state at a different temperature.
We further remark that, even in the Schwarzschild spacetime, the existence of
the Hartle-Hawking-Israel state, whose features were analysed in [28], was only
recently proved in [38], where the author analysed a Wick rotation in the Killing
time coordinate. We believe that the method put forward in [38], if applied to the
Schwarzschild-de Sitter spacetime, would give rise to the contradictions pointed
out in [28].

At last, we remark that one of the issues explored by the authors of [28] to
prove that the Hartle-Hawking-Israel state does not exist in the Schwarzschild-de
Sitter spacetime, already mentioned with the same purpose in [20], was that a
thermal equilibrium state cannot exist, in this spacetime, because each of the event
horizons would work as a “thermal reservoir”, each at a different temperature.
It is well known that thermal equilibrium cannot be attained in such a situation.
The authors of [28] went even further and proved the nonexistence by showing
that such a state would give rise to contradictions related to causality. We remark
that the point of view adopted in [28] is more robust because, recently, a novel
definition of local thermal equilibrium has been proposed [8, 9] and one of the
consequences of this definition is that a thermal state does not always describe a
situation in which local thermal equilibrium is attained [10,40]. We do not wish
to extend the discussion here, but we will address this topic in more detail in a
future work.

Acknowledgments

We would like to thank Claudio Dappiaggi, Pedro Ribeiro and Daniel Vanzella
for useful discussions and criticism on this work. MB also acknowledges financial
support from CNPq.



Hadamard state in Schwarzschild-de Sitter spacetime 32

Appendix A. Proof of Theorem 3.2.4

Proof. (a) Recall the definition of one-particle structure given in section 2.1l The
map Ky, as defined in (36), is a real-linear map which satisfies K4S(%) = Hg.
Therefore, we only need to show that K4 satisfies the other hypotheses of that
Proposition. First,

and

A1, o) = (Kgp1, Kgho)n,, -
The symmetric part of this two-point function is given by

wa(r, P2) = Re(Kaz1, Kgo)n, -

We need to check that i majorizes the symplectic form. Since

021, P2) = —2Im(K» 1, Kgo)n, ,

we have

lo (W1, Yo)P* = AIm(K 51, Kgadu, I < 4KKzY1, Kgo)u, I*
< KKz, Ka1)b,(Kaa, Kaodu, = 4usWr, y1)us(Pa, 12) .
We thus proved that (H4, K») is the one-particle structure associated to the state

wg. Since KzS(A) = Hy, this state is pure.
(b) On 4, defining

1
u .= ln(K,@Ub) on %f ’
Kz
1
u:=-——In(-xyly)on .,
Kz

we have
o rt = dy = —Kﬂubau,,

(on JZ*, the future-pointing Killing vector is —d; = —d,, = —x»U,dy,).

The one-parameter group of symplectomorphisms ' generated by X
individuates B(1) € S(#) such that pOW)(Us, 6,9) = P U, 0, ¢). Since
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B preserves the symplectic form 0., there must be a representation a™® of g in
terms of *-automorphisms of #(5(#)). From the definition of K4, one has

1 .
Ko@) = —= f KU 5Ly, )
TT JR
_ 1 f oK TV T _ A,
=e T —— | KT YU, w)dU = e (e K, w) .
Vo I v ¥

One then has K4 (0)(K, w) = (U)K, w) = e Ky()(e ™K, w), Vi) €
S(A). Thus,

(KB W), K (B ), = f e (e K, w)e (e K, w)2KdK A 1dS? =
RXS

P1(e K, @) o (e K, )2 (67 K) d (e 7" K) A 13dS* = (K1, Kathodn, ,
RxS?

hence U is an isometry of L2 (]R X &%, 2KdK A rﬁdSZ). In view of the definition of
W, it yields that wx(Wx(B (1)) = 0s(Ws(1)) Yip € S(%), and, per continuity
and linearity, this suffices to conclude that w4 is invariant under the action of the
group of »-automorphisms a®® induced by X. The proof for the Killing vectors of
$? is similar.

(c) We only consider 77", the other case being analogous. The state w
which is the restriction of wz to #/(S(7,")), is individuated by

Bo
%;+ 7

o W@ =T for g e S8
Then, if i, ¢’ € S(77), the symmetric part of A is given by
o, ') = ReAy, §) = Re(F )y, pL+>¢,>Hﬁ;f = Re(K”: " K%+¢'>Hﬁ;f .
It is immediate that
o (1, §) = —2Im( Kﬁbﬁb’ K%+¢’>H§,f .

Therefore,

0, O < At (W, Y)W, Y) -



Hadamard state in Schwarzschild-de Sitter spacetime 34

This, and the fact that K.

e is a real-linear map which satisfies K’ fb+S(¢9‘(;+) = H"

){)4—/
suffice to conclude that (Hﬁ b +,Kﬁ ~.) is the one-particle structure of the quasifree

pure state a) . (a completely analogous statement is valid for the state a)ﬁ ')

(d) In S(%ﬁ) ), the natural action of the one-parameter group of 1sometr1es
generated by X, PR [S(TX) Y ‘B(TX)(QD) with [S(TX)(tp)(u, 0,p) =yY(u-r1,0,p),forall
u,T € R, (6,9) € $ and for every i) € S(J%,). As previously, this is an obvious
consequence of X = d,, on JZ . Since B preserves the symplectic form o -, there
must be a representation a'® of %) in terms of *-automorphisms of W(S(,%” ‘))
Let us prove that a® is unitarily implemented in the GNS representation of o

f
To this end we notice that § is unitarily implemented in H -, the one- part1c1e

space of a) _, out of the strongly-continuous one-parameter group of unitary
operators VT such that (V.)(k, 0,¢) = e*i(k,6,¢). This describes the time-
displacement with respect to the Killing vector d,,. Thus the self-adjoint generator
of Vis h : Dom(k) ¢ L?(R x 8, du(k) A r2d5?) — L2(Rx 82, du(k) A r2dS?) with
K@)k, 0,9) = kp(k, 0, ¢) and

Dom(k) = {qb e L*(R x 82, du(k) A r}dS?) | f

Rx$2

lkp(k, 0, p)Pdu(k) A rydS* < +<>0} .
Per direct inspection, if one employs the found form for V and exploits

ﬁb _ _%<IZ’IF>L2(]Rsz,d,u(k)/\rzdﬁz)
o (W) = ¢ ),

one sees, by the same argument as in the proof of item c) above, that a)ﬁﬂb)_ is
invariant under o™, so that it must admit a unitary implementation.
(e) We will prove this statement by explicitly calculating the two-point

function and verifying that it satisfies the KMS condition. Let ¢,¢y" € S(J).
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Since these are real functions, P (k, 0, @) = ¥(=k, 0, p). Then

MW Y = @K Ky
b
r? o ke™ /%0
_ b —itk ’ 2
B 2 RxS2 ¢ I’D(k’ Q’ (P)I’D (k’ 9’ (‘0) erk/1y — p—Tik/x dk A dS
7’5 T T A kenk/Kb 5
= E s e ¢ (—k, 6, @)w(—k, 6, (P)Mdk AdS
k—>—k 7’% T itk T, k e_nk/Kb dk N d 2
Y ]Rxszl,b(,@,@)e Eb(zQ,(P)m A dS
r2 _— L ke™™/ ke
_ b ’ =27tk/xy itk 2
=72 oo Y (k, 0, p)e e P(k, 0, (p)—enk Tapp=— dk A dS
= (K, 7, U = AW B, ) (A1)
b

O

Appendix B. Proof of technical results

Proof of Proposition

Proof. The proof here is an adapted version of the proof of Proposition 4.4 of [16].
It consists in analysing the behavior of the constant C,, appearing in (22) and (24)
for large values of p € Vi (k a direction of rapid decrease). The constant Cy is given
in [12] as a constant dependent on the geometry of the spacetime multiplied by
the square root of

Eo(¢1, ¢1) = [IVOIII* + Il (B.1)

where ||-|| is the Riemannian L? norm on £ N |~ (2) (see Figure [3).

Now, we can choose the support of f so small that every inextensible geodesic
starting from supp(f), with cotangent vector equal to k,, intersects % in a point
with coordinate U, > 0 (similarly for ¢’). Hence, we can fix p € C7’(*’; R) such
that (i) p = 1 on J (supp(f); M) N L and (ii) the null geodesics emanating from
supp(f) with k, as cotangent vector do not meet the support of p. Henceforth we
can proceed exactly as in the proof given in [16] using the properties mentioned in
this paragraph, together with the compactness of the support of f, to coclude the
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proof of this proposition. We only remark that, differently from the Schwarzschild
case, our Cauchy surface X does not intercept the bifurcation surfaces 8, and B,
hence the reasoning depicted here is valid both for x in II (II') and for x on "
(). O

Proof of Lemma

Proof. We start by noting that the antisymmetric part of A 5 is the advanced-minus-
retarded operator I and that the wave front set of IE contains no null covectors [34].
Hence, (x,ky;y,0) € WF(Apm) © (v,0;x, k) € WF(Ap), otherwise WF(E) would
contain a null covector. Thus it suffices to analyse (x, k,; y,0) € 7 (M x M) \{0}
and to show that it does not lie in WF(A ). Besides, from the proof of Part 1 above,
if (x,y) € Z2X 2 = (x,ky;y,0) € WF(Ap). From the Propagation of Singularities
Theorem, if there exists (g,k;) € B(x, k) such that ¢ € Z (x ¢ %), then again
(x,k;y,0) € WE(Ap).

For the case x € II, y € 2 with B(x,k,) N7 (Z)\0 = 0, there must exist
q € 7, U By such that (q,k;) € B(x, k,). Besides, we can introduce a partition of
unit with x, x" € C7(%;R), x + x’ = 1 such that xy = 1 in a neighborhood of 4.
Hence, with the same definitions as in the Proposition above,

Amilfis 1) = Aa(Xal, ¢l) + Aa(d' ¢, @) + A (@, 9l (B2)

Since all the terms in equation (B.2) are continuous with respect to the
corresponding A-norms, the second and third terms in (B.2) are dominated by
C”X’l)bg;”@”ybi?”@ and C’IIQDJ;*IIgIIgb’%IIg, respectively, where C and C’ are positive
constants. From Proposition 4.0.8, we know that || )(’gb{;%" |z and III,DQ"II% are rapid
decreasing terms in k, € 7" (M)\ {0} for any f with sufficiently small support and
for k, in an open conical neighborhood of any null direction. By a similar argument
as the one presented in the proof of that Proposition, one can conclude that |I¢Z?||,ag
and ||gbf}||<g are bounded. Hence, we need only focus our attention on the first term,
A Ol 9).

Choosing again f and h with sufficiently small, compact support, we can
choose x” € Cy(%;R) such that both x”(p) = 1 for every p € supp(y",) and

supp(x) N supp(x”’) = 0. We can write the A-product as

A,@(IPZ?‘/ Yh) = f@ . X ES) )T, )X (Y WoydUdS (O, 0 )dUy dS* (O, ) -
o (B.3)
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;’ff‘ was written as (E(f;,))(x") and T(x’, y’) is the integral kernel of A4, viewed as

a distribution in (C7’)' (% X %). The integral kernel xTx"(x’,y’), with one entry x’
restricted to the support of x, and the other v/, restricted to the support of x”, is
always smooth. Besides, if one keeps x’ fixed, this kernel is dominated by a smooth
function whose H!-norm in y’ is, uniformly in x’, ﬁnit. Hence the H'(%),,-norm
[(Tx") o xE ka”Hl(f@)ub is dominated by the product of two integrals, one over x’
and one over y’. Since x is a compactly supported function, the integral kernel of
xTx" is rapidly decreasing in k.. Furthermore, as stated above, |I¢Z@II,@ is bounded.
Putting all this together, we have

AW, i)l < CITX) 0 XE fillis oy 10115 (B4)
The fast decrease of the first norm, together with the boundedness of the second

norm, imply that (k,, 0) is a direction of fast decrease of A @(1,0{;;" , ’i?).

Now, let us look at the case x € &, y € II. Adopting a coordinate system in
which the coordinate along the integral lines of X is denoted by t, and the others
are denoted by x, the pull-back action of the one parameter group generated by X
acts like (ﬁ(TX) )(t, x) = (t — 7, x). Exploiting the same splitting for the covectors, we
write 7;(MN2)\{0} = R* 5 k, = (ky, k).

We can now construct the two non-null and non-vanishing covectors g = (0, k)
and q' = (=ky,0). Since (x,q;y,q") € WF(Ap), from Proposition 2.1 in [42] there
exists an open neighborhood V’ of (g, q’), as well as a function ¢’ € C3°(R* x R*; C)
with ¢’(0,0) = 1 such that, denoting x" = (7,x'), ¥’ = (7', y’), there exist constants
Cy,>0and A, > 0, such thatforallp > 1, forall0 < A < A, and for alln > 1,

<C,A",
(B.5)

dedT'dX_’dl’gb'(x', yr)ei}t—l(ktT+M)eiA_1(k;T’+Ky_,)AM (‘BE[X) ® ,B(X)(F(p)’y/),A))

TN

sup
kk' eV’

as A — 0, where

Foo 1 @u) =Fa+ A7z - -x),y+ AP -y -y) and F(0,0=1,

* The H'-norm of a function f is defined as

Iflln ) =

1/2
2
Z”Daf“LZ(Q)] 7

<1

where Q) is an open measurable space and « is a multi-index.
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where F is the usual Fourier transform. Since A m is invariant under 5(—}?—7' ® ﬁ(_}?_T,,
. X X (») X X (p) .. .
we infer that Ay (ﬁi Y )(F&y'm)) = An (5‘_ 9 @ p° Q(F(Qm)). This implies that

also holds if one replaces (i) ¥’ by ¥(x’,y") = ¥((7', %), (1, v')) and (ii) V’ by
V= {(—k;,lg), (ki k) € R* x R* [ ((ke, k), (K}, K)) € V’}. This is an open neighborhood
of (ky,0) as one can immediately verify since (g,4’) € V’, so that (k,,0) € V, and the
map R* x R* 5 ((k;, k), (k;, k) = ((—k}, k), (—k;, k') € R* x R* is an isomorphism.
Hence, once again from Proposition 2.1 in [42], (x, y; ky, 0) € WF(A ).

For the case when both x,y € M\ 7, if a representative of either B(x, k,) or
B(y, k) lies in 7(2), then we fall back in the case above. If no representative of
both B(x, k) and B(y, k,) lies in 7(Z), we can introduce a partition of unit on %
(or ¥) for both variables, and get a decomposition like (B.2), for both variables.
The terms of this decomposition can be analysed exactly as above. m|
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